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Fredholm and wronskian representations
of the solutions to the KdV equation
and the degenerate rational case

*Pierre Gaillard, ™ Université de Bourgogne, Dijon, France :
e-mail: Pierre.Gaillard@u-bourgogne.fr,

Abstract

We degenerate the finite gap solutions of the KdV equation from the
general formulation given in terms of abelian functions when the gaps
tends to points, to get solutions to the KdV equation given in terms of
Fredholm determinants and wronskians. For this we establish a link be-
tween Riemann theta functions, Fredholm determinants and wronskians.
This gives the bridge between the algebro-geometric approach and the
Darboux dressing method.

We construct also multi-parametric degenerate rational solutions of this
equation.

1 Introduction
We consider the KdV equation in the following normalization
up = 6utly — Ugsy, (1)

where the subscripts x and ¢ as usual denote partial derivatives.

This equation (1) was introduced for the first time in 1895 by Korteweg and
de Vries [15]. This equation appears in a wide range of physical problems and
describes the propagation of waves with weak dispersion in various nonlinear
media.

A method of resolution was given in 1967 by Gardner et al. [11]. It was proven
that this equation is a complete integrable system by Zakharov and Faddeev in
1971 [35].

Solutions were constructed by Hirota in 1971 by using the bilinear method [12].
Its and Matveev present solutions in terms of Riemann theta functions [13] in
1975. Lax gives in the same year the expressions of periodic and almost periodic
solutions [18]. A lot of works have been realized in the following years. We can
mention for example Airault et al. in 1977 [3], Adler and Moser in 1978 [2],
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Ablowitz and Cornille in 1979 [1], Freeman and Nimmo in 1984 [5], Matveev in
1992 [23], Ma in 2004 [19], Kovalyov in 2005 [17] and more recently Ma in 2015
[20].

In the following, we are interested in the algebro-geometric approach given by
Its and Matveev in 1975. We degenerate the solutions to the KdV equation
given in terms of Riemann theta functions to get solutions in terms of Fredholm
determinants. Then we give a representation in terms of wronskians. This gives
the correspondence between the algebro-geometric approach and the Darboux
dressing method.

Then we construct rational solutions in performing a passage to the limit. We
obtain multi-parametric rational solutions to the KdV equation depending on
3N parameters at order N. We give explicit solutions in the simplest cases
where N =1, 2, 3.

2 The KdV equation and its solutions in terms
of theta functions

We consider the Riemann surface I' of the algebraic curve defined by

2g+1

W= [ (z- E)).

Jj=1

with E; # Ey, j # k. Let D be some divisor D = >°9_, P;, P; € T. The
so-called finite gap solution of the KdV equation

U = 6UUL — Ugpa (2)
can be expressed in the form [13]
u(z,t) = =202 [In6(xg + tv +1)] + C. (3)
We recall briefly, the notations. In (3), 6 is the Riemann function defined by
0(z) = Z exp{mi(BEk|k) + 2mi(k|2)}, (4)
keZ9

constructed from the matrix of the B-periods of the surface I', and the vectors
g, v, [ are defined by

g5 = 2icj, (5)
o 2g+1

v = 82(%1 Z Ei + cj2), (6)
k=1

9 P i1
ljZ—Z/ de+§—§ZBm‘7 (7)

k=1 k=1



2g+1

g
C:ZEkaZ/ 2dUy,, (8)
k=1 k=1"%

the coefficients c;; being relating with abelian differential dU; by

g . ,g9—k
NN S L (9)

2g+1
kg:t (z — E)
and coefficients c;;, can be obtained by solving the system of linear equations

/de:jkv 1<j<yg, 1<k<g
ag

3 Degeneracy of solutions

We suppose that F; are real, F,, < Ej; if m < j and try to evaluate the limits

of all objects in formula (3) when Es,,, Eo,y1 tends to —u,, —qu, = —k2,,

Km >0, for 1 <m < g, and E; tends to 0 (these ideas were first presented by
A. Tts and V.B. Matveev, exposed for example in [4]).

3.1 Degeneracy of the components of the solution
3.1.1 Limit of P(z) = [[;%}'(z — Ej)

The limit of P(z) = H?g:tl(szj) is evidently equal to P(z) = z [ (z4ay)?

g —k
Zk:l Cmk2? d

2g+1
kgzl (z — Ey)

3.1.2 Limit of dU,, =

4

The limit of dU,, is equal to dU,, = o (2) dz, where o, (z) =

a \/Eng:1(z+aj)

POy Emiz?F. The normalization condition takes the form in the limit

2mipj(—ag)
dU; — : = 0j, 10
/M T ik g (—ax o)~ (10

which proves that the numbers —a,,, m # k are the zeros of the polynomials
or(2), and so @i (2) can be written as ¢y (2) = k1 [[,, 24 (2 + am). By (10), we
get in the limit

Gy = Ik
M o
So } Ko
A0y = —— "% g
b 2min/z(z + ag,) :



3.1.3 Limit of v; and gy
By identification of the powers of 2972 in (11)

Ge(z) =cin [[(z+ o) = ez, (11)

I#£k j=1

we get in the limit
g
Cr1 Z = Cpa-
1=1

So we have the limit values of v and gy :

- 3
_ diky
V =
T
and )
—iK
~ k
gk = ——-
T

3.1.4 Limit of U(P) and B,

1~
For \g = —a,, = —m%“ I = f/\oo dU, — §Bmk. The integral I can be easily
evaluate along the real axis on the upper sheet of surface I' and we get

Km + Kk
RKm — Rk

I— 1

So we have the limit values of matrix B :

Km + Kk
Rm — Rk

Bmk =—In

Therefore i By tends to —oo. As previously, we have

P . L
/ dU; — ———1n |2 V=P
27

. | (12)

3.1.5 Limit of argument of exponential in 6(p)

Let us denote Ay the argument of exponential in 6(p) = >, .5, exp{mi(Bk|k) +

2mi(k|p)}.
Ap can be rewritten in the form

g g
Ag=mi Y Bjjki(kj — 1) + 210 > Bujkmk; + Y mi(2p; + Bjj)k;.  (13)
j=1 j>m j=1

Using the inequality k;(k; — 1) > 0 for all £ € Z9 and the fact that iBy, tends
to —oo, we can reduce the limit 6 of 6(p) to a finite sum taken over vectors



k € Z9 such that each k; must be equal to 0 or 1.
So, if we denote A the argument of 8(xzg + tv + 1), it can be written in the form

g g
A=mi ZBjjk‘j(ij — 1) + 271 Z ijk?mk/’j + Z k‘j [271'7;(9]‘.% + ’th)
J=1

j>m =1

k=1 m#j
In other words
g g
A= WiZBjjk‘j(kj — 1) + 273 Z ijk‘mkj + Z k‘ij,
=1 j>m j=1

with

Qj = 2mi(gjz + vjt) + B,
and

g Pk
8; = —mi(—j +2Z/ dUj + Y Buj).
k=1"v°°

m#j

The quantity ; has a finite limit value Bj independent from x and t.

3.1.6 Limit of 6(xzg + vt +1)

By means of the inequality k;(k; — 1) > 0 for all £ € Z& and the previous
relation i By, tends to —oo, it turns out that the limit 6 of O(xzg+ tv+1) reduce
to a finite sum taken over vectors k € Z& with the property that each k; must
be equal to 0 or 1.

Km + Kj
Rm — Kj

9
kmk‘j—l—(z 265 —8K3t+26K 5+ it Z In
i=1 m#j

6= Z exp{z 21n -

k€Z9,kj=0o0r1 m>j

)k},

Rm — Rj
Kj

with

It can be rewritten as

o= > 1w 11

Jc{1,....g}j€J Jje€J k¢J

———|exp Z 2kjx — Akt + kjz;).  (14)
i€t




3.1.7 Limit of the coefficient C'
The coefficient C' is defined in (8) by

2g+1

C = ZEk—QZ/ 2dU, = Cy + Cy,

can be evaluated as follows.

Thus when the gaps tends to points,, the coefficient C' tends to C' equal to

g

g

9 :22—0%4—220% =0.
k=1 k=1

3.2 Degenerate solution to the KdV equation

Therefore, we have the following representation of the degenerate solution to
the KdV equation

Theorem 3.1 The fonction u defined by

Kj + Kk
Rj — Kk

u(z,t) = —20%1n Z H(—l)j H

Jc{1,...,g} j€J jeJ kgJ

exp Z 2(kjx — 4/@'?7? + K;T;) , (15)
jeJd

with k;, and x; arbitrary real parameters, is a solution to the KdV equation (1).

4 From theta function to Fredholm determinant

4.1 The link between the degenerate solution and the
Fredholm determinant

In a recent paper, Kirillov and Van Diejen [31] have given formulas in terms
of determinants for zonal spherical functions on hyperboloids. In particular,
they compute det(I + A), where I is the unit matrix and A = (a;x)1<jk<m the
matrix defined as :

26jl€j

a;; = ——— exp(—2k;x) H

K; K
it £

Ky + Kj

16
el (16)




where ¢; € {—1;+1} and k; > 0for 1 < j < N.
Then det(I + A) has the following form

n]+/£k
;= Kk

det(I + A) = Z exp *QIZI{] He] H

Jc{1,...,N} jeJ Jje€J  jeJk¢J

(17)

Using the same strategy, we can compute det(I + A) where A = (a;k)1<j k<m
is the matrix defined as :

(—1)72s;
Kj + Kg

Ky + Kj

exp [2(kjx — 4K?t + Kj25)] H e b

I#j

Qi =

x; being an arbitrary parameter.
Then det(I + A) has the following form

det(I+ A) = Z exp Z 2(kjx — 4Kt + KjT;) H(—l)j H

Jc{1,...,N} jeJ JjEJ JjEJk¢J

By the previous section,

o= > Il I

JC{1,....g} jEJ jeJ k¢J

Kj + Rg

exp Z(?(Hjx - 4&?1& + rjz;) | . (19)
JjeJ

If we compare the expression (18) to (19), we have clearly the equality with
g=N

0 = det(I + A). (20)

4.2 Solution to the KdV equation in terms of Fredholm
determinant

So we have the following representation of the solutions to the KdV equation

Theorem 4.1 The fonction u defined by
u(z,t) = =202 In(det(I + A)), (21)
with A the matriz defined by A = (ajr)1<j k<N

—1)72k,
app = 25 (2 — a3+ )] [
Kj + K I#35

Kl + Kj

22
| (22)

and k;, x; arbitrary real parameters, is a solution to the KdV equation (1).




If we consider the matrix B defined by

Rl + Kj

bjr = (—1)7 exp [2(kjz — 4/-@?15 + Kjz;)] H p—

1#k

)

it is easy to verify that det(I + A) = det(] + B), and so we can give another
representation of the solutions to the KdV equation. We get the following
statement :

Theorem 4.2 The fonction u defined by
u(z,t) = —20% In(det(I + B)), (23)
with B the matriz defined by B = (bjr)1<j.k<m

K+ Kj
Rl — Kk

bk = (—1) exp [2(kjz — 465t + k;jz;)] H
Ik

; (24)

and K, x; arbitrary real parameters, is a solution to the KdV equation (1).
We can also consider the matrix C' defined by

[Tz |50 4 551

Cjk = (—1)J exp [2(/{31} — 4/‘??t + Hjx])] H . |I<El — K)-| .
l#7 J

It is easy to check that det(I + A) = det(I + C), and so we can give a third

representation of the solutions to the KdV equation :

Theorem 4.3 The fonction u defined by
u(z,t) = —202 In(det(I + C)), (25)
with C' the matriz defined by C = (¢jk)1<jk<m

[Tz 150+ 551

Cik = (—1)j exp [Q(Hjx — 4/@?1& + IijCCj)] 11 . It — ] )
1#j J

(26)

and kj, x; arbitrary real parameters, is a solution to the KdV equation (1).

Another possibility is to choose the matrix D defined by

K|+ K
Rl — Rj

djk = (—=1)7 exp [2(kjz — 4H?t + Kjz;)] H
1£]

It is also easy to check that det(I+ A) = det(I+ D), and so we can give another
representation of the solutions to the KdV equation :



Theorem 4.4 The fonction u defined by
u(z,t) = —20% In(det(I + D)), (27)
with C' the matric defined by D = (djx)1<j,k<m

Kl + Kk
Rl — Rj

dix = (1) exp [2(kjz — 465t + Kjz;)] H ; (28)

1#]

and K, x; arbitrary real parameters, is a solution to the KdV equation (1).

It remains to find the link between this Fredholm determinant and a certain
wronskian.

5 From Fredholm determinants to wronskians

5.1 Link between Fredholm determinants and wronskians

In this section, we consider the following functions
¢j(z) = sinh(k;x — 4/@?75 + Kk;z;), (29)

where x; are real numbers such that k1 < ... < sy, and x; an arbitrary constant
independent of x.

We use the following notations :

0; = (kjx — 4R35t + Kjz;).

W =W (@;,...,¢n) is the classical Wronskian W = det[(02~:); jep,..., N
We consider the matrix A = (ajx);, ke(1,...,n) defined by

, +
ajr = (—1)7 exp [2(kjz — 4%3??? + )] H % : (30)
£ T
Then we have the following statement
Theorem 5.1
oN (1)~ exp N o,
det(I + A) = =) (o J)W(qh, c ON) (31)

T, TEZ (k) — ki)

Proof: Westart to remove the factor 27 'e% in each row j in the Wronskian
Wfor1<j<N.
Then

N
W= ][ e%27N xwn, (32)

j=1



with

(1 —6’291) n1(1+67261) coe o (RN fl)Ne’wl)
—_— (1 —e72%)  ky(1 +e202) (

(1—e720%) gyl +e V) 0 (kn)V 711+ (=1)Ne 20n)
The determinant Wi can be written as

Wy, = det(ajkej + Bjk:)u

where a, = (—=1)¥(k;)F71, e; = e 2%, and B, = (k;)* 1.
Denoting U = (cij)i, jepn,...n1» V' = (Bij)i, je,...,n], the determinant of U is

clearly equal to

det(@) = ()" 7 [ (5~ #m)- (33)

N>I>m>1
Then we use the following Lemma

Lemma 5.1 Let A = (aij);, jepn,.... N, B = (bij)i, jen,....Ns

(Hij)i, jen,....N), the matriz formed by replacing the jth row of A by the ith row
of B

Then

(34)

det(H;;
det(aijxi + b”) = det(aij) x det ((574]1'1 —+ e<]>>

det(a;;)

Proof: For A= (@i5)i, jef,...,n) the matrix of cofactors of A, we have the well
known formula A x* A = det A x I.

So it is clear that det(A) = (det(A))N~1.

The general term of the product (¢;;); je,...n) = (ai;@i + bij)i,je[l,..,N] X (@ij)ijelt,..,N]
can be written as

Cij = Zivzl(aisxi +bis) X s

= x; Zivzl aisljs + Zivzl bistjs

= 5ij det(A)xl + det(HZJ)

We get
H;;
det(cij) = det(aijxi + sz) X (det(A))N—l — (det(A))N X det(éijl'i + d((;ZE(AJ)))
B det(Hij)
Thus det(a;;jz; + b;;) = det(A) x det(d;;x; + dct(A) )-

O
Using the previous lemma (34), we get :

det(HZ-j)
det(aij)

),

det(aijel- —+ ﬂ”) = det(aij) X det(éijel- —+

10



where (Hij)i, jefi,...,n] is the matrix formed by replacing the j-th row of U by
the i-th row of V' defined previously.
We compute det(H;;) and we get

det(Hy;) = (—1)" =+ II (ke — tom) T (=1 = #) T e + #0)- (35)

N>I>m>1, l#j, m#j 1<j I>j
det(H;;
We can simplify the quotient ¢ = M :
det(ai;)
= (—=1)7 [Tz |50 + sl -
Hl;éj K1 — £
det(H,
So det(d;xe; + dZt((a]J:))) can be expressed as
det N Kl + Kk
d . . —20; 29' )
et(5]k€J —|— H J det jk? + ( ) H 7/” s J)
j=1 I#5
and therefore
N
det(H,y,
det(0,re; + et( )) = H e~ 2% det(I + A).

det(oyk)

=1

The wronskian can be written as

N j N
W(é1,...,én) = HeJQ_ DT T T — w) [T € 2% det(I + A)

j=2i=1 j=1

It follows that

N(N+1)
2

X3 b @)Y (=1)
T, [T (g — k)

det(I + A) = W(d1,...,on) (36)

O

5.2 Solutions to the KdV equation in terms of wronskians

From the previous subsection, we can give the following wronskian representa-
tion of the solutions to the KdV equation.

Theorem 5.2 The function u defined by
u(z,t) = =202 (In [W(o1,...,6n)]), (37)

where = W(¢1,...,on) = det[(agflgbi)i’je[17.,.,N]] is the wronskian of the func-
tions ¢ defined by ¢;(x,t) = sinh(k;z — 4H?t+njxj), Kj, ©; being real numbers,
is a solution to the KdV equation (1).

11



Proof : From the result of the previous subsection, the solution to the KdV
equation u can be written as u(x,t) = —292(det(I + A)). From (31), we have

N(N+1)
2

Xt 05 )V (1)
TS TEZ (k) — i)

We can conclude that u can be rewritten as

det(I + A) = W (o1,...,oN).

N(N+1)

eXitt " @)N (1)
T, TS (k5 — a)

u(x, t) = 7283 In < W(d)la tey ¢N)> = 7265 (IH(W(éla ) ¢N))) .

O

It is relevant to note that we recover the result given by the Darboux dressing
[23].

This realize the connection between the algebro-geometric approach and the
Darboux dressing method.

Remark 5.1 The choices of functions ¢; are not unique. For example, we can
choose :

pj(x) = cosh(kjw — 4k3t + Kjx;), or ¢j(x) = exp(rjz — 4K3t + Kjx;), or
¢j(x) = exp(—(k;x — 4K3t + Kkjx5)) or any combinations of these different last
functions.

We can also choose the following functions :

dj(x) = sin(r;x + 4kt + Kjx;), or ¢j(x) = cos(kja + 4kt + Kjx;), or j(x) =
exp(i(kj + 435t + Kjx;)), or ¢j(x) = exp(—i(kjz + 435t + Kjx;)) or any com-
binations of these different last functions.

6 Another approach and degenerate multi-parametric
rational solutions to the KdV equation

6.1 Solutions to the KdV equation in terms of elementary
exponentials

We consider the KdV equation (1)
U = U, — Ugpy-
We consider the following elementary functions :

fij(x,t) = (aje)i*1 exp(a;er — 4(aje)3t + cjeQNfl) - (aje)i*1 exp(—ajex + 4(aj6)3t + dj62N71),
for 1 <7 < N (38)

Then, we have the following statement :

12



Theorem 6.1 The function v defined by
v(x,t) = —202 In(det(fi;) i 5)en,ny) (39)
is a solution to the KdV equation (1) with e, aj, ¢; and dj, 1 < j < N arbitrar-

ily real parameters.

Proof : The corresponding Lax pair to the KdV equation (1) is

—Quz + Uup = A, (40)
(bt = _4¢rzx + 6u¢:r + Sux(b
This system is covariant by the Darboux transformation. If ¢q,...,¢x are
solutions of the system (40), then ¢[N] defined by ¢[N] = (b1, 9, 6)
W(¢17"' 7¢N)
is another solution of this system (40) where u is replaced by u[N] = u —
202(InW (g1, ..., on) [24].
We choose u = 0. Then the functions ¢; = fi; verify the following system
—@ze = A,
41
{ (rbt = 74¢mrz ( )

Then the solution of (1) can be written as v(z,t) = —292(In W (¢1, .. . , ¢y )which
is nothing else that (39) v(z,t) = =292 In(det(fi;) i j)en,n)-
O

6.2 Multi-parametric rational solutions to the KdV equa-
tion

To obtain rational solutions to the KdV equation, we are going to perform a
limit when the parameter e tends to 0.
6.2.1 Rational solutions as a limit case
We get the following result :
Theorem 6.2 The function v defined by

v(z,t) = 21_1}(1) —202 In(det(fi) i jye1,n]) (42)
is a rational solution to the KdV equation (1) depending on 3N parameters a;,

cjandd;, 1 <j<N.

Proof : Performing a passage to the limit when e tends to 0, it is an obvious
consequence of the previous result.
O

13



6.2.2 Degenerate rational solutions

If we want a formulation without a limit, we consider the following functions
gi; and h;; defined by

gij(x,t,e) = (aje)lexp(ajex — 4(aje)®t + c;e®N 1) — (aje) L exp(—ajex + 4(aje)3t — d;e?N 1),
B — 82371fij($,t70)
v Oe2i—1

Then get the following result :

Jdor 1<i< N

Theorem 6.3 The function v defined by
v(z,t) = =207 In(det(hij) .5 en, - (43)

is a rational solution to the KdV equation (1).

Proof : It is sufficient to combine the columns of the determinant and to take
a passage to the limit when e tends to 0 for each column different from the first
one.

O

So we obtain an infinite hierarchy of rational solutions to the KdV equation
depending on the integer .

In the following we give some examples of rational solutions.

These results are consequences of the previous result (43).

6.3 First order rational solutions
We have the following result at order N =1 :
Proposition 6.1 The function v defined by

8a12

t) =
U(:,U’ ) (2a1x+01 7d1)2’

(44)

is a solution to the KdV equation (1) with ay, ¢1, di arbitrarily real parameters.

Remark 6.1 This solution independent of t does not present any interest.

6.4 Second order rational solutions
Proposition 6.2 The function v defined by

n(x,t)

v(z,t) = =2 W,

(45)

with
n(z,t) = 12a2a1(—3 a22—|—a12)(3 as>a1 —a13a2)x4—|—12 aza1(—3 as? +a12)(—72 as>tal +

14



24 a13ta2 + 962(11 + 3d1a2 — 9d2a1 — 301(12)1‘
d(z,t) = (-6 aza1+2 a13a2)x3 —72a2%tar +24 a1>tas +9 coar +3 dias —9 dsar — 3 cras

is a rational solution to the KdV equation (1), quotient of two polynomials with
numerator of degree 4 in x, 1 in t, and denominator of degree 6 in x, 2 in t.

In the case where all the parameters c; and d; are equal to 0 and the parameters
a; are equal to 1, the solution can be expressed as

T (24t — x3)

u(x,t) = —6 .
(z1) (23 +121t)

6.5 Rational solutions of order three
We get the following rational solutions given by :
Proposition 6.3 The function v defined by

n(zx,t)

v(z,t) = =2 RO

(46)

with

n(z,t) = (7200 a1*a2%a3® + 14400 a1*a2*az'® — 4320 a1%as*az® — 5400 a1%a2'%as® —

216 a1 %a22a354+2160 a1%a2%a3°—2400 a1a22a3'°+1440 a1 8a22a3®—21600 a12a2as %+

21600 a1%as®az®)z'® + (72900 a1a25a3%d; 4243000 a1*az%as®cs — 243000 a1 *a28asds —

72900 a1a26a3601 + 729000 a12a28a33d3 — 729000 a12a28a3303 + 243000 a14a2a3802 -

243000 a14a2a38d2—72900 a16a2a3602—48600 a18a22a3303+48600 a18a22a33d3—145800 a16a24a33d3+
72900 a1%a2a3%ds + 145800 a1%az?as3cs — 364500 a12a2’as’ds + 48600 a13az?as®dy +

162000 a1%as2as’cs — 162000 a1%a22as’ds — 48600 a1®az?as®er — 14580 a1°azas’di +

14580 a15a22a36cl — 729000 a12a23a3802 — 972000 a14a24a3503 + 972000 a14a24a35d3 —

1458000 a12a2%a35ds+729000 a1 a2’ as®da+1458000 a1 a2’ as®c3+364500 a12a2”asbco—

145800 a1 as* az®d; +145800 a1 a2’ as®c1 )2® + (116640000 a1%as®t?a3® —29160000 a1 2a2' % a3’ —
12960000 a1°t2a22as1®—1166400 a1 °t%as2a3® —38880000 a1 a2t as®—23328000 a1®astas®t?+
11664000 a1°a25t%az®+77760000 a1*as®az't>+7776000 a15t>a2>a3® —116640000 a1%as®asz 0tz +
(62208000 a1 3as?az®t* —103680000 a; ®az?az ' t* —233280000 a1%as '®as®t® —933120000 a1 % as®as 'Ot +
622080000 a1?az?as'®t3+93312000 a1 6a2%a3%t3+933120000 a;2az®as®t®—9331200 a1 Cas2as®t® —
311040000 a1 *a25a3%t> —186624000 a1%a2?as®t®)z+364500 c1as*az® a1 dz — 182250 ¢raza3®arda—
364500 crastas®a1cs+1822500 a12dsasdaas® —1822500 a1 2daas®czas® —182250 drazas®aico—
121500 d1a22a33a1303+121500 d1a22a33a13d3—364500 d1a24a33a1d3+182250 a102a36C1a2—
1822500 a12c2as3dsaz®+1822500 a1 caas®c3az®+121500 a13csaz?c1as®+607500 a1t czasdaas® —
121500 a1°dsaz?cras® — 607500 a1 *dsasdaas® — 455625 a12c2?as® — 1822500 aq12cs?a2’ +

182250 d1a2a36a1d2+364500 d1a24a33alc3—607500 a1402a33ce,a2+607500 a14cza33d3a2—

1822500 a12ds?a2%—18225 d12a22a3°+1215000 a1 *ds?as*—202500 a1°ds2as? 436450 dras?as®e1+
911250 a1 2c2a3%ds + 405000 a1 csaz?ds — 2430000 a1 csaztds + 3645000 aq12dsas®es —

18225 ¢12as2as® — 455625 a12da?as® + 1215000 a1?ec3?as? — 202500 a1 6e3?as?

d(z,t) = (=6 a1’azas® —60 a1a2as® +20 a1®asas® +30 a1az®as®)z® + (1200 a1 *tasas® —

3600 a1a23ta35 — 360 a15ta33a2 + 1800 a1a33ta25)$3 =+ (—675 a1d2a33 + 135 d1a2a33 +
675 a1cza3> +450 a1®csas —450 a13dsas — 135 crazas® — 1350 a1 czas® +1350 ardzaz®)z —
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14400 a13t%asas® + 43200 a1 a23t2as® + 4320 a1 %t%as3as — 21600 a1 as®t2as®

is a rational solution to the KdV equation (1), quotient of two polynomials with the
numerator of order 10 in z, 3 in t, the denominator of degree 12 in x, 4 in t.

In the case where all the parameters c; and d; are equal to 0, and the parameters
a; equal to 1 the solution can be expressed as

29 4 432002 + 5400 t223)
(—a8 — 60tz + 720¢2)2

u(x,t) = 12 2

6.6 Further orders

We can go on, and calculate different solutions of the hierarchy. The solutions
becoming very complexes. In the case of order 4, the numerator contains 1658
terms, the denominator 2396 terms; for order 5, the numerator contain 22200
terms and the denominator 31260 terms. So, we give only the solutions with
the parameters c¢; and d; equal to 0, and the parameters a; equal to 1, at order
4 and 5 to shorten the paper.

Proposition 6.4 The solution v of order 4 can be expressed as

o t) = 202'® + 2880 ¢x'® + 453600 t°x'* — 42336000 t°2” — 3048192000 ¢"z°® + 182891520000 ¢°
e (210 + 180 t” + 302400 £3z)2 :

v 1s a rational solution to the KdV equation (1), quotient of two polynomials
with numerator of degree 18 in x, 6 in t, and denominator of degree 20 in x, 6
m t.

Proposition 6.5 The solution v of order 5 is given by

n(x,t)
d(z, )%’

v(z,t) = (47)

with

n(z,t) = 30 28415120 t2*5 43628800 t>x>2 +43436736000 t* 2 ° +15362887680000 72+
530019624960000 t°2'°+5530639564800000 t” " 4+-580717154304000000 t32* —4645737234432000000 t°x
d(z,t) = —x'® — 420 tx'? — 25200 +?2° — 2116800 t3x° 4 254016000 t*2* + 1524096000 t°

v 1s a rational solution to the KdV equation (1), quotient of two polynomials

with numerator of degree 28 in x, 9 in t, and denominator of degree 30 in x, 10
mt.

7 Conclusion

In this paper, we succeed to construct different types of representations of the
solutions to the KdV equation. First, it was essential to express the degenerate
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f function into an explicit Fredholm determinant. The second step was to get
the transformation of the Fredholm determinant into a wronskian.

I have to mention a paper of Whitham [33] in connection with this work, and
I would like to thank the referee about this information. The article [33] deals
with equations as the KdV equation and the representation of solutions as sum
of solitons, and also the relation of these solutions with Riemann theta functions
in particular. It can be compared with the solutions given in the present work
expressed in terms of Fredholm determinant and wronskians.

In another approach, we have given solutions to the KdV equation in terms
of elementary exponential functions. In particular, performing a passage to the
limit when one parameter goes to 0 we get rational solutions to the KdV equa-
tion. So we obtain an infinite hierarchy of multi-parametric families of rational
solutions to the KAV equation as a quotient of a polynomials depending on 3N
real parameters.

But, unlike other equations such as the NLS equation [6, 7, 8, 9, 10] there are
no specific structures that emerge as depending on parameters.
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