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ABSTRACT

Squeal noise of rail-bound vehicles emitted in tight

curves is characterized by high sound pressure levels at

pure medium and high frequencies. The models used to

simulate the vibrations that cause this noise differ in par-

ticular in terms of the instability mechanisms considered:

negative damping introduced into the system due to the de-

crease in the friction coefficient with the sliding speed or

instability with a constant friction coefficient. The objec-

tive of the paper is to contribute to the understanding of

the instability mechanisms in the case of a constant fric-

tion coefficient. A stability analysis of the wheel/rail con-

tact in curve is performed by using a point contact model

combined with wheel and rail modal bases. Results show

that even with an assumption of a constant Coulomb fric-

tion coefficient, instabilities can indeed occur due to the

coupling between normal and tangential dynamics in the

wheel/rail system. This coupling can involve two wheel

modes, or only one when rail dynamics is included. The

vertical dynamics of the rail then play an important role in

the occurrence of the instability.

1. INTRODUCTION

Curve squeal is a noise often emitted when a railway ve-

hicle (subway, tramway) come into a tight curve. This

noise is charaterized by a strong sound pressure which can

reach 110 dB at 7.5 m from the track center in the range

of 0 − 10000 Hz [1]. The measurements described by

Rudd [2], Vincent et al. [3], Koch et .al [4] and Glocker et
.al [5] show that the predominating part of squeal energy is

concentrated in one or several pure tone frequencies close

to natural frequencies of the wheel [3]. It is also observed

that curve squeal depends strongly on the local kinematic

parameters at wheel/rail contact, the friction at contact in-

terface and the wheel vibro-acoustic characteristics [4].

It is well accepted in the literature that the high lateral

slip of the wheel on the rail-head is the main cause of curve

squeal [2,3,6]. The friction forces generated by this sliding

motion may lead to structural instability and self-sustained

vibration of the wheel/rail system. This self-sustained vi-

bration is also considered as a kind of friction-induced vi-

brations.

In the literature, the results of existing curve squeal

models correspond well to experimental observations such

as instabilities of axial modes with zero nodal circle and

creep/slip limit cycles. However, the instability mecha-

nisms are still controversial. This makes it difficult to find

solutions for reduction of this noise. In [2, 7–15], authors

considered that a friction coefficient decreasing with creep

velocities triggers instabilities even if the rail dynamics is

not included. A falling slope in the velocity-dependent

friction law can be mathematically expressed as a negative

damping leading to an unstable behavior [16–18]. How-

ever, experimentally, it is difficult to measure the dynamic

creep quantities (especially contact forces) and only appar-

ent friction coefficient is measured. Moreover, the slope of

the friction coefficient is not really proved in experimen-

tal terms [4]. In the case of constant friction coefficient

and when the rail dynamics is included, instabilities are

also found [14, 19–21]. To explain this kind of instabil-

ity, two instability mechanisms are highlighted by Ding et
al. [22] and Lai et al. [23]. The first one is mode cou-

pling [24, 25] which can be explained mathematically by

the non-symmetric stiffness matrix due to friction. The

second one is instability of a single wheel mode caused

by equivalent mass and damper behaviors of the rail [22]

or only an equivalent damper behavior of the rail [23].

The aim of this paper is to identify the mechanisms re-

sponsible for curve squeal in order to propose potential so-

lutions for the reduction of this noise. In Section 2, the

method developed in [23] is presented. A stability anal-

ysis is performed around the equilibrium state by using a

point-contact model (Hertz’s theory for the normal contact

problem and an assumption of full lateral sliding state at

the contact zone). The wheel/rail responses are computed

by using wheel/rail modal bases. In Section 2, the effect of

parameters are investigated in order to propose reduction

solutions.
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2. STABILITY ANALYSIS FOR A WHEEL/RAIL
CONTACT SYSTEM IN CURVE

2.1 Statement of the problem

The wheel/rail interaction model is described in Fig. 1. The

normal contact is assumed to be Hertzian so that the nor-

mal contact force can be analytically determined. The lat-

eral friction force satisfies the Coulomb law with a constant

friction coefficient μ. A full lateral sliding of the wheel on

the rail is assumed. sy denotes lateral creepage. sy > 0
corresponding to the sliding of the inner wheel and sy < 0
corresponding to the sliding of the outer wheel.

Figure 1: Reference frame of the wheel/rail interaction.

The rolling direction along the rail is the x− direction. The

lateral direction is the y− direction. The vertical direction

is the z−direction. (n, t, b) and (n′, t′, b′) are respectively

the local frames of the wheel and the rail such that: n′ =
−n = Z, t′ = −t = −Y , b′ = −b = X

2.2 Stability analysis

Stability analysis is based on the linearization of the equa-

tion of motion governing the wheel/rail contact system.

By using the normal modal bases Φ computed from the

wheel/rail models combining with the linearization of fric-

tional contact forces, an eigenvalue problem can be ob-

tained given by:

Mredq̈+Credq̇+ (Kred +Kμ)q = 0 (1)

where q is the dynamic perturbation of generalized coor-

dinates vector around the total sliding equilibrium. Mred,

Kred,Cred are the reduced mass, stiffness and damping

matrix corresponding to the base Φ. Kμ is a matrix which

takes into account the frictional contact forces and is not

symmetric due to the coupling of the normal and tangen-

tial dynamics through friction coefficient μ. The detail of

these matrices can be found in [23].

A complex modal analysis of Eq. (1) can be performed

to evaluate the complex modes. The solution is sought in

the form: q = qoe
λt where qo is the complex amplitude

of q and λ is a complex number. Eq. (1) becomes:

(
λ2Mred +Credλ+ (Kred +Kμ)

)
qo = 0 (2)

Unstable modes are identified with a positive real part

of the corresponding complex eigenfrequencies λ. The di-

vergence rate of a mode is defined as the ratio between the

real and imaginary part of the complex mode:

DvR = Real(λ)/Imag(λ) (3)

where Real(λ) and Imag(λ) are the real and imaginary

parts of the associated complex mode.

2.3 Wheel and rail FE models

In this section, the finite element (FE) wheel and rail mod-

els used for the calculation of modal bases are presented.

The material data of the wheel and the rail are listed in

Tab. 1. As mentioned in [23], these models allow for an

extraction of the stiffness and mass matrices which are

then used to calculate normal modal bases and the reduced

stiffness, mass and viscous damping matrices in Eq. (1).

The detail and the validation of these models can be found

in [23].

Data Wheel Rail

Young’s modulus (GPa) 206.9 205

Poisson’s ratio 0.288 0.3

Density (kg/m3) 7800 7800

Table 1: Material data of the wheel and the rail

The wheel model is a wheel of type ”Vyksa BA005”

(Fig. 2). A rigid constraint is applied at the inner face of

the hub, where the wheel is connected to the axle. This

boundary condition avoids getting rigid mode in the modal

basis. The natural frequencies and corresponding free-

interface modes have then been calculated up to 5000 Hz.

As in [20, 21, 26], these modes may be distinguished ac-

cording to the dominant movement (radial modes, axial

modes and circumferential modes), the number of nodal

diameters nd and the number of nodal circles nc. Classi-

cal modal damping factors ξw are chosen depending on the

nodal diameters nd [27].

(a) XOZ (b) YOZ

Figure 2: Wheel FE mesh with a nominal rolling diameter

of 920 mm and a mass of 314 kg

A FE track model allowing the cross-sectional defor-

mations and the behavior associated with the ”pinned-

pinned” effect is adopted. The track model consists in one

periodically supported rail of UIC60 type (Fig. 3). This

rail is 48 m long. The space between the sleepers (sleeper

span) is 60 cm. The track support contains only elastic
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pads that connect the rail and each sleeper. They are mod-

eled by springs of longitudinal, lateral and vertical stiff-

nesses Kx = Ky = 36,Kz = 180 MN/m for each

sleeper. The pad structural damping is set to ηs = 1. The

contact position is in the center of the rail in the x−axis.

The rail structural damping is η = 0.02. Anechoic termi-

nations are obtained by gradually increasing the rail damp-

ing from 2% to 100 % [28] in order to avoid the reflexion

of waves in a FE model [28]. The natural frequencies and

corresponding free-interface modes Φr have been calcu-

lated up to 5000 Hz.

Figure 3: Track model

2.4 Numerical results

Four unstable modes (with positive real part) are obtained

using the reference data in Table 2. The frequency of these

unstable complex modes are 334, 918, 1671 and 3418 Hz

respectively which get close to the frequencies of the 4 ax-

ial wheel modes with (2,3,4,6) nodal diameters and 0 nodal

circle (Figure 4). The result is consistent with experimen-

tal observations [3, 4, 7].

Rolling velocity V (m/s) 10

Imposed lateral velocity of the wheel Vy (m/s) 0.1

Friction coefficient μ 0.3

Static vertical load N 7 kN

Table 2: Kinematic parameters of the wheel/rail rolling

contact model

To analyze the instability mechanism, it is useful to

compute the bifurcation curves representing the evolution

of the unstable modes as a function of friction coefficient

μ while the other parameters are kept constant. The bi-

furcation curves of the unstable complex modes are pre-

sented in Fig. 5. The bifurcation curves in Fig. 5d shows

a coupling between two complex modes. There is no per-

fect coalescence between the two frequencies due to the

system damping. These curves are the same as the form

of the bifurcation curves in case of mode coupling [25].

It is concluded that mode coupling is responsible for this

instability. On the other hand, for the first three unstable

modes (a,0,2), (a,0,3) and (a,0,4), the form of the bifur-

cation curves is different and no mode coupling is found.

According to Ding et al. [29], this instability of a single

wheel mode is due to the mass and damper behaviors of

the track.

In order to explain the second type of instabilities due to

coupling between the normal and tangential components of

the single wheel mode when the rail dynamics, a reduced

model (Fig. 6) allowing to explain the kind of instabilities

(a) Mode (a,0,2) (b) Mode (a,0,3)

(c) Mode (a,0,4) (d) Mode (a,0,6)

Figure 4: Unstable modes shapes for μ = 0.3

(a) Mode (a,0,2)

(b) Mode (a,0,3)

(c) Mode (a,0,4)

(d) Mode (a,0,6)

Figure 5: Bifurcation curves of the unstable complex

modes with the flexible track
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was developed. The mechanical system is represented by

one wheel mode of natural pulsation Ω, damping factor ξw

and contact modal amplitudes Φw
z and Φw

y , coupling with

an Hertz’stiffness kH representing the contact [27] and an

equivalent complex stiffness kr representing the track ver-

tical dynamics. Only the track vertical dynamics are con-

sidered because it is found that the track lateral dynamics

are not involved in these instabilities [23]. The imaginary

part of complex stiffness kr mainly due to the phase shift

of the propagating wave but also to structural damping ef-

fects [27] is considered as a damper equivalent to the be-

havior of an infinite track.

Figure 6: Simple 1-DOF model for instabilities due to the

rail vertical phase response

The solution of this mechanical system (Fig. 6) is

sought in a form of X = Xo(ω)e
iωt where ω is pulsation

and Xo(ω) is the amplitude of this solution. As in section

section 2, the modal basis is used here which contains only

a wheel mode. An eigenvalue equation is obtained as:

(−ω2 + 2iωξwΩ+ Ω2 +Kc

)
q = 0 (4)

where

Kc =
(
Φw

z − μsign(sy0)Φ
w
y

) kHkr

kH + kr
Φw

z (5)

is the complex stiffness due to the contact, the friction,

the wheel modal amplitudes and the rail vertical dynam-

ics. The imaginary part of this complex stiffness Kc results

from the imaginary part of the rail stiffness.

Assuming that near the natural frequency of the consid-

ered wheel mode, Kc(ω) ≈ Kc(Ω), an equivalent viscous

modal damping factor can be introduced in the system due

to this complex stiffness Kc:

ηc =
Imag(Kc)

2Ω2
(6)

where Imag(•) denotes respectively the imaginary part of

(•) . Thus, the total damping factor ξc is thus given by:

ξc = ξw + ηc (7)

where ξw is the natural modal damping factor of the wheel

mode. The sign of damping factor ξc (Eq. (7)) is the

key factor for the stability of the system. If this damp-

ing factor is negative, the divergence rate is positive and

the wheel/rail system becomes unstable.

Fig. 7 shows the linear evolution of the divergence rate

of the unstable modes since the relation between the imag-

inary part of Kc and μ is linear (Eq. (5)). The results

obtained by this reduced model are similar to the results

obtained by the full FE track model. Thus, it can be con-

cluded that the imaginary part of the track vertical complex

stiffness is responsible for the instabilities of a single wheel

mode.

(a) Mode (a,0,2)

(b) Mode (a,0,3)

(c) Mode (a,0,4)

Figure 7: Bifurcation curves of the unstable complex

modes for the 1-DOF model

In this section, the mechanisms which explains insta-

bilities are identified in the case of constant friction coeffi-

cient. It is found that instabilities can be triggered by mode

coupling and the equivalent damper behavior of the track.

Thus, not only the wheel dynamics but also the track dy-

namics are involved in these instabilities.

3. PARAMETRIC STUDY

In order to find potential solutions for the reduction of this

noise, a parametric study is performed to investigate the

effects of main parameters.

3.1 Effect of the contact position on the wheel and
creepage sign

In this study, as in De Beer et al. model [15], it is as-

sumed that the contact position on the rail does not change.

Only the y− coordinate of the contact point on the wheel

y0 varies. All other parameters are maintained constant.

Fig. 8 shows the strong influence of the contact posi-

tion on the wheel combined with the sign of sy . In the
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case of sliding inner wheel (sy > 0), the divergence rates

of the unstable complex modes (a,0,2), (a,0,3) and (a,0,4)

increase when the contact position gets close to the flange

(y0 increases). This result is similar to the result of De

Beer’s model [15] but is opposed to the result of Pieringer’s

model [19]. On the other hand, the divergence rate of the

unstable complex mode (a,0,6) decreases while the contact

position gets close to the flange.

In the case of sliding outer wheel (sy < 0), the results

are contrary to the results corresponding to the sliding in-

ner wheel. The unstable complex modes (a,0,2), (a,0,3)

and (a,0,4) appear when the contact position is far from

flange. By taking into account the behavior of railway bo-

gies in curve, the contact position of the outer wheel is

close to the flange. Thus, for the outer wheel, the occur-

rence probability of the unstable complex modes (a,0,2),

(a,0,3) and (a,0,4) is lower than for the inner wheel.

(a) sy > 0

(b) sy < 0

Figure 8: Divergence rate of unstable complex modes as a

function of the contact position on the wheel

3.2 Effect of the wheel modal damping

The effect of the wheel modal damping factors are showed

in (Fig. 9). We can observe that when the modal damp-

ing factor of the axial wheel modes (a,0,2), (a,0,3), (a,0,4)

and (a,0,6) reach 0.2%, 0.15% , 0.02% and 0.1% respec-

tively, the associated unstable complex modes become sta-

ble. Thus, squeal occurrence tends to reduce if the damp-

ing of the implicated axial wheel modal increases. The

modal damping factors do not agree with the 1.3 − 3%
range of critical damping factor needed to avoid squeal-

ing on the mode (a,0,2) founded experimentally by Koch

et al. [4] on a 1/4 scale test rig.It is difficult to conclude

here because the two systems are not the same. The rail in

Koch et al. ’s test [4] is not a real rail and is represented

by a wheel with a large diameter. In any case, the obtained

critical damping factors are quite low compared with those

generally observed in the literature. This point deserves to

be further explored. A (too) law friction coefficient (equal

to 0.3 here) might explain this difference.
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Figure 9: Divergence rate of unstable complex modes a a

function of the associated axial wheel modes

3.3 Effect of vertical pad stiffness

While the parameters of the reference case are maintained

constant, if the vertical pad stiffness kpad increases, the

divergence rate of the unstable modes (a,0,2) and (a,0,3)

greatly decreases as shown in Fig. 10. The divergence rate

of the unstable modes (a,0,4) firstly decreases and then in-

creases. The divergence rate of the unstable mode (a,0,6)

does not change. Chen [30] also found that an increase

of the track vertical pad stiffness can reduce the instability

of unstable mode. It can be explained by the fact that an

increase of the vertical pad stiffness implies an decrease

of the rail vertical flexibility, which decreases the level of

coupling. However, the effect of the vertical pad stiffness

is not straightforward and seem to depend on other param-

eters.

4. CONCLUSION

A stability analysis of wheel/rail rolling contact in the case

of lateral full sliding was performed in order to identify the

instability mechanisms. A point contact model with lin-

earized Hertzian normal law and Coulomb’s friction law is

used. The wheel and rail dynamics are computed by us-

ing modal bases. It was found that even with a constant

Coulomb friction, instabilities can occur because of two

mechanisms: mode coupling and the equivalent damper

behavior of the rail induced by the phase shift of the prop-

agating wave but also by pad and rail damping. Mode
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Figure 10: Influence of the pad vertical stiffness on the

unstable complex modes (kpado: vertical pad stiffness in

the reference case)

coupling can involve two wheel modes (mode coupling)

whereas the second mechanism can involve only one wheel

mode (among axial modes with 2 to 4 nodal diameters and

0 nodal circle).

Since the rail dynamics play a crucial role in instability

of wheel/rail system in curve, mitigation solutions must not

only focus on the wheel but also on the track. In addition

to the increase of the damping of the wheel (Eq. (7)), the

parametric study showed that the occurrence of instabil-

ity depends mainly on friction coefficient, contact position

and rail vertical pad stiffness. From this study, two solu-

tions to reduce curve squeal can be proposed is the increase

of wheel damping and rail vertical stiffness.
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