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Abstract

We prove a Central Limit Theorem for the empirical optimal transport cost,
√

nm
n+m
{Tc(Pn, Qm)−

Tc(P,Q)}, in the semi discrete case, i.e when the distribution P is supported in N points, but
without assumptions on Q. We show that the asymptotic distribution is the supremun of a
centered Gaussian process, which is Gaussian under some additional conditions on the probability
Q and on the cost. Such results imply the central limit theorem for the p-Wassertein distance, for
p ≥ 1. This means that, for fixed N , the curse of dimensionality is avoided. To better understand
the influence of such N , we provide bounds of E|W1(P,Qm)−W1(P,Q)| depending on m and
N . Finally, the semidiscrete framework provides a control on the second derivative of the dual
formulation, which yields the first central limit theorem for the optimal transport potentials.
The results are supported by simulations that help to visualize the given limits and bounds. We
analyse also the cases where classical bootstrap works.

1 Introduction
A large number of problems in statistics or computer science require the comparison between histograms
or, more generally, measures. Optimal transport has proven to be an important tool to compare
probability measures since it enables to define a metric over the set of distributions which convey their
geometric properties., see [33]. Moreover, together with the convergence of the moments, it metrizes
the weak convergence, see Chapter 7.1. in [34]. It is nowadays used in a large variety of fields, in
probability and statistics. In particular in Machine learning, OT based methods have been developed
to tackle problems in fairness as in [20, 16, 2, 6], in domain adaptation ([29]), or transfer learning
([13]). Hence there is a growing need for theoretical results to support such applications and provide
theoretical guarantees on the asymptotic distribution.

This work focuses on the semi-discrete optimal transport, i.e. when one of both probabilities is
supported on a discrete set. Such a problem is inspired by a large variety of applications, including
resource allocation problem, points versus demand distribution, positions of sites such that the mean
allocation cost is minimal ([18]), resolution of the incompressible Euler equation using Lagrangian
methods ([11]), non-imaging optics; matching between a point cloud and a triangulated surface;
seismic imaging( [25]), generation of blue noise distributions with applications for instance to low-level
hardware implementation in printers( [5]), in astronomy ([22]). From a statistical point of view,
Goodness-of-fit-tests based on semi-discrete optimal transport enable to detect deviations from a
density map to have P 6= Q, by using the fluctuations of W(Pn, Q), see [18] and to provide a new
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generalization of distribution functions and quantile, proposed for instance by [17], when the probability
is discrete.

The most general formulation of the optimal transport problem considers X ,Y both Polish spaces.
We use the notation P(X ) (resp. P(Y)) for the set of Borel probability measures on X (resp. Y).
The optimal transport problem between P ∈ P(X ) and Q ∈ P(Y) for the cost c : X × Y → [0,∞) is
formulated as the solution of

Tc(P,Q) := inf
γ∈Π(P,Q)

∫
X×Y

c(x,y)dπ(x,y), (1)

where Π(P,Q) is the set of probability measures π ∈ P(X × Y) such that π(A × Y) = P (A) and
π(Y ×B) = Q(B) for all A,B measurable sets.

If c is continuous and there exist two continuous functions a ∈ L1(P ) and b ∈ L1(Q) such that

for all (x,y) ∈ supp(P )× supp(Q), c(x,y) ≥ a(x) + b(y), (2)

then the Kantorovich problem (1) can be formulated in a dual form, as

Tc(P,Q) = sup
(f,g)∈Φc(P,Q)

∫
f(x)dP (x) +

∫
g(y)dQ(y), (3)

where Φc(P,Q) = {(f, g) ∈ L1(P )× L1(Q) : f(x) + g(y) ≤ c(x,y)}, see for instance Theorem 5.10 in
[35]. It is said that ψ ∈ L1(P ) is an optimal transport potential from P to Q for the cost c if there
exists ϕ ∈ L1(Q) such that the pair (ψ,ϕ) solves (3).

We consider observations drawn from two mutually independent samplesX1, . . . , Xn and Y1, . . . , Ym
i.i.d. with laws P and Q. Let Pn = 1

n

∑n
k=1 δXk

and Qm = 1
m

∑m
k=1 δYk

be the corresponding empirical
measures. The optimal transport cost between the empirical distributions Tc(Pn, Qm) defines a random
variable. The asymptotic distribution of the empirical transport cost Tc(Pn, Qm) has been studied
in some papers. In a very general case, [8, 9, 15] prove, using the Efron-Stein’s inequality, a Central
Limit Theorem for the centered process, i.e that

√
nm
n+m{Tc(Pn, Qm)− ETc(P,Q)}, has a Gaussian

asymptotic behavior. With similar arguments, [24] proves that result for the regularized optimal
transport cost.

Under additional assumptions it is possible to extend this result, in particular to the semi discrete
framework. When P is finitely supported but not Q, which is supposed to be absolutely continuous
with respect to the Lebesgue measure, with convex support, and when considering the quadratic cost,
[9] proves that the limit

√
n{Tc(Pn, Q)−ETc(P,Q)} is in fact Gaussian. Their approach is based on

some differentiability properties of the optimal transport problem. But one of their main arguments is
that the optimal transport potential is unique which is no longer true for a general costs and neither
in general Polish spaces. Similar results have been proved in the particular semi discrete case of P,Q
being supported in a finite (resp. countable) set. In particular, [30] (resp. [31]) prove that in this
setting,

√
nm
n+m{Tc(Pn, Qm) − Tc(P,Q)} has a weak limit X, which is the supremun of a Gaussian

process. Their proof relies on the identification of the space of distributions supported in a finite set
X = {x1, . . . ,xN} with RN , and then on a proof based on the directional Hadamard differentiability
of the functional (p,q) 7→ Tc(

∑N
i=1 piδxi ,

∑N
i=1 qiδxi). The result of [30] establishes that, if P and Q

are both supported in a finite set, then

√
n (Tc(Pn, Q)− Tc(P,Q))

w−→ sup
z∈Opt0c(P,Q)

G(z), where G(z) :=

N∑
i=1

ziXi

and (X1, . . . , Xn) is a centered Gaussian vector and Opt0
c(P,Q) is the set of solutions of the dual

problem (3), both described in section 2. Lately [31] extended the same result for probabilities
supported in countable spaces. Yet this approach does not hold for probabilities non supported on
finite or countable sets.

In this work we are concerned with the asymptotic behaviour of
√

nm
n+m{Tc(Pn, Qm)− Tc(P,Q)}

for general semi discrete setting. We propose a new proof that, even if it still uses the Hadamard
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differentiability, consider the framework introduced in [4]. It consists in considering the Hadamard
derivative of the supremun of the process with respect to `∞ topology. The relationship with CLT for
optimal transport cost comes from the fact that the dual formulation of the transport problem is, in
fact, a supremum of functions. Hence if such functions lives in a Donsker class (see [32]), then we can
obtain the central limit by proving the differentiability of the supremum in `∞(B) and then applying
the general delta-method.

Hence this work first covers and generalizes previously mentioned results of [30] for a semi discrite
P approximated by Pn and a general probability distribution Q to handle all cases of the semi discrete
framework. Moreover, the computation of Tc(Pn, Q) is not easy in general, see for instance [11].
Consequently, an interesting problem, also for applications, becomes its approximation by a Qm, an
estimation of Q. Hence we also provide the asymptotic behaviour of

√
m{Tc(P,Qm) − Tc(P,Q)}.

Surprisingly, Theorem 2.4 yields that it tends to

sup
z∈Optc(P,Q)

GQ( inf
i=1,...,N

{c(xi,y)− zi}),

where Optc(P,Q) is the set of optimal transport potentials and GQ is the Brownian bridge in FKc
(both will be defined more precisely later) with mean zero and covariance

(f, g) 7→
∫
f(y)g(y)dQ(y)−

∫
f(y)dQ(y)

∫
g(y)dQ(y).

Finally we provide in Section 2 a unified general result that describes the asymptotic distribution of
the empirical transport cost between a probability P supported in the finite set X = {x1, . . . ,xN} ⊂ X
and Q ∈ P(Y) under the minimal assumption∫

c(xi,y)dQ(y) <∞, for all i = 1, . . . , N,

for all cases

• Pn → P

√
n (Tc(Pn, Q)− Tc(P,Q))

w−→ sup
z∈Optc(P,Q)

G(z).

• Qm → Q, suppose that ∫
c(xi,y)2dQ(y) <∞, for all i = 1, . . . , N,

then √
m (Tc(P,Qm)− Tc(P,Q))

w−→ sup
z∈Optc(P,Q)

GQ( inf
i=1,...,N

{c(xi,y)− zi}).

• Two sample case Pn, Qm Suppose (13) and that m
n+m → λ ∈ (0, 1), then√

nm

n+m
(Tc(Pn, QN )− Tc(P,Q))

w−→ sup
z∈Optc(P,Q)

(√
λG(z) +

√
λGQ( inf

i=1,...,N
{c(xi,y)− zi})

)
.

The fact that the curse of dimensionality seems to not affect the semi discrete case for both probabilities
is quite astonishing. But it is partially hidden in the assumption that the set X has a fixed size. For
a better understanding we provide in Theorem 2.10 for the particular case of W1, a bound which
studies the effect of the choice of a discretization with size the one of the set X. It highlights a natural
trade-off between the discretization scheme of the distribution and the sampling of the distribution.

Moreover, on the cases where P,Q ∈ P(Rd) be such that Q � `d and its support is connected
with Lebesgue negligible boundary, if the cost c satisfies (A1)-(A3), all previous limits can be made
more explicit and the supremum in previous limits can be computed. Such results are given in Section
3 for such cases where the transport potential is unique up to additive constants. In this case, under
some assumption of regularity on the cost and on Q, the limit is not a supremun anymore, but simply
a centered Gaussian random variable.

Finally the last section studies the semidiscrete O.T. in manifolds and gives, up to our knowledge,
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the first Central Limit Theorem for the solutions of the dual problem (3). We underline this result
can not be generalised for continuous distributions. Indeed, if both probabilities are continuous and
the space is not one dimensional, we cannot expect such type of central limit for the potentials, since,
the expected value of the estimation of the transport cost converges with rate O(n−

1
d ) and no longer

O(n−
1
2 ). When the two samples are discrete, even if such a rate is O(n−

1
2 ), the lack of uniqueness of

the dual problem does not allow to prove such type of problems. In consequence, the semidiscrete is
the unique case where such results, for the potentials of the O.T. problem in general dimension, can
be expected.

2 Central Limit Theorems for semidiscrete distributions

2.1 Semidiscrete optimal transport reframed as optimization program
Consider general Polish spaces X ,Y and let P(Y) be the set of distributions on Y. Consider also a
generic finite set, X = {x1, . . . ,xN} ⊂ X be such that xi 6= xj , for i 6= j. In all this work, we consider
P(X) the set of probabilities supported in this finite set. So any P ∈ P(X) can be written as

P :=

N∑
k=1

pkδxk
, where pi > 0, for all i = 1, . . . , N , and

N∑
k=1

pk = 1. (4)

In consequence P is characterized by the vector p = (p1, . . . , pN ) ∈ RN .

We focus on semi-discret optimal transport cost which is defined as the optimal transport between
a finite probability P ∈ P(X) and any probability Q ∈ P(Y).

The following result shows that the optimal transport problem in the semi-discrete case is equivalent
to an optimization problem over a finite dimensional parameter space. Define the following function
gc, which depends on P and Q as

gc(P,Q, ·) : RN → R

z 7→ gc(P,Q, z) =

N∑
i=1

zipi +

∫
min

i=1,...,N
{c(xi,y)− zi}dQ(y).

(5)

Lemma 2.1. Let P ∈ P(X) , Q ∈ P(Y) and c be a non-negative cost, then the optimal transport
between P and Q for the cost c, Tc(P,Q), satisfies

Tc(P,Q) = sup
z∈RN , |z|≤K∗

gc(P,Q, z). (6)

for K∗ = 1
infi pi

(
supi=1,...,N

∫
c(y,xi)dQ(y)

)
. Moreover we can assume that z1 = 0.

Remark 2.2. Consider the dual expression of Tc(P,Q) and let ϕ denote an optimal transport potential
from P to Q for the cost c, then

Tc(P,Q) = gc(P,Q, ϕ(x1), . . . , ϕ(xN ))).

Hence the optimal transport potentials and optimal values of (6) are linked through the expression
z = (ϕ(x1), . . . , ϕ(xN )).

Note that gc(P,Q, ·) is a continuous function, which can be deduced from the following lemma.
And, therefore, the supremun in (6) is attained and the the class of optimal values

Optc(P,Q) :=
{
z ∈ Rd : Tc(P,Q) = gc(P,Q, z)

}
(7)

and its restriction

Opt0
c(P,Q) :=

{
z ∈ Rd : Tc(P,Q) = gc(P,Q, z), z1 = 0

}
. (8)

are both non-empty.

Lemma 2.3. If f(y) = infi=1,...,N{c(xi,y)− zi} and g(y) = infi=1,...,N{c(xi,y)− si}, then

|f(y)− g(y)| ≤ sup
i=1,...,N

{|zi − si|} ≤ |z− s|. (9)
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2.2 Main results : Central Limit Theorems for semi-discrete optimal
transport cost

Our aim is to study the empirical semi-discrete optimal transport cost. Let X1, . . . , Xn and Y1, . . . , Ym
be two independent sequences of i.i.d. random variables with laws P and Q respectively, since Xk ∈ X
for all k = 1, . . . , n, the empirical measure Pn := 1

n

∑n
k=1 δXk

belongs also to P(X). In consequence it
can be written as Pn :=

∑N
k=1 p

n
kδxk

, where pn1 , . . . , pnN are real random variables such that pni ≥ 0,
for all i = 1, . . . , N , and

∑n
k=1 p

n
k = 1. We want to study the weak limit of the following sequences

corresponding to all possible asymptotics{√
n (Tc(Pn, Q)− Tc(P,Q))

}
n∈N ,

{√
n (Tc(P,Qm)− Tc(P,Q))

}
m∈N ,

and the two sample case {√
nm

n+m
(Tc(Pn, Qm)− Tc(P,Q))

}
m,n∈N

,

under the assumption m
n+m → λ ∈ (0, 1).

To state the asymptotic behaviour we introduce first a centered Gaussian vector, (X1, . . . , XN )
with covariance matrix

Σ(p) :=


p1(1− p1) −p1p2 · · · −p1pN
−p2p1 p2(1− p2) · · · −p2pN

...
...

. . .
...

−pNp1 · · · pNpN−1 pN (1− pN )

 . (10)

We also define a centered Gaussian processes GcQ in RN with covariance function

ΞcQ(z, s) :=

∫
inf

i=1,...,N
{c(xi,y)− zi} inf

i=1,...,N
{c(xi,y)− si}dQ(y)

−
∫

inf
i=1,...,N

{c(xi,y)− zi}dQ(y)

∫
inf

i=1,...,N
{c(xi,y)− si}dQ(y).

(11)

We can now state our main theorem.

Theorem 2.4. Let P ∈ P(X), Q ∈ P(Y), c be non-negative and∫
c(xi,y)dQ(y) <∞, for all i = 1, . . . ,m, (12)

then the following limits hold.

• (One sample case for empirical discrete distribution Pn)

√
n (Tc(Pn, Q)− Tc(P,Q))

w−→ sup
z∈Opt0c(P,Q)

N∑
i=1

ziXi.

Suppose that ∫
c(xi,y)2dQ(y) <∞, for all i = 1, . . . , N. (13)

• (0ne sample case for empirical distribution Qm)
√
m (Tc(P,Qm)− Tc(P,Q))

w−→ sup
z∈Opt0c(P,Q)

GcQ(z).

• (Two sample case ) if n,m→∞, with m
n+m → λ ∈ (0, 1), then√

nm

n+m
(Tc(Pn, Qm)− Tc(P,Q))

w−→ sup
z∈Opt0c(P,Q)

(
√
λ

N∑
i=1

ziXi + (
√

1− λ)GcQ(z)

)
.
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Here (X1, . . . , XN ) ∼ N (0), for Σ(p) defined in (10), and GcQ is a centered Gaussian process with
covariance function Ξc(Q) defined in (11). Moreover GcQ and (X1, . . . , XN ) are independent.

When X and Y are contained in the same Polish space (Z, d), a particular cost that satisfies
the assumptions of Theorem 2.4 is the metric dp for all p ≥ 1. Then applying Theorem 2.4 to the
empirical estimations of Tdp(P,Q) and a delta-method, enable to prove the asymptotic behaviour of
the p-Wasserstsein distance Wp

p (P,Q) = Tdp(P,Q) as given in the following corollary.

Corollary 2.5. Let P ∈ P(X) and Q ∈ P(Z) be such that∫
d(x0,y)pdQ(y) <∞, for some x0 ∈ X. (14)

Then, for any p ≥ 1, we have

• (One sample case for P)

– if Wp(P,Q) 6= 0,

√
n (Wp(Pn, Q)−Wp(P,Q))

w−→ 1

p (Wp(P,Q))
p−1 sup

z∈Optdp (P,Q)

N∑
i=1

ziXi,

– if Wp(P,Q) = 0,

n
1
2pWp(Pn, Q)

w−→

(
sup

z∈Optdp (P,P )

N∑
i=1

ziXi

) 1
p

.

Suppose that ∫
d(x0,y)2pdQ(y) <∞, for some x0 ∈ X, (15)

then

• (0ne sample case for Q)

– if Wp(P,Q) 6= 0,

√
m (Wp(P,Qm)−Wp(P,Q))

w−→ 1

p (Wp(P,Q))
p−1 sup

z∈Opt0c(P,Q)

Gd
p

Q (z),

– if Wp(P,Q) = 0,

m
1
2pWp(P,Qm)

w−→

(
sup

z∈Opt0c(P,Q)

Gd
p

Q (z)

) 1
p

.

• (Two sample case) if n,m→∞ with m
n+m → λ ∈ (0, 1), then

– if Wp(P,Q) 6= 0,

√
nm

n+m
(Wp(Pn, Qm)−Wp(P,Q))

w−→
supz∈Opt0c(P,Q)

(√
λ
∑N
i=1 ziXi + (

√
1− λ)GdpQ (z)

)
p (Wp(P,Q))

p−1 ,

– if Wp(P,Q) = 0,

nm

n+m

1
2pWp(P,Qm)

w−→

(
sup

z∈Opt0c(P,Q)

(
√
λ

N∑
i=1

ziXi + (
√

1− λ)Gd
p

Q (z)

)) 1
p

,

Here (X1, . . . , XN ) ∼ N (0,Σ(p), for Σ(p) defined in (10), and GdpQ is a centered Gaussian process
with covariance function Ξd

p

(Q), defined in (11). Moreover, GdpQ and (X1, . . . , XN ) are independent.

The next subsection proves Theorem 2.4 in the two sample case. The same proof verbatim applies
also for the CLT for the one sample case for Q. The one sample case for P can be proven under
weaker moment assumptions on Q and will be commented separately.
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2.3 Proof of Theorem 2.4
The strategy of the proof is the following, first we start by proving the central limit theorem for
bounded potentials. That means the study of the asymptotic behaviour of the sequence√

nm

n+m

(
sup
|z|≤K

gc(Pn, Qm, z)− sup
|z|≤K

gc(P,Q, z)

)
n,m

.

The weak limit depends on the set of restricted optimal points.

OptKc (P,Q) :=

{
z : sup

|s|≤K
gc(P,Q, s) = gc(P,Q, z), z0 = 0

}
.

Lemma 2.6. Set K > 0, under the assumptions of Theorem 2.4, we have the limit√
nm

n+m

(
sup
|z|≤K

gc(Pn, Qm, z)− sup
|z|≤K

gc(P,Q, z)

)
w−→ sup

z∈OptKc (P,Q)

(
√
λ

N∑
i=1

ziXi + (
√

1− λ)GcQ(z)

)
,

with (X1, . . . , XN ) and GcQ as in Theorem 2.4.

Proof of Lemma 2.6. For each K > 0 we define the restricted set

FKc =

{
y 7→ inf

i=1,...,N
{c(xi,y)− zi}, xi ∈ X, and z1 = 0, |z| ≤ K

}
,

Lemma 5.1 proves that such a class is Q-Donsker, see Theorem 1.5.7 in [32], in the sense that
√
m(Qm −Q)

w−→ GQ in `∞(FKc ),

where GQ is the Brownian bridge in FKc . This is a centered Gaussian process with covariance function

(f, g) 7→
∫
f(y)g(y)dQ(y)−

∫
f(y)dQ(y)

∫
g(y)dQ(y).

Let B̄K(0) be the closure of the centered ball of radius K in RN . Note that the functional

C : `∞(FKc ) −→ `∞(B̄K(0))

f 7→
(
z 7→ f

(
inf

i=1,...,N
{c(xi,y)− zi}

))
is actually continuous, hence for any f, g ∈ `∞(FKc ), we have

sup
z∈BK(0)

∣∣∣∣f ( inf
i=1,...,N

{c(xi,y)− zi}
)
− g

(
inf

i=1,...,N
{c(xi,y)− zi}

)∣∣∣∣ = sup
φ∈`∞(FK

c )

|f(φ)− g(φ)|.

Moreover, the multivariate CLT implies
√
n (pn − p)

w−→ (X1, . . . , XN ) ∼ N (0,Σ(p)) , where Σ(p) is
defined in (10). Since the sequences

√
n(pn − p) and

√
m(Qm −Q) are independent we derive the

following result.

Lemma 2.7. Under the assumptions of Theorem 2.4, we have the limit√
nm

n+m
(gc(Pn, Qm, ·)− gc(P,Q, ·))

w−→
√
λ〈X, ·〉+

√
1− λC(GQ)) in `∞(B̄K(0)), (16)

with (X1, . . . , XN ) = X.

Let (B, d) be a compact metric space, Corollary 2.3 in [4], provides the directional Hadamard
derivative of the functional

δ : `∞(B) −→ R
F 7→ δ(F ) = sup

z∈B
F (z),

7



tangentially to C(B) (the space of continuous functions from B to R ) with respect to F in a direction
G ∈ C(B). Recall that a function f : Θ→ R, defined in a Banach space, Θ, is said to be Hadamard
directionally differentiable at θ ∈ Θ tangentially to Θ0 ⊂ Θ if there exists a a function f ′θ : Θ0 → R
such that

f(θ + tnhn)− f(θ)

tn
−−−−→
n→∞

f ′θ(h), for all sequences tn ↘ 0 and hn → h, for all h ∈ Θ0.

If F ∈ C(B) is not identically 0, the precise formula for the derivative, provided by Corollary 2.3 in [4],
is

δ′F (G) = sup
{z: F (z)=δ(F )}

G(z), for G ∈ C(B). (17)

In our case the compact metric space is the ball B̄K(0), the functional F correspond with gc(P,Q, ·)
and the set of optimal points is OptKc (P,Q). The following result rewrites (17) in our setting.

Lemma 2.8. Set K > 0, under the assumptions of Theorem 2.4, the map δ is Hadamard directionally
differentiable at gc(P,Q, ·), tangentially to the set C(B̄K(0)) with derivative, for G ∈ C(B̄K(0)),

δ′gc(P,Q,·)(G) = sup
z∈OptKc (P,Q)

G(z).

The last step is the application of the delta-method. Let Θ be a Banach space, θ ∈ Θ and {Zn}n∈N
be a sequence of random variables such that Zn : Ωn → Θ and rn(Zn − θ)

w−→ Z for some sequence
rn → +∞ and some random element Z that takes values in Θ0 ⊂ Θ. If f : Θ → R is Hadamard
differentiable at θ tangentially to Θ0 ⊂ Θ, with derivative f ′θ(·) : Ω0 → R, then Theorem 1 in [28],
so-called delta-method, states that rn(f(Zn)− f(θ))

w−→ f ′θ(Z).

Now, it only remains to prove that the limit in (23) belongs to C(B̄K(0)). Such a limit is a mixture
of two independent processes. The first one 〈X, ·〉 has clearly continuous sample paths with respect
to the euclidean norm | · | in RN . On the other side, GQ has continuous sample paths in FKc with
respect to the semi-metric

ρQ(f) =

∫
f(y)2dQ(y)−

(∫
f(y)dQ(y)

)2

,

in the sense that, see pag 89 in [32], there exists some sequence δn ↘ 0 such that

sup
f,g∈FK

c , ρQ(f,g)<δn

|GQ(f)−GQ(g)| a.s.−→ 0. (18)

We want now to analyse the value sup|z−s|<δn |C(GQ)(z)−C(GQ)(s)| Note that for every f ∈ FKc
there exists some zf ∈ B̄K(0) such that f(y) = infi=1,...,m{c(xi,y)− zfi }. Lemma 2.3 states that

{f, g ∈ FKc : |zf − zg| < δ} ⊂ {f, g ∈ FKc : ||f − g||∞ < δ} ⊂ {f, g ∈ FKc : ρQ(f, g) < δ}. (19)

Since |C(GQ)(zf )− C(GQ)(zg)| = |GQ(f)−GQ(g)|, then we have

sup
|zf−zg|<δn

|C(GQ)(zf )− C(GQ)(zg)| = sup
|zf−zg|<δn

|GQ(f)−GQ(g)|,

and, consequently, using (19) and (18), we obtain

sup
|zf−zg|<δn

|C(GQ)(zf )− C(GQ)(zg)| ≤ sup
ρQ(f,g)<δn

|GQ(f)−GQ(g)| a.s.−→ 0.

Finally, Lemma 2.7 implies that
√

nm
n+m (gc(Pn, Qm, ·)− gc(P,Q, ·)) has a weak limit Z in `∞(B̄K(0))

having a version in C(B̄K(0)). Applying the so-called delta-method to the function δ and Lemma 2.8
we derive the limit√

nm

n+m

(
sup
|z|≤K

gc(Pn, Qm, z)− sup
|z|≤K

gc(P,Q, z)

)
w−→ sup

z∈OptKc (P,Q)

Z(z).

Note, that the process z 7→
√

1− λGQ (infi=1,...,N{c(xi,y)− zi}) is Gaussian in RN with covariance
function ΞcQ. Moreover, it is independent from X, then the law of the process Z is the same of the
process

√
λ〈X, ·〉+ (

√
1− λ)GcQ and the theorem holds.
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Unfortunately, the optimal solutions need not be universally bounded. In order to go from the
bounded to the unbounded, we observe that Lemma 2.1 implies

Tc(Pn, Qm) = sup
z∈RN

gc(Pn, Qm, z) = sup
|z|≤Kn,m

gc(Pn, Qm, z),

for Kn,m = 1
infi pni

(
supi=1,...,N

∫
c(y,xi)dQm(y)

)
. Let K∗ be the constant provided in Lemma 2.1 for

P and Q (that means K∗ = 1
infi pi

(
supi=1,...,N

∫
c(y,xi)dQ(y)

)
). The strong law of large numbers

implies the a.s. convergence of infi p
n
i to infi pi, and, assuming (13), we have that the sequence

√
m (Kn,m −K∗) is stochastically bounded. Finally, the difference

√
nm
n+m (Tc(Pn, Qm)− Tc(P,Q)) is

equal to√
nm

n+m

(
Tc(Pn, Qm)− sup

|z|≤K∗+1

gc(Pn, Qm, z)

)
+

√
nm

n+m

(
sup

|z|≤K∗+1

gc(Pn, Qm, z)− Tc(P,Q)

)
,

(20)
and Lemma 2.6 implies the weak convergence of the second term to

sup
z∈OptK

∗+1
c (P,Q)

(
√
λ

N∑
i=1

ziXi + (
√

1− λ)GcQ(z)

)
= sup

z∈Opt0c(P,Q)

(
√
λ

N∑
i=1

ziXi + (
√

1− λ)GcQ(z)

)
,

where the equality is a direct consequence of Lemma 2.1. It only remains to prove that the first term
of (20) tends to 0 in probability. Note that we have two cases.

• The first one is Kn,m ≤ K∗ + 1, which implies that

Tc(Pn, Qm) = sup
|z|≤Kn,m

gc(Pn, Qm, z) = sup
|z|≤K∗+1

gc(Pn, Qm, z) ≤ Tc(Pn, Qm),

and makes 0 the first term of (20).

• The second one is Kn,m ≥ K∗ + 1, which implies the bound

0 ≤ Tc(Pn, Qm)− sup
|z|≤K∗+1

gc(Pn, Qm, z) ≤ sup
|z|≤Kn,m

gc(Pn, Qm, z)− sup
|z|≤K∗+1

gc(Pn, Qm, z).

(21)
Note that the right side of the inequality (21) can be rewritten as

sup
|z|≤Kn,m

gc(Pn, Qm, z)− sup
|z|≤K∗+1

gc(Pn, Qm, z) = sup
|z|≤Kn,m

inf
|z′|≤K∗+1

gc(Pn, Qm, z)−gc(Pn, Qm, z′)

and upper bounded by

sup
|z|≤Kn,m

inf
|z′|≤K∗+1

|gc(Pn, Qm, z)− gc(Pn, Qm, z′)|.

Since

|gc(Pn, Qm, z)− gc(Pn, Qm, z′)|

≤
N∑
i=1

|zi − z′i|pni +

∫
| inf
i=1,...,N

{c(xi,y)− zi} − inf
i=1,...,N

{c(xi,y)− z′i}|dQm(y),

we can conclude from (9) that

0 ≤ Tc(Pn, Qm)− sup
|z|≤K∗+1

gc(Pn, Qm, z) ≤ 2 sup
|z|≤Kn,m

inf
|z|≤K∗+1

|z− z′| ≤ |Kn,m −K∗ − 1|.

Both cases together yield the inequality

0 ≤ Tc(Pn, Qm)− sup
|z|≤K∗+1

gc(Pn, Qm, z) ≤ |Kn,m −K∗ − 1|1(Kn,m≥K∗+1). (22)
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To see that the
√

nm
n+m |Kn,m−K∗− 1|1(Kn,m≥K∗+1) tends to 0 in probability, we write |Kn,m−K∗−

1|1(Kn,m≥K∗+1) = max(0,Kn,m −K∗ − 1). Note that√
nm

n+m
max(0,Kn,m −K∗ − 1) = max(0,

√
nm

n+m
(Kn,m −K∗ − 1)).

Since nm
n+m (Kn,m −K∗) is stochastically bounded implies that

√
nm
n+m (Kn,m −K∗ − 1) converges to

−∞ in probability and√
nm

n+m
|Kn,m −K∗ − 1|1(Kn,m≥K∗+1) = max(0,

√
nm

n+m
(Kn,m −K∗ − 1))

P−→ 0.

That proves Theorem 2.4.

Remark 2.9. When dealing with the case where the asymptotics depend only on the empirical
distribution Pn, note that Assumption (12), which depends only on Q∫

c(xi,y)dQ(y) <∞, for all i = 1, . . . ,m,

is enough to prove the CLT. Actually, the multidimensional CLT yields that
√
n (gc(Pn, Q, ·)− gc(P,Q, ·))

w−→ 〈X, ·〉 in `∞(B̄K(0)), (23)

with (X1, . . . , XN ) = X. Therefore, all of the previous reasonings can be now repeated verbatim.

2.4 An upper-bound on the expectation
Theorem 2.4 states the central limit theorem, when one of both probabilities is supported on a finite set.
Now, we investigate the influence of the number of points of the discrete measure on the convergence
bounds. In order to better understand the influence of the number of points, we will restrict our
analysis to the euclidean cost.

Theorem 2.10. Let P be supported on N points in X, Q ∈ P(Y) be a distribution with finite second
order moment and Qm its corresponding empirical version, then

E |W1(P,Qm)−W1(P,Q)| ≤ 8
√

2N√
m

K(X, Q)

where

K(X, Q) = (4 diam(X) + 2

√∫
|y|2dQ(y) + 2 diam(X))

(
log(2) +

√
2 diam(X) + 1

)
.

Proof. Let Y1, . . . , Ym be i.i.d with law Q. Recall that, when the cost c is the euclidean distance | · |,
then the optimal transport potentials are 1-Lipschitz functions. This yields trivially

W1(P,Q) = sup
z∈RN

g1(P,Q, z) = sup
|z|≤diam(X)

g1(P,Q, z), (24)

where g1(P,Q, z) =
∑N
i=1 zipi +

∫
infi=1,...,N{|xi − y| − zi}dQ(y). We want to bound the quantity

E |W1(P,Qm)−W1(P,Q)|, which can be rewritten, by (24), as

E

∣∣∣∣∣ sup
|z|≤diam(X)

g1(P,Q, z)− sup
|z|≤diam(X)

g1(P,Qm, z)

∣∣∣∣∣ ,
and upper bounded by E

∣∣supf∈F1

∫
f(y)(dQm(y)− dQ(y))

∣∣ , where
F1 =

{
y 7→ inf

i=1,...,N
{c(xi,y)− zi}, xi ∈ X, and |z| ≤ diam(X)

}
.
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We set D = diam(X) in order to simplify the following formulas. Denote by N(ε,F1, || · ||L2(Qm)) the
he covering number with respect to the metric L2(Qm). Lemma 4.14 in [23] and Lemma 2.3 imply that

√
log
(
2N(ε,F1, || · ||L2(Qm))

)
≤

√
N log

(
2D

ε
+ 1

)
+ log(2).

Let denote as aN,m the (random) quantity aN,m = 2
√∫

supi=1,...,N |xi − y|2dQm(y), then

∫ 2D+aN,m

0

√
log
(
2N(ε,F1, || · ||L2(Qm))

)
dε ≤
√
N

∫ D+aN,m

0

√
log

(
2D

ε
+ 1

)
dε

+D log(2).

(25)

Now recall by Theorem 3.5.1 in [14] that

√
mE

∣∣∣∣∣ sup
f∈F1

∫
f(y)(dQm(y)− dQ(y))

∣∣∣∣∣
≤ 8
√

2E

∣∣∣∣∣
∫ 2D+aN,m

0

√
log
(
2N(ε,F1, || · ||L2(Qm))

)
dε

∣∣∣∣∣
≤ 8
√

2
√
NE

∫ 2D+aN,m

0

√
log

(
2D

ε
+ 1

)
dε+ E(2D + aN,m) log(2),

where the last inequality is consequence of (25). Since, using Jensen’s inequality,

∫ 2D+aN,m

0

√
log

(
2D

ε
+ 1

)
dε

≤ (2D + aN,m)

√√√√2D log(2D + aN,m) + (4D + aN,m) log
(

4D+aN,m

2D+aN,m

)
2D + aN,m

≤

√
2D(2D + aN,m) log(2D + aN,m) + (4D + aN,m)(2D + aN,m) log

(
4D + aN,m
2D + aN,m

)
.

The mean value theorem yields log
(

4D+aN,m

2D+aN,m

)
≤ 2D

2D = 1, and in consequence the following inequality

∫ 2D+aN,m

0

√
log

(
2D

ε
+ 1

)
dε ≤ (4D + aN,m)

√
2D + 1.

Finally we can derive the bound

√
mE

∣∣∣∣∣ sup
f∈FD

c

∫
f(y)(dQm(y)− dQ(y))

∣∣∣∣∣ ≤ 8
√

2
√
NE{(4D + aN,m)

(
log(2) +

√
2D + 1

)
}.

Since, using triangle inequality, we have

EaN,m = E

(
2

√∫
sup

i=1,...,N
|y − xi|2dQm(y)

)
≤ 2

√∫
|y|2dQ(y) + 2D,

which proves the result.

The theorem provides a control on the consistency of the empirical bias for the 1-Wasserstein
distance. The rate becomes slower when N the number of points defining the support of the discrete
measures P increases. If P models an approximation of a continuous probability on Rd, hence the
number N required to obtain a proper approximation grows exponentially larger when the dimension
d increases. Hence the influence with respect to N stands for the curse of dimension.

11



A practical consequence of the previous bound is the following approximation problem. Suppose
that Q and P are a probability distributions supported on a compact set Ω ⊂ Rd. Assume the
probability Q is unknown but observed through empirical observations giving rise to the empirical
distribution Qm. Let P be a known distribution which is discretized using N points. Let PN be
this discretization of P . One aims at approximating the true 1-Wasserstein distance W1(P,Q) from
the empirical semi-discrete distance W1(PN , Qm) that can be computed. Theorem 2.10 and triangle
inequality gives the following upper bound

E
∣∣W1(PN , Qm)−W1(P,Q)

∣∣ ≤ 8
√

2N√
m

K(Ω, Q) +
∣∣W1(PN , Q)−W1(P,Q)

∣∣ .
We can see that there is a trade-off between the size of the sample and the size of the discretization :
the first term requires N/m to be small while the second term is only driven by N the discretization,
being smaller when the number of points is larger.
We illustrate the precision of the upper bound with the following simulation. Consider the uniform
measure on the unit interval U(0, 1) and draw a sample of size m = 2000 to obtain the empirical Um.
Then from a uniform discretization of size N of the unit interval, we obtain the discrete measure PN .
We compute, using Monte-Carlo simulations, the empirical error E|W1(PN , Um)−W1(PN , U)| for
different choices for N . The results are presented in Figure 1. We observe, in the left figure, that, for
regular values of N , the growth of E|W1(PN , Um)−W1(PN , U)| is exactly of order

√
N , following

the bound. Yet for larger values of N (right side) we observe that the order is no longer
√
N . This is

because E|W1(PN , Um)−W1(PN , U)| is only an upper bound and the true rate becomes smaller.

Figure 1: Plot, in double logarithmic scale, of E|W1(PN , Um)−W1(PN , U)| (y axis) with respect to
N (x axis).

3 Asymptotic Gaussian distribution optimal transport cost

3.1 Gaussian Limit for Empirical Optimal trandport cost
Theorem 2.4 is valid for generic Polish spaces. When X ,Y are subsets of Rd, the limit distribution in
the CLT can be specified. Under the following regularity assumptions, we prove in this section that
the limit distribution is Gaussian.

Let Q ∈ P(Rd) be a probability measure absolutely continuous with respect to the Lebesgue
measure in Rd. Assume that c(x,y) = h(x − y) where h : Rd → [0,∞) is a non negative function
satisfying:

(A1): h is strictly convex on Rd.

(A2): Given a radius r ∈ R+ and an angle θ ∈ (0, π), there exists some M := M(r, θ) > 0 such that
for all |p| > M , one can find a cone

K(r, θ, z,p) :=
{
x ∈ Rd : |x− p||z| cos(θ/2) ≤ 〈z,x− p〉 ≤ r|z|

}
, (26)
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with vertex at p on which h(x) attains its maximum at p.

(A3): lim|x|→0
h(x)
|x| =∞.

Under such assumptions, [12] shows the existence of an optimal transport map T solving

Tc(P,Q) := inf
T

∫
c(y, T (y))dQ(y), and T#Q = P. (27)

The notation T#Q represents the Push-Forward measure, defined for each measurable set A by
T#Q(A) := Q(T−1(A)). The solution of (27) is called optimal transport map from P to Q. Moreover
it is defined as the unique Borel function satisfying

T (x) = x−∇h∗(∇ϕ(x)), where ϕ solves (3). (28)

Here h∗ denotes the convex conjugate of h, see [27]. Such uniqueness enabled [8] to deduce the
uniqueness, under additive constants, of the solutions of (3) in ϕ. They assumed (A1)-(A3) to show
that if two c−concave functions have the same gradient almost everywhere for `d in a connected
open set, then both are equal, up to an additive constant. In consequence, assuming that h is
differentiable, the interior of the support of Q is connected and with Lebesgue negligible boundary,
that is, `d (∂ supp(Q)) = 0, the uniqueness, up to additive constants, of the solutions of (3) holds.
The proof of the main theorem in this section is a direct consequence of Lemma 3.1, which proves
that there exists an unique, up to an additive constant, z ∈ Opt(P,Q). We use within this section the
notation 1 := (1, . . . , 1).

Lemma 3.1. Let P ∈ P(X) and Q ∈ P(Rd) be such that Q� `d and its support is connected with
Lebesgue negligible boundary. If the cost c satisfies (A1)-(A3) is differentiable and∫

c(xi,y)dQ(y) <∞, for all i = 1, . . . , N .

Then the set Opt0
c(P,Q) is a singleton.

The following theorem states, under the previous assumptions, that the limit distribution described
in Theorem 2.4 is the centered Gaussian variable

(√
λ
∑N
i=1 ziXi + (

√
1− λ)GcQ(z)

)
where {z} =

Opt0
c(P,Q). Note that

∑N
i=1 ziXi is Gaussian and centered, with variance

σ2(P, z) = Var(

N∑
i=1

ziXi) and (X1, . . . , XN ) ∼ N (0,Σ(p)), (29)

where Σ(p) is defined in (10). On the other side GcQ(z) follows the distribution N (0, σ2
c (Q, z))), where

σ2
c (Q, z) =

∫
inf

i=1,...,N
{c(xi,y)− zi}2dQ(y)−

∫
inf

i=1,...,N
{c(xi,y)− zi}2dQ(y). (30)

Since, for every λ ∈ R, we have that σ2(P, z) = σ2(P, z + λ1), then the asymptotic variance obtained
in the following theorem is well defined.

Theorem 3.2. Let P ∈ P(X) and Q ∈ P(Rd) be such that Q� `d and its support is connected with
Lebesgue negligible boundary. If the cost c satisfies (A1)-(A3) is differentiable and∫

c(xi,y)dQ(y) <∞, for all i = 1, . . . , N .

then the following limits hold.

• (One sample case for P)
√
n (Tc(Pn, Q)− Tc(P,Q))

w−→ X ∼ N (0, σ2(P, z)).

Suppose that ∫
c(xi,y)2dQ(y) <∞, for all i = 1, . . . , N. (31)
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• (0ne sample case for Q)
√
m (Tc(P,Qm)− Tc(P,Q))

w−→ Y ∼ N (0, σ2
c (Q, z)).

• (Two sample case ) if n,m→∞, with m
n+m → λ ∈ (0, 1), then√

nm

n+m
(Tc(Pn, Qm)− Tc(P,Q))

w−→
√
λX + (

√
1− λ)Y.

Here, σ2(P, z) and σ2
c (Q, z) are defined in (29) and (30) and, moreover, X and Y are independent.

As in the previous section, we provide an application to the CLT for Wasserstein distances. The
potential costs cp = | · |p, for p > 0, satisfy (A1)-(A3), then the following result follows immediately
from Theorem 3.2 and the Delta-Method for the function t 7→ |t|

1
p . Recall that, in the potential cost

cases, Tp(P,Q) denotes the optimal transport cost and Wp(P,Q) = (Tp(P,Q))
1
p the p-Wasserstein

distance.

Corollary 3.3. Let P ∈ P(X) be as in (4) and Q ∈ P(Rd) be such that Q� `d, has finite moments
of order p and its support is connected with Lebesgue negligible boundary. Then, for every p > 1, we
have that

• (One sample case for P)
√
n (Tp(Pn, Q)− Tp(P,Q))

w−→ N (0, σ2(P, z)),

and

√
n (Wp(Pn, Q)−Wp(P,Q))

w−→ N

0,

(
1

p (Wp(P,Q))
p−1

)2

σ2(P, z)

 ,

Suppose that Q has finite moments of order 2p, then

• (0ne sample case for Q)
√
m (Tp(P,Qm)− Tp(P,Q))

w−→ N (0, σ2
p(Q, z)),

and

√
m (Wp(P,Qm)−Wp(P,Q))

w−→ N

0,

(
1

p (Wp(P,Q))
p−1

)2

σ2
p(Q, z)

 ,

• (Two sample case) if n,m→∞, with m
n+m → λ ∈ (0, 1), then√

nm

n+m
(Tp(Pn, Qm)− Tp(P,Q))

w−→ N (0, λσ2(P, z) + (1− λ)σ2
p(Q, z)),

and√
nm

n+m
(Wp(Pn, Qm)−Wp(P,Q))

w−→ N

0,

(
1

p (Wp(P,Q))
p−1

)2 (
λσ2(P, z) + (1− λ)σ2

p(Q, z)
) .

Here, σ2(P, z) and σ2
p(Q, z) are defined in (29) and (30) for z ∈ Opt|·|p(P,Q) and the cost | · |p.

Since P is discrete and Q is continuous, Wp(P,Q) > 0 and the limit distribution of Corollary 3.3
is always well defined.

Note that Corollary 3.3 is a particular case of Corollary 2.5 in the cases where the optimal transport
potential is unique—the hypotheses of Theorem 3.2 hold—which is the reason why the case p = 1
can not be considered. Concerning other potential costs, p > 1, it is straightforward to see that the
hypotheses (A1)-(A3) hold, see for instance [8] or [12].
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3.2 Simulations
This section is devoted to illustrate empirically Theorems 2.4 and 3.2. The limit distribution depends
on the true Wasserstein distance between the distributions. Hence to simulate the central limit
theorems, the difficulty lies in proving the consistency of its bootstrap approximation. Actually the
non fully Hadamard differentiability of the functional implies that the limit in Theorem 2.4 is the
supremum of Gaussian processes. In consequence, as pointed out in [10], the bootstrap will not be
consistent. However, in the framework of Theorem 3.2, the dual problem has a unique solution. In
consequence, the mapping is fully Hadamard differentiable (Corollary 2.4 in [4]) which implies that
the bootstrap procedure is consistent ([10]). This enables us to approximate the variance as shown in
the following simulations.

Here we implement one favorable case for bootstrap approximation. In particular we choose the
quadratic cost | · |2 and the discrete probability P = 1

7

∑7
i=1 δxi , where

X = {xi}7i=1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1), (−1, 0, 0), (0,−1, 0), (0, 0,−1), (0, 0, 0)}.

The continuous probability Q ∈ P(R3) is the direct product U(−1, 1)×N (0, 1)×N (0, 1). Note that its

Figure 2: 3D visualization of the data set. In blue the continuous distribution Q and in red the discrete
one P . Left: Q has a density with connected support and satisfies the assumptions of Theorem 3.2.
Right: Q has a density but not a connected support.

support is connected with Lebesgue negligible boundary—we can visualize the data in Figure 2—and
satisfies the assumptions of Theorem 3.2. As commented before, we can use the bootstrap procedure.
In this example, it is assumed that the discrete P is known and the sample, of size m = 5000, comes
from the continuous Q. Figure 3 shows the result of the bootstrap procedure for a re-sampling size of
10000. The simulations follow the asymptotic theory we provide.

Now we illustrate a case where the assumptions of Theorem 3.2 are no longer fulfilled. More
precisely, we consider Q as the continuous probability with density 1

0.008·7
∑7
i=1 1xi+(−0.1,0.1)3 , —this

is a mixture model of uniform probabilities on small cubes centered in the points of X—we can see a 3d
plot in Figure 2. To approximate the limit distribution we need first to estimate the value W2

2 (P,Q).
We make it by an independent sample of size 10000 and computing the mean by Monte Carlo 100

times. Then we compute the histogram of
√
m

(W2
2 (P,Qm)−W2

2 (P,Q))
σ2(Qm,zm) with the original sample. The

results are shown in Figure 4, we can see, clearly, that the limit is not Gaussian. Similar examples
with non-Gaussian limits can be found in Figure 1 in [30]. But Figure 4 is quite different from their
experimentation since one of the probabilities is continuous and [30] studies only the optimal transport
problem between discrete probabilities.

4 A central Limit theorem for the potentials.
The aim of this section is to provide a CLT for the empirical potentials, defined as the solutions
to the empirical version of the dual formulation of the Monge-Kantorovich problem (3). In the
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Figure 3: Illustration of Theorem 3.2 using bootstrap procedures. Histograms (left) and Q–Q plot

(right) of the bootstrap estimation of
√
m

(W2
2 (P,Qm)−W2

2 (P,Q))
σ2(Qm,zm) .

Figure 4: Illustration of Theorem 2.4, by using Monte Carlo’s method, for Q with disconnected
support.

semidiscrete case the potentials are pairs formed by z = (z1, . . . , zN ) ∈ Optc(P,Q) and ϕ(y) :=
infi=1,...,N{c(xi,y)− zi}. Note that potentials are defined up to a constant in the sense that if (ψ,ϕ)
solves (3) then (ψ + C,ϕ− C) also solves (3), for any constant C. Hence we will study the properties
of the following functional, defined in 〈1〉⊥ which denotes the orthogonal complement of the vector
space generated by 1 = (1, . . . , 1)

Mp : 〈1〉⊥ −→ R
z 7→ gc(P,Q, z),

where gc(P,Q, z) is defined as in (5).
In this section we will use some framework developed in [21]. So in this section we propose some

slight changes of the notations yet maintaining as much coherence as possible with the previous ones.
First we will assume that Y is an open domain of a d-dimensional Riemannian manifold R endowed

with the volume measure V and metric d. We consider C(Y), C1(Y) and C1,1(Y) the spaces of real
valued continuous functions, real valued continuously differentiable functions and the space of real
valued continuously differentiable functions with Lipschitz derivatives, respectively.
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Following the approach in [21], we assume that the cost satisfies the following assumptions

c(xi, ·) ∈ C1,1(Y), for all i = 1, . . . , N , (Reg)

Dyc(xi,y) : Y → T ∗y (Ω) is injective as a function of y, for all i = 1, . . . , N, (Twist)

where Dyc denotes the partial derivative of c w.r.t. the second variable. For every i ∈ {1, . . . , N}
there exists Ωi ⊂ Rd open and convex set, and a C1,1 diffeomorphism expci : Ωi → Ω such that the
functions

Ωi 3 p 7→ fi,j(p) := c(xi, expci p)− c(xj , expci p) are quasi-convex for all j = 1, . . . , N . (QC)

Here quasi-convex, according to [21], means that for every λ ∈ Rd the sets f−1
i,j ([−∞, λ]) are convex.

Besides the assumptions on the cost, we assume that the probability is supported in a c-convex set Ω,
which means that (expci )

−1(Ω) is convex, for every i = 1, . . . , N . Formally, let Y ⊂ R be a compact
c-convex set, P ∈ P(X) be as in (4) and suppose that

Q ∈ P(Y) satisfies Q� V with density q ∈ C(Y). (Cont)

The last required assumption in [21] is that Q satisfies a Poincaré-Wirtinger inequality with constant
CPW : a probability measure Q supported in a compact set Y ⊂ R satisfies a Poincaré-Wirtinger
inequality with constant CPW if for every f ∈ C1(Y) we have that for Y ∼ Q

E(|f(Y )− E(f(Y ))|) ≤ CPWE(|∇f(Y )|). (PW)

In order to clarify the feasibility of such assumptions, we will provide some insights on them at the
end of the section. [21] proved the following assertions.

1. Under assumptions (Reg) and (Twist) the functionMp(z) is concave and differentiable with
derivative

∇zMp(z) = (−Q(A2(z)) + p2, . . . ,−Q(AN (z)) + pN ),

where

Ak(z) := {y ∈ Rd : c(xk,y)− zk < c(xi,y)− zi, for all i 6= k}. (32)

2. Under assumptions (Reg),(Twist) and (QC), the functionMp is twice continuously differentiable
with Hessian matrix D2

zMp(z) =
(
∂2Mp

∂zi∂zj
(z)
)
i,j=1,...,N

and partial derivatives

∂2

∂zi∂zj
Mp(z)) =

∫
Ak(z)∩Ak(z)

1

|∇yc(xi,y)−∇yc(xj ,y)|
dQ(y), if i 6= j,

∂2

∂2zi
Mp(z) = −

∑
j 6=i

∂2

∂zi∂zj
Mp(z).

(33)

3. Under assumptions (Reg),(Twist) and (QC), and if Q satisfies (PW), then there exists a constant
C such that

〈D2
zMp(z)v,v〉 ≤ −Cε3|v|2, for all z ∈ Kε and v ∈ 〈1〉⊥, (34)

where
Kε := {z ∈ Rd : Q(Ai(z)) > ε, for all i = 1, . . . , N .}.

These previous results imply immediately the following Lemma.

Lemma 4.1. Let Y ⊂ R be a compact c-convex set, P ∈ P(X) and Q ∈ P(Y) . Under assumptions
(Reg), (Twist) and (QC) on the cost c and (PW) and (Cont) on Q, we have that the functionMp is
strictly concave and twice continuously differentiable, with

∇Mp(z) = ∇zMp(z)|〈1〉⊥ ,
D2Mp(z) = D2

zMp(z)|〈1〉⊥ .

Moreover if z̄ ∈ 〈1〉⊥ ∩Optc(P,Q), then there exists a constant C such that

〈D2Mp(z̄)v,v〉 ≤ −C inf
i=1,...,N

|pi|3|v|2, for all v ∈ 〈1〉⊥. (35)
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Proof. Note that it only remains to prove that (35) holds. But this is a direct consequence of (34).
In fact, since z̄ is the unique z ∈ Opt(P,Q), then Q(Ak(z̄)) = pk for k = 1, . . . , N and we can
conclude.

Now we can formulate the main theorem of this section which yields a central limit theorem for
the empirical estimation of the potentials. We follow classical arguments of M -estimation by writing
the functionMp(z) as E(g(X, z)) with X ∼ P and g : X× 〈1〉⊥ → R defined by

g(xk, z) := zk +

∫
inf

i=1,...,N
{c(xi,y)− zi}dQ(y), (36)

for each z = (z1, . . . , zN ). The weak limit is a centered multivariate Gaussian distribution with
covariance matrix, depending on the optimal z̃, defined by the map

Σ(z̃) =
(
D2Mp(z̃)

)−1
A
(
D2Mp(z̃)

)−1
, where A =

N∑
i=1

pi∇z̃g(xi, z)∇z̃g(xi, z)t. (37)

Theorem 4.2. Let Y ⊂ R be a compact c-convex set, P ∈ P(X) and Q ∈ P(Y). Under Assumptions
(Reg), (Twist) and (QC) on the cost c, and (PW) and (Cont) on Q, we have that

√
n (ẑn − z̃)

w−→ N(0,Σ(z̃)), (38)

where z̃ ∈ 〈1〉⊥ ∩Optc(P,Q) (resp. ẑn ∈ 〈1〉⊥ ∩Optc(Pn, Q)), and Σ(z̃) is defined in (37).

Proof. Now let g : X×〈1〉⊥ → R be defined in (36). It satisfies that ifX ∼ P then E(g(X, z)) =Mp(z).
Lemma 4.1 implies in particular that:

(i) the function z 7→ g(xk, z) is concave for every xk .

(ii) There exists a unique
z̃ ∈ arg sup

z∈〈1〉⊥
E(g(X, z)).

(iii) The empirical potential is defined as

ẑn ∈ arg sup
z∈〈1〉⊥

∫
g(x, z)dPn(x).

(iv) The function z 7→ E(g(X, z)) is twice differentiable in z̃ with strictly negative definite Hessian
matrix D2Mp(z̃).

(v) For every z ∈ Rm−1 we have that

|∇zg(xk, z)| ≤ |(Q(A2(z)) + 1, . . . , Q(AN (z)) + 1)| ≤
√

2(m− 1).

Then all the assumptions of Corollary 2.2 in [19] are satisfied by the function g. As a consequence, we
have the limit √

n (ẑn − z̃)
w−→ N

(
0,
(
D2Mp(z̃)

)−1
A
(
D2Mp(z̃)

)−1
)
, (39)

where A = E (∇zg(X, z)∇zg(X, z)t) . Note that computing A we obtain the expression (37).

For z̃ defined as in Theorem 4.2, set

ϕ(y) := inf
i=1,...,N

{c(xi,y)− z̄i} (40)

and note that it is an optimal transport map from Q to P , set also the value i(y) ∈ {1, . . . , N} where
the infumum of (40) is attained. As before, we can define their empirical counterparts

ϕn(y) := inf
i=1,...,N

{c(xi,y)− ẑi}, (41)

which is an optimal transport map from Q to Pn, and in(y) the index where the infimum of (41) is
attained. Then we have that

√
n(ẑin(y) − z̄in(y)) ≤

√
n(ϕn(y)− ϕ(y)) ≤

√
n(ẑi(y) − z̄i(y)). (42)
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We can take supremums over y in both sides of (42) and derive that
√
n sup
i=1,...,N

(ẑi − z̄i) =
√
n sup

y∈Y
(ϕn(y)− ϕ(y)).

By symmetry we have that
√
n sup
i=1,...,N

|ẑi − z̄i| =
√
n sup

y∈Y
|ϕn(y)− ϕ(y)|,

which implies the following corollary.

Corollary 4.3. Under the hypothesis of Theorem 4.2, for ϕ and ϕn defined in (40) and (41), we
have that √

n sup
y∈Y
|ϕn(y)− ϕ(y)| w−→ sup

i=1,...,N
|Ni|,

where (N1, . . . , NN ) ∼ N(0,Σ(z̃)).

We will conclude by some comments on the assumptions made in this section.

1. Under the hypotheses of Theorem 4.2, the optimal potential is unique once we fix its value at a
given point. Then Corollary 4.3 provides a uniform confidence band for this optimal potential,
namely, [

ϕn(y)± ∆α√
n

]
y∈Y

,

where ∆α is the 1− α quantile of the limit distribution.

2. Note that if we consider R = Rd and the quadratic cost, then (Reg), (Twist) and (QC) are
obviously satisfied, by taking the function expj as the identity. Actually the map y 7→ |xj − y|2
is C∞(Rd) and y − xj is its derivative w.r.t. y. Finally note that the function

Rd 3 p 7→ |xi − p|2 − |xj − p|2 = |xi|2 − |xj |2 + 〈xj − xi,p〉

is linear in p and consequently quasi-convex.

3. Assumption (PW) on the probability Q has been widely studied in the literature for its implica-
tions in PDEs, see [1]. They proved that (PW) holds for a uniform distribution on a convex set Ω.
In [26], Lemma 1 claims that (PW) is equivalent to the bound of inft∈RE(|f(Y )− t|), for every
f ∈ C1(Y). Let Y ∼ Q be such that there exists a C1(Y) map T satisfying the relation T (U) = Y ,
where U follows a uniform distribution on a compact convex set A. Since f ◦ T ∈ C1(A), by the
powerful result of [1], there exists CA > 0 such that

inf
t∈R

E(|f(Y )− t|) = inf
t∈R

E(|f(T (U))− t|) ≤ CAE(|∇f(T (U))| · ||T ′(U)||2)

≤ CA sup
u∈A
||T ′(u)||2E(|∇f(T (U))|),

where ||T ′(U)||2 denotes the matrix operator norm. We conclude that, in such cases, (PW)
holds. Note that the existence of this map relies on the well known existence of continuously
differentiable optimal transport maps, which is treated by Caffarelli’s theory. We refer to the
most recent work [3] and references therein. However, as pointed out in [21], more general
probabilities can satisfy that assumption such as radial functions on Rd with density

p(|x|)
|x|d−1

, for |x| ≤ R, with p = 0 in [0, r] and concave in [r,R].

Moreover the spherical uniform Ud, used in [17] to generalize the distribution function to general
dimension, where we first choose the radium uniformly and then, independently, we choose a
point in the sphere Sd−1, also satisfies (PW). This can be proved by using previous argument
with the function T (x) = x|x|d−1, which is continuously differentiable. But note that this
probability measure does not satisfy (Cont). We conjecture that Theorem 4.2 still holds in this
case, but some additional work should be done which is left as a future work. In the same way,
the regularity of the transport can be obtained in the continuous case by a careful treatment of
the Monge-Ampére equation, see [7].
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Figure 5: Bootstrap approximation of N(0,Σ(z̃)) . Here P is supported in tree points P =
1
3 (x1 + x2 + x3), and Q is uniform on (0, 1)6. To approximate the uniform, we sample 50000 i.i.d.
points. Then we compute the empirical potentials ẑ for a sample of 4000 points and the Bootstrap
potentials ẑs, for s = 1, . . . , 4000. Both—the empirical and the bootstrap—are projected to the
space 〈1〉⊥. Since the space 〈1〉⊥ is, in this case, 2−dimensional, we can plot the 2D distribution of
(ẑ− ẑs)

√
4000 (left), and its 3D histogram (right).

4. The limit distribution described in 4.2 is not easy to derive, even knowing the exact probabilities
P and Q. But note that the limits are consequence of Corollary 2.2 in [19], which used, in fact, a
delta-method, for differentiable functions in the classic sense. Hence a bootstrap approximation
can be used to approximate the limit distribution. The approximation will be consistent as
in [10]. In Figure 5 we compute such an approximation by using bootstrap where P is supported
on three points in R6 and Q is the uniform on (0, 1)6.
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5 Appendix

5.1 Proofs of Lemmas
Proof of Lemma 2.1.
First, strong duality (3) yields that

Tc(P,Q) = sup
(f,g)∈Φc(P,Q)

∫
f(x)dP (x) +

∫
g(y)dQ(y) = sup

(f,g)∈Φc(P,Q)

N∑
i=1

f(xi)pi +

∫
g(y)dQ(y).

Set (z1, . . . , zN ) = (f(xi), . . . , f(xN )), then Tc(P,Q) = sup(z,g)

∑N
i=1 zipi +

∫
g(y)dQ(y), where

the supremun is taken on the set (z, g) such that zi + g(y) ≤ c(xi,y) for all i = 1, . . . , N. Then
g(y) ≤ infi=1,...,N{c(xi,y)− zi} and Tc(P,Q) = supz∈RN gc(P,Q, z).

Let z∗ = (z∗1 , . . . , z
∗
N ) ∈ RN be such that Tc(P,Q) = gc(P,Q, z

∗). Denote as l = arg infi z
∗
i and

u = arg supi z
∗
i , which are different—otherwise the potentials are constant and we conclude that
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K = 0. Therefore

Tc(P,Q) ≤
N∑
i=1

z∗i pi +

∫
{c(y,xu)− z∗u}dQ(y)

≤ (1− pl)z∗u + plz
∗
l +

∫
{c(y,xu)− z∗u}dQ(y)

≤ −plz∗u + plz
∗
l +

∫
c(y,xu)dQ(y)

≤ pl(z∗l − z∗u) +

∫
c(y,xu)dQ(y),

which implies pl(z∗u − z∗l ) ≤
∫
c(y,xu)dQ(y)− Tc(P,Q) and

sup
i,j=1,...,N

|z∗i − z∗j | ≤
1

infi pi

(
sup

i=1,...,N

∫
c(y,xi)dQ(y)− Tc(P,Q)

)
,

since adding additive constant does not change gc(P,Q, z), then we conclude.

Lemma 5.1. Under the assumptions of Theorem 2.4, the class FKc is Q-Donsker.

Proof of Lemma 5.1.

We use bracketing numbers, see Definition 2.1.6 in [32]. Lemma 2.3 implies that

N[](2ε,FKc , || · ||L2(Q)) ≤ N(ε,BK(0), | · |).

Therefore, Lemma 4.14 in [23] implies that∫ ∞
0

√
log
(
N[](ε,FKc , || · ||L2(Q))

)
dε <∞. (43)

The envelope function of the class FKc can be taken as the function F defined as F (y) = supi=1,...,m c(xi,y)+
K. Note that ∫

F (y)2dQ(y) ≤ 2K + 2

∫
sup

i=1,...,m
c(xi,y)2dQ(y) <∞.

Using Theorem 3.7.38 in [14] we obtain the desired result.
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