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EXACT DIMENSION OF FURSTENBERG MEASURES

FRANCOIS LEDRAPPIER AND PABLO LESSA

ABSTRACT. For a probability measure p on SL4(R), we consider the Fursten-
berg stationary measure on the space of flags. Under general non-degeneracy
conditions, if p is discrete and if 3°_ log||gl| du(g) < +o0, then the measure v
is exact-dimensional.

1. INTRODUCTION

1.1. Main results. Let u be a probability measure on the group G = SLg(R) of
d x d of matrices with determinant 1. We assume in all the paper that u is strongly
irreducible (i.e. there is no finite union of subspaces of R¢ that is invariant by the
natural linear action of p-a.e. matrix) and that the semi-group generated by the
support of p is a Zariski dense subgroup in SLgi(R). Then, let F be the space of
complete flags in R?,

feEF <= f=UycU, C...CUy_1 CUy,

where Uj; is a vector space of dimension i in R%, Uy = {0},Uy = R SL4(R) acts
naturally on F and (see e.g. [BQ16], Proposition 4.7) there is a unique stationary
probability measure v on F (i.e. satisfying [ g.vdu(g) = v). The measure v is
called the Furstenberg measure on F associated to p. We write M, or M(G), for
the space of such probability measures on G such that [, log|g[l du(g) < +oc.

Let @ be a partition of {0,1,...,d} into intervals, Q@ = {gp =0 < ¢1 < ... <
qr = d}. The space of partial flags F is the space of increasing sequences of vector
subspaces of R?,

{0}=UycU C...CUp CU, =R%

with dim U; = ¢; for i =0,1,...,k. The group G acts naturally on 7. A measure
v on Fgq is called stationary if it satisfies

/g*vdﬂ(g) = v

For € M, there is a unique stationary probability measure vg on Fg. We are
interested in geometric properties of the measures vg and in particular in their
dimension. The spaces Fg are endowed with the natural metric invariant under all
orthogonal rotations.
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2 FRANCOIS LEDRAPPIER AND PABLO LESSA

Let (X, p) be a metric space, v a measure on X. The lower dimension § and the
upper dimension 6 of (X, p,v) are defined by
logv(B(z,r)) = log v(B(z,7))

) = ess.inf lim inf , 0 = ess. sup lim sup
v r—0 log r r—0 logr

A measure v on X is called ezact-dimensional with dimension § if § = § = 6.

If the space (X, p) is bilipschitz equivalent to an Euclidean R™,n > 1, and v is
exact-dimensional of dimension J, then ¢ is the smallest Hausdorff dimension of
sets of positive v-measure (see e.g. [Y82], Prop 2.1). Our main result is

Theorem 1.1. Let p € M be a discrete probability measure on G := SL4(R).
Let Q be a partition of {0,1,...,d} into intervals. Then the unique stationary
probability measure vg on the space Fq of partial flags is eract-dimensional.

In particular, if Q); is the partition into singletons, then Fgp, is the space F of
complete flags and the Furstenberg measure v is exact-dimensional.

In the case when d = 2, F is the space of lines in R?, theorem holds for a
general measure p € M (Hochman and Solomyak [HS17]). Theorem has been
recently proven by A. Rapaport (J[Rap20]) for the partition @ = {1},{2,...,d} in
the case when the measure p is finitely supported. The proof of [Rap20] extends to
the partition @ = {1,...,d — 1}, {d}.

Question 1.2. Is theorem true for a general probability measure p € M?

Let u € M. Then, there are d distinct Lyapunov exponents (they are distinct by
[GR&9] and [GMR9])

X1 > X2 > ... > Xd, with x1+...+ x4 =0,
such that for f € F, f ={{0} CUL(f) C ... CUgr(f) CRY}, j=1...,d—1,
(1) S = [ togldetu i (0)| dutg)av( ).

i<j

where, for any subspace U in R?, |dety;(g)| is the Jacobian of the linear mapping
from U to gU, both endowed with the Euclidean metric.

Let @ be a partition of {0,1,...,d} into intervals; we define the Furstenberg
entropy as the nonnegative number h(Fq, u, vg) given by

dg*uQ dg«vg
d d
WFqpva) = [ [ ton ) S dvot)into)

with the usual convention that 0log0 = 0.

Remark 1.3. It follows from theorem [1.4) below and from its proof, that for u €
M, p-a.e. g € G, the measure g.v is absolutely continuous with respect to the
measure v (see Corollary @)

Let x1 > ... > xq be the Lyapunov exponents of (G, u) and for ¢ = 1,...d, set
£q(7) for the index such that g, ;-1 <7 < ggg(s)- Then,



EXACT DIMENSION OF FURSTENBERG MEASURES 3

Theorem 1.4. With the above notations, for any partition Q of {0,1,...,d} into
intervals, we have

(2) h’(]:Qhuva) < Z Xi— Xj-

1,J:0Q (1) <Lq (4)
If there is equality in (@, then the measure vq is exact dimensional with dimension
dim ]:Q.

The inequality is proven in Section [5| See the discussion after theorem for
the equality case. In the case when d = 2, x; > 0 > x2 = —Xx1, and the dimension
0 is given by

5o MFnw)
X1 — X2
([HS17]). In particular, theorem holds in that case (see [Led84] for a direct
proof). A similar formula holds in many cases where the action of a group on its
boundary is conformal (see e.g. [T19] for, among other cases, the one of a discrete
group of isometries of the hyperbolic space H"™). In the nonconformal cases he
considers, [Rap20] also gives a relation between the dimension, the exponents and
partial entropies and relation follows.

Clearly, the upper dimension of v is at most dim Fg; the other natural estimate
from above of the dimension comes from the estimate of the Furstenberg entropy
by the random walk entropy, as follows.

Assume the distribution of y has finite Shannon entropy H(p). Then the limit
hrw (@) := lim %H(u(")) exists. For any partition @ of {0,1,...d} into intervals,
n— o0

we have ([D80] and see [KV83] for background on the random walk entropy hrw (1)
and applications)

(3) MFq s vq) < hrw(p).
Assume furthermore that p € M. The dimension in Theorem [I.1] is given by a
formula involving exponents and some partial entropies (see @[)) Together with
relation , this implies an a priori bound on the dimension that we describe
now. Let @ be as above and denote {0 < A\ < Ay < ... < Ay} the differences
of exponents x; — x; for all (¢,7) such that ¢o(i) < ¢o(j). We then define the
continuous, piecewise affine function D, , on the interval [0, N = dim Fg] as:
Dry,u(0) := hgw(p) and D, . (s)=—-Nforse (t—1,t), t=1,...,N.

Following Kaplan-Yorke ([KY9]) and Douady-Oesterlé ([DO80]), the Lyapunov
dimension dimpy (Fq, p) is defined by
N it Dy, u(N) >0,

dimpy (Fo. i) =
impy ( Q N) {5 such that D]'-Q7H(6) =00 otherwise.

Theorem 1.5. Let u € M be discrete and have finite entropy. Then, the exact
dimension 6¢g of v satisfies

(4) o < dimpy(Fq,p)-
In case of equality in with § < N, we have h(Fq, ng,vg) = hrw(w).
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We discuss the proof of theorem in Section 2:3] For any parttion Q, the
equality h(Fg,u,vg) = hrw(n) is important since it means that the flag space
F¢ is the Poisson boundary of the random walk (see [KV83]). In the case of
Q ={1},{2,...,d},{) is Corollary 1.7 in [Rap20]. As discussed in the introduction
of [Rap20], in view of the the results in [JPS07], [B12], [H14], [H15], [HS17], [BQ1S],
[BHR19], [HR19], [V19], [BV19], we may ask the following

Question 1.6. Is there a Diophantine-type condition on the support of n that
ensures equality in ?

We can prove relation in some examples: in section @ we discuss the terms
and the proof of the following

Theorem 1.7. Let p be a Hitchin representation of a hyperbolic cocompact sur-
face group T in PSL4(R) and p be an adapted probability measure on T' such that
>y l9ldulg) < +oo, where |- | is some word metric on I'. Consider the random
walk on PSLy(R) directed by the probability p.(p) and v the stationary measure on
the space F of flags. Then, v is exact-dimensional and 6(v) = dimpy(F, p).

The main new feature of our paper is already present for finitely supported mea-
sures in the case d = 3. The space Fy<i<3 is the space £ of lines in R3, the
space Fo<acs is the space P of planes in R3. The stationary measure v on F
projects on the stationary measures v, and vp and the fibers of the projections
are one-dimensional. We know by [Rap20] that v; and vp are exact-dimensional.
Moreover, we know by [Les2I] that the conditional measures on the fibers are
exact-dimensional and [Les21] has formulae for the almost everywhere constant di-
mensions. This is not enough information to be able to conclude that the measure
v is exact-dimensional and to compute its dimension. Indeed, in the setting of
Theorem in dimension 3, as soon as the Hitchin representation is not Fuchsian,
there exists a probability measure py € M(I') for which the dimensions do not add
up for the projection from (F, 1) to P. This is the consequence of two properties:
for a Hitchin representation of a cocompact surface group, if xo > 0, then the pro-
jection from (F,vg) to P fails to preserve dimension (see proposition . On the
other hand, we observe that if the Hitchin representation is not Fuchsian, then one
can find po € M(T') such that x2 > 0, see theorem

In the next subsection, we recall this phenomenon of dimension conservation and
explain what is the third codimension one projection of F that we consider and for
which we will prove dimension conservation. We then introduce the corresponding
formalism in higher dimensions.

1.2. Dimension conservation. Let (X, v), (X', v') be standard probability spaces,
m: (X,v) = (X’,v') a measure preserving mapping. Recall that a disintegration
of the measure v with respect to 7 is a measurable family of probability measures
2= v (or 2’ — Y, 2’ — %) of probability measures on X such that

’

Valz')=1 and v= / v Ay (o).
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Two families of disintegrations of the measure v with respect to 7 coincide v/-a.e..

Assume now that (X, d), (X', d") are separable metric spaces and that 7 : (X, d) —
(X’,d") is a Lipschitz mapping. Let v be a probability measure on X. We say that
the projection 7 is dimension conserving for v if

(1) the measure v is exact-dimensional with dimension 0,

(2) the measure m.v is exact-dimensional with dimension ¢,

(3) for mv-a.e. 2’ € X', the disintegration v*" is exact-dimensional on 7 (')
with dimension 0 — ¢’.

The definition is adapted from Furstenberg ([F'70], [F08]). Dimension conservation
occurs often in the presence of iterations or randomness. Classical examples are
the results a la Marstrand and Mattila for projections of measures along almost
every direction in R? ([JM98]), see [JJL04] and the more recent [FEJI5] and [S15]
for surveys. On the other hand, it is easy to construct examples (for instance the
graphs of the Brownian trajectories or the graph of the Weierstrafl function (see
[Shel8])) where 1 and 2 hold, but the conditional measures are Dirac measures with
dimension 0 whereas § > ¢’. See also [Rapl7] for an example in a context close to
ours. We will now describe, in dimension 3, a third projection defined on F with
one-dimensional fibers for which we will be able to prove dimension conservation.

We say that two flags f = {0} C Uy C Uy CR3 and f' = {0} C U] C Uj C R3
are in general position if Uy @ Uy = Uy @ U] = R®. Set F®) for the set of pairs of
flags in general position. The mapping F : F?) — P x £ x F defined by

F(f,f) = (h e U, U200y, f')

has one-dimensional fibers. Indeed, fixing U; in Uy @ U] determines Uy = Uy @
(U2 N UY); alternatively, choosing Us D Ua N U} determines Uy = (Uy @ Uj) N Us.

Let 4/ be the image of p under the mapping g — ¢g~'. The measure p/ admits
a unique stationary probability measure v/ for the action of G on F. From our
results will follow that, for v/-a.e. f’, all projections in the following sequence are
dimension conserving for v x d/

(f,f/)'_>(Ul@U{,Uszé7f/)H(Ul@U{,f/)’—>f/ if X2207
(f, )= e ULU2NUs, f) = (U2 N Us, f) = fF i x2 0.

In order to prove theorem on F when d = 3, we are reduced to three projections
with one dimensional fibers, for which we want to prove exact dimensionality of the
conditional measures on the fibers and dimension conservation. Moreover, we have
arranged so that the exponents of the dynamics on the fibers are nondecreasing:

X3—Xx1 < xs—x2 < x2—x1 <0 if X220,
xs—x1 < x2—x1 < x3—x2 <0 if x2<0.
Therefore, we can apply the strategy of [Fenl9] and [Rap20] (following [LYS85],

[FHO09], [BK17]), and work one exponent at a time. We first generalize the above
picture to higher dimensions.
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1.3. Topologies, configuration spaces and entropy. A topology T on the set
{1,...,d} will be called admissible if {i,i + 1,...,d} € T for all i. Given an
admissible topology T' we denote by 7'(i) the atom of ¢ i.e. the smallest set in
T containing 7. Notice that any topology T is determined by listing its atoms
T(1),T(2),...,7(d). And T is admissible if, and only if, T'(¢) C {i,i+1,...,d} for
all 4.

Recall that a topology T is finer than another 7" (equivalently, 7" is coarser than
T), denoted T < T’, if T D T". The coarsest admissible topology Tp is (defined by

the list of atoms)
{1,...,d}{2,...,d}...{d},
the finest admissible topology 77 is {1} ...{d}.

We say an admissible topology T is one step finer than an admissible topology T”

(equivalently T" is one step coarser than T'), denoted T L T', if there exists a unique
i €{1,...,d} such that T'(¢) # T'(¢) and furthermore 7"(i)\T'(¢) is a singleton. Let
jbesothat {j} = T"())\T(¢). Then, j > iand T(:)\{i} C T (i) C T(H)U{j} = T" (7).

1
We associate to a pair T' < T" its exponent X1
(5) XT, 7 = Xi = Xj-
An admissible topology is called filtered if it is generated by the coarsest admissi-
ble topology and some subset of {{1},{1,2},...,{1,2,...,d}}. Let Q be a partition

of {0,1,...,d} into intervals, @ = {go = 0 < ¢1 < ... < qx = d}. We associate to
it the filtered topology T generated by Ty and the sets {1,2,...,¢;},7=1,...,k.

FiGURE 1. Admissible topologies for d = 3, an arrow indicates
a topology one step coarser than another, filtered topologies are
indicated in gray.
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There are exactly 2¢7! filtered topologies and they are all obtained that way. The
topologies T7 and Ty are filtered and correspond to respectively the space of com-
plete flags and the one-point flag space of the trivial partition Qg = {1,2,...,d}.

Figures 1 and 2 represent the graphs of the one-step relations between admissible
topologies in dimensions 3 and 4 respectively. In dimension 3, the new fibration
correspond to the nonfiltered topology that is one-step finer than 77. One sees
the two ways of further descending on the graph according to the sign of 2. In
dimension 4, there are 40 admissible topologies and 92 one-step arrows. The non-
trivial filtered topologies correspond to the spaces of partial flags with only one
level missing or to the Grassmannians of lines, planes or three-dimensional spaces.
This correspondence is extended to all admissible topologies by constructing the
configuration spaces as follows.

Given an admissible topology T' we define the configuration space X1 to be the
space of sequences x = (z1)ser indexed on T where

(1) s is a |I|-dimensional subspace of R? for each I € T,
(2) 2oy =axr+axyforall I,J €T, and
(3) ring=xyNayforall I,JeT.

The configuration space A, is identified with the space of d independent lines in
R¢; X7, is the space F of complete flags. For Q be a partition of {0,1,...,d} into
intervals, the configuration space X7, is identified with the space of partial flags
Fo. If T is finer than 7" there is a natural projection mapping 7y : Xp — Xpv.
In particular, all configuration spaces project onto Xr,.

We say that two flags f = {0} CU; C...CR%and f'={0} CUj C... CR?
are in general position if for all 5,0 < j <d, U; ® U&_j = R%. Set F@ for the set

FIGURE 2. Admissible topologies for d = 4, an arrow indicates
a topology one step coarser than another, filtered topologies are
indicated in gray.
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of pairs of flags in general position. Given an admissible topology T', we associate
to (f, ') € F® the configuration Fr(f, f') € Xr given, for I € T, by

[Er(f, )1 = ®ier (UinUj_iyq) -
Observe that if T is finer than 7", then Fpr = mwp g o Fp. Set, for an admissible
topology T and a fixed f' € F, XJJ:, for the set of Fr(f,f’) for all f such that
(f, f) € F@ . In particular, we identify X%O/ with {f'}.

Let 4/ be the image of p under the mapping g — ¢g~'. The measure p/ admits
a unique stationary probability measure v/ for the action of G on F. Endow F(?

with the measure v ® v/ and Xr with the measure (Fr).(v @ /). Write f/ — vl
for the v/-a.e. defined family of disintegrations of (Fr).(v ® ') with respect to the

projection on the second coordinate in F(?). By definition, for v/-a.e. f/, V% is a
probability measure supported by /Y:,]: and so that (Fr).(v @) = [- y% av'(f").

We define the entropy kr by
d g ' f
GV —1 41
(6) i = [1og T (y) gl (g)av'(£)dus).
dvy,
We will see in Section [f] that this integral makes sense and can be seen as a con-

ditional mutual entropy H(gFr, Fr|f’). In particular, kp, = 0. If T is filtered
and associated to the partition @, then the mapping of X1, onto Fq is a bilip-

schitz homeomorphism when restricted to each fiber X%(;, and identifies V{«/ with
vq. Therefore,

dg.v,
i = [ 10g M @) dyvg(a)duls) = hiFoumva).
GxFq

vQ

Assume that the admissible topology T is finer than the admissible topology T".
Then, clearly, for v'-a.e. f' € F,

(wr )t = v
and we set (V%«ZT/, RS X%,l) for a family of disintegrations of the measure 1/{,2/ with
respect to . The entropy difference
(7) KT,T/ = RT — RT/
can be seen as a conditional mutual entropy H(gFr, Fr|Fr/, f') and can be ex-
pressed in terms of the measures V%:T/ (see below section ().

A key step in our proof is

Theorem 1.8. Fiz u € M. Assume T and T’ are admissible topologies, with T
one step finer than T'. With the above notations, for almost every x’, the measure
vi. 18 exact-dimensional with dimension yr, given by

KT,T

Y, = .
XT,T'

The proof of theorem is given in section [7] In dimension d = 2, there is
only one pair T1, Ty, the measure V{WI’TO is the constant measure v and theorem
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comes from [HSI7]. In higher dimensions, if T = T; and 7’ has one atom
of the form {i,7 + 1}, then theorem is theorem 2 from [Les21]. The general
scheme of the proof is the same: we find a one-dimensional parameterization of
the support of the measure V%:T, that is adapted to the G-action, and then use
a telescoping argument and the Maker ergodic theorem. It follows from the one-

dimensional parameterization that if T° i T', then vy <1 (see lemma below)
and this leads to a general estimate of k7 7 in terms of the differences of exponents
associated to mp s (see proposition 2 below). Inequality in theorem |1.4
corresponds to the particular case of rr, 1,. We provide a direct proof of first,
since we use it to ensure that the entropy s defined by equation @ is finite. Since

1
for all T < T',yp < 1, if we have equality in 1) all corresponding vy 7/ are 1
and the equality case in theorem [T.4] follows from theorem [2.2]1.

In the next section, we reduce the proofs of our results to entropy/dimension
statements related to the fine structure of the configuration spaces. A more detailed
organization of the remaining proofs is given at the end of the next section.

2. PROOFS

2.1. Proof of theorem Observe that for T and T” admissible topologies,
T < T'"if, and only if, for all s = 1,...,d — 1,T(i) C T"(z), where T(3) is the atom
of T containing {i}. We denote D 1 the set of pairs (¢, j) such that j € T"(¢)\T'(4).
The numbers x; — X;, (¢,7) € Dy are called the exponents of the pair 7' < T".

Observe that {i} C T'(¢),T'(¢) C {4,i+1,...d}. Therefore, for (i,5) € Dy, i <
j and the exponents x; — xj, (i,7) € Dy are positive. Set Ny g := #Drp =

d . .
i #(T (@ \T(P)).
Proposition 2.1. Let T < T" be a pair of admissible topologies, N := Np .
1. Then, there exists a sequence T =T',TY,..., TN =T such that T? is one step
finer than T*=1 fort=1,...,N, and

XTl,TO S XT2,T1 S e S XTN7TN—1.

2. Moreover, ST’T/ < Nprp and kppr < Z(i,j)GDT,T/ (Xi — xj), where ET,T/ 15 the

essentially constant (in x’) value of the upper dimension of the measure I/%T,.

Proposition [2.1]1 is proven in Section [3.1} Proposition 2:1]2 is proven at the
end of Section |3| after a more precise description of the metric spaces (w7 1)~ (")

for 2’ € Xp/. For any pair T < T" of admissible topologies, we henceforth choose
and fix a sequence given by proposition 1. The entropy k7,7 is the sum of the
entropy differences ke pe-1.

Theorem [I.§ yields a Ledrappier-Young formula for the entropy rr 1

NT,T’ NT,T’
(8) R = E K/Tt7Tt—1 = E XTt,Tt_l ")/Tt,Tt—l .
t=1 t=1

The precise form of our main result is the dimension counterpart of :
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Theorem 2.2. Let p € M and T < T’ be a pair of admissible topologies. With
the previous notations, for v'-a.e. ' € F, 1/% -a.ex’ € X:,Jf,,

N s
, ) ;o .
(1) the lower dimension 6, 1. of the measure Vi 1 is at least 3 e pi-1;
t=1
. . . J . . .
(2) moreover, in the case when  is discrete, the measure V3. 1, is exact-dimensional,
with dimension 6 given by

Nop

or = E YTt -1 -

t=1

In the case when T" = T, we can identify the measures u%lt and 1/%1 7, on XIJ:

and we obtain, setting Dr := Dy g, = {(4,7),1 < 4,5 € T(4)}, Nr := #Dr and, for
(i,5) € Dp, ’ygj for gt pe-1 associated by proposition El to (4,7).

Corollary 2.3. Assume p is a discrete measure in M and let T be an admissible
topology. With the previous notations, we have kK = Z(i,j)EDT %T,J'(Xz‘ —X;) and,

’
for v'-a.e. f' € F, the measure 1/{1 is exact-dimensional, with dimension o1 given

by
o = orm, = Z Yirg-
(4,j)€Dr

In particular, if T is a filtered admissible topology associated to a partition @,
then X’ is identified with Fg, the measure y% is then identified with the measure
vg for almost every f’. If, moreover, the measure y is discrete, theorem follows:

for a discrete u € M, the Furstenberg stationary measure vg on the space Fg of

Q-flags is exact-dimensional with dimension dg. There are numbers 'yf?] = fyiT’;?
such that [
9) o= Yo hFamve) = D AEa—x)-

B,5:€Q (1) <lq(7) 1,34 (1) <lQ(4)

Proof of Theorem[2.4 We endow X{:, with a smooth metric. The following limits

’ ’ , ’
are constants for v’-a.e. f' € F, u%t—a.e. z' e X{m vire-ae. Y € Xt[]i :

log v, 7 (B o — log v% ., (B o
Qt := lim inf & T’Tt( (y ))’ 5t — lim sup g T,Tt( (y ))

r—0 log r r—0 logr

With this notation, lower and upper dimensions of the measure V%:T/ are respec-
tively 6° and 5.

For the first part of theorem we have that for almost every (f’,2/,y’), the
following relation holds for all t = Ny, Ny —1,...,1
(10) N > 8 v e

1Comparing with theorem the content of (EI) is that the numbers 'yin are the dimensions
of certain conditional measures on specific 1-dimensional leaves in Fg.
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1
Indeed, since T < TN/ —1, holds for ¢ = Ny (with gt = 0) by
theorem m By [LY85] lemma 11.3.1, for ¢ < Ny follows from theorem
as well. Theoreml follows by summing the relations for t = Ny g, Np o —
1,....1.

For the second part of theorem [2.2] it remains to prove

Theorem 2.4. Assume that the measure p € M is discrete. With the above
notations, for almost every (f',x’,y’), for allt = Np o, Nppr —1,...,1,

(11) gt_l Sgt—i—’yTt,Tt—l.

Summing the relations for t = Ny g, Nppr—1,...,1 (with shrr 0) gives
S = 5 < Z,Z\]:Tl’T' Yre pi-1. Comparing with theorem 1 gives the result. O

We prove theorem in Section 8} The analog of theorem in [LY8Y] is a
counting argument (see section (10.2)) that uses partitions with finite entropy in
the underlying space. This is not possible here. By working on the trajectory space
of the underlying process, [Fenl9] and [Rap20] perform this counting procedure in
the case when the measure p has finite support. We follow the same scheme under
the hypothesis that u is discrete.

2.2. Properties of the partial dimensions. The spaces (77« r:-1)"!(z) and the

1
measures Vi, p._, for a.e. z depend only on the arrow T < T*'and not on its

1

environment 7' < 7" such that T < T < 7"~ < T". Indeed, the dimension Y7 -1
in formula does not depend on the environment T < T’. But still, there might
be several arrows corresponding to the same pair (4,5),0 < i < j < d. We can write

T — S
Lemma 2.5. Assume the diagram of projections | 1 +1  commutes and
7 — 9

i,7 are such that T(i) =T'(i) \ {j} and S(i) = S'(¢)\{j}. Then, yro < 7s,s'.

Lemmal2.5]is proven in section[7] The example in section[d|shows that, in general,
Y, < Y8,8-

Let 4, j satisfy 0 < ¢ < j < d and let T; ; be the topology defined by
Tij(k) = {k} if k#1i, T; (i) = {i, 5}

The topology T; ; is admissible and one step coarser than 7.

1
Corollary 2.6. Let T < T" be admissible topologies. For Tt < T'~! in the
decomposition of T < T" and (i,7) such that T*7*(i) = T'(i) U {j}, we have
VI, Thy S YTt T
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Proof. Apply lemma [2.5]to the commutative part of the diagram

T
1
T — Tt
11 11
T,; — T' —T".
O
In the case when there are several pairs {(i1,71),.-., (ix,jx)} with the same

difference x; — x;, there are different decompositions given by proposition 1.
If the measure yu is discrete, we can apply theorem [2:2]2 to each decomposition

and get a common formula by grouping together the terms corresponding to the
k
same difference x; — x;. Namely, set dperx 7t := D ype+e pere—1. By theorem [2.2,2
=1
applied to T"*F < T*, this number dpe+x 7+ is the exact dimension of the measures
vk ¢+ and thus is independent of the order of the decomposition. We also obtain

that K/Tt+k7Tt = (XZ — Xj)5Tt+k’Tt.

2.3. Lyapunov Dimension. Theorem follows from the previous results. In-
deed, assume p € M is discrete and has finite entropy and let @) be a partition of
{0,1,...,d} into intervals. The measure vq is exact-dimensional with dimension
dg. By equation @), there are numbers ng such that dg = Zm:eQ(i)dQ(g‘) 7%.
Moreover, h(Fq, p, vq) = Zw.:eQ(i)dQ(j) Y% (Xi — x;). We ordered {0 < Ay < g <
... < An} the Mg := xi, — X, for all (g, ji) such that Lo (ix) < Lo(jx). We can
define another continuous, piecewise affine Lyapunov function D Fouwg O the in-
terval [0, 0] such that Dg, , . (O)Q: h(Fq, 11, vq) and the slope of Dx,, , ., (t) on
the successive intervals of length ;7 ; is —A,. By @), Dz, 1vo(0q) = 0. On the
other hand, using and the fact that for all (4, 7), ’yf?j < 1 (Proposition ),
we see that, for all ¢ € [0,d¢],

Q.FQ,,LL,VQ (t) < D]:Qall«(t)'
In particular, Dr, ,(6q) = Dz, ,..u,(6q) = 0. This shows . In case of equality
with dg < N, we have necessarily h(Fg, 1, vq) = hrw(i).

2.4. Content of the paper. Given the previous discussion, we still have to prove

theorems 18], and proposition and lemma In section
we show proposition and discuss the geometry of the spaces X% . In particular,

lemma describes the one-dimensional structure of 7r;71T, (z') for o’ € X{:: and

T -1< T’'. We also discuss the multidimensional structure of the configuration spaces
(proposition [3.2). We recall in section [4| the underlying trajectory space of the
associated random walk, and the applications of Oseledets theorem to random
walks of matrices. In section [f] we prove theorem [I.4] In section [6] we recall the
notion of mutual information of random variables and its properties. We prove
theorem [[.8] and lemma [2.5] in section [0 and theorem [2.4] in section [§l The central
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arguments in sections [5] [7] and 8] have a long history in ergodic theory. A short
comment about background heads each of the corresponding sections. In section [9]
we discuss the case of Hitchin representations of cocompact surface groups, exhibit
examples of non-conservation of dimension and prove theorems and

3. PRELIMINARIES

3.1. Topologies and exponents.

Proof of Proposition[2..1. Let us order the indices in Dr 7+ in such a way that

Xiv = Xjr < Xio — Xja <000 < Xing g ™ Xing g

Beginning with T° = T” define the sequence inductively so that for each ¢t =
1,2,..., Ny 1 the topology T is generated by T~! together with the set T¢~1(i;)\
{j¢}. Since T* < T*1, it follows by induction that T is admissible.

We have that T* < T*~!; we claim that T* is one step finer than T*~!. Indeed,
if this is not the case, then there exists j € T'~1(i) such that iy < j < j; and
TtG)\ T (5) = {j:}. Since xj — xj, < Xi, — Xj, it must be the case that
ji € T(j), otherwise j; would have been removed from T°~!(j) at some previous
step. Similarly, since x;, — Xx; < Xi, — X;j, We obtain that j € T'(i;). However, these
two facts imply that j; € T(i;) which is a contradiction. It follows that 7" is one
step finer than 7¢~! as claimed.

We finally claim that T' < T%. To see this, observe that T% is generated by
{A@i)}, fori=1,...,d, where A(i) = T*71(i) if i # iy and A(iy) = T (ir) \ {je}-
Inductively, if i # i, one has A(i) = T*1(i) D T(i). By construction j; ¢ T (i)
and therefore A(i¢) D T'(it) as well. Hence, T < T" as claimed. O

We also record here the following fact about admissible topologies which will be
used several times.
Proposition 3.1. Let T L T’ be admissible topologies and i,j be such that T(i) =
T'(i)\ {j}. Then both T'(i)\ {i} and T'(i)\ {i,j} are in T".
Proof. Since T’ is admissible we have T7(i) C {i,i + 1,...,d}, and {i + 1,7 +
2,...,d} € T". Therefore, T'(i) \ {i} =T'() N {i+1,...,d} is in T” as claimed.

Repeating the argument for T we obtain that T77(¢) \ {i,7} = T'(¢) \ {i} isin T.

Combining this with the fact that T —1< T’ we obtain
TO\@= U TmRm= U 1O,
keT’(i)\{4.} keT’(i)\ {45}

so that T"(i) \ {4,5} is in T" as claimed. O
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3.2. Distances on configuration spaces. Let G; be the Grassmannian manifold
of i-dimensional subspaces of R<.

We fix on each G; a Riemannian metric which is invariant under the action of
orthogonal transformations with the additional property that if S, S’ € G; are such
that S + S’ has dimension % + 1 then the Riemannian distance satisfies

dist(S, S") = £(m(S), 7(S")),

where 7 : S+ 5" — (S +5")/(S NS’ is the projection onto the quotient space
(S +8")/(SNS"), which is endowed with the inner product inherited from R?.

From the definition it follows that when dim(S + S’) =i + 1 one has
dist(S + W, 8" + W) < dist(S, 5’),
for all subspaces W such that dim(S + W) = dim(S" + W).

Given an admissible topology T we define the distance on the configuration space
XT so that
diSt(({L‘[)]eT, ({L‘/I)IGT) = Z diSt(LU[, l‘II)
IeT
Proposition 3.2. Let T < T’ be admissible topologies and ©' € Xp.. Then,
(mr) "t (2'), endowed with the metric dist, is locally bilipschitz homeomorphic
to the Euclidean space RN’

Proof. By proposition 1, we take a sequence 70 = T, T%,..., TN = T such
that, T* is one step finer than T¢~! for t = 1,..., N. We prove by increasing in-
duction on ¢ that (w7 /) ~!(2’), endowed with the metric dist, is locally bilipschitz
homeomorphic to the Euclidean space R?. This is trivially true for ¢ = 0. So, we
assume for ¢ > 0, that for any y’ € (wpi—1 7+)~*(2'), there is a neighborhood of 3’
in (mpe—1 /)" (2’) which is bilipschitz homeomorphic to the Euclidean space R*™!.
The fibers of the projections 7t -1 form a C* foliation of (w7 /)~ (z'). We
have to verify that the induced metric by dist on the fibers is bilipschitz equivalent
to the Euclidean one dimensional metric, uniformly in the neighborhood of 7.

Let (i,7) such that T%(i) = T*~1(i) \ {j}, we define a distance on each fiber of
the projection 77t +—1 by setting

(12) distajcﬂ/t7Tt—1 ($1, IL’Q) = diSt((l’l)T(i), (Z’Q)T(i)),

for each 2’ € Xp:—1 and xq, 29 € ﬂ;tth,l(a:’). These distances are all Lipschitz
equivalent on the fibers:

1
Lemma 3.3. For all admissible topologies T < T', all x' € Xr+ and all 1,25 €
71';71T, (), one has

dist%T, (z1,29) < dist(zy,20) < 27 dist%T, (1, x2).
Proof. The inequality dist%iT/(:z:l, x2) < dist(z1,x2) is immediate from the defini-
tions. For the second inequality we assume x7 # x».

Let 4,7 be such that T'(7) = T'(i) \ {5}
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Since (x1)7(;) and (2)r(;) are distinct codimension one subspaces of a7, ;) their
sum is @7 ), and therefore
dist 7 (21, 22) = dist((21) ), (v2) 7)) > dist((z1) @) + W, (22) @) + W),
for all subspaces W' containing neither (x1)p(;) nor (x2)p().

For each I € T\ T’ one has ¢ € I and therefore T(¢) C I. Noticing that
J:= U Tk&) = U T'(k) belongs to T' we obtain

kel\{i} ker\{i}
dist(xl,xg) = Z diSt((J)1)], (l‘g)])
IeT\T'
= Y dist((@1)rq) + 27, (@2)r + ) < 20 disth 7 (21, 22).
IeT\T'

O

1

Consider T, T” admissible topologies with ' < T”, (i < j) such that 7" (i) = T'(i)U
{j}. Given z € X, we use the metric to define a bilipschitz homeomorphism
Op i (—7)2,7/2) — 7ri1T, («') where 2’ = 7p /().

For this purpose let V = xﬁf,(i)/xlp(i)\{i i endowed with the inner product in-
herited from the ambient space R? (i.e. the inner product between two classes is
calculated by taking representatives perpendicular to :E’T,(i)\ v j}).

One has that (77,77) ! (') consists in configurations z with z ) = x/T,(k) for all
k # i while 27(;) is a codimension one subspace of x'T,(i) which contains ;v/T,(i)\{i !
and is distinct from @7, ;). ;- It follows that ()" (2") endowed with dist%T,

is isometric to the space of one dimensional subspaces of V' minus the projection of
T iy iy With the angle distance.

Let X,Y be a pair of unit vectors in V' such that X has a representative in zp(;),
Y has a representative in x’T/(i)\{i} and such that cos Z(X,Y) > 0. Define ¢, :
(—7/2,+7/2) — 71';,1T, (') by associating to u € (—7/2,4+7/2) the configuration

where the corresponding one dimensional subspace of V' contains a vector of the
form cosuX + sinuY. Set 6 := Z(X,Y).

Lemma 3.4. In the above context . is a bilipschitz homeomorphism. Moreover,

1

|tan &|

0
(13) |tan§| < Lip (pg) <

Proof. Let e; = (1,0),e2 = (0,1) be the standard basis of R? and G;(R?) be the
space of one dimensional subspaces with the angle distance. Let Lo be the subspace
generated by es.

The mapping f : (-7/2,7/2) — G1(R?) \ {La} where f(u) is the subspace
generated by cos(u)e; + sin(u)eq is an isometry.
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By |[Les21l, Lemma 2], if 6 € (0, 7/2] then the mapping gp : G1(R?)\ {L2} induced

. _ (sin(d) O .. _ |det(A)]
by the matrix A = (cos(@) 1) has derivative |dge(L)| = TALT?

This implies for the composition one has
| sin(8)] B | sin(0)]

1490 2 F001 = sy (@7 + (cos(u) con(8) + sn(w)? 1 sin(2u) cos(d)

Letting 6 = dist(zr(;), 27 ;) ;1) the fiber w;’lT,(;v’) endowed with dist%T, is iso-
metric to the projective space G1(R?)\ { L2} where x is identified with the subspace
generated by sin(f)e; + cos(f)es.

Under this identification ¢, corresponds to the composition gy o f, so we have
obtained

B | sin(6)|

O

To finish the proof of proposition [3.2] we still have to show that the homeomor-
phism ., z € (77t /)~ !(2") depends continuously on z as a bilipschitz homeomor-
phism. Given the above construction, this is true since we can locally choose in a
continuous way parameterizations of the spaces

‘/Z = [ﬂ'Tt’Tt71 (Z)]Tt—l(i)/[ﬂ'Tt’Tt—l (Z)]Tt71(i)\{i7j}

and in these spaces vectors X, Y, such that X, has a representative in z7:(;, Y,
has a representative in [mpe pe-1(2)]pe-10y\ (i3 and cos Z(X.,Y.) > 0. O

Proof of proposition[2.11 2. For T < T" admissible topologies, it follows from propo-
_ 1

sition [3.2| that dp, 7 < Npgv. Also since T" < T'~!, we have Jp¢ o1 < 1. By

formula @ we have indeed r7 7 < E(i,j)eDT,T/ (xi — Xj)-ﬁ O

3.3. One-dimensional coordinates. Let ¢ < j and consider all arrows T, T’ of

admissible topologies with T' X T', such that T"(i) = T'(¢) U {j}. Recall that T} ; is
the topology defined by

Tij(k) = {k} if k#4, Ty ;(i) = {i,j}-

The topology T; ; is admissible and one step coarser than 7.

Lemma 3.5. Let T < T’ be admissible topologies and i,j be such that T(i) =
T'(i)\{j}. For ally',x" such that 7r, ;, 7y' = a', 7y, T defines a bilipschitz home-
omorphism between (mr.0) " (') and (71, 1, ;)" (). The Lipschitz constants de-
pend only on y'.

Proof. Consider y1,ys € Xy, distinct and such that 7r 7, (y1) = mr,1, , (Y2) = ¥
Set T = WTl,T(yl) and To = 7TT1,T(y2) and notice that T, ! (.131) = 771" (l‘g) =

20bserve that relation depends on theorem which will be proven in section
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mr, ;1 (y') = a’. Since 7y, 7 consists of forgetting some subspaces of each se-

quence (zg)rer, it is 1-Lipschitz, and in particular 1-Lipschitz as a mapping be-
tween 7r7_“11T7~, ,(y') and T (2).

To prove that the inverse is also Lipschitz let S1 = (y1)y, 52 = (y2) 13- Notice
that Sp, 52 are distinct one dimensional subspaces of the two dimensional subspace
yf{i’j}. Therefore S; + So = yf{i’j} and dist(S1, S2) = Z(S1, S2).

For each I € Ty \ T; ; notice that i € I and j ¢ I. Setting W; = y}\{i} we have
(y1)r = Wi+ 51 and (y2);r = Wy + Sy from which it follows that
dist((y1)1, (y2)1) = Z(WWIL(Sl)aﬂ—WI*(Sé)) < Z(51,52),
where 7,1 1 RY — W is the orthogonal projection onto W+. By Lemma

dist(y1,y2) = Z dist((y1)1, (y2)1) < 294(S1, Sa).
1€ \T; ;

Because y' is a configuration, the minimum over I € T;\T; ; of the angle between
Wi and S+ .52 = y’{m.} is positive. It follows that there exists ¢ > 0 which depends
only on g’ such that

dist((y1)1, (y2)1) = £(mw (S1), T (S2)) = ¢£(51, 52),
forall I € Th\ T; ;.

Notice that, since Ty \T;; = {I : I > tand I ¥ j}, T\T' C Ty \ T;;, and
therefore

dist(z1,z2) = Z ZL(my 1 (51), Ty (S2)) 2 27 4cdist (1, ya).
IET\T"

It follows that 7y, 7 is a bilipschitz homeomorphism between 77;117% ,(y') and 71';717«/ (x'),
as claimed. 0

1
For z € Xp, T < T’ admissible topologies, lemma yields a Lipschitz home-
omorphism between 7";,le (') where ' = mp s (z) and (=%, %) and the Lipschitz

T 202
constant depends on z. Combining with lemma [3.5] yields
T — S
Corollary 3.6. Assume the diagram of projections | 1 11 commutes and

7 — 8
i,7 are such that T'(i) = T'(i)\{j} and S(¢) = S"(i)\{j}. Then, for x € Xp, there is
a bilipschitz homeomorphism between (mwp )~ (mrr)(z) and (rs,s) " (7.5 ().
The Lipschitz constant depends only on x.

4. APPLICATIONS OF OSELEDETS THEOREM

4.1. Oseledets multiplicative ergodic theorem. We review in this section
some applications of Oseledets multiplicative ergodic theorem to random walks
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on matrices. Let p be a probability measure on the group G = SLy(R) of d x d
matrices with determinant 1. Recall that we assume in all the paper that p is
strongly irreducible and that the semi-group generated by the support of p is a
Zariski dense subgroup in SL4(R).

Let (2,m) = (G%, u%) be the probability space of independent trials of elements
of G with distribution u, o the shift transformation on . Let w € € be the
sequence (gn)nez. We denote g, the mapping w — g,(w) that associates to w €
its coordinate g,, € G. In particular go(w) defines a cocycle with values in SL(d,R)
over the ergodic system (€2, m; o). The multiplicative ergodic theorem gives

Theorem 4.1 ([OG8]). With the above notations, assume that [log|glldu(g) <
+o0o. Then, there exist d numbers x1 > x2 > ... > xa with Y, x; = 0 and, for
m-a.e. w € Q, a direct decomposition of R? into d one-dimensional spaces

RY = Ey(w) ® Ey(w) @ ... 3 Eyg(w) such that
(1) a vector v # 0 belongs to E;(w) if, and only if,

. 1 . 1 _ _
lim_—log lgn1()o-. ogo(w) vl = lim_—log(gn(w))to.. o(g-1(w)) o] = xi

n—+oco n

(2) for m-a.e. w, all i, i10g|sinZ(Ei(a"w),Zj# Ej(0"w))| = 0.

lim
n—+oo |7l

The numbers x;,7 = 1,...,d are called the Lyapunov exponents of the cocycle
goﬂ Under our hypotheses, they indeed are distinct numbers ([GM89] and [GR89])
and the F; are one-dimensional. The directions E;(w) are defined m-a.e. and are
called Oseledets directions. For two distinct dimensional subspaces E, B’ C R,

|sin Z(E, E")| is defined by |sin Z(E, E’')| = inf loAv]
vA0CE, v/ 20k VY]

The set Q4 of points in € such that properties 1 and 2 of Oseledets theorem
hold is called the set of regular points. The set 2,4 is o-invariant, measurable and
has full measure in €2. Observe that by characterization 1, for all 7, the mapping
w > E;(w) is measurable on €,., and we have

Ei(ow) = goEi(w).

Let i = 1,...,d. We write U;(w) := @%_, F;(w) for the unstable spaces, Uj(w) :=
@?deiHEi (w) for the stable spacesﬂ Clearly, for w € Q,4, the flags E_(w) given
by {0} = Uy C Uy(w) C ... C Uy = R? and E (w) given by {0} = U} C Uj(w) C
... CU,_,(w) C U, =R? are in general position.

An important classical observation is the following:

Proposition 4.2. For all i, the mappings w — U;(w) are measurable with respect
to the o-algebra generated by (gn)n<—1; for all i, the mappings w — U}, (w) are
measurable with respect to the o-algebra generated by (gn)n>o. In particular, E_
and E4 are independent.

3They are the same as in the Introduction, see the comment after Theorem below.
4¢f. notations of the Introduction.
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Proof. It suffices to prove that for any 7, U; depends only on {g,}n,<—1. We claim
that, for w € Qeq, U; = {v : limsup,,_, 2 log|g_) o...0g7{v| < —x;}. This
shows that U; is completely determined when one knows {g,}n<_1. To prove
the claim, observe that {v : limsup,_ . Lloglg=L o...0 g jv] < —y;} is a
vector space that contains F;(w),j < ¢ by definition. It is exactly U;(w) since
any vector that has a nonzero component in one of the E;(w),f > i satisfies
lim sup,, _, ; %log lg=to...0og tw| > —x¢ > —xi. One verifies in the same way
that U}, (w) = {v : limsup,_,, o = log|gn o...0gov| < xir}. O

Let @ be a partition of {0,1,...,d} into intervals, @ = {¢gp =0 < 1 < ... <
gr = d}. Write Ug(w) € Fg for the Q-flag

Ug(w) := {0}y =Uy C U, (w) C...CU,_,(w) CUs=R™%

The set G; of i-dimensional subspaces is identified with Fro<ij<ay-

In particular, since go is independent of U;(w), Ug(w) and the distribution of g
is p, the distribution of U; (resp. Ug) is a measure on G; (resp. Fg) which is
stationary under the action of (G, u). By uniqueness, the distribution of U;(w) is
V{o<i<d}, the distribution of Ug(w) is vq. Similarly, the distribution of U] is the
stationary measure V%O<i<d} for the action of i’ on G;.

Let 4 := (gn)n>o0 (respectively Q_ := (gn)n<—1) be the space of one-sided
sequences of elements of G, m4 (respectively m_) the product measure with g of
distribution p for all k£ > 0 (respectively for all k& < 0), o the shift transformation.
Then, by proposition E_ (respectively F.) can be seen as a mapping from )_
(respectively Q) into F. By Oseledets theorem for almost every w, the pair
B(w) := (E_(w_), E{(wy)) belongs to F3.

We recall in our notations the key Furstenberg result

Theorem 4.3 ([F63]). Let x € F,xz = {{0} C Ur(z) C ... C Ug—1(z) C R4}, For
m-a.e. w € Q4 allg,j=1,...,d,

1
lim = log |dety () (gn_10... - ..
Wi = log|dety, ) (gn-1 0 © 90)| Z;x

Proof. Under our hypotheses, the distributions of all exterior products /\{:1 g satisfy
the conditions of Theorem 8.5 in [F63]. Observe that

n—1

log |detUj(:r) (gnfl ©...0 gO)l = Z log |detgk_10...Ogon(z) (gk)l
—
= Zlog|detUj(ak(w+,x))(go(akw))|.

k=1
The last line converges to [ log|dety, (s (g)| du(g)dv(f) by the ergodic theorem, so
that we indeed have

> xi = /logIdetujm(g)ldu(g)dV(f)-

i<j
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We used these relations in the Introduction to define the exponents x;,j =
1,...,d, (cf. equation ) Since the distribution of F_(w) is v and go is in-
dependent of E_(w) this can also be written, all j,7 =1,...,d,

S = [ 1og (idetw o (g0(w))) dm(e).
1<Jj Q
Using property 2 in Oseledets multiplicative ergodic theorem we get, for any
subset I C {1,...,d}, setting V;(w) = @ Ex(w),
kel

(14) /log (|dety, (w)(g0(w))]) dm(w) = Z Xk-

Q kel

4.2. Approximation of partial Oseledets configurations. Given an admissi-
ble topology T we define Er(w) = Fr(E_(w), F4+(w)) where Fr is defined in section
.ol

Let T < T’ be admissible topologies. We will extend the configuration E7(w) to
a configuration E(w) defined on T by applying a deterministic function to Ep (w).

For this purpose, for each i = 1,...,d, we let Ez(w) be the one dimensional
subspace of Ep (w)T/(Z-) which is perpendicular to Ep- (w)T/(i)\{l-}. The configuration
E(w) is defined by letting

Ew) =) Ei(w)
icl
forall I € T.

Proposition 4.4. For m-a.e. w, and all I € T' one has E(w)I = Er(w)r.

Proof. Tt suffices to verify that E(w)T/(i) = Epi/(w)pry fori=1,...,d.

When ¢ = d, this is trivial since E7/(w)7/(q) = Ea(w) and therefore E(w)T,(d) =
Ei(w) as well.

Suppose that the claim is true for i +1,...,d, then

Ewranvig= Y, Bwrgp= Y, EWrg =FEWora-
JET (N1} JET N1}

It follows that E; (w) is complementary to the codimension one subspace E(w)T/(i)\{i}

within £(w)7(;). Taking the sum one obtains E(w)T/(i) = Er/(w) 73y, as claimed.
O

We now show that using the extension above one may approximate Er(w) using
only Er/(w) and g_1(w),...,9—n(w) up to an error which is exponentially small as
n — +o0o.

Lemma 4.5. For m-a.e. w when n — +00 one has

dist(g-1(w) -+ g-n(w) E(0"(w))7, Br(w)) < exp(—xn + o(n)),
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where x = min  x; — Xj-
(4,5)EDp 1 ’ !
Proof. To simplify calculations for each i = 1,...,d let w;(w) be a unit vector

generating F;(w), and v;(w) be a unit vector generating F;(w). Write
vi(w) = Y ap(w)w;(w).
JeT" (i)

Since v;(¢~"w) is a unit vector |a; (¢ "w)| < 1 for all j, all n, and m-a.e. w.

Furthermore, since the angle between E;(0 "w) and >,  E;(0c "w) is at least
JET’()\{i}

e~°(™) we obtain |a; ;(0c""w)| > e~°"™) when n — +oo for m-a.e. w.

It suffices to show that
dist(g—1(w) - - ’g—n(w)E(Uin(w))T(i)a Er(w)r@y) < exp(—xn+o(n)),

when n — oo foralli =1,....d.
The claim is trivially true when ¢ = d.
Suppose that the claim is true for i + 1,...,d, so in particular one has that
dist(g-1(w) - g-n(w) E(0 ™" (@), Br(w)s) < exp(—xn + o(n)),
as n — +oo where J =T(i) \ {i}.
Let z,(w) be a unit vector in the intersection of E(J_"(w))T(i) with the subspace

Wi(o™™(w)), where W;(w) is the space generated by {w;(w),j =i and j € T'(3) \
T(i)}. We have e °(") < | < 2, w;(07™(w)) > | and ||z,|| < 1. If we write

(@) = bns(@wi(c™"w) + > b j(w)wi (07" (W),
JET'()\T (3)
We have |b,, ;(w)| > e=°™) while |b,, ;(w| < 1 for all j.
To conclude notice that

91(W) - gon(W)za(w) = X, (Wwiw)+ Y 9T, (w)w; ().
JET NT()

It follows that the angle between FE;(w) and the subspace L,(w) generated by
(W) g_p(w)z,(w) is at most e~ X'nto(n) where v/ = min =X > X
g-1(w) -+ g—n(w)2zn(w) X=X X Z X

Since g1(w) - g-n(W EW)r) = Ln(w) + g-1(w) - g-n(w)E(w),, the claim

follows. O

Assume in the above discussion that T i T’ and that ¢ < j is such that 77(i) =
T(i) U{j}. Set 2’ = Ep/(w). Then the space W;(w), generated by E;(w), E;(w) is
a representative of the vector space V = x’T,(i)/x’T,(i)\{i’j} discussed in Lemma
Let m = mr 1+ be the projection from X7 to X7/ and consider the coordinates ¢ (.,
given by lemma on 7Y (B (w)), setting z(w) = Er(w) and 2’ (w) = Ep(w).
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The distance ¢, on Wi(w) is equivalent to the metric dist;/,(Tw,) (see l) on

1 (@ ().

1
Lemma 4.6. Let T < T' be admissible topologies and i < j such that T'(i) =
T(i)U{j}. Fiz 8> 0 and let x,, € 7' (' (07 "w)) satisfy ©u(o-nw)(Tn)) < B. Then
for m-a.e. w, as n — oo, one has

(15)  distr 5 (g-1(w) 0. 0 g-n(@)(@n), Br(w)) < exp(=xr.rm +o(n)).

Proof. By theorem [4.1]2, the distance from E7(0 "w) to Ey/(0"w) is at least

Epi(oc™™(w)

exp(—o(n)). Therefore, dist; 7, (), Er (07 "w)) > exp(—o(n)) as well. Fol-
lowing the proof of lemma we have that the point z,, satisfies
Epi(w)

disty 7 (9-1(w) 0 ... 0 gn(w)(2n), Er(w)) < exp(—xr,71 + 0(n)).

The lemma follows. O

5. PROOF OF THEOREM [L.4]

Theorem states that some entropy is estimated from above by exponents. For
random walks on matrices, this is a fundamental observation of Furstenberg ([F63]).
Theorem [I.4] and its proof are one more variant of the original proof: one shows
equality for a big family of random walks on the same group and one approximates
using this family. The exponents are continuous and the entropy has some upper
semi-continuous properties. This should be sufficient for the astute reader, but
we will give a detailed proof anyway. In particular, it gives some a priori quasi
invariance of stationary measures (see Corollary .

5.1. Mollification of u. Foreachn = 1,23, ... fix a probability A\, with a smooth

positive density with respect to Haar measure on the orthogonal group of R?, in

such a way that lirf A = 014 where 074 is the point mass at the identity.
n—-+oo

Let p, = An % p so one has, for all continuous h: G — R

(16) / h(g)dun(g) = / / h(rg)dn (r)dp(g).
G G

Let n be the orthogonally invariant probability on F.

Lemma 5.1. For each n there is a unique p,-stationary probability v, on F.
Furthermore, v, has a continuous positive density with respect to 7.

Proof. For any pu,-stationary probability we have
Up = i % Vp = (Ap #* 0) kU = A x (5 vp).

Since, for any probability m on F, the convolution A\, xm has a continuous positive
density with respect to n it follows that any u,-stationary probability has this
property. However, any two distinct extremal p,,-stationary probabilities must be
mutually singular. This implies that v, is unique as claimed. [
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Endow M(G x F) with the topology of convergence over continuous function ¢
on (G x F) with |¢(g, f)| < Clog ||g|| for some constant C.

Lemma 5.2. One has lim (u, X v,) = p X v in M(G x F).

n—-+o0o

Proof. We have lim p,, = p and, since any weak*-limit of v, is p-stationary,
n—oo

lim (g, X v,) = p x v. A priori, we have convergence against only continuous
n—oo

functions with compact support on G x F. We want to ensure that there is also
convergence in M(G x F).

By Skorohod’s representation theorem, there exists a probability space (P, &, P)
and random elements on this space such that
im (A, F) = (A F)
almost surely, where (A, F') has distribution x4 x v and (A,, F,,) has distribution
tn X Uy, for each n. Let ¢ be a continuous function ¢ on (G x F) with |¢(g, f)] <
C'log ||g|| for some constant C.

With these auxiliary random elements we calculate (denoting integration with
respect to PP by E () as usual)

lim [ @(g, f)dpn(g)dvn(f) = lim E((¢(An, F))) -

n—-+o0o n—-+oo

Observe that, since left composition with an orthogonal transformation does not
change the norm a linear mapping, the random variables (|p(An, F3,)|),=; o are
uniformly integrable. It follows that

lim E(p(A, ) = E(p(A,F)).

n—-+oo
O

Lemma 5.3. For eachn and each i =1,...,d let x;, be such that

S i = [ [ 108 (ldet, 5,(9)) don(£)den(9)

jsi G F
. Then one has lim x;n, = Xx; for eachi=1,...,d.

n—-+oo

Proof. We may apply the preceding lemma since |dety,(sy(g)| < d!|logg|. O

5.2. Quasi-independence and mutual information. Let (2, P) be a probabil-
ity space. Given X : Q@ — X and Y : Q — ) taking values in Polish spaces, we
say X and Y are quasi-independent if the distribution Px y of X,Y is absolutely
continuous with respect to the product Px ® Py of the distributions of X and Y.
We write f(xz,y) or fp(x,y) for the Radon-Nikodym derivative %. In that
case, the disintegration of the measure Px y with respect to the projections over
X and Y is respectively P* = f(z,y)Py and PY = f(z,y)Px.
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For X and Y as above, define the mutual information between X and Y as

Px,v)(4)
((IPXx[Py)(A)) Pix,v)(A),

where the supremum is over finite Borel partitions A of X’ x )/ﬂ

I(X,Y)=Ip(X,Y) =sup »_ log
AcA

Directly from the definition one sees that I(X,Y) = I(Y, X). By Jensen inequal-
ity 0 < I(X,Y) < 400 with equality to 0 if and only if X and Y are independent. If
X takes countably many values and has finite entropy H(X) in the sense of [Sha4§]
one has I(X,Y) < H(X). It was shown in [Dob59] that I(X,Y) is the supremum
over any sequence of partitions which generate the Borel o-algebra in X' x ).

It was shown in [GfY] and [Per59] that if I(X,Y) < 4o0c then X and Y are
quasi-independent and

I(X,Y) = / log f(z,y) dPx.y () = / f(x,y)log f(z, y) dPx (2)dPy ().

Let @ be a partition of {0,1,...d} into intervals and 7 : F — F¢ the projection
from F into the corresponding space of partial flags. Recall that vg = (7g).(v)
and set in what follows vg », = (71Q)«Vn.

We define the probability P on G' x Fg so that

/ hg. f)d(g. f) = / / h(g>9)dva (F)du(g)
G Fo

and the mutual information I between the coordinate projections on G' x Fg with
respect to P. Inequality will follow directly from

Proposition 5.4. With the above notations,

1< Z Xi — Xj-

Lo (1) <tq(d)

Indeed, by proposition the variables G' and Fg are quasi-independent under

P, with density %( f). In particular,

dg.v,
1Famre) = 10w (UED) dproninta) = 1< ¥ i
@ to(i)<ta )
which is the statement of .

Proof of proposition[5.4) We analogously define the probability P,, on G x Fg so
that

/ h(g, £)dPu(g, f) = / / h(g,91)dven(F)dpin(g)

G Fq
and the mutual information I,, between the coordinate projections on G' x Fg with
respect to P,,.

P (4) . . . .
m) Pix,yvy(A) = 0if Px y(A) = 0, the sum is +oo if there is

one A € A such that Px y(A) # 0 and (Px x Py)(A) =0.

5By convention, log (
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Lemma 5.5. In the above context, I < lim+inf I,.
n—-+0oo

Proof. By Dobrushin theorem the supremum may be taken over partitions whose

sets belong to any generating set for the Borel o-algebra. Therefore we may consider

only partitions into sets satisfying lif}rl P,(A) = P(A). The inequality follows
n—-+0oo

immediately. (]

Lemma 5.6. For each n one has I,, = > Xin = Xjmn-
Lo (1) <Lq(d)

Proof. Let ¢, be the density of vg, with respect to the rotationally invariant
probability ng on Fq.

By the Gelfand-Yaglom-Perez theorem one has

fo= [ o (Hen ) apato.)

GX]:Q

/ / 10g< g*;; (gf)) g (f)dpn(g)

G Fq

= [ [l ( 20 09 ) dvan Dt
G Fo

By pp-stationarity of vg , the integrals involving ¢, cancel, and one obtains

f= [ 1o (dj;;gQ (gf)) Q.0 (F)dpn(9)-
G Fo

We have the following explicit formula for dq*”Q (gf)

Proposition 5.7. For Q ={qg =0<q <--- < qx = d} and n =g the rotation
invariant measure then

dgn r) = |deth1(x)<g)|q2|detng(z)(g)|q3_ql "'|d€thk 1 ( z)( )‘d k-2
dn [det(g)] ,

In particular on the space of full flags one has

dgn, . ldety,2)(9)P|dety, @) (9) - - |dety, _, ) (9)?
——(gz) =
dn | det(g)|?—1 '
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Proposition [5.7] is proven in the next subsection. Given proposition we may
write

! //log(ldet%(f)(g)lqzIdethQ(f)(g)qs_ql"'|dethk_1<f>(g)d‘q’°2

) dvgn(f)dpn(9)

|det(g)]an-1
G Fq
k—1 q; d
= Z(%‘H —qj-1) Z Xin | — qk—1 Z Xi,n
j=1 i=1 i=1
= Z Xi,n - Xj,na
£q(1)<tlq(j)
where the last equality follows by direct computation. (|
Using lemma, [5.3] proposition follows. O

Corollary 5.8. Let u € M(QG),v the stationary measure on F. Then,
WFmv) < Y xi—x; < +o0.
0<i<j<d

In particular, for p-a.e. g € G, g.v is absolutely continuous with respect to v and

the function log dg;" 1s integrable with respect to g.v.

5.3. Proof of proposition

Lemma 5.9. Let Q = {0 < i < d} and n =g be the unique rotationally invariant
probability on F¢o the Grasmannian manifold of i-dimensional subspaces of R%.
Then
don ) ldete(o)l"

dn |det(g)|"
for all g € GL4(R).

Proof. Let m, : R — z be the orthogonal projection onto = and mga Jz ¢ R¢ —
R?/x the canonical projection. The quotient space R?/z is endowed with the inner
product such that the projection is an isometry when restricted to the orthogonal
complement of x.

Since 7 is invariant under orthogonal transformations we may compose g with
such transformations on both sides. In particular we may assume that g(z) = x
and therefore g induces a transformation on R?/x which we denote by g as well.

We may further assume that:

(1) There is an orthogonal basis vy, . . ., v; of  and positive eigenvalues o1, . ..,0; >
0 such that gvg = opvg for k=1,... 4.
(2) There is an orthogonal basis wy, . ..,wq_; of R?/z and positive eigenvalues

U1y .oy ftg—i > 0 such that gwy = prwy for k=1,...,d —i.

Notice that o7 - - - 0; = |det,(g)| while w1 - - pg—; = |det(g)|/|det(g)|.
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A local parametrization of Fg around x is given by identifying each linear
mapping ¢ : z — R?/z with the subspace z, such that v € z, if and only if

P(m2(v)) = TRa /e (V).
Identify each ¢ with its matrix (alk)k,l where ¢(vg) = > aipw;. With this identi-
1

fication, we define a volume form w on Fq such that in any coordinates constructed
as above one has w(0) = = A\, ; daj,. Since w is orthogonally invariant it must define
a volume on Fg which is a constant multiple of 7.

In this chart the action of g on Fg maps ¢ to gga/, 0 90 gl;l so that

- - i
9rd/z © P © 9|g;1(vk) = g¢(oy, 1Uk) = Z alk;sz-
!

It follows that the pull-back under g of w satisfies g*w(0) = H Hw(0) = Ic‘ideiiiy‘lid w(0),

)

which implies the desired claim. ([

Corollary 5.10. If Q is obtained by a splitting an interval k +1 < k +m of Q'
mtok+1<k+i<k+m then

Al e |detu, () (9)]™
dngy.qr | dety, () (9)™ | dety, . 2) (9)]*

for all g € GLg(R) and all x € Fq.

Proof. The fiber of the projection from Fg to Fgo- which contains z is naturally
identified with the the i-dimensional Grasmannian of Uy, (x)/Uk(x).

The Jacobian of g as a mapping from Uy (7) /Uy (x) to its image is [dety, ., (2)(9)]/]|dety, ) (9)]-
The Jacobian of the restriction of g to the subspace of Uy, (x)/Uy(z) represented
by Uk is |dety, ., (9)|/|deto, (9)-

The result follows replacing these values in the previous lemma. [

Proposition follows from the previous corollary by splitting {0 < d} succes-
sively into {0 < gr—1 < d}, {0 < gr—2 < qr—1 < d}, etc.

6. MUTUAL INFORMATION

6.1. Conditional mutual information. Given X : Q@ — XY : QO — ) and
Z : Q — Z taking values in polish spaces, one may define for Pyz-a.e. z € Z
the disintegrations P%, , with respect to the projections on Z and the mutual
information Ip- (X,Y’) of X and Y given Z using these conditional distributions P*
of (X,Y) given Z. Define the conditional mutual information I(X,Y|Z) of X and
Y given Z by
I(X,Y|Z) = Ip-(X,Y)
and the conditional mutual entropy H(X,Y|Z) of X and Y given Z by

H(X,Y|Z) = /I(X,Y|Z)d]P’Z(z).
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Observe that X and Y are conditionally independent given Z if, and only if|
I(X,Y|Z) = 0 almost everywhere, if, and only if, H(X,Y|Z) = 0. Observe also
that, by definition, I(X,Y|Z) = I(Y, X|Z). If W, XY, Z are measurable functions
from  into Polish spaces then one has the following chain rule

H(W,(X,Y)|Z) = H(W.X|Y.Z)+H(W.Y|2).

Let P be the measure on G x F introduced in section for any positive
measurable function h on G X F,

/ h(g. ) (g, f) = / h(g. 9f) du(g)dv(f).

We showed that h(F, u,v) = Ip(G, F) < +oo.

Lemma 6.1. The measure P is the distribution of the variables (g—1,FE_) on
(Q,m). In particular, g—1(w) and E_(w) are quasi-independent.

Proof. We indeed have, by invariance of m, for any positive h on G x F
[ has@nEo@)am) = [ hlo-s(ow), B (o)) dm(w)

— [ honle). g0(w)B- (@) dm(e) = [ ha.
O

Using proposition we may write, for m-a.e. wy:
h(.]'—7/1/,V) = I(g,l,E,) = ](9717E7‘E+) = 1(9717E7|907917"')'

Let T be an admissible topology. Recall that we defined the entropy s by
equation @

’

dg.v 7 gLy 1o gt
kr = [ log T(g,y) dg.vy * (y)dv'(f")du(g).
T

For m -a.e. w € Q write Ep(w) € X:,]:J+(w) for Er(w) := Fr(E_(w), E+(w)). The
next three propositions give other useful expressions for k.

Proposition 6.2. With the above notations, we have

(17) kr = H(g-1,Er|Ey) < +o0.

Proof. Observe first that the RHS of is finite because
H(g-1,Er|Ey) < H(g-1, E_|E) < +00.

The distribution of g_;(w) given E,(w) is p and the distribution of Er(w) given
E(w) is V£+(w). Remains to compute the joint distribution of (g_;(w), Er(w))
given E,(w). We claim that it projects to g with conditional measures given by

G (w)a ),
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It follows that, for mi-a.e. Ey(wy),

g2(0). Er(@)|Ee(w) = [ 1o P (0.0) dauvf ™ w)dnta)
Vr

By integrating in E(w), i.e. in f’ with respect to the measure v/, we find that
H(g-1, Er|EL) is given by
—1 pr
dg*yg S 1
H(g-1,Er|Ey) = /log T:’;u(g,y) du(g)dg.vs ¥ (y)dv' (),
T

which is the formula defining k7 in relation @

We prove the claim: the distribution of (g, f, f') = (9-1, E—, F1)(w) is given by
du(g)dg.v(f)dv' (f') and the distribution of

(9-1(w), Br(w)) = (9-1(w), Fr(E-(w), By (w)))
is given by dpu(g)(Fr)« [dg.v(f)dv'(f')].
Remains to compute (Fr). [dg.v(f)dv'(f")]. We have
(Fr). [dgiv(f)dv'(f)] = (Frog). [dv(f)d(g™")/ ()]

= (o r). | NV a1

where we used that Frog(z,z') := Fr(gz, ga') = goFr(z,z’) and that, by Theorem
h(F,p',v") < 400, which guarantees that d(ggiu?*”,(f’) exists for pu x v/'-a.e.
(9, f)-

We then take into account that Frr is the identity on the second coordinate, and
that (Fr). [v x V'] = fu% dv(f') to obtain

d(g~").'
dv’

-1 v ,
i ()] = . [ YL i @ar )]

= 9. |avf @)dlg™)' ()]

= dg.vf Ta(f).
It follows that the distribution of (g, z) = g—1(w), Er(w) given ' = FE, (w) is indeed
du(g)dg. v ¥ (z). m
Proposition 6.3. We also have

kr = H(g_1, Er(w)|(Ey(w), 90,91,--.)) = H(g—1, Ep(w)|wy).

(90 Fr). [

Proof. By proposition the conditional measures on Ep,(w) with respect to

E,(w) and E4(w), g0, 91, ... coincide with V£+(w). We have, for all admissible T,
Er(w) = 7, 7E7, (W), so that the conditional measures on Ep(w) with respect to

E,(w) and E,(w), 90,91, . coincide with (7TT1,T)*V7E“1+(UJ) = Vf+(w). O
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The projection w € Q — Ep(w) € Xf*<w+) admits disintegrations that we denote

m%.. We still denote by m7. the projection of m7. to _. For instance, mT; =m_
for v'-a.e. f’, m% is the distribution of w_ given the unstable flag f.

By Proposition and ([17)), the variables g_y and Er are quasi-independent
(Indeed, since E, is Ep measurable, I(g_1,E7r) = I(9-1,F+) + H(g_1, ET|Ey)
equals k7 and thus is finite). It follows that the density f of the measure mgT ()

restricted to g_1(w) with respect to p is given by

-1
d(g-a(w))rf M P
FEi(w
dI/T+( )

flw) = (Ep(w)).

This yields another formula for xp :

Er(w)

(18)  kp = / <1og%<g_1<w>>> dm(w) = / log f(w) dmi(w)

Proposition 6.4. We have, for m-a.e. w,

Er(w)

1
kr = lim —log 7 (g—1(w), ..., g—n(w)).

i’ A
n—oo N ®71L M

Ep(w)

Proof. We claim that the ratio f((w) := %(Q,l(w), oy g—n(w)) is given by
O (w) = H;’;Ol f(07w). Then Llog (™) (w) is an ergodic average of the function
log f(w). By the Birkhoff ergodic theorem this average converges to [ log f(w) dm(w) =
rr (the function log f is integrable by Corollary [5.8).

We prove the claim: by the law of composition of conditional probabilities, the
ratio f(™(w)/f"~V(w) is the density with respect to u of the conditional mea-
sures of m relative to (g_1(w),...,g—nt1(w), Er(w)) restricted to g_,(w). But
the o-algebra generated by (g_1(w),...,g—nt1(w), Er(w)) is the same as the o-

algebra generated by (Er(c~""1w), go(c " w), ..., gn_2(c7 " 'w)). By proposi-
Er(c~" W)

tion and stationarity, this is the density of the measure m," restricted
to g_n(w) = g_1(c™""w) , that is f(o 7" lw).
O

6.2. Entropy difference. For any pair of admissible topologies T' < T” we defined
k7 = kr — k. By relation (I7), k7, < +o0c and if T < T” < T" one has

K}T’TN = K}T’T/ —|— KJT’,T”'

By the chain rule for conditional mutual entropy, relation and proposition
we have

kr = H(g_1, Er|Er) = H(9-1, Er|(E17, 90,91, -)) = H(9-1, E7|(E1/, 04 )).
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Recall that in the introduction we defined, for v/-a.e. f’ € F, V%l,—a.e. e X{::,
V%iT, as a family of disintegrations of the measure Vg,i with respect to mr 7. Then,
dg. V%/ dgs V%/T/ dgs 1/;,

(y) = ) (@)

19 7 - i
(19) du%f dl/%f

vy
Proposition 6.5. If T < T’ are admissible topologies then

d oW ng;/(w)
mwz/m<gu’)(M®@0WW)

Er(o(w
J dy )

Proof. We write k1 as kr = E[I(g—1, Er|E+)(w)] . Reporting the explicit expres-
sion for I(g_1(w), Er(w)|E+(w)), we have

w))~ ! w
d(g,l(w))*uégfl( )T Ey(w)

dl/f-'—(w)

d(go(w)).vpt
()

kr = E |log

(ET(w))]

E llog (ET(o*w))] ,
where the second line follows by o-invariance. The proposition follows by making
the difference k7 1 = k7 — K7 and applying . O

Eqpy(w)
dg(](w)VTj;,
— (oo (@). From

Fix T < T'. For a.e. z € () (B (w)), set fo(x) == ;

T, T

proposition [6.5] follows
(20) wrr = Elog fu(Er(w))].

Recall formula for kr and k7. With the same notations, we have

mET(W)
KT = /(10ng(W))> dm(w)

dm??’ @)

and the following corollary of Proposition [6.4

Corollary 6.6. Assume T < T’ are admissible topologies. Then, we have, for
m-a.e. w,

dmPr )
» = lim —log —E—(g_ SR .
KT, T nljgon og dm??'(w) (9-1(w), 9—n(w))
6.3. Zero entropy difference.
Proposition 6.7. If kp 1 = 0 then uEgi,(w) is the point mass at Er(w) for m-a.e.

w € Q. In particular, it is exact dimensional with dimension 0.

1
Proof. By proposition we may assume that T < 77 and that ¢ < j are such
that T"(¢) = T'(¢) U {j}. By proposition we have

/ ( dgo (w)z/f:,TT'/(w)
ke = [ log | —5
Q

drE oD

(ET(U(W))> dm(w).
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Therefore, by Jensen inequality, if K77+ = 0 then for m-almost every w we

have go (w)uf}t (w) = I/iTT',(U(w)). Since m is o-invariant, we obtain that m-almost

everywhere one has V7E177:}/,(°J) =g 1(w).. .g_n(w)yﬁ?,(aw(w)) for all n > 1.

Observe that, since Ey and E_ are in general position, one has Ez/(w) 7/ i)\ (i} #
Er(w) () for m-almost every w € €, and therefore Vf}',(w) ({ET/ (w)T,(i)\{i}}) =0.
Using the coordinate ¢, (., (see lemma, we have yﬁ'rT'/(w) [p() ((—7/2,7/2))] =
1.

By Poincaré recurrence, for almost every w € €2_, there exists an infinite sequence

ng,k € N and o > 0 such that V;ETT’/(U_n'k(w))converges to I/ETT',(‘”) as k — oo and

Err(w
VT,TT'( ) ((%(a*w (w)))((_a7a))) > Q.

)

Hence, for those w for which lemma hold, g_1(w) ... g—n, (w) sends any neigh-

borhood of Er(oc~"*(w)) to a small neighborhood of Fr(w). This is possible only

if 1/?7:}',(“)) is concentrated at Er(w). O

7. PROOF OF THEOREM [L.8]

Theorem is an almost everywhere statement. It uses a telescoping argu-
ment mixed with weak type (1,1) techniques as in the proof of Shannon-McMillan-
Breiman theorem for finite entropy partitions. The proof follows [HS17] and [Les21].

1

In this section, we assume that 7' < T” and that ¢ < j are such that T7(i) =
T(#)U{j}. Let x := x717, Kk := Kp,7v. we want to show that for v/-a.e. f' € F, V%/—
a.e. ¢z’ € Xj’f,, the conditional measure V%:T/ is exact-dimensional with dimension
K/X.

7.1. Length of stationary neighborhoods. Let m = 7r 1 be the projection
from X to Xps and consider the coordinates given by lemma on 7Y (Ep (w)),
setting z = Fr(w) and 2’ = E7/(w).

For each a,0 < a < 7/2 let N*(w) (respectively N T (w), N~ (w)) the set
o((—a,@)) (respectively ¢([0,a)),¢((—a,0]). Recall that we denoted by 7 the
rotation invariant probability measure on 7~ (E7/(w)). The measure ¢.du has a
bounded continuous density with respect to 7 (the bound depends on w). From
lemma [£.6] follows

Lemma 7.1. For all a,0 < o < w/2, for m-a.e. w € Q one has
n(g-1(w)...g-n(W)N* (o™ "(w))) = e XM g5 — 400,
and the same holds for N+ and N*~.

In the sequel, we set, for each o,0 < o < w/2 and for each n > 1, N¢(w) for the
interval in 7! (Er (w)) given by

Ny (w) = (g-1(w) - gn (W) (N (™" (w)).
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N&F(w), N&~(w) are defined similarly, N®*(w) is a choice of one of the three
intervals.

7.2. Probability of stationary neighborhoods. Theorem will follow by
comparing lemma [7.1] and the following

Proposition 7.2. For all o,0 < a < 7/2, for m-a.e. w € 2, one has

vp S (N (w) = e eyl NN (07 w)) as o oo,
In this formula, the sign 4+’ is not necessarily the same as =+.

dgo(w VET/,(W
Proof. Recall that we set f,(x) = %(z), and that by ([20)),

dVT,T’
Err(w
/ log f.,(z) dvy % ><w>] :
T (Epr (w))

Since k < +o0, for m-a.e. w, fw—l(ET,(w)) log f..(x) dygg/(w)(x) < +o00.

P / log f.(Ep(w))dm(w) = E

Set for each a,0 < a < 7/2, for each n > 1,

Eq/(o(w))
Eo (w a f fw(x)dVT,T’ (z)
fa,:l:( ) _ Tj'i“/( )(N i( )) _ go(w)Nyy i(w)
" o « /(o(w a
vt (go(w) N E (w) vt (go(w) N (w)

Lemma 7.3. For all a,0 < a < w/2, for m-a.e. w € Q one has EIE fot(w) =
fu(Er(o(w))). Furthermore [ sup |log(f&*(w))|dm(w) < +oo.
n>1

Proof. By lemma the intervals N&*(w) intersect to Er(w) when n — +oo for
m-a.e. w € ). By the Lebesgue differentiation theorem this implies

lim fa i( ) fW(go(w)ET(W)) = fw(ET(U(w)))7

n—+00

for m-a.e. w € Q as claimed.

For the second claim, let M f,, be the maximal function defined by

Mfw(q;) = Ssup o) /(U(w /fw dV:ZE«?,(U(W))( ),
N>{z} Z/T:g«,

where the supremum is over intervals IV starting or finishing at  in 7= (Ep (o(w))).
Since 771 (z’) is one-dimensional, for all ' € X7/, the maximal operator is of weak
type (1,1) and we have (see [Les21l Lemma 8], [Les21l Lemma 9] for details)

(21) /log (Mf,(Er(c(w)))) dn(w) < +oo.

It remains to show that inflog(f®*(w)) is m-integrable. See [Les2I, Lemma 10]

for the argument in a very similar setting. [
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From Birkhoff ergodic theorem we have

n Epi (07" (w))
. 1 dg—rVr k4l
“_nﬂlfocﬁzlog dy B (0 F (W) (Br (™" (@)
k=1 Vp, 1
= Jim -~ Zlog ot (Br(o(e™"w)))))

To conclude, using Lemma and Maker theorem (see e.g. [Rap20, Theorem
5.7]) we obtain

= lim Z log (f, k(w)))

n—4+oco n
n B 0'71c w a,j: _
S o L iy G )
_TL 007 E (o= k1 (w a,t _
wreon = T\ W O (g (w)NEE (07R (w)))
n Ep(o™F —n
o vpdt T (g 1< ) g nwv (0" (w)))
_nﬂrfooﬁzlog Ep (0 1 (@)
— Vi (g gn(W)N>¥E (o7 (w)))
o 11 quj’TTf/(ff (w))(Nai
o n—l>r-|r-looﬁ 08 ?%/(W)(Na :|:

O

7.3. Exact dimensionality. We finish the proof of theorem [I.8] Firstly, if x = 0,
by proposition the measure VTT /) is exact-dimensional with dimension 0.
Indeed, since x > O and kK = 0, we have 0 = x/.

So we may assume k > 0. By proposition for m-a.e. w, all 0,0 < a < 7/2,
n going to infinity,

1 7 (w « 1 (o7 "w a.t'/ _—n
Eloguf,TT,( J(NeE (W) = —n+0(1)+ﬁlogyf7TT/( J(N*E (67 mw)).

On the other hand, we have, by lemma for m-a.e. w, all 0,0 < a < w/2, n
going to infinity,

Bi (ET,(w))(ET(w)7e_nx+o(n)) C N;L"vi (w) I Bfil(ET/(w))(EvT(w)7e—nx+o(n))7

where B (B, (w))( 7) is either of the two intervals of size r based on z.

It follows that for m-a.e. w, VﬁTT',(w)

-a.e. x,
- log(vry Y (B(x, 7))
lim inf

>
70 log(r) -

==
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. . . log(v 2" (B(a,r)) |
We cannot estimate directly lim sup Toz() in the same way, because

r—0
we do not know a priori that liminf + log(z/jE«?,(f?Lw))(N’l’i(a‘"w)) = 0. The ob-
n— 00 ’

By (w))
log(vy 7" (B(x.r)

it suffices to consider values
log(r) ’

servation is that to compute lim sup
r—0

of —logr in N with a positive density.

We claim that we can take « large enough that one of Vﬁ?,(w)(Na’+(w)) and

yg_?,(w)(Nav_(w)) is at least some ¢ > 0 on a set ' C Q of positive measure. This
finishes the proof, because, by Birkhoff ergodic theorem, for m-a.e. w the sequence
ny such that o~ " w € Q' has positive density.

Remains to prove the claim. We prove it by contradiction: if it is not true,
1/?7:}/,(“)) (N*(w)) = 0 m-a.e. for all . But then, the measure V?ji:,(w) is concentrated
on Ep:(w)r iy i}, @ contradiction with the fact that Fy and E_ are in general

position.

7T — S
7.4. Proof of lemma |2.5, Assume the diagram of projections | 1 1
7 — Y

commutes and ¢, j are such that T(¢) = T"(9) \ {j} and S(i) = S"(i) \ {j}.

Then, by Corollary for 2’ € Xg and y' € (w77 5/) 7 (2') there is a bilipschitz
homeomorphism between (75 s/)~1(z') and (77.7/)71(y’). The measure Vg:s’ is
the average over 7’ of the measures (WT’S)*V?%:T/, the average being taken under
dl/%l/ﬂ/(y’). Lemma then follows from [LY85] Lemma 11.3.2. [

8. PROOF OF THEOREM [2.4]

In this section, we assume that the measure p is discrete and prove Theorem [2.4}

The general idea of the proof is that entropy conservation implies dimension
conservation. In [LY85], dynamical balls are disjoint ellipsoids with exponentially
big eccentricities, not suitable for dimension estimates. But they behave very well
for entropy estimates, even when considering their slices by invariant foliations. If
one takes the slices in increasing order of size, this forces dimension conservation.
For IFS or stationary measures, the dynamical balls are not disjoint any more. The
idea of [Fenl9] is to look at the dynamical balls and the slicing at the level of the
invertible dynamics on 2. Since the measure p is discrete, working at the level of
the space (2 is possible here as well.

8.1. Setup. Recall that we consider T < T” and the decomposition 70, T, ... K TNt

1
where 70 = T’ and TN7.1" = T of proposition ﬂ with Tt < T*! for t =
1,... NT,T“

Recall that for each admissible topology S we set Fg(w) = Fg(E(w)).
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We will use = to denote a point in X7 and always set x; = mp ¢ (z) and z4_1 =
7TT’T1,—1 (IE) .

We fix t and set x = X7t ri-1, K = kgt pe-1 and § = 6t. Then, Yre -1 = K/X.

We are interested in comparing for v, = V?,*Tgw)—almost every x, the upper di-
mension at x of v7/,, and V;Ef;i,l.

For this purpose we fix ¢ > 0 and set r, = exp(—n(x — ¢)) for all n in what
follows.

8.2. Approximating configurations.

Lemma 8.1. There exist functions f, such that, for m-a.e. w, setting Ep,(w) =
fr(BEri-1(w),g—1(w), ..., g—n(w)) there exists n(w) such that for all n > n(w),
Ern(w) € B(Ep(w),ry).

Proof. The construction of Proposition [2.1| guarantees that

X:min{XTs’Tsfl :s:t,tJrl,...,NT,T/}.

Therefore the claim follows directly from lemma (]

Corollary 8.2. For m-a.e. w, vy-almost every x and m,-almost every (hy)n<—1
there exists N(w,xt, (hn)n<—1) such that, for alln > N(w,z¢, (hn)n<—1).

fn(xt713h717" '7h7’ﬂ> € B( lim fk(xt17h17-~-’hk)7rn> .
k—+oco

8.3. Approximating conditional probabilities. Let 7" be an admissible topol-
ogy. By definition, Ep(w) € X2+ @) and, if T < T’, Ep/(w) =m0 (Bp(w)). We
introduced in section the disintegrations of the projection w € Q — Ep(w) €
25+ 4) and their restrictions m2™“) to Q_. With our notations, we have, for

’
V-a.e. f’,z/%t—a.e. 2 € Xpi—,

(22) . / M dvie s (3).
X;tﬁTt—l
Given z € Xr, let A, (x,—1) be the set of sequences (h,,)n<—1 such that, for all
m > n, f’m(xt—la h/—la ) h—m) €B ( lim fk)(xt—la h/—la ) h—k)7rm . We let
k——+oo

[h—n, ..., h_1] denote the set of sequences (h},),<_1 suchthat h_,, =h' ,,... h_1 =
.

Lemma 8.3. For m-a.e. w, v,-almost every x and mz-almost every (hp)n<—1,
there exists N(w, T¢, (hn)n<—1) such that, for all n > N(w,z, (hp)n<-1),

Mg ([hens - ho1] N Ap(z-1)) < exp(n(s+€))maih ([Aen, - .. ho1] N A (z-1)).
Proof. For m-a.e. w, consider the measure PP, on the space Xr x {(hy)r<—1} which

projects to v, on X and whose disintegrations on the fibers projecting to x € Ap
are given by x — m.
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By corollary E 8.2l for m-a.e. w, v,-almost every x, An(x4—1) is increasing with
n and U, A, (2;—1) = Q_ up ot a set of m -measure 0. By the martingale con-
vergence theorem, the conditional expectatlon with respect to P, of the indicator
of the event {(hk)kg,l € Ap,(x¢—1)} with respect to the o-algebras generated by
g, ho1,..., h_p (respectively x;—1,h_1,...,h_y) converge to 1.

The first conditional expectation is given at m-a.e. w, v,-almost every x and
mih-almost every (hyn)n<—1 by
mTt ([hfna cey h*l] N An(xtfl))
mTt([h_n, ey h—l])

The second one by
f mg"t([hfnauwhfl]mAn(xtfl))dVTtt 711t 1(y)

Ti—1
Tt Tt—1

- f mg“t([h—na'“vh ])dy;‘tt f]lﬂt 1(?4)
Xt e
Using , this last expression is
;tt 11 ([hin’ ey hfl] N An(iﬂtfl))
my (e, ha])

Thus, at m-a.e. w, v,-almost every = and mz),-almost every (hp)n<—_1,

. m;ft([h_n,..., ] ﬂAn(xt_l)) . ;tt 11([h—n> ~~7h—1] mAn(xt—l))
lim = lim e =1.
n—+00 mTt([h_n,...,h_l]) n—+00 Moy — 1<[h7n7-~-ah71])

We have shown (in corollary that for m-a.e. w, v,-almost every = and
m7-almost every (hn)7L§_1 one has

T (h . B
lim log ( TZT 1([ 1) ) = K.
n—+oo n M- 1([}7/—7“"-7]7'—1])

Combining these three statements we obtain that for m-a.e. w, v,-almost every
x and m7-almost every (hy)n<—1 one has

1 mp ([hn, ... ho1] NV Ap(2-1))
lim —log - =K,
n—+oo N Mope 1([h,n,...,h,1]ﬁAn(xt,l))
from which the desired result follows immediately. O

8.4. Lebesgue Density. Given z € Xr let B,(z:) denote the set of sequences
(hn)n<—1 such that

mg ([hzp, - hoa) N Ap(2i-1)) < exp(n(k+e))mp, i ([hen, ..., ho1] N Ay (2-1))-

Lemma 8.4. For m-a.e. w and v,, almost every x there exists N(w,x) such that,
for alln > N(w,x),

mi ({kglfoo fu(@e—i,hoq, .o hoy) € B(iﬂyrn)} NAp(ze—1)N Bn(%)) > exp(—n(d+e)x).
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Proof. The probability on the left-hand side in the statement is

mip (A (21-1) N Bn (21))dvgiy. (y) = / M (An(ye—1) N B (ye) ) dvi! pe (y).-
B(z,mn) B(z,rn)

Let Cp(x) = () Bn(zt) so that Cp(z) is increasing with n.

m>n

We have

M CAnlye) NV Ba o) () 2 [ (A () 1 Gl ()
B(x,ry) B(x,ry)

By lemma for m-a.e. w, v-a.e. x, the function y — m%(An(yi—1) N Chn(yr))
increases to 1 at V;th—a.e. y. Applying the Lebesgue differentiation theorem (jus-
tified since configuration spaces are bilipschitz homeomorphic to Euclidean spaces)
we obtain a set L(w,x;) of I/;U{Tt—full measure such that for all z in this set

1

. - Y Xt —
L Vr'r (B(z,rn))B(/ : () 0 Cnly))dvrley) = 1

For m-a.e. w, v,-a.e. = belongs to L(w, z;). Moreover, by hypothesis, for m-a.e.
w and v,-a.e. z, there exists N(w, ) such that for n > N(w,z), v3lp.(B(x,ry)) >
exp(—n(d + €)x). The result follows. O
8.5. Proof of the theorem. We now complete the proof of Theorem 2.4.

We begin with Lemma and observe that if khrf fe(xio1,hoq, ... hoy) €
—+00
B(z,ry) and (hy)n<—1 € An(xi—1), thenin fact fr(x¢—1,h_1,...,h_p) € B(z,2ry,).

This implies that for m-a.e. w, v,-a.e. z and all n > N(w,x) given by Lemma
R4 one has

exp(—n(d +e)x) < mz} ({kgffw fe(xi—1,hor, ... hey) € Bz, Tn)} NAp(e-1) N Bn(xt))

S m‘?pﬂ ({fn(xt—la h_17 ey h—n) S B(l‘, 2Tn)} N An(xt—l) n Bn(xt)) .

Notice that both Dy, (x¢—1) := {(hn)n<-1 : fo(xi—1,h—1,...,h_p) € B(z,2r,)}

and B, (z¢) are a union of cylinders [h_,...,h_1]. Therefore from the second line
above and the definition of B,,(x;) we obtain
exp(—n(d +¢)x) < Z mip ([P, ... h—1] N Ap(24-1))
[hemyeiish—1]CBp(2¢)NDy(xt—1)
< exp(n(k +¢)) Z m;tt:ll([h—n7"'7h—1] NAn(zi-1))-

[h77l7...,h71]CDn(aﬁt71)

For m-a.e. w, v, -a.e. x and all n > N(w,z), we have shown that

exp(fn(5+€)X) exp(fn(ﬁ+€)) S m;—vttill ({fn(xt—ly h—la ey h—n) € B(:L', QTn)} N An(ft—l)) .
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Since whenever (hy,)n<—1 € Ap(zi—1) we have that f,(z;—1,h_1,...,h_y) and

i lim fr(xi—1,h_1,...,h_}) are at distance at most r,,, this implies that for m-a.e.
—+o0o

w, Vy-a.e. z and all n > N(w, z),

exp(—n(d + €)x) exp(—n(k +€)) < myi"y ({(hk)k<1 P lim fr(xi—1,h-1,...,h_yn) € B(x, 3rn)})

—+o0

=viot  (B(x,3r,)).

- VT,Tt—l

Since this holds for all € > 0 it follows that §t—1 < § + % = ot + Yot rt-1 as
claimed.

9. APPLICATION TO HITCHIN REPRESENTATIONS OF COMPACT SURFACE GROUPS

In this section, we first illustrate by an example the discussion of section 1.2.
Take p discrete in M(SL3(R)). Consider the nine arrows of Figure 1 describing

projections from X:,]f/ to XQ{:, where T' i T’, in dimension 3. By Theorem
six of these projections are dimension conserving. There is a natural family of
examples of random walks on SL3(R) for which two of the other projections are
not dimension conserving as soon as the middle exponent X2 is not 0. Namely, these
are the random walks on images of a surface group by a Hitchin representation in
SL3(R). We present these examples and then extend the discussion to Hitchin
representations in PSLy(R), for all d > 3.

9.1. Hitchin component in dimension 3. Consider a closed surface ¥ of genus
at least two and the group I' := m1(X). A representation p : I' — PSL2(R) is
called Fuchsian if it is discrete and cocompact. A representation p : I' — SL3(R)
is also called Fuchsian if it is the composition of a Fuchsian representation and the
canonical irreducible representation of PSLy(R) into SL3(R). It is called Hitchin
if it can be obtained by a deformation of a Fuchsian representation.

Hitchin representations have been studied from many points of view, we only list
the properties we are going to use. We shall describe points in F as pairs ((, (),
where ¢ in a point in the projective plane RP? and ¢ a line in RP? containing
¢. The pairs (¢, (), (n,7) are in general position if, and only if, ¢ € 7,1 & (. By
classical results of Koszul [Kos6§|, Goldman [Gol90] and Choi-Goldman [CG93],
if the representation p is Hitchin, then there exists a C! convex subset A C RP?
invariant under p(I') and a Holder continuous mapping (&,€) : S' — F such that
—for s £t €S, (&&)(s) and (&,€)(t) are in general position,

— &(St) is the boundary 9A,

— for t € St, £(t) is the tangent direction to A at £(t) and

— the set A := (f,?)(Sl) is an invariant set for the action of p(I') on F. The set A
consists in the tangent elements to 0A.

So, the convex A admits a cocompact group of projective mappings, i.e. it is
divisible. A classical result of Benzécri is that the boundary is of class C? if, and
only if, A is an ellipse, if, and only if, the representation is conjugated to a Fuch-
sian representation. In that case, xyo = 0 and all the dimension questions reduce
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to the PSLo(R) case. Therefore, we may assume that representation p is Hitchin
but not a Fuchsian representation. Such representations were studied in detail by
Y. Benoist. In particular, he showed that

— the boundary dA is C1*# for some 8 > 0, but not C1Febs-cont-([Be0d]),

— the group p(I') is Zariski dense in SL3(R) and its action on R? is strongly irre-
ducible ([Be00]).

Let p € M(T"); consider the random walk (p(T'), p.(1)) and the stationary mea-
sures v, ' on F. The measures v and v’ are supported on A. For m-a.e. w € §, there
are ({4, €, )(w) and (£, €_)(w) distinct points in A that are the supports of the limit
measures of (9_1(w) ... g—n(w)), v and, respectively, (go(w)™' ... gn_1(w)™!), v as
n — 4oo. The distribution of (£4,&,)(w) is v, the distribution of (£_,£_)(w) is
V. The point & (w) is the direction of the expanding F;(w), the point &_(w) is
the direction of the contracting E3(w). The central direction Fy(w) is obtained as

& (w)NE_(w).

Proposition 9.1. Let p be a Hitchin representation of I' and p be an adapted
probability measure on I' such that ) |g|du(g) < +oo, where | -| is some word
metric on I'.  Consider the random walk on SL3(R) directed by the probability
p«(t), X1 > X2 > X3 its Lyapunov exponents. Let F,L, P be the spaces of flags,
lines and planes in R3, v,v,,vp the respective stationary measure and 6,6z, 0p
their dimensions.

Assume xo2 > 0. Then, ép < 0z = 6. Moreover, the projections v — vp are not
dimension conserving.

Assume x2 < 0. Then, 6 < dp = §. Moreover, the projections v — v, are not
dimension conserving.

Assume xo = 0. Then, 0 = 6y = dp. All the natural projections are dimension
CONServing.

Proof. By the above discussion, our results apply in this setting. We can consider
— The distribution v of f = (§+7E,+)(w) € F. It has entropy h and dimension 6.

— The distribution vy of &4 (w). It has entropy hy and dimension .. Observe
that, once one knows £(t) € OA, £(t) is the tangent direction to A at £(t), so it is
uniquely determined. In other words, the projection from v to v, is a.e. one-to-one.
By [Les21] hy = h, but, a priori, there is no dimension conservation and we only
get § > 0f.

— The distribution vp of £ 4 (w). It has entropy hp and dimension dp. Observe that,
similarly, once one knows £(t) is a tangent direction to A at some point, then this
point is £(t), so it is uniquely determined. In other words, the projection from v to
vp is a.e. one-to-one. By [Les21| again, hp = h, but, a priori, there is no dimension
conservation and we only get § > dp.

We cho/ose /= (nm) €F. Write LP := X{flﬁ};{Q}’{?;},ﬁ/’ = X{173},{273},{3} and
P = X{sz,g},{z},{s}' For v/ -a.e. [ € F, write V£7>a Vz,, 1/7f,/ for the corresponding
conditional measures. ) B
We can also consider the distribution V£P of the couple made of the point £, N7
and the line (n,&y) given f' = (n,7). It has entropy hyp and dimension d.p.
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Again, this determines (¢, &) by intersection with A and the dimension on fibers

of the projection from F to x/ p is 0. But now, by theorem there is dimension
conservation, so h = hyp and 6 = d.p.

Assume xo > 0. We project both v, and z/z;p to the space L’ of lines going
through n by associating the line going through £ and 7 in the first case and by
forgetting € N7 in the second case. The projection and the image measure VZ-,
depend on f’. For v'-a.e. f’, we have entropy hy and dimension . on £’. Both
projections have almost everywhere trivial fibers: intersecting the line (7,£) with
OA determines everything. Therefore,

h=he=hep=he.

Moreover, by theorem both projections have dimension conservation (observe
that xz.cr = X1 — X3 > X¢r = X1 — X2)- S0 we obtain

h

5:5515[,7:):5[,/:7.
X1 — X2

Remain to understand the projections of both vp and V£;> on the space P’ of
points of 7. The projection and the image measure l/f,f;, depend on f’. For v-a.e. f’,
write hp/ and dp/ for the entropy and the dimension of V7J;,, . Once more, knowing
the point Fs in 77 determines the rest by drawing the unique other tangent to A
going through Fs. So,

hp = hp = hep
(both hp and hop are h by the above discussion) and all the entropies are the same
h. Moreover, since xppr = X1 — X3 > XP' = X2 — X3»

h
573 = (57)/ =
X2 — X3
If xo = 0, then x1 — x2 = X2 — Xx3,02 = dp, all the dimensions coincide and
there is dimension conservation at all the projections of Figure 1.

If x2 > 0, then x2 — x3 > x1 — X2 and dps < dz7. So dp < d and the projection
from v to vp is not dimension conserving. In the same way, dpr < d.p and, for
V'-a.e. f’, the projection from 1/27j to 1/7f3, is not dimension conserving either.

In the case when x5 < 0, the discussion is the same, exchanging the role of points
and lines and of y2 — x3 and x1 — Xx2- O

Proof of theorem in dimension d = 3. By the above proof, we have h = §(v) min{(x1—
X2), (X2 — x3)}, independently of the sign of x2. Observe that, since p(T") is discrete
in SL3(R), h = hrw(p) ([Led85]). Theorem follows when d = 3. O

9.2. Rigidity of Hitchin representations. In this section, we prove that the
hypotheses of proposition [9.1|are satisfied for some probability measure in M (p(7))
if the representation p is Hitchin but not Fuchsian, namely that one can find such
a measure with y2 # 0. We have the



42 FRANCOIS LEDRAPPIER AND PABLO LESSA

Theorem 9.2. Let p be a Hitchin representation of a cocompact surface group
in SL3(R) such that for all probability measures in M(p(T)), x2 < 0. Then, the
representation p is Fuchsian.

Such variational characterizations of Fuchsian representations among Hitchin
components have been proven by M. Crampon ([Cr09]) and R. Potrie and A. Sam-
barino ([PS17]) in greater generality. Theorem is a variant of their results
adapted to the dimension 3.

Proof. By proposition our hypothesis is that for all u € M(T"), the dimensions
0z, 0p of the stationary measures on the spaces of lines and planes satisfy

(23) o < op.

We are going to use thermodynamical formalism for the geodesic flow on p(T')\ HA,
where HA is the homogeneous tangent bundle to A and a construction of [CM07] to
obtain, for any Hitchin representation p, some p € M(p(I")) such that 6, = 1. Since
vp is also supported on a C? circle, implies that dp = 1 as well. Using dynamics
of the geodesic flow and [Be04], section 6, this will imply that the representation is
Fuchsian.

Recall that all matrices p(y),y € T, p(7y) # Id, have three distinct real eigenvalues
with absolute values e/1(7) > ¢f2(7) > ¢f(¥) ([Lab06]). Let ¢ be the linear functional
on ¥ = {(¢1,0a,03) € R®: 1 + {5+ 3 = 0} defined by ¢ := £; — f. Recall that the
geodesic flow on p(I") \ HA is an Anosov flow. There exists a Holder continuous
function f on HA such that for any v € ', v # Id,

() - aly) = / /.

where o, is the periodic orbit associated to v (see [PS17], sections 2 and 7). More-
over, for any ergodic invariant measure m for the geodesic flow, [ fdm is the
positive Lyapunov exponent of the geodesic flow for m ([Be04], Lemma 6.5). In
particular, the equilibrium measure my for f is absolutely continuous along unstable
manifolds.

Fix a point o € A. Then, the Gibbs-Patterson-Sullivan construction (see e.g.
[Led94]) yields an equivariant family of measures vy at the boundary such that for
all v e T, W(f ) is a Holder continuous function and with the property that,
if a set A of points in A is vy-negligible, then the set of geodesics with end in A is
myg-negligible. By the absolute continuity of the stable foliation, this implies that
g is absolutely continuous on 0A.

Recall that the limit set A of p(I') projects one-to-one in JA. Denote by v the
lift of the measure vg to A.

Next step consists in finding a random walk in M(p(T")) such that v is the
stationary measure on F or equivalently such that 1 is the stationary measure for
the action on JA.
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Lemma 9.3. Let I be a co-compact group of isometries of H2, p a Hitchin non-
Fuchsian representation of I' in SL3(R), A the open convex proper subset of RP? in-
variant under p(I'), vy be a finite measure on OA such that for ally € T, d(”gy%(f)
is a Holder continuous function. Then there exists a probability measure pg € M(T)

such that vy is p«(po)-stationary.

Proof. We can apply [CMOT], theorem 1.1, to the action of I' on the hyperbolic plane
with the measure vpa = (£71).1p. Since the mapping ¢ is Holder continuous and
I'-equivariant, the measure vga has Holder continuous Radon-Nikodym derivatives
under the action of T" as well. Let u be the measure given by [CM07] Theorem 1.1
and such that vga is the stationary measure under p. The measure p has whole
support on I' and satisfies >°  110(g)d(0, go) < +oo ([CMQT], page 488). It does
indeed belong to M(T). O

To summarize, the measure pu := p.pug on p(I') has the property that v, is
absolutely continuous and is the measure at infinity of the SRB measure of the
geodesic flow on HA. Moreover, by , dp = 1. Consider the dual representation
p*(v) = (p(7)})~! and the measure u* := (p*).po. We have the same entropy
h = hrw(p) = hrw(u*) and the opposite exponents. Therefore the dimension of the
stationary measure v} is p = 1. By the variational principle again, v} is absolutely
continuous. By [Be04] Proposition 6.2, the representation is Fuchsian. O

Using the dual representation p*, we also have

Corollary 9.4. Let p be a Hitchin representation of a cocompact surface group
in SL3(R) such that for all probability measures in M(p(T)), x2 > 0. Then, the
representation p is Fuchsian.

9.3. Hitchin components in higher dimensions. Consider the surface group
I. As before, a representation p : I' — PSLy(R) is called Fuchsian if it is the com-
position of a Fuchsian representation and the canonical irreducible representation
of PSLy(R) into PSL4(R). It is called Hitchin if it can be obtained by a deforma-
tion of a Fuchsian representation. Geometric properties of Hitchin representations
have been studied, notably by F. Labourie (see [Lab06], [Lab07] for history, back-
ground, the properties we use below and much more). Let p : v — PSL4(R) be
a Hitchin representation and denote again by p(T') a lift of the representation to
SL4(R). By [GOS|, proposition 14, the action of p(I') on R? is strongly irreducible.
By |Lab06], theorem 1.5, the matrix p(7), for v non-trivial has all eigenvalues real
and distinct. In particular, for 7 non trivial, there is a unique attracting fixed point
v+ for the action of p(y) on F. By definition, the limit set A is the closure of the
set of all v+, # Id € I'. Moreover, the projection from the limit set A to RP?~!
is one-to-one ([Lab06] theorem 4.1).

Let p be an adapted probability measure on I' such that }°_ |g|u(y) < +oo
for some word metric | -| on I'. The measure p,(u) does not necessarily belong
to M(SL4(R])) (see [GO8] and [Sam20] for the description of the possible Zariski
closures of p(T")), but the action is proximal on all exterior products and we can
apply |[GR89| to the random walk (p(I"), p«(p)) : the exponents x1 > ... > xq are
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distinct and satisfy >, x; = 0. Since the action on R? is strongly irreducible, there
is a unique stationary measure v on RP?~!. That measure has a unique lift to A and
therefore, there is a unique stationary measure on F. For the same reason, there is
a unique stationary measure for p’ on F. All our discussion and theorem apply,
the measure v is exact dimensional with dimension ¢ and entropy h := h(F, u,v).
Since p(T") is discrete ([Lab06], theorem 1.5), we have h = hgw (1) ([Led85]).

Proposition 9.5. Let X\ := inf,«;(x; — x;). Then § = h/X. More generally, let
T # Ty be an admissible topology, kT,0r as defined in (@ and corollary . Let
)\T = infi<j,j¢T(i)(Xi — Xj)' Then, RT = h and (ST = h/)\T

In particular, theorem [I.7] follows in all dimensions. Another consequence is that,
as in dimension 3, comparing A and Ap is enough to decide whether the projection

’
from F to quf is dimension conserving for v/-a.e. f’.

1
Corollary 9.6. Let T be an admissible topology such that Ty < T. Then ép = § un-
less there is a unique i with X = x; — xi+1 and furthermore T = {1},{2},...,{4,i+

1},....{d}.

Proof of Proposition[9.5 The measure v is supported by the limit set A C F.
Labourie showed that A is a hyperconvexr Frenet curve with Property (H). Namely:

(1) There is a Holder continuous I'-equivariant mapping ¢ : St — A,
() ={0}Cc&t)C...C &) C...C&lt)=RA
(2) For any distinct points ¢ ... ,t, integers dy,...,d; with p:= 3
following sum is direct
v,y (t1s s te) = Ea (t1) @ ... D &y, (te)

and, if the distinct ¢; ..., ¢, all converge to x, then &4, 4,(t1,...,t¢) con-

verge to &, ().
(3) for any triple of distinct points (s, t,t’), any integer 7,0 < i < d,

E(8) @ (&) NEamit1(t) ® &amimi(t') = R

L

j=1 dj7 the

Property (2) defines a hyperconvex Frenet curve ([Lab06], theorem 1.4) and prop-
erty (3) is relation (6) in [Lab06] theorem 4.1. (Property (3) is called Property (H)
in [Lab06] section 7.1.4.)

1
Let T! be an admissible topology such that 7' < Ty. We claim that there is a
unique integer 4,0 < @ < d, such that

TYk) ={k,k+1,...,d} for k#i, T'(i)={i,i+2,...,d}.
Indeed, by definition, there is i,0 < i < d, such that 7" (k) = Ty(k) for k # i and
§ > i such that T'(i) = Ty(i) \ {4} . By Proposition [3.1] 7" (i) \ {i,5} € Ty, and
this is possible only if j =4 + 1.
Fixt' € St and set f' := £(t). By lemma the set XY{; is bilipschitz homeomor-
phic to an open interval. We associate to t € S',¢ # ¢/, a configuration ¥(t) € X{:;
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by setting:
V() = Ea—kyr(t) for k#i,
U(t) ) (&) NEamit1(t) B Eamima (t).

Lemma 9.7. The mapping V¥ is an homeomorphism between S'\ {t'} and its image
n X:,]fl.

Proof. By the hyperconvexity property (2), dim(&;(t) N€s—;1+1(t')) = 1 and that
space is disjoint from &4_;_1(¢'); therefore the mapping ¥ is continuous. Since ¥
is a mapping between two open intervals, it suffices to show that ¥ is one-to-one.
Assume by contradiction that there is s # ¢, ¢’ such that

(&i(s) N€aip1 () ® Eamim1(t') = (&) NEa—it1(t')) ® Lamim1 ().

By property (3), &;(s) should be in direct sum with (&(s) N &g—i+1(t)) ®Ea—i—1(t'),
which is possible only if &;(s) N &q—i4+1(t') = {0}. This contradicts hyperconvexity.
[l

By lemma for any 2z’ € X;ji, there at most one point s € S! such that
7, 11(€(s)) = @', ie. (mp, 71)7(2') is at most one point. So, kr, 71 = 0. By
theorem we have o1 = h/x71 1,

For a general admissible topology T', we apply proposition[2.I]and obtain a topol-

1
ogy T" such that T < T" < Ty and x71 7, = Ap. Since Ty < T < T, kp 1 =0
and k7 = h. By and corollary Op is the same as 01 = h/Ap. O
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