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ABSTRACT
Weight reduction is a recurring concern in the design of modernmechanical systems. This search
may lead engineers to resort to using gears with holes in order to meet their requirements. This
paper presents a methodology to carry out nonlinear dynamic analyses of a gear transmission
with holes in the gear blanks subjected to a multiharmonic internal excitation. This work inves-
tigates the influence of these holes on the vibration levels, occurence of contact loss and possible
bifurcations. The numerical model features two flexible shafts coupled by a spur gear pair with
holes. The gear model consists in two lumped masses and inertias and includes the gear back-
lash as well as the internal excitation sources that are the time-varying stiffness and the static
transmission error (STE). The resulting mechanical system is solved in the frequency domain by
the Harmonic Balance Method (HBM) coupled with an arc-length continuation algorithm and
its stability is evaluated with Hill’s method. Results show that adding holes not only impacts
the STE but also the mesh stiffness. The interactions of these two quantities has a substantial
influence on the bifurcation structure along the main solution branch and leads to a decrease of
the span of vibro-impact regions. As the applied static torque is increased, it is found that using
holed gear blanks can effectively prevent contact loss and lead to a linear response.

1. Introduction
Geared systems are known to be prone to unwanted noise and vibrations stemming from the meshing process and

possible contact loss between gear teeth. These vibrations have motivated many studies over the last few decades. Such
systems are characterised by an internal excitation source known as the static transmission error (STE) whose origin
lies in the teeth deflection under load, manufacturing defects and tooth profile modifications. The STE is defined as
the difference between the actual position of the output gear and the position it would occupy if the gear pair were
perfectly conjugate [59] and the mesh stiffness is expressed as the derivative of the transmitted load relative to the STE
[8, 13].

It is well-established that the STE, together with mesh stiffness variations, are responsible for parametric reso-
nances. The induced dynamic mesh forces are transmitted to the housing through the shafts and the bearings. The
resulting vibrations are at the origin of the so-called whining noise [8, 37]. However, under particular loading condi-
tions, tooth separation can occur due to the gear backlash necessary to allow for assembly and operation [1, 2, 26, 33].
These events induce nonlinear vibrations which generate a noise that can be classified into two categories depending
on the loading scenario: rattling noise in case of lightly loaded gears [27, 46, 25] and hammering noise in case of a
high static torque [43].

Most studies concerning the nonlinear behaviour of gears are limited to single degree of freedom (DoF) models
[11, 50]. A few consider the bearings flexibility [38, 45] but nonlinear analyses of transmission models including the
shafts flexibility are not always carried out [32, 56]. This is particularly restrictive since the number of considered
degrees-of-freedom directly affects the stiffness distribution [47] and therefore the strain energy at the mesh which can
result in an inaccurate prediction of contact loss thresholds.

A wide variety of excitations have been considered in the literature for the analysis of the nonlinear dynamic
response. The response to the STE has naturally been studied [63, 61]. The response to torque fluctuations was

∗Corresponding author
adrien.melot@ec-lyon.fr (A. Mélot)

ORCID(s):

A. Mélot et al.: Preprint submitted to Elsevier Page 1 of 22



Effect of gear topology discontinuities on the nonlinear dynamic response of a gear train

also investigated using both harmonic [25, 27, 57] and multiharmonic excitations [4, 24]. Several studies were also
carried out considering a stochastic excitation [29, 58], variable backlash [41, 48] and variable tooth profile deviations
[39]. Nonetheless, very few studies deal with the impact of holes in the gear webs. Guilbert [17, 18] et al. developed a
mixed lumped-parameter/finite element model to investigate how holes influence the static and transient linear dynamic
response of a gear pair. This model, although able to deal with highly flexible gears, is to this day limited to linear
dynamic analyses and requires a large computational effort. Shweiki [53] et al. used a FE simulation to compute the
STE and a single degree-of-freedom torsional model to study the impact of two gear blank topologies (circular and
oblong holes) on the dynamics solved by time integration. However, the parametric study they proposed relies on an
analytical approximation of the STE by arbitrarily changing its mean and oscillating components. This could represent
a sensitivity analysis to the applied torque but it lacks a fully fledged sensitivity analysis to the gear blank topology.
The aim of this study is thus to investigate the effect of holes on the nonlinear response and bifurcation structure of a
simple, yet representative, transmission model including bearing and shaft flexibility.

The paper is structured as follows: first, we introduce the dynamic model of the whole transmission and the com-
putational procedure used to compute the static transmission error and mesh stiffness. In section 3, we give a brief
theoretical background on the harmonic balance method and continuation techniques employed to build the nonlinear
forced response curves and carry out the stability analyses. Finally, a thorough analysis of the presence of holes and
key design parameters and their influence on the nonlinear dynamic response is presented and conclusions are drawn.

2. Flexible transmission model
2.1. Dynamic model

Figure 1 depicts the model of a kinematic chain equipped with a motor which drives two counter-rotating shafts
using a reserve gear pair. The nonlinear dynamic behaviour of this system is the main focus of this work. The shafts are
modelled by torsion springs of stiffnessK1,2 and are supported by two bearings with translational stiffnessKb. On oneend of both shafts, the input and the output are modelled by two lumped inertias, respectively denoted Iin for the input,corresponding to the motor inertia, and Iout for the output. The shafts are coupled by a reverse spur gear pair whose
characteristics are reported in table 2. The gears are modelled as lumped masses and inertias denoted respectively m1and I1 for the input gear and m2 and I2 for the output gear.The behaviour of a gear is modelled with a single node and two degrees-of-freedom at the centre of each gear: one
in the torsional direction and one in the translational direction along the line of action. This assumption is reasonable
since the tooth width is supposed much smaller than the length of the shafts so that any deformation that would induce
a twist of the gear pair is negligible. In the general case the nonlinear force reads

fnl(q) =
∑

e
GeFnl,e

(GT
e q

) (1)

where q = (

�in, �out, �1, u1, �2, u2
)T is the vector of generalised coordinates, e denotes the nonlinear element number

and Ge is the force direction associated to the element. In our case, the gears are connected by a nonlinear element
consisting of a time-varying piecewise linear stiffness. It includes the backlash 2b and static transmission error as a
gap function g(t). The nonlinear mesh force fnl can be written as follows:

fnl(q) = Gkm(t)
(GT q − g(t)) (GT q − g(t)) +Gkm(t)

(GT q + g(t)) (

−GT q − g(t)) (2)
Here, is the Heaviside step function andG is a (6×1) column vector allowing for the projection of the displacements
in the global reference frame on the line of action (see Fig. 2). Only the restriction to the nonlinear degrees-of-freedom
has non-zero values. It is expressed as

G =
(

0 0 rb1 tan(�) 1 rb2 tan(�) − 1
)T . (3)

The expression of the gap function, as depicted in Fig. 3, can be deduced from the knowledge of the loaded STE.
Indeed, the STE qs(t) is defined as the static deformation to the input torque T . By considering a piecewise linear
stiffness, contact between the active tooth flanks (positive gap) necessarily occurs at

g(t) = b + qs(t) −
Fs
km(t)

(4)
where Fs = T ∕rb corresponds to the transmitted load.
A. Mélot et al.: Preprint submitted to Elsevier Page 2 of 22
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Figure 1: Dynamic model of the flexible transmission considered in this study.
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Figure 2: Local reference frame of the gear pair.

2.2. Computation of the static transmission error with a nonlinear quasi-static analysis
The static transmission error and the mesh stiffness are computed by means of the decomposition approach intro-

duced by Benaïcha et al. in [5], which is based on substructuring and a nonlinear quasi-static simulation. The goal is
to obtain these important quantities without heavy computational effort in comparison with a full nonlinear multibody
analysis while retaining a satisfying accuracy. To this end, the gear pair with holes is separated in two substructures:
one consisting of the gear pair without holes denoted ’wh’ and a second one, labelled ’gb’, comprising solely the gear
body with holes.

More precisely, substructure ’wh’ is a gear pair where the gear body is replaced by a rigid disk in order to compute
the static deflection of the gear teeth only. A nonlinear quasi-static analysis is performed over a mesh period to evaluate
the static deflection along the line of action. The contact is described by the Signorini conditions [60] and an augmented
lagrangian formalism [30] is used for its numerical treatment.

The hole-induced deflection is computed with substructure ’gb’. Indeed, the torsional displacement of the holed
gear blank is computed off-line of the multibody analysis by enforcing instantaneous tangential displacements on the
DoFs located on the edge of the gear blank. These displacements are determined by discretizing the angle 2�∕Nℎ

A. Mélot et al.: Preprint submitted to Elsevier Page 3 of 22
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Figure 3: Nonlinear mesh force (dashed blue line) and contact model of the gear pair excited by the STE with a time-varying
stiffness (solid red line).
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Figure 4: Flowchart of the decomposition procedure

into 16 intermediate positions and performing a static simulation of the full multibody model at each angular position.
This allows for a significant reduction of the computation time since the step size is much larger than that needed with
classical multibody approaches [6].

The contributions of the different substructures are then summed along the line of action in order to reconstruct the
static transmission error of the holed gear pair (see Fig.4). Themesh stiffness is determined by numerical differentiation
of the transmitted load relative to the STE [8, 13].
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3. Numerical procedure for the nonlinear dynamic analysis
The computational strategy developed hereafter is based on a frequency domain technique, namely the Harmonic

BalanceMethod (HBM). Themethod has been used by the nonlinear dynamics community for several decades [55] in a
wide variety of fields such as bolted structures [23], turbomachinery [49], bladed disks dynamics [12, 44], vibro-impact
systems [3] and gear dynamics [1, 2, 62].
3.1. Harmonic Balance Method

The equation of motion of the previously described system takes the general form
[M] q̈ + [C] q̇ + [K]q + fnl(q) = fex (5)

where q contains the generalised displacement of each DoF and [M], [C], [K] are respectively the mass, damping
and stiffness matrices. fex is the vector of external periodic forcing and fnl the vector of nonlinear forces, i.e. the
mesh force caused by the contact, or lack thereof, between gear teeth. The following study is interested in periodic
solutions of fundamental frequency Ω which, in our case, corresponds to the angular frequency of both shafts. Note
that the proposed methodology can be used with all sorts of gear ratios, the only difference would be the fundamental
frequency. The terms in equation (5) are thus expanded as truncated Fourier series. More specifically, the generalised
displacements are expressed as

q ≈
H
∑

k=0
ak cos(kΩt) + bk sin(kΩt) = [T⊗ [In]]q̃ (6)

whereT contains the harmonic base functions up to the truncation orderH ,⊗ is the Kronecker product, [In] the identitymatrix of size n and q̃ is the vector in which the Fourier coefficients are stored. The velocities and accelerations are
expressed by means of the frequency domain differential operator [∇] [10]

q̇ = [T [∇]⊗ [In]]q̃ (7)
q̈ = [T [∇]2 ⊗ [In]]q̃ (8)

Substituting these expressions into the equation of motion (5) and applying a Galerkin procedure with the same har-
monic base functions T yields the nonlinear algebraic problem to be solved

R(q̃,Ω) = [Z(Ω)] q̃ + f̃nl(q̃) − f̃ex = 0 (9)
where f̃nl and f̃ex contain the Fourier coefficients of the nonlinear forces and external forcing, respectively, and [Z(Ω)]
is the dynamic stiffness matrix duplicated on each considered harmonic:

[Z(Ω)] = [

[∇]2 ⊗ [M] + [∇]⊗ [C] + [I2H+1]⊗ [K]] (10)
3.2. Numerical strategy

The nonlinear algebraic system (9) has to be solved in an iterative way. The expression of the nonlinear forces
and their derivatives with respect to the unknowns (displacement and frequency in case of a nonlinear forced response
analysis) are thus required at each iteration of the solver (detailed hereafter). Two possibilities are available at this stage.
The first option is to derive the expression of the Fourier coefficients analytically [28, 42], although it can prove tedious
for strong, non-polynomial nonlinearities. A more straightforward approach is to use the alternating frequency/time
(AFT) procedure [7]. The main underlying idea is to take advantage of the existence of a closed-form expression
of the nonlinear forces in the time-domain. To this end, the displacements in the time-domain are computed by an
IDFT (inverse discrete Fourier transform) or IFFT (inverse fast Fourier transform) of the Fourier coefficients stored in
vector q̃. The resulting time-domain signals are used to compute the nonlinear force fnl over one period and are then
transferred back into the frequency domain by a DFT or FFT as illustrated in Fig. 5.

A converged solution of equation (9) is an approximation of the real solution at a single frequency. To build the
nonlinear response over the whole frequency range of interest and to avoid difficulties induced by a vertical tangent at
turning points, the parameter Ω has to be treated as an unknown. Among the available methods, this paper employs
one of the predictor-corrector type [52], namely the arclength continuation with a tangent predictor. This method relies
on parameterizing the unknowns (q̃,Ω) by the curvilinear abscissa s. An iteration is done in two steps:
A. Mélot et al.: Preprint submitted to Elsevier Page 5 of 22
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Figure 5: Illustration of the AFT procedure.

Prediction: an estimation of the solution is first computed in the direction defined by the tangent of the solution
branch at the previous iteration

(

q̃
Ω

)

(p)
=
(

q̃
Ω

)

(k)
+ Δs

(

Δq̃
ΔΩ

)

(11)

where the subscripts (p) and (k) denote the predicted solution and the iteration number, respectively. The tangent
vector is obtained by solving the following linear algebraic system

[[

)q̃R
]

)ΩR
Δq̃T ΔΩ

]

(k)

(

Δq̃
ΔΩ

)

=
(

0
1

)

(12)

where the last row of the system constrains the length of the tangent vector.
Correction: a constraint equation is then added to the system to account for the additional unknownΩ. This equation
is typically the equation of a hypersphere centered on the previous converged solution point:

P (q̃,Ω, s) = (Δq̃)T (Δq̃) + ΔΩ2 − Δs2 = 0 (13)
Geometrically speaking, adding this constraint equation is tantamount to searching for the intersection between the
solution curve and a hypersphere of radius Δs. The complete system of equations which forms an extended residual
Rex = (R(q̃,Ω) P (q̃,Ω, s))T then has to be solved with a Newton-like procedure. Linearizing the extended residual
Rex yields

(

q̃
Ω

)

(k+1)
=
(

q̃
Ω

)

(k)
−
[[

)q̃R
]

)ΩR
)q̃P )ΩP

]−1

(k)
R(k)ex (14)

In this study we used the MATLAB fsolve subroutine which is based on a trust-region algorithm [9].
3.3. Stability analysis

Since the harmonic balance method does not simulate the transient response of the system, a stability analysis must
be conducted to assess whether the computed solution is stable or unstable. Stability can be determined by the well-
known Floquet theory in the time domain [40]. However, an attractive alternative when using the harmonic balance is
to use Hill’s method which is a frequency domain variant of Floquet theory. The main idea is to introduce a periodic
solution q of eq. (5) perturbed by an exponential term:

x0(t) = q(t) + p(t)eΛt (15)
Substituting this expression into the equation of motion, applying the harmonic balance formalism and a first-order
Taylor expansion of the nonlinear term yields a quadratic eigenvalue problem of size n(2H + 1):

(

Λ2[M̃] + Λ[C̃] + [

)q̃R
]) p̃ = 0 (16)
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with
[M̃] = [I2H+1

]

⊗ [M]
[C̃] = [∇]⊗ 2 [M] + [

I2H+1
]

⊗ [C] (17)

Equation (16) can be linearized [54, 10] to avoid the expensive computation of a quadratic eigenvalue problem at the
cost of doubling the problem size. There exist several linearized forms. The first companion form was adopted in this
study:

[

[C̃] [

)q̃R
]

−
[In(2H+1)

]

[0]

]

+ �
[

[M̃] [0]
[0] [In(2H+1)

]

]

= 0 (18)

Solving this eigenvalue problem yields 2n(2H+1) solutions which exceed the number of theoretically expected eigen-
values (2n) by a factor of (2H + 1). It is thus required to discriminate the redundant eigenvalues, stemming from the
presence of multiple harmonics, from the ones with a physical signification. There exist two methods for identifying
the relevant eigenvalues:

• sorting the eigenvalues consists in only keeping the 2n eigenvalues with smallest imaginary parts. This method
has been proved to converge as the number of retained harmonics is increased [34] and is used in this study.

• sorting the eigenvalues consists in keeping the 2n eigenvalues associated with the most symmetric eigenvectors
[19, 31]. This approach appears to be more robust, although there is no formal mathematical proof regarding its
convergence.

A converged solution point is eventually deemed stable if the real part of all retained eigenvalues is negative, and
unstable otherwise.
3.4. Detection of bifurcations

A bifurcation corresponds to a topological change of the vector field describing the dynamic behaviour of the
system. They are usually detected by dedicated test functions, whose zeros correspond to a specific bifurcation. Branch
points (BP) and saddle-node (SN) bifurcations are detected when the eigenvalue matrix [V ] = diag(�) obtained with
Hill’s Method is singular, that is:

�BP ,SN = det ([V]) = |

|

[V]|
|

= 0 (19)
Both bifurcations are detected with this test function. A saddle-node bifurcation is associated with a change of direction
of the solution curve relative to the continuation parameter. SN bifurcations are thus discriminated fromBP bifurcations
by monitoring the sign of the frequency-component of the tangent vector at each iteration:

�SN = ΔΩ (20)
A third test function is defined to detect Neimark-Sacker (NS) bifurcations, corresponding to the creation of a branch
of quasi-periodic solutions, and period-doubling (PD) bifurcations. Both bifurcations are characterized by a pair of
complex conjugate eigenvalues crossing the imaginary axis. Their detection rely on the bialternate matrix product
[16]. For [A], [B] two square matrices of size n, the bialternate product A ⊙ B is defined as

[[A]⊙ [B]](p,q),(r,s) =
1
2

(

|

|

|

|

|

apr aps
bqr bqs

|

|

|

|

|

+
|

|

|

|

|

bpr bps
aqr aqs

|

|

|

|

|

)

(21)

with (1 ≤ q < p ≤ n) and (1 ≤ s < r ≤ n). The product [2 [A]⊙ [In
]] is a diagonal matrix composed of the sums

�i + �j of the eigenvalues of matrix [A] [15] and is singular when a pair of complex conjugate eigenvalues crosses the
imaginary axis. A suitable test function is thus:

�NS,PD = |

|

[2 [V]⊙ [I]]|
|

(22)
In order to differentiate between NS and PD bifurcations, one can monitor the imaginary part of the crossing eigenval-
ues. In case of a PD bifurcation, the imaginary part equalsΩ∕2. A NS bifurcation is detected otherwise. In the special
case of eigenvalues that are real conjugates, a neutral saddle point is detected and can therefore be ignored.
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Due to the piecewise linear nature of the nonlinearity, another type of bifurcation can arise in this vibro-impact
system, a so-called discontinuity-induced bifurcation. At the frontier between impacting and non-impacting orbits
there exists grazing orbits characterized by impacts with zero normal velocity. This transition where, under a change
of parameter, an initially linear response loses regularity until it exhibits vibro-impacts is termed a grazing bifurcation
[22]. Contrary to their smooth counterparts, non-smooth bifurcations are not necessarily associated with eigenvalues
smoothly crossing the imaginary axis. It is thus impossible to employ classical bifurcation analysis tools. In the present
work, grazing bifurcations are detected by monitoring the mean value of the Heaviside function of the nonlinear force
(2) over a rotation period at each frequency

�GRA = 
(⟨


(GT q − g(t))

⟩

− 1
)

−
(

1 −
⟨


(GT q − g(t))

⟩)

(23)

where ⟨∙⟩ denotes the mean value over one fundamental period. Such function equals 1 when the gear teeth stay in
contact and -1 in case of contact loss, ensuring zero-crossings at the onset of impacting orbits.

4. Results and discussion
The numerical procedure introduced in the previous section enables the analysis of the aforementioned transmission

model. First, the computation of a reference configuration, namely, a transmission without holes in the gear webs,
provides an understanding of the underlying dynamics. Five lightweight gear configurations are then investigated and
their effect on the nonlinear response are discussed. The analysis is carried out for two different input torques: T = 20
N·m and T = 115 N·m, the latter corresponding to the optimal torque of the reference configuration for which the STE
fluctuation is minimised. The effect of holes is expected to be more pronounced as the applied torque and consequently
the static deflection is increased.
4.1. Reference configuration

A modal damping ratio of � = 3% is applied on all modes. The physical damping matrix is defined as
[C] = [M]T [	] [diag(2�j!j)

]

[	]T [M] (24)
where [	] is the modal basis (with mass normalized modes) of the whole transmission computed with the average
mesh stiffness linking the two gears. No excitation sources other than the STE and mesh stiffness fluctuations are
considered. The system’s response is investigated between Ω = 10 rad·s−1 and Ω = 1466 rad·s−1, corresponding to a
maximum rotational speed of 14000 rpm. To avoid any numerical issue, the continuation procedure is initiated in the
linear regime by applying the HBM to system (5) with a dedicated linear element that enforces contact be kept at all
time. It is derived by linearizing the mesh force around the static equilibrium:

fnl(q) ≈ fnl(qs) +
)fnl
)q

|

|

|

|qs

(q − qs
) (25)

Since only a constant input torque is applied, it comes:

[M] q̈ + [C] q̇ + [K] (q − qs
)

+
)fnl
)q

|

|

|

|qs

(q − qs
)

= 0 (26)

4.1.1. Input data and selection of harmonics
The STE and mesh stiffness are computed with the finite element analysis introduced in section 2.2. FFTs are

performed on the resulting time domain signals and 7 harmonics are used to reconstruct the STE and mesh stiffness
for the nonlinear analysis (see Fig. 6). The response being approximated by means of truncated Fourier series, the
harmonic order ought to be as high as possible for a satisfying approximation of the response while remaining as low as
possible for a fast computation. In our case, the STE and the mesh stiffness fluctuations are characterized by harmonics
of the mesh frequency Hm = kZ1 with k ∈ ℕ and Z = Z1 = Z2 = 50. In addition, the convolution between mesh
stiffness fluctuations and the STE is expected to generate high frequency harmonics. In addition, the nonlinearity is
responsible for the creation of harmonic orders that are different from the mesh harmonicsHm = kZ1, k ∈ ℕ.
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Figure 6: Static transmission error (a) and mesh stiffness (b) computed at T = 20 N·m and Static transmission error (c)
and mesh stiffness (d) computed at T = 115 N·m. Results from the FE computation ( ) and signals reconstructed with
7 harmonics ( )

WithZ1 = 50 teeth, keeping 7 harmonics of the internal excitation results in an excitation up to harmonicH350 ofthe rotation. Experience shows that keeping harmonics kZ1, k ∈ ℕ, up to 2 times the maximum excitation order en-
sures sufficient accuracy for the computation of the primary resonance and a good representation of the superharmonic
resonances. Additional harmonics around each meshing harmonics are included for the convergence of the detection
of grazing bifurcations although their contribution to the displacement remains small.
4.1.2. Results for an input torque T = 20 N·m

The following results correspond to the nonlinear forced response analysis of the reference configuration. Figure
7 depicts the standard deviation (SD) of the dynamic transmission error DTE(t), defined as

DTE(t) = GT q(t) (27)
The standard deviation, denoted DTESD in the following, is plotted versus the angular frequency of the input shaft.

There are 10 bifurcations in the frequency range of interest. The primary resonance, nearΩ = 650 rad·s−1, exhibits
two saddle-node (SN) bifurcations responsible for the well-known amplitude-jump phenomenon. A small interval of
stable vibro-impact regimes is observed as the grazing bifurcation occurs before the loss of stability due to the SN
bifurcation. This happens because we consider damped dynamics. In the conservative case, the transition between
impacting and non-impacting orbits is expected to take place through a SN bifurcation [35, 36].

At lower frequencies, two resonances arise at around Ω = 230 rad·s−1 and Ω = 370 rad·s−1, respectively. The
latter leads to the creation of a stable vibro-impact region that spansΔΩ = 8 rad·s−1, while the former exhibits another
unstable vibro-impact region.

The response near the low frequency resonances (see Fig. 9) is characterized by a harmonic content with higher
order harmonics than that of the behaviour around the primary resonance (see Fig. 8), which is excited only by the
first harmonic of the mesh frequency H50. Indeed, both resonances are excited by several harmonics of the internal
excitation, as evidenced by the Campbell diagram displayed in Fig. A.1. This leads to shorter free-flight periods as
highlighted by the time series and phase portraits shown in Fig. 9. One can note that, despite the shorter free-flight
events, the impact velocity remains of the same order of magnitude.
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Figure 7: Forced response curve of the reference configuration for an input torque T = 20N·m (a) and effect of harmonic
truncation order (b). Dashed lines ( ) indicate unstable regions and solid lines ( ) indicate stable regions. Saddle-node
and grazing bifurcations are represented with red circle ( ) and magenta diamond ( ) markers, respectively.

0 1 2 3 4 5

Mesh period

2

2.05

2.1

D
T

E
 -

 [
m

]

10
-4

DTE

Gap limit

2

2.005

2.01
10

-4

(a)

0 1 2 3 4 5

Mesh period

2

2.05

2.1

D
T

E
 -

 [
m

]

10-4

DTE

Gap limit

(b)

-0.5 0 0.5 1 1.5 2 2.5 3 3.5

Relative displacement - [m] 10-6

-1.5

-1

-0.5

0

0.5

1

1.5

2

R
e
la

ti
v
e
 v

e
lo

c
it
y
 -

 [
m

/s
]

10-4

gap limit

(c)

-4 -2 0 2 4 6

Relative displacement - [m] 10-6

-2.5

-1.5

-0.5

0.5

1.5

2.5

R
e
la

ti
v
e
 v

e
lo

c
it
y
 -

 [
m

/s
]

10-4

gap limit

(d)

Figure 8: Dynamic transmission error and phase portraits between the grazing and saddle-node bifurcations (a),(c) and
beyond (b),(d) the second saddle-node bifurcation on the primary resonance

4.1.3. Results for an input torque T = 115 N·m
Results for an input torque T = 115 N·m (displayed in Fig. 10) show a much more linear behaviour of the gear

transmission over the whole frequency range. Indeed, the only vibro-impact region lies on the primary resonance,
around Ω = 800 rad·s−1. More importantly, the vibro-impact region only spans ΔΩ = 30 rad·s−1 instead of more than
ΔΩ = 700 rad·s−1 with an input torque of 20 N·m.

One can see that the primary resonance peak remains linear until the vibration amplitude becomes sufficiently large
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Figure 9: Dynamic transmission error and phase portraits before (a),(c) and past (b),(d) the first grazing bifurcation near
Ω = 230 rad·s−1

(about 5.2 �m in SD value) for contact to be lost. This is expected as the increased static load causes a larger static
deflection of the gear teeth (mean value of the STE of 11.2 �m at T = 115N·m compared to a mean value of 2.9 �m at
T = 20 N·m). Furthermore, tooth profile modifications (see Table 2) are such that the internal excitation is minimum
at T = 115 N·m. As a result, the system only exhibits a mild softening behaviour. At low frequencies, we observe a
number of resonances generated by the excitation of modes by high order harmonics of the mesh frequency.
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Figure 10: Forced response curve of the reference configuration for an input torque T = 115 N·m. Dashed lines ( )
indicate unstable regions and solid lines ( ) indicate stable regions. Saddle-node and grazing bifurcations are represented
with red circle ( ) and magenta diamond ( ) markers, respectively.
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4.2. Parametric study of the influence of gear blank topology
In the following, the influence of gear blank topology on the dynamic response is investigated with several config-

urations. The hypothesis of constant mass is made so that each configuration is defined, and referred to, by the number
of holes and their radial position in the gear blank (see Fig. 11). For instance, a configuration with 8 holes at a radial
position of R = 30 mm from the centre of the gear is labelled 8R30.

R

Figure 11: Schematic representation of the holed configurations

The STE and mesh stiffness fluctuations are computed by means of the novel numerical method introduced in [5]
and presented in section 2. The effect of holes on the static transmission error and mesh stiffness are discussed in
citeYouness. For the sake of completeness, we briefly recall the main conclusions.

The addition of holes in the gear blanks is responsible for the appearance of a low frequency component in the STE
generated by the passage of holes at the angular position of themesh zone. The created harmonic order thus corresponds
to the number of holesNℎ in the analysed configuration. This also impacts the mesh stiffness, as sidebandsHkZ±lNℎ

,
(k, l) ∈ ℕ2 are created around each harmonic of the mesh frequency, resulting in a modulation visible in Fig. 12.
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Figure 12: Exemple of static transmission error (a) and mesh stiffness (b) computed at T = 20 N·m for a gear configuration
with 8 holes. Static transmission error (c) and mesh stiffness (d) computed at T = 115 N·m. Results from the FE
computation ( ) and signals reconstructed with 7 harmonics ( )
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The time series of the input data used in this study are shown in Appendix C and D. The influence of the radial
position of the holes can be assessed by looking at the STE and mesh stiffness of design cases 8R27, 8R30 and 8R34.
Figures C.1-(c),(d),(e),(f),(g),(h) make it apparent that the harmonic order HNℎ

is amplified as radius R is increased,
i.e, when the holes are placed close to the gear teeth. The effect of the number of holes can be apprehended by looking
at Fig. D.1-(g),(h),(i),(j). It clearly appears that the higher the number of holes, the smaller the STE fluctuations are.
Note that the same trends can be observed on the time series of the mesh stiffness.
4.2.1. Effect of holes at T = 20 N·m

As with the reference computation, we are interested in the evolution of DTESD with the rotational speed. The
results for all tested configurations are summarised in Fig. 13 and comparisons between the reference and individual
configurations are reported in Fig. 14 for more clarity.
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Figure 13: Forced response of the transmission model to the internal excitation (a) with close-up on the primary resonance
(b) and main superharmonic resonance (c). Dashed lines indicate unstable regions and solid lines indicate stable regions.
Saddle-node, Neimark-Sacker and grazing bifurcations are represented with circle ( ), triangle ( ) and diamond ( ) markers,
respectively. Each color (see online version) corresponds to a test case

These figures clearly show that the addition of holes in the gear blanks give rise to a more complex and rich
bifurcation structure along the main solution branch. Indeed, Neimark-Sacker bifurcations are detected for all holed
configurations. This indicates that a quasiperiodic (QP) attractor is created in the vicinity of the frequencies at which
the NS bifurcations happen.

This should motivate future research, as the 1-T periodic solution loses its stability in favour of a QP solution (with
two or more incommensurate frequencies) which cannot be investigated using classical harmonic balance algorithms.
A fewworkarounds were proposed in the literature, e.g, by implementing amultidimensional harmonic balance [21, 51]
or considering the greatest common divisor of the incommensurate frequencies as an approximate (monodimensional)
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Figure 14: Nonlinear forced response curves of all tested configurations against the reference for a static torque T = 20N·m:
(a) 6R30, (b) 8R27, (c) 8R30, (d) 8R34, (e) 10R34. Dashed lines indicate unstable regions and solid lines indicate stable
regions. Saddle-node, Neimark-Sacker and grazing bifurcations are represented with circle ( ), triangle ( ) and diamond
( ) markers,respectively.

fundamental frequency [20].
All configurations but 8R27 exhibit two NS bifurcations on the upper branch of the primary resonance. The 8R27

configuration does not show the smaller NS bifurcation region ranging from about Ω = 810 rad·s−1 to Ω = 900
rad.s−1. Note that the term smaller refers to the frequency interval between two NS bifurcations on the main curve as
it is impossible to presuppose the extent of the QP branch without computing it. The suppression of this NS region
results from the decrease of the frequency of the last grazing bifurcation to the frequency interval of the second region
of NS bifurcations. Interestingly, the extent of the frequency range affected by these bifurcations seems robust to
changes in gear blank topology.
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Regarding the superharmonic resonances, one can see that all holed designs successfully cancel out the vibro-
impact region arising between Ω = 368rad·s−1 and Ω = 375 rad·s−1 in the reference configuration. Furthermore, on
the main superharmonic resonance, all tested configurations suppress the SN bifurcation although they are not able to
prevent contact loss.

One of themore interesting results of this study is the variability of the range of vibro-impact regions located around
the primary resonance. Due to the softening nonlinearity, the vibro-impact region around the primary resonance is
bounded by the SN bifurcation located at the top of the branch and a grazing bifurcation. Figure 15 summarises the
location of detected grazing bifurcations and ensuing contact loss events. In the reference configuration, the vibro-
impact region spans ΔΩ = 890 rad·s−1 while holed configurations exhibit contact loss in frequency intervals whose
length ranges from ΔΩ = 769 rad·s−1 to ΔΩ = 303 rad·s−1.

200 400 600 800 1000 1200 1400

Angular frequency - [rad.s-1]

Reference

6R30

8R27

8R30

8R34

10R34

Figure 15: Bifurcation map for a static torque T = 20N·m. Grazing bifurcations and the SN bifurcations located at the
top of the primary resonances are indicated by colored diamond ( ) and circle ( ) markers whose colors correspond to the
tested configuration. Vibro-impact regions are represented by double-sided arrows.

The design parameter governing this phenomenon is not easily identified. Results suggest that placing holes closer
to the shaft lead to a shrinkage of the frequency interval exhibiting contact loss (see configurations 8R34, 8R30 and
8R27). This is associated to the increase of the mean value of the STE as holes are placed closer to the shaft, hence
increasing the static deflection and the distance to cover before losing contact. Besides, for a fixed radial position,
larger holes do not necessarily lead to a narrower vibro-impact region. Indeed, switching from configuration 8R30 to
6R30 does provide an enhancement, however configuration 10R34 shows better results than configuration 8R34. This
could indicate the presence of a saddle point in the parameter space.
4.2.2. Effect of holes at T = 115 N·m

As the load is increased, so is the hole-induced deflection. This results in a strong variation of the mean value
of the mesh stiffness and a significant frequency shift of the primary resonance of the system. This shift is clearly
observed in figure 16 where the primary resonance of the reference lies at Ω = 800 rad·s−1 and shifts to a little above
Ω = 600 rad·s−1 for the most flexible case 8R27. As expected with piecewise-smooth systems, the system behaviour is
linear until contact is lost, which does not happen with all holed configurations. This is a particularly interesting result,
since this completely suppresses the vibro-impact-induced hammering noise. The linear response can be a source of
whining noise. However, classical strategies such as adding tooth profile modifications [14] to reduce the peak-to-peak
STE can then be employed for mitigating the resulting noise.

5. Conclusion
Gears are a central part of many mechanical systems and engineering applications. They are often designed with

holes in order to meet the ever-increasing demand for lightweight structures. It is of paramount importance to have a
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Figure 16: Forced response curve of the reference configuration for a static torque T = 115N·m. Dashed lines ( )
indicate unstable regions and solid lines ( ) indicate stable regions. Saddle-node and grazing bifurcations are represented
with circle ( ) and diamond ( ) markers, respectively.

profound understanding of the response of nonlinear systems as they behave quite differently from their linear coun-
terparts. With that in mind, this work presents a parametric study of lightweight gear designs in terms of nonlinear
forced response and bifurcation analysis of periodic orbits.

The study shows that adding holes in the gear blank has a real influence for both low and high input torques.
For high input torques, the response of the reference configuration was found to be mostly linear, except around the
primary resonance, where a small vibro-impact region and saddle-node bifurcation was detected. All lightweight
configurations lead to the cancellation of the contact loss events. These findings are of particular interest since most
studies and research towards vibrations reduction of geared systems aim at reducing the peak-to-peak fluctuations of
the STE. This is a perfectly sound endeavour, provided the transmission stays in a linear regime. However, this study
demonstrates this could prove insufficient as the input torque T = 115 N·m is the optimal torque of the reference
configuration, i.e, the torque at which the STE fluctuations are minimised, and contact loss still occured. Moreover,
although the investigated designs are not able to prevent vibro-impacts from happening at low torques, they clearly
have a beneficial effect in curtailing the frequency range affected by intermittent contact. These results thus offer new
insights and research perspectives when dealing with nonlinear gear dynamics.
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A. Campbell diagram of the reference configuration

Figure A.1: Campbell diagram for the reference configuration showing the frequency coincidences between the linear modes
of the system and the harmonics of the internal excitation.

B. Harmonic spectra of the internal excitation
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Figure B.1: Harmonic content of the fluctuations of the static transmission error (a) and mesh stiffness (b) of the reference
configuration at T = 115 N·m and fluctuations of the static transmission error (c) and mesh stiffness (d) of a 10-hole
configuration computed at T = 115 N·m.
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C. Input data at T = 20 N·m
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Figure C.1: Static transmission error and mesh stiffness of the holed gear configurations computed at T = 20 N·m. 6R30
(a,b), 8R27 (c,d), 8R30 (e,f), 8R34 (g,h), 10R34 (i,j)
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D. Input data at T = 115 N·m
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Figure D.1: Static transmission error and mesh stiffness of the holed gear configurations computed at T = 115 N·m. 6R30
(a,b), 8R27 (c,d), 8R30 (e,f), 8R34 (g,h), 10R34 (i,j)
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Nomenclature
Matrices and vectors

[∇] Frequency domain differential operator

[Ψ] Modal basis matrix

fex External load vector

fnl Vector of nonlinear force

q Vector of generalized displacements

q̃ Vector of Fourier coefficients

G Force direction vector

R HBM residual

Rex Extended residual with arclength equation

T Vector of harmonic base functions

[C] Damping matrix
[

In
]

Identity matrix of size n

[K] Stiffness matrix

[M] Mass matrix

[Z] HBM dynamic stiffness matrix

Scalars

� Pressure angle

� Test function for bifurcation detection

�j Modal damping ratio of mode j

Ω Fundamental frequency

b Half backlash

bf Face width

g(t) Gap function

ℎa Addendum coefficient

ℎd Dedendum coefficient

km(t) Time-varying mesh stiffness

m Gear module

m1 Mass of gear 1 (driving wheel)

m2 Mass of gear 2 (driven wheel)

qs Static transmission error

rb Base radius

s Curvilinear abscissa

x Profile shift coefficient

 Heaviside step function

Fs Transmitted load

Fnl Nonlinear force

H harmonic truncation order

Hm mesh harmonics

I1 Inertia of gear 1 (driving wheel)

I2 Inertia of gear 2 (driven wheel)

II Input inertia

IO Output inertia

K1 Torsional stiffness of the driving shaft

K2 Torsional stiffness of the driven shaft

Kb Bearing stiffness

Nℎ Number of holes

T Torque

Z Number of teeth

Subscripts

e Nonlinear element number

gb Gear blank

wh Without holes

SD Standard deviation

Operators

⊗ Kronecker product

)x Partial derivative with respect to x

Abbreviations

DoF Degree of freedom

DTE Dynamic transmission error

STE Static transmission error
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Table 1
Parameter values for the dynamic model

Designation Without holes With holes Unit

II 3e-3 3e-3 kg.m2

IO 5e-2 5e-2 kg.m2

K1 4e5 4e5 N·m.rad−1

K2 4e5 4e5 N·m.rad−1

Kb 1e7 1e7 N·m−1

I1 1.52e-3 1.24e-3 kg.m2

I2 1.52e-3 1.24e-3 kg.m2

m1 1.11 0.81 kg
m2 1.11 0.81 kg

Table 2
Characteristics of the gear pair

Name Designation Gear 1 Gear 2 Unit

Module m 2 mm
Number of teeth Z 50 50 -
Pressure angle � 20 deg
Base radius rb 46.984 46.984 mm

Profile shift coefficient x 0 0 -
Addendum coefficient ℎa 1 1 -
Dedendum coefficient ℎd 1.25 1.25 -

Face width bf 20 20 mm

Tip relief modification

Length l 1.75 1.75 mm
Amount a 5 5 �m
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