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The Cauchy problem for Laplace’s equation via a modified
conjugate gradient method and energy space approaches

S. AMDOUNI !, A. BEN ABDA 2,

Abstract

In the present work, we focus on the resolution of the Cauchy Laplace problem using an
energetic variational minimization approach [18] in the framework of a finite element method.
A new strategy of regularization, called a filtering procedure regularization, is developed.
The advantage of using this new regularization is that it does not require a regularization
parameter and is easy to implement. An optimal a priori error estimate is proven, for the
first time up to our knowledge, in the context of the finite element method. Some numerical
results are presented to illustrate the performance of our approach.

Keywords: Cauchy problem, Energy space approaches, Conjugate gradient method, Finite ele-
ment method, Laplace problem

Introduction

The present paper is meant to present a new numerical procedure for the resolution of the Cauchy
problem. It is situated, for simplicity, within the framework of the Laplace equation which
can be easily extended for any elliptic equation. The Cauchy problem has arisen from many
practical contexts, such as non-destructive testing, electrocardiography, electroencephalography
and hydro-geology. A tremendous body of literature has referred back to the leading work of
Hadamard [7]. In his work, Hadamard highlighted the ill-posedness of such an inverse problem
which enormously increases the difficulties of its numerical treatment. There are many strategies
used to circumvent these difficulties. We can cite the quasi-reversibility approach (see [4, 3, 16]),
the Kozlov approach [15, 14], the Fading approach [6, 8], the Steklov-Poincaré approach [1] and
the variational minimization approach [12, 11, 18]. For a detailed literature review in the context
of the Laplace equation we can see [?].

In this study, we adopted a variational minimization method with an energy space approach
similar to that presented in [18]. The main feature is the use of a filtering procedure as a new
regularization strategy in the context of the finite element method and a conjugate gradient
method. This strategy does not require a regularization parameter. It is easy to implement and
leads to a good accuracy similar to that of the direct problem. An optimal error estimate is
shown, for the first time up to our knowledge, in the context of the finite element method.

The present contribution is organized as follows: In section 1, we define some useful space
and operator needed for our study. In section 2, we model our energetic variational minimization
problem. Section 3 presents a proof of the equivalence between the energetic variational mini-
mization formulation and the Cauchy problem. Then we show the stability of our formulation
according to the noise level. We also prove that our cost functional is twice Fréchet differentiable,
strictly convex and coercive. In section 4, the discretization of the energetic variational mini-
mization problem is presented in the framework of the finite element method. Then a stability
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result of our discrete formulation is proved. An optimal and an original a priori error estimate
of this formulation is shown. In section 5, a modified conjugate gradient algorithm is presented.
In order to illustrate the performance of our approach, the numerical results for some synthetic
examples are presented in section 6. In all cases, the numerical results are compared to the “exact
solutions” of the Cauchy problem. Finally, the conclusions are given in section 7.

1 Preliminary

Let 2 be a bounded Lipschitz domain in R? and I = Toul'; UT'.. We assume that I'; and I,
are separated by a non-zero measure portion I'g. Then following [17] let’s define:

N
N

H (rk):{v:% oeH (I‘)}, with k € {i,c},

and

03(Ty) = {v =7, D€ H3 (D), supp(d) C rk} C H3(Ty), withk € {i,c}.

Now, in order to define a norm in the Sobolev spaces H %(Fl) and H %(Fc), the following two
operators are constructed:
Let vy, with k € {i,c} be the unique weak solution of the problem
—Avp, =0 in €,
Vp = W on I'g, (1)
vi=0  onT\I'y, weHz(Ty),
then

(Tw) —  H 3(Ty),

w — Agw = 8nUk’F .
k

=

Ay H
Thereby we define the norms in the Sobolev spaces ﬁ%(l“k) with k € {i,c} by:

ol g, = (i) = 1| vl @

For the numerical procedure, the Neumann to Dirichlet operator is defined by:

SN : H_%(Fi) — ﬁ%(ri)
A — SNpA = f]ri ;

where £ is the weak solution of:

—A£E=0 in €,
duf =X onTy, (3)
£=0 on I'\I';.

In this paper we use the notation a < b to signify that there exists a constant C' > 0, independent
of mesh size and noisy level, such that a < C'b.



2 The model problem

Let Q be a bounded Lipschitz domain in R?. We assume that the boundary I' of Q is split into
three open parts I'g, I'; and T'. such that I' = T'gUT; UT'.. We suppose that I'; and I'. are
separated by a non-zero measure portion I'g. We consider the Cauchy problem for the Laplace
equation:

—Au=0 in €,
u="T on I, (4)
Opt = ¢ onI,

where A is the Laplace operator, T and ¢ are two given functions in H %(FC) and H 7%(FC). We
assume that there exists a pair of compatible data (T, ¢), and we denote by ¥ the corresponding

Cauchy solution. We consider a family of unnecessary compatible data (79, ¢%) € H %(Fc) X
H_%(Fc) such that :

a2 82 < §2
T =T WG, TN = g ) <9 (5)
To solve problem (4), we define the energetic variational minimization problem:
min  H (1) (6)
n€HZ(I;)
where .,
H(n) = J(u(é,n)), Vne H2(Ty),
with

1 2
T =glu=TI%,
and u(¢,n) is the unique weak solution of

—Au=0 in €,
Opt = ¢ onT., 7)
u=n on I';,
u=20 on I'y.

In the case of noisy data, we consider the noisy energetic variational minimization problem:

min  H°(n), (8)
neH 2 (I;)
where .
H(n) = J°(u(¢’,n)), Vne Hz(T),
with )
5 1 5112
Jo(w) = Sllu =T ”A%(rc)’
and u(¢°,7) is the unique weak solution of
—Au=0 in Q,
Ohu=¢° onT,, (9)
u=n on I';,
u=0 on I'p.



3 The energetic variational minimization problem
Let S = {u(¢, 17)|F where u is the unique weak solution of (7) : such that n € I;T%( Iy) } i

Proposition 1 S forms a dense set in I;T%(Fc) and we have  inf H(n)=0.
neHz2 (I';)

Proof. Let w in fI%(FC) such that
[ wt.mwdr =0 vie BAw). (10)

We shall prove that w =0, on I';. Let ¥ be the solution of

—AYp =0 in Q,
Onth = w on I,
=0 on I';,
=0 on I'y.

Using the variational formulations of (11) and (7) and equation (10), we have :

w\»—'

[ ovar = /anwndr v e H3(ry). (12)

Replacing n by —n in the last equation, we obtain
[ gvar = / Ot ndT” = / Outpndl =0, vy € A3 (Ty), (13)

which means that
Opp = 0on ;.

Thus, the function 1 € H'(Q) satisfies the Cauchy problem

Ay =0 in €,

=0 T,
(2 on Ly, (1 4)
Oph =0 on I';
u=0 on I'y.
from which it follows that ¢ = 0 and therefore w = 0,3 =0 on I'..
From the density of 5, we immediately have — inf — H (n) =0. [ ]

neH2(Ty)

Proposition 2 Assume that problem (4) admits a solution (i.e. a case of compatible data), then
solving the Cauchy problem (4) is equivalent to solving (6).

Proof. In the case of the compatible Cauchy problem, let ¥ be the unique solution of (4) such
that ¢ = 7, . The well-posed problem (7) has a unique solution u(¢,7-) for n = 7. Let
z = u(¢,f¢) — U, then it is the unique weak solution of (4) with ¢ = 0 and = 0. Thus z = 0 on
Q2,7 =u(¢,nc) and H(7) = 0. This means that 7 solves the variational minimization problem
(6). Conversly, let 77 be a solution of (6) and u(¢,7) the corresponding weak solution of (7), then

H(n) =0 inf H (n)=0) which follows that u(¢,n) = T|F . In the case of compatible Cauchy
neH () ‘
data, we deduce that u(¢,7) is the solution of (4) and 7 = 7j. [ |



Proposition 3 Assume there exists a unique Cauchy solution v € HY(Q) for a given compatible
pair of data (T, ¢) € H%(I‘c) X H_%(I‘c). Let (T9,¢°) € H%(Fc) X H_%(Pc) be any sequence of
noisy, unnecessary compatible, data such that
T-T°|% 212 < 6 15
L O AL (15)
then the noisy energetic variational minimization problem (8) has a unique solution 7° which

strongly converges, as 6 — 0, to the Cauchy missing data No = U‘F . Moreover, the solution
u(¢®,7°) of (9) strongly converges in H'(Q) to the Cauchy solution v.

Proof. It is clear that, the noisy energetic variational minimization problem (8) is found to have
the same property of the energetic variational minimization problem (6). Then problem (8) has
a unique solution 7° and by using a triangular inequality and the trace theorem between H'(Q)

et H%(I’) we obtain:

H @) = J(u(¢’,70)),

R STRPY T
= llu(¢’.nc) - || by

1
= iHU(dfsﬁc) —u(¢, M) +ul(d, Ne) — TJHQA;(FC),

< Jlu(¢®,7e) - U(Qﬁc)”%%(m + [lu(é, c) — ||H2 )’
< (¢, 7e) — U(d’aﬁc)H%{l(Q) + |lu(é, 1e) — 6||

H3 ()

Let z = u(¢°,7¢) — u(é,7), then z is the weak solution of

—Az=0 in €,
a’flz = (bé - ¢ on FC‘) (16)
z=0 on I';,
u=20 on I'y.

then we have
Iy S 16° = 6,3 .,
As u(¢,m¢) = v, then we obtain
0 (= < 40112 _ 62
He) S o=y, +IT-T%,
< 62

Now, since H®(7°) < H%(7j) < 6% therefore ;irr(l) H°(@°) = 0. Given the fact that H? is coercive
—

in H %(Fi), we can deduce that 7° is uniformly bonded in H %(FZ) Thus ¢ is uniformly bonded
in H1(Q) where 70 is the unique solution of (1) with k =4 and w = 7°. Up to a subsequence, we
have 79 weakly converges to 7; in H'(Q2) and strongly in L?(Q) (7; is the unique solution of (1)
with k& = i and w = 7°)). Using Poincare inequality, we have the strong convergence of ©¢ to v;
in H'(Q). Consequently, 7° strongly converges to 7° in H %(F i). Since the sequence T9 strongly

converges to T in H %(I‘C) and ¢° strongly converges to ¢ in H _%(I‘C) as well, we infer that the



sequences u(¢?,7°) which are the solutions of (9), strongly converge in H'(2) to (¢, 7°) which
is the unique solution of
—Au=0 in €,
Ot = ¢ onT,,

17
u=1n" on I';, (a7)
u=20 on I'y.
As HO(0°) = $||lu(¢®,7°) — T5||12LI b < 62, we deduce that u(¢®,7°) — T? strongly converges to
0in H %(FC). Hence u(¢,n°) = T over I'.. Thanks to the uniqueness of the Cauchy problem, we
conclude that @(¢,7°) =7 and 7° = 7. [ |

Proposition 4 The functional H is twice Fréchet differentiable and strictly convex over fI%(F ).

Proof. Let h be a function in ﬁ%(f‘z), then for all € > 0 we have:

1
H+eh) = glu@n+eh) =13,

1
= Slluo.m =T +=u(0 >Hﬁ%wJ,

_ 1 2 ¢ 2
= o) =TIy re [ Au(.n) - T)uO WA+ SO0

62
= H)+e [ Aduloun) = T) u0.1)ar + Sl DI,

2(re)’
then
H h)—H
VH(n)-h = lim (n+e 8) ) _ / Ac(u(é,n) — T) u(0, h)dr. (18)
e—
Let 7 be the weak solution of
—AY =0 in Q,
O = Ae ) =T Fca
Y= Au(@)-T) on 19
=0 on I';,
1/1 =0 on Fo.
and knowing that u(0, h) is the weak solution of (7) we infer
[ Acuto. - 1) / Ot u(0, h)d / O hdT,Vh € FE(I).
Consequently,
H' () = ~0uty. (20)
Now we prove that J is twice differentiable and strictly convex.
Consider the problem:
—A£=0 in €,
an = Ac 0, h Pca
§ = Acu(0,h) on (21)
£E=0 on I';,
f = 0 on FO



Following Green’s formula, we obtain

/A( (0, 1)) u( /8n§u0h /8n§hdFVh Hz(Ty),

(&

Using (18), we have

N =
)1
m>
N =
e

(H"(n) h,7) = /Ac(u(O,T))u(O,h)dF,V(h,T) cH (22)

(&

Thus,
(H"(n) h,h) = / Ac(u(0, k) u(0, h)dl / On€ u(0, h)dT,Yh € H2(T;). (23)
Te
It follows that H is twice differentiable and its second gradient is given by:

H”(??) h = =0,

Now we prove that functional H is strictly convex. First, we observe that it is convex since

<H”(n)h,h>:/ A (u(0,h)) u(0,h)dl = [|u(0,h)]% b 20 (24)

Furthermore, if (H”(n) h,h) = 0 then u(0, h)|F = 0. It follows that u(0, h) satisfies the Cauchy
problem with homogeneous Cauchy data: ‘

—Au=0 in €,

u=20 on ', (25)
Opu=20 on I,
u =0 on Iy.

From Holmgren’s theorem [13], we have u(0, ) = 0 in Q. Hence, H is strictly convex on H 2 (Iy).
|

Proposition 5 The functional H is coercive over I;T%(FZ)

Proof. Assume by contradiction that H is not coercive over Hs (I;) then there exists a sequence
(Yn)en C H%(FZ) such that

”‘/’n”ﬁ —1 and  lim H(¢,) = 4o0.

1
2( n——+oo

We have H(¢,) = J(u(¢,vy)) and by using the well-posedness of the weak formulation of (7),
we obtain

(6, Yy S Wl gy ey 160,13,
Consequently, by using the trace theorem form H 1((2) to H?2 (T"), we get

lulo: on)ll g3 1,y S Nl n)ll g gy S M@ Unllare) < M0l -y ) + 180l 53

2



and u(¢,y,) is bounded in %(FC) which is in contradiction with the fact that J is coercive in

o (Te). [ |
Remark: Using the linearities of problems (7) and (9) we show that:
H(p) = galm) — 1) +d. (20)
o) = Lalnn) — () + . (27)
with @ a symmetric bilinear form on H %( I;) x x H %( I';) defined by
() = [ Ac(u(0m) w0, BT, Vi) € (FET) % 3T, (28)
[ and 1% are two linear forms defined by:
I(h) = —/ Ac(u(0,R)) (u(¢,0) — T)dT, Vh e Hz(Ty),
P(h) = —/ Ac(u(0, 1)) (u(¢®,0) — T%)dT, Vh e H2(T,),

and d and d° are two constant defined by:

d = /FAc(u(gb,O)—T)(u(qb,O)—T)dF,
& = /Ac(u(¢5,o)T5)(u(¢5,0)T5)dr.

Using Proposition (4) and (5), we deduce that a is a symmetric bilinear form strictly convex and
coercive on H %(Fz) x H %(Fz) Also, [ and [° are two continuous linear forms on H %(Fl)

Proposition 6 Under the assumption of Proposition (3), let 7’ (Resp. 7) be the unique solution
of the noisy energetic variational minimization problem (8) (Resp. the energetic variational
minimization problem (6)). Then it yields

17 =l 4 p,y SO (29)
Proof. Using the first order optimality condition of problems (8) and (6), it gives:
a(@®’,h) = 1°(h), Vhe H3(T),
a(@h) = k), VYhe H2(L).
Which lead to:
o =70 =7) = Wg=7") = LG-7),

= / Ac(u(0,7 = 7°)) (u<<z>‘S = $,0)+ (T - T‘W)df
From the 2 (T;)-ellipticity of a, the Cauchy and the triangular inequalities we have:
— 52 < (e =6~ 5
=gy, S e-00=1)
={/A&mm—ﬁn(w&—¢m+@—ﬁ0ﬂx
|
|

N

S IAc(uO.7 =),
07—,

< ||Ac(u 0,7

N

8



Using the continuities of the operator A. and the trace operator between H'(Q2) and H %(F) we
obtain

iy (106 =00l +1T =Tl gy, ),

< (0.7 — 7 s e (||u<¢5—¢,o>||H1 - T‘5||ﬁ%r)>

_ 5
7= 1%y S @7 =)l

w\»—A

S 11Ty (166l 4 HIT =Tl )

By using assumption (15), we have the a priori error estimate (29). [ |

4 Discrete energetic variational minimization problem

In this section, we present the discretized formulation of (8) using a classical C? finite element
based on polynomials of the kth degree (k > 1). Let 7" be a regular mesh (see [5]) of the domain
Q with a maximal size h, Q = U K. We denote by Py (T) the space of polynomials of a degree

Kerh
less or equal to k € N* defined on T € 7". Then we can define the following standard finite
element spaces:

vho= {vheco(ﬁ):vh|T e Pu(T), VTeTh},

wh = {uheL2(ﬁ):vh|T e P(T), VTerh},
1

W= Vi cH2(D),

Ml = Whc H™2(Ty), withk € {i,c},
k
iz (ry) = {vh =), 0" €W, supp(s") C Fk} C H(Ty), with k € {i,c}.
k
_ h _ —h 9 h § 6 _ . h 4 h :
Let T}, = Hﬁh%(FC)T’ on = WM#CQ% T = HA,L1(FC)T , and @) = FMFC(Z) where HAh%(FC) is

the standard Lagrange interpolation operators in H h%(Fc) and 7T5\L4h is the L?(T.)-orthogonal
r

c

projection operator on Mh We recall that for all ¢ € H*(T.) and T € H5"}(T.) with 1 < s <
k + 1 we have [5, 9]:

1
16 = Oty S D20, (30)

|7~ < BT e, (31)

h (FC)T”H% (Te)

We define the discrete energetic variational minimization problem by:

ﬂeﬁh%(ri)
where .
Hy(n) = Jn(u"(),m)), Vne H'2(T;),
with

h - _
Jp(u") = HU hHAhL(F)



and u"(¢p,, n) is the unique weak discrete solution of

—Aul =0 in Q,

= r
\ (;Sh on (3] (33)
=1 on I';,
h=0 on I'g.
Similarly, we define the noisy discrete energetic variational minimization problem by :
min  Hj (1), (34)
neHh )
where .
Hy(n) = J(u($h.m).  ¥n € H"2(Ty),
with )
Sk _ Luh e
Jh(u ) - 2”“ ThHﬁ %(Fc)7
and uh(qbi, 7n) is the unique weak solution of
—Aulh =0 in €,
= ¢! r
ut =n on I,
h=0 on I'g.

Proposition 7 Assume there exists a umque discrete Cauchy solution T" € V" for a given
discrete compatible pair of data (Th, ¢p) € s 2(Le) x M . Let (T7,¢2) € fhs 2(Cc) x M be any
sequence of noisy, unnecessary compatible, data such that

62 52 < 52
ITh =TIy +lin = G2,y <6 (36)

Then the noisy discrete energetic variational minimization problem (34) has a unique solution
ﬁh which strongly converges, as 6 — 0, to the Cauchy missing data ncp, = v I, - Moreowver,
the solution u(gbh,ﬁh) of (35) strongly converges in V" to the discrete Cauchy solutzon o =

uw(on, o) -

Proof. The proof is the same as that of Proposition (3) with the little difference that weak
convergence implies strong convergence in a finite dimension space.

Proposition 8 Under assumption of Proposition (7), let ﬁi (Resp. 7;,) be the unique solution of
the discrete noisy energetic variational minimization problem (34) (Resp. the discrete energetic
variational minimization problem (32)). Then it yields

Proof. The proof is the same as the proof of Proposition (6).

Proposition 9 Let v be the exact solution of the continuous Cauchy problem for a couple of
compatible data (T, @) € mhs 2(T,) x MFC, such that v € H*(Q) with 1 < s < k+ 1. Under
assumption of Proposition (6) and (8) the following estimates hold:

7 =3y S h“(u ey oy + 190 e oy + 1T M)w, (38)

lun(@h 1) = Ollary S A0l ) + 0. (39)

10



Proof. Let 7, be the unique solution of the variational formulation:

~ ~pl
a(@n, ¥n) = 1(¥n), Vi € H"2(T). (40)
To prove (38), we use the triangular inequality to obtain:

75, — g3 )<||nh Tl gy oy 00 =7l gy o 10 = 10l 5 (41)

Ts)
For the second term of the right-hand side of inequality (41), we use Céa Lemma, the Galerkin
orthogonality and standard finite element a priori error estimate of the Lagrange interpolation
operator HAhl b to find:

i

17 =7l g oy S B (42)

(T ~ H2 ()

To estimate the third term of the right-hand side of inequality (41), we first write the optimality
condition of problems (6) and (32):

(s n) = Uwn), Yo € H'3(Ty),
ap,vn) = ln(n), Vi, € B2 (D)),

with

) = - | Ac((0,00) (a0 0) = To)dT, Wy < HE(T),
Thus
a(Mp = M —1n) = (@ — k) — L0, — 1n),

= [ Actutom ) (1406~ 60.0) + 74 7 )ar,

IN

14c 0.7 = Ty (160 = 0000y 10 = Ty ).

Then using the H %(I‘i)—ellipticity of the operator a and the continuities of the operator A. and
the trace operator between H'()) and H %(I‘) we deduce

=l < A0~ Ty (100 = 60,00,y 1T = Ty )
< T — 71 _ _
S 107 = i)l (1006 = 0003+ 1=l 3 )
S 1.3~ 7)oy (0 = 6. O im0 +||Th—T||H2(F)
S 1=l g oy (10 0l 4 18 = Tl )

Due to the a priori error estimates (30) and (31) we have:

=gy S (100 g+ 1Ty ) (43)

11



From Proposition (8), inequalities (41), (42) and (43) we establis:

5 _ _
7~y S 8 (1l d ey 100y oy 1T o) +0 G)
Now to prove (39), we use a triangular inequality to have:

lun(h.70) = Ol < llun(h, ) — un(@). )l ) + l1un(dh, n) — wn(dn, )|l oo
+un(én,Mn) — V()

Thanks to the classical regularity results for elliptic Boundary Value Problems type (35), we
obtain:

lun(6h, ) =l < I — Mllgs g,y T 1160 = ¢2HH7%(FC) + lun(on: M) = ol (@)

As up(¢pn,my,) is the weak discrete solution of (33) and v is also the exact solution of (7), we have
by using a standard finite element a priori error estimate (see [9]):

un(Bn,70) = Vg S AP s () (45)
Finally, using Proposition (8) and inequalities (36) and (45), we deduce:

lun (89 70) = Olla ) S 6+ 25l sy

5 Numerical procedure

To solve numerically the proposed formulation (9) of the data completion problem, we apply the
following modified conjugate gradient algorithm:

1. Choose np and set n = 0.

2. Solve the direct problem (7) with = 7,, and determine the residual:

Tn = (u(¢6777n) - T(S)|Fc

3. Determine the gradient g, = H'(n,,) by solving the adjoint problem (19) with

H,(T/n) = _8n¢‘FZ 5

then calculate
dn = —gn+ 571—1 dn—17

with the convention f_1 =0, 8,1 = ,Vn > 0.

4. Calculate z, = Syp dy, by solving (3).

12



5. Determine u(0, z,) by solving the direct problem (7) with ¢ =0 and n = z,
2
.
ap =

_ )
[ECESIw.

M+l = Nn + Qp 2n.

6. Increase n by one and go to (2) if ”T”“Hﬁ%(r ) < “T"Hfl%(r )

The fourth step of the algorithm is a filtering procedure. It can be viewed as a regularization
strategy that allows our algorithm to converge numerically with the same optimal rates of con-
vergence proved in Proposition (9).

As a stopping criterion, we choose a classical one (see [10]), the first k such that:

”Tn-i-lnfl%(l—\c) < ﬁ * 57

where [ is some number which is greater than unity. Similar to [10, 12] we take § = 1.1.

6 Numerical results

To illustrate the performance of our method, we consider four cases. In the first case, the numerical

0.2r

il e
-0.25-

0 01 02 03 04 05 e 5

(a) Two-dimensional exact solution (b) Example of a non-structured mesh for h =
1/40

Figure 1: Exact solution and an example of non-structured mesh on the square domain

tests are made on a square domain defined by € =]0,0.5[x] — 0.25,0.25]. The boundary of
(09) is divided into three parts:
. = {(z,-025):0<z <05},
I, = {(2,025):0<z<0.5},
I'nb = T \ (FCUFZ)
With regard to the second case, the numerical tests are performed on an upper annular half disc
centred on the point (0,0) with an external radius R; = 0.5 and an internal radius Re = 0.75 R;.
The boundary of this domain is divided into three parts:
I'n = {(a;,O) : Ry <| T ’< Rl},
r, = {(m,y) 2+ =Ry, y> 0},
r. = {(:B,y) 2+ =Ry, y> 0}.

13
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-05 -0.4 -03 0.2 -01 0 01 02 03 04 05

(a) Two-dimensional exact solution (b) Example of a non-structured mesh for h =
1/40

Figure 2: Exact solution and an example of a non-structured mesh on an upper annular half disc
with mes(T'.) > mes(T';)

The third case is the same as the second. We just switch between I'. and I'; to illustrate the

05 04 03 02 01 [ 01 02 03 04 05

(a) Two-dimensional exact solution (b) Example of a non-structured mesh for h =
1/40

Figure 3: Exact solution and an example of a non-structured mesh on an upper annular half disc
with mes(I'c) < mes(I';)

influence of the measure of the boundary I'. (when we have overabundant data) on the quality
of the recovered data on I';. As for the fourth case, the numerical tests are done on an L-shaped
domain © =0, 0.5[x] —0.25,0.25[\[0, 0.35] x [—0.25,0.1]. The boundary of © (952) is also divided
in three parts:

Lo = {(0,9):01<y<025}U{(0.5y):-025<y<0.25},

I, = {(z,025):0<z<0.5},

. = I'\Tyuly.
We note that in the last case the boundary I'. presents two corner points at (0.35,0.1) and (0.35,0)

which decreases the regularity of the prescribed data on I'.. For the four cases, the over-specified
Cauchy data in I'. are extracted from the analytic solution:

u(z,y) = sin(kmz) cosh(kmy),

14
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(a) Two-dimensional exact solution (b) Example of a non-structured mesh for h =
1/40

Figure 4: Exact solution and an example of a non-structured mesh on the L-shaped domain

with £ = 0.5 for the first as well as the last cases, and k = 2 for the two remaining cases.
The perturbed Cauchy data (T J qﬁ5) are calculated by adding a multiplicative white noise to the
Cauchy data (T, ¢) :

T =(1+6w)T; ¢ =(1+0w)o,

where § denotes the noise level and w is a normally distributed random function (with values
ranging between —1 and 1). For the first case (Resp. the second, third and fourth case), the
analytic solution is shown in Fig. 1(a) (Resp. in Fig. 2(a), Fig. 3(a) and Fig. 4(a)) on a
non-structured mesh with A = 1/40 (see Fig. 1(b), Fig. 2(b), Fig. 3(b) and Fig. 4(b)). In the
last four figures, the nodes of I'. (Resp. of I';) are plotted with a red circle (Resp. with a blue
circle).

Note that we have chosen to use the Lagrange multiplier method to impose Dirichlet condition
in all the direct solved problems. This choice plays an important role in smoothing noisy data
in I'.. In all the performed tests, we used a Py finite element method to approximate the primal
variable u and a [Py finite element method to approximate the multiplier (used to impose Dirichlet
condition).

6.1 First case: square domain

As illustrated in Fig. (5(a)), we can observe that the trace of the noisy approximated solution on
I'. is smoother than the exact noisy data imposed on I'.. This is due to the use of the Lagrange
multiplier. The regularity of the trace of the noisy approximated solution obtained on I', led to an
accurate recovered missing data on I'; (see Fig. 6). In Fig. 7 (resp. Fig. 8), we plot the variation
of the trace of u and the normal derivative of u (9,u) in I'c (resp. I';) according to the variation
of § with h = 1/80. Despite the high noise level on the over-specified data in I'., our variational
minimization method gives an accurate reconstructed fields on I'; (v and d,u). As shown in Fig.
9 (Resp. Fig. 10 and Fig. 11), the variation of the relative error (norm L?(Q), H*(Q), L?(T.)
and L%(T;) of w and L*(T.) and L?(T;) of d,u) is depicted according to the mesh size h for § = 0
(Resp. 6 = h and 6 = h?). First, we see that for a low level of noise (6 < h?) the obtained relative
errors are very close to the relative error obtained when we solve direct problem with exact data.
This means that for a low level of noise our strategy to solve Cauchy problem allows to obtain the
same precision of the direct problem which is in concordance with the theoretical result proved
in Proposition (9). Then we can observe that optimal rates of convergence are obtained, which

15
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approve the shown a priori errors estimates in Proposition (9). The same optimality of the rates
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of convergence is obtained with a little difference for the remained cases. We note here that
the use of a filtering procedure plays a crucial role in obtaining rates of convergence. Now in
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o
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o LA(T) of d_u (rate =2.1334)

Mesh size (h)

Figure 9: Variation of the relative error of u according to the variation of the mesh size (§ = 0).

order to illustrate the importance of using the filtering procedure, we list in Table 1 the relative
error found (norm L?(Q), H'(Q2), and L%(T;) of u and L?(T;) of d,u) as well as the number of
iteration needed to have convergence. Moreover, in Fig. 11 we trace the variation of the relative
error (norm L2(Q), H'(Q), L?(T'z) and L*(T;) of u and L*(T.) and L?*(T;) of d,u) according to
the mesh size h for § = 0 and without a filtering procedure. From Table 1 we can observe that
the relative errors obtained by the filtering procedure are less than the relative errors reached
without the filtering procedure. Which means that the filtering procedure improves enormously
the qualities of the recovered data. The same remark can be observed when comparing Fig. 12
and Fig. 9. Indeed in Fig. 12 the obtained rates of convergence of our method without the
filtering procedure are not optimal, compared to the theoretical result presented in Proposition
(9). Tt is limited to 2.2, 1.6 and 2 for the L?(2), H'(Q), and L?(T;) relative error of u and 1.2
for L?(T;) relative error of 0,u. Conversely the obtained rates of convergence of our method with
filtering procedure, as show in Fig. 9, are super-optimal. It’s limited to 3.9, 2.3 and 3.4 for the
L3(Q), HY(Q), and L*(T;) relative error of u and 2.2 for L*(T;) relative error of d,u.
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Figure 11: Variation of the relative error of u according to the variation of the mesh size (6 = h).

Table 1: Variation of the relative error of recovered data and the number of iteration required
to find optimal convergence according to the use or not of the filtering procedure (6 = 0 and

h = 0.5/60)

’ Strategy of resolution ‘ 1wl 2 (r,) ‘ |OnullL2(r,) ‘ llull 22 ‘ 1wl 71 () ‘ Number of iteration ‘

Without a filtering 6.5¢ — 5 1.4e — 3 1.27e —5 | 2.5e—14 3
With a filtering le — 6 4.64e — 5 3e —17 2.4e -5 83

6.2 Second case: upper annular half disc with mes(I'.) > mes(I;)

In Fig. 13 (resp. Fig. 14), we represent the variation of the trace of u and the normal derivative
of u (Opu) on I'e (resp. I';) with h = 1/60 and § = 0.05. We can see that a good approximated
solutions are obtained but they are less than the one obtained in the first case. It can be explained
by the fact that the ratio between the measure of I'. plus the measure of I'g over the measure
of T'; is more than the one obtained for the first case. In Fig. 15 (resp. Fig. 16), we plot the
variation of the trace of u and the normal derivative of u (0,u) in ', (resp. I';) according to the
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Figure 13: Trace and normal derivative of u in T'. for A = 1/60 and 6 = 0.05

variation of 6 with h = 1/80. We can note that for lower level of noisy parameter (§) we have a
good approximated solution on u and J,u. When ¢ increases, the quality of the approximated
normal derivative of u decreases more than the trace of u. For all the values of the noisy level 6,
the obtained relative errors of our approximation solution (for all study norms) are less than the

noisy level which confirm the given a priori error estimates shown in (38) and

6.3 Third case: upper annular half disc with mes(I'.) < mes(I';)

Now we switch between I'. and I'; in order to illustrate the influence of the ratio p =

on the quality of the recovered data and the sensitivity to noise levels.
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reconstructed data u and d,u for h = 1/60 and § = 0.05. Compared to the result obtained in the
second case (Fig. 6), we deduce that the quality of reconstructed data decrease when p decreases.
It’s can be explained by the fact that when p decreases the quality of subscribed data on T,
decrease (as shown in Fig.13 and Fig.17 ), which affect the quality of the recovered data on T';.

Fig. 19 (Resp. Fig. 20) represents the reconstruction data v and d,u on I'c (Resp. I';) with
different noise levels (§ = 5e — 3, § = le — 2 and § = 5e — 2). Compared to the result obtained
in the second case (Fig. 15 and Fig. 16), we can see that the quality of the recovered data in
this case is less than the one obtained in the second case. Which means that when the ratio p
decreases the sensitivity of the noisy level increases.

6.4 Fourth case: L-shape domain

In this case we like to test the influence of the presence of two corner points, at (0.35,0.1) and
(0.35,0), on the recovered data on I';. For a lower level of noisy (§ < 5e — 4), our algorithm
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converges slowly but gives a good quality of solution. For a high level of noisy (> 5e — 3), our
algorithm converges quickly but it requires more iteration than the other cases. Also, the quality
of the recovered data on I'; (see Fig. 22) are less than the other cases. It can be explained by the
fact that the presence of the two corner points which decrease the regularity of the prescribed data
on I'.. Fig 23 shows the recovered data u and d,u on I'; with different noisy levels (§ = 5e — 3,
0 =1le—2 and § = 5e — 2). The quality of the recovered data in this case is less than the ones
obtained in the other cases. For all tested noisy levels, the quality of the recovered trace of u on
I'; is similar to that obtained in the other cases 23(a). And the quality of the recovered trace
of the normal derivative of w on I'; is less than the ones obtained for the other cases (see Fig.
23(b)). This means that the presence of two corner points on I'. increases the sensitivity of our
algorithm to noisy data.
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7 Concluding remarks

In this paper, we proposed an energetic variational minimization method to solve numerically the
Cauchy Laplace problem in the framework of a finite element method. A filtering procedure has
been used as a new regularization procedure to the suggested method. The shown a priori error
estimates are optimal and take into account the level of noise. The numerical results confirm the
theoretical estimates: The numerical solution converge, with optimal rate of convergence, when
decreasing the mesh size and the noise level.
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