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Abstract

We consider the solution of a transmission problem at a thin layer interface of thickness € > 0 in a mechanical
structure. We build a multi-scale expansion for that solution as € — 0 that enables to replace the thin layer
with an improved boundary condition and leads to optimal estimates for the remainders. This short note
presents new results when a Dirichlet condition is imposed on the internal boundary of the thin layer and is the
counterpart of [2] where the Neumann case was considered.
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Résumé

Cette note concerne le probléme de transmission dans une structure mécanique contenant une couche d’épaisseur
mince € > 0. Nous construisons un développement asymptotique de la solution lorsque € — 0 qui permet de
remplacer la couche mince par une condition aux limites approchées et nous en déduisons des estimations
d’erreurs optimales. Nous présentons de nouveaux résultats lorsqu’une condition de Dirichlet est imposée sur
la frontiére interne de la couche mince tandis que le cas d’une condition de Neumann est étudié¢ dans [2].

1. Introduction and problem settings

Let © be a Lipschitz bounded open set of R¢, where d > 2 is an integer representing the dimension. We
assume that the solid €2 consists of an isotropic material with a linear behavior. The boundary of Q) is such
that 0Q =: I'p UT'y where I'p and 'y are two non-empty open sets of 9Q and |I'p| > 0. We consider a
nonempty inclusion w CC Q with analytic boundary dw =: I'. We denote by m the unit normal vector to 02
and I' directed outward to Q\w.

Let € > 0 be small enough. We consider that I' has an interior thin layer with thickness € bordering w
defined by

wi={x+sn(z)|zel and 0 < s < e}.

We recall that the normal vector m is directed inward the inclusion w. We set w® := w\wf and we denote its
boundary by T'. In the sequel, we use the lower index e for all quantities related to Q\@ and the lower index i
for all quantities related to w$. These notations are illustrated in [2, Fig. 1].

We denote by A, the Hooke’s law defined, for any symmetric matrix &, by

Ac§ =2 pe &+ A Tr(€) La,

where . > 0 and A\, > 0 are two positive constants which represent the Lamé coefficients in Q\@. The Hooke’s
law associated to wf is denoted A; with Lamé coefficients p; > 0 and A\; > 0. Moreover the stress vector relative
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to the material properties A; on I' is defined by
1
Ti(u) = Aje(u)n, where e(u):= 3 (Vu +'Vu),

and we define similarly T'. the stress vector relative to the material properties A, on either I or I'y.

For a smooth bounded open set w of R? (d > 2) with a boundary I', we denote by H*(w) and H*(T') the
standard complex valued, Hilbert-Sobolev spaces of order s € R defined on w and T respectively (with the
convention H = L?). Spaces of vector functions will be denoted by boldface letters, thus H® = (H*)?. We
introduce the following Sobolev space

Hl (N\w):={ve H(Q\w); v=0onTp}.

—~—1 —~-—1
The dual space of HJ. (Q\@) is denoted by Hy_ (2\w). Let f € Hp (Q2\w) be some exterior forces and a load
g€ HV2(I'y). We are concerned with the following transmission problem

—div (Ace(us)) = f in Q\w
—div(Aje(us)) = 0 in wf
u; = 0 onI'p
T.(ué) = g on I'y (1.1)
T,(uf) = Te(ui) onT
u; = ug onI’
u; = 0 on I'®.

The solution of such a problem exists, is unique and belongs to Hy. Lur: (2\w?) thanks to the Lax-Milgram
theorem and Korn’s inequality (see, e.g., [3, Theorem 6.3-4]).

To avoid instabilities in the numerical treatment of the transmission problem (1.1) we approximate the
solution u € H}. L, (2\w) by the solution fy; to some boundary value problems of the form

—div (Aee('v[EN])> f in Q\w
vy = 0 onIp (1.2)
Te(va]) = g only
B% (e, 'v[EN],Te(va])) = 0 onT,

where [|[ug — viyl|a (@) = O(eN*1), for any N € N, and the last equation of (1.2) is a so-called Generalized
Impedance Boundary Condition (GIBC). This approximate condition is obtained by expanding the Navier
equation in w{ in terms of ¢ and surface derivatives on I'. The transmission problems is then split into a
sequences of coupled boundary value problems in w¢ (rescaled through a nondimensional variable) and in Q\@
(that will constitute the GIBCs). Both the exterior and interior solutions are expanded as power series of the
thickness ¢ whose coefficients functions are obtained iteratively. The GIBC of order N € N is deduced from
the boundary condition satisfied by the truncated series of the exterior field up to the index N. The method
originates from [10] for d = 2 and leads to optimal error estimates. The results are now established for the
Laplace, Helmholtz and Maxwell equations and more recently for the Lamé system when a Neumann condition
is imposed on I'® (see [2] and references therein for a bibliographical overview). It is the purpose of this short
note to address the case when a Dirichlet condition is considered on I'. The coefficient functions and the
GIBCs, for N = 0,1,2, are given in proposition 2.1 and its proof. The expected optimal error estimates are
stated in Theorem 3.1 and its proof for both the interior and exterior solutions.

Mechanical engineering applications of the proposed results include the modeling of delaminated elastic area
with thin opening by Dirichlet and Neumann crack jumps [1, 4] in layered media followed by the mathematical
analysis of the associated inverse problem of delimination detection [1, 8, 9] for both the static and dynamic
framework.



2. Generalized impedance boundary conditions

The operator B, is composed of curvature operators and/or surface differential operators and depends on
the interior Lamé parameters. Thus we use the classical surface differential operators: the tangential gradient
Vr defined in [7, pages 68-75] and the surface divergence divr defined as the trace of Vr applied to vector
functions. Moreover, R and H represent the curvature operator of I and its trace, respectively.

To determine the approximate boundary condition, we follow the procedure described in [5]. For any « € T’
and s > 0, we set u(z + sn(z)) =: u(z, s) and we use the change of variables y = z 4+ sn(z) = x + eSn(z) with
S e [0, 1]. We set u(z,s) = u(z,eS) =: U%(x,S). Firstly we obtain the following asymptotic expansion when
e—0:

1
div(Aie(w)) (v +eSn(z) = Aod% + Y e"A, | US(2,5), (2.1)
n>1
where
Ao:=Ni+2u)n@n+p(lg—nen), (2.2)
and
AlU6 = A17185UE, with A171UE = MzHUE + ()\1 + ul)(n din‘ ON + VF(UE . TL)) (23)

Moreover the traction trace operator is defined on I, i.e. for S =0, by
1 1
T,;U® := ~AgdsU® + \sn divy U + 11;[VrU®|n = —Az05U° + BYU®.
€ €

Secondly we set ué := > "ul in Q\w and uf(x,s) := Ui(z,S) = > e"Ul(z,S) in I’ x [0,1], with the
n>0 n>0

convention Uf = uﬁ = 0 for any integer / < 0. In the case of a Dirichlet interior boundary condition, the

original transmission problem (1.1) can then be rewritten as a couple of two boundary value problem for every

coefficient functions (U¥, uf):

¢
DEAUY = — 3 A USF in I x (0,1)
k=1
dshoUl = To(ul™)—BYU onT x {0}
AUS = 0 on T x {1},
and
div (Ace(ul)) = 8 f in Q\w
ul = 0 onI'p (2.4)
T.(ul) = 59 on I'y '
Aou‘é = A()Uf( ‘y 0) onlI.
where 55 is kronecker delta. For ¢ = 0,1,2, we solve iteratively the new systems to compute first Uf and then
N
recover the boundary condition satisfied by u’. The truncated fields are denoted by UGy = 3 ekul and
k=0
N
U? N] = > e¥U¥F. From these results we deduce the GIBC satisfied by ’U‘[EN], which is an approximation of
’ k=0

u’ (v] UP to O(eN*1). The results are stated in the following proposition.

Proposition 2.1. The GIBC, defined on I', modeling thin layer effects for N = 0, corresponds to the homoge-
neous Dirichlet condition. For N = 1,2 it can be written in the form

eTeviy + Cy(viy) =0,

with
Ci(w) := Apw)r,

Ci(w) == Mowp + 3¢ (H + (\i + )R + (Xi — i) M) wp.



where M represents the tangential Gunter derivative defined by [6, Chapter V, §1] Mw = [Vrw|n —ndivr w.

PrRoOOF. First, we obtain
AU =0, AUMN-,9)=(S—1)T.ul.

Using U} (-,0) = —A; ' Teul = ugp, we rewrite UJ (-, 5) = —(S — 1)ugr and we get

AgU?(-,S) = 52271A171ui‘r +(S-1) (Teué — Bguélr) .

When S = 0, we simplifies Agu?|, = AgU?(+,0) = ~Teu; — %Al’lui‘r + BYu/p and

LAvs = BY = 3 (M + O+ )R + (s — ) ([Vr - In — ndivr) ).
Then, substituing these results in (2.4), we get the following boundary conditions for UZ[ n] On I.

Ao’ui[o] — AOUS =0
Ay = Ao(ul +eu}) = —eTeu) = —eTeugy) + e Agu,

Aougy = Ao(ul + cul + %u?)

= —eT.(ul +cul) — 12 <ui7-l + N+ )R+ (N — ,uz)/\/l)ué

—eTeufpy — 3¢° (MH + (N + )R+ (N — Hi)M>“2[2]
+ Tl + LB (uﬂ-[ + N+ )R+ (A — ui)/\/l)uﬁ.

We observe that the truncated series up to the index N satisfy 6T6u§[N} + C?V(uZ[N]) = O(eM*1). Then we
choose to approach the total exterior field uS by a new field v[y) that satisfies eTevpy + Cy (’U[EN]) =0. N

Remark 2.2. Even if we provide the formula for N = 0, 1,2 only, we guess that, for any N € N*, the impedance
operator C% is a surface differential operator of order (N — 1) for the three components of the state. Although,
it differs a bit from the Laplace equation case, the procedure to prove optimal error estimates in H'-norm
presented in [10, Chapter 1], extends to the elastic case at any order N € N and is sketched in Section 3 for the
sake of completeness.

For N = 1,2, the associated weak variational formulations of the GIBC problems (1.2) with non vanishing right
hand side T.v + C5;(v) = h when h € H? (T") read : Find v € H%D (Q\w) satisfying

ay (v,w) = L(w), Ywe Hp (Q\w) (2.5)

where
aj(v,w) := )\e/ (divv) (divw) + 2#@/ e(v) : e(w) +e* / Agv - w,
O\w O\w r
1
a5(v,w) i= af(o,w) + 5 [ (M + (it pIR+ O = ) M) - w,
r
and

L(w) := f~w+/ gow+5*1/h~w.
Q\U I'n T

The bilinear forms a5, are symmetric and continuous on H %D(Q\w) x H %D(Q\G) (see [6, Chapter V, §1] for
the properties of M). The coercivity of aj is obvious since Ag is a positive definite matrix.



3. Convergence analysis

Assuming the existence and uniqueness of the solution vf,, to GIBC problems at any order N € N, one can
establish optimal error estimates between u¢ and its approximate field va] as done below.

Theorem 3.1. Let N € N and f € €°°(Q\w). Then there exists a constant Co\g independent of € such that

[vin) — wel @) < Cavse™
PROOF For any N € N, the assumption f € € (Q\w) allows us to ensure higher order local regularity for
ue, with £ = 0,...,N — 1 in the neighborhood of T" so that the right hand side to problems (2.4) belong to
H?(T) and the solutlon satisfies ul € HJ (Q\w).
e We decompose the remainder as vy — ug := (v’[SN] - u‘;[N]) + (u‘;[N] —uf).

N
e Firstly, we set T[EN] =u® — Z e"u" and we denote by Tz,[N] and Ti[N} the restriction of T'[EN] respectively to

O\w and to wf. The remainders (r;[ N Rf’[ N]) solve the thin layer transmission problem with right-hand sides
up to O(eV~1). Using a judicious rewritting of (r;[N], Rf’[N]) (see [2, subsection 2.2] or [10, Subsection 1.3.5])

and change of variable formula for s = €S to evaluate H'-norms, we get the estimates
H"'z,[N}HHl(Q\E) <CeM*and \/EHTf,[N]HHl(wf) <Nt (3.1)

with C depending on N but independent of £ (thanks to the uniform coercivity of the bilinear form associated
to the transmission problem)

e Secondly, we focus on d|y [N] v[N] For N = 0, we have u o= = ul = v§ o 1€ d[o] = 0. Then the
estimate is deduced from the previous result. To get optimal results, for N > 1, the trick is different than in
the Neumann case [2, subsection 2.2] and is well explained in [10, page 36]. Indeed, using the bounds provided
by the Lax-Milgram theorem applied to the variational formulations (2.5) do not lead to optimal estimates due
to the factor ! in the right hand side. Instead, we use an asymptotic expansion of the solution v‘[fN] to the

¢

GIBC problems (1.2). We write vfy; = ez>:0€ v, where the coefficient functions v4; are defined iteratively as

the solution to the following mixed boundary value problems with Dirichlet type condition on I'. For example,
when N = 1,2 we have

div (Ace(vi)) = 8 f in N\w
'vg = 0 onI'p 3.9
T.(v)) = 509 on I'y (3-2)
vi = Ay 1TP'1)1 onl .
and
div (Ace(vh)) = 60f in Q\w
Ug =0 onI'p
Te(v‘i) = 5?9 onI'y (3-3)
v = —Aj! (Tevg 1y (u[HJr(/\ + )R+ (N _Uz)M) 5 1) onI'.

We observe that
Vl=0,...,N, v5=u’.

Higher order coefficient function vf\,, with £ > N + 1, surely differs from uﬁ. Thus, by applying Lax-Milgram
theorem to the mixed boundary value problem with a Dirichlet-type boundary condition on I', we get the
estimates

lvfy = uZ e @vw) = Ivf) — 01 —evilla @) < Cie?,
and
va2] - Ui,[g] |1 (\) = HUE] — vy —ev; — 52U§|\H1(Q\w) < Coe®.



And so on, we get for any N € N, ||’UFN] - u;[N]HHl(Q\w) < CneN*l with Cy independant of €. Using the

triangular inequality and (3.1), we get the announced estimates. |

Remark 3.2. The convergence estimates at any order N € N are obtained assuming analyticity of the boundary
I and smoothness of the data around the thin layer. However, a boundary T of class €V' and f € L12"D (N\w)
are sufficient to get the previous estimates for N = 1.

(1]

2]

3l

(4]

6]

[6]

7l

(8]

[

[10]

CAKONI, FIORALBA AND DE TERESA, IRENE AND HADDAR, HOUssEM AND MONK, PETER, Nondestructive testing
of the delaminated interface between two materials, STAM J. Appl. Math. (2016), 76(6), 2306-2332.

F. CauBer, D. KaTEB, F. LE LOUER, Shape sensitivity analysis for elastic structures with generalized impedance
boundary conditions of the Wentzell type - Application to compliance minimization, J. of Elasticity (2018).
https://doi.org/10.1007/s10659-018-9692-3

P. G. CIARLET, Mathematical elasticity. Vol. I, volume 20 of Studies in Mathematics and its Applications, North-
Holland Publishing Co., Amsterdam, 1988. Three-dimensional elasticity.

J. HEnprICKX, P. H. GEUBELLE, N. R. SotrTtosc, A spectral scheme for the simulation of dynamic mode 3
delamination of thin films, Engineering Fracture Mechanics (2005), 72(12), 1866—-1891.

D. KaTEB AND F. LE LOUER, Generalized impedance boundary conditions and shape derivatives for 8D Helmholtz
problems, Math. Models Methods Appl. Sci. (2016), 26 (10), 1995-2033.

V. D. Kuprrapzg, T. G. GEGELIA, M. O. BAsSHELEISHVILI, AND T. V. BURCHULADZE, Three-dimensional prob-
lems of the mathematical theory of elasticity and thermoelasticity, vol. 25 of North-Holland Series in Applied Math-
ematics and Mechanics, North-Holland Publishing Co., Amsterdam, russian ed., 1979. Edited by V. D. Kupradze.

J.-C. NEDELEC, Acoustic and electromagnetic equations, vol. 144 of Applied Mathematical Sciences, Springer-
Verlag, New York, 2001. Integral representations for harmonic problems.

M. PasqQuari , W. LACARBONARA , Delamination detection in composite laminates using high-frequency P- and
S-waves. Part I: Theory and analysis, Composite Structures (2015), 134, 1095-1108.

C. Soutis , S.H Diaz VALDEs , Delamination Detection in Laminated Composites Using Lamb Waves, In E.
E. Gdoutos and Z. P. Marioli-Riga, editors, Recent Advances in Composite Materials: In Honor of S.A. Paipetis,
109-126. Springer Netherlands, 2003.

G. VIAL, Analyse multi-échelle et conditions aux limites approchées pour un probléme avec couche mince dans un
domaine a coin, PhD thesis, Université de Rennes 1, 2003.





