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Final properties of osp(1]2) Racah coefficients related to
hypergeometric series and orthogonal Wilson polynomials

Lionel Bréhamet T

May 22, 2021

Abstract

From the supersymmetric version of Biedenharn-Elliott identity, two 3-term recurrence relations
satisfied by the Racah coefficients are derived. Each super Racah coefficient 6;5° with parities
(alpha, beta or gamma) can generally be written as linear combination of two generalized hyper-
geometric 4F'3 series. For alpha parity only one series is enough. The 144 symmetries, including
those of Regge, are well recovered like in the classic case except for beta parity which only counts
48. Tt is realized that the polynomials associated with the 4F3 series actually consist simply of
two Wilson polynomials. The role of Saalschiitzian property is emphasized.
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1 Introduction

Using a modern terminology one could say that the so called ‘Racah problem’ for the superalgebra
osp(1]2) found a solution thanks to Daumens et al. [1] in 1993. Indeed, it was done by a using
a finite-dimensional R’-spin irreducible representation of osp(1]2, see [2, p. 971-972] for a clear
description.

The reduction of the tensor product of three representations R’ by two intermediate ways naturally
led them to define a super-Racah coefficient 65 in a similar approach to that used for su(2). The
Casimir operator of the representations was not used.

Nowadays with a different point of view, the Racah problem is to find the overlap between re-
spective eigenstates of some intermediate Casimir operators when adding three algebras. With the
representations used, it is shown that the Bannai-Ito polynomials [3] are the Racah coefficients of
the super-algebra osp(1]2 ) [4, Part III].

Besides, we continued studies [5, 6, 7] rather in a practical perspective. Thus any supersymmetric
{65}° symbols (or supersymmetric Racah coefficients) can be computed thanks to a single sum-
mation formula over an integer z and a whole set of tools was built for osp(1|2) (tables, product
formulas of tensor operators using them, Ponzano-Regge asymptotic, definition of a {95} coeffi-
cient and so on, equivalent to those we can find in standard books about angular momentum for
su(2). These super-Racah coefficients, called {6]}susy by Livine and Oeckl [2] were invoked for their
supersymmetric spin foam model.

Recently for deformed qg-algebras like Uq(sly) the symmetries of quantum 6j-symbols have been
studied thoroughly by Alekseev et al. [8], with the discovering of new ones [9] in terms of g-analogues
4P3 or 5®4 g-hypergeometric functions. In addition from a decade a lot of studies on various alge-
bras (including osp(1|2)) related to hypergeometric orthogonal polynomials, mainly from Montreal
University, pushed us to delve deeper into unexplored properties of the {65} coefficients. Since a
long time standard 65 coefficients are recognized as 4F3 generalized hypergeometric functions and
orthogonal poynomials [10, 11], it remained today to further explore the properties of the super-
symmetric 65°, verify their symmetries and by the same token derive other interesting results like
3-term recurrence relations.

2 Basic recalls about 6j° symbols

2.1 Standart 65 symbols

. J1 Jo J:
Representation of a Racah coefficient (called also {6j} symbol) {jl j2 jg}:
1J2 J3
the four triangles of any {65} the three columns pairs
« . . . o . c0——0 . . .
p1 p2 p3 P4 a a2 a3

p; is the sum of the values of the three circled spins just above p; in the diagrams. In the same
way, qj is the sum of the values of the four circled spins above g;. The variables p,q (perimeters,



quadrangles) are not free since they satisfy the identity

3 4
Sa=Yn 21)
k=1 =1

Any spin is thus determined by two p; and one g according to

2J1 =p1+ps—q1, 2J2 = p2 + D4 — q2, 2J3 = p3 + ps — g3, (2.2)
2j1 = p2 +Dp3—q1, 2j2 = p3 +p1 — q2, 2J3 = p1 + P2 — q3. (2.3)

A standard 6-j symbol may be written as follows [5]:

J1 Jo J3 (—1)% (24+1)! . =3 11 (o oy
{]1 J2 yg} N Zn 1G—p) Tz (qe—2)! » With N = knl%(—;j’;)”} : (2.4)

Nl

2.2  Super 65° symbols

Similarly to su(2), these coefficients arise when we recouple three representations, but here for
0sp(1]2). We have obtained the following formulas:

S (=1)%2Ix(2)
(I SR L A D Tt B (25)

J1 J2 J3

where R® is a supersymmetric prefactor given by
k=3 y1i=4
[[i=: §:1 [ax — pi]!
— il .
H§:1 i + 5]!

The delimiters [- - -] around an expression stands for the integer part of the expression. For any 7,
integer or half integer, its integer part is obtained by taking the double, then perform the Euclidean
division by 2 and consider the quotient, namely

bl = {(25)}/2. (2.7)

There are 3 parities (7) for these Racah coefficients from the four quantum triangle perimeters:

RS =

(2.6)

m =« if Vi € [1,4] p; integer (= ¢y integer (k = 1,2,3)),
m = [ if 3 only two distinct p;, p; integer (= 3! g, integer), (2.8)
= v if Vi € [1,4] p; half-integer (= ¢ integer (k = 1,2, 3)).

For a parity 3, both integer triangles shall be denoted by p, p’, both othgr half-integer by p,p/. The
single integer quadrangle is denoted by ¢, both other half-integer by g, ¢’.
In this case eq.(2.1) transforms into

q+q+q¢d =p+p +D+VD. (2.9)

Monomials in z, namely I (z) of eq.(2.5) have been found to be [5]:

o (2) =1, (2.10)
Ng(z) =—2(@q+q —p—p +1)+ <a+ %) (?Jr %) —pp, (2.11)
T (2) = =+ 23030+ (U D)+ g (2.12)



Note that the quantity (+q —p —p’) is related to one of the six spins, let be 7%, which is the single
vertex common to both triangles p and p'.

—%

To=3%a+7-p-p). (2.13)

Just here below for the parity 8 are shown the 6 positions of the spin 7% (inserted in a small box):

B1 B2 B3 Ba Bs Be
P3,p4 P2,Pa P1,DPa P2,P3 P1,P3 P1,D2
q3 q2 q1 q1 q2 q3
Thus  75(83) = Ji [| 75(B2) = J2 [| 75(B1) = J3 | Ts(Ba) = 51 || 75 (B5) = J2 [| 75 (Be) = 3. (2.14)

The integer quadrangle ¢ is the only one which does not contain the distinguished spin 7%.

j2 stands for the three spins of the top row, and jY for the bottom row of the same column c.

It can be checked that the coefficient IL,(0) is an integer invariant under the tetrahedral symmetries
and the five Regge transformations [6]. Indeed thanks to the expressions of any spin in terms of
two p; and one g [see eqgs.(2.2),(2.3)], and to eq.(2.1), it can be shown that

3 4 3 4
AN =G =) pi =D aklae+1) =D pilpi+1). (2.15)
c k=1 i=1 k=1 1

=

3 o0sp(1]|2) superalgebra and super Racah coefficients

Taking into account the acquired experience since the historic recoupling problems of Racah, from
him until Genest [18, 19] and much other, if possible we should present a study with 3- terms
recurrence, orthogonality, hypergeometric functions, orthogonal polynomials. As reported in a
detailed comment by Rao et al. [17] , we know that a close relation exists between the 3-terms
recurrence of Racah coefficients and the 3-terms recurrence of the associated orthogonal polynomial.

3.1 3-term recurrence relation in steps of %

First of all, let us recall that for osp(1,2) or su(2), orthogonality is simply a particular case of
Biedenharn-Elliott identity (BE) [5, p.244]. Let’s write the supersymmetric version of this identity:

S S
abc abc _ (_1)[a+b+c]
de f pqr
eqz o frz S dpz S
_1\le+g+z]+[f+r+z]+[d+p+2]+22
T Cof G (s o

*Useful relation, because if a is integer, then a(a + 1) is even.




Setting e = a, d = b and especially f = % leads to 3 terms because here f varies in steps of 1/2.

abec o abe S_
ba% pqr o

_ (_1)[a+b+c]+[a+q+7“—%}-ﬁ-[b—i—p-ﬁ-r—%] {a
r

q
1
2
S 1 s S
_pylatbrc+atg ittt J 44T 3T abe
+(=1) 1
rsa pbb pqr
a
r

I (_1)[a+b+c}+[a+q+r+%]+[b+p+r+%} {

e Definitions and recalls for 6-5° with one spin 1/2:

Directly inherited from Table II found in [5], they are replaced by a product of two factors :

a first one with phase and a second that we call reduced (with a * as lower index) .
S S
{ ab c} (_pletbretliza { ab c}
1 =———71 111
5 C b (2b(2b+1)2¢(2c+1)) 2 5¢C b .
S S
{ ab c} _ (_pylatbhel+2bt2e { ab C}
1 = ———71 111
5 C b (26(2b+1)2¢(2c+1)) 2 5¢C b .
S S
ab— % c (_platbre—3l+2-1 | fa b— % c
e b T ; : b
2 ((2b)2¢(2¢+1)) 2 3 & *
S S
ab C . (71)[a+b+c]+2b ab C
1 1 = 71|\ 1 1
5C b+ 5 (2b+1)2c(2041)) 2 5C b+ 3),
{(—a+b+c+4bc) if a + b+ ¢ integer

with the following reduced expressions
}S
%

abe o

%cb

ab ¢ S_
%cb+% . a

ab—s3c
% c b
By using the integer parts identity [j] + [j + %] = 2j we obtain the following reductions:

9

, [variant of eq.(3.3)]

9

9

9

a+b+c+=+4bc) if a + b + ¢ half-integer
(a+b 14+4bc) if a+ b+ c half-integ

NI %

1
{(a—b+c+%)(a+b+c+%)}? if a + b+ ¢ half-integer

1
{{(—a+b+c) (a+b—c)}2 if a+ b+ c integer

1
{(a—b+c)(a+b+c+1)} 2 if a + b+ c integer
1
{(—a+b+c+%)(a+b—c+%)} 2 if a + b + c half-integer

B _ 1
qr—za pr—s _ (_1)[a+q+r}+[b+p+r]+2(a+b+p+q)
% a T % b r
1
2
X % [2a(2a+1)12b(2b+1)]

S S
ara prb — (—1)lat+at+r]+b+ptr]+2(atbd)
Lar Lpr — (=1)
2 2

1

1 1 2
X 2r(2r+1) [2a(2a+1)2b(2b+1)]

q7‘+% o %rr+% s ab c S'
% a pb b pqr—i—%

—~

3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)



qr a o pr b o
{ . } { | L } = (—1)letrratlprrib)

zartzf 3br+3
g 1]%‘“”“57”1’3(312)
2r+1) | 2a(2a+1)2b(2b+1) %CLT—I—% . % br—l—% ) . .
.. . . . e g | J1J2J3
For avoiding square roots, we will work with the integer quantities like w iy and super-
1J2 03
triangles A®(abc) defined in [5].
VPR Ay Ty o
{ .1 ,2 .3 } = (—1)4%:‘]6 Je AS(J1j2j3)AS(j1JQjS)AS(jleJg)AS(JlJng) 'UJS { .1 .2 .3 } . (313)
J1 J2 J3 J1 J2 J3

After some rearrangements we have

cab)’® qra s P
e {550 {0 {8
S

a c r—la r —
S

S
qr a pr b
{%ar+%}*{%br+%}*

ws{ab c }As(aqré),AS@br%)

pqr—% AS(aqr) AS(pbr)

ws{ab ¢ }As<aqr+%>_AS<pbr+%>. (3.14)

—1)2(pta+e)
+(-1) (2r) pqr+3 [ %@ TASHED

From eq.(3.8) we derive

As(aqT — %) {(a—q—l—r)(—a—l—q—l—r)}*% if a + ¢ + r integer (3 15)
As(a q 'r') {(a—l—q—r—l—%)(a—l—q—l—r—l—%)}% if a + g + r half-integer ’ ‘

1 )
{(a—l—q—r—l—%)(a—l—q—l—r—l—%)}? if a + g + r half-integer

_ {{(_q+a+r)(q—a+r)}% if a + ¢+ r integer (3.16)

Sagr-Y) |far-}a)®
AS(aqr) : r

1 if a + g 4+ r integer
_ . (3.17)
(a—i—q—r—i—%)(a—i—q-{—r—i— %) if a + ¢ + r half-integer

S 1 S 1 S S
A(agr—3) &° (bpr —35) {qr—%a} {pT—%b} _
1 1 -
AS(aqr) A5 (bpr) 5 o ).z b,
1 if a + ¢ 4 r integer 1 if b4 p + r integer
x . (3.18)
(a—l—q—r—l—%)(a—l—q—l—r—l—%) if a + g + r half-integer (b—l—p—r—l—%)(b—l—p—l—r—l—%) if b+ p + r half-integer

In the same way

S S
qr a pr b
{%GH%}*{%Z)H%}* -

1 if a + g 4+ r integer 1 if b+ p 4+ r integer
x . (3.19)
(a—q—l—r—l—%)(—a—l—q—l—r—l—%) if a + g + r half-integer (b—p+r+%)(—b+p+r+%) if b+ p + r half-integer

As(aqr+ %) NS (bpr + %)
AS(agr) AS (bpr)




Equations (3.18),( 3.19) can be compacted by the notational trick

[m + %]' _ 1 if m integer (3 20)
[m]‘ (m+%) if m half-integer ‘ .

Thus the 3-term recurrence becomes an equation with all coefficients of the w® integer:

S
cab slabec
1 b w =
z0a), paqr
_ (_1)2(a+b+c) [ata—r+3)! [atatrtd) Brp—rtd] brptrtdy s Jab c
l[a+g—r]! l[a+q+r]! [b+p—r]! [b+p+r]! pqr— %

S S
{qra} {prb} WS abce
1 1
zarf lgzbr), pqr
2(p+q+c la—atrt 3]t [Catatrt 3] poptrid] orptrtdy s fab c
+ (_1) ( )(2” [afq+r]2! [,a+q+r]2! [b—p+r]2! [7b+p+r]2! pq T—i—% : (3-21)

2r(2r+1)

(2r+1)

_|_

o Definitions:
Let us introduce three coefficients ht X, Y,

na,m3
5
ns ni n2
h’]’:LQl’nS = { 1 1 = [na—n1+n2+%}[n3+n1—n2+%}+[n3+n1+n2+1][—n3+n1+n2+%}7 (3_22)
2 nz ni .
_ lata—r+3]! [atatr+3]! [b+p—r+3] [b+ptr+3]!
X = latq—r]l "~ [atqtr]l ~[bFp—r]l ~ tptr]l 3-23)
_ la—atr+3] [atatr+3] poptrt3)t [~btptrtd]!
Y, = [a—g+r]l " [—atqtr]' ~ [b—p+r]l  [bfp+r]! * (3’24)

Accordingly the 3-term recurrence in steps of % reads ultimately

2r(2r+1) by, wS{ ab c} _ _(_1)2(a+b+c) @1 X, w5 {a b ¢ 1 }
- par par—3

be ab c
+h” hS S)a + (-1 2(p+gq+c) o Yr s . 3.25
a,q Yop W {pqr} (=1) @) Xr w pqr—l—% ( )

Stricto sensu we really have to do with 3 terms, but the drawback of this equation in steps of % lies

in its dependence in the parities () of their related w(sﬂ). At each iteration the parity of certain

w®

is changed. Actually this relation shows the non-independence of the parities «, 8 and . Each
Racah coefficient with parity «a, 5,7 has a different recurrence relation. Nevertheless it is possible
to find a standard 3-term recurrence in steps of 1, which does not change the parity of the w? by
again using the supersymmetric BE identity (3.1) . Equation above was successfully checked on

computer by using only integers.



3.2 3-term recurrence in steps of 1

Here we restart from eq.(3.14) rewritten with coefficients h;1,., and r — r — %, what yields

r—1 -1 b C
2r—1)(2r) b —hg,2h, 2 st{a }:
(( )( ) b,c »q b,p) qu,"_%
gr—1 a s pr—1 b s
L g r=1 Ly r- v
2 2 ) % 2 *

ws{abc} As(aqr) . AS(PZ”") (326)

pqr [ AS@ar—5) AS@br—3)’

_ (_1)2(a+b+c) (27‘) S { a b c } As(aqr'fl) . As(pbr'fl)

pgr—1 AS(aqr—3) AS(pbr—1)

+ (_1)2(p+q+c) (2r—1)

and a similar equation for r — r + %

First ltip] 3.96) b As(aqr—%) As(pbr—%) qr—%a o pr—% b o
irst we multiply eq.(3.26) by AS(agr) | AS(pET) Loa v f 5 b rf,
and then we use the following identity with integer parts:
S 1 S| AS
gr—1 a qgr—sa A>(aqr—1) 1
——— = |q — 1 —|. .2
'{% a ’I"—%}*{% a ’I"}* As(aqr) [q r+a-+ ][q+7‘+a+2] (3 7)

It results a 3-term expression in r — %, r—1,7:
1,1
((27«_1)(2@ hy'. —hag® by 2)

{1

% ASaqr—%) a%pbr-1) wS {a b ¢ }

AS(aqr) AS(pbr)

NI—= 1 Q




We follow a similar process for r — r + %, this time by operating with multipliers such as
qr a o pr b o
sar+3f, lsbr+3/,

a T3 T+
(@r+1)@2r+2) by —hag* by
o |lar a s pr b s
%ar—k% . %br—l—% .
(b)qrasprbs2sabc
— (242 _12a++c
Cre2)(=1) %ar—i—% . %br—l—% . v pqr

As(aq r+1) .
AS(aqr)

AS(aqr+d) A5mbrid)

AS(aart AS b . After simplification we find

AS@ar+d) aS@ersdy s fab ¢ _
AS(aqr) AS(pbr) pqr_i_%

ASpbre1) .S ab ¢
7AS”(MT> w {qu—i—l}. (3.29)

By using the identity (3.27 ) for integer parts we can write

qr a s qr—+ % a s
% ar+ % . % a r+1/f,
and a similar equation with {pr b} instead of {gra}. Then in eq.(3.29) the coefficient of

gJab c .
w is equal to
{pqr+1} 4

3
—lg—r+adg+r+a+] i@ty (3.30)

2 AS(aqr)

S a T S T 2
(2r+1)[g—r+a]lgtr+a+ 3] [p—r+b][p+r+b+3] (AAg(qu)” : AAg’(i’pj)l)) . (3.31)

Moreover as we have the result

<As(aqr+l>)2 _[ratgt+r+lla—g+r+1]

S 3.32
A%(aqn) la+q+7r+3a+q—r] (3:32)

ab c

pgr+1
Equation (3.29) can be rewritten as:

the coefficient of w® { } becomes finally (2r+1)[—a+q+r+1][a—g+r+1][—b+p+r+1][b—p+r+1].

r4+t rdd
((2r+1)(27“+2) hszc - ha;lrz hb;2>

S S
y qr a pr b
'{%ar+%}*{%br+%}*

AS@qrtd) aSwbred) s{ab c }:

AS(aqr) AS(pbr) qu—l-%
abbtc qr a s pr b S\ s fabe
‘@””“*V(%+’Q{%ar+%}*{%br+%}*) v {oar)
+
@r+1)(—1)2PHIHO) o gy 1) [a—gtr 1)< bt ptr 4 1 b—ptr 1w {a b e } (3.33)
pgqr+1



1,
Multiplying eq.(3.14) by <(2r—1)(27’) hy'. — h(:q 2h

1 1 1
) b,p 2) <(27’+1)(2T+2) hl?,c — h(::l_z h;;2> leads to

7”—l s

-1 el gl
<(27’—1)(2r) hy'. —hag? hbm > ((2r)(27’+1) hy'. —hg hg:p) <(2r+1)(27’+2) hy'. — ha,quz hb,:2>
< wS {a b c}
pgr

1 1
(a+b+c) r+5 . T3\ 2a5@er-1) aS@er-3)
— (1) (2r+1) ( 2r+1)@r+2) e — hag” By ) | T5 o a5 Gy

| r—Lla)% r—1p1° ab c
X<(2r 1)(27‘)th h,q h7p >'{ 2’{'} {Il) b2’f'} ws{pq’r—l}
* 2 * 2

_1 1
+ (=1)*FHt ) oy <(2r—1)(27’) by, —hag” hy 2) a%Gar+d) a9Gportd)

b,p AS(aqr) As(pbr)

o ( (araty(orio O _hr—l-%hr—l-% qr a s pr b 5 sjab c (3.34)
(2r+1)(2r+2) b,c a,q b,p %(17"“‘% . %b'f’—i—% . pqr+% ’ ’

We are now able to replace eqgs.(3.28) and (3.33) in eq.(3.34) for dropping out the w® having r + 3.
We need again to define three new coefficients 0y, ;. and k1 ..
e Definitions:

f=r+3 1 .
77f = (2f(2f+1)hél,c - hc{;q hé’jp>, NT’ = H T’f? k777/7/27n3 — ‘{’ﬂlg TL1—§ ng } .
1 B .

n2 ni

(3.35)

Finally here is the final 3-term recurrence in steps of 1 obtained with only integer quantities:

s fabe] _ ~ e s fab ¢
N w {p o } = Ty L@0)@r+1) [g-r+ati]lgtrat 3] p-r+b+1pr+b 3w {p ar—1

— (=1)2(atbtpto)

; . 2 7”+l T-i-l 2 a b C
[77 Lir- 1)(2r+1)(ka7qkb’p> + My 1(2r) (2r+2) (ka,qkam 2) } w® {p . T}

+ 1,_1(2r) @r+1)[—atq+r+1][a—g+r+1][—b+p+r+1] [b—p+r+1}w5{ ab c } (3.36)
2 pqgr+1

While realizing that writing a synthetic formula that use integer parts hides subdivisions of cases
with different mathematical expressions, we note the advantage of not depending formally on parities
a, B, 7. As for the 3-terms recurrence relation in steps of 1/2 successful tests were performed with
integer numbers, but in a field more reduced because huge numbers in the coefficient N, occur and
are out the range of small computers.

3.3 Pseudo-orhogonality relation

There are analogous properties, indeed the supersymmetric Racah coefficients {6j};? have also a
pseudo-orthogonality relation [1, 5] that we can rewrite here as:

[a+e+x]+[d+b+a]+22 abc ° abd ° [a+b-+c]+[d+e+c]+2¢
> (1) =(-1) Seel (3.37)

- dex dex

10



with the increment on z done by steps of 1/2. For recall let us write the orthogonality for su(2):

abx o abx s
Z{def} {def’} = 05,1 (3.38)

with an increment in steps of 1. However, nothing really exploitable can be obtained because of
parities mixing between «, 3 ;c1,6 and 7.

4 Expansion on hypergeometric 4F3 functions

4.1 Rao’s calculations as model

From a series like eq.(2.4) which define a standard 6-7, use of function I' and Pochhammer symbol
(), leads to an hypergeometric formulation. For example by making the change z — ¢; — n in
eq.(2.4) we have to handle expressions like

(Q1+1 n)
qlzﬂl 1(q1 —pi—n)! 1} =3 (nt+qe—q1)! (4.1)
(1) +9) (g +1-n)! =(— 1)1 [(~q1—1),,] " T(q1+2), (4.2)
m =(=1)"(p1—q1),, [T (1+q1—p1)] ", m =(=1)"(p2—q1),, [L(1+q1—p2)] "}, (4-3)
m =(=1)"(p3—q1),, [T (1+q1—p3)] ", m =(=1)"(pa—q1),[C(1+q1—pa)] ", (4-4)
(n+¢J21*q1)! :(quqlwl)n[F(‘D_ql"'l)rl’ (n+q31—q1)! :(q37q11+1)n C(gs—q+1)] 7" (4.5)

Then, a {65} symbol is written as a generalized hypergeometric function 4F3 of argumentl.
That yields a generalized hypergeometric function 4F3 of argumentl [12, 13]:

{Jl Jo J3

I1 J2 ]3 } ( 1)qk NF(Qk'f‘m[l_[iii1 F(1+Qk—Pi) Hl;ﬁk F(QL—QIQ+1)]71

(4.6)
X ,F ( (P1—ak),(P2—ax),(P3—ax),(Pa—qk) ;1)'
(—ax—1),(qky —ar+1),(qks —ar+1)

with (k, ko, k3) cyclic = (1,2,3) and k € [1, 3].

a1, 42,7 ; x) is said Saalschiitzian [14] if

b17b27 e
b= ai+1 (4.7)

Thereafter we compute the ”parametric excess” of balance condition of Slater [14, p.49], that we

will denote in this paper by 7:
Ts:Zbk_Zai- (4.8)

As 7, = 1 in the present case, we recover the set I of the three Saalschiitzian 4F3 functions of Rao
[13]. The total number of permutations for p; — g; and (g, — qx + 1) is 3 x 4! x 2 = 144.
A second change of summation variable is given by z — n + p; yields

Let us remind that TFS<

7L(Tb-l-pl-i-l)
plZH’ (n+p1 —p ) TIEZ3 (g —n—p1)! (4.9)

11



Hence

(=1) P (ntp1 +1)!=(= 1)1 (p142),, T (p1+2), (4.10)
= = (D" (e1=a) . [P —p)] o = (1" e1=62), [P —p1)] 7 (4.11)
ey = ()" (P1—48),, [T (1+as—p1)] ey Crerezy m LU (B SE Y] (4.12)
G P = Grpe Dy, LP1—pa Dl Gm T — G, L P1mpat )l (4.13)

Then the set II of the four 4F3 Saalschiitzian [thanks to eq.(2.1)] functions of Rao [13] is obtained.

I Jy J .
{ jll jj ]g’} = (—1)Pi N T(pi+2)[[1523 P(1+ak—pi) T, 2 Tpi—ps+1)]

(4.14)
(Pit+2),(pi—q1),(Pi—q2),(Pi—a3) _1)

X4F3 ( )
(Pi—pig+1),(Pi—pig+1),(pi—piy +1)

with (4,142, 13,44) cyclic = (1,2,3,4) and i € [1,]. Number of permutations = 4 x 3! x 3! = 144.
Thus the 144 symmetries of a Racah coefficient, including the Regge symmetries [15]. Set I and
set II are equivalent. Hereafter we will follow this method and generalize it to the supersymmetric
case.

4.1.1 Remark for simply obtaining Regge symmetries

Here is our way of managing Regge symmetries by simple permutations: suppose we represent a
{65} as a function of its p; and qx by (p1,p2, s, P4;q1,92,q3). Then the 5 Regge transformations
may be written as

Ri(p1,p2; P3, P45 q1, 42, 93) = (P1, P35 P2, P43 41,92, G3), (4.15)
P2 < P3
Ra(p1,p2, 3, P45 q1, 92, 93) = (P3, P2, P1,P45q1, 42, G3), (4.16)
P1 <> P3
R3(p1,p2, 3, P45 q1, 92, 93) = (P2, P1,P3,P45 41,42, G3), (4.17)
P1 < P2
Ra(p1,p2, 3, P45 q1,92,93) = (P3,P1, P2, P45 42,43, q1), (4.18)
(P1,P2,P3) = (P3,P1,P2) and (qd1,492,93) — (42,4ds3,d1)
Rs(p1,p2: 3, P45 q1, 42, 93) = (P2, D3, P1, P45 43, 41, 42)- (4.19)
(P1,P2,P3) = (P2,Ps,P1) and (qd1,492,93) — (43, d1,92)

Now just use the expressions calculating the spins, eqs.(2.2),(2.3), after replacing the p; or gi given
by the equations just above (4.15)-(4.19) to recover the well-known Regge formulas.

5 Expansion of super Racah coefficients

The triplet of equations (2.10)-(2.11)-(2.12) is the key for displaying the coefficients under a hyper-
geometric form 4F3. The numerator factors (—1)?z!I1;(z) containing the monomials II.(z), can be

12



used for splitting each supersymmetric symbols into two 3Fy at most:

Na(z) = (-1)*(2)!, (5.1)
Na(z) = (-1 '@ +p —q+1)(z+1)!
+ (1) [+P —q+ 1)+ ((@+2) (¢ + %) —pp')](2), (5.2)

Ny(z) = (1) Lz + 1)! + < <Z ak(qr +1) pr) + %) (z)!. (5.3)

For the parity v one may also note p; as p; since they are all half-integer.

Then eqs.(2.5,2.6) compared to eq.(2.4) allows us to quickly guess how to obtain hypergeometric
4F3 functions for the supersymmetric {65} symbols from the standard formulas eqs. (4 6),(4.14):
Under the sum over z, then inside the 4F3, do the change p; — [p; + —] and q, — [qp + L].Also for
the change of variable which need to be integer, we have to make changes as z — [q + i] —n and
2= [pi+ 3 +n

As the identity between perimeters and quadrangles (2.1) is fundamental for checking if the new
hypergeometric 4F3 functions are Saalschiitzian or not (by means of the indicator 7), it is useful
to pre-calculate some sums of integer parts like 37 [p; + 3] and Sooilae + 3

4 3
> [pi +4 = p1+p2 + ps +pa, > lak+4l = a1+ g2+ as. parity «  (5.4)
i k=1
JE— 3 JR—

Spi+i=p+p +p+1p +1, lar +3]=q+q+ ¢ + L. parity /3 (5.5)
j= k=1

4 3
Y i+l =pi+Pz+Ps+Pi+2 gk +5] = @1 + g2+ g3. parity v (5.6)
=1 k=1

The supersymmetric form of identity (2.1) remains unchanged for the parities a and 5 but differs
for the third case y. This can be visualized as follows:

3 4
Z qr + 1 2:[;9Z 1] for (a and Z qr + 3 Z[p +1] —2 for (). (5.7)
k=1 i=1 i—1

For the frontal phase as function of the parities T = «, 3,7, it can be checked that

(1% =1if 1 = a,
(~D) I = § ()% = ()P i = B, (5.8)
(=1)% = (=12 if 7 = 4.

It just remains to apply the Rao-process given as example above for the classic {65} symbols.

5.1 One hypergeometric function 4Fj for parity «

S z
J1 Jo J3 5 — (Z1)7zt )
{j1 s f. " VR Z:Hz_i*(z—w;])! =i (ot 31-2)! (5.9)
The calculation is simple because we handle only one sum over z. Since all the p; and ¢ are integers,
then we can replace [p; + %] and [gr + %] by p; and g respectively. If necessary, use will be made
of the usual notation [14, p. 41]:

I'(a1)T(a2)T(a3) -+ - T(aa) _r [al as ag - aA}
(61T (ba)T(b) - T(bg) by by by - by |

(5.10)



After rearranging some products of I' as I'((gu+4]+1)[[T:Z] C(1+{ax+3]—[pi+3) [T T ([QL+%}_[Qk+%]+1)]71
we are led to a first result.
Set I, for the {6515

Ji Jo J , -
{ 12 ‘3} = VRS (~1)% D(qe+1)[T1:Z4 T (14 ar—pi) Tps D@ -+ D]
JJ273 ), (5.11)
X 4Fs ( —(gr—p1),—(qx—p2),—(qx—P3),— (qr—pa) 1) ,
—(ar) (ary —ar+1),(qrs —qr+1)
with (k, ko, k3) cyclic = (1,2, 3). Indicator 75 = 2. In the same way we derive the second set.
Set I1, for the {65}5:
T Jy I3 7
{ .1 .2 .3 } = VRS (—1)Pi r(pi+1)[l'[2:1 P(1+ak—pi) I1, F(Pi—pm+1)]71
Ji J2 J3 ), (5.12)

< (pi+1),(Pi—q1),(Pi—q2),(Pi—q3) )
X4F3 i1
(Pi—pig+1),(Pi—pig+1),(pi—piy +1)

with (i,2,13,44) cyclic = (1,2, 3,4). Indicator 75 = 2. Set I,y and set I,y are not Saalschiitzian.
Note that the 4F3 obtained above have not the feature of an eventual physical parameter, like a
standard symbol {6;} for example. Especially the Saalschiitzian property is not satisfied. By looking
at each of the two 4Fj related to the sets I(,) and 11, and by taking up Rao’s argumentation [13],
we can see that the 144 symmetries of a standard {65} symbol are well recovered. Both Set I,
and Set II,) are equivalent.

5.2 A sum of two hypergeometric functions ,F; for parity

S
{Jl T2 J3} = (~1)p+P VRS
J1J2.33 ) g
Z Z+1(z+1)
P+~ 1) L= pz+ I (e 32 , (5.13)
X
_ ( )(Z)
[(F+p"—a+)+((a+3) (¢ +3)—pr) ZH I (laet21-2)!

with p; € [p,p/,p,p'] and g € [7,¢,q]. With the change z — ¢ — n, a first set is obtained.
Note that here g is integer, if not we have to do 2 other changes like z — [g+ %] —norz— [¢+ %] -
Set I(g) for the {6j}g:

S
{Jl /2 J3} = (—1)p+? VRS
JuJ2 3 )4
XD(q+D) [T DA+a—lpi+3NT @+ —a+1),(@+5—g+1)]
[ — (E+P g+ 1)([a+§1+1) |
% 4F3< ([pr+31=lan+30).([p2+3]~lax+31).(Ips+ 5]~ lae+ 3D (lPa+ 5]~ [ax+3]) ; 1) : (5.14)
(—lae+31-1),([ary+ 31— lar+51+1),([akg + 3] —[ax+5]+1)
X +
[(F+p"—a+1)+((7+3) (7+3) )]
X4F3<([p1+%]—[qk+%})7([p2+%]—[qk+%})7([p3+l] lax+31).(Ipa+ 3]~ [qk+%})_1)
L (=lar+31):(any + 51 =lar+314+1),([ans + 51— lax+3]+1) J

with (k, ke, k3) cyclic = (1,2,3). Indicator 75 = 1 for the first hypergeometric 4F3 and 74 = 2 for
the second. The whole cannot to be said Saalschiitzian.
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Similarly with the change z = n+p, 2 = n+p or z = n+ P+ 3] and z — n+ [p' + 3] we obtain
the second set.
Set IIg) for the {6]’}‘2:

s
{Jl J2 J3} — (c1)pitBlrote —a gE
JuJ2J3 )4
i XT([pit+ A+ DT 2y T+ art 21 [pit 2] Tl T([pit 31— lom+214+1)]
— @+ —q+ 1) ([pi+3]+1) ]
FS(([piJr%lH?),([pi;ré] [g1+3)): ([Pt 3] —la2+3)).(lpit 3] - [q3+%]);1> . (5.15)
(lpit+3]—[pis+ 3141, ([Pit+ 51— [Pig+ 3141, ([pit+ 3] —[pig +3]+1)
X +

[@+ —a+1)+((7+3) (7 +3)—pp')]
- < ([pi+31+1),([pit 3] —-la1+3)), ([pi+ 31 —la2+ 3D, ([pi+ 31— las+3]) ; 1)
([Pit3]—[Pis+314+1),([pit+ 2]~ [Pis+2]1+1),(Ipi+ 3] —[ps, + 3]+1)

with (i,19,13,14) cyclic = (1,2,3,4). Indicator 75 = 1 for the first hypergeometric 4F3 and 75 = 2
for the second. The whole is not Saalschiitzian.

We have seen that the first hypergeometric 4 F3 function in Set Ig) was Saalschiitzian as well as the
first one of Set II(g). It may happen that non-physical spins may appear with values like % from
the division of a half-integer by two. Then it is clear that the total number of symmetries for the
case (3 is reduced from 144 to 48 since, here, only one Regge symmetry yields valid spins, integer or
half-integer.

5.3 A sum of two hypergeometric functions ,F3; for parity

S
{Jl /2 ‘73} = (~1)" Tk /RS
J1 J2 J3
3 (1) (a4
— 121 (== lpit3 ])'H 1 (lan+3]-2)! : (5.16)
X
> (2)!
(2 (Exartantn- ZH' N TR (laxt+31—2)!

Similarly to previous sections, we can write right now the results.
Set I, for the {6]’},‘3:

J1 Jo J3 ° _ ak+1+5 4 /RS i=4 — 1 -1
{jl i ]3} = (1% 1 VRS T (qr+ 1) [[T1Z1 T(1+ak— @it 5)) [z T(@—ax+1)]
—(qr+1) i
><4F3< (Pi+5—ar),(P2+3—ak),(P3+ 5 —ar),(P1+5—ak) ; 1)
(—ak—1),(qky —aqr+1),(qky —qr+1) , (5.17)
% +

( 5 (Chanlat) -5, 72)+ 3 )
><4F3< (Pi+5—ar),(P2+3—ak),(P3+3 —ar),(Pi+5—ax) 1)
(—=ax) (aro—ar+1), (ks —ar+1) ’

with (k, k2, k3) cyclic = (1,2, 3). Indicator (first 4F3) 7s = —1, second function 75 = 0.
Set I(,) is non-Saalschiitzian.
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Set II(,) for the {6;}5:

S
Ji Jo J. _ _
{ 12 .3} :(—l)pi+%+1+2kqk\/RSF(;zTi+%+1)[Hi:1F(l—l—qk—(ﬁ-i-%))Hm#il—‘(pﬁ—ﬁ—l—l)] !
J1 J2 J3 o )
—(Pi+5+1)
><4F3< (Pit5+2),(Di+ 5 —q1),(Pit+ 5 —a2),(Pi+5 —a3) ; 1)

(Pi—Pig+1),(Pi—Piz+1),(Pi—Piy +1) , (5.18)
« +

1 _
(5 (> Qk(Qk‘f‘l)_ZiPiQ)'i‘%)
1 — 1 — 1 — 1
><4F3< (Pit3+1),Pi+5—q1),(Pi+5—2),(Pi+35—a3) 1)
(Pi—Pig+1),(Pi—Piz +1),(Pi—Piy +1)

with (7,42,13,14) cyclic = (1,2, 3,4). Indicator (first 4F3) 75 = —1, second function 7, = 0.
Set II (,) is non-Saalschiitzian. As for the symbols of parity a the 144 symmetries are recovered.

6 Super Racah coefficients and P Wilson polynomials
Recall that Wilson orthogonal polynomials of degree n [11] are given by:

Pn(t2, CL/, b/, 0/7 d/) =(a/+b)n)(a'+c V) (@ +d')n) 4F3< —n,(a’+b'+c'+d' +n—1),(a’+t),(a’ —1) ; 1)_ (61)
a’+b ,a’+c o' +d’

As found in a comment by Rao et. al. [17] the relation between a standard 6-j coefficient and the
polynomial P can be written as:

abec|

def|
(=12t A(b, d, f)A(a, e, f)A(a,b,c)A(d,e,c)T'(a + e+ f+2)
x[1+b+d—f,1+a+e— f,i1+d+e—c1l+c+d—e1+b+c—a, (6.2)

Lt atb— 0] Poras((erhidemtimamt-ha-tr—drert),

Now we turn back to the original formulas which led us to expand super Racah coefficients as a
single summation over an integer z [5].

According to our method of calculation, see [5, pp. 261-266], it is clear that the three super
Racah coefficients can be written as the linear combination of two standard 6-j coefficients.
Indeed if we let N¥ = AS(J1jajz) A (j1J2j3) A (j1jaJ3) AS (Ji1J2J3), we are able to write the
following formulas below.

6.1 The three doublets of 6-; symbols used for the super Racah coefficients

e Parity o :

s
{Jl ¥2J3} R DL P8 R TN -2 LR (6.3)
Ji1J2 33 ), YlJi—3J2— 35733 21 J1J2 73

We will denote d for the degrees of the Wilson polynomials used for the calculation.

di = ji1 + J2 — js, dy = j1 + J2 — js, (6.4)
To=(N1+h+Js+1)7=(ps+1)"", Yo=(h+Jo++1) =@+ 1)L, (6.5)
(—1)% = (—1)4Zj“]b =1 for the case « . (6.6)
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with, in this example the normalization coefficients N; and N, are given by

N = A(J1jo-1j3—3) A (Gi-3 Jags—1) A (Ji-2 jo—-1J3) A (J1J2J3), (6.7)
N3' = A(J1 j2 js) A (J1 J2 J3) A (G1g2d3) A (J1J2J3). (6.8)

e Parity 3 : (1/6 possible cases [p3 and p4 integer])

{Jl‘]“‘”’}S:(—l)%[WNS{.Jl % J3}+y61vs{‘71']2 & H (69)

J1 g2 J3 ) 4 N J1— 5 d2 — 5 3 N\ 1 d2 Ja — 5
where
‘ 1 . o1
dTZ.71+J2—]3—§, d2231+J2—]3+§7 (6.10)
zg=(J1 +Jo+ 3+ 1) (1 + o+ s+ 3)(—j1 + Jo + s + 1), (6.11)
ys= N1+ Lo+ 3+ 1) (J1+j2— s+ 501+ —js+ 1), (6.12)
and
NY = AT ja-1Gs) A (-4 Jags) & (j1—4 a3 J3) A (Jy Ja Js), (6.13)
N = A(J1 jo ja=1) A (i Jo=1 j3) & (1jas) O (J1 o J3). (6.14)

e Parity ~ :

S
Jy Jo J. J—x -1 -1 Jo—Lrgp 1 g 1
{ Lol 3} =(—1)“’”[mw—x§{ S S B SV 1;‘1 2 2].22 3724 (6.15)
)

J1 J2 J3 N—3J2—57J3—3 J3
where
. o, o
d1=J1+J2—]3—§, d2=]1+J2—J3—§, (6.16)
Ty =(J1+j+i+ L)1+ +is+ L)+ + 3+ 1), (6.17)
Yy = (=1 +j2+3+ 301 — 2 +iz+ 1)1 +jo — J3 — 1), (6.18)
and

6.2 An example of equating two different series

Recalls:
J1 Jo J. . _
%{ o2 .3} = (~ )% (qe+2)[[T'=4 D1+ ar—po) TTs Dlai—ax+1)]

><4F3( (P1—ak),(P2—ax),(P3—ax),(Pa—qk) 1)'
(—ak—1),(any —ar+1),(akg —ax+1)

For the first 6-5 symbol we change all g, — ¢ — 1 and p; — p1 — 1, p2 — po — 1 and p3 — p3 — 1:

Jl JQ Jg _ i -1
Nif{ T T T = DB e D) 2 P X TS D) Tk Da—ar+1)

J1—3J2— 37373 (6.22)
(p1—4x),(P2—qr),(P3—4r),(Pa—qr+1) 1)

X4F3(
(=ax) (ary—ar+1),(qry —aK+1)
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or more

J J. J . _
% { . _1 1. _2 1. _3 l} = — (—1)%T(qr+1) [% XH?E%F(1+Qk—Pi) Hl;,sk F(Ql—4k+1)] '
1 n 3 J2 3 J3 2 ko (6 23)
Y F ((Pl_Qk)v(pZ_Qk)v(PB_Qk)v(pél_Qk'f‘l)_1) .
43 .
(—=ax) (ary—ar+1),(qry —qr+1)
Dlge—ps) 17" _ TOtae—ps) _ _(ax—pa)!
We have [%] = F(q:ipf)‘l — (q:ipfil)! = (qr — pa)-
Then we can write
J J: J: . _
Ni{ R TR } = — (gk=pa)(~ )% D (g + D[ITZ T (1+ak =) TTipr D= +1)]
1 ]1_5]2_5]3_5 (624)

><4F3< (P1—ax),(P2—qk),(P3—4x),(Pa—aqr+1) 1)
(—a)-(@ry—ar+1)(aeg —ax+1) /"

We have N° = VRS from equation (2.6) and after use of I'(qx +2) = I'(gx + 1) x (qx + 1)we can
perform the sum of the equation (6.3):

S
Ji Jo J: — . _
{jll j22 j;} = RS(_l)qu(Qk'i‘l)[HZ;lF(1+Qk—pi)Hl;ﬁk F(Ql—Qk+1)] 1m

y [_(qk_m)ms((pl—qw,(pg—qk) AR SIS <<p1—qk),(pz—qk»(pg—qk),(m—qk),1” ‘
(—ax)+(qky —ar+1),(qks —ar+1) (= ak—1),(@ry — 1), (@rg —ar+1)

(6.25)

Ji Jo J | )
{ o2 .3} = VRS (= 1)% D(qut+1)[[T= T+ ax—po) T Ta—ax+1)]
J1 J2 J3 (626)

S <(pl_Qk)v(P2_Qk)v(pB_Qk)v(P4_Qk).1>.
(—a)-(@ry —ar+1).(Gkg —an+1)

That yields

(P1—=ar),(P2—qk),(P3—qk),(Pa—ak) . 1) _
(=) (ary —ar+1),(qhg —ar+1)

(P1—ax)s(P2—aqx):(P3—qx),(Pa—qr+1) (P1—ax),(P2—ax),(P3—ax),(Pa—qk)
_ _ F i1 1) 4F ;1 6.27
{ (npa)s 3< (= 01) Gy~ @1+ 1), Gk —~ax+1) )+(q’“+ 1 3<(—qk—l)quz—qk+1>,<qk3—qk+1> )] (6.27)

(pa+1) x4F3 (

Indeed the right hand side can be transformed into

_ (P1—3ak)n(P2—ak)n(P3—aqx)n (P4 —aK)n Ny (P1—a)n(Po—ap)n(P3—ak)n(P4a—ag)n
Z"{(m axtn) (=) (qhy —ap+1) (apz —ap+1) +axk+1-n) (=) (aky —arp +1) (a3 —ap+1) }

Equation (6.27) is indeed an identity (rather trivial), like those we coud derive from the other
Set Il(4), Set I-IIg) and Set I-II(,). However this shows that the following examples with non
Saalschiitzian (75 # 1) series 4 F3 can be gathered into both Saalschiitzian series (75 = 1).Symbolically:
Set I-I1(,) : 75 = 2 for Set 1), 75 = 2 for Set Il(y) ~ (15 = 1) + (7s = 1),

Set I-II(g) : (75 = 1 and 75 = 2) for Set I(g), (7s = 1 and 75 = 2) for Set II(g) ~ (7, = 1) + (75 = 1),
Set I-1I () : (75 = —1 and 75 = 0) for Set I,,),(7s = —1 and 75 = 0) for Set II(,y ~ (75 = 1)+ (7s = 1).
This property could be useful in particular cases.

18



7 Conclusion and prospective

Each of the three super Racah coefficients (6 o symbols) with parities «, 3, is a linear combination
of two standard 6-j coefficients, i.e. { . L 1 L2 L3} and {Ll L,2 L,3

-5l I3 Ji Uy 15
linear combination of two Wilson (W) polynomials differing by their first argument a’-1 and o’ .
For parities «a, v both polynomials have the same degree. For parity 5 the degrees are n and n + 1.
Let us recall [4, p. 401] that the Bannai-Ito (B-I) polynomials were found to be the Racah coefficients
of 0sp(1]2). This is an approach which differs of our own because of the use of other generators and
representation bases. Precisely because of this we should be able to formulate a correlation between
the 65 symbols and the super Racah coefficients expressed in terms of (B-I)’s, as well another
possible link between (B-I)’s and (W)’s. While knowing that a generalization has been already
proposed [4, p. 402] for the superalgebra osp(1]2), with q-deformed polynomials (B-I),’s, we think
that the results with 6;5° symbols should be able to generalize to some deformed 6j5q symbols and
algebras Uq(osp(1/2)) [20].

}, thus nothing more than a
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