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Interacting Hawkes processes with multiplicative inhibition

Céline Duval*, Eric Lucon! and Christophe Pouzat

Abstract

In the present work, we introduce a general class of mean-field interacting nonlinear Hawkes processes
modelling the reciprocal interactions between two neuronal populations, one excitatory and one in-
hibitory. The model incorporates two features: inhibition, which acts as a multiplicative factor onto
the intensity of the excitatory population and additive retroaction from the excitatory neurons onto the
inhibitory ones. We give first a detailed analysis of the well-posedness of this interacting system as well
as its dynamics in large population. The second aim of the paper is to give a rigorous analysis of the
longtime behavior of the mean-field limit process. We provide also numerical evidence that inhibition
and retroaction may be responsible for the emergence of limit cycles in such system.

Key words: Multivariate nonlinear Hawkes processes, Inhibition, Mean-field systems, Neural
networks.

2010 MSC: 60G55, 92B20, 60F99.

1. Introduction

1.1. Biological description

Neurons are peculiar network forming cells whose (biological) function is to receive signals from
other neurons, ’integrate’ these signals and transmit the ’integration result’ to other neurons or effector
cells like muscles [39]. Since most neurons are large cells by biological standards (e.g. the motoneurons
controlling the muscles of our big toes are about a meter long) they use a specific mechanism to reliably
transmit signals from one of their extremities to another [14]: a propagating electrical wave of short
duration (~ 1-2 ms) called the action potential or spike. Action potentials are all-or-none events (a
necessary condition for getting reliable transmission across long distances) that are triggered when
the neuron’s membrane potential (i.e. the electrical potential difference between the inside and the
outside of the neuron) is ’large enough’. To simplify, between two successive action potentials the
neuron ’sums’ its inputs, changing thereby its membrane potential and, when this membrane potential
crosses a more or less sharp threshold, the neuron fires a spike that propagates [39]. Neurons come in
two main categories: i) excitatory neurons make their postsynaptic partners more likely to spike; ii)
inhibitory neurons make their postsynaptic partners less likely to spike. Although, we are dealing with
biological material, implying that there are many sub-types within both of these categories |5, 39|, we
are interested in studying a simplified model of the neocortex—the outmost and most recently evolved
part of the vertebrate brain—and we are going to consider just two neuronal types, excitatory and
inhibitory with the actual neocortical proportions of 80% and 20% [5].
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1.2. Our model

In this paper, a general class of mean-field interacting Hawkes processes is considered, modeling the
reciprocal interactions between a population A of excitatory neurons and a population B of inhibitory
neurons. Hawkes processes, originally introduced in [33], have met a recent interest in the mathematical
neuroscience literature, for their ability to model the dependence of the activity of a neuron in the history
of the network. We adopt here a usual simplifying hypothesis on the network, that is to suppose all-
to-all connections between neurons, within a large population (mean-field framework). We refer to
Section 1.3.2 below for a detailed account of the use of Hawkes processes in the modeling of neuronal
networks.

More precisely, consider a population of neurons of size N = N4 + Np > 1, that is divided into
population A (that is considered to be excitatory) with size N4 := |V | with « € (0, 1) fixed (typically
a = 0.8, see [5]) and a population B with size Ng = N — N4 which is considered to be inhibitory. A
particular instance of the model we describe in the paper (and its main motivation) is then given in
terms of a family of counting processes (Z}, ..., Z"4) (population A) and (Z4™ ..., ZN) (population
B) with coupled conditional stochastic intensities given respectively by M and A8 as follows

M: =d, (}V Sy halt— u)dzg‘)> Pp_a (}V Sy holt— u)dzz) ,

1<j<N4 NA+1<GEN

(1)
Mo o =d,p (}V > fg_hg(tu)dzf;)+q>3 (}V > fg_h4(tu)dzi;)).

1<j<Na NA+I<GEN

We refer to Section 2.1 below for precise definitions and main hypotheses concerning Model (1). The
dynamics given by (1) is of Hawkes type: the intensity of each particle depends on the history of
the whole system, through memory kernels h;, ¢ = 1,...,4 and firing rate functions ®4 and ®p (a
classical example, so-called linear, being when h; are positive, ®4(x) = pa + = and ®p(z) = pup + z,
where pa, up > 0 are constant intensities modeling spontaneous activity in populations A and B in
absence of interaction). The main novelty of the Model (1) (in comparison with previous Hawkes models
with inhibition, see Section 1.3.2 below) lies in the multiplicative nature of the influence of inhibitory
population B onto population A, through the inhibition kernel ®p_, 4 (think for now as ®p_, 4 being
a decreasing nonnegative function on [0, +00), with ®5_,4(0) =1 and Pp_4(x) — 0): activity of
population A should decrease as activity of population B rises. In this respect, a natural control case is
when ®p_, 4 = 1 where A\{! in (1) reduces to a simple, possibly nonlinear, Hawkes process [24] decoupled
from population B. The model secondly incorporates retroaction from population A onto population
B, that is supposed to be mostly additive, although possibly modulated by a nonlinear feedback kernel
Pap.

1.3. Stochastic models for inhibition

Two different asymptotic behaviors for (1) will be successively considered in the paper: its behavior
in large population (N — o0) and in large time (¢t — o). The large population analysis goes back to
well-proven techniques for mean-field systems and, as we will see below, the natural limit of (1) will be
described in terms of an inhomogeneous Poisson process with nonlinear intensity. Similar mean-field
analysis have been successfully carried out for a large class of models (that do not restrict to interacting
point processes), incorporating various relevant features in neuroscience, such as refractory periods
[15, 43], spatial inhomogeneities [3, 17], excitability [38]. At this point, due to the nonlinear (and often
non Markovian) character of the mean-field limit, one major difficulty concerns the characterization
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of its dynamics as t — oo, this difficulty being all the more present when one wants to incorporate
inhibition. Whereas there is a vast literature on mean-field limits as N — oo, a significantly fewer
number of models are amenable to a rigorous longtime analysis. In this respect, we will show that the
present Model (1) is sufficiently tractable for a detailed rigorous analysis as ¢ — co. This allows us in
particular to highlight some biologically relevant effects of inhibition on the system, see Section 1.4.

The point of the current section is to motivate these theoretical difficulties in existing models in
neuroscience and to compare them with (1).

1.3.1. Voltage-based models

A signal gets transmitted from one neuron to the next by the activation of a synapse: the action
potential of the presynaptic neuron reaches the presynaptic terminal, this triggers the release of packets
of neurotransmitters (small molecules like glutamate for the excitatory synapses and GABA for the
inhibitory ones) that diffuse in the small space between the pre- and post-synaptic neurons and bind
to receptor-channels located in the membrane of the postsynaptic neuron [39]. Channels are macro-
molecules spanning the cell membrane and forming a pore through the latter; the pore can be closed
or opened. After transmitter binding to these receptor-channels, the latter open and let specific ions
flow through their pore (mainly sodium for excitatory synapses and chloride for the inhibitory ones).
These ion fluxes or currents will induce a change of the postsynaptic neuron membrane potential.

A simple quantitative neuronal model compatible with this biological description was introduced
in 1907 by Lapicque [36]. It is now known as the Lapicque or the integrate and fire model and it de-
scribes the membrane potential dynamics of "point-like’ neurons (their spatial extension is not explicitly
modeled) as follows [10, 48]:

avi
™dt Ry

+ Z Iiq(t) + Z Ii(t) if Vi(t) < Vipe, (2)

JESiE k€S 1

where i is the neuron index; C), is the neuron capacitance; R,, is the neuron membrane resistance;
Si E, respectively S; 7, are the indices of excitatory, respectively inhibitory, neurons presynaptic to z;
I;;(t) > 0, respectively Ij,_,;(t) < 0, are the synaptic currents due to neuron j, respectively k, at time
t; Vipr is the 'threshold’ voltage. Every time V;(t) = Vi, an action potential is emitted and V; is reset
to 0. Very often the I;_,;(t) are set to:

Lisi(t) = wjni Y 8(t—t50), (3)
l

where w;_,; is referred to as the synaptic weight; § stands for the Dirac delta function; the t;; are the
successive spike times of neuron j. In this model, when there are no inputs, the membrane potential
relaxes towards 0 with a time constant 7 = R,,C,,. A presynaptic spike from an excitatory neuron
J generates an instantaneous upward ’kick’ of amplitude w;_,;, while a presynaptic spike from an
inhibitory neuron k generates an instantaneous downward ’kick’ of amplitude wg_,;.

The actual action potential is not explicitly modeled—it was not doable at the time of Lapicque since
the biophysics of this phenomenon was not understood—but is replaced by a point event. Notice that
with the synaptic input description illustrated by (3) the current generated in the postsynaptic neuron
by a given synapse does not depend on the membrane voltage of the former. This constitutes a crude
approximation of the actual biophysics of synaptic current generation. A much better approximation
[35, 49]-but harder to work with analytically—is provided by using:

Lisi(t) = gji(Veew = Vi) D8t = t50) (4)
l



1 INTRODUCTION 4

where g;_; is the synaptic conductance, V;.e, is the synaptic current reversal potential-as its name says
this is the voltage at which the current changes sign—, it is negative or null for inhibitory synapses
and larger than the threshold voltage for excitatory ones. Taking V;., = 0 for the inhibitory inputs
we see an important and empirically correct feature appearing: the downward ’kick’ generated by the
activation of an inhibitory input becomes proportional to the membrane voltage V;; the larger the latter,
the larger the kick.

The biophysical and molecular events leading to the action potential emission and propagation are
by now well understood [39] and are known to involve the stochastic opening and closing of voltage-gated
ion channels: the probability of finding a channel closed or opened depends on the membrane voltage.
This stochastic dynamics of the channels can lead to fluctuations in the action potential emission
or propagation time when a given (deterministic) stimulation is applied repetitively to a given neuron
[50, 52|. Similarly, the synaptic receptor-channels do fluctuate between open and close states, but that’s
the binding of the transmitter rather than the membrane potential that influences the probability of
finding the channel in the open state. An even (much) larger source of fluctuations at the synapse results
from the variable number of transmitter packets that get released upon a presynaptic action potential
arrival [39], even if the same presynaptic neuron is repetitively activated in the same conditions. The
result of all these fluctuation sources is a rather 'moisy’ aspect of the membrane potential of cortical
neurons that legitimates the use of ’stochastic units’ as building blocks of neural network models [49, 52].
Historically, the first stochastic units were built by adding a Brownian motion process term to the right
hand side of (2) [10, 29, 46].

Among the vast literature concerning rigorous mean-field approaches in the context of integrate
and fire systems and their derivations, we refer in particular to e.g. [9, 23] and references therein.
This approach leads to Chapman-Kolmogorov / Fokker-Planck equations that are hard to work with
analytically and numerically [12], the main difficulty being the existence of blowups in finite time for the
system, due to the possibility of having a macroscopic number of neurons simultaneously close to the
firing threshold Vjp,.. Several extensions with random firing rates have been proposed in the literature,
[22, 25] and references therein, but the longtime analysis of such models (especially when it concerns
the effect of inhibition) remains not fully understood (see nonetheless the recent significant advances
in this direction in [22]).

1.3.2. Hawkes processes

The model we consider in (1) enters into the framework of Hawkes processes [24, 33]. The point
of view adopted here is to model directly the stochastic intensity [7, 18] by identifying a neuron’s
sequence of strereotyped action potentials with the point process (¢;;);; in (4). In this context, the
Hawkes framework generically reads

t
M=o [ Y /O hjmi(t — u)dZi | | (5)

JESI,E

where )\i is the intensity of neuron i, ®; a positive function, Z} is the counting process associated with
neuron j, hj;(t) is the synaptic kernel associated with the synapse between neurons j and i. To
qualitatively match the case of the integrate and fire model (2), we would take ®;(z) = uj) + = where
1Y is the basal rate of neuron j and hj_;(t) = (wj_;/7) exp—t/7. It is not really possible to account
for the vast recent literature on mean-field analysis of Hawkes processes in neuroscience, we refer to
e.g. [6, 15, 17, 24, 26] and references therein for further details. Note that this framework allows for a
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large versatility in the modeling, since it can accommodate for various features such as age-dependent
behaviors/refractory periods [15, 16, 43] or spatially-structured dynamics [17].

Intensity-based models such as (5) lead to much better looking equations, that are also easier to
work with numerically [18, 24, 32]: in the mean-field case, one naturally obtains large population
limits in terms of inhomogeneous Poisson processes with intensity solving convolution equations [24].
A particularly important instance of (5) that is explicitly solvable concerns the linear case where
®;(x) = pi + x with nonnegative synaptic kernels h;_,;: the corresponding convolution equation for
the mean-field intensity becomes linear and one can explicitly compute its limit as ¢ — oo, [24], Th. 10
and 11.

As far as inhibition is concerned, following the approach of Section 1.3.1, one would rightfully
criticize the use of a Hawkes process by pointing out the difficulty, not to say the impossibility, of
modifying it to accommodate inhibition without loosing the nice analytical properties of linear Hawkes
processes [6, 18]. In this context, the main strategy followed in the literature so far has been to model
inhibition by introducting kernels h;_,;(-) in (5) taking negative values [4, 21, 42-44] or positive kernels
h (e.g. of Erlang type) multiplied by random and possibly negative coefficients [26, 27, 41]. This is what
we could qualify as an additive inhibition, in the sense that the intensity of a neuron is the (temporal)
additive superposition of several memory kernels h;_,;, in the same spirit as the scheme suggested by
(3) for integrate and fire models. In order to keep Ai positive, one crucially needs here to modulate
this superposition by a positive (necessarily nonlinear) synaptic kernel ®;, (e.g. ®;(x) = u’ + x, where
x4+ = max(z,0)). The major counterpart is that one looses the nice analytical properties which makes
the longtime analysis of linear Hawkes models tractable.

The strategy of the present Model (1) is different, as it relies on a multiplicative inhibition, in the
spirit of the scheme provided by (4) for integrate and fire models: we view the inhibitory inputs as
‘modulations’ of the excitatory ones and describe inhibition as a multiplicative factor between 0 and
1 applied to the excitatory inputs. In particular, the multiplicative structure of (1) no longer requires
the synaptic kernels to take negative values: we may and we will only consider nonnegative kernels h;,
i =1,...,4. In this way, the non-negativity of the intensity is then automatically preserved, together
with the 'nice’ properties of the canonical linear Hawkes process: we may still take advantage of the
positivity of the synaptic kernels and the respective monotonicities of ®4 and ®p_, 4 (positive and
decreasing) to obtain asymptotic results similar to the linear case.

1.4. The effect of inhibition: quenching of supercriticality and oscillations

We briefly review here the biological features concerning the effects of inhibition that one can
retrieve from Model (1). We refer to the sequel for more details. The first main observation that
one can make from Model (1) is that inhibition has an ability to quench supercriticality: Model (1)
can accommodate with situations where population A alone (that is isolated from population B, i.e.
®p_,4 = 1) is supercritical, in the sense that the intensity of A diverges as t — oo, whereas the addition
of inhibition and retroaction forces the system to go back to subcriticality. We refer in particular to
Theorem 3.6 below, where it can be shown rigorously that (1) cannot be supercritical in presence of
both inhibition and retroaction. This corresponds to a biological situation commonly observed, where
epileptic seizures may be observed when inhibition is altered (see [39] and Remark 3.4 below).

Another particularly interesting feature of Model (1) is that inhibition may lead to oscillations, a
ubiquitous phenomenon in the nervous system [11]. Emergence of oscillations in mean-field processes
is a longstanding issue in the literature, that is not specific to neuroscience applications, as it reflects
a common feature of self-organization in statistical physics (see e.g. [19, 20, 30]), biological models of
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synchrony [1, 13| or neuroscience [26, 37, 38]. We mention here specifically [26] where global oscillations
have been proven for interacting Hawkes processes with circular connectivity.

1.5. About simulations

The Python code, together with a detailed documentation, that has been used for the simulations
made in the present paper is available at https://plmlab.math.cnrs.fr/xtof /hawkes-x-hawkes.

1.6. Organization of the paper

The paper is organized as follows: the precise definitions and main hypotheses are given in Section 2,
where a generalized version (7) of (1) is introduced. We first address well-posedness results for the
microscopic system (Section 2.2) and for its mean-field limit (Section 2.3) as well as propagation of
chaos estimates. The second purpose of the paper it to give a detailed analysis, in the particular case of
Model (1), of the behavior as ¢ — oo of the limiting mean-field process in Section 3. Focus is put on the
presence/absence of inhibition and retroaction: the easier cases of decoupled dynamics are first treated
in Section 3.2. The model with full connectivity (that is with inhibition and feedback) is considered in
Section 3.3. Fluctuations results and some resulting statistical tests for inhibition is given in Section 4.
Examples of dynamics that fulfil the hypotheses of Section 3 are then given in Section 5. We give finally
in Section 6 intuition and numerical evidence that inhibition and retroaction may lead to oscillations,
for some particular instances of the inhibition kernel ®5_, 4. Proofs of the main results are gathered in
Section 7 and Section 8.

2. Well-posedness and large population behavior

2.1. Model and assumptions

Let o € (0, 1) be fixed and for all N > 1, define N4 := [aN | and Ng := N—N4. The neurons within
population A (resp. population B) are indexed by i = 1,..., N4 (resp. i = Ng+ 1,...,N). Consider
on a filtered probability space (2, F,(Fi);>o.P) an independent family of i.i.d. Poisson measures
(m;(ds,dz),i € {1,...,N}) with intensity measure ds x dz on [0, 00) x [0, 00). Let (2,y) + F(x,y) and
(z,y) — G(z,y) two nonnegative functions defined on (0,00)2. Consider the family of cadlag (F)i>o
point processes (Z})1>0,i=1,... N given by

t o'}
Zi = / / 1.oumi(ds,dz),i=1,..., N, (6)
0 Jo

where the intensity X', i = 1,..., N, is given as

T 1<j<Na UNAHI<GEN

No=)\B.=@ S Jy hat—wdZi, E Y [ ha(t —w)dZ

1<j<Na NA+1<GEN

i=Na+1,...,N.

(7)

2[-

MN=\:=F % > ﬁT hi(t — ’u,)dZZ, % > f()f ho(t — u)dZ}i) , i=1,...,Ny,

In the sequel, we sometimes write ZZ’A (resp. Zf’B) in place of Z} for i = 1,...,N4 (resp. i
N4g+1,...,N) in order to specify the population the ith neuron belongs to.

Remark 2.1. Note that it should be straightforward to generalize model (7) to multi-class populations
(see e.g. [26]) of interacting neurons and similar results concerning wellposedness and convergence in
large population remain applicable. We chose here not to go in this direction for simplicity of exposition.
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Let p > 1 and 7" > 0. For any function h on [0,00) such that |h|" is locally integrable (resp.
integrable) denote by ||hl|,, 7 (vesp. ||A[l,,) as the LP norm of h on [0, 7] (resp. on [0, 00)):

Il = ( | )P ds)é , resp. [l = ([ o ds)’l’ .

For any locally bounded (resp. bounded) function h, denote in a same way ||h|, 7 := supse(o.17 [1(3)]
and [|h]|,, = supgsq |h(s)|. For any Lipschitz-continuous function f on R, we denote by | f|; the
Lispchitz constant of f. Throughout the paper, Assumptions 2.2 and 2.3 below will be required.

Assumption 2.2 (Assumptions on h;, i = 1,...,4). The kernels h;, i =1,...,4 on [0,+00) are such
that
H(t) := alhi(t)] + (1 — a)|ha(t)] + alhs(t)| + (1 — a)|ha(t)], ¢ >0, (8)

is locally integrable, i.e. ||H|1r < oo, T > 0.

At this point, note that we need not assume that h; > 0, since we are only concerned for now
with well-posedness results concerning both the particle system (7) and its mean-field limit as well
as propagation of chaos results. The positivity of the kernels will only be assumed for the study of
the longtime behavior of the mean-field process in Section 3. However, in view of the discussion of
Section 1.3.2, the fact that the h; might take negative values is not something that we have in mind in
this paper.

In the sequel we require the following for the functions F' and G.

Assumption 2.3 (Assumptions on F' and G). We suppose that both F' and G are nonnegative functions
such that the following holds: for all K € {F,G}, there exist constants ¢; = CZK >0,i=1,...,5 such
that

K(z,y)
sup ——————— <
zy c1(|z| +[yl) + c2

‘K('Ta y) B K(mlv y)‘

'

sup <1, (10)

z#x! vy Cc3 ICE -
K(z,y) — K(z,y

“up 1K (,y) (I'y/)‘ <

z,y#y’ ((11‘1| + C5) ‘?/ -y ‘

Example 2.4. Any globally Lipschitz function K (with Lipschitz constant | K|, ) satisfies Assump-
tion 2.3 for ¢y = c3 =5 = || K|, ca = K(0,0) and ¢y = 0.

An example of particular interest, which corresponds to (1) and satisfies Assumption 2.3 is

Example 2.5 (Multiplicative inhibition from B onto A). Suppose that F' and G satisfy
F(z,y) = 2a(2)®p-a(y), G(z,y) = Pasp(z) + Pa(Y), (12)

where ® 4, Pp_,4, P and P4, are nonnegative functions, each of them globally Lipschitz with ®p_, o
bounded (and with no loss of generality we assume 0 < ®p_4 < 1). A further particular case is when
®4 and Pp are linear:

Dyp(x) =pa+z, Pp(z)=pp+z, x>0, (13)

where pa, up > 0. In (13), suppose in addition that h; >0 fori=1,...,4.
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Although it is not required for the moment, the situation to have in mind for Example 2.5 is ®p_, 4
being nonincreasing with ®p_,4(y) — 0 as y — oo and ® 4, p nondecreasing with ®4_,p(z) — +oo
as ¢ — oo. Example 2.5 satisfies Assumption 2.3 (F' with constants ¢; = c3 := |||, c2 :== $4(0),
ca = ||®Paoallp 1®ally, ¢5 = || Pr=all, Pa(0) and G is globally Lipschitz, see Example 2.4).

Another model that satisfies Assumption 2.3 is

Example 2.6 (Multiplicative inhibition from B onto A with self-inhibition).
F(z,y) = 2a(2)®p-a(y), G(z,y) = Pasp(2)®p-5(Y). (14)

with ® 4, P4, Payp and Pp_,p nonnegative functions, each of them globally Lipschitz with ®p_, 5
and ®p_.p bounded by 1. Again, a particular case to have in mind is

F(z,y) = (pa+2) Pp-aly), Glz,y) = (b + ) Pp-p(Y), (15)
Once again with h; > 0.

Example 2.6 generalizes Example 2.5 in the sense that population B is not only inhibitive onto
population A, but also onto itself, through the multiplicative kernel ®p_,p. This corresponds to a
biological situation [39]. The detailed longtime analysis of Example 2.5, (13) is given in Section 3. The
longtime dynamics of Example 2.6 appears to be trickier (see Section 8.3) and left for a future analysis.

In the remaining of this Section, we only require Assumption 2.3.

2.2. Well-posedness of the particle system
The first result concerns well-posedness of the particle system (6):

Proposition 2.7. Suppose Assumptions 2.2 and 2.8 hold. Then, conditional on the Poisson measures
(7i)i=1...N, there exists a pathwise unique Hawkes process (Z')1<icn as in (6) such that SN | B[Zi] <
oo, for allt > 0.

In the case where F' and G are globally Lipschitz (Example 2.4), existence and uniqueness of (6)
can be proven directly through a fixed-point procedure as in [24]. Then, Proposition 2.7 is a direct
consequence of [24], Theorem 6, up to minor notational changes. The additional technical difficulty
in our case (consider e.g. Example 2.5) is that even though ®4 and ®p_, 4 are globally Lipschitz, the
product ®4Pp_, 4 is not and the usual result of [24] no longer applies. The key point to note is that
0 < K(x,y) <ci(|lz|+]y|) +eo for K = F and K = G, and one can stochastically dominate our process
by a linear Hawkes process that is known to exist. Therefore, the proof relies on a thinning procedure
(similar to [21]) and is carried out in Section 7.1. For similar ideas see [43] Prop. 1.4 or [21] Prop. 2.

2.3. The mean-field limit

Following a standard procedure for mean-field systems [47], it is easy to derive the limit nonlinear
process of (6) as N — oco. In the Hawkes setting, it reduces to an inhomogeneous Poisson process [24].
Informally speaking, as N — oo, the empirical mean in (7) concentrates around an expectation and it
is natural to introduce the following: let (74, 7p) be independent Poisson point processes on [0, +00)?
with intensity dsdz. Consider for ¢ > 0,

t 00
~ A
Zi = /0 /0 1z<F(o¢ Jo hi(s—uw)dE(Z{),(1-a) 5 hg(s—u)dE(Zlf))7TA(ds7 dz), (16)

t roo
ZtB = /O /(; 1z<G(o¢ IS h3(s—u)dE(Z{i‘),(l—o¢) o h4(s—u)dE(ZuB))ﬂ—B(dS’dZ)’ (17)
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The nonlinearity of the process Z := (ZA7 ZB) lies in the fact that it interacts with its own expectation
(m#t,mP) .= (E (Z{") ,E (ZP)) which solves
mi = fOtF (o J5 ha(s —w)dmi), (1 — @) [y ha(s — u)dmB)ds, (18)
mP = fot G (a [y hs(s —w)dmi, (1 — a) [ ha(s — w)dmP) ds.

The following result is a well-posedness result for both (16)-(17) and (18):

Proposition 2.8. Under Assumptions 2.2 and 2.3, for all T > 0, there exists a unique nondecreasing in
both. coordinates locally bounded solution (mi*,mP),co 1) to (18) that is of class C* on [0,T]. Moreover,
for any given independent Poisson point processes w4 and wg on [0, +00), there exists a pathwise unique
process (Z{*, ZP) to (16)-(17) such that (BE(Z{'), E(ZP)) is locally bounded.

Proposition 2.8 is proven in Section 7.2.

We now turn to the propagation of chaos result: there exists a well-chosen coupling such that the
particle system (7) and the nonlinear process (16)-(17) are close. Suppose that H is locally square
integrable:

||H||27T < 00, T>0. (19)

Poisson point processes (7;);—1,... n as in (6). The main convergence result is the following:

Proposition 2.9. Under Assumption 2.3 and (19), for all T > 0, there exist some constant C' > 0
(depending on T and the parameters of the model) such that

c
< = (20)

sup E

sup |th — Zﬂ
i=1,..,N

t€[0,T]

Remark 2.10. Under the Assumptions of Proposition 2.9, suppose additionally that H)\AHOO < 00,
[ABllo < 00 (see (24) for the definitions of ki, i =1,...,4) and that

max ({c};D + ik H/\AHOO + cg} (K1 + K2), {c? + 5 k|| A oo + cg;} (k3 +kK4)) <1 (21)

we have furthermore that the constant C in (20) can be chosen linear in T: C = C (”)\AHOO , H)\BHOO) T.
Verifying (21) requires an explicit estimate on H)\AHOO. Although we will obtain in Section 3, Theo-
rem 3.10 that ||)\AHOO < 00, deriving an explicit upper bound for this quantity seems to be difficult.
Nonetheless, this can easily be achieved in the model of Example 2.5 assuming (13), under non optimal
conditions: since P4 < 1, population A is stochastically bounded by a linear Hawkes process with
memory kernel ahy, that is subcritical if k1 = a|lhi]n < 1, we obtain immediately the uniform a
priori bound H)\AHOO < B4 (see Lemma 23 of [24]). In that case, as the quantities cf, c]G, 1<j<5h

— 1—kK1
are explicit, the latter condition simplifies into

P
max <{1 + W} (k1 + K2),2 (ks +I€4)> < 1L
— K1

Proposition 2.9 is proven in Section 7.3.
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3. Long time dynamics of the mean-field limit

We are now interested in the behavior as t — oo of the macroscopic intensities A\ := %mf and
A= dmB. where (m{!, mP) solves (18). We specify here the analysis of the model described in

Example 2.5: for the choice of F' and G in (12), we see from (18) that (A%, AB) solves

M =0y (a St - u)Afdu) Dpa ((1 —a) [ ho(t — u)A{fdu) ,

B t A t B (22)
A —dap (a I hg(t — u)rd du) +op ((1 — @) [T ha(t — u)AE du) .
If one supposes further that (13) is verified, (22) becomes
A t _ A _ t _ B
M= (MA +a [ Rt — u)d du) By ((1 o) [ ha(t — u)AE du) , o

AP =g (a I ha(t — u)Afdu) + s+ (1= a) [ ha(t — w)ABdu,

By Proposition 2.8, there is a unique solution (A4, \?) in C([0, T7, (]R"’)2) to the system (22): existence
is provided by (A, AP) := (mjA, miP) where (m*, m?) solves (18) and uniqueness holds since for any
solution (A4, AB), the pairwise (mf*, mP) := (fot s, fot )\fds) is the unique solution to (18).

To simplify notations below, set

ri=allbilly, k2= 1= a)flhelly s w3 = sl ke = (1 —=a)[lhal; . (24)

It appears that the longtime behavior of system (22) (and of its particular case (23)) depends strongly on
the connectivity between populations A and B: crucial criteria are the absence/presence of inhibition
from B to A (k2 = 0 or k2 > 0) and the absence/presence of retroaction from A to B (k3 = 0 or
k3 > 0). The analysis of the three simpler cases where the system is not fully-connected (one among ko
or 3 is zero) is detailed in Section 3.2 below. Some features are commonly observed in all three cases,
but we have chosen a separate exposition for purpose of clarity. The more complicated case with full
connectivity (that is ko > 0 and k3 > 0) reveals richer dynamical patterns and is analyzed separately
in Section 3.3.

8.1. Hypotheses and summary of main results

In addition to Assumptions 2.2, we require the following:

Assumption 3.1. Suppose F and G are given by Example 2.5. Suppose also that ®p_, 4 is non-
increasing with ®p_,4(x) — 0 as x — oo and, without loss of generality, that ®p_,4(0) = 1. Similarly,
suppose that ® o_,p is nondecreasing with ®4,p5(0) = 0 and P4_p(x) — +00 as x — oo. Finally,
assume that
hi(u) >0, and hj(u) —— 0, © >0, 1 =1,...,4. (25)
U—00

We summarize in Table 1 below the main convergence results that we obtain in all cases with or
without inhibition and retroaction. We focus on the case g > 0, up > 0 and kg < 1 (B isolated is
subcritical) in the case of Example 2.5-(13) with ®4_,p(z) = = for simplicity. We refer to the results
below for more general and precise statements.

3.2. Decoupled cases

We analyze in this section the long-time behavior of (22) and (23) in the simpler cases where kg = 0
or k3 = 0.
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Inhibition B4 A (ke =0) B — A (k2 > 0)
Retroaction K1 <1 > || @ (§2) <1 | m0soa (522) > 1
~2i D
A B (k5 =0) by = {22 ly =00 EA_liZTq]j;jf(l?;‘ifj) ly =0
lp =2 lp = {5 lp = {2 lp = {2
A= B (k3> 0) = 1‘ij‘€1 fq =00 Th. 3.10: sufficient conditions for convergence
=t (up+ 222) | tp=oc 05 = Wy (U1(¢5)) and L4 = Uy ((5)

Table 1: Summary of the convergence result that we obtain for (4,¢p) := limi— o0 ()\tA, )\tB) in the case of Example 2.5-
(13). Notation A — B stands for A has a retroactive effect on B and A / B stands for the absence of retroaction,
B — A and B /4 A are interpreted similarly. The results are stated for simplicity in the case when g4 > 0, up > 0 and
ka4 < 1 (B isolated subcritical) with ®4_,p(z) = z. All precise statements and comments on this results may be found
below in Proposition 3.2, 3.3, 3.5 and Theorem 3.10, see (28) and (29) for the definitions of ¥; and U».

3.2.1.

Suppose that ko ks = 0, there is no inhibition and no retroaction. The dynamics of (22)
is somehow trivial since populations A and B behave independently from one another. Nonetheless
consider this case as a control model for the other cases.

The fully decoupled case

Proposition 3.2. Suppose that Assumptions 2.2 and 3.1 are satisfied with ko = k3 = 0. If |4l k1 <
L (resp. || @B}, ka < 1), then population A (resp. B) is subcritical: sup;sg M < oo (resp. SUP;> MNP <
00). Moreover, in the linear case (23),

1. if Ky < 1 (resp. k4 < 1), then population A (resp. B) is subcritical and A\ P 1&21 (resp.
—00
B y MB
)\t t—oo L—K4’/?

if k1 > 1 and pa > 0 (resp. ka4 > 1 and pp > 0), then population A (resp. B) is supercritical
and M) —— 400 (resp. \P —— +00).
t—o0 t—o0

Proof of Proposition 3.2. This case is an immediate consequence of [24], Th. 10 and 11. Note also that
this result can be retrieved easily from the estimates given in Section 8 below. U

3.2.2. The case with inhibition and no retroaction
Suppose that k3 > 0 and k3 = 0: there is inhibition from B to A but no retroaction from A to B.
In this case, population B behaves independently from A.

Proposition 3.3. Suppose that Assumptions 2.2 and 8.1 are satisfied with ko > 0 and kK3
1@}, k4 < 1, then population B is subcritical: sup;so AP < co. In the particular case of (23),

0. If

UB
1-k

1. If kg < 1, then population B is subcritical: )\tB t—> e Moreover,
—00

K2MB
MA<I>B_>A< T-ry
24

< 1, then population A is subcritical and \{*

(a) if K1PBa ('fi’fﬁ)

K2/LB
1—kKaq

t—oo 1—k1Pp_a <T7K§

7

(b) if k1Pp_a ( ) > 1 and pa > 0, then population A is supercritical: A\ - +00.




3 LONG TIME DYNAMICS OF THE MEAN-FIELD LIMIT 12

2. If kg > 1 and pup > 0: population B is supercritical and \P P +00. Regardless of the values
—00

of pia, k1, k2 > 0, we have that \f* —— 0.
t—o0

Proposition 3.3 reveals a first effect of inhibition: when kg = 0, (no inhibition, Proposition 3.2) the
critical parameter for 1 is f-@ffflated := 1. With a subecritical inhibition (k4 < 1), the critical parameter
for k1 becomes (since P4 < 1) Hli)r(‘:hib = 1/®p_a ("uzug) > /glifCOIated, the inequality being strict

1—ky
when ®p_, 4 strictly decreases. Note that Hli,réhib increases as either the intrinsic activity of population

B increases (pp increases), or population B gets closer to criticality (k4 /1), or in presence of a longer
memory effect of population B onto population A (k9 increases).

Remark 3.4. This allows in particular for regimes where Iiﬁ?hib > K1 > /il’;f:"l“ted = 1: in absence of
inhibition, population A may be supercritical, but inhibition brings back population A into subcriticality.
This result reflects biological observations: epilepsy is a chronic condition characterized by recurrent
seizures. Episodes of seizures, involving abnormal synchronous firing of large groups of neurons [39],
constitute an actual example of population A becoming supercritical when recurrent inhibition from
population B is altered or suppressed. This situation is all the more spectacular when population B is
supercritical (kg > 1): supercritical inhibition simply kills the dynamics of A.

Proof of Proposition 3.3 is given in Section 8.1.2.

3.2.8. The case with retroaction and no inhibition
Suppose k2 = 0 and k3 > 0: there is no inhibition from B to A but presence of a retroaction from

A to B. In this case, population A behaves independently from B and has a sole excitatory influence
on B.

Proposition 3.5. Suppose that Assumptions 2.2 and 3.1 are satisfied with ko = 0 and k3 > 0. If
[@all; k1 < 1, then population A is subcritical: sup;sg )\24 < 00. Moreover, in the particular case of

(23)’

1. If k1 < 1, then population A is subcritical: \{* = 1‘:‘;1. Moreover,
—00

(a) if ka < 1, then population B is subcritical and \P P L d,u.p (F”WA) + LB
o0

1—ky 1—k1 1—ky’

(b) if kg > 1 and pg > 0, then population B is supercritical: \P —>t_>0<> +o00.

2. If k1 > 1 and pa > 0: both populations A and B are supercritical, \* P 400 and \P t—>
—00

—00
—+00.

As anticipated, whenever A is supercritical, so is population B whatever its own intrinsic behavior.
Proposition 3.5 is proven in Section 8.1.3.

3.3. The fully-coupled case

Consider now the more interesting case with full connectivity, i.e. k2 > 0 and k3 > 0: both
inhibition from B to A and retroaction from A to B are present. We first propose a general result for
Model (22) in Theorem 3.6 and then specialize to the linear Model (23).
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3.8.1. A general result of subcriticality
Theorem 3.6. Consider Model (22) satisfying Assumptions 2.2 and 3.1 with keks > 0. Then, the
following holds true:

1. Whatever the values of k;, i1 =1,...,4, )\;4 does not tend to 400 ast — oo.
2. If \B —— 400, it holds that \{! —— 0.
t—o0 t—o0

We retrieve the same phenomenon described in Remark 3.4 in an even more universal way: in the
regime of full connectivity k2 > 0 and k3 > 0, population A cannot be supercritical, even for arbitrary
large values of k1 (possibly larger than 1, when population A, isolated from B, is supercritical). Note
that Theorem 3.6 only states a weak form of subcriticality: we only prove that lim inf; .o A < co. In
the whole generality of the hypotheses of Theorem 3.6, one cannot rule out the possibility of having
lim sup;_,, Af* = 400, although this has not been observed numerically.

Proof of Theorem 3.6 is given in Section 8.2.1.

3.3.2.  Specifying to the linear model

We now provide more precise estimates in the case of the linear Model (23). The large time
asymptotic of (23) depends crucially on the behavior of the population B. The critical parameter here
is k4: kg < 1 (resp. k4 > 1) means that population B, isolated from population A, is subcritical (resp.
supercritical). Let us mention briefly the easiest second case x4 > 1:

Proposition 3.7. Consider Model (23) satisfying Assumptions 2.2 and 3.1 with k3 > 0 and k3 > 0.
Suppose also that pp > 0 and that population B, in isolation, is supercritical, i.e. k4 > 1. Then, the
following is true: AP P +00 and A\ T 0.

—00 —00

Proposition 3.7 is a straightforward consequence of Theorem 3.6: one has simply to check that
AP o toein this case. This follows directly from AP > up + (1 — «) fot ha(t — w)ABdu (recall that
—00
® 4,5 > 0). Details are given in Section 8.2.1 for the sake of completeness.

From now on, we restrict to the case k4 < 1. Before stating the main result of this paragraph, we
introduce some notations. We are interested here in a priori bounds concerning

L, :=liminfy oo M € [0, 00], 24 :=limsup,_, ., A\ € [0, oc], (26)
Lp :=liminf; o AP € [0, 00], {p = limsup,_,., A? € [0, oc].
For fixed k1, ko, define the interval
Loy hg o= {r >0, K1Pp_a (k2z) < 1}. (27)
Under Assumption 3.1, Z, x, = [0,+00) if k1 < 1 and if k1 > 1 Z, », = (2, 4,, +00) for some
T, ., > 0. Define the following functions

#a®p_a (Kox)

U =a €Ty, ., , 28
1 z K1,k2 1— qu)BHA (KQI) ( )
P
Uy = >0 L2 Ao (K37 (29)
1— kg 1— Ky
as well as
1 k3pAP B A (Kox)
P :=Wy0W, :x €7, A P . 30
2001w € Loy = 7 (HB + Qasp (1 S P (30)



3 LONG TIME DYNAMICS OF THE MEAN-FIELD LIMIT 14

Lemma 3.8. The function ® given by (30) is continuous, nonincreasing and has a unique fized-point
€Ly o This fized-point satisfies
B
— </ 31
1—kKg — ( )
Proof of Lemma 3.8. It is a direct consequence of Assumption 3.1, since ¥y is nonincreasing and Vs is

nondecreasing. If k1 > 1, ®(z) ———— 400, as lim; oo P4p = +00. Since 4,5 > 0, the a priori
T kg

bound (31) is straightforward. O

Finally, define the following domain

Up = {(u,v) € L)’ @) Su <L <0< D(u), 5 ’iBM < u} . (32)

The set Usp is nonempty, as (¢,¢) € Ug, by (31).
Assumption 3.9. The set Up is a singleton: Up = {(¢,£)} .

Hereafter in Proposition 5.1 we provide sufficient conditions for Assumption 3.9 as well as examples
in Section 5 where these are satisfied. The main convergence result of this paragraph is the following:

Theorem 3.10. Consider Model (23) satisfying Assumptions 2.2 and 8.1 with ke > 0, k3 >0, kg < 1
and pa > 0. Then the following is true:

1. Population B is subcritical: sup;>g AP < oo and one has the a priori bounds (recall the definition
0f Ly oy 1m0 (27)):

0y > UB

e and lp € Ty x,- (33)

2. If \{* converges ast — oo to Ly, then AP converges as well, to {g = Wy(L4) where Uy is given in
(29).
3. Suppose furthermore that Assumption 8.9 is true. Then there is an equivalence between

(a) L verifies
ﬁB € IHLKQ (34)

(b) AP as a finite limit as t — oo.

If this is true, the limit limy_,oo NP := fp = £ where £ is the fized-point of ® given by (30).
Moreover, sup;so A\{* < 0o (population A is subcritical) and A\ == Ly :=V1({p).
= —00

Proof of Theorem 3.10 is given in Section 8.2.2. Note that the arguments leading to Theorem 3.10
in the fully coupled case kaks > 0 can easily be adapted to the decoupled cases kor3 = 0 mentioned
earlier (with a considerably simpler analysis in these cases).
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3.3.83. Remarks on the main convergence result

Theorem 3.10 comes with two hypotheses: firstly, Assumption 3.9 for which we give sufficient
conditions in Proposition 5.1 and is verified for several examples in Section 5, and secondly, a technical
a priori estimate (34) on £5. Several remarks concerning these two hypotheses are necessary: firstly,

from £ > 1‘1—?;4 and the fact ®p_, 4 is nonincreasing, we obtain immediately that (34) is satisfied under
the following sufficient condition:
K
k1P A ( HE ) <1 (35)
1-— KR4

This condition is the same subcriticality condition met in Proposition 3.3. We retrieve the phenomenon
mentioned in Remark 3.4: inhibition has a tendency to quench supercriticality of population A. Nu-
merical results however suggest that the convergence of Theorem 3.10 may remain true (and hence
so is (34)) even though (35) is violated (see Figure 2 below). Remark also that the situation when
Ly ¢ T, s, would imply, by (33), g < fp and thus correspond to a case where neither A® nor A4
converge, but oscillate. Giving some necessary and sufficient condition for (34) (and in particular giv-
ing some sufficient condition for £g ¢ Z,, ,,, hence proving the existence of oscillations for (23)) would
require to have some precise a priori upper bounds on £z, that we do not have for the moment (what
we easily get is a lower bound on £z, not an upper bound). We give in Figure 4 a numerical example
of b & Tyuy ks, in & case when ®p_, 4 is not convex.

A crucial observation of the proof of Theorem 3.10 is that, under (34), we always have
(¢p,0B) € Usp. (36)

This fact, which does not rely on Assumption 3.9, is of independent interest, especially in cases where
we do not have convergence. In presence of oscillations for (23) (see Section 6 for further details), (36)
provides lower and upper bounds on the size of the limit cycle. A first consequence of (36) is that
whenever Ap(t) converges as t — 00, 5 = {p so that (recall the definition (32) of Usp) necessarily
{p = {p = (. This, together with the previous remark that {5 ¢ Z,, », would lead to oscillations, tells
us that Theorem 3.10 gives a complete picture of the possible limit for (A, \P): if one among (A, AP)
converges as t — oo, both do, and their limit are necessarily given by ¢4 = ¥1({p) and ¢p = ¢, unique
fixed-point of ® in (30).

Furthermore, we understand from (36) the point of Assumption 3.9: it gives immediately the
convergence of AP, In this respect, one may find that Assumption 3.9 is quite strong: but it is trivially
verified in the uncoupled cases kory = 0, as the function ® is then constant, and it is satisfied for
several nontrivial examples in the fully coupled case (see Section 5 below). However, we have numerical
evidence (see Figure 3) that Assumption 3.9 is in fact not necessary for the convergence of (A4, AB).
In this context, finding a general necessary and sufficient condition for convergence of (A4, A\?) seems
to be a tricky question.

Remark 3.11. From Theorem 3.6: under hypotheses of full connectivity, population A cannot be
supercritical (in the sense of liminfy oo A\ < 00), regardless the parameters of the model. Theorem 3.10
provides a stronger version of this statement: sup;s )\{‘ < 00, although we do not provide an explicit
control on sup;sq \{ (explicit estimates are only on limsup,_,. \{*). Recall however what we have said
in Remark 2.10: using P4 < 1, population A is bounded by a linear Hawkes process with memory
kernel ahy. Therefore, in the particular case of k1 < 1 (which is in particular stricter than (35)), we
have directly that supysq Af* < 12 (see Lemma 23 of [24]). Deriving similarly an explicit bound in the
general case (for example under (35) only) is unclear.
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4. Fluctuations results and a test of inhibition

In this section, we are interested in fluctuation results corresponding to the convergence given in
Proposition 2.9 and the derivation of corresponding statistical tests for inhibition.

4.1. Hierarchy of intensities under inhibition and/or retroaction

We restrict to the framework of Model (23) satisfying Assumptions 2.2 and 3.1. Suppose also that
Assumption 3.9 as well as (35) are satisfied.

The previous analysis shows that under these hypotheses convergence of )\f as t — oo holds in all
cases (i.e. both when kgk3 = 0 and when k9k3 > 0). Recall that Assumption 3.9 holds trivially in the
decoupled cases koks = 0 since ® defined in (30) is then constant (and in such cases, the conditions
k4 < 1 and (35) for subcriticality are sharp).

The first main observation of this paragraph is that there is a natural ordering between the different
limits limy_, o0 )\f‘, depending on the presence or absence of inhibition and retroaction: when A is isolated
(k2 = 0), we obtain from Proposition 3.2 that

A HA D
)‘t m 11— = KA .
When inhibition from B — A is added, without feedback from A — B (ke > 0, k3 = 0), the conclusion

of Proposition 3.3 is

K
pa®p—a (ﬁﬁ)
t— K

* 1-r1Ppsa (12,’;2)

Finally, in the fully coupled case kaks > 0, one obtains from Theorem 3.10 that

A

= Zgl).

\A 1A®p_sA (K2l)
t—oo 1 — 51¢'B—>A (KQZ)

= Kgn),

for £ the unique fixed-point to the function ® given in (30). Using that ®p_, 4 is non increasing and
bounded by 1 together with (31), for k3 > 0, the following natural order between the previous limits
holds true

o) > 40 > (G4, (37)
Note that one has égn) = ZSH)(F&h K2, K3, K1) 0 égl).
K3—

4.2. Central limit results

We take advantage of the strict ordering observed in (37) in order to experimentally test the pres-
ence/absence of inhibition in a neuronal network modeled by (23). For (37) to be useful, the convergence
results seen before must be accompanied with fluctuation results. Fluctuation theorems for Hawkes
processes (both in large population N — oo and in large time ¢ — oo) have already been considered
in the literature [24, 26] and some of the existing results directly apply to our case: for instance, in
the setting of Example 2.5 and (13) with k1 < 1, k4 < 1 and ko = 0 (resp. k3 = 0), Theorem 10 of

[24] provides Gaussian limits for the quantities ( mi (% — 1))i€1A (resp. ( mtB(% — 1))1.615)7

when (t, N) — (00,00) and where I (resp. IP) is a subset of {1,..., N} (resp. {Na+1...,N})
and (m?, mP) is the solution of (18). Note nonetheless that the proof in [24] appears to be specific to
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the case of linear Hawkes processes so that its direct application to our model with full connectivity is
doubtful. In this direction, we also mention here a recent functional fluctuation result [34] concerning
empirical activity of mean-field Hawkes processes.

An existing result more useful to our concern may be found in [26], Th. 2, where a central limit the-
orem for K macroscopic populations of interacting nonlinear Hawkes processes is proven. In particular,
a closer look to the proof of Theorem 2 of [26] permits to realize that it does not rely on the specific
shape of the intensities of the underlying Hawkes processes but only on the existence of a propagation
of chaos estimates similar to Proposition 2.9. This result can easily transpose to our setting:

Proposition 4.1 (Ditlevsen, Locherbach, [26], Th. 2). Consider Model (23) satisfying Assumptions 2.2, 3.1
and 3.9, either in the uncoupled cases kekg = 0 or with full coupling kers > 0. Require also that

0]
max ({1 + W} (K1 + K2),2 (k3 +n4)) <1 (38)
— Rl

Then, for any subsets I,‘éq c {1,...,Na} and I,]?B C {Ns+1,...,N} of fized cardinality ka and kp
(independent of N )

Zi,A Zj7B
\/mfx tA —1) , \/mP tB -1 4 N0, Iy 1k )- (39)
m m (£.N)—(00,00),
t t i€lf , jeIp,

t
~—0

Sketch of proof. Note that condition (38) implies in particular that k3 < 1 and k4 < 1 so that (35)
is true. Hence, we are in a situation where both populations A and B are subcritical. This is a
straightforward consequence of [26], Th 2: it suffices to note that in all cases, m{'/t and mP/t are
bounded away from 0 and oo (recall Propositions 3.2 and 3.3 and Theorem 3.10). Condition (38)
ensures that the constant appearing in Proposition 2.9 does not increase faster than C't, for a positive
constant C' (see Remark 2.10). Putting everything together one has simply to follow the lines of [26],
Th 2 to conclude. O

4.2.1. Discussion on the statistical significance of the CLT
Here we discuss the practical significance of (39). Denote by £ the limit intensity of either popu-
lation A or B appearing in the convergence results of Propositions 3.2, 3.3 and Theorem 3.10. An
estimator , ~, for this quantity may be given through the following approximations:
1

Z, ~ .
! = A = J::gNT’ 1<i<N.
T—o0 N—oo T ’

Therefore, 7, ~,7 can be computed from the observation of one neuron (recall that in the mean field limit,
neurons within the same population are interchangeable) in a N-particle system of Hawkes processes
observed in a large time T. From a statistical viewpoint, a statement as in (39) cannot be exploited
directly as the unknown parameter ¢ does not explicitly appear and secondly the normalization of Z;

. . zi ~ % S . . i iy
by my is unknown. Replacing 77t by =& where my = Z} for i # i’ for instance or m; = 2(Z} — Z*) is not
2

satisfactory as information on ¢ will not emerge. Instead, what is required here (for instance to derive

testing procedures and confidence intervals) is a result of the form /T (Z NT — E) 4 K for
(T,N)—(00,00)

some distribution K.
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The simple case of an isolated subcritical population A with linear intensity (Model (23) and
Proposition 3.2, with ko = 0) is of particular interest in order to build the test considered in the next

paragraph. In this case, £ = for k1 = a||h1|]1 < 1 and the following decomposition holds

1/{1

) = v (1) 7 (5 ~325) = e

From (39) (see also Theorem 10 of [24]), it immediately follows that Iy (1) 4 N(0,1) as (T,N) —
(00,00), % — 0. Controlling the deterministic term I5(T') requires to evaluate the rate at which myp/T
converges to its limit uA/(l — k1). This has been studied, in the linear case, in Lemma 5 of [2] which
implies that Ir(2) = o(1) if fooo Vth(t)dt < oo. Then, assuming [;°v/th(t)dt < co and using that

Proposition 3.2 implies that —> ¢, we derive
T—o0

N T
VI (g =) —2 N (0,0 and [ (Inr—€) ——N(0,1).  (40)
(T %j)(oo ,00) EN,T (T’Nj)f)(;o’w)
N~>0 N

4.2.2. A test of inhibition

Neurophysiologists studying synaptic function routinely isolate one type of synaptic coupling with
specific compounds (very often toxins synthesized by plants, bacteria, spiders, etc. [39]). Using pi-
crotoxin or bicuculline (two plant toxins) they can for instance suppress inhibition, that is, force our
kernel hs to become uniformly zero. Based on (40), we can then propose the following procedure in
order to test if inhibition on a population A is present. In a experimental preparation, neurons from the
A population can be continuously recorded in three successive conditions: control (no toxin applied);
inhibition blocked (with picrotoxin or bicuculline); *'wash’ (the physiologists’ term to designate a return
to the control condition after removal of a toxin). Collecting for a duration T the activities of the
neurons of population A and estimate their intensities with E%%t“’l, Z]TV?%Z" and £ {Wash respectively.

Denote by (£€ontrol ¢Torin) the true intensities of population A with and without inhibition blocked.
If population B has no effect onto population A, one should have £€ontrol = gTorin otherwise following
(37) one should observe ¢Control > gTorin This suggests to consider the following testing procedure:

Hy : Population B has no inhibitive effect on population A,
H; : Population B has an inhibitive effect on population A,

or equivalently

. pControl _ pToxin
Ho.fctl—fT " (41)
Hl : g oniroi >€ OEI'I’L'

Consider the test statistics Ry = Z]((V,O?tml —/ No%i", where Z?Voj’itml

(40) and that under Hy it holds £€orel = ¢Torin e write:

and ¢ No%m are independent. Using

\/T ZControl ATozm \/7 Z\Control éControl _ \/T 7 oxin __ éTowin d, Ho N 0.2¢
& ) = VI )~ V(T ) LI N (0,20),

%*)0
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from which we derive

T

yControl _ JToxi d, Hop
Toomiral + oz N~ INE) 0=y VO
N,T N, T

(T, N)—(00,00)
%*}0

Therefore, we get a test for the set of assumptions (41) with asymptotic level a € (0,1)

ZControl _|_ZTozin
v 1 L where s, g ATV L,
N, T {e%(};.trol _Z’]I'V?%v.n 23@} a T qN(O,1)7

where qu\/(o,1) the quantile of order 7 of the distribution A'(0,1). Note that under H; the same de-

composition holds if one adds the additional diverging term /T (¢£€otrol — ¢Torin) that ensures the
consistency of the test \Ilg\(;))T

To complete this Section, we numerically evaluate the observed level of the test for different values
of N and large T: that is the probability to reject Hy whereas there is no inhibition from B to A.
Indeed, to rely on this procedure in practice one needs to check that for the values of (T, N) that
correspond to biological data the level of the test is close to the asymptotic level a. We perform a
short simulation study considering a network without inhibition from B to A (the null hypothesis is
true), uq = 1 and a Ly norm for hy of 0.45. The chosen parameters result in a spiking activity slightly
above 1.8 spikes per time unit for the neurons of population A in the mean-field limit. We run 1000
replicates with N neurons in population A. Each of these replicates was 250 time units long. The
first 100 time units were discarded (to ’forget’ the initial state), the next 25 time units were used to

compute K%?gglroz (Sec. 4.2.1), the next 100 time units were discarded again and the last 25 time units

were used to compute £ N"g’g". The test statistic introduced is then obtained and its absolute value was
compared to a threshold value of 1.96 (a = 0.05). The reported 95% confidence interval for accepting
the null hypothesis (being below threshold) were computed using Wilson’s method [8]. The results are
the following and suggest that even for moderate values of N and T = 25 the effective level of the test

is close to the asymptotic one.

\ N 50 100 200 500 1000 |
Observed level 0.949 0.951 0.951 0.944 0.957
Confidence Interval | [0.936, 0.963] | [0.938, 0.964] | [0.938, 0.964] | [0.929, 0.958] | [0.945, 0.970]

5. Examples in the fully-coupled subcritical linear case

We place ourselves here in the context of Theorem 3.10 concerning Model (23). Recall in particular
that we assume full connectivity xorxs > 0 with population B subcritical: k4 < 1. The aim of this
paragraph is twofold: first, to give general sufficient conditions for Assumption 3.9 used in Theorem 3.10
and second, to give instances of kernels ® 4,5 and ®p_, 4 that fulfil the hypotheses of Theorem 3.10
(and this for which the convergence result described in Theorem 3.10 is valid). Focus will be made
on particular choices of inhibition kernels ®p_, 4: in all the examples below, we have simply chosen
® 4, p(x) = z. To simplify notations in the sequel, define the following parameters

_:@ and b:= .
1—I€4 1—K/4

ks (42)

Informally, the parameter a measures the influence of population B onto population A whereas b
assesses the impact of the coupling between both populations.
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5.1. Verifying Assumption 3.9

First, we provide general sufficient conditions for Assumption 3.9. Recall the definitions of ® and
Us in (30) and (32).
Proposition 5.1. Suppose that Assumption 3.1 is satisfied together with k4 < 1. Then,

1. General sufficient conditions: Assumption 3.9 is true under one of the following conditions:

(a) @ is a contraction on L, x, N [fi—i, +oo) :

[@(2) —@(y)| < |z -y, z#y. (43)

1—ky

(b) ®? :=® o ® has a unique fived-point in L, xy N [”—B7 +oo).

2. Suppose now that ® is strictly decreasing (that is the case when e.g. ®o_,p and Pp_, 4 are strictly
increasing and decreasing respectively). Then Assumption 3.9 is satisfied if and only if

— K4

u< ®od(u), on <max (:r:lm, 1H73> ,f) . (44)

Remark 5.2. Condition (44) is true in particular if Do® is strictly concave on (max (m,’;lm, 1&%4) ,f)
or if ® is differentiable in ¢, |®'(£)| < 1 and ®* is strictly convez on (max (x,’ilm, 1’;‘—‘24) ,f).

Proof of Proposition 5.1. The case la. is a straightforward consequence of the definition of Usp in (32)
together with (43). Turn now to case 1b.: suppose that ® is such that ®2 has a unique fixed-point,
which is necessarily ¢. From the definition (32) of Up and the fact that ® is nonincreasing it follows
that, for any (u,v) € Uy,

D) <P (v) <u<l<v<d(u) < O*(v).

An immediate recursion from the latter inequality shows that (®%"(u)) is (positive) non-increasing

n>0
and hence converges to a fixed-point of ®2, which by uniqueness is £. Thus, £ < ®*"(u) < u < ¢, which
gives in particular v = £ and since ¢ < v < ®(u) = @ (¢) = ¢, this gives the result. Turn now to the

proof when @ strictly decreases: the domain Ug boils down to

Uy = fonas (5, 722 ) Su st 07 ) v S B0 ). (45)

R4

So that Assumption 3.9 is satisfied if and only if ®~!(u) > ®(u) on (max (ac* “—B) ,E), which

K1,Kk27 1—Ky

gives the result. O

5.2. Polynomial inhibition

Let 8,7 > 0 and consider in this paragraph

Dp_,a(x) and @y ,p(xr)=z, x>0. (46)

T 1+ 128
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Then the function ® writes

b
O(r) = — + Fa RS A (47)

2 gy (1 — K1+ T (ngx)ﬁ)

where the domain Zy, ,, is given by

[0, +00) if Ky < 1,
1
(1’:17,€27+OO) = ( 1 (m—l)ﬁ 7+OO> if 5y > 1.

K2 \ T

ZHLNQ =

Proposition 5.3. Consider Model (23) with ®p_4 and ®a_p given by (46), satisfying k4 < 1,
rokz >0, g >0, k1 < 1470’ and Assumptions 2.2 and (25). Then, in the following cases:

1. when B € (0,1],
2. when > 1:
(a) if k1 < 1, at least when T is sufficiently small (weak inhibition) or when T is sufficiently
large (strong inhibition).

(b) if k1 > 1, at least when T is sufficiently large (strong inhibition),

the conclusions of Theorem 3.10 are valid, i.e. (A, \P) == (£a,lp) = (ﬁ,f), where £ is
—o0 —r147 (52

IB
1—kyg?

the unique fized-point of ® given by (47) on [ +oo). In the case B =1, £ = L can be explicitly
computed as

1
—(1—kK1—7a)+ ((1 — k1 —7a)? +47 (1 — k1)a + ,uAb)> ’
2TK9

0= (48)

Remark 5.4. We stress the fact that, from a numerical point of view, convergence is actually valid
beyond the hypotheses of Proposition 5.3, especially in cases when the hypothesis (35) k1 < 1+ 7a® is
no longer valid, see Figure 2.

Note that B € [0,1] if and only if P4 (and hence ® itself) is convex. The case B > 1 seems to
reveal richer dynamical patterns, especially in the regime where 8 > 1, where (46) is of sigmoid type
and approaches (for fired T) the indicator function 1y 1) as 8 — oo, see Section 6 for further details.

Proof of Proposition 5.3. Note that the subcriticality condition (35) writes here k1 < 1 4 7a®, which
is equivalent to {#2- > z% . and hence (34) is true. Suppose first 8 € (0,1] and define p(z) :=
1 — k1 + 72P. We show that ® o ® is concave, from which we derive by Proposition 5.1 point 2 that
Assumption 3.9 is valid (see Remark 5.2). Showing that ® o ® is concave is equivalent to showing that
(® o @) is decreasing. Simple computations show that

b
) (04 5ty

e o)

(@0 ®)(2) =

therefore (® o @)’ has the same monotonicity as F(y)G(y), y > a, where F(y) := 5;((3;)) is positive and

is positive, where we set p = pab. A sufficient condition for H to be decreasing is
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that % + % < 0. First, tedious computations enable to write for y > a,

F'(y) G’(y))
Fly) Gy )’

H(y) : = yp(y) (

1 T(a+ﬁ)ﬂ
p(y) +p p(a+ p ) ’

= (B=1)ply) — 7By | 2+ — L —

p(y) + p

(8-1)— 28

=Ti(y) + Ta(y)

where

g Bury”
1) s = (- ) (o) + 207 ).

Thy) :=—=2mBy" 1+ ——~——(B-1) -7
ap(y) + ap(y) + p p(a+7pé))

As 8 < 1, we immediately have that 77 < 0. To control the second term T», we write it as follows,
using the definition of p,

p(a—i—ﬁ)—i—m—l

ot = —9rBuf— P |14 @) 1
g ap(y) 1-r
o ap(y) + p o

p(a-ﬁ-ﬁ) 7
I

- 7275yﬂap(y) +u, (a +1 *) (apliy)p (a " %y)) o ﬁ1)> .

o
p(y)

Note that 75 < 0 holds true whenever x; < 1 but requires an additional justification if k1 €]1,14 TaP [

ap(y)
o

and p > 0, has the same monotonicity as the function g : z — zp (a + %), z > 0. Using that k1 < 14+7a?
and § < 1, it holds that

For that, we study the function T5(y) := P (a + ﬁ) + B(1— k1), y = a, which, as p is increasing

g (z) = Ziﬁ (z’@(l —k1)+7(1+ az)’g_l(l — B8+ az)) > zlﬁ (—(az)ﬁ +(1+ az)ﬁ_l(l - B+ az)) > 0.

It follows that g and T3 are increasing and that T3 attains its minimum at y = a. We conclude using
that for all y > a and k1 <1+ raf

Ty(y) > Ty(a) = 229, (a + ”) +B8(1— k) > %M) (—mﬁ 7 (a + ”>ﬁ> — Bra®

0 p(a) pla)

ap(a)'=F
P ((apla) + ) = (ap(@))” = Blap(@) 1) 20
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as z — (z 4+ p)? — 2% — 8281 is increasing (as B < 1 and g > 0) and is positive if z = 0. Gathering
everything together, we conclude that T5 is negative, therefore H is negative and ® o ® is concave.
Assumption 3.9 is fulfilled and the conclusions of Theorem 3.10 are valid.

TB(kaw)P 1 [ %) )
(Crtr(man) P so that for x € 1—/@4’6 ,

Turn now to the case § > 1: we have ®'(z) = —pab
1p)| < BabBr20)” '
#/(0)] < L),

following a priori bound on £: £ < & +

. Suppose first that k1 < 1. Note that since £ > 15%47 one obtains from (47) the
m, quantity that remains bounded as 7 — 0 and

T — 0o. Putting everything together, this yields that supwe[ ) |®’(2)| can be made strictly smaller

rB Vi
1—ky’
than 1 provided 7 — 0 or 7 — oco. In these regimes, ® is a contraction and Assumption 3.9 holds,
by Proposition 5.1, which gives the result. The same argument works in the case k1 > 1, considering

now only the limit of strong inhibition 7 — co. Computing the fixed-point £ in the case 5 = 1 is basic

analysis from (47). O
14 N
)\B
12 + )\goo
%4100
10 )\118000
)\1000
8 L
8
£
6 1
4
2 a
O | | | |
0 10 20 30 40 50
time

Figure 1: Trajectories of the mean-field (A%, AP) and their microscopic counterparts (s, A%), when h; = 10,0, for the
Model (46) for « = 0.8, 8 =1, k1 = 1.5, ko = 0.5, k3 =1, ku = 0.5, ua =10, up =1, 7 =1, on [0, 7] with T' = 50: the
conditions of Proposition 5.3 are satisfied (note in particular that 1 < k1 < 1+ 7a = 2). The limit of (A%, \”) match
their theoretical counterparts (recall (48)) £ ~ 7.844 and {4 = ¥ (¢p) = 2.922.
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14 \A
)\B
12 )\11;00
{‘4100
>‘1000
n 8 I
)]
E
6
4
2 1
O | | | |
0 10 20 30 40 50
time

Figure 2: Trajectories of the mean-field (A", \”) and their microscopic counterparts (Ax, AN), when h; = 1 ,] for the
Model (46) for the same parameters as Figure 1, except for k1 where now k1 = 4, so that condition (35) no longer holds.
We still observe convergence to the correct theoretical value (and (34) is nonetheless true).

5.83. Exponential inhibition
Consider in this paragraph the case (7 > 0)
bpa(x) =exp(—7z) and Pus,p(x)==2z, z>0. (49)

The function ® rewrites in this case as

a bua exp (—TK2x)

_ 50
®(x) ke K2 (1 — K1exp(—Tkaz)) Y
defined on
, [O7 +OO) lf R < 17
SR (C

The sufficient subcriticality condition (35) becomes here

ke ¢ < 1. (51)
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Proposition 5.5. Consider Model (23) with ®p_4 and ®4p given by (49), satisfying kg < 1,
Kokg >0, pa >0, k1e7™ < 1 and Assumptions 2.2 and (25). Then, the conclusions of Theorem 3.10

> A \B [ _paeTTr2t
are Ualld, 1.€. ()\t ,)\t ) m (KA,EB) = (m,

Z), where £ is the unique fized-point of ® given

by (50) on [ LB +oo), at least in the following cases:

1—kq?
1. when k1 < 1, at least when T > 0 is sufficiently small (weak inhibition) and when T is sufficiently
large (strong inhibition),

In(x1)

2. when k1 > 1, at least when T > Ty, for some T, > > 0 depending on the parameters of the

system (strong inhibition).

Proof of Proposition 5.5. The derivative of ® on Zy, , N [“—B +oo) writes () = —LAT XP(-TR2E)

e T (1—k1 exp(—Trox)) 2"
If k1 <1, Zy, ko = [0,400), the maximum of = — |®'(z)| on {1’:’;4,4-00) is attained for z = {#2- and
is given by
b exp(—
r(r) = HAT exp(=Ta) (52)

(1—r1 exp(—Ta))2

In particular, r(7) < 1 as 7 — 0 and 7 — 400, imply that ® is a contraction, and hence Item 2

2
of Proposition 5.1 is true. More precisely, since r(7) < (ff::)z, r(7) < 1 as least when 7 < %.
b

7@(1(21_21)2 exp (—%2), r(7) < 1 at least when Z1In (%) <7

Secondly, since r(7) <

In the case k1 > 1, suppose that (51) holds, so that 15—7;4 > % =T}, x,- Once again, the maximum
of |®'(x)] on Zy, x, N [1*_‘—),5;4, +oo) is attained for z = £2- and given by (52), which goes to 0 as 7 — oo
and hence r(7) < 1 for some 7, > @ O

Remark 5.6. As already underlined, Assumption 3.9 is only sufficient for the convergence of The-
orem 3.10, not necessary: in the exponential case of Section 5.3, Figure 3 shows a situation where
® o ®(u) < u foru < £ (and hence Uy is nontrivial). Nonetheless, convergence of (A, \B) still occurs.
The conjecture one may draw here is that convergence mentioned in Theorem 3.10 holds as long as ®
s convex, although we do not have a proof of this statement.

6. Towards oscillations: inhibition through a sigmoidal kernel

Consider again the Model (23) with full connectivity xax3 > 0. In most of the examples considered
in Section 5, ®p_, 4 (and hence ® itself) is convex. As already said, although we do not have a rigorous
proof, we do not expect anything else but convergence of the intensities (A4, A\®) in the convex case
(even for large values of k1 where (35) no longer holds or in cases when Assumption 3.9 is no longer
valid, recall Figure 3).

The case where ®p_, 4 is of sigmoid type (hence no longer convex) is more intriguing. In the
numerical examples below, the following two examples will be considered: for fixed R > 0 and >0 a
possibly large parameter,

Ppa(r) = (53)

Dp,a(z) = % - arctan (5 (z — R)). (54)
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(a) Graph of ® o ®, where ® is given by (50). Here, (b) Trajectories of the mean-field (A, \?) and their micro-
£ 7.567 and ® o ®(u) < u for u < £: Assumption 3.9 scopic counterparts (A, \%).
does not hold.

Figure 3: The case of Model (49) with h; = 19,9, and o = 0.8, k1 = 0.95, k2 =1, k3 = 1, Ky = 0.5, pa = 10, up =1,
7=0.2, on [0,7] with T'= 50. Note that k1 < 1 so that (34) is satisfied. The intensities converge (Figure 3b) whereas
Assumption 3.9 does not hold (Figure 3a): Assumption 3.9 is sufficient for convergence, not necessary.

The kernel (53) is the same example as (46) (take 7 = 1/R?). Both are smooth approximations as
[ — oo of the indicator function
Ppal@) =1 py(@). (55)

However, there is every reasons to believe that the main features developed in this section should not
depend specifically on the choice of the sigmoid kernel, as long as it is sufficiently close to (55). In
this paragraph we illustrate, both with non-rigorous intuition and numerical examples that the lack of
convexity of ®p_, 4 is likely to induce oscillations for the solution (A, \?) to (23) (recall Remark 3.4).
The existence of limit cycles for (23) is only made explicit based on numerical simulations. A rigorous
proof is lacking and will be the object of a future work.

6.1. The case of an indicator

In order to give some intuition about the possible emergence of limit cycles for (23), replace for the
moment the kernels ®p_, 4 in (53) or (54) by their common limit (55) as 8 — oo. Obviously, none of
the rigorous results developed in the previous sections should apply (at least easily) to the case (55), as
this kernel is not even continuous. Even the well-posedness of the particle system (6) or its mean-field
limit (16)-(17) is unclear in this case, not to mention the analysis made in Section 3 to derive the limit
of the mean-field system as ¢ — oo. This being said, suppose anyway that one would be able to consider
(55) as a proper candidate for the inhibition kernel ®p_, 4. We place ourselves in the framework where
pA is large and pp small (possibly even 0). In ’real life’, our pa and pp account for the following two
features: 1) the weaker one, the intrinsic properties of the neurons (that make them more or less prone
to spike spontaneously) [39]; ii) the stronger one, the excitatory inputs from the other brain regions
(other neocortical area and mostly thalamic inputs [5, 51]). There is strong anatomical evidence that
the latter are stronger onto excitatory neurons than onto inhibitory ones (reviewed in [51]), justifying
the relevance of considering p4 > up.
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The intuition for the emergence of oscillations is the following: considering (23) at ¢ ~ 0, as
pa > pp =~ 0, the intensity of population A (resp. B) should be high (resp. small). Then, in
presence of feedback from A onto B (k3 > 0), the spiking activity of population A propagates to
population B so that the intensity of B increases. But the higher the activity of B is, the larger
Xp(t)=(01-a) fg ho(t — u)ABdu (that is the term within the inhibition kernel ®5_, 4(-) in the first
equation of (23)) becomes. Once Xp(t) has reached the threshold R > 0 of (55), the activity of A
gets killed (recall that ko > 0). Hence, supposing for instance that the memory kernel h3 has compact
support with length 03, after a time 63, population B will no longer feel the influence of population A:
intensity of B will go back to up ~ 0. Thus, Xp(¢) crosses back the threshold R: population A goes
back to its normal high activity, and so on: oscillations should appear.

For this to happen, the threshold R should not be too large, otherwise the term Xp(¢) will not be
able to reach R. We can actually pursue the intuition given by (55) in deriving informally a phase
transition. Suppose again that the formalism developed in Section 3.3 is valid for (55) (which is not).
Note first that the subcriticality condition (35) simply boils down here to

k1 <1 (56)
that is population A alone is subcritical. The fixed-point function ® becomes

a Hab
Px)=—+ —————1 . 57
(.T) Ko + Hg(l — Hl) [O,R](HQx.) ( )
Recall that the whole point of Section 3.3 is to compute the fixed-point of ®. Straightforward compu-
tations enable to distinguish two cases:

e Either % > _£4_. Then & has a unique fixed-point ¢ = & 4 —#ab __ (which should be the

17!{1 K2 Kz(l—fﬁl)
limit of AZ if the results of Section 3.3 would apply to (55)). In this case, the limit of A* should
_ _ _talpm (s
be ‘€A == \I’l(é) - 1_,“10[0};](@4) - llj;il'

e Either Rb_a < i ',‘;1: in this case, there is no fixed-point for ®. But the main conclusion of
Theorem 3.10 that any possible limit for AP is necessarily given by ¢ fixed-point of ®. Hence, if
one believes in the conclusion of Theorem 3.10 for (55), we would necessarily have £z < £p: this

is the regime where one expects oscillations.

Of course, once again, this phase transition is only formal, as (55) does enter into the hypotheses used
in the paper. What is more, this formal argument is not stable by perturbation: if one replaces (55) by
any continuous sigmoid function with the same threshold R, Theorem 3.10 does apply in this case and
® has always a fixed-point and the formal argument above becomes meaningless. It appears nonetheless
that this formal phase transition is actually meaningful and visible in simulations in the sigmoid case,
see Section 6.2.1.

6.2. The case of a sigmoid kernel

Having in mind the intuition provided by the previous paragraph, let us go back to the case where
®p_, 4 is defined as a smooth Lipschitz sigmoid function, such as in (53) of (54). Here, every results of
the present paper apply. In view of Theorem 3.10, there are only two ways to capture oscillations:
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1.

rates

either to ensure that (34) no longer holds, i.e. situations where k1 > 1 so that (with the notations
of the previous sections, recall (27))

lp <y ., <Ip. (58)
This corresponds to a situation where population A, in isolation from B would be highly su-
percritical (but still subcritical with inhibition and retroaction, see Theorem 3.6). The technical
difficulty is that we lack some a priori upper bounds on £5 in order to give some rigorous sufficient

conditions for (58). We give nonetheless a numerical illustration of this case in Figure 4.

A
15 + i\\B
)‘2000
)‘1000
10
5 L
0 | | | |
0 10 20 30 40 50

time

Figure 4: Trajectories of the mean-field (A*, A®) and their microscopic counterparts (A4, AR), when ®5_, 4 is given by
(54), with R =1, 8 =20, hi = 1jg9,), @ = 0.8, k1 = 5, k2 = k3 = ka = 0.5, pa = 7 and pp = 0, on [0,T] with T = 50.
Note that k1P 4 (k2lg) ~ 4.81 > 1 so that (34) does not hold: we have oscillations.

2. or either in situations where (34) is valid (e.g. by supposing (35); note that in simulations

below, we take k1 < 1 so that (34) is verified immediately), but where Assumption 3.9 no longer
holds (recall that Assumption 3.9 is sufficient for convergence, not necessary, but oscillations
necessarily occur when Assumption 3.9 is not true). The difficulty (already met in the proof of
Proposition 5.3) is that checking Assumption 3.9 requires nontrivial algebraic estimates that may
be, in general, out of reach from any rigorous treatment. Therefore, we only check Assumption 3.9
numerically here.
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6.2.1. Phase transition and emergence of oscillations

The first observation of this paragraph is that the phase transition derived formally in the previous
section is (numerically) accurate: take h; = 1jgg,), 0; > 0, i = 1,...,4, a = 0.8 and for simplicity
ki=05fori=1,...,4 and up = 0. Consider § in (53) (or in (54)) sufficiently large so that ®p_, 4 is
close enough to the indicator function (55) (in pratice, interesting dynamical features already appears
for B &~ 10). With these parameters, the phase transition described in Section 6.1 simply boils down
to R > pg or R < pg. The corresponding simulations are displayed in Figures 5 and 6 below, made
for the choice of (53) with 8 = 1000 and R = 1: for ugy = 0.99, observe numerically in Figure 5
that Ug is trivial (Assumption 3.9 is true) and therefore Theorem 3.10 applies: we have convergence
of (A4, \B). On the contrary, for us = 1.01, Uy is no longer reduced to (£,¢) (Assumption 3.9 is not
valid) and oscillations appear (Figure 6). Being close the bifurcation point 6 = 1, we interpret the
random excursions of ()\ﬁ, )\ﬁ) away from their theoretical curves observed in Figures 5b and 6b as
effects of finite V. The influence of the finite size effects on the longtime dynamics is an interesting
question that is beyond the scope of the present paper and will the object of a future work. Note that
these oscillations are all the more effective when p4 gets larger, see Figure 7. This phase transition
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(a) Verifying the hypotheses of Theorem 3.10: represen- (b) Trajectories of the mean-field (A%, \®) and their micro-
tation of ® (in blue) and ®~* (in red) on the interval scopic counterparts (A4, A%).

(0,¢). We see here that ® < ®~! so that, by (44), Us is

trivial so that Assumption 3.9 is true. Here k1 < 1 and

(34) is trivial.

Figure 5: The case ®p_a given by (53), with R = 1, B = 1000, h; = 1jg,), @ = 0.8, K1 = k2 = K3 = K4 = 0.5 and
e = 0. Here we take pa = 0.99. The conclusions of Theorem 3.10 hold in this case (Figure 5a) and we have convergence
of the intensities as ¢ — oo (Figure 5b).

does not intrinsically depend on the specific choice of the sigmoid kernel ®5_, 4. Replacing (53) by (54)
leads to similar patterns, even for smaller values of 3, see Figure 8. However the precision of the phase
transition around p§ := R degrades as 3 is not too large.

6.2.2. The role of memory kernels in oscillations
The point we want to raise here is the importance of the choice of the memory kernels h; in the
emergence of oscillations. Previous simulations were made with compactly supported h; = 1jg g,

.

Several other choices for the h; can be made, such as e.g. exponential h;(u) = e % or Erlang kernels
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(a) Representation of ® (in blue) and ® ! (in red) on (b) Trajectories of the mean-field (\*, \®) and their micro-
the interval (0,¢). We see here that Us is nontrivial —scopic counterparts (A%, A%).
(recall (45)): Assumption 3.9 no longer holds.

Figure 6: The case ®pa given by (53), with R = 1, 8 = 1000, h; = 1jg,, @ = 0.8, K1 = K2 = K3 = K4 = 0.5 and
pue = 0. Here we take pa = 1.01. Assumption 3.9 is no longer valid (Figure 6a) and we observe oscillations (Figure 6b).

hi(u) = e %% [27]. This last choice of exponential kernels has the nice ability to transform the
convolution equation governing the mean-field intensity )\( ) of a single population of Hawkes processes

into an ODE governing the mean activity X (t) = fo T A\(s)ds (see e.g. [27] for further details).
The same procedure can be applied here: set h;(u) =e %,i=1,...,4 and write X1 () := « fo hi(t —
s)A(s)ds, Xa(t) := (1—a fo ha(t—s)A\B(s)ds, X3(t fozfo ha(t— s)/\A(s)ds Xy(t) = (1 a fo ha(t—
5)AB(s)ds, one easﬂy sees that the vector (X1, Xa, X3, X4) solves the system of coupled ODEs

4xi(t) = ——X () + o (pa+ X1(t) P (Xa(t)
LXo(t) =L Xo(t) + (1 — a) (up + Xs(t) + Xu(t)), (59)
X)) = ——X () + o (pa+ Xi(t) ®pa (Xa(1)),
$Xa(t) = —gXa(t) + (1 — ) (up + X3(t) + Xa(t)).

Nonetheless, no oscillations have been numerically observed for (59): for the same set of parameters,
limit cycles that are present in the compact case h; = 1jg¢,] disappear with exponential kernels, replaced
by damped oscillations. To be more precise, oscillations disappear whenever both hs and hgz are
exponential. We interpret this situation as follows: for the intuition described in Section 6.1 to work,
it is necessary for population B that it forgets rapidly the influence of population A or that inhibition
of B onto A has finite memory, that is one among ho or hs has compact support. Concerning hg,
the influence of population A onto B is made through X3 = oefot hs(t — s)A*(s)ds which consists in
integrating on the whole history of population A. Therefore, if hs has infinite support, X3 conserves
the influence of nontrivial activity of A for arbitrary long times and even if the activity of A may
sometimes vanish, it may not be sufficient for a significant decrease in the feedback from A to B. The
same argument applies for ho: if he has long memory, Xo keeps the trace of periods when activity of
B was significant, therefore Xs cannot go back to its initial state where up ~ 0.
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Figure 7: Trajectories of the mean-field (A\*, A\¥) and their microscopic counterparts (Aa, \%), when ®5_, 4 is given by

(63), with R =1, 8 = 1000, h; = 1[g,6,], & = 0.8, kK1 = K2 = k3 = Kka = 0.5, pia = 3 and up = 0, on [0,T] with T = 30.

7. Proofs of well-posedness results and propagation of chaos

We prove here the results of Section 2.1.

7.1. Well-posedness of the particle system
We prove Proposition 2.7. Similarly to the proof of Proposition 2.1 [21], we proceed by an inductive

.....

Initialization. Define A} := F(0,0) if 1 <i < N4 and A} := G(0,0), if Nga+1<i < N and

U1(i) :=inf{u>0, / / Wi(dS,dZ)>0}v i=1...,N
(0,u] J(0,A8]

U, .= mln(Ul(l)J:l,,N) (60)

as well as

Each Ul(j’) for i = 1,..., N, is the first atom of an homogeneous Poisson process with parameter Aj.
Hence, almost surely, Ul(l) and thus Uj is strictly positive and finite. Moreover, by independence of
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Figure 8: Trajectories of the mean-field (A\*, A\¥) and their microscopic counterparts (Aa, \%), when ®5_, 4 is given by
(54), with R =1, 8 =10, hi = 1j9,9,;, ® = 0.8, K1 = 0.5, ke = 1, k3 = 0.1, ka = 1.0, pa = 25 and pup = 0, on [0, T] with
T = 50.

the Poisson point processes <(7Ti)i:1,...,N>7 the variables Ul(i),i =1,..., N are almost surely distinct so

that '
I = {ie{L...,N},Ul(”:Ul} (61)

is almost surely defined without ambiguity. Since any solution to (6) has constant intensities F(0,0)
and G(0,0) until the first atom, the above construction yields that U; given by (60) is necessarily the
first atom of (Zti)i=1,...,N and that it concerns the process Z° for i = I.

Recursion. Suppose we have constructed 0 < Uy < ... < Uy and (I1,...,Ix) € {1,... ,N}k such that
on the event {Uy, < o0}, 0 < Uy < ... < Uy are the k first atoms of the aggregated process

N
Z=Y 7' (62)
=1
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and for all j =1,...,k, I; is the index in {1,..., N} responsible for the jth atom. Let

ZXC) = E 5Uj and ch) = g 5UJ.
j=1,...k, j=1,...k,
I;e{1,..,Na} L;e{Na+1,.,N}

be the point measures corresponding to atoms which concern population A and B respectively. Define

1

1
A = F 7/ hi(t — s)dz® —
o (N (0,Ug] 1 : AN (0,Ug]

AB@t) =G l/ hg(tfs)dzg’fi,i ha(t — $)dZ)
N Jou N Jou

ha(t — s)dzg?s> ,

as well as

Ulgi)-l :—inf{u>0, / / 71'2‘(ds7dz)>0}7 1=1,...,Ny,
(Ussu] J (0,A8(s)]

Ulg?_lz—inf{u>0,/ / 7r,;(ds7dz)>0},i—NA+1,...,N
(U,u] J(0,AF ()]

Define finally Uy := min (U,Efgl,i =1,.. .,N) . For € > 0, denote by

{(s,2),s € (U, Uy, + €], z € (0,A(s)]},
RE .= {(s,2),5 € (U, Up +¢], z € (O,Af(s)]}

Foralli =1,..., N4, conditionally on Fy;,, m;(RZ) follows a Poisson law with parameter fé]:JrE A (t)de,
so that
Ug+e
P (m(R&) <) =E (P (/ AL (t)dt < oo|ka>> :
Uy

Then, using (9) and Fubini Theorem

Up+e A P (:F
[ At < cfe + Sl + Il & < o
Uy N

Hence, almost surely for all i = 1,..., Na, m(R2) < oo and the same reasoning applies to m;(RP)
for all i = Ny +1,...,N. This gives that almost surely for all ¢ = 1,..., N, U,EQI > Uy and thus

Uk+1 > Ug. Again by independence of the (m;)i=1,.n, the Ulﬁl,z’ =1,...,N are all distinct and

Iy = {z e{l,...,N}, U,ii)_l = Uk+1} is uniquely defined. By definition (6), the above construction
yields that Ugy; is necessarily the kth atom of (Zf)izlw’N and that it concerns the process Z* for

i = Ip+1. This completes the proof of the existence of a pathwise unique Hawkes process as defined in
(6). We now establish absence of explosion of this process.
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Stochastic domination. Introduce the following linear processes:

lhn / / b 11n7TL d5 dz) 1= 17 . 4,/N, (63)

where (recall (9))

Na s
i i Alin ._ F [ 1 L j i i i
Aptin = pAldin = 1 L E / |hi(s —w)|dZH" E / |ho(s —w)[dZ3"™ | +¢f', 1<i< Ng,
X 0
=1 J NA+1

Z / \ha(s —u)|dZ3 | 4 ¢, Na+1<i<N.
]NA+1

Na s
ilin _ \Blin ._ .G | 1 . jdin
A = A0 = | % E / |hs(s — u)|dZ);
j=1"0

(64)
_y... such that SNE [supte[o 7) zZ0 hn} < o0

for all T' > 0 is a direct consequence of well-known existing results (see e.g. [24]).
We prove here that the point processes Z¢,i = 1,..., N are stochastically dominated by Z»i* i =
., N given in (63). More precisely, we show that for all i = 1,..., N, each atom of Z? is also an
atom of Z"". We proceed by recursion: we claim that (recall (7))

)\24 < )\f,lin’ .
)\tB < )\tB,hn7

Existence and pathwise uniqueness of a process (Z%1™),

€ (0,U1]. (65)

Indeed, by construction of Z%,i = 1,..., N, there are no atoms before U; so that, for ¢t € (0,U),
M = F(0,0) <l < )\?’lin and AB = G(0,0) < ¢§ < AP'™ Suppose that I; € {1,...,Ns} (recall the
definition of I; in (61)), the other case I € {N4 + 1,..., N} is treated similarly. By definition of Uy,
there exists an atom (Uj, z) of 7wy, with 0 < z < )\61 so that by (65), 0 < z < )\A im0 that by (63), Uh
is also an atom of Z}".

Suppose now that Uy, ..., Uy (which are by definition atoms of Zj,, ..., Zy, respectively) are also
atoms of Z}iln, cee Z}ik“. In particular, for ¢ € [Uy, Ugy1), recalling

" 1 g in
A =AM < oF N/ |ha(t — 5)ldZ4) + N |ha(t — 5)[AZf) b + b < AM™,
(0,Uk] (0,Uk]

where we used (9) and the fact that the number of atoms among Uy, ..., Uy that concern population
A (resp. B) is the same for both processes (Zi)i=1,_‘_7N and (Zi7li“)i=17,_.,N. The same reasoning proves
that AP < )\tB’hn for ¢t € [Ug, Up41). Hence, this proves again that Ugyq (which is an atom of Z7, ) is
also an atom of Z}i;+17 which proves the claim.

i,lin . .
is a.s. not explosive

Absence of explosion. A direct consequence of the previous claim is that since Z,
for each i, so is Z}.
Uniqueness of a trajectory follows from the inductive procedure. This concludes the proof of Propo-

sition 2.7.

7.2. Proof of well-posedness of the mean-field limit
We prove here Proposition 2.8.
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7.2.1. Well-posedness of (18)

Consider first the dynamics of the mean-value (m;i', mf) given by (18). Let us begin with an a
priori estimate: for any solution (m, mpg) that is C! on [0, T] (if it exists), such a solution satisfies, for
A= (i), A = (m),

M =F(aff bt —wXidu, (1 - a) [y ho(t —u)ABdu)

AP =G (afyhs(t —u)Aidu, (1 — @) [5 ha(t — u)AEdu) .

U

In particular A4 >0 and AB > 0 for all uw € [0,T]. Using (9), we obtain that, for ¢ € [0, 7]
¢ ¢
M<dd el {a/ by (t — )| Ao + (1 — a)/ |ha(t — ’U)\)\fdv} )
0 0
Y A t t
MB <S4 f {a/ hs(t —v)[AMdv + (1 — a)/ |ha(t — v)|)\Ude}.
0 0
By summation, we obtain, for A(t) := A\{* + AP, that for some constant C' > 0 (recall the definition of

H in (8)),
Aty <C <1 + /Ot H(t— v)A(v)dv) . (66)

An application of [24], Lemma 23 (i) leads to the following a priori bound: there exists of a constant
Cy > 0, depending on T, F, G and H such that

sup (A AP} = sup {(m) + (mP)'} < Co. (67)
t€(0,7) 1[0,

We now turn to the proof of uniqueness of a solution to (18): consider two solutions (ma,mp)
and (mA, mP). Set (va(t),vp(t)) := (fg |d(mit — mg) ,fot |d(mZ — ﬁlf)‘) and v(t) := va(t) + vp(t).
Then,

oatt) = [Naed =) < [ | (a [“mtu—viamd 0= a) [ hatu - vam?)
_F (a /0 B (i — v)dmA, (1 - a) /0 ot — v)dm5> du
F <a /Ou ha(u — v)dmA, (1 - a) /Ou o — v)dmf)
_F (a /Ou B (1 — v)diA, (1 — @) /Ou o — v)dm5> du
Using (10) and (11), we obtain

0alt) < (1-a) /0 (et [ I = opjam +F ) '/0 hau — v)(dm? — dE)

t
—‘,—(T:I;Oé/
0

+/
0

du

du.

/Ou hi(u — v)(dm? — dm)
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Using here the uniform bound (67) to control the first term above, we obtain

t t
va(t) < (1 — @) ((f aCo ||y r + (:g) / [ho(t — u)|vg(uw)du + (tga/ [hi(t — u)|va(u)du.  (68)
0 0
Similarly, we obtain
, ot "t
() < (1= ) (acGCollhsllir + ) / Iha(t — u)|os(u)du + acg / hs(t — w)|op(u)du.  (69)
0 0
Gathering (68) and (69) and applying Gronwall’s inequality (recall [24], Lemma 23, (i)) gives uniqueness
of a solution to (18).
We now turn to the existence part. We follow here closely the argument of [24], Lemmas 23 and 24:

consider the sequence (m%, m%) = (0,0) and for n > 0,

mn = fOtF o [ hi(s — w)ydmiy™, (1 - a) o ha(s — w)dmb™)ds,

mf’"ﬂ = fot G afos hs(s — u)dmf’n, (1—-a) fos ha(s — u)dmf’n ds,
Using (9) we obtain that
¢ ¢
mf’"“ <t {a/o |hy (t — u)|mZndu + (1 — a)/o |ho(t — /u,)mf’"du} ,
t t
mf’nﬂ <S4+ & {a/o \hs(t —w)|mndu + (1 — a)/o |ha(t — ’u)mf’”du} ,
so that M™(t) := mf’" + mf’n satisfies, for some constant C' > 0
t
M"(t) < Ct + C/ H(t — u)M™(u)du.
0

Applying [24], Lemma 23, (iii), we obtain that sup,cp 71 sup,>o M"(t) is bounded by some constant
C > 0. Using this uniform estimate and the hypotheses on F' and G gives, in a similar way to the

e

uniqueness part, that for 6} := fot ’d(m{?’n+1 — mf’n)

t
ot <o / H(t —u)d"du. (70)
0

By [24], Lemma 23, (i), this gives that }_, -, d;" < oo, which implies the existence of a locally bounded
+ fot d(mB —mE™)| = 0. This provides

existence of a solution to (18). It remains to check that it is C'. We easily see that (m%,mp) is cl,

trajectory (mf',mP) such that lim, o fg ‘d(m;j‘ — mim)

by induction, with a bound on sup,¢jo 1) ’(mf,n)/

+ ‘(mf Y ‘ that is uniform in n. Using this uniform

bound and the properties of F and G, we directly see that ((m*™)’, (mP™)") is Cauchy for the uniform
convergence on [0, 7], which gives the desired conclusion.
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7.2.2. Well-posedness of the mean-field process

Now turn to the mean-field limit (16)-(17). Suppose that such a process (Z/, ZP) exists. Then,
taking expectation in (16)-(17), we see that (E(Z{'), E(ZP)) solves (18) and is thus uniquely defined,
by Proposition 2.8. Hence, any solution to (16)-(17) solves necessarily

7 A
Zt - fO fO z<F fs hi(s—uw)dmd,(1—-a) 5 hg(s—u)dmg)ﬂA(ds’ dz)’
— 5 0 0 (71)
Zt - fO fO zéG(a Jo ha(s—u)dm,(1—a) [5 h4(57u)dm51u)ﬂ—B(d8’dz)’
which gives uniqueness. Concerning existence, consider the solution (Z, ZP) to (71). Then (E(Z{), E(ZP))

verifies ~ t
E (ZtA) = Jo F(afyhi(s— u)dmu, fo ha(s — u)dmE)ds,
E(ZP) = fot {G (o f; hs(s — u)dm, @) [y ha(s —u)dmf)} ds,
so that (E(Z/),E(ZP)) = (m{*, mP) since (mA,mB) solves (18). This gives existence and Proposi-

tion 2.8 is proven.

7.8. Proof of propagation of chaos
We prove here Proposition 2.9. Denote by

t~ ) 1 t—
Z / ha(t —w)dZ, AGP = 5 / ho(t — w)dZ!
NG Na+1<j<n 70
v BA 1 i j
DY / h(t — w)dZ) AEY = 1 / ha(t — w)dZi,
1<]<NA Na+1<G<N 70

so that (6) becomes
Zz’ = fot fooo 12<F(A(A11) A(ng))’fri(d87 dZ), 1 < 7 < NA,
X n,s AN s

) : .
Z; = fO fooo 12<G<A§\}4);3)7A(]\J]3,;4))7T7:(d57dz), Nyp+1<i<N.

Denote also by
t

t
A = [ - waE(z)), AP = (1= a) [ (e - wiB (20),
0 0
¢ t
AU ::a/ hs(t — u)dE (Z2) | APY = (1 fa)/ ha(t — u)dE (Z7) ,
0 0

so that the limiting system (16)-(17) becomes

ZiA = fO f() Z<F(AA1)7AgB,2))7TA(dS,dZ),
P = fo fo z<G( A 3)71\23,4))7TB(ds7 dz).
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onwetheri=1,... , Nqaori= Ny+1,...,N. Foralli =1,.. NdenotebyAl fo |d ZZ Zfl)
the total variation distance between processes Z' and Z° and §4(t) = E [A’ ( )]. Note that by
exchangeability within populations A and B respectively, one has &% (t) := da(t) for i = 1,..., Ny
(vesp. & (t) := 0% (t) fori = Na+1,..., N). The point below is to control §x (t) := max (54 (¢ ) 5!3 (t))
Firstly, for i =1,..., Na:

Aly(t) = /Ot /OOO L p (A8 AED) T Lagr (At a2) mi(ds,dz)
so that
S (1) < / [P (AL AL = F (A0, A87)|] as (72)
+ /0 E (|7 (A0 A87) - F (A0, 452 ] ds. (73)

Using (10) in (72) and (11) in (73), we obtain

sA) < o /OtE HA%}’;) ngA»l)H ds+/0t (A + ) E HAgffLAgB»Z)H ds.  (74)

Concentrate on the first term in the sum above: one has

/ Ak A(Al)HdS</ Z / hi(s — u)(dZ) — dZ3)|| ds

1<]<NA
t
+/ E Z / hi( s—u)dZJ—a/ hi(s —u)dE(ZD)|| ds,
0 1<j<N4y 0

so that, for X;( f() hi(s )dZZ7

/OtEHA(Al (A1 ds<—/ \hy (t — u)| 0 (u )du—i—/OtE % Z (Xi(s) —E[X;(s)])|| ds

1<j<N4

// |hi(s —w)| dE(Z2)ds,

(75)

y_i

where for the first bound in (75), we used the integration by parts formula ](; f;i |h1(s —u)| dAN,ds =
jg |hi(t — s)| Ansds (see Lemma 22 in [24]) as well as exchangeability within population A. For the
second bound, X;(s), 7 = 1,...,N4 is a collection of i.i.d. random variables, with Var [X;(s)] =
fos hi(s —u)?M\Adu, so that the Cauchy-Schwarz inequality leads to

/OtE % S (X5(5) —E[X;(s)])| | ds < A/ (/ B (s — ) AAdu> ds,

1<j<Na

1
vallhl, t]A42

< >

- \/N 7
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using % < a. With similar arguments, since Ny = |aN], the last term in (75) is of order + and
Ao

\/N

t t Ci(?)
E A(A,l)_AgA,l) d5</ B (t — )63 (u)du + — )
/0 [Ja: Jas < [ it = wlodudu +

for Ci(t) :=t H)\AHit (\/a||h1||2 + ||)\A|’i,t ||h1\|1). Note secondly that

Alhally

anyway bounded by . We obtain finally that

t
A <a [ i - )b < a W bl < e MY o= ot
i , ,

Hence, proceeding similarly, we have

" AAD F AB2) _AB2]] g5 < (L F t} §B(u)d Cs(t)
(1A ) B [JARD AP ds < (el Cot) + ) | | halt — iR (w)du+ :

VN
1
where C3(t) ==t H/\BH (\/1 — a||hally + H)‘BH;J& HhQHl). Collecting everything into (74), we obtain
S (t) < Cult / (it — w)] + [ha(t — )]} () + S
VN’
where Cy(t) := ¢} + cd Co(t) + cf" and C5(t) := L C1(t) + (ch Ca(t) + ¢£)C3(t). We now turn to the
similar treatment of i = N4 4+ 1,..., N: proceeding in the same way as before, we obtain
Cr(t)
o&(t) < Cs( / hs(t —w)| + |ha(t —u)|} o du + —=—
V() < Cs(t) | {lhs(t —u)| + [ha(t — u)|} on (u) Wik
for the constants Cg(t) := ¢§ + c§Ca(t) + & and Cr(t) := §C1(t) + ( 52( t) + cr GO (t) with Cy (t) ==
1 1 ~ 1
A, (sl + e VA2, sl ), Calt) = ollXA o and Ca(e) i= VB2, (Ially + ca |22, WAl )-

This gives finally that, for S := S0, |hi

max(Cs(t), C7(t))
\/N )

Observing that A% (t) > sup Zi — Z!| and applying Lemma 23 of [24] gives that
N u€el0,t] |1 “u u

¢
On(t) < max(Cy(t), 06(75))/0 St —w)dn(u)du +

<O (76)

sup ’Zt ’ SN

u€l0,t]

sup E
i=1,...,.N

Suppose additionally that ||\ || < 00 and [|AP||e < 00. We see from the above calculations that in the
case the parameters satisfy max ({cf + cf'ry H)\AHOO + b} (k14 k2) , {5 + T rslIAY oo + 5} (k3 + K4)) <

1, one obtains the following linear bound sup;_; _y E {SUPue[o,t] |Zi - Zg” < % for some C indepen-

dent of ¢. This concludes the proof of Proposition 2.9.
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8. Proofs for the longtime dynamics

We prove here the results of Section 3. Recall that we consider the system (22) under Assump-
tion 3.1. Recall notations (26). For t > 0, introduce us(t) := supgs; A2, up(t) = sup,s, A2,
va(t) == infes; AD and vp(t) := infesy AB. Both ¢ — ua(t) and t +— up(t) (resp. t +— va(t) and
t — vp(t)) are non-increasing (resp. non-decreasing), and we have that w4 (¢) = la, up(t) P (g,

va(t) P L4 and vp(t) == lg.

8.1. Some a priori estimates and first proofs
8.1.1. General estimates

Remark 8.1. We state a bound that is constantly used in the following: for any kernel h > 0 and
function X > 0, for v(s) := infy,>5 AM(u) and any s > 0,

s s s/2
/0 h(s — u)Au)du > v(s/2) / s —udu = v(s/2) /0 h(u)du.

A first a priori estimate is given by Proposition 8.2:

Proposition 8.2. Consider Model (22) under Assumption 3.1. Then, the following inequalities on
La, Ly, g € [0,+00] are true:

lp > Pasp (Laks), (77)
lp < ®p(0) + ||®gll, lpks + Pasp (Laks) . (78)

Moreover, in the particular case of the Model (23) (recall (13)), we have

L > pup+Lpka+ Pasp (Lyks), (79)
Ly > (pa+k1ly) Ppa (Cpka) . (80)

Remark 8.3. Note that in the case {g = 400, (78) is trivial. When fg = 400, (80) has to be
understood as the trivial inequality £, > 0, whatever the value of £, € [0,+00] (see the end of the proof
below).

Proof of Proposition 8.2. First we prove (77): since ®p > 0 and ®4_,p is nondecreasing, using Re-
mark 8.1 for hg and A4, s > 0, it holds

M >ad,.,p (owA(s/2) /8/2 hg(u)du> .
0

Taking lim infs_,» on both sides gives (77). The treatment of (79) in the linear case (13) is similar: it
suffices to take liminf,_, in the following inequality: for s > 0,

s/2 s/2
A > g+ (1= a)op(s/2) /0 ha(u)du + ® 45 (owA(s/2) /O hg(u)du) .
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We now turn to (78): by Lipschitz-continuity of ®p and the fact that ® 4,5 is nondecreasing, for all
s>t >0, it holds

A < B5(0) + |05, {(1 _ a)/o ha(s — w)\Bdu + (1 — a)up(?) /Os_ h4(u)du}

t s—t
+P4s,B <a/ hs(s — u) N du + auA(t)/ hg(u)du) .
0 0

Using now that hs(u), ha(u) — 0 and that the continuous functions A4 and Ag are bounded on
U o0
[0,¢], the dominated convergence theorem implies that for fixed ¢ > 0, fot ha(s — w)ABdu —— 0 and
S5—00

fot hs(s — u)A\idu —= 0 Taking limsup,_,., with ¢ fixed yields

I < @p(0)+ ||1®a|, kaup(t) + Passp (K3ua(l)) . (81)

Taking ¢ — oo gives (78). Concerning (80), Remark 8.1 and ®p_, 4 is non-increasing give for s > t,

A > (#A +ava (g) /:/2 hl(“)d“> Ppa ((1 —a) {/; ha(s — w)AL du + up(t) /:_t hz(u)du}> - (82)

Since s + AP is continuous, it is bounded on each [0,¢] for all ¢ > 0, we get that up(t) = +oo for
some ¢ > 0 is equivalent to up(t) = +oo for all ¢ > 0, itself equivalent to £ = +o0. In this case, (82)
reduces to A2 > 0 and taking limsup,_,.. gives (80) in this case. Otherwise, proceeding as above, we
see that for fixed t > 0, fot ha(s — u)ABdu - 0. Taking liminfs o, with ¢ fixed and then ¢ — oo in

the previous inequality leads to (80). O
Consider the following constraint (which reduces exactly to (34) in the linear Model (23))

r1]|Pall, Proa (pra) < 1. (83)

Proposition 8.4. Consider Model (22) under Assumption 8.1 and suppose (83). Then, it holds that

DA(0)Pp_a (k2lp)

ly < : 84
T [0l P () e
In particular 0 < £, < 04 < oo implying that population A is subcritical.
Now restrict to Model (23): Inequality (84) becomes, for the function ¥ given in (28),
la <y (Lg), (85)
and we have B
Ly >V (Ip). (86)

Proof of Proposition 8.4. We first claim that, under the present hypotheses,

ua(t) < oo, t>0. (87)
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Indeed, recall that ua(t) := supg>, A4 and (with a slight abuse of notations) denote for t < t', ua(t,t') =
SUP4e(t,1/) M < 0o. Then, for t < s < ¢/, using Remark 8.1, the fact that ®4 is Lipschitz continuous,
®p_, 4 is non-increasing and z — vp(z fo ha(u)du is non-decreasing, gives

A< (@A(0)+a|¢A|L{HAAHOO’t/O hl(s—u)du—i—u,q(t,t’)/t hl(s—u)du}>

< Bpa ((1 ~ a)vg (;) /02 hg(u)du> ,

< (®4(0) + e @ ally {[N o, 1l + walt,#) [l }) @5 ((1 —a)up G) /0

Recalling the definition of 1 in (24)

rolo

hg(u)du) .

ua(t,t') < (@A(o) + 1 |@all, {H)\AHM + uA(t,t’)}) Bpa ((1 — a)up (;) /O h2(u)du> . (88)

Since ®p_,4((1 — a)vp(}) fo ha(u)du) = ®p_, 4 (Lgka), there exists, by (83), some t,, such that

for ¢ > t., k1 [|®all}, q)B%A((]- -« ’UB( fo ha(u ) < 1. Thus, we deduce from (88) that, for ¢t > ¢,

(40 + |@all, |yAA||oo¢m) Bpsa ((1 — o) (L) fi? hg(u)du>

UA(tat/) <
1— k1 |®A||L(I>BﬁA( 1—a)up (%) du)
)

Letting now ¢’ — oo in the previous inequality yields that u4(t) < oo for all ¢ > t.. Noting that for
t €[0,t], ua(t) < max (H)\AHOOt ,uA(t*))7 this proves Claim (87).

We now turn to the proof of (84). Using again Remark 8.1 and the fact that ® 4 is Lipschitz and
®p_, 4 is non-increasing, we obtain that for all s > ¢ > 0,

M < (<I>A(O) 4 ®all, {a/ot I (s — wAAdu + awa(t) /0” hl(u)du})

s/2
X Bpa ((1 ~a)us(s/2) /0 h2<u>du> . (89)

The dominated convergence theorem and hj(u) —— 0 gives fot hi(s — u)A2du —— 0 for any fixed
uU— 00 §—00

t > 0. Taking limsup,_,, in (89) (for fixed ¢), we obtain, la < (®4(0) + [|®all; K1ua(t) Ppya (Lgka).
This together with (87) proves in particular that £4 < co. Taking finally ¢ — oo, we obtain,

Oy < (®A0) + k1 [|Pall, 0a) Pooa (Lpka). (90)
Using (83) in (90) yields (84). In the case of Model (23) (where || @4, = 1), (85) is a straightforward

consequence of (84). Turning now to the proof of (86), using hypothesis (83) together with lp > g,
we obtain that kK1 ®Pp_ 4 (53112) < 1, which leads to (86), using (80). O

Based on the previous a priori estimates, we can first prove the convergence theorems in the not
fully coupled cases: the proof of the easy Proposition 3.2 being an immediate consequence of [24],
Th. 10 and 11, we do not give its proof here (and anyway, its proof may be easily adapted from the
arguments that follow below, so we leave the details to the reader).
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8.1.2. The case k3 > 0 and k3 = 0.

We prove here Proposition 3.3. As k3 = 0, the dynamics of B reduces to a single Hawkes dynamics
independent from A. Therefore, the longtime asymptotics of AP depending on the dichotomy x4 < 1
or kg4 > 1 can easily be retrieved from (78) and (79), since ®4_,5(-k4) = 0 here (see also [24], Th. 10
and 11).

If k4 < 1, we have that {5 = {p = 1&%. Here, the condition k1 ®p_ (’”“B

1—kKg

) < 1 precisely boils
down to (83). Therefore, the results of Proposition 8.4 are valid: population A is subcritical and, by
(85) and (86), we obtain that A\{! = vy (1‘3;4), the desired result.

—00

Now turn to the case k1®Pp_a (“2”3) > 1: this together with (80) imply £4 > %‘ + ply, with

1—kq

K4

p:=r1Ppa (’fi“B) > 1. Since pa > 0 and £4 > ply , the only possibility is £, = 400, which gives
that \f! —— +oo.
t—o0
Consider now the case k4 > 1 and up > 0. Then, )\tB t—> +00, as lim o Pp_,4 = 0, condition (83)
—00
is verified and one obtains from (85) (recall that lim ., ¥; = 0) that £4 = 0, which gives \{ P 0.
—00

Proposition 3.3 is proven.

8.1.8. The case ko =0 and k3 > 0

We prove Proposition 3.5. The dynamics of population A follows a standard Hawkes dynamics,
isolated from population B. Each estimate concerning A\{* as t — oo hence follows from e.g. [24]. If
k1 < 1,it holds )\;4 == “Al. Suppose 4 < 1, the convergence result of \? as ¢ — oo is a direct

1-k
application of (78) and (79) using that ||®p||r = 1. The case k4 > 1 follows also from (79): we have
g > pp+ kalp which gives that {5 = 400 since k4 > 1 and pp > 0. In the case k1 > 1, /\;4 t—) 400
—00
and one obtains from (77) that £z = +o0, since k3 > 0 and lim; P45 = +00. Proposition 3.5 is
proven.

8.2. Proofs in the fully-coupled case korg > 0
We prove here the results of Section 3.3.

8.2.1. Proofs of auxiliary results

Proof of the general subcriticality result (Theorem 3.6):. Proceed by contradiction and suppose that

Ly = +oo. Since k3 > 0 and ®4_,p(x) —— 400 by Assumption 3.1, one deduces from (77) that
T—00

lp = +00. As kg > 0 and Pp_,4(x) —— 0, then inequality (83) is verified. Hence, the conclusions of
Tr—00

Proposition 8.4 hold and 0 < £, < {4 < oo which leads to a contradiction. In the case where )\tB t—>
—00

+00, (83) holds and point 2. is an immediate consequence of (84) and the fact that ®p_, 4(z) —— 0.
r—00

The case population B is supercritical (Proposition 3.7):. We use here (79): since ®4_,p > 0, we obtain
from this inequality that both £z > up and £ > kylp. Since pup > 0, £z > 0 and since k4 > 1, the
only possibility is that £z = 400, which gives the first part of the result. The second part is a direct
consequence of Theorem 3.6.

8.2.2. Proof of the main convergence result (Theorem 3.10)
Recall that we concentrate now on Model (23) (recall (13)), satisfying Assumption 3.1, ko > 0 and
kg > 0, in case population B is subcritical (i.e. k4 < 1). We divide the proof into several steps.
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Subcriticality of population B and a priori estimates (item 1). Ast— )\tB is continuous it is bounded
on any compact interval, it suffices to prove that {p < co. Proceeding in a way similar to the proof of
Proposition 8.4, we define for t < ¢, up(t,t') = sup e ¢ AB. Then, for t < s <, it holds that

N < i NP, + maum () + @an (s [N, + rsua(®))
As before, using k4 < 1, making ¢’ — oo and using (87), we obtain
up(t) < oo, t>0. (91)

We deduce immediately from (91) and (81) that /5 < co. Let us now prove the a priori bound £z >
1’:’}’;3. If {5 = 400, it is trivially verified and if £5 < 400, one obtains from (79) that {5 > up + £gka
which gives the result.

Let us prove now that £ € Z,, ., (recall the definition of Z,, ., in (27)). Indeed, recall that,
under the present hypotheses, £4 < oo (Theorem 3.6). Recall now the a priori bound (80): £, >
(1A + k1ly) Ppsa (ZB@) so that £, (1 — k1P _a (ZB@)) > puak1®Ppa (ZB@) > 0. There are two
possibilities: either £, > 0 and the previous inequality gives k1 ®Pp_, 4 (ZB@) < 1, since p 4 > 0; either
£, =0 in such a case k1®Pp_a (ZBHQ) =0, since uyg > 0 and {p € Ty, 1y holds trivially. Hence (33) is
true.

Convergence of Ay implies convergence of Ag (Item 2). Since ®p(0) = pp and | ®p||, = 1, (78) and
(79) read here

lp < Wy (la) and L5 > Wy (ly). (92)
Item 2. of Theorem 3.10 follows immediately.

Item 3. of Theorem 3.10. Suppose here (34) (which is equivalent to (83) in the context of system (23)).
Let us first prove (36), that is (£5,fp) € Up (recall the definition of ® in (30) and of Up in (32)).
Indeed, the conclusions of Proposition 8.4 hold and applying the nondrecreasing function ¥y (recall its
definition in (29)) to (85) and (86) and combining with (92) gives that

(I)(EB) < /g and EB < q)(ﬁB). (93)

It remains to prove that £z < ¢ < fp. First, suppose that £z > £: since ® is nondecreasing, we
obtain ®(£z) < ®(¢) = £ so that ¢ < £z < fp < ® (L) < ¢ which gives that £z = fp = £. In a
same way, if {p < (£, then ® ({p) > ¢ so that (93) gives again ¢ < ®({p) < {5 < {p < { so that
Ly = lp = (. Hence, in any case, £z < £ < (g is always true. This means exactly (36). If now we
suppose Assumption 3.9, we obtain that £z = 5 = £ and hence the convergence of AP as t — oo to
the unique fixed-point £ of ®. The fact that 0 < £, < £4 < oo follows from Proposition 8.4 and the
convergence of \{ = £4 =T (¢p) from (85) and (86). This gives the implication (a) = (b) of item

3. Conversely, if we suppose now that AP has a finite limit as ¢ — oo, then £z = £ and, by (33), (34)
is true. This completes the proof of Theorem 3.10.

8.3. About Example 2.6

A natural question is wether it would be possible to derive a similar analysis for the longtime
dynamics of the model with self-inhibition in Example 2.6: one nice thing about Example 2.5-(13) is
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the dynamics of A? in (23) is linear and increasing in both activities of A and B. In particular, one
is able to derive through (78) (resp. (79)) a closed formula involving only two variables (¢4, £p) (resp.
(£4,2Lp)). Following similar arguments, one obtains in Example 2.6

lp > (B + k3ly) Ppop (kalp)
B < (1B + r3la) Ppp (kalp)

that is only formulas involving (£4, €5, £5) or (£4,£g,(R), so that deriving a proper algebraic framework
ensuring that £z = ¢p appears to require more involved arguments.
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