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ABSTRACT

Based on recently published analytical models of minia-
turized transducers containing planar micro-beams, this
contribution deals with an improved model of such de-
vices. Owing to the presence of the reduced-size backplate
in the device considered herein, the acoustic system load-
ing the micro-beam contains two parts of different thick-
ness with a geometrical discontinuity between them. The
analytical modelling presented herein takes into account
the spatial dependence of the acoustic pressure in both of
these parts, while the previous models supposed a cavity-
like behaviour (uniform acoustic pressure) of the thicker
part. Moreover, effects of sharp edges at the boundary be-
tween the thin slits surrounding the micro-beam and these
two parts are taken into account in using an added mass
approximation. A rigid micro-beam attached at one end to
a flexible hinge is considered in this study. The displace-
ment of the micro-beam along with the sensitivity of the
transducer are calculated and compared with the reference
numerical (FEM) solution.

1. INTRODUCTION

Fully analytical models of one-dimensional acoustic de-
vices containing planar beams (rigid elastically supported
or attached at one end to a flat spring, miniaturized or not)
loaded with a thin fluid layer with discontinuity in thick-
ness have been published recently [1–5]. The use of such
devices as MEMS transducers with reduced-size backplate
is of interest because of their geometrical simplicity, hence
lower fabrication complexity and cost. The use of reduced-
size backplate improves the compactness of the device (the
backing reservoir is directly under the moving electrode)
and enables to adjust more geometrical parameters in order
to optimize the behaviour of the transducer [6]. The above
mentionedmodels generally suffer from slightly underesti-
mated damping because of neglected effects of sharp edges
at the entering to the fluid gap through thin slits surround-
ing the beam and from slightly shifted resonant frequency
(when under-damped), which is related to the assumption
of uniform acoustic pressure in thicker parts of the fluid
gap (cavity approximation). An improved analytical model
of such devices is proposed herein, where the problem of
sharp edges is taken into account by an approximate man-

ner using an added mass and where a one-dimensional ana-
lytical expression for the non-uniform acoustic pressure is
used for all parts of the fluid gap. As for the previous mod-
els, the thermal and viscous boundary layer effects [7] are
taken into account in all parts of the fluid gap and the thin
slits surrounding the beam. The mean displacement of the
beam over the surface of the fixed electrode and the corre-
sponding acoustic pressure sensitivity of the transducer are
calculated and compared to the reference results of full 3D
numerical (FEM) simulation [8], and the discrepancies are
then discussed.

2. ANALYTICAL APPROACH

The device (Fig. 1) contains the planar rigid micro-beamof
dimensions L× b× hb (length × width × thickness) con-
nected to a micro-hinge at the left side and free at the right
side. The micro-beam is surrounded by two thin air-filled
slits of thickness hs, one slit of thickness hL at x = L and

Figure 1. Geometry of the system: a) side view, b) cross-
sectional view.
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loaded by a fluid layer with discontinuity in thickness. For
the part on the length interval x ∈ (0, lc) this thickness
is designated by hc, while the thickness of the other part
(x ∈ (Lc, L)) is designated by hg . The incident acous-
tic pressure pinc with harmonic (eiωt) time dependence
(ω is the angular velocity) excites the displacement of the
beam η(x) = θx (θ being the angle of the beam), which is
coupled with the acoustic pressure pc(x)∀x ∈ (0, lc) and
pg(x)∀x ∈ (lc, L) inside the transducer.

2.1 Effect of sharp edges

The particle velocity entering to the air gap through the
lateral slit averaged on the thickness of the slit can be ex-
pressed as [2]

vs,y(x) = − 1

iωρ0

pinc − pg,c(x)

hb

Fv,s +
1

2
iωη(x)Kv,s,

(1)
where ρ0 is the air density, Fv,s and Kv,s are associated
with the mean profile of the particle velocity in the slit (due
to the air viscosity), see [2]. In case of blockedmicro-beam
(η = 0), Eqn. (1) can be rewritten in order to obtain the
specific impedance of the slit

Zs =
pg,c(x) − pinc

vs,y(x)
= iω

ρ0hb

Fv,s

, (2)

which is an impedance of a specific mass. The sharp edge
effects can be then approximately taken into account by
including a specific added massMSadd to this mass

Mslit =
ρ0hb

Fv,s

+MSadd. (3)

Eqn. (1) can be then rewritten as follows:

vs,y(x) = −pinc − pg,c(x)

iωMslit

+
1

2
iωη(x)Kv,s. (4)

A rough estimate of the added mass originating from the
low frequency approximation of the radiation impedance
[7]

MSadd =
8ρ0

√
hsL

3
√
π3

(5)

is used herein.

2.2 Equations governing the acoustic pressure inside
the device

Following the same procedure as in [2] leads to wave equa-
tion governing the acoustic pressure in both parts of the
air gap, the subscripts c and g designate the thicker part
(x ∈ (0, lc)) and the thinner part (x ∈ (lc, L)) of the air
gap respectively
(

∂2

∂x2
+ χ2

g,c

)
pg,c(x) = − [

U1(g,c)pinc + U2(g,c)η(x)
]
,

(6)
with the complex wavenumbers χg,c taking into account
the thermo-viscous effects in the air gap and the coeffi-
cients U1(g,c) and U2(g,c) in the right hand side of Eqn. (6)

taken from [2], only the term Fv,shs

Fv,ghghbb
is replaced by

ρ0hs

MslitFv,ghgb
due to Eqn. (4).

The classical solution of Eqn. (6) is considered

pg,c(x) =Ag,c cos(χg,cx) +Bg,c sin(χg,cx)

− 1

χ2
g,c

[
U1(g,c)pinc + U2(g,c)θx

]
,

(7)

along with four boundary conditions

x = 0 : ∂xpc(0) = 0,

x = lc : pc(lc) = pg(lc),

wc(lc) = wg(lc),

x = L : wg(L) = vL,yhLb,

(8)

where wg,c are the volume velocities in both parts of the
acoustic system behind the micro-beam. The first bound-
ary condition leads directly to the expression of the integra-
tion constant Bc = U2c

χ3
c
θ, the other integration constants

Ag , Bg and Ac have to be calculated from the solution of
the system of three equations given by the three remaining
boundary conditions from Eqn. (8).

When the expressions for the acoustic pressure inside
the device are found, it remains to follow the same pro-
cedure as in [4], e.g. to substitute this expression for the
acoustic pressure into the relation for the angle θ of the
micro-beam (Eqn. (1) in [4]) which involve the mass mo-
ment of inertia Jb = mbL

2/3 (mb being the mass of the
micro-beam), the force moment Cb and the damping co-
efficient of the hinge Db (neglected herein Db = 0). The
mean displacement of the micro-beam over the surface of
the backplate η̄ = θ(L + lc)/2 can be then calculated.

3. RESULTS

In this section the acoustic pressure sensitivity σ =
U0η̄/(pinchg) of the device used as electrostatic transducer
with polarization voltage U0 is presented. The dimen-
sions and other parameters of the device are summarized
in Tab. 1, the properties of the air are given in Tab. 2.

Parameter Value Unit
Beam length L 3× 10−3 m
Beam width b 0.4× 10−3 m
Beam thickness hb 50× 10−6 m
Cavity length lc 3L/4 m
Cavity thickness hc 150× 10−6 m
Airgap thickness hg 50× 10−6 m
Thickness of the slits hs 2× 10−6 m
Density (silicon) ρb 2329 kg/m3

Force moment Cb 1.0916×10−4 N m
Polarization voltage U0 30 V

Table 1. Dimensions and other parameters of the device.

Fig. 2 shows the magnitude and phase of the acoustic
pressure sensitivity of the transducer. The result of the
model presented herein (red curve) is compared with the
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Parameter Value Unit
Static pressure P0 101330 Pa
Static temperature T0 293.15 K
Density ρ0 1.204 kg/m3

Adiabatic speed of sound
c0

343.2 m/s

Shear dynamic viscosity
μ

1.814× 10−5 Pa s

Bulk dynamic viscosity
μB

1.088× 10−5 Pa s

Thermal conductivity λh 25.77× 10−3 W/(mK)
Ratio of specific heats γ 1.400 -
Specific heat coefficient
at constant pressure per
unit of mass CP

1005 J/(kgK)

Table 2. Parameters of the thermo-viscous fluid (air).
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Figure 2. Magnitude a) and phase b) of the transducer
sensitivity: comparison between previous model [4] (blue
curve), present model (red curve) and the reference numer-
ical (FEM) solution (black points).

result of previous model [4] (blue curve) and with a refer-
ence numerical result of full 3D FEM simulation (based on

method and software described in [8]) (black points). The
present model is in very good agreement with the reference
FEM model while the previous model show some discrep-
ancies from the reference both in the level of sensitivity in
the flat part of the curve and in the damping at resonance
frequency.

4. CONCLUSIONS

The behaviour of the miniaturized transducer consisting of
a planar rigid micro-beam attached at one end to a flexible
hinge and a reduced-size backplate has been studied and
the improved analytical model of such device has been de-
veloped. Comparing to previousmodels, the spatial depen-
dence of the acoustic pressure along the x axis inside the
device is completely taken into account. Additionally, the
effects of the sharp edges at the boundary of the thin slits
surrounding the micro-beam has been also modelled by an
approximate manner using an added mass. The present
model shows better agreement with the reference numeri-
cal (FEM) model than the previous one. This enables the
use of such a model in design of new types of miniaturized
acoustic receivers (MEMS microphones).
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