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ABSTRACT

This paper deals with an application of active control of
percussion instruments. Our setup consists of a tom-tom
drum with a circular membrane, a cylindrical cavity and
a circular rigid wall on which a loudspeaker is mounted.
The current applied to the loudspeaker is controlled in or-
der to modify the frequencies of the axisymmetric drum
membrane modes.

A hybrid PDE-ODE model of the axisymmetric trans-
verse vibration of the tom-tom membrane coupled to a cav-
ity and a loudspeaker, and its recast version as an infinite-
dimensional port-Hamiltonian system, are recalled. Fur-
thermore, a truncated modal projection of the model is pro-
vided.

In a previous work, a control law for the loudspeaker
current was designed that modifies the frequency of the
first axisymmetric vibration mode of the drum membrane,
using finite-time and passivity-based methods. In addition
to a pressure sensor, a sensor for the transverse displace-
ment of the drum membrane is needed to implement the
control law.

In this contribution, a finite-time observer is first de-
signed to estimate the modal transverse displacements, re-
moving the need for a displacement sensor. A control law
for the loudspeaker current is then proposed that modi-
fies the frequencies of multiple drum membrane modes.
Finally, the control law is tested numerically on a model
containing a finite number of modes. Stability and robust-
ness of the observer-regulator controller are discussed as
well as spillover effects on observation and control.

1. INTRODUCTION

1.1 Active control of musical instruments

Active control of musical instruments consists in adding a
control loop to an existing acoustic musical instrument that
is being played by a musician. It is an example of active vi-
bration control [1, 2] that enables the musician to enlarge
his sound palette while keeping the ergonomics of the orig-
inal instrument.

One can distinguish two classes of active control of mu-
sical instruments [3–7]. In acoustical active control, the
control acts on a fluid medium. An example is the use of
a loudspeaker to create destructive interference in order to
cancel sound. In structural acoustical control, the control
acts on a solid. Examples include the use of piezoelectric
actuators placed on the structure of a violin, guitar or per-
cussion instrument.

1.2 The tom-tom drum

The tom-tom drum is a directly struck membranophone. It
consists of a cylindrical body with a top (batter head) and
bottom (resonant head) membrane and is a standard part of
a drum kit. The sound of the tom-tom drum is referred to
as ”indeterminately pitched” or ”having a less clear pitch”
[8]. The coupling between the air in the cavity and the (top)
membrane improves the harmonicity of the axisymmetric
vibration modes of the membrane [9], and increases the
acoustical efficiency of the instrument [10].

1.3 Active control of membranophones

Active control has been applied to following percussion in-
struments with a membrane-cavity coupling. In [11], con-
trol of four modes of a drumhead was obtained. A PID con-
troller with stabilizing feedforward part was implemented,
using four accelerometers on the drumhead as sensors and
four loudspeakers acting on the cavity as actuators. A bass
drum [12] was controlled by a negative feedback, using
a piezoceramic sensor attached to the rim to measure the
membrane deflection and a single loudspeaker as actua-
tor. A conga [13] was endowed with a contact microphone
attached to the membrane as sensor and a single loud-
speaker used as actuator enables to modify the instrument’s
frequency response. Feedback of a piezoelectric sensor
placed on the batter head of a tom-tom drum [14] was ap-
plied on the resonant head by an electromagnetic actuator.
A pickup dynamic microphone was placed inside an elec-
tromagnetic actuator placed on the batter head of a bass
drum in [15]. Recently, a snare drum [16] was controlled
using an optical sensor on the batter head, and multiple ac-
tuators: two tactile transducers on the resonant head, and
an additional loudspeaker on a frame mounted inside the
cavity.

Our contribution focuses on the use of finite-time con-
trol methods [17], offering advantages regarding time con-
straints and robustness.

2. MODEL

The model as presented in [18] is recalled here: a physi-
cal model (Subsection 2.1) is recast as a Port-Hamiltonian
System (Subsection 2.2). After a nondimensionaliza-
tion (Subsection 2.3), the model order of the inifinite-
dimensional model is reduced to N modes in Subsection
2.4. Finally, a state-space representation of the model is
given in Subsection 2.5 and simulated in Subsection 2.6.
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2.1 Physical model

The tom-tom drum consisting of the top membrane cou-
pled to the cavity and loudspeaker is depicted in Figure 1.
The three subsystems are modeled as explained in Sub-
subsections 2.1.1-2.1.3. We also comment on the spatial
eigenmodes of the membrane coupled to the cavity in Sub-
subsection 2.1.4.

V (t)
p(t)

cavity

membrane

r

ym

0 a

ym(r, t)

Sl

loudspeaker
`l(t)

Figure 1. Geometry of the system

2.1.1 Membrane

It is supposed that the membrane executes small vertical
displacements and that its tension is uniform. Furthermore,
the vibration of the membrane contains only axisymmetric
modes1.

One can then state the wave equation with a pressure
source as [19]

T∆ym(r, t) + pc(t) = σm
∂2

∂t2
ym(r, t) + µ

∂

∂t
ym(r, t), (1)

where ∆ = ∂2

∂r2 + 1
r
∂
∂r in polar coordinates, ym(r, t) is the

transverse displacement of the membrane, T is the tension
[N/m], σm = σ + 0.85aρair is the equivalent areal den-
sity [kg/m2] representing the sound radiation in air by the
membrane [20] (σ being the membrane’s areal density, a
the membrane’s radius and ρair the volumetric density of
air), µ is a friction coefficient

[
kg/m2s

]
and pc is the net

pressure [Pa] applied to the membrane. The wave velocity
in the membrane is c =

√
T/σm.

The boundary condition is ym(a, t) = 0 (membrane
clamped at rim). The initial condition representing a stroke
with a mallet is ∂y

∂t (r, 0) = −V0Iε(r)δ(0), with ampli-
tude V0

[
m
s

]
, Iε(r) a smooth function that varies between

a value 1 for r = 0 and 0 for r ≥ ε, and δ(0) the Dirac
delta function at t = 0.

2.1.2 Cavity

Under the hypothesis of a lumped parameter acoustic
model without propagation, and thus uniform pressure in-
side the cavity, with the air inside the cavity behaving as an

1 We suppose that the musician excites the membrane at its center.
We do not consider modes with nodal lines here, for which there is no
influence of the cavity.

ideal gas that is compressed adiabatically, one can use the
approximate first order relation

pc
p0

= −γ Vc
V0
, (2)

where γ is the heat capacity ratio and the acoustical quanti-
ties pc and Vc are the deviation values of the instantaneous
pressure p and volume V with respect to the values p0 and
V0 at rest: {

pc = p− p0
Vc = V − V0.

The two contributions to the volume change Vc are
hatched in Figure 1. There is a volume change due to the
transverse movement of the upper membrane and a volume
change due to the position of the loudspeaker membrane,
which is modeled by a plane piston of vertical position `l
and effective surface Sl. Therefore,

Vc(t) =

∫
S
ym(r, t) dS(r)− Sl`l(t), (3)

with dS(r) = 2πr dr, r ∈ [0, a]. Substituting (3) in (2)
yields

pc(t) = −γ p0
V0

[∫
S
ym(r, t) dS(r)− Sl`l(t)

]
. (4)

2.1.3 Loudspeaker

The loudspeaker is modeled as a rigid disc of area Sl (plane
piston, operating above its resonance frequency). The force
balance on this disc yields

ml
῭
l(t) + cl ˙̀

l(t) + kl`l(t) = Slpc(t) +Blil(t). (5)

The left-hand side represents the forces of a standard mass-
spring-damper system. The pressure in the cavity exerts
a force Slpc(t) on the loudspeaker membrane. The con-
trolled current il(t) induces a Laplace force Blil(t), with
B the magnetic field [T] and l [m] the length of the loud-
speaker coil inside the magnetic field.

2.1.4 Spatial eigenmodes

Substituting (4) in (1) and setting µ = 0 and `l(t) = 0
yields a PDE for the movement of an undamped membrane
coupled to the cavity without the controlled loudspeaker:

c2∆ym(r, t)− ∂2

∂t2
ym(r, t) =

γp0

σmV0

∫
S
ym(r, t) dS(r). (6)

In [21], it is shown that for (6), the displacement
ym(r, t) can be written as ym(r, t) =

∑+∞
n=1 ϕn(r)zn(t)

with axisymmetric eigenfunctions

ϕn(r) = wn [J0(λnr)− J0(λna)] , (7)

where Ji(·) is the Bessel function of the first kind of order
i and wn an arbitrary weight coefficient. It can be shown
(see [21]) that the wave number λn satisfies the implicit
condition

λ2na
2J0(λna) = −πa

4γp0

TV0
J2(λna) , −BJ2(λna), (8)

where the dimensionless quantity B can be interpreted as
the ratio of the restoring force applied by the air in the
cavity to the membrane tension [20].
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∂

∂t


πm

εm
Vc

πl

`l

 =




0 div −1 0 0
grad 0 0 0 0∫
S · dS 0 0 −Sl 0
0 0 Sl 0 −1
0 0 0 1 0

−

µ 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 cl 0
0 0 0 0 0





πm
σm
Tεm
E0
V 2

0
Vc

πl
ml
kl`l

+


0
0
0
Bl
0

 il (9)

∂

∂t̃


π̃m

ε̃m
Ṽc

π̃l
˜̀
l

 =




0
(
∂
∂r̃ + 1

r̃

)
−α1 0 0

∂
∂r̃ 0 0 0 0

α
∫
S̃ ·dS̃ 0 0 −β1 0
0 0 β1 0 −β2

0 0 0 β2 0

−

ξ 0 0 0 0
0 0 0 0 0

0 0 0 0 0

0 0 0 ζ 0
0 0 0 0 0




π̃m

ε̃m
Ṽc

π̃l
˜̀
l

+


0
0

0
1
0

 ĩl (10)

d

dt̃



z̃1

z̃2

∂t̃z̃1

∂t̃z̃2

Ṽc

π̃l
˜̀
l


=





0 0 1
κ2 0 0 0 0

0 0 0 1
κ2 0 0 0

− 1
κ2 0 0 0

√
πα

κBχI,1
λ̃1sign

(
J0(λ̃1)

)
0 0

0 − 1
κ2 0 0

√
πα

κBχI,2
λ̃2sign

(
J0(λ̃2)

)
0 0

0 0 −
√
πα

κBχI,1
λ̃1sign

(
J0(λ̃1)

)
−
√
πα

κBχI,2
λ̃2sign

(
J0(λ̃2)

)
0 −β1 0

0 0 0 0 β1 0 −β2
0 0 0 0 0 β2 0


−



0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 ξ

κ2 0 0 0 0

0 0 0 ξ

κ2 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 ζ 0
0 0 0 0 0 0 0




· . . .

. . . ·



κ2λ̃2
1

χ2
II,1

χ2
I,1

−κ
2

B
λ̃1λ̃2

χI,1χI,2
sign

(
J0(λ̃1)

)
sign

(
J0(λ̃2)

)
0 0 0 0 0

−κ
2

B
λ̃1λ̃2

χI,1χI,2
sign

(
J0(λ̃1)

)
sign

(
J0(λ̃2)

)
κ2λ̃2

2

χ2
II,2

χ2
I,2

0 0 0 0 0

0 0 κ2 0 0 0 0

0 0 0 κ2 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1





z̃1

z̃2

∂t̃z̃1
∂t̃z̃2
Ṽc
π̃l
˜̀
l


+



0

0

0

0
0
1
0


ĩl (11)

2.2 Port-Hamiltonian reformulation

In the Port-Hamiltonian System (PHS, [22, 23]) frame-
work, a system is modeled as consisting of three types
of elementary components: energy-storing components,
energy-dissipating components and external components.
A PHS model satisfies the power balance. Within this
framework, stable simulation [24] and control [25] meth-
ods can be developed.

In [18], the hybrid PDE-ODE system consisting (1)-(4)-
(5) was recast as a PHS. The result of this reformulation is
repeated here.

Definition 1 (Infinite-dimensional PHS). An infinite-di-
mensional PHS is defined as [26, 27]{

∂tx = (J −R)δxH(x) + Gu
y = G∗δxH(x)

(12)

where

• X is the energy state space,
• u and y are the input and its associated output,
• a scalar product 〈·, ·〉X and norm ‖·‖X are defined,
• the Hamiltonian function is obtained as H(x) ,

1
2‖x‖

2
X,

• the operator δx is the variational derivative [28],
• the operator J is formally skew-symmetric and the

operator R is non-negative symmetric, w.r.t. the
scalar product,

• G is an operator and G∗ its adjoint operator.

The first equation of the PHS model is shown in Eq.
(9) above. The state x consists of the areal momentum of
the membrane πm(, σmẏm) and its strain εm(, ∇ym),

the incremental volume of the cavity Vc, the loudspeaker
membrane’s momentum πl(, ml

˙̀
l) and its vertical posi-

tion `l. Furthermore, E0 = γp0V0, 1 is the identity opera-
tor, grad = ∂

∂r and div =
(
∂
∂r

+ 1
r

)
.

The output equation of the PHS model corresponds to
y = Gᵀ∂xH(x) = Bl ˙̀l , ul, the electromotive force.
Note that the product between input il and output ul rep-
resents the electrical power supplied to the loudspeaker of
the system. This output equation of the PHS will not be
considered in the remainder of the paper.

2.3 Nondimensionalization

We nondimensionalize the PHS model in order to simplify
subsequent calculations, using the transformations shown
in Table 1. We thus obtain the dimensionless PHS shown
in Eq. (10) above with dS̃ = 2πr̃ dr̃, r̃ ∈ Ω̃ = [0, 1].

r̃= r
a t̃= c

a t S̃= Sa2

π̃m= πm

a−1
√
σmγp0V0

ε̃m= εm

a−1
√
γp0V0T−1

Ṽc=
Vc

V0

π̃l=
πl√

mlγp0V0

˜̀
l=

`l√
k−1

l γp0V0

H̃= H
γp0V0

ĩl=
il

c(aBl)−1
√
mlγp0V0

ζ= acl
cml

ξ= µa
cσm

α=a2

c

√
γp0

σmV0
β1=aSl

c

√
γp0

mlV0
β2=a

c

√
kl

ml

p̃c=
pc

p0
ỹm=ym

a ϕ̃n=ϕn

z̃n= zn
a λ̃n=aλn f̃=a

c f

Table 1. Nondimensionalization of variables and constants

2.4 Model order reduction

We now project the infinite-dimensional part of the (di-
mensionless) PHS (10) on the orthonormal basis formed
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by the eigenfunctions ϕ̃n(r̃), (7), of the membrane coupled
to the cavity2. Truncating at the first N modes3, the posi-
tion of the membrane ỹm(r̃, t̃) is approximated as the finite
sum ỹm

(
r̃, t̃
)
≈
∑N
n=1 ϕ̃n (r̃) z̃n

(
t̃
)
, where z̃n(t̃) are the

temporal evolutions corresponding to the eigenfunctions.
In this manner, a finite-dimensional approximative (di-

mensionless) PHS is obtained, that is shown for the case
N = 2 in Eq. (11) above4.

2.5 State-space representation

The (2N + 1)th line of the truncated PHS model (11) rep-
resents the projected version

1

γ
p̃c(t̃) =

N∑
i=1

√
πακ

BχI,i
λ̃isign

(
J0(λ̃i)

)
z̃i(t̃) +

β1

β2

˜̀
l(t̃) (13)

of the static cavity equation (4). This algebraic relation is
instanteneous and thus redundant. It can be removed from
the SHP (11) that can be rewritten in the classical state-
space form {

ẋ = Ax+Bu

y = Cx.
(14)

Here, the state x ∈ R2N+2 corresponds to the state used
in (11) from which the variable Ṽc (related to p̃c) has been
removed. The system input u is the loudspeaker current
ĩ(t̃), and the system output y is the physical measurement
of the pressure p̃c(t̃).

This representation will be used for the design of the
observer in Section 4.

2.6 Simulation

The tom-tom model (14) with zero initial state exept for
∂t̃z̃i = −0.001 and model parameters B = 5.54, κ =
0.171, γ = 1.4, α = 1.33, β1 = 0.768, β2 = 0.353, ζ =
0.0923, ξ = 0.1 is considered as a running example. The
time evolution of its state will be simulated5 for different
control inputs.

We start by a simulation of the case of a truncation of
the model at N = 2 modes and without control (Fig. 2). It
is observed that the simulated membrane displacement in
the center ỹ(r̃ = 0, t̃) contains three frequencies: two fre-
quencies corresponding to the two membrane modes, and
the lower resonance frequency of the loudspeaker that is
moving freely.

2 After definition of a scalar product 〈ϕ̃i, ϕ̃j〉P ,
∫
S̃ ϕ̃iϕ̃j dS̃ (r̃)

used for the projection, one can prove orthogonality and normalization
(given a suited choice of the weights wn).

3 Note that the lowest-order modes are most important for the pro-
duced sound [20]. Furthermore, these modes are influenced the most by
the coupling with the cavity [21].

4 Here, κ , a
√
T (γp0V0)−1, χI,i ,

√
λ̃4
i

4B2 −
λ̃2
i

2B
+ 1

4
+ 2
B

and

χII,i ,

√
λ̃4
i

4B2 −
λ̃2
i

2B
+ 1

4
+ 1
B

.
5 Simulations are obtained using the Adams/BDF method with au-

tomatic stiffness detection and switching [29], with a time step ∆t̃ =
0.001.

0 10 20 30 40
-1

0

1
·10−2

t̃

ĩ l

0 10 20 30 40
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3
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·10−4

t̃

ỹ
(0
,t̃
)

0 0.5 1 1.5 2
0

1

2

3

f̃

|F
FT

(ỹ
(0
,t̃
))
|

Figure 2. Simulation of the uncontrolled system withN =
2 modes

3. PASSIVE FINITE-TIME CONTROL
OF THE N -MODAL MODEL

The control goal is to modify the frequencies of the first N
axisymmetric vibration modes (z̃i) of the tom-tom mem-
brane. To this means, we first develop a control loop that
controls the loudspeaker current ĩl based on a measure-
ment of the pressure p̃c inside the cavity and of the tem-
poral evolutions z̃i of the first N modes. By changing the
vertical position of the loudspeaker, the volume and thus
pressure inside the cavity are changed. This pressure acts
on the tom-tom membrane and influences its vibrational
behaviour.

The synthesis of this controller based on the projected
model with N modes (14) consists of 3 steps: a pole place-
ment on the membrane, the use of the coupling between the
three subsystems, and a finite-time position control of the
loudspeaker. It is a direct generalization of the control of
the frequency of the first mode that was presented in [18].

3.1 Control of the membrane by pole placement

The first 2N equations of the model (11) represent the vi-
bration of the first N axisymmetric modes of the circu-
lar membrane subjected to a distributed pressure p̃c that is
seen as an intermediate control input. This subsystem be-
ing controllable, if we can make the pressure satisfy

p̃∗c
(
t̃
)

= −
N∑
i=1

[
ki,az̃i

(
t̃
)

+ ki,b∂t̃z̃i
(
t̃
)]
, (15)

where ki,a and ki,b are parameters to be determined by a
pole placement, we obtain desired frequencies and damp-
ing coefficients of the first N modes. In this notation, the
asterisk represents a desired trajectory.

3.2 Coupling between the three subsystems

The static relation (13) provides a link between the tem-
poral evolutions z̃i of the first N membrane modes, the
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Reference
pressure

Pole
placement

Static
relation

Finite-time
controller

System
model
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Figure 3. Control layout of the finite-time control of the N -modal model. Corresponding equations are indicated.

pressure in the cavity p̃c and the loudspeaker position ˜̀
l.

If we substitute p̃c with a pressure measurement p̃m
c and

z̃i with amplitude measurements z̃m
i in this static relation,

we can calculate an (implicit) measurement for the loud-
speaker position: ˜̀

l , ˜̀m
l .

On the other hand, if we substitute p̃c with the pres-
sure reference p∗c as obtained by the pole placement in (15),
while still substituting z̃i with amplitude measurements z̃m

i

in this static relation, we can calculate a reference for the
loudspeaker position: ˜̀

l , ˜̀∗
l .

In this fashion, a pressure error p̃m
c − p̃∗c is rewritten as

a position error ˜̀m
l − ˜̀∗

l , that will be used in the design of
a finite-time position controller of the loudspeaker in the
next subsection.

3.3 Finite-time position control of the loudspeaker

3.3.1 Finite-time control

A system controlled in finite time will reach an equilibrium
point in a finite time. A more formal definition of finite-
time stability is given in [17, Def. 2.2].

3.3.2 Finite-time control law for the loudspeaker current

In [30,31], we have shown how an existing finite-time con-
trol law of a double integrator [32] can be used to formu-
late a passive6 law for the loudspeaker current in order to
control its position ˜̀

l

(
t̃
)

to a reference trajectory ˜̀∗
l

(
t̃
)

in
finite time.

In our case, this corresponds to the control law

ĩl = β1
γ
p̃m

c +β2
˜̀m
l + ζ

β2
∂t̃

˜̀m
l −k̄3

(
˜̀m
l − ˜̀∗

l

)
−k̄4

(
∂t̃

˜̀m
l − ∂t̃ ˜̀

∗
l

)
− 1
β2

(
k̄1

⌊
˜̀m
l − ˜̀∗

l

⌉ ᾱ
2−ᾱ

+ k̄2

⌊
∂t̃

˜̀m
l − ∂t̃ ˜̀

∗
l

⌉ᾱ)
, (16)

with control parameters k̄1, k̄2 > 0, ᾱ ∈ ]0, 1[, k̄3 > β2,
k̄4 >

ζ
β2

. The expressions for the signals ˜̀m
l and ˜̀∗

l (and
their time derivatives) were given in Subsection 3.2.

Using this control law, we can achieve the desired pres-
sure p∗c ensuring the pole placement of the upper mem-
brane. The total control structure is shown in Fig. 3 above.
It consists of a fast (finite-time) control loop that tracks
a slowly (asymptotically) varying reference pressure. By
Tikhonov’s theorem, stability of this cascade structure is
ensured.

6 A passive version of the controller was proposed, in the sense that it
can be reinterpreted as a PHS and as such provides robustness against bad
parameter estimation.

3.4 Simulation

The finite-time control law (16) with parameters k̄1 =
k̄2 = 10, k̄3 = 2β2, k̄4 = 2ζ/β2, ᾱ = 0.9 is now applied
to the system, consideringN = 2 modes. It is assumed that
the entire state is known. The pole placement was calcu-
lated in order to obtain a frequency ratio of f̃2 : f̃1 = 2 : 1
for the two membrane modes, corresponding to parame-
ters k1a = 0.3, k2a = −0.7, k1b = k2b = 0. The resulting
frequency shifts are observed in Fig. 4.

0 10 20 30 40
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1
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ĩ l
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-6

-3

0

3

6
·10−4

t̃

ỹ
(0
,t̃
)

0 0.5 1 1.5 2
0

1

2

3

f̃

|F
FT

(ỹ
(0
,t̃
))
|

Figure 4. Simulation of the system with N = 2 with the
finite-time controller. The spectrum for the case without
control (see Fig. 2) is drawn in gray as a comparison.

4. FINITE-TIME OBSERVER

4.1 Principle

The control law (16) contains the measurement of the
modal displacements z̃i of the membrane. However, this
measurement is often difficult to achieve in practice.
Therefore, an observer is designed, that reconstructs the
entire state from the sole measurement of the pressure p̃c,
the system being observable. The structure of the resulting
observer-regulator is shown in Fig. 5.
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ki,a, ki,b LPF

(15) (13) (16) (14) (20)

(13)

Figure 5. Control layout with observer-regulator and low-pass filter (LPF). Corresponding equations are indicated.

For the linear system (14), one could use a standard Lu-
enberger observer [33] of the form

˙̂x = Ax̂+Bu+L(y −Cx̂). (17)

The state estimate x̂ converges to the real (unknown) state
x by copying the system dynamics and by correcting for
the error between the measured system output y and the
estimated output Cx̂ weighted by a matrix L designed
by a pole placement. There typically exists a trade-off be-
tween fast convergence of the observer and its robustness
to noise.

In the present work, we have chosen to design a finite-
time (nonlinear) observer instead, that is presented in fol-
lowing Lemma.

Lemma 1 (Finite-time observer [34]). Consider a nonlin-
ear system {

ẋ = η(x,u)

y = h(x)
(18)

with x ∈ Rn,u ∈ Rm that is locally observable and as-
sume there exists a local state coordinate transformation
that transforms it into the canonical observable form{

ż = A◦z + f(y,u, u̇, . . . ,u(r))

y = C◦z

with

A◦ =


a1 1 0 . . . 0
a2 0 1 . . . 0
...

...
...

. . .
...

an−1 0 0 . . . 1
an 0 0 . . . 0

 , C◦ =
[
1 0 . . . 0

]
,

and a new state z ∈ Rn. Then there exists a number ε ∈
[1− 1

n−1 , 1[ such that the system

˙̂z = A◦ẑ + f(y,u, u̇, . . . ,ur) +

h1 by −C◦ẑeθ1
...

hn by −C◦ẑeθn

 (19)

with parameters θi = iθ− (i−1), θ ∈ ]1− ε, 1[ and gains

hi such that the matrix
−h1 1 0 . . . 0
−h2 0 1 . . . 0
...

...
...

. . .
...

−hn−1 0 0 . . . 1
−hn 0 0 . . . 0


is Hurwitz, is a finite-time observer of the system (18).

In the case of the linear system (14), we have
f(y,u, u̇, . . . ,ur) = Bu. We now express the finite-time
observer (19) in the original coordinates of the linear sys-
tem (14).

Lemma 2 (Transformation to original coordinates). The
finite-time observer (19) defined in Lemma 1 is expressed
in the original coordinates as

˙̂x = Ax̂+Bu+ PQ

h1 by −Cx̂e
θ1

...

hn by −Cx̂eθn

 . (20)

This formula contains two state transformation matrices:

P =
[
H AH . . . An−1H

]
,

where H = O−1
[
0 . . . 0 1

]ᵀ
is the last col-

umn of the inverse of the observability matrix O =[
(C)ᵀ (CA)ᵀ . . . (CAn−1)ᵀ

]ᵀ
of the linear system

(14), and

Q =

0 0 1

0 . .
.

0
1 0 0

 .
Proof. The state transformation matrix P as defined in
[33] enables to perform a similarity transform, bringing
the system (14) in an alternative observable canonical
form, differing from the observable canonical form used
in Lemma 1 by a permutation expressed by the permuta-
tion matrix Q. Applying the inverse state transformations
and similarity transforms to the finite-time observer (19)
yields the form (20) in the original coordinates.

Applying the finite-time observer to a linear system (20)
gives a similar structure as the classical Luenberger ob-
server (17), the correction termL(y−Cx̂) of which being
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replaced by a nonlinear expression. It is this nonlinear ex-
pression that guarantees a finite-time convergence of the
observer, rather than an asymptotical convergence.

4.2 Simulation

The previous control case is reconsidered, where the
state used in the control law is now observed based
on the measurement of the cavity pressure p̃m

c . The
observer parameters are θ = 0.95,

[
h1 . . . h6

]
=[

13.5 73.75 208.125 319 250.875 78.75
]
. As

shown in Fig. 6, after an initial transient due to the conver-
gence of the observer, one obtains the same frequencies f̃1
and f̃2 as in the simulation in Subsection 3.4.
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Figure 6. Simulation of the system with N = 2 modes
controlled by the observer-regulator. The gray line shows
the obtained observation of ỹ(0, t̃).

5. SPILLOVER

5.1 Concept

The presentation of the proposed observer-regulator is con-
cluded with some additional remarks with a view to a prac-
tical implementation.

In the design of the observer-regulator, a finite num-
ber of modes N is considered. The resulting control law
is then applied to the physical system containing an infi-
nite number of modes. Two types of so-called spillover can
occur: the control law potentially excites higher-frequency
modes which could lead to instability (control spillover),
and higher-frequency modes are present in the measured
system outputs, influencing the observer behaviour (ob-
server spillover).

Two remarks can be mentioned, that are based on a lo-
cal linear approximation of the closed loop system. Firstly,
stability in presence of control spillover can be guaranteed
by proving that the uncontrolled higher-frequency modes
have a bounded energy [35]. Secondly, in order to reduce
observer spillover, a low-pass filter is added in the control
loop (Fig. 5), as proposed in [36]. In this way, only the

lower frequencies corresponding to the considered first N
modes in the observer-regulator are taken into account and
fed back to the system.

A more thorough discussion of nonlinear spillover ef-
fects and their influence on the finite-time property of the
closed loop system is beyond the scope of this paper.

5.2 Simulation

The previously simulated observer-regulator considering
the first 2 modes is applied to the model (14) with 7 modes,
inducing thereby spillover effects due to the presence of
several higher-frequency modes. The model has zero ini-
tial conditions except for ∂t̃z̃i = −0.001 for all 7 modes.

The result is compared to the case without control in
Fig. 7. In this example, the spillover effects did not pro-
voke an instability of the closed loop system. Nonetheless,
the mentioned low-pass filter could stil be added in the con-
trol loop in order to reduce possible control performance
deterioration caused by the presence of unmodeled higher-
frequency modes. Attention must be paid to the group de-
lay of the filter, that could be a cause of instability of the
closed loop system.
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Figure 7. Simulation of the system with 7 modes without
control (gray) and with the observer-regulator considering
the first 2 modes (black).

6. CONCLUSION AND FUTURE WORKS

We have designed an observer-regulator that is able to
modify the frequencies of N vibration modes of a tom-
tom membrane, using only a measurement of the pressure
inside the drum cavity. Some relevant aspects towards a
practical implementation were mentioned. We wish to im-
plement the controller on a testbench that is under con-
struction.
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