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Monostable pulled fronts and logarithmic drifts

Thomas Giletti *

Abstract

In this work we investigate the issue of logarithmic drifts in the position of the
level sets of solutions of monostable reaction-diffusion equations, with respect to the
traveling front with minimal speed. On the one hand, it is a celebrated result of
Bramson that such a logarithmic drift occurs when the reaction is of the KPP (or
sublinear) type. On the other hand, it is also known that this drift phenomenon
disappears when the minimal front speed is nonlinearly determined. However, some
monostable reaction-diffusion equations fall in neither of those cases and our aim is to
fill that gap. We prove that a logarithmic drift always occurs when the speed is linearly
determined, but surprisingly we find that the factor in front of the logarithmic term
may be different from the KPP case.

1 Introduction
In this paper, we consider a scalar reaction-diffusion equation
Ou = Opgu+ f(u), t>0, z€R, (1.1)
where f € C? is of the monostable type, i.e.
f0)=f1) =0, f(0)>0>f(1), and f(s)>0 forse(0,1). (1.2)
Equation (1.1)) will be supplemented together with the initial condition
u(t =0,-) = uo € C°(R;[0,1]), (1.3)
where ug satisfies that there exists Xo > 0 such that

inf  wo(xz) > 0= sup uo(z). (1.4)
z<—Xo z>Xq
Notice that, by a comparison principle, there holds that u(¢,xz) € (0,1) for all ¢ > 0
and = € R, so that it can be assumed without loss of generality that

1 loo + 1" lloe < +o0.

Such an equation is well-known to admit a family of traveling waves [2], whose
minimal speed ¢ satisfies
¢ >2/f(0),
and is also the spreading speed of solutions of with initial data —; we will
recall below what is meant by spreading speed. In particular, equation (1.1) is often
used as a model for invasion phenomena in physics, ecology and population dynamics.

The constant 24/ f7(0), or linear speed, arises from replacing f(u) in (1.I) by f'(0)u
its linearization at 0. Under the additional assumption that

fw)

u— —— is decreasing for u > 0, (1.5)
u

which is usually refered to as the Fisher or KPP case, then it is actually known that
c¢* = 24/f(0) [2]. However, the converse is not true and, without assumption (|1.5)),
this equality may or may not hold.
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A typical example is
fa(w) = u(l —uw)(1 + au), (1.6)
where a > 0. Notice that the KPP assumption is satisfied if a < 1. On the other
hand, the minimal wave speed is given by the following formula [12]:

2 if0<a<2,

JEityE a2

In particular, in the interval a € (1, 2], the minimal wave speed ¢* is equal to the linear
speed 24/ f'(0) even though condition (1.5) does not hold. We highlight the fact that

this interval is nontrivial, which suggests that this situation is not merely theoretical
but may indeed occur in the applications.

5
Cq —

Furthermore, as mentioned above, it is well-known [2] that ¢* is also the spreading

speed of solutions of (|1.1) under initial condition (1.3)-(1.4). More precisely, any such
solution satisfies that:

Ve<c, i t,z) — 1] =0,
c<c  dim Isggm( x) — 1]
Ve > ", m sup |u(t,z)] = 0.

li
t—+oo z>ct

In particular, any level set between 0 and 1 must be located around c*¢, up to some o(t)
as t — +oo.

Yet one may want to describe the large time behavior of solutions more precisely,
whether by estimating more precisely the position of level sets or by investigating the
convergence of the profile of the solution to that of a traveling wave. It turns out that
the picture differs depending on whether ¢* > 2,/f/(0) (i.e. ‘pushed’ case) or ¢* =
24/f'(0) (i.e. ‘pulled’ case). We refer to [20] for a background on the pushed/pulled
terminology.

In the pushed case when ¢* > 2,/f/(0), the solution converges to a single shift of
the traveling wave U, with minimal speed [19] [21], i.e. there exists some Xo € R
(depending on the initial data) such that

u(t,x) — Us(z — "t + Xoo) — 0,

as t — 400, where the convergence is uniform with respect to € R. This simultane-
ously answers both questions of level set position and profile convergence.

However, in the case when ¢* = 21/ f7(0) and ({.5]) is satisfied, then some logarithmic
drift occurs and the solution no longer persists in the moving frame with speed ¢*. More
precisely,

3
2v/1(0)
as t — 400, for some X, € R. This has first been proved by a probabilistic approach
in [6], and more recently with PDE tools in [I3]. Let us also mention recent develop-
ments in the periodic heterogeneous [14] and nonlocal [4] [10] cases, as well as for the
Burgers-Fisher equation [T} [15].

While the above two results are now rather well-known, they leave aside the case
when ¢* = 2,/f7(0) yet does not hold. As we pointed out in the particular case
when f is given by , the set of reaction terms leading to this situation is not trivial
and therefore it should also occur in the applications. It had only been shown [18, 21]
that, for some special class of ‘steep enough’ initial data,

u(t, z) — Us (a:—c*t—l— lnt—l—Xoo) — 0,

u(t,z) — Us (x — "t +m(t)) — 0,

as t — 400, where m(t) = o(t) as t — +o00, and the logarithmic drift was (formally)
studied in [8] [16]. More recently, local convergence and drift results were obtained
in [3], under some spectral stability assumption on the traveling wave which is related
to what we will call the slow decay case in the next sections.

Therefore, the goal of this paper is to investigate the drift phenomenon in the
general pulled case ¢* = 2,/f/(0), i.e. without making the KPP assumption. We will
see that a logarithmic drift still appears, but may involve a different factor.



2 Main results

Let us first recall that a traveling wave solution of (1.1 is an entire in time solution of
the form
u(t,z) = U(z — ct),

where ¢ € R and U satisfies
U(—o0)=1>U()) > U(+o0) =0. (2.1)

As we outlined in the Introduction, such a traveling wave solution exists if and only if
¢ > c¢*, for some ¢* > 2,/ f'(0). Moreover, for each ¢ > ¢*, the traveling wave solution
is unique up to shift and the profile function U is decreasing [2]. When ¢ = ¢* we
denote it by U..

Since the pushed case when ¢* > 24/ f7(0) is well-understood, throughout this work
we will place ourselves in the pulled case where

¢ =2/F(0). (2.2)

We also recall that U.(z) satisfies the following asymptotics as z — +oo:
Uu(z) = (Bz + A)e V'O L O(e= @V I(0)z) (2.3)

where 1 > 0 can be chosen arbitrarily small thanks to the C?-regularity of f [7, I7].
We point out that in our arguments we will fully use and in particular the order
of the remainder. Still we expect that our main results should hold true if we only
assume f to be C*“, up to some appropriate changes in our proofs.

Moreover, we have that either B > 0, or B = 0 and A > 0. We refer to the for-
mer case as ‘slow decay’ and to the latter as ‘fast decay’ As predicted in [8] [16], the
logarithmic drift will be different in both cases. We also mention the recent work [5],
where Bouin and Henderson investigated a situation where the reaction term is sin-
gular, which results in different asymptotics of the minimal traveling wave and the
logarithmic drift is then increased compared to the classical KPP case.

We are now in a position to state our main result, where the above asymptotics
play a crucial role:

Theorem 1. Assume that u solves (1.1) with initial condition (L.3)-(1.4), f satisfies
(1.2) and (2.2 holds. Define also B from (2.3), A € (0,1), and the level set

Ex(t) :={z]| u(t,z) = A}

(i) If B > 0, then there exist X >0 and T > 0 such that

)

E\(t) C |:c*t—231nt—X,c*t— 3 5 Int+ X

f7(0) 2/ 1'(0)

forallt>T.
(#¢) If B =0, then for any € > 0, there exists T > 0 such that

Ex(t) C [c*t— BN 1’Slmt] ,
24/17(0) 24/f'(0)

forallt > T.

Statement (i) includes the KPP case and we recover the same logarithmic drift;
we again cite the parallel work [3] where a similar result was proved by a spectral
approach, which unfortunately fails in the fast decay case. This is the most typical
situation in the sense that it is stable up to small C'-perturbations of the reaction
term. For instance, in the example of fo(u) = u(1 — u)(1 + au), there holds B > 0
for any a < 2 (recall that the KPP assumption is satisfied only when a < 1); this can
be checked by phase plane analysis. In the special case when B = 0, we find some
new phenomenon where the logarithmic drift still appears but is less than in the KPP



case. It is straightforward to check that this new situation does occur, for instance by
taking a = 2 and the reaction term f2(u) = u(l — u)(1 4 2u), and noticing that the
traveling wave with minimal speed is then given by U.(z) = (1 + ¢*)™! whose decay is
fast. However, in this example there is no other value of the parameter a which falls
into this fast decay case. Recalling that the speed is nonlinearly determined for a > 2,
this suggests that the fast decay case appears only as a sharp intermediate situation
between a KPP-like logarithmic drift and no drift.

Let us briefly point out that, in the KPP case, the correct logarithmic drift is
obtained by a truncation procedure in which the Cauchy problem is approached
by the linearized problem but with a moving Dirichlet boundary condition. More
precisely, it is approximated by the equation

O = Opzu + £ (0)u,

together with
u(t,2t —rlnt) = 0.

The resulting solution remains bounded from both above and below in large time if

and only if r = %, which turns out to be the correct logarithmic drift in this case. The

Dirichlet boundary condition basically comes from the fact that it is satisfied by (a
shift of) the function (Bz + A)e” V¥ '(O% (when B > 0), which is also the asymptotic
profile of the traveling wave with minimal speed. In the case when B = 0 and the front

has the faster decay Ae™ VY (9% as z — —o0, a different boundary condition should be
imposed and this is, in short, the reason why a different logarithmic drift occurs.

In the slow decay case, our estimate on the position of level sets is sharp, and
proceeding as outlined in [I3], one may recover the large time convergence of the
solution to a family of shifted traveling waves with minimal speed. Unfortunately, in
the fast decay case we were only able to locate the level sets up to the order o(Int).
Very roughly, this seems to be related to the fact that we have one less parameter to

play with in the asymptotic profile Ae~V /' (9)% of the traveling wave, when matching it
with the approximated problem sketched above. Still it is expected that our estimate
should be valid up to a O(1), and at least the distance between level sets should remain
at a bounded distance from each other as t — +oo.

Plan of the paper. In order to exhibit the new phenomenon and give some of the
key ideas, we start in Section [3] with a special case when the front has fast decay under
the additional assumption that f is linear around 0, i.e. f(u) = f'(0)u in an open
neighborhood of 0. In this situation, a short argument provides a lower estimate on
the position of level sets, and shows that the drift cannot be the same as in the KPP
case.

In the last two sections, we turn to the actual proof of our main Theorem [I]in the
general pulled case. First, in Section [} we construct some sub and supersolutions in
both the fast decay and the slow decay cases, and whose level sets satisfy the wanted
asymptotics. Then, in Section [5] and using these sub and supersolutions, we conclude
the proof of Theorem [T}

Before we proceed, we point out that, in order to make the computations simpler
and without loss of generality (up to some rescaling), all the proofs will be performed
under the additional assumption that

f0)=1,

so that also ¢* = 2 and
U/ 42U, + f(U.) = 0.

3 A rough argument in a simple case

For the sake of illustrating the quite intricate argument used in the sequel, we briefly
discuss a special case when, for some § > 0,

Vs €10,8], f(s)=f'(0)s=s. (3.1)



Our point is also to provide an example where the lower bound on the level set in
statement (z3) of Theorem [l| can be verified, in a more straightforward way which
avoids the technicalities of the following sections.

Here we place ourselves in the fast decay case, which under condition implies
that

U.(z) = Ae™ 7,
for some A > 0 on a right half-line. Up to some shift, we can assume without loss of
generality that
U.(z) =de %, Vz2>0. (3.2)
We will sketch a short argument to show that in this case the logarithmic drift is at
most %lnt. This already highlights a difference between the general monostable case
and the particular KPP case studied in [I3].

More precisely, we present a short construction of a subsolution. This construction
is made easier by the linear assumption and the resulting exact asymptotics for Uk,
which allow us to compare the steepness of various solutions. A lower estimate on the
position of the level sets follows from a comparison principle argument; here we omit
this part of the proof, since it is the same as in the general case tackled in later sections.

Let us start with a formal argument. When the solution is less than § from (3.1)),

it satisfies the linear equation
O = Ogeu + u,
whose fundamental solution writes
et z?
Up(t,z) :=6—= x e 4.
oft, ) i
Here we added the factor ¢ for convenience. Notice indeed that Uy(t,z) < ¢ if and only
if
x> 2t — h(t),
where
h(t) = 2t — \/4t? — 2¢1In(t).

In particular, as t — +o0,

h(t) ~ %ln(t) +o(1).

On the left of the point 2¢t — h(t), the function Uy is larger than ¢ and we instead expect
the solution to approach a shift of the traveling front with minimal speed U.. In order
to ensure continuity at the point x = 2t — h(t) and due to , more precisely we
expect the solution to approach

Uz — 2t + h(t)),

so that U.(0) = Uo(t,2t — h(t)). From the above formula for h(t) this provides the
expected logarithmic drift on the position of level sets.
To make it more rigorous, we may check that the function

Ut ) e Ud(z — 2t + h(t)) if z <2t — h(t),
U=\ ot o) if 2 > 26 — h(t).

is a (generalized) subsolution of for positive times.

Indeed, by construction, Up(t, z) is a solution of for ¢ > 0 and = > 2t — h(t),
where it is less than §. The fact that U.(z — 2t + h(t)) is a subsolution of easily
follows from the fact that U, < 0 and h’(¢) > 0 for all ¢ > 1. Therefore, the function U
is a generalized subsolution for ¢t > 1 if

UL (0) < 8,Uo(t, 2t — h(t)).
The left-hand term is equal to —d, and the right-hand term is given by

-6+ @6 > —6,

t —h(t)2
e —(2t — h(t))e,w _
2t 2t

67><

~



where the last inequality holds for ¢t > 1.

It follows that, as announced, U is a subsolution. Although it is positive on the
whole real line, it has the same decay as solutions of with initial data satisfy-
ing ; hence it is natural to expect that a comparison principle can be applied.
Furthermore, the level sets of U are located around 2t — h(t), which is precisely the
expected logarithmic drift in the fast decay case B = 0.

4 The general monostable case: sub and superso-
lutions

We now turn to the construction of sub and supersolutions in the general case when f
satisfies ((1.2)).

4.1 The fast decay case: a subsolution

In this section we assume that U, has fast decay in the sense that
Uu(z) = €7 4 O(e” @M%,

as z — +oo, for any n > 0. Notice that we made the constant A equal to 1, which is
possible up to some spatial shift.
Here we will let 1
r > 5,
to be chosen arbitrarily close to % Our goal is to prove the following:

Proposition 4.1. For any r € (%,1), there exist T > 0 and u(t,x) a subsolution
of (1.1) on [T, +00) X R such that:

(2) for any X € (0,1), there exists X1 > 0 such that, for any t large enough,
Ve <2t—rlnt — X1, wu(t,z) > A,

Ve >2t—rint+ X1, u(t,z) <X

(it) 1t satisfies the following properties at time T':

supu(T, ) < 1,
z€R

(z — X2)u(T) )

e—(@—X2)2/4T 0.

X2 >0, limsup

xr— 400

The construction of this subsolution will consist in gluing together two different

functions, roughly dealing respectively with the nonlinear part (away from 0) and the

linear part (close to 0) of (L.I). First, our subsolution will consist on a left half-line of

a (perturbation of a) shift of the traveling front with minimal speed, so that its level
sets are located around 2¢ — rInt. Indeed, one may check that

Ui(z — 2t +rint — h(t)),

is a subsolution of (1.1) at large times if
h(t)=0(1), h({t)=o (7) as t — +oo, (4.1)

thanks to the fact that U, < 0 and U, + 2U, + f(U.) = 0.

Because u(t, r) the solution of the Cauchy problem with initial data (T.3)-(L.4)
has a faster decay than U, as x — +00, it is not possible to use a comparison principle.
This is why another subsolution will be necessary on the far right. Another issue is the
fact that U, goes to 1 as  — —oo, which may not be the case of the solution u(t,z).
The latter difficulty can be solved thanks to the linear stability of 1 and by using a
similar construction as in [9]. This is the purpose of the following lemma.



Lemma 4.1. Assume that h(t) satisfies ({.1)).
Then there exist a montrivial and nonincreasing function x, whose support is in-
cluded in (—o0,0) and which satisfies x(—oo) =1, and T > 0 such that

e
w, (t,z) == Us(z — 2t +rint — h(t)) fx(metJrrlntfh(t))ef?l ‘

is a subsolution of (1.1) on [T, 400) X R.

We point out that this lemma actually holds true whatever the choice of » > 0. The
choice of r > % will only be needed in the later stages of the proof of Proposition

Proof. Consider § > 0 small enough so that

f(w) < @ <0, (4.2)

for any u € [1 — §,1]. Now take Z > 0 such that

for all z < —Z, and x a smooth and nonincreasing function which is identical to 1 on
(—00,—Z — 1) and identical to 0 on (—Z,400). Define also T' > 0 such that, for all
t>T,
w5
7 b < =
e <5
It is then straightforward to compute that

1>2n) > = (4.3)

3
SE

Oy — Opzuy — f(ﬁ1)

- (% - h'(t)) UL — (U +2UL + f(U) + f(U) — flu,)
+ (f@x + (2 - g + h’(t)) X + x”) o

< (F-w@) v - s+ (~E e w )

t

where U, and x are evaluated at © — 2t + rIn¢ — h(¢). Here we used the facts that

X' <0,and 2— %+ h'(t) > 1 by (4.3).
Recall that U. is decreasing. Moreover, for any ¢ > T and x < 2t—rInt+h(t)—Z -1,
we have that x = 1, X’ = ¥’ = 0. From our choice of Z and T it follows that

‘(1)
Udz — 2t + rlnt — h(t)) > w,(t,2) > Un(—Z — 1) —e 2t > 1.

Thus, using also (4.2,

Oty — Ozaty — f(uy)
<)~ Sl - TS
fQ) fw, ff(1) fw,
S Ty et Ty
< 0.

On the other hand, for t > T and = > 2t—rInt+h(t)—Z, we have that x = x' = x" =0,
hence ,
By — Onatty — f(uy) < ({ - h’(t)) Ul <0.
Finally, for ¢t > T and © — 2t + rInt — h(t) € [-Z — 1, —Z], we have from (4.3 that
Orury — Owaty — f(uy)

T ’
< o [e's} oo T
< 20+ (I el

f(1) ’
2

FieY)
||x\|oo+||x’uoo+||x”uoo)e =

Since max[_z_1,_z Ui < 0, we get that this is nonpositive up to enlarging T. The
lemma is proved. O



Let us now turn to the construction of the second subsolution, which shares some
similarities with the arguments in [I3]. Here we will look at the equation (I.1) in a
moving frame, by letting z = x — 2t + %lnt, that is

1
Oru = 0z2u + (2 - %> O:u+ f(u). (4.4)
For now we neglect the nonlinear part and look at the resulting linearized equation
1
Oru = 0..u + (2 — E) 0-u + u. (4.5)

We will pick a particular subsolution on a right half-line {z > 0}. To do so, we again
rewrite the equation. We let © = e~ *v and find

1
0w = 0,,v + ﬂ(v — 0.v),

and in the self-similar variables 7 = Int and y = %,

Yy 1 1 -
070 = Oyyv + iayv + V= 5¢ 7 Oyv.

As in [13], we then let

Yy _T
v=wxe 8e 2,
and get
2
—ow— (L 3wt s _Y
Orw = Oyyw (16 4)w 5¢ 2(8yw 4w). (4.6)

Notice that the autonomous part,

2
—ow— (Y3
Orw = Oyyw <16 4> w,

admits a family of particular solutions

2

Yy _ T
4+ Coe” 8 e?,

.2
Clyef% E
with C1,C2 € R. This comes from a combination of the Dirichlet and Neumann

2 2
first eigenfunctions, respectively ye™Y /8 and e ¥ /8. More precisely these are positive

eigenfunctions of the elliptic operator Lw := Oyyw — (% — %) w on the positive half-

line (0,+o00) with either Dirichlet or Neumann boundary conditions at 0. Notice that
the Neumann eigenfunction plays the dominant role here as 7 — 400, while in [13] it
was the Dirichlet eigenfunction. This choice is of course consistent with the fast decay
of the traveling wave U, at +oo, and it will provide the correct logarithmic drift in
this case. The reason we include the Dirichlet eigenfunction in this combination is that
it increases the slope at y = 0 of the resulting function, which will eventually help us
merging this with u, into a subsolution of .

Before we proceed, let us replace C; and C by some well-chosen functions of time
in order to deal with the nonautonomous part of (as well as the nonlinear part
of , as we will compute below) and obtain a subsolution. More precisely, we define

2
8

w(r,y):=(1+ Cefg) X |ye + e ez (4.7)
with C > 0 and € € (0, 1/2) to be specified later. Notice that the exponential growth in
time of the Neumann component is slowed down by the inclusion of this parameter €.
This is consistent with our aim of constructing a subsolution, but also it makes the
Dirichlet component relatively larger. This will be crucial later when merging our
supersolutions. For convenience, we also introduce

il u
8

wo(T,y) :=ye~



so that w(r,y) = (1 + Cefg)wo(r, y) and
2 2
Orwo = —ee Fem(379) 4 Oyywo — (y— - §) wo.

Then we have that

Thus

67%
< — _Z
= T ( Cwo + yw 4”)
e"F _4? (1) _z v\ Y (1)
< —Cuy — _y _¥
< 5 e 8 ( Cy—Ce™\2 +(1+Ce 2)(1 5 26 2 )
- 2
< —e; e F (—Cef(é_a)—kl—kCe_f)
< 0

for all y > 0 and 7 large enough. Going back to problem (4.5)), this gives some large

time 7" > 0 and
z2
at, z) = (1 + %) x Ll + ﬂ e e . (4.8)
which satisfies
ot < Oz.0 + (2 - 2%) 0.1+ 4,

for all ¢ > T and z > 0. Actually this also provides us with a subsolution of (1.1)), as
we show in the following lemma:

Lemma 4.2. For any ¢ € (0, %), there exist C >0 and T > 0 such that the function

c 1 a=204gInt] (i o Go2ame?
Uy (t, ) 1= (1+\%) x [EJF%] (@ 2t+§1nt)e 2 ’

is a subsolution of (1.1) in the subdomain t > T and x > 2t + Int — 2.

Proof. Notice that @2 and @ from (4.8) are the same up to the change of variables
z=x—2t+ %ln t. In particular it is enough to prove that, up to increasing 7', the
function a(t, z) also satisfies

Dvii < D1 + (2 - 2%:) .+ f(i0),

for all t > T and z > % Int — 2. Indeed, we have

8&Xeze%*—i l_t'_i _( € _A'_i) 1+£ +é 1+£ l+f
‘ T2\ e g2 Vi) A Vi) \e Tt )

Moreover,
22 1 z C 1 =z
Lixetem = (14+—=)>—(1+2)(1 ),
0:U X e”et <+\f)t <+2t)<+\/{)(tf+t)
and
o2 z C
0.0 X e7edt = (1+2t) (1+\ﬁ)



Therefore

+(2—%)(1+%)]
D B
() (0 ) B (e

c 1 z
< — 4z
=232 (tf + t)’

where the last inequality holds for all z > 0 and ¢ > T (up to increasing T'). As
announced we have a subsolution of (4.5). Furthermore, letting K = ||f”||c, we then
also have

Il
+
—

_l’_
Sla
~
/N
=

Jr

SN
~_
| — |
o=

|

|

‘)_. SR

+

- - 1 - -
Ot — 05,1 — (2 — 27) d.u — f(@)

IN

it — O..1 — <2— %) 9.4 — i+ Ka?

67267% l+i ,L+K 1+£ ’ l+i 67267%
te t 2t3/2 \/E te t '

Next, we choose C' large enough so that

IA

2

C>4Ke’ m>a3<(1 +s)e T, (4.9)
and up to increasing 7T if needed, we assume that
3 C
Shht—2>0, 1+ — <2,
2 = Vi
for all t > T. In particular 7 > 1. Now, for ¢ > T and z > 2Int — 2, it follows
from (4.9)) that
- - 1 - -
Ot — 04,1 — (2 — 27) 0.t — f(a)

= l_i_f ¢ —|—£><2 l+f 62_%
e t S 23/2 T 3/2 te t
z

IN
®
n
a
|
~
by

< erewm (Li2) L oqur (14 2) e
te  t) 23/2 Vi
< 0.
This ends the proof of Lemma O

We are now in a position to conclude the proof of Proposition Let us glue
together our two subsolutions u, and u,. To do so, we choose

_ < 3lnty 9(Int)?
h(t) =In (1 + \/E) +In (1 + 2t1—6) 6t (4.10)

where C comes from Lemma[4.2] In particular

2
ht) — (1 < 1 3lnt _90nn?
’ ( +¢i>( T )C

h(t) — 0 and h'(t) = O(t™3/?),

and also we have that

10



as t — +oo. In particular it satisfies and Lemma applies. As we will see in
the next computations, h is chosen so that u, (¢, z) intersects u, (¢, z) around 2t + Int,
which according to Lemma @ is precisely where the latter function u, becomes a
subsolution.

First, recall that

Udz) = *+0(e"® M%) as z — +oo,

with 7 > 0 arbitrarily small.
Then, recalling (4.1), the definition of u; in Lemma and also that r > 1/2, we
get as t — +oo that

elel® 1
uy (62 +Int = 1) = Uu((r+ 1) Int =1 = h(t)) = — 5~ + O (—) :
On the other hand

1 C SInt—1Y ! _(Gmen?
QQ(t,Qt‘Flnt*l) = tfg (1+$> (1+1517_5 me 4t

C el -~ (% In t—l)2
(e ) wme

eleh(t) 3lnt

=

= t6+73/26 4t 4
ele® 1 Int el
< ez \UT ) Tape
ele® el ele"®Int
< 1e+3/2 ~ 945/2 + tet+5/2
§ eleh(®) ol

te+3/2 T 445/2

where the inequalities hold for ¢ large enough. Notice that the term —2:5% basically

comes from the Dirichlet component in (4.7). Moreover, it dominates the remain-

der % thanks to € > 0, which originates from our slowing down of the growth

of the Neumann component in (4.7). This is in turn the reason why we need to shift
the traveling wave U, slightly more than the expected logarithmic drift.
Now we finally take r € (%, 1) and

e=r—1/2,
so that » + 1 = ¢ 4 3/2. It follows that, up to increasing 7" > 0 and for all ¢ > T,
wy (6,2t +Int — 1) > uy(t,2t +Int —1).

In a similar fashion, we have on the one hand
e eV 1
u (6,2t +Int+1)=U((r+ 1) Int+1—-h(t)=—+4+0 (—) .

And on the other hand,

3 -1 3 Int41)2
uy(t, 2t +Int +1) = tl (1 + %) (1 + %) ;Te‘%
e e _sme 1 C\ e ! _Gumey?
= 7t5+3/2 e it e 4t | (1 —+ %) 1‘/5?6 at
e teh® el nt e !
> te+3/2 te+5/2 215/2°
e—leh(® et
> + —

te+3/2 4¢5/2°
for ¢ large enough. Up to increasing T again, it follows that for all t > T,

u (4,2t +Int + 1) < uy(t,2t + Int + 1).

11



Finally, we may define the following (generalized) subsolution:

w, (¢, ) ifex <2t+Int-—1,
u(t,z) = ¢ max{u, (¢, z),u,(t,z)} f2t+nt—1<z<2t+Int+1,
Uy (¢, ) ifz>2t+Int+1.

More precisely, this is a subsolution for all ¢ > T and =z € R, for some 7" > 0 large
enough. We highlight that a maximum (not a minimum) of two subsolutions creates
another subsolution, which is why parameters had to be tuned carefully to get the
necessary inequalities and hence continuity at © = 2t + Int + 1.

Notice that from its definition in Lemma @, the function u, converges uniformly
to 0 as t = 400 in the subdomain x > 2t + In —1. It is then straightforward from the
definition of u, and that u satisfies statement () of Proposition One may
also check statement (i) of Proposition by noticing that

lim u,(T,z)=1-— efT(l)T <1,

&Tr—r— 00

and (2 = X2)u, (T, )
. T — A2)Uy , T
AW X2 aT

with Xo = 27T — %ln T. This concludes the proof of Proposition

207

4.2 A useful lemma

In the KPP case, the nonlinearity f is sublinear and therefore it is enough to consider
the linearized equation to construct supersolutions. This is no longer the case for
a general monostable reaction term where the nonlinear feature of cannot be
discarded that easily. Therefore our supersolutions will be modeled on the traveling
wave with minimal speed U, of the nonlinear problem. Still, because we must place
ourselves in a moving frame with logarithmic drift, the function U. cannot be used
directly as a supersolution and one must instead approach it by solving an approximate
nonlinear ODE.
This is the purpose of the following lemma:

Lemma 4.3. Assume that the functions U and U. solve on the positive half-line,
respectively,
U" +2U" + f(U) =0,
Ul +(2-e)Ui + f(Ue) =0,
as well as

U(0) = U(0) = O(e),  U'(0) = U(0) = O(e),

as € — 0. We also assume that
U, U = 0(ze™?) (4.11)

as z —» +00.
Then, for any n € (0,1/2), there exists €, such that for all 0 < e < &, and z > 0,

1-n

max{|U(z) — U:(2)]; \U’(z) — Us'(z)|} < (66_2) (4.12)

Remark 4.1. By our assumptions, 2 is the minimal traveling wave speed. In partic-
ular, the function U. does not qualify as a traveling wave, and this is due to the fact
that it is not positive on the whole real line as required in . As a matter of fact,
by standard ODE technics one may show that for any € > 0, the function U. oscillates
around 0 at +oco0.

Proof. By the standard stability theory of solutions of an ODE (see for instance [11]),
we know that for any Z > 0, there exists Cz > 0 such that

|U(2) — U (2)| + U (2) — UL(2)| < Cgze, (4.13)
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for all small € > 0 and z € [0, Z]. In particular, for any Z > 0 and n € (0,1/2), one can
choose ¢ small enough so that the wanted inequality (4.12]) holds on the interval [0, Z].
Next, we consider the function V = e*U, which solves

V' -V +eff(Ve ™) =0.
Similarly V. = e*U. solves
VI = eVl — (1= e)Ve + e f(Vee ?) =0
Then we look at the difference W := V' — V., which satisfies
W" —W +eV! —eVe+e*f(Ve ™) — e’ f(Vee ) = 0.
On the other hand,

f(Vee™) = f(Ve™) F Ve ) (Ve =V)e ™ +ac(Ve — V)2

(f/(O) + Oéove_z) (Ve =V)e " + ae(V: — V)2e_2z
= (Ve=V)e " +aV(Ve = V)e ™ +ac(Ve = V)?e
= —We* —aVWe ** +a.W?e >,

where
laol, Jae] <1 ]loo- (4.14)

Putting this in the equation for W we get
W' =e(V-V)4+eW —W) —aVWe * +a.W?e *.
Now take n € (0,1/2), and let us introduce
W(z) :=e"""e.

We also define Z,, > 1 such that

2
Vo> 7, Cze " < %, (4.15)
with ,
C:=(1+f"]lec) x (1 + sup W) . (4.16)
z>1

The fact that C is a well-defined positive real number comes from the assumption (4.11)).
From (4.13) and W(z) = e*(U(z) — U:(2)), we can choose ¢, small enough so that,
for any € < ¢, and for all z € [0, Z,],

(W (2)| + [W'(2)] < Cz,e€ < met e, (4.17)
In particular we have
(W(Z)| < W(Zy), W' (Za)| < W' (Zy).
We will now apply a comparison argument to infer that
W (z) < W(z) < W(z)

for all z > Z,. We argue by contradiction and assume that W intersects either —14
or W. We denote by z1 the leftmost contact point on (Z,,+occ). Without loss of
generality we consider the case when W(z1) = W (z1), and due to W'(Z,) < W' (Zy,)
we get that W — W reaches a positive maximum at some zo € (Zy,21). Then

W (20) < W (20).
Putting this together with the equation satisfied by W, we get

W (20) < e(V = V') (20) + (W' — W)(20) + [acW (20)* — a0V (20)W (20)] €.

13



Moreover, we also have that
W (20) = W(z0) , —W(z0) < W(z0) < W(20).
Thus, using also and we deduce that
W(z0) < e(VI+[V)(20) +e(W +W)(z0) + [ac W (20)° + ol V (20)[W (20)] €
< Cezo+ (W +W)(20) + Ce ™ [W(20)® + 20W (20)] -
Since W (z) = &' "¢, we have that
el 7M? < Cezoe 0 4 7714 n) 4 Ce” HTMZ0 (27212020 4 g17m 5 o120

< Cezge "™ + 2714 1) + 20z0e” 7M1 n,
Recalling (4.15) and that n € (0,1/2), z0 > Z,, we get that
2
20 zge~ =M= 1=1 < 517"7]—,
- 2
and then ) )
51_"% < Enz +&27(1 + 7).
Up to reducing ¢, this is a contradiction and we have proved that
[W(z)| < W(z) ="' """
for all z > Z,,. The same argument also shows that
W'(2)] <W'(2) = ne' "™

for all z > Z,. Indeed, we know that W’(Z,) < W'(Z,) and, if there exists some
21 > Z,, such that W’(z1) > W' (z1), then W — W must reach a positive maximum at
some zo € (Zy,z1). We have just shown that such a maximum cannot happen.

Putting this together with and (U — U.)(z) = e *W(z), we find for £ small
enough that

U(2) = Ue(2)] < (%), U'(2) = Ul()| < (L+m)(ee™ )77,

for all z > 0. Since 7 can be arbitrarily chosen in (0,1/2), we may replace it by /2 in
the previous inequalities, and up to reducing € again, one finally recovers that

max{|U(2) = U= ()i [U'(2) = VL)Y < (14 7)) (™)' < (ee™)' 7,

for all z > 0. This concludes the proof of this lemma. O

4.3 The fast decay case: a supersolution
We again assume that U, has fast decay in the sense that
Uu(z) = €7 4 O(e” M%), (4.18)

as z — 4oo, for any n > 0; see also (2.3). Our purpose is now to construct a superso-
lution whose level sets are located around 2t — rInt, where

<1
r —
2’

to be chosen close to %
Proposition 4.2. For any r € (i, %), there exist T > 0 and u(t,z) a supersolution
of (1.1) on [T, +00) X R such that:
(2) for any X\ € (0,1), there exists X1 > 0 such that, for any t large enough,
Ve <2t —rlnt — X1, u(t,z) > A,

Ve > 2t —rlnt+ X1, u(t,z) <X

14



(i2) the function u is positive on [T, +00) X R and there exists X2 > 0 such that
Ve < —Xo, u(T,z) > 1.

As before, the idea is to glue together different supersolutions. However, quite un-
usually, the construction of the supersolution turns out to be more complicated than
the subsolution. One reason is that, if we slow down the traveling wave U* to match
the drift, it will not make a supersolution. Some perturbation is needed instead and
this is where Lemma [E.3]is used.

We first introduce § € (0, %) and Z so that

!
Ul—=2Z)=1-25 with f'(u) < ! él) < 0foru>1-—20. (4.19)
Up to decreasing §, we can also assume that Z > 0 and
U/(z) = —2U.(2) — f(U«(2)) <0, (4.20)

for all z < —Z. This holds thanks to the fact that, as z — —oo, we have

00 =1 Al TD) o (L TTDY,

Uiz) = A (1 - VT D) el 1—f’<1>)z+o<e(—1+ 1—f/<1))z>,

for some A > 0, by standard ODE theory [7].
Then, for any v > 0, we define a function u; by,

vt > 1%6, Vo <2t —rlnt+h(t) — Zs(t), i(t,z) = Udlx — 2t +rlnt — h(t)) + %
(4.21)
where h(t) is to be specified later but is already assumed to satisfy , ie.
h(t) = O(1),  K'(t) = o(L/t),
as t — oo, and Zs(t) is such that
Ud(—Zs(t) =1—6— 1. (4.22)

~

In particular,
wy(t, 2t —rlnt + h(t) — Zs(t)) =1 — 0.
The point Zs(t) is uniquely defined due to the fact that U, < 0. The latter also implies
that Zs(t) is an increasing function of ¢ and that
Zs(t) > Z,

for any ¢ large enough, where we recall that Z is such that U,(—Z) = 1 — 26 and (4.20)
holds for any z < —Z. Moreover, it follows from the implicit function theorem that Zs
is C* with respect to t large enough, and that

Zit) =0 (%) , (4.23)

as t — +oo. For later use, we also point out that Zs(t) — Z5° as t — +oo, where
U.(=Z5°)=1-4.
As a consequence of ([4.23), we even have that

Zs(t) — 28 =0 (7) , (4.24)

hence

vl(-2s(0) - Ui~ =0 (}) (4.25)

as t — +o0.
The next lemma states that (4.21) defines a supersolution:
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Lemma 4.4. If h'(t) = o(1/t) as t — +oo, then there exist v > 0 and T > 1%6 such

that the function w1 defined by (4.21) is a supersolution of (L.1) for all t > T and
x <2t—rint+ h(t) — Zs(t).

Proof. For any « < 2t —rInt + h(t) — Zs(t), by (4.22) and the monotonicity of U, we
have that u,(¢,z) > 1 — §. Provided T is large enough, for ¢ > T we also get that
U.(x — 2t +rInt — h(t)) > 1 — 26. Then thanks to (4.19) we compute

Ot — Ozatn — (1)

> O — Bp — f(U.) — L) 1

2
s - I3 (5w
s L2 (5w

where the last inequality holds for ¢ large enough and the function U. is evaluated at
x —2t+rint — h(t). Recalling that /(1) <0, h'(t) = o(1/t) and that U is uniformly
bounded on the whole real line (it converges to 0 as z — +00), we can find ~ large
enough so that the above is nonnegative, i.e. %; is a supersolution on the wanted
subdomain. O

Then we extend w1 on the right of the point 2t — r1Int + h(t) — Zs(¢), by letting

YVt >T,Vx >2t—rint+h(t) — Zs(t), w(t,x):=Ur(z—2t+7rint—h(t)+ Zs(t);t),

(4.26)
where, for any ¢ > T, the function U, (-;t) is the solution of the ODE
” 2r /
U, + (2 — 7) U,+ f(Uy) =0, (4.27)
on [0,+400), together with the boundary conditions
Up(0;8) =1 =6, U (0;t) = Ul (—Zs(2)). (4.28)

Here the prime denotes the derivative with respect to the first variable, the other
variable ¢ acting as a parameter of the ODE (4.27). To avoid any ambiguity, from
hereafter we will denote by z the first variable of U,, hence by 9. the corresponding
derivative.

Notice that (4.28)) ensures that ui, as defined by (4.21) and (4.26)), and its spatial

derivative 9,1, are continuous functions.

The function u; will serve as the first supersolution. However, notice that 2 — QTT is
below the minimal wave speed 2. Therefore (see also Remark [4.1)), due to the positivity
of f in the interval (0,1) and by a phase plane analysis, there exists Zo(t) such that

0:Ur(z;t) <0, (4.29)

on the interval [0, Zo(t)], with

Ur(Zo(t);t) = 0. (4.30)
Thus, one may already expect that a second supersolution will be necessary. Before we
construct it, let us check that the newly defined function u; is again a supersolution.

Lemma 4.5. If h'(t) = o(1/t) as t — +o0, then there exist v > 0 and T > 0 such that

the function w1 defined by (4.21) and (4.26) is a supersolution of (L.1) for allt > T
and © < 2t —rlnt + h(t) — Zs(t) + Zo(t).

Proof. We have already proved that u; is a supersolution for t > T and « < 2t —rlnt+
h(t)—Zs(t), which was Lemmal4.4] Then, since both u; and 0,1 are continuous at x =
2t—rInt+h(t)—Zs(t), it is enough to check that (¢, ) — U, (z—2t+rInt—h(t)+Zs(t);t)
satisfies the wanted differential inequality for 0 < z — 2t +rInt — h(t) + Z5(t) < Zo(t).
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Let us briefly consider ¢ as a parameter in the ODE (4.27)satisfied by U (-;t). By the
standard regularity theory of ODEs [I1], the function ¢ — U, (-;t) admits a derivative.
Furthermore, we claim that, for any T < t1 < ta,

Vz € (0,Zo(t1)), Ur(z;t1) < Ur(z;t2). (4.31)

To check this, first recall that Zs(t) is an increasing function of ¢ and that it is bounded
from below by Z for t > T, up to increasing T'; see (4.22)) and the subsequent discussion.
Recalling also (4.20)) and that 9.U,(0;t) = U.(—Z5(t)), we get that

t— 9.U(0;t)

is a negative and increasing function. Since U, (0;t1) = U,(0;t2) = 14, it follows that
the wanted inequality holds on a right neighborhood of z = 0.

Now proceed by contradiction and assume that does not hold. In that case
there must exist z1 € (0, Zo(t1)) such that

Ur(';tl) < Ur(';tQ)

in the interval (0, z1), and 0 < Ur(z1;t1) = Up(z1;t2). In particular U,(-;t2) > 0 on
(O,Zﬂ hence z; € (0, Zo(tg)).
From the monotonicity property (4.29)), we get

UT(O;tl) > UT(Zl;tQ).
Then we define
S* :=1inf{S > 0| U, (- — S;t1) > U.(5t2) in (S,21) } € (0,21).

By construction, we have that U,(- — S*;t1) — U, (-;t2) > 0 in [S™, 1], and that there
exists 22 € [S™, 21] such that

UT(ZQ — S*;tl) — UT(ZQ;tQ) =0.

Furthermore, using again the monotonicity property (4.29) for both U.(-;t1) and U, (-; t2),
we have U, (0;t1) = Ur(0;t2) > Ur(S*;t2) and Uy (21 — S*;t1) > Ur(21;t1) = Ur(21;t2).
Thus z2 € (5™, 21) and

azUr(ZQ - S*7t1) = azUr(22§t2), azzUr(Z2 - S*7t1) 2 8zzUr(22;t2)~

However, from the ODEs (4.27) solved by U.(-;t1) and U.(;t2), and the fact that
t1 < t2, one may now check that

8zzUr(227S*;t1) 7azzUr(z2;t2) = ?azUr(z2 7S*7t1)7 ?azUr(ZQ,tz)
1 2
2r  2r
= (H - g) azUr(Z27t2)
< 0.

We have reached a contradiction and this proves Claim (4.31).
It now follows from Claim (4.31)) that

U (z;t) > 0,

for all t > T and z € (0, Zo(t)). We can now compute, for ¢ > 0 and z — 2t + rlnt —
h(t) + Zs(t) € (0, Zo(1)),

Ortir — Ozatin — f(U1)
8U, — ..U, — (2 - % TR - Zg(t)) 8.U, — f(U,)

%

(,g “W() + Zg(t)) 9.U,
> 0,

where U, and its derivatives are evaluated at (z — 2t + rlnt — h(t) + Zs(t),t) and
the last inequality holds for large times, thanks to (4.23), (4.29) and our assumption
that h'(t) = o(1/t) as t — +oo. O
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As we already mentioned, the function Ur(z;t) (hence 1) changes sign, which
is why a second supersolution will be needed. Before we proceed, we need a better
understanding of U, (z;t) as z — 400, or more precisely around (r + 1) Int where we
will match it with our second supersolution. First recall that U,(-;t) solves
and (£.28). Therefore, by and Lemma [4.3| with e = 2, U = U.(- — Z§°) and
U. = U, (+;t), we get for any small n > 0, any z > 0 and any ¢ large enough that

U (258) — Us(z — Z8°)] < (Qtle*Z) s (4.32)

In particular this gives

sup U (2:t) — Unlz — Z5°)| = O (t-<’"+2><1-">) : (4.33)
zZ(T'+1)1nt+Z§°72

as t — +o00, with > 0 arbitrarily small. Moreover, recall from (4.29)-(4.30) that Zo(t)

is the smallest positive point where U, (+;t) equals 0. Then using again , we get
first that Zo(t) — +oo as t — +o0, and then also that

27" Zo(t 1=n
U (Zo(t) — Z5°) < <76* o >>

Due also to (4.18]), we have

2 K
(%67%(0) > ¢~ (Z0()=25) _ o= (2=m)(Zo(H)=25)

for some K > 0 and 1 > 0 arbitrarily small, from which one can infer that
Zo(t) > (r+2)Int, (4.34)

for ¢ large enough.

Let us now construct the second supersolution. As in the construction of the sub-
solution, we use some combination of Neumann and Dirichlet eigenfunctions of a linear
operator obtained by some change of variables in an appropriate moving frame.

Let us recall the equation

2

Yy 3 1 = y

Orw = Oyyw — (E - Z) w—ge ? (ayw - fw) , (4.35)

which is equivalent to (1.1) in the moving frame centered at 2t — %ln t; see the com-

putation leading to (4.6) in Subsection Notice that, plugging the first Neumann
2

eigenfunction e 5 in the right-hand term, then the nonautonomous term dyw — 4w is
negative which is the wrong sign when looking for a supersolution of (£.35)). Therefore,
here we need to proceed more carefully.

We first take the following combination:

y2

_ (l+) _y? 2 2 _y? 2
wo(T,y) :=e 8e\27°) —2ye” § e fyTe” 8 e, (4.36)

Here we fix

to be made arbitrarily small.
The above combination (4.36) shares some similarities with the one used in our

2 2
subsolution; see (4.7). In particular, the first two functions e 5, ye 5 are the first

2
Y 3 ..
s —1)w, posed on the positive

half-line respectively with a Neumann and a Dirichlet boundary condition at 0, and
the corresponding eigenvalues are respectively 1/2 and 0. However, in order to get
a supersolution, we instead slightly increased the exponential growth in time of the
Neumann component. Furthermore, since it is crucial to make the second supersolution

eigenfunctions of the elliptic operator Lw := Oy,w — (
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steeper than u;, we put a negative constant in front of the Dirichlet component. We
also made the exponential growth in time of the Dirichlet component (2¢ instead of 0)
even faster relatively to the Neumann part (¢+1/2 instead of 1/2), which will eventually
ensure that the Dirichlet component is large enough to dictate the slope around the
matching point of both supersolutions. Finally, the third term, which is modeled on
the second Neumann eigenfunction of £, ensures the positivity of wo. More precisely,
there exists 71 > 0 such that, for any 7 > 7 and y > 0,

eG7) —ay 1y >0,

hence wyg is positive on |1, +00) X R.

Let us now check that wo is a supersolution of for 7 > 71 (up to increasing 71)
and y € [0,3]. For convenience and since the equation is linear, we write wo as w1 +
wy + wg, each w; denoting the i-th term of the sum in the right-hand side of .
We now compute the equation for each component separately.

First,
y2 3 1 _ = Yy
8Tw1 - 8yyw1 + TG - Z w1 + 56 2 (8yw1 - ZUH)
1 T
= cwy + 5677 (8yw1 — %wl)
2 2
= 68_%€T(%+6) — %e_%em—
2 2
> 567%67(%“) -1 +y3)67%8267—.
Next,
2
Y 3 1 = Y
Orwz — Oyywa + (1—6 — Z) wa + 3¢ 2 (8yw2 — ng)
= 2ews+ —e 2 (3yw2 - *w2)
2 2
= —deye  Te¥ 4o e 2eXT (% - 1)
> —(dey + 1)67%6257
Z _2(1 +y3)67 5 6257—
Finally,
y? 3 1 = Y
Orw3 — Oyyws + 61 w3 + 56 2 (ang — ng)
1 2 . 1 s
= 2esws3 + Fws — 2¢™ % 2° + ¢ 2 (3yw3 — UJ3)

1 _¥? 9er _¥? 9es T
(2:’:‘4—5)3}26 2T 26 T e e 5™ (y—y—>

3 2
> (2+ yZ) o 27

Putting all the above together, we find that

2
Y 3 1 - Y
Orwo — Oyywo + (1—6 - Z) wo + 5 2 (aywo — Zwo)
2 2
> e FeT(279) LKy (1 4 yf)e T

> 0,

where K is a positive constant which does not depend on y > 0 and 7 > 0, and the
last inequality holds on the interval y € [0,3] for all 7 > 7 (up to increasing 71).
Unfortunately, looking at the negative sign of the single y*-order term in the previous
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computations, one may observe that wo cannot be a supersolution on the whole right
half-line {y > 0}. Therefore, we need to merge it with yet another function. One may
also notice that this y3-order term comes from the inclusion of w3 in the definition of wy,
and try to remove it to solve this issue. However, if we remove w3 then the function wo
is no longer positive so that an additional step is needed either way. Moreover, by
adding this third term, we also make the decay of wy slower as y — 400, which
actually makes this additional step easier.
This leads us to also introduce w which solves , ie.

(SR

2
P
0- Byyw+(16 4)w—|—26

(ayw - %w) -0,
for 7 > 0 and y > 0, together with the Neumann boundary condition
dyw(T,0) =0,

for 7 > 0, and the initial data

M)

Y

w(0,y) =€ 5,

for y > 0. Proceeding similarly as in the proof of [13] Lemma 2.2], one may check that
there exists W1 > 0, and for any bounded interval [0, L] there exists K(L) > 0, such
that

yz

w(r,y) — Wie  ®e? | < K(L), (4.37)

for any 7 > 1 and y € [0, L]. For the sake of completeness, we include the details in
Appendix E By the strong maximum principle, the function @ is positive. We also
2

notice, for later use, that eTe’s is a supersolution of (4.35)). and thus, for any 7 > 0
and y > 0,

0 <w(r,y) < 67—6% (4.38)
Next we define, for 7 > 0,
wo(T,y) if 0<y<1,
W(ry) = { min {wo(T, Y), W%w(ﬂ y) X e”} if 1<y<3, (4.39)
L11)(7, y) X " if y>3.

Wi

By definition, this function is positive but coincides with wo when y < 1, which in
the original variables writes as = — 2t + %lnt < +/t. In particular we will be able to
compute the resulting supersolution explicitely at the matching point with u,, in a
similar manner as we did in the proof of Proposition

To check that it is a supersolution of , we must look at which of the two
functions realize the minimum at y = 1 and y = 3. First, by we have for 7 large
enough that

~1 (1 1 K(3)
1) — 8 T(2+E):_ g 2eT _ 8\ ET.
wo(r,1) —e Se eTReTT < e
Using (4.37), we get
wo(r, 1) < i111(7' 1)e”
o\7, W1 ) )
hence
w(r,1) = wo(r, 1),
for any 7 large enough.
On the other hand, at y = 3, we have by (4.37)) that
Wilu?(ﬂ 3)eT < e~8em(3+e) 4 71‘(4(/21’)) e,

while o 1 .
wo(T,3) = e fem(ate) | gemfe2em,
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Thus, we find that

Wilu?(ﬂ 3)e,

for all 7 large enough. Notice that the third term in the definition of wy is what ensured
that wo(7, ) eventually always intersects Wilw(r, y) X €7 in the interval [1, 3].

We infer that the function w(7,y) is continuous for 7 large enough. Moreover,
wo(7,y) is a supersolution of on the domain |71, +00) x [0, 3], and Wile”u?(T, y)
is a supersolution on the whole domain [0, +00) X [0,+00) (by a straightforward com-
putation). We finally conclude, up to increasing 71, that w(r,y) is a supersolution

of (4.35) on [1,+00) x [0, +00).

w(r,3) =

Going back to the original problem, we are in position to prove the following lemma,
which is the last one before gluing together our supersolutions.

Lemma 4.6. For any e € (0, %), there exist C > 0 and T > 0 such that the function

s (t, z) = (1 - tl%) U (t,x—2t+ %lnt> ,

s a supersolution of (L.1) in the subdomain t > T and x > 2t +1Int — 2, where @ is a
positive function which satisfies that

it z) =t° |1 — 22 z e 4.40
u(7z)— - F‘f‘m € € ) ( )

for any t > T and z € [0,+/t], as well as
a(t,z) < > tre, (4.41)
foranyt>T and z > 0.

Proof. We define

-

2
u(t, z) = e e Te 2 x w(T,y),
where 7 = Int, y = - and the (positive) function w was introduced in (4.39). In

particular, recalling also (4.36)), we immediately get an explicit formula for u(t, z) when
0 < z < +/t which is precisely (@.40).

Moreover, it follows from (4.39)) together with (4.38) that there exists some C' > 0
such that

42
E(Tv y) S Ce(1+E)T6/T7
for all 7 > 0 and y > 1. Up to increasing the constant C, it is straightforward
from (4.36) that the same inequality is also satisfied for y € [0,1]. In terms of @, we
infer that
a(t, z) < Ct*H/2e7,

for any t > 1 and z > 0. Choosing any T large enough, we get (4.41) for all ¢t > T
Next, it follows from the discussion preceding Lemma [.6] that w is a supersolution
of (4.35) for 7 > 0 and y > 0, which is equivalent to

Ol — O — (2—l>aza—azo,
2t

for any t > 1 and z > 0. Letting K = ||f”||co, we compute

Otz — Ozatia — f(U2)

> Ol — Opalis — Us — KT
c c\° .,

e -
U(W—KU>,

where @ is evaluated at (¢,z — 2t + 1 Int).
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Now, for all z — 2t 4 % Int e [% Int -2, \/ﬂ, we can use the explicit formula (4.40)
for @. In particular, we find that

IN

sup  a(t,-)

[% In t72,\ﬁ] t3/27€

e [1+ t ]ez—glnt

= O ?)

1

as t — +oo. Therefore, thanks to 0 < € < 7 and up to increasing T', we get that

Oty — Ozaiz — f(u2) > 0,

forallt > T and 2t +1Int —2 <z < 2t +t — %lnt.
Then, for > 2t + v/t — %lnt, from (4.41) we get that

1 ~
i (t,m — 2+ 5lnt> < 2EtieVE

and the wanted differential inequality is again satisfied for large enough times. Finally
we have proved Lemma O

Let us now proceed with the proof of Proposition [f.2] and the “matching” argument
of the two supersolutions % (recall Lemmas[4.4and [4.5) and us (see Lemmaf4.6). This
matching occurs in a bounded neighborhood of 2t + Int (with respect to the original
non moving frame), and it again shares some similarities with the construction of the
subsolution. We choose

B C 3lnt  9(Int)? 9(Int)?
Mo =t (1 N t17> o <1 T Tasee) T 16t

h(t) _ C 3Int  9(Int)?\ _oann?
e = (1 — tlﬁ) (1 — t1—5 —+ 4t3/2—6 e 16t |
As before, we find that h(t) — 0 as well as b’ (t) = o(1/t) ast — +o0o. Thus, Lemmas

and 5] apply.
First we point out that the asymptotics (4.18) of the traveling wave can be extended
to its first derivative, i.e. we also have

so that

Ul(z) = —e = + O(e”*777),

as z — +oo. Thanks to these asymptotics, using also (4.24) and (4.33)) and taking
€= % —re (O,i), we find that

(26 +1Int — 1) Ur((r+1)Int — 1 — h(t) + Zs(t);t)

= U(r+1)Int—1—h(t)+ Zs(t) — Z5°)+ O <#)

tr+27%s

= U.((r+1)Int—1—h(t)+0 (#)

t'r+27%s
1_h(t)
ee 1
- tr+i1 +0 (tr+27%s)

1_h(t)
ee 1
e +O(t3—%5)

22



as t — 400. On the other hand,

C el (Bme-n?
— _ 5 —_
uz(t,2t+Int—1) = ¢ (17151?) e 1
3 3 2
tl—e $3/2—¢
e'e"® sme 1
= 753/?6 4t 4t
¢ (,_C 2 —3lnty1] (e’
+t3/2—5 T ) | pi=e + 32— | €
eleh® el
> $3/2—¢ + $5/2—2¢’

where as usual the inequality holds at large times. Notice that we used the explicit
formula from Lemmafor Us, since 0 < 21Int — 1 < /% for large enough t.
It follows that
uz(t, 2t +1Int — 1) > w1 (¢, 2t + Int — 1).

By similar computations, we get

—1 _h(t) 1
W2t +Int+1)=° +()<t §5>7
2

$3/2—¢ %,
and
2
_ C\e! (Gmey)
u2(t,2t+lnt+1) = ts <1— m) 25376 4t

1-22

St+1  (Slnt+1)°
X tl—« $3/2—¢

e e _sme 1
= - e Tat e at

$3/2—¢
e c 2 3lnt41] (Brmen)
+t3/2—s Ta ) | T = pBr2— | ¢
6—1eh(t) 6—1
< $3/2—e  y5/2—2¢"

Thus U2 (t,2t + Int + 1) < u1(¢, 2t + Int + 1) for any large enough ¢.
We have finally obtained the following (generalized) supersolution, for all ¢ > T
and z € R:

w1 (t, x) ife<2t+4+Int—1,
u(t,z) = ¢ min{ui (¢, z),u2(t,z)} f2t+nt—1<z<2t+Int+1,
2 (t, ) ifex>2t+Int+ 1.

Furthermore, it follows from the definition of @ in that there exists Xo > 0 such
that w(T,x) > 1 for any x < —X5. Next, from the fact that w; is also defined by ,
where h(t) and Zs(t) are bounded, and U, is positive on the left of the point Zy(t)
with , we infer that @ is positive for x < 2t +Int + 1. Since us is also positive
by construction, we conclude that @ satisfies statement (i¢) of Proposition

Next, it follows from the definition of @ in and the fact that h(t), Zs(t) are
bounded, that for any A € (0,1), there exists X; > 0 such that

Ve <2t —rint — X1, u(t,z) > A\

Lastly, by construction U, (+; t) converges locally uniformly to (a shift of) U, as t — +oo;

indeed recall (4.32). Then, by (4.29) and (4.34)), we also have that 0.U,(z;t) < 0 for
any 0 < z < (r + 2)In¢. From the definition of w; in (4.26)), together with the fact
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that w2 (t, z) goes to 0 as t — +oo uniformly with respect to z > 2t 4+ In¢ — 1 thanks
to (4.41), we infer that for any A € (0, 1), there exists X1 > 0 such that

Ve > 2t —rint+ X1, u(t,z) < A

Therefore statement (i) of Proposition holds true too. This concludes the proof of
Proposition 2]

4.4 The slow decay case: a supersolution
For any f satisfying the monostable assumption , it is possible to find a KPP type
nonlinearity f such that f’(0) = f/(0) and f(s) < f(s) for any s > 0. In particular,
the lower estimate on the position of the level sets in statement (i) of Theorem
immediately follows from a comparison principle and the celebrated result of [6] [13].
We refer to Section [Bl for the details.

Therefore, in the slow decay case it is enough to construct a supersolution. In this
section we assume (up to some shift) that

Uuz) = (z+A)e > +0(e® M%) Ul(z) = —(z4+ A—1)e " +0(e”*""* (4.42)

as z — +oo, where n > 0 is arbitrarily small. Notice that, since we are shifting the
front to make the constant B in (2.3 equal to 1, the constant A € R is now also fixed.
Then we prove the following:

Proposition 4.3. There exist T > 0 and u(t, z) a supersolution of (1.1)) on [T, +00) X
R such that:

(2) for any X\ € (0,1), there exists X1 > 0 such that, for any t large enough,

Vo < 2t — glnt—Xl7 u(t, ) > A,

Vo > 2t — glnt—f—)ﬁ7 u(t, ) < A
(i2) the function u is positive on [T, +00) X R and there exists X2 > 0 such that
Ve < —Xo, u(T,z)>1.

The general strategy remains the same as in Section [f.3] and in particular the left
supersolution is constructed in the same way. More precisely, we define (using the same
notation for simplicity)

Uz —2t+ 2Int) + 1 ift >0, 2 <2t—3Int— Zs(t),
T (2 =
w(t2) U%(:r—2t—|—%lnt+Z5(t);t) ift>0, x>2t—3Int— Zs(t),

where we recall that v > 0, Zs(t) is such that U.(—=Z5(t)) =1 —6 — 7, U,(;t) solves
the ODE ({.27) and (4.28]). Notice that, compared with Section [4.3] here we choose
r = 3/2, so that eventually we will recover the exact logarithmic drift, and also h(t) = 0.

Lemma 4.7. There exist v > 0 and T > 0 so that ui is a positive supersolution
of (LI) for t >T and x < 2t — 21Int — Zs(t) + Zo(t).
Moreover, the function Zo(t) satisfies, for any t > T,

Zo(t) > % Int,

and there holds

sup
T >2t+Int+25° —Z5(t)—2

W (t,z) — U. (m —2t+ glnt + Zs(t) — Zg"’)‘ =0 (t*%“*")) ,

as t — +o0o, with n > 0 arbitrarily small and

Zs(t) — Z8° = O <1> .

t
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Proof. The proof is the same as in Section and thus we omit the details. We refer

in particular to (4.24)), (4.33)) and (4.34). O

Let us then focus the discussion on the right supersolution. We first place ourselves
in the moving frame with a logarithmic drift, more precisely in the moving frame around
2t — (% + 5) Int with € > 0 to be made arbitrarily small. Of course this coincides with
the expected drift when € = 0, but we need a slight gap with the position of the level
sets of u; in order to later match our left and right supersolutions. We obtain the
linearized equation

2
Oy = 0.u + <2— 3+ 8> 0:u + u.
2t
Letting u = e”*v and switching to the self-similar variables 7 = Int¢ and y = %, we
get
2 2e _ =z
070 = Oyyv + yayv—i— 3+ Sv— 3+ e 2 Qyv.
2 2 2
Then we let
312 T
v=wxe 8e2e’,
so that )
Y 3 3+2 _z y
Orw = Oyyw — (E — Z) w——f—e? (8yw — Zw) . (4.43)

Let us now define w the solution of (4.43) on the right half-line {y > 0}, together with
the Dirichlet boundary condition

for any 7 > 0, and the initial data

M)

0(0,y) =ye ¥,

for y > 0. We point out that this initial condition is none other than the first Dirichlet
eigenfunction of the autonomous part, which is the same as in Sections [£.1] and [£3}
see . It is a byproduct of the proof of [13] Lemma 2.2] that there exists some
Wi > 0, and for any bounded interval [0, L] there exists some K (L) > 0, such that

y2

w(r,y) — Wiye 8 | < K(L)ye 2, (4.44)

(MR

for any 7 > 1 and y € [0, L]. We also refer to Appendix [A] for a similar proof of the
corresponding result in the case of a Neumann boundary condition. We further point
out that e"e?"/8 is a supersolution of , thus by the comparison principle, we get
that ,

w(r,y) <e"e’ /5, (4.45)

for any 7 > 0 and y > 0.
Now let us denote

w(ry) = ()

with

1 L 4.46)

1+%<ﬁ<1+§. (4.

Notice that w still solves ([£.43). The choice of the factor J slightly less than 1 will
ensure that the spatial derivative of the right supersolution is slightly less than the
spatial derivative of the left supersolution w;. In particular it will be crucial when
merging the two together into a generalized supersolution. Equipped with w and going
back to the original problem in the moving frame of the expected drift, we find a
function (¢, z) such that

Ottt — 0.1 — (2 -

More precisely we can now prove the following lemma:
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Lemma 4.8. For any e € ( ) there exist C > 0 and T > 0 such that the function

2
Ta(t, z) = (1-%)&(1&,1*—21% 32 6lmt),

is a supersolution of (1.1) in the subdomain t > T and x > 2t, where U is a positive
function which satisfies that for any L > 0, there exists K(L) > 0 such that

22
it 2) — BtSze e | < Mv{v(f) e (4.47)
for any t > e' and z € [0, L\/1], as well as
~ B e+3/2 —=z
a(t,z) < W t e 7, (4.48)
1

foranyt>1 and z > 0.

Proof. We proceed as in the proof of Lemma First, as we outlined above, we
introduce
u(t, z) = %e% T x w(r,y),

e e
where 7 = Int, y = \[, and w(T, y) Wi ) with @ the (positive) solution of (4.43)
with Dirichlet boundary condltlon w(

= Then (4.47) and (4.48)) immediately
follow respectively from (| and (| -

Next, by construction we have that @ satisfies

Oyt — Dyt — (2 - 3;26) 8.1 —a >0,

a(r,
0)

for any ¢t > 1 and z > 0. Letting K = || f"||o0, we get

. C _
8tﬂ2 - azzﬂ2 - f(EQ) Z u (W — Ku) s

where @ is evaluated at (¢,z — 2t + 252 Int).
Now, for all z =z — 2t + 3£2Int € [2Int, /%], we can use ([£47) to get that

. e -z -2  PKA) =z .
u(t,z) < Ptze “e 4t+ - /2= ¢
-, K@) 2
< (¢ grpn)
. K(1) 3 (54
= ﬂ(t—’—iwltlﬂ_f)%?*/?lnt_o(t ):

as t — 400. A similar estimate holds for x — 2t + ?’Jgi Int > +/t thanks to (4.48)). It
follows that, up to increasing T,

Oty — Ogaiz — f(u2) > 0,
on the subdomain ¢t > T and x > 2t. Lemma is proved. O

Let us now try to match the supersolutions u; and w2 in order to conclude the proof
of Proposition We first compute, using (4.42)) and Lemma that

w1(t, 2t + Int)

U. (g Int + Zs(t) — Z§°> +0 (t—%“—’“)

Slnt+ A 7
_ 2 —5(1-m)
= T‘FO(t 2 TI)

5Int 1
= e tO (ﬁ) ’
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as t — 400, where 1 > 0 can be made arbitrarily small. On the other hand, by (4.47)
and the definition of Tz in Lemma [£:§]

2
Us(t,2t +Int) = (1-%)@(@52 “lnt)
C b+ 2 Ce_gjy _Gt2alnn? Int
= <1_W>X/8t D) Int x ¢t e 16t +O t73

5+2¢ Int Int
2 Ppnto (ﬁ) ’
as t = +oo. From the left inequality in (4.46), we have that 2t23 > 2 and then we

2
get that uz(t, 2t + Int) > w1 (¢, 2t + Int) for any t large enough.
Next, we compute

ﬂ1 (t, 2t + g hlt)

as t — 400. On the other hand,

U.(3Int+ Zs(t) — Z5°) + O (t—%(l—n))

3Int 1
E *0(ﬁ>’

_ 3 c\ .
uz(t,Zt—i—ilnt) = (1—m)u(t,(3+s)lnt)
_ (34¢)BInt Int
- e \w)

as t — +oo. Using (£.46) again, we find that (3 + )8 < 3 and ua(t,2t + 21nt) <
u1(t,2t + 21nt) for any ¢ large enough.
We conclude that

(¢, ) if v <2t+1nt,
u(t,z) = ¢ min{w(t,z),u2(t,z)} if2t+Int <z <2+ 3Int,
2 (t, ) if z >2t+ 21Int,

defines a positive supersolution of for t > T and = € R. Moreover, the function u
satisfies the required properties (i) and (i) of Proposition Since the argument is
the same as in the proof of Proposition [£.2] we omit the details. This ends the proof
of Proposition £33}

5 Concluding the proof of Theorem

We are now in a position to end the proof of Theorem [I[] Recall that we assume,
without loss of generality and up to some rescaling, that f'(0) = 1.

5.1 The slow decay case

We first check statement (¢) of Theorem [1] which is the slow decay case. First notice
that there exists some K > 0 large enough such that

Vs >0, f(s)> f(s):=s— Ks°.

In particular, applying the comparison principle, we get that wu(¢,x) the solution of

(1.1)-(1.3) satisfies

u > u,
where @ solves R
with @(t = 0,:) = uo. Since f is of the KPP type, we can apply the well-known
result from [6] [I3] and, together with a comparison principle, we conclude that for any
A€ (0,1/K),

IX(\) >0, Ex(t)C 2t—glnt—X()\),+oo>, (5.1)
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where E(t) is the A-level set of u(t, ).
Now consider A € [1/K,1) and let us again check (5.1). We proceed by contradiction
and assume that there exist sequences t,, — +o0o0 and x, € R such that

U(tn, Tn) = A,

and 3
mn—2t+§lnt—> —00.
By standard parabolic estimates, we can extract a subsequence such that u(t+tn, z+xn)

converges to some entire in time solution us of (1.1). Moreover uoo(0,0) = A and,
from the fact that (5.1)) holds true for any A € (0,1/K), we know that

% < Uoo <1,
in R®. By comparison with the solutions of the ODE d,v = f(v) with v(0) = &, one

may conclude that us = 1, a contradiction. The lower estimate on the position of the
M-level set is proved.

Let us now turn to the upper estimate, and let u be the supersolution provided by
Proposition [I.3] We claim that there exists X > 0 such that

u(0,z) <u(T,z — X),

for all z € R. Indeed, it is sufficient to take X = Xo + X2, where Xy comes from
and X, from statement (i) of Proposition More precisely, for z > X, we have
uo(z) =0 < @(T,z — X), and for © < Xo then v — X < — Xy and (T, z — X) > 1 >
uo ().

Thus, by the parabolic comparison principle, for any ¢ > 0 and = € R we have

u(t,z) <u(t+ T,z — X).
It now follows from statement (i) of Proposition that, for any A € (0,1), there
exists X1 such that
3
E\(t) C (700,2(t+T) - 51n(t+T) +Xi+X|.

This concludes the proof of statement (i) of Theorem

5.2 The fast decay case

We now turn to statement (i7) of Theorem |1} We let ¢ > 0 be arbitrarily small and
u, u be the sub and supersolution from Propositions 1] and [£.2] respectively with
re (359 and r e (552 1).

Similarly as before, it is enough to prove that there exists X > 0 large enough such
that

u(0,z) <u(T,z — X), (5.2)

as well as to > 0 such that

for all z € R. Regarding (5.2)), it is again enough to choose X > X, + X5, where Xy
comes from (1.4)) and X from statement (i7) of Proposition
Let us then check (5.3). First, recall from (1.4) that

lim inf ug (z) > 0.
T——00
It follows that
liminf u(t, z) > v(t),

T——00
for any t > 0, where v solves v' = f(v) together with v(0) = liminf,, o uo(x) > 0,
hence

lim liminfu(¢,z) = 1.
t—+o0 x——00
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In particular, by statement (i7) of Proposition we can choose to > 1" such that

lim inf u(to, ) > sup u(7, ),

and up to increasing X, we can assume that

zglr)l(f‘0+1 u(to, z) > zlég w(T, x). (5.4)

Furthermore, there exists K > 0 large enough such that
Oiu > Ogzu — Ku,

and by the comparison principle,

_Kt (2—y)?
u(t.) = < — [ w(e T ay
4rt Jr

for any ¢t > 0 and x € R. Next, using again (1.4) and the fact that
—+oo 2 6722
~5 4s
/z e s P

(to,z) > Y B (2) St 8 -lXe?

u(to, ) > inf wo(z) | e 0 > e o,

0 Varty J_ o z<—Xpo 0 4 z + Xo

for some § > 0 and any z > —Xo + 1. On the other hand, from statement (ii) of
Proposition [I.I] we have that

as z — +o0, we get that

(x — X2)u(T, x)

3X5 >0, l;gitif o (—X2)? /T < 6.
Thus, for X > Xo + X2 large enough, we have that
) _ (z+X-X5)?
w(T,z+ X) < T X X, i < u(to, x),

for any x > —Xo + 1; notice that we used the fact that to > T. Together with (5.4)),

we get .

Finally, with and in hand, the wanted estimates on E,(t) follow by
the parabolic comparison principle. We omit the details since the argument proceeds
almost exactly as in Section Theorem [1|is proved.

A Appendix: proof of (4.37)

Here we want to prove the following result.

Proposition A.1. Fiz a nonnegative and nontrivial function wo such that
wo € L*((0,400)), [y yio(y)] € L*((0, +00)).

Let also w solve

)

2
i_on g+ (L3 o+ teF (00— Ya) =
0r W — OyyW + (16 4) w + € (8yw 4w) =0,

for >0 and y > 0, together with the Neumann boundary condition
9y w(r,0) =0,

for 7 > 0, and the initial data
w(0,y) = o,

fory > 0.

Then there exists W1 > 0, and for any bounded interval [0, L] there exists K(L) > 0,
such that

M)

Y

’lI}(T, y) - Wle_?e% < K(L)7

for any T > 1, and y € [0, L].
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Proof. First we write
P(1y) = e 2w(7,y),

> I
aqu:am—(%—i)qs—ge 2 (00— Yo).

which solves

Similarly as in [13], we define
>
My = —0yy¢ + (yf - *) ?,

on the space of functions ¢ € H'((0,400)) with y¢ € L*((0,4+00)), and we rewrite the
equation as

0rp+ Mih = 7367% (0,6~ Y0). (A1)

Actually, accounting for the Neumann boundary condition, we should understand M;
in the appropriate weak formulation, that is

2

“+oo
<M1¢7 ) = A <8y¢8y'¢ + (%6 - %) QW’) dy,

for any ¢ € H'((0,+0c0)) with yy» € L?((0,+c0)). Hereafter (-,-) denotes the usual
L*((0,400)) scalar product. The null space of M; is generated by the first unit eigen-

function
1 _y?
8

e = ——7e ,
0 (y) (27T) 1/4
y2 y2
while the second eigenvalue is 1, which is associated with the eigenfunction (e~ 7 )"e’s |

P 2
ie. (% - %) e 5. Higher order eigenfunctions are also given by Hermite polynomials

and they form an orthonormal basis of L((0,+0c0)). It follows that the quadratic form

@) = v = [ (@ + (- 1) v)

satisfies

QW) 2 [[¢ll7:  in e (A2)
We point out that, for conciseness, we choose to denote || - || .2 instead of ||- || 2((0,+00))-
Multiplying by ¢ and integrating by parts, we find

.

+oo
orlotr e +2Qu(0(m ) = e F [ (Fomw)? — orn)dieiry) dv

Using that

and

—o(ro,r) = (-2 ) (va0,0r) < 25+ 0,000

we get

IN

. +oo 2
ool +201(0(r0) < ¢ F [ (Lot + o)
1 2 2
10+ (0,007.0)° )

e (Qu(d(7, ) + o(r,)|[72) -

IN

Thus

ocllo(r, Nz < e Ele(r,)lze,
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and ||¢(7,)||z2 is bounded uniformly with respect to 7 > 0. By parabolic regularity,
so is ¢(7,0).
Now set

() = (€0, &(7,))eo(y) + &(7,y),  with §(7,") € eq .
Then ¢ (7) := (e, ¢(7,-)) satisfies
BT = (0, 0:0)
= (oo, ~Mi6) — 5e F (eo, 0,6 — L)
= —(Mico,6) — ge F leo, 0,6 — L)
= 3¢ T e, 0,0 - Loy
e % ({Dyeo+ Heo, 6(7,) + €0 (0)(7, 0))

- me 0).

N | =

[NE

Due to the time-uniform bound on ¢(r,0), we get that ¢) is integrable. It is also
positive and therefore there exists

@7 = lim ¢1(7) >0, (A.3)

T—+00

(notice indeed that ¢4 (0) is positive by the fact that wo is nonnegative and nontrivial).
Moreover, there also exists K3 > 0 such that

s
e 2

~+o0 -
|p1(1) — 917 = / Wﬁf’(&o)ds < Kie 2, (A.4)

for all 7 > 0. _
On the other hand, ¢(7, y) satisfies, together with the Neumann boundary condition,

0-p+Midp = 8.0+ Mp— ¢\ (T)eo
1 =(, - y- 1
—56 2 (ay¢ - %¢+ <603¢(7-v )> (ayeo - %60) + W¢(T7 0)60) ’

We multiply by <Z> and integrate to get:

09, MEz +2Q1(d(r, ) = —eF[(B(r.),0,6(r,) — (Hd(r, ), d(r. )
+{eo, 6(7.)) (Byeo — S e, o(r, )

Similarly as before, we have

- . +oo
(@), 0uB(r ) + (L )b ) = /

<

IN
S—
+
3
/N 7T
S
-
B}
N
+
Ny
BN
il
<
e

< Qu(r ) +1Id(7, Iz

Thus, and using also the fact that ¢(7,0) and the L*-norm of ¢(7,-) are bounded
uniformly with respect to time,

037, Ee +2Qu(d(r, ) < e F (QuAr ) + 187, Ea + I 2)

31



for some constant C' > 0. Then, recalling that 6 € ey and (A.2)), we get

(72 < (e7F —2)Qu(e(r, ) + e Z[G(r, )32 + Ce™ 2 || d(r, ) 2
< (2¢77 = 2)||g(r, )72 + Ce 2 [|(r, )| 12

Notice that 1 (7) := C'e” " satisfies that

0rip > (2675 = 2)p + Ce™ 3 \/9,

for C' > 0 large enough. Tt follows by a comparison argument that, for any 7 > 0,
I¢(7,0)[L2 < VC7e™ 2,

for some C’ > 0. Recall that by L*-norm we refer here to the L?((0, +00))-norm. By
parabolic regularity, we get on any bounded interval [0, L] and for any 7 > 1 that

Ip(r, Meoeqo,)y £ Ka2(L)e™ 2,

for some K>(L) > 0. Thus, for any 7 > 0 and y € [0, L],

|6(7,y) — 6 eo(y)] < |61(T) — 6% leo(y) + Ka(L)e™ 2,

where we recall from (A.3) that ¢7° = lim,_ 1o (€0, ¢(7,)). Using also (A.4)), the fact
that eo(y) < W and letting

K

K(L)= @m/A + Ka(L),

we get B
|¢(7,y) — ¢17eo(y)] < K(L)e™ .
Finally, rewriting the previous inequality in terms of w(7,y) = ez ¢(T,y), replacing eg
2 o
by its definition W(f% and denoting W; = (ziﬁ , we obtain the wanted con-
clusion. Proposition [A71]is proved. O
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