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Abstract

We consider a sender-receiver game, in which the sender has finitely many types and
the receiver’s decision is a real number. We assume that utility functions are concave,
single-peaked and single-crossing. After the cheap talk phase, the receiver makes a de-
cision, which requires the sender’s approval to be implemented. Otherwise, the sender
“exits”. At a perfect Bayesian equilibrium without exit, the receiver must maximize his
expected utility subject to the participation constraints of all positive probability types.
This necessary condition may not hold at the receiver’s prior belief, so that a non-revealing
equilibrium may fail to exist. Similarly, a fully revealing equilibrium may not exist either
due to the sender’s incentive compatibility conditions. We propose a constructive algo-
rithm that always achieves a perfect Bayesian equilibrium without exit.
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1 Introduction

A standard sender-receiver game is played in two stages: first, the — informed — agent sends a
message to the — uninformed — decision maker; then, the latter makes his decision. However,
in many applications, there is a third stage: the agent can reject the decision in favor of an
outside option.

The relevance of such a third stage can be illustrated by the relationship between a patient
and a medical doctor. The patient has a lot of private information (on the diseases he had, his
fear of some medications, etc.), a treatment necessitates a decision of the medical doctor. But
the decision cannot be implemented without the patient’s approval.

In this paper, we consider three-stage sender-receiver games in which, given the sender’s
message, the receiver proposes a decision. If the sender accepts the proposal, it is implemented.
Otherwise, the sender “exits”, and his outside option is implemented. The sender’s utility (on
decisions, but also on the outside option) depends on his type.

As in the most general version of Crawford and Sobel (1982), the receiver’s decisions belong
to a real interval and the type-dependent utility functions, over decisions, satisfy desirable
properties, namely, they are concave, single-peaked and single-crossing; the sender is upwardly
biased. As in Frug (2016), the sender has finitely many types, which are originally ordered to
make sense of the previous properties.

By contrast with the previous papers, the sender’s reservation utility matters in our model.
We do not assume that it varies in any specific way with the sender’s type. For instance, many
relationships are conceivable between the patient’s type and his utility for his outside option
(to get no treatment, to see another physician, etc.).

We focus on the case where rejection of the proposal by the sender is extremely harmful
to the receiver. In the above example, the medical doctor views the patient’s rejection of the
treatment as a failure (e.g., due to the involved sunk cost). We show that the sender-receiver
game with sender’s approval has a perfect Bayesian equilibrium (PBE) in which exit does not
happen.

Without the “no exit” restriction, existence of a PBE is not an issue, because our game
always has a babbling equilibrium, in which the sender possibly exits, for some of his types.
A natural motivation for PBE without exit, under the assumption that the receiver’s utility,

when exit occurs, is sufficiently low, is that the maximal utility the receiver can expect, over



all conceivable PBE, is achieved at a PBE without exit (provided there exists one, of course).!
In other words, if, as Bester and Strausz (2001), we view the receiver as a principal who cannot
commit to a mechanism, namely, must play a cheap talk game with the agent, but can choose
among the equilibria of this game, a PBE without exit will emerge as the solution of the
principal’s optimization problem.?

Guided by the previous insights, we study the limit game in which the receiver’s utility level
in case of exit is —oo. In this setup, the receiver’s expected utility, at any PBE in which exit
occurs with positive probability, is —oo, while it is finite in every PBE without exit.

As will be illustrated in Section 4.2, existence of a PBE without exit requires specific
assumptions. We provide a counterexample in which utility functions are concave and single-
peaked, but do not satisfy the single-crossing condition.

The conditions that we impose on utility functions, when exit does not occur, are standard in
economic applications (see, e.g., Kreps and Sobel (1994), Sobel (2013) and the references below).
They cover, but go much beyond, the popular case in which the utility functions are quadratic,
and the players’ ideal decisions differ by a bias that is independent of the sender’s type. We
only restrict the sender’s (type-dependent) reservation utility by assuming that, under complete
information, the receiver would be able to make a decision inducing the sender’s participation.
Summing up, the main message of the current paper is that existence of a PBE without exit
is guaranteed in a large class of economic models, provided that their underlying features are
taken into account.

We establish that the limit game has a PBE in pure strategies, in which the sender accepts
the receiver’s proposal, whatever his type. Every such equilibrium corresponds to a partition
of the sender’s (finite) set of types satisfying two properties: individual rationality (IR) and
incentive compatibility (IC). The idea is that the sender reveals the cell © of the partition
containing his type and that, for every cell 7 of the partition, the receiver proposes a decision
that maximizes his own utility, knowing that the sender’s type belongs to 7. In order to avoid
exit, there must exist, for every cell 7, a decision giving at least as much as the outside option

to every sender’s type in 7. This is the IR property. If the partition is IR, let, for every cell

IThis quite intuitive result is established formally by Forges and Renault (2021) in a model that is more

general than the current one.
2The same applies if instead of maximizing the receiver’s expected utility, we seek to maximize a weighted

sum of the players’ expected utilities with a positive weight to the receiver’s utility.



7 of the partition, y™ be the best choice of the decision maker when the sender’s type is in 7.
The IC property expresses that every sender’s type in 7 prefers the decision y™ associated with
7 to the decision y™ associated with any other cell 7/. Our existence proof takes the form of
a step by step algorithm, which starts with the finest partition of the sender’s types (namely,
the set of singletons) and gradually modifies it — by moving types from one cell to another and
possibly merging cells — so as to eventually satisfy IR and IC.

Let us go back to the principal-agent interpretation suggested above. The receiver cannot
commit to a mechanism, so that the revelation principle does not hold. Hence to maximize
his expected utility, the receiver can just choose the PBE to be played. Given the previous
characterization of pure PBE without exit, the receiver has to select an IR and IC partition
of the sender’s types, with the understanding that the sender will report the partition cell
containing his true type.

The paper is organized as follows: we first complete the introduction by indicating further
links between this paper and related ones. Then, in Section 2, we introduce the formal model
and, in Section 3, we state our main result. Section 4 contains some elementary examples (Sub-
section 4.1) and, as already announced, a counterexample, in Subsection 4.2. The algorithm is
described in Section 5. The section starts with basic lemmas which are proved in an appendix.
The different steps of the algorithm are detailed and its convergence is established. Section 6

makes some suggestions for future research.

Related papers

As pointed out above, we add an approval stage to the cheap talk game considered by Frug
(2016), namely, Crawford and Sobel’s (1982) model with finitely many types for the sender.
In other words, Frug’s (2016) model can be viewed as a particular case of ours, when the
participation constraints are never binding. Among other results, in the uniform quadratic
case, Frug (2016) proposes a procedure to determine a specific IR and IC partition of the types,
which corresponds to an ex ante optimal equilibrium.

Matthews (1989) already considers a cheap talk game with an approval stage. He makes
the same basic assumptions as Crawford and Sobel (1982). In particular, the sender has a
continuum of unidimensional types. In Matthews’ (1989) game, rejection of the receiver’s

proposal leaves the players at the status quo, which is not particularly harmful to the receiver.



By contrast, equilibria without exit are considered in Shimizu (2017). The model is again
a direct extension of Crawford and Sobel (1982), with a focus on quadratic utility functions,
uniformly distributed types and type-independent reservation utility levels. Shimizu’s (2017)
main point is to show that the sender’s outside options can make cheap talk informative in
spite of a substantial conflict of interest between the players. Shimizu (2013) illustrates the
same phenomenon in the case where the receiver has a binary decision.

Finally, Forges and Renault (2021) can be viewed as a companion paper. The three-stage
game and the solution concepts are the same as in this paper. But Forges and Renault (2021)
only assume that the receiver’s decision set is compact and that the utility functions are contin-
uous. In particular, the sender’s types can be multidimensional, so that they cannot be ordered
in a relevant way. Forges and Renault (2021) show that a PBE without exit may fail to exist
when the receiver can randomize over finitely many decisions. They propose various sufficient
conditions for the existence of a pure PBE without exit. A straightforward case is when the
sender has two types only. Existence of a pure PBE without exit is also guaranteed as soon
as the receiver’s utility is type-independent. The proof proceeds by merging cells of the finest
partition of the sender’s types, which is one of the basic ingredients of the algorithm below.
Other sufficient conditions identified by Forges and Renault (2021) are that decisions belong
to the real line (as in the current paper) and that, for every type, the sender’s utility function

is monotonic in the receiver’s decision (in sharp contrast with the current paper).

2 Model

We consider a sender-receiver game I, in which the receiver’s decision cannot be implemented
unless the sender approves it. The sender’s set of types © is a finite ordered set, p denotes a
probability distribution over ©, such that p(#) > 0 for every 0. Messages belong to a finite set
M, such that |[M| > |©]. Finally, v is type 6’s reservation utility.

The timing of the game I' is as follows:

e The sender’s type 6 is chosen in © according to p.
e The sender learns his type and sends a message in M to the receiver.

e The receiver proposes a decision x € R to the sender.



e If the sender accepts the proposal, the sender’s utility is U%(z) and the receiver’s utility

is V?(x). Otherwise, the sender’s utility is uj and the receiver’s utility is —oo.

At a perfect Bayesian equilibrium (PBE) of T, the sender accepts decision z if U%(z) > uf
and exits if U%(z) < uf. We will focus on PBE without exit and such that, at equilibrium, x is
accepted if and only if U?(z) > uf. This means that the effective utility function of the sender
is max{U?% uf}. At a PBE without exit, the receiver’s utility is finite.

As pointed out in the Introduction, Forges and Renault (2021) consider the more general
case where the set of decisions is a compact subset of R”. They start by considering games
[(vp), in which the receiver’s utility, when the sender exits, is a finite number vg. They show
that the PBE without exit of the limit game I' are relevant to those of I'(vp). Indeed, on the
one hand, if I' does not have a PBE without exit, then, the same happens in every I'(vy); on
the other hand, if I" has a PBE without exit, then every I'(vy) with a sufficiently low vy also
has a PBE without exit.

In this paper, we directly concentrate on the game I', but we assume that the receiver’s
decision is a real number and that the functions (6, x) — U’(x) and (6, z) — V%(x) satisfy the

following properties:

e Strict concavity:

For every § € ©, x — U’(z) and z + V(z) are twice continuously differentiable
U (x
Ox2

and for every = € R, )<0and82g702(x)<0;

(A0)
e Single-crossing:
For every (61, 0y, 21, 72) € ©2 x R? with 0, > 0, and xo > a1,
if U% (29) — U%(x1) >0, then U%(zy) — U%(x;) > 0, and (A1)
if VO (zy) — V% (zy) >0, then V%(x5) — V%(x1) > 0;
e Kmistence of a unique mazximizing argument:
For every 6 € O, there exist a unique z*(f) € R and a unique y*(f) € R (A2)
A2
such that % =0 and 8‘;0(“:) =0;
T lz=2*(6) T z=y*(6
e The sender is right biased:
For every 6 € ©, z*(6) > y*(0); (A3)

6



e [For every type, the receiver has the opportunity to induce the sender’s participation:

For every 6 € O, there exists + € R such that U’(z) > u; (A4)

Note that if the functions (z,0) — U®%(z) satisfy (A0)-(A3), then so do the functions
(x,0) — U’%x) — ub. Therefore, we can assume w.l.o.g. that for each § € ©, u} = 0.3
The effective utility function of the sender becomes max{U? 0}, which, of course, does not

necessarily satisfy properties (A0) - (A3).

3 Existence of an equilibrium without exit

In Section 5, we establish the following proposition.
Proposition 1. The game I' has a pure perfect Bayesian equilibrium without exit.

Set for every 0 € O,
X? ={x eR, U%x) >0}

The set X? contains the decisions that are approved by type 0. By assumption (A4), X # &.

We show below that it is a closed interval of R. More generally, let, for every L C © and every

reR,
Xt =[x
Vi) =) p(O)V'(x).

The set X contains the decisions that are approved by all types in L. The function V7’ is
proportional to the receiver’s conditional expected utility, given that the sender’s type belongs
to L; it is concave and single-peaked on R. If X1 # &,

L L
= arg max V" (x
Y g max V*(z)

is well-defined.

3Replacing U? by U? — uf makes reservation utilities type-independent but of course modifies the utility

functions when exit does not occur. Hence, assuming a specific functional form, e.g., quadratic, for U? together
with type-independent reservation utilities, as in Shimizu (2017), may entail a loss of generality (see Subsection

4.1).



To prove Proposition 1, we construct a partition II of © such that IT induces an equilibrium
without exit of I'.

Consider the following conditions:

(IR) Individual Rationality:
For every cell m € II, X™ # &;

(IC) Incentive Compatibility:

If [II| > 1, for every 7,7’ € II, 7w # 7’ and for every 0 € =, U%(y™) > U%(y™).

Let II be a partition of © satisfying (IR) and (IC).* To construct strategies from II, let us
first associate a message m, to every cell w of II. Let the sender’s strategy o associated to II
be:

for every 6 € ©,0(0) = m~),

where 7(0) is the cell that contains 6. Let the receiver’s strategy 7 associated to II be:

for every m € M, if m = m, for some 7w € II, 7(m,) = y",

otherwise, T(m) = y™,

where 7y is an arbitrary cell of II. Tt is straightforward to check that (o, 7) defines a PBE
without exit of I".?

As a first particular case, the coarsest partition II = {O} induces a nonrevealing (aka
pooling) equilibrium, for which (IC) is automatically satisfied. However, in our model, X©
may be empty, so that a nonrevealing PBE without exit does not necessarily exist. At the
other extreme, the finest partition IT = {{#} : € ©} induces a fully revealing (aka separating)
equilibrium, for which (IR) is satisfied as a consequence of assumption (A4). But in this case,

(IC) is quite demanding.

4Note that single-crossing (i.e., (A1)) implies that a partition II satisfying (IR) and (IC) is necessarily an
interval partition, in which every cell consists of consecutive types, i.e., if §; < 6 belong to the same cell 7 of

II, then every 6 such that 6; < 6 < 6> also belongs to .
®Note that conversely, every pure PBE without exit (o, 7) of I' induces a partition IT satisfying (IR) and (IC).

It is the partition whose cells contain the types that lead to the same action, for every action on the equilibrium

path.



4 Examples

4.1 Elementary examples

Let us consider quadratic utility functions, with type-independent bias b > 0 and type-

independent maximal utility ¢® for the sender®:

Ul(x) =c® — (0 +b— 1)
V(@) = ~(0 - 2)*

In this case, assuming ¢ > 0,

X = [0+b—c,0+b+(
z*(0) = 6+0b
y(0) =0

) O+b—c ifc<b
y ey

0 if ¢ > b.

Let © = {64,...,0,}, with 6; < ... < 0,. In this example, depending on whether ¢ < b or
not, the sender’s participation constraint is either binding for every # or not binding for every 6.
Furthermore, 3% increases with 6. As next examples will show, these properties are not always
satisfied in our model.

Let us assume ¢ < b. Then for every subset L = {6,41,...,6;4¢} of £ consecutive types such
that X% # @, the participation constraint, namely, z € X*, remains binding:

> p(0)0 < 0540 < 0500+ b— c=min X"

0L
so that y* =60, +b—c.

The partition I1y = {{6;},7i =1,...,n} satisfies IR, but every type just receives his reser-
vation value. Regarding IC, if 6; < 0;, y% ¢ X% so that type 0; cannot envy ;. However, 6;
envies 0 > 0, as soon as 0, < 0; + 2c. This suggests that the effect of the parameter ¢, which
reflects the credibility of exit (since it determines the size of X?) is as important as the effect
of the bias b, which reflects the players’ conflict of interest. This is a key insight in Shimizu
(2017).

5We have pointed out above that w.l.o.g., we can assume that the sender’s reservation utility ug equals 0.

However, imposing at the same time that U? has a specific quadratic form is of course restrictive.



Let us show how a partition satisfying IR and IC can be gradually constructed from II,.
The highest type 6, does not envy any type. Let us keep the cells as in Ilj until we find 6,
envying 0y, 1; if this happens, we move 6, to the next cell to form {0, 0.1}. The receiver’s
constrained optimal decision over the new cell is y{%%+1} =@, + b — ¢ = y%+1. Hence the
move is helpful to fulfill type 6;’s IC condition but has no effect on the other types. We can
go on by identifying the next type, among 6, < ... < 0;_1, starting with 6;_;, which envies
the cell on its right, and so on to end up with a partition satisfying both IR and IC. These
steps are consistent with the algorithm that we propose below and all correspond to case C. of
Subsection 5.7.

Even with the utility functions above, the construction gets more intricate when ¢ > b,
because the participation constraint can become binding over L when L gets larger. Note that
when ¢ is so large that the participation constraint is never binding, whatever the subset of
types, we recover the standard case, in which there is no need to ask for the sender’s approval.

Other examples are proposed in the sequel to illustrate the difficulties of a fully general
algorithm. These examples are still generated by quadratic utility functions but both the bias

and the maximum payoff of the sender depend on his type, namely

Ul(z) = c(0)? — (0 + b(0) — x)*

with b(f) > 0 and 6 + b(#) increasing with 6.

4.2 Counterexample

Existence of a partition IT that satisfies (IR) and (IC) is not guaranteed in general.” Indeed,

conditions (IR) and (IC) tend to exert opposite effects on the players’ strategies:

e Condition (IC) directly reports on the sender’s Nash equilibrium conditions. When con-
dition (IR) is irrelevant (e.g. when the sender prefers the receiver’s preferred action to his
outside option), condition (IC) is obtained by pooling adjacent types, up to the situation

in which players no more conflict about the resulting pool-contingent actions.®

"For instance, Forges and Renault (2021, Section 4.2 and 4.3) exhibit settings in which there is no pure

strategy equilibrium without exit (Section 4.2), or in which there is no mixed strategy equilibrium without exit

(Section 4.3).

8The resulting set of pools possibly consists of the single set ©. For instance, it is so in the leading example

of Crawford and Sobel (1982), when the informed player’s bias is sufficiently large.
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Figure 1: A situation in which (A1) does not hold, and in which (IR) and (IC) do not simul-

taneously hold.

e Condition (IR) requires separating strategies for types whose participation constraints

cannot be simultaneously satisfied.

Let us illustrate, in a setting close to ours, that conditions (IC) and (IR) may not be simul-
taneously satisfied. In the following example, we only relax the single-crossing assumption
(A1), and show that it is not possible to pool and separate the types in such a way that both
conditions (IR) and (IC) hold.

Example 1. There are three types 61, 0, 03, with 6, < 0y < 5. The utility functions and cell-
contingent optimal actions are as depicted in Figure 1. In particular, assumptions (A0), (A2),
(A3) and (A4) hold. Moreover, we have z*(0,) < z*(02) < x*(63) and y*(61) < y*(62) < y*(63).
However, the single-crossing condition (A1) does not hold, because ;, > 6, and y% > yif1.02}
but

UM (y") — UM (y'" %) > 0 and U (y") — U (y1"*}) < 0.

In that context, there is no partition II of © = {6,065, 03} such that both (IR) and (IC) are

satisfied:

o If IT = {0,605, 03} (uninformative), or if IT = {6,} U {6, 05} (partially informative), from
X10028s} © X108} = X% 0 X% = & (IR) does not hold.

o If II = {61,0,} U {63} (partially informative), then (IR) holds, but from U% (y{f1:f2}) <
U% (y%), (IC) does not hold.

11



o If IT = {65} U {6,065} (partially informative), then (IR) holds, but from U% (y{f1:93}) <
U%(y%2), (IC) does not hold.

o IfIT = {0, }U{6,}U{05} (fully informative), then (IR) holds, but from U% (y*1) < U% (y%)
or U% (y%) < U%(y%), (IC) does not hold.

Finally, note that assumption (A1) would hold if, in Figure 1, the alternative graph for utility
function U% (the dashed one) was considered. In that case, X{016200 = X0 X% £ &

yl01:02:95% — 9 and the uninformative partition IT1 = {6y, 6,, 03} does satisfy (IR) and (IC).

In the next section, we provide an algorithm showing that under assumptions (A0)—(A4), it
is always possible to pool and separate the types in such a way that conditions (IR) and (IC)

simultaneously hold.

5 Algorithm

We establish Proposition 1 by recursively defining a sequence of partitions (II,),>o that ends
on a partition II of © satisfying (IR) and (IC).
Let us first state some lemmas about the receiver’s constrained optimum (proofs are given

in the appendix).

5.1 Preliminary lemmas
The first lemma states that X is a closed interval.
Lemma 1. For every 6 € ©, X% = [min X’ max X?].

The next two lemmas deal with the receiver’s constrained optimal action in the complete
information case. Recall that

) e
= arg max V"= (x).
y g max V=(z)

Lemma 2. For every 0 € O, y’ < 2*(0) < max X?. In particular, U is increasing at x = 3°.

Lemma 3. For every § € O, y° > y*(0), with equality iff y*(6) > min X?. In particular, V9 is

not increasing at x = °.

12



y*(0)  if z € X? is not binding
Summing up, 3’ = arg max Vi(x) =
BAS

X min X? if 2 € X? is binding.

Observe that, as expected from the single-crossing condition (A1), y*(f) increases when 6
increases according to the original order over ©, but that this monotonicity does not necessarily
hold for 4% (see Figure 2 below).

Finally, the next three lemmas identify relationships between the receiver’s constrained
optimal action in the partially informative case y*, L C © and y?, § € L. Note that when L is

not reduced to a singleton, y* is possibly achieved at both ends of X*:

*(L if z € X is not bindin
y = arg max Zp(Q)Ve(x) _Y () &
X el min X¥ or max X* if x € X’ is binding

where y*(L) = argmax > p(0)V?(x).

z€R 0cL
Lemma 4. Let L C © be such that X* # @. Let 6 € L be such that for every §' € L, y° < 3.
Then v? < y*.

Lemma 5. Let L C O be such that X* # @. Let 0 € L be such that for every 8’ € L, y? > 4.

Then v° > y*.

Lemma 6. Let Ly, Ly C O be such that X¥1YL2 £ @ If yIr > yP2 then y*t > ylaVlz > gLz,

5.2 Initialization
Let us order the types in © as 6;,, ..., 0, , so that
Yl < o< yfin,
We start with the following partition Ilj:
o =10}, ..., mr = {01,

whose cells are ordered in the same way as the types.”
Partition Il clearly satisfies (IR). Moreover, since for each § € ©, U? is increasing at 3’

(see Lemma 2), partition Ilj is such that no type in a cell strictly prefers the action induced

91f there exist types # and 6’ such that y¥ = y‘)/, then it is straightforward to see that y{e,e/} =0 = y‘g/7 SO
that such types can be merged into a unique cell, up to obtaining a partition Iy that does satisfy yﬁfl) < yﬁg <

iy ~
< y”ono . In that case, the algorithm has to start from partition Ily instead of Ilj.

13



Vo yee
Figure 2: A situation in which 6; < 6y, but y > y%.

in a preceding cell. Hence partition II = Il also satisfies the following condition, which makes

sense in any partition II with ordered cells:

(L-IC) Left-sided incentive compatibility: If |II| > 1, for every ny € {2, ..., |II|}, for every 6 € "2,

for every ny € {1,...,ny — 1}, U%(y™") < U%(y™"*).

Condition (L-IC) can be seen as a half-way path to the more demanding condition (IC),
which says that no type in a given cell strictly prefers the action induced in neither a preceding
nor a succeeding cell. The recursive procedure detailed below will generate a sequence (I1,.),>¢
in which every II, is an ordered partition satisfying conditions (IR) and (L-IC), and such that,
as r gets larger, 11, gradually fulfills the “right-sided incentive compatibility” (R-IC) constraint
too. To achieve this goal, if II, does not satisfy (R-IC), the idea is to construct II,,; from II,
by merging cells of II,. or by moving a type 6 € 7", with 7™ € II,, to some succeeding cell
7™, n' > n, of II,. But to keep (IR) and (L-IC) all along the sequence, some care is needed
in the way cells are ordered in every partition IL,.. It turns out to be useful to identify further

properties (namely, (P1) and (P2) below) to be satisfied by the partitions in (II,.),>o.

5.3 Orders on cells, types and induced actions

The type ordering used to define partition I1; might not be the original one, for which single-
crossing holds. Indeed, as illustrated in Figure 2, a lower type may have a greater outside
option than a higher one. In particular, adjacent types (with respect to the original order)
may not be adjacent with respect to the order of their associated type-contingent actions. The
consequence is that the order of types ensuring that Il satisfies (L-IC) may enter in conflict

with the goal of reaching (R-IC). This point is illustrated in the following example.
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y93 ~ y{92 03}

V91 VGQ V93
Figure 3: Non-monotonicity of the receiver’s constrained optimal actions

Example 2. There are three types 0, 05, 03, with ; < 0y < #3. The utility functions and
cell-contingent optimal actions are as depicted in Figure 3. The initial partition is Il =
{65} U{6,} U {05}. The only partition satisfying (IR) and (IC) is IT = 7! U 7% with 7! = {0, },

7% = {0,,03}.1% This partition IT is such that Y™ < y™, but 6, € 7, 0y € 72 and v > yf2.

In order to deal with the above mentioned possible conflict, we state precise conditions (P1)
and (P2), to be satisfied by the successive partitions we construct, in addition to (IR) and

(L-IC):

Ll

(P1) Increasing cell-contingent actions: y”l < y”2 <...<y

(P2) Increasing unconstrained type-contingent actions: If [II| > 1, then for every n € {1, ..., |II|—
1}, for every 6 € 7", if y’ > min X?, then for every n’ € {n+1,...,|II|}, for every &' € =",
v <y

Condition (P1) guarantees that the order over the cells determines the order over cell-
contingent actions and condition (P2) guarantees that this order carries over for those 8’s such

that 3’ = y*(0), i.e., such that y? > min X?.

0When considering the fully revealing partition II = {f2} U {61} U {63}, or the partially revealing partition
IT = {6,,0:} U {63}, type O prefers y% to 4?2 or to yi?2:91} respectively, and if we consider the non revealing
partition IT = {69, 60,05} or the partially revealing partition IT = {6} U {61,603}, the receiver may not satisfy

the participation constraint of the sender.
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The initial partition Iy obviously satisfies (P1) by construction. Furthermore, for every
type 6, the type-contingent action 3? is identical to the cell-contingent action of the cell of II,
containing 6. Hence I, also satisfies (P2).!! In example 2, the unique partition II satisfying
(IR) and (IC) also satisfies (P1) and (P2). According to the algorithm described below, IT will
be reached from Il via Iy = {0y, 6, } U {63}, which satisfies (IR), (L-IC), (P1) and (P2) and is

transformed into Il by moving 6, to the last cell.

5.4 Recursive procedure

Proposition 1 results from the following claim, which we establish in Section 5.7.

Claim. Let II, be a partition which satisfies (P1), (P2), (IR) and (L-IC). If II, does not
satisfy (IC), then there exists a partition II,,;, obtained by moving some type 6 from some

cell 7 € I, to some succeeding cell #, n’ > n, and possibly by merging cells, such that II, 4

satisfies conditions (P1), (P2), (IR) and (L-IC).

The claim ultimately guarantees the existence of a partition satisfying (IR) and (IC) because
the moves considered in the claim cannot be repeated indefinitely. Indeed, there are finitely
many types and finitely many cells. Furthermore, every type move is always directed to a
succeeding cell. In other words, starting from Ily, and constructing II,,; from II, according to
the claim, we necessarily reach a partition that satisfies (IR) and (IC).

As will be clear below, the algorithm used to establish the claim will be flexible regarding
the choice of the cell of the type 6 to be moved. Hence, different runs of the algorithm will
be conceivable, possibly leading — a priori — to different (IR) and (IC) partitions. Given our
primary goal, namely, to establish the existence of an equilibrium without exit, we do not

constrain the algorithm unless further specification makes it simpler.

5.5 Choices for the moving type and the destination cell

According to the above procedure, we need to establish the existence of a partition II,,; that
satisfies conditions (IR) and (L-IC), among the partitions that can be reached from II,, by

using the moves prescribed in the above claim.

' The same holds for partition Io.
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Keeping (IR) satisfied from II,. to II,,; is easily obtained if only appropriate cells are merged
(cells 7 and 7’ such that X™ N X™ # &), and if, as the following lemma (established in the

appendix) states, type moves are restricted to moving a type to a cell that it prefers.

Lemma 7. Let L, L' C © with X' # @, X" # @&, and suppose that there exists 0 € L', 0 ¢ L,
such that U’ (y*) > U%(y""). Then we have X1 £ &,

Keeping (L-IC) satisfied is more demanding because the considered moves from II, to IT,,4
shift some induced actions, and thereby impact condition (L-IC) for every types. To that end,
we need to carefully monitor every cell-contingent induced actions y™, w,. € I, during the
process. As a first step, we will specify the way in which type 6 is moved from its cell 7 to a
succeeding cell 7. Before this specification, let us introduce further notations.

Set, for every y € R,

X'(y) ={z e R, U’(x) 2 U’(y)}.

Since U? is single-peaked, we have:

if y < 2*(6), then min X?(y) = y;
if 5 > 2*(0), then max X°(y) = v;
if y = 2*(6), then X%(y) = {z*(0)}.

Then we can write

X(y) = " (), 2% ()],
with y = 2% (y) or y = 2% (y) conditional on y < z*(f) and y > 2*(6) respectively. Note that

from Lemma 2, for every 6 € O, 2% (y?) = ¢/°.

5.5.1 Destination cell

Concerning the destination cell, if the chosen type 6 to be moved is an element of ™, we show
that we can w.l.o.g. choose ™ with n/ =n + 1.

Let § € 7", for some n € {1,...,|II|—1}, that prefers the action induced in some succeeding
cell 7, n' > n, i.e. such that y™" € X f(y™). Since X?(y™) is an interval, and since we also
have ™ € X?(y™), we obtain [y™", y’r"/] C X(y™), where y™" < y™ results from (P1). From

(P1), we also get y™" ' € [y”n,y”n/]. Therefore, we have y™ " € X?(y™), i.e. type 6 prefers
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5.5.2 Moving type

We choose, among the types in 7" who prefer y’rnﬂ, the type 6 with the greatest associated
action 3?. We set
é — 91'[,

where we ordered 7" = {0, ... ,Qi‘wnl} in such a way that y% < ... < yei\“"\, and set

+

( =max{j:y" fe x% (y™)}.

The next lemma allows us to characterize 8 within 7.

Lemma 8. Fither ¢ = |1"| or, if ¢ < |7"|, then for every j € {{+1,...,|7"|}, y% = min X% .

In that latter case, y™ = yailﬁn\ — min X%

5.6 Action shifts

The choice of  as a maximal element of 7" and the choice of moving it to the next succeeding
cell 7"*1 allow us to characterize how the induced actions y™ and y’rn+1 shift after the type

move.

Lemma 9. e If7"\ {0} # @, then

y N <y (1)
and, if moreover ¢ < ||,
yN =y (1a)
[ ]
yé < y7r”+1U{9~} < y7r"+1 (2)
o [fl=|r"|, then
yﬂ" < yTr”JrlU{é}. (3)

5.7 Partition II, 4

Finally, we are now able to define partition II,,; from a partition II = II, that satisfies (IR),

(L-IC), (P1) and (P2). To this end, we distinguish the following cases:
(A) [7"\ {0} # @ and y= "0 < y= O],
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(B) [7\ {8} # @ and y™" "0 >
(C) 7\ {0} = @.

Case C is the simplest one. It occurs when 7™ is a cell of the initial partition I, in particular,
if I1y does not satisfy (IC). We provide an illustration of the construction of II,;; in cases A and
B in examples 3 and 4 respectively. The construction is greatly simplified when 3 is increasing
w.r.t. the initial order of types, a property that does not hold in examples 3 and 4 but holds
when participation constraints are not binding for individual types (i.e., y’ = y*(6)). Then
only cases B.1 (see below) and C can arise, the initial order of types is maintained all along the
procedure and at every step, properties (P1) and (P2) are satisfied in a straightforward way.

Once 11,1 is constructed in the different possible cases, as described below, we have to show
that it also satisfies (IR), (L-IC), (P1) and (P2). To that end, the next lemma will be used in
showing that I, ; satisfies (L-1C).

Lemma 10. Let Il = 7' U...Unl be a partition of © that satisfy (IR), (P1) and (L-IC). Let
ne € {2,..., ||}, ny € {1,...,no — 1} and let 0 € ©"2. Then for every y1,y2 € R, if y1 < ya,
Yo <y™ 7 and yy < Y™, then yi & X%(ys).

(A). Suppose 77\ {#} # @ and
y™ U0 < g m\EY (4)

1

In that case, partition II,,; is obtained by merging cells 7™ and 7""'. The next example

illustrates that possibility.

Example 3. There are three types 61, 6, 03, with 61 < 6, < 65. The utility functions and
cell-contingent optimal actions are as depicted in Figure 4. In particular, 3% < 3% < y%.
Set Iy = {65} U {61} U {65} accordingly. Then type 6, prefers @ = y™ to 3 = y™. Set
I, = {05, 0,}U{03}. Then type 6, prefers % = y™ to yi®>#} = y™ . When 0 = 6, moves from
7wl = {6,601} to 72 = {65}, we obtain y™ U0} = {0205} <y — 4 I\ This is case A. In words,
moving a type from a cell to a succeeding cell may reverse the order of the shifted cell-contingent
actions. Hence the resulting cell-contingent actions do not satisfy (P1). However, as we shall
show, in such a case it is always possible to merge the considered cells while keeping condition
(IR) satisfied. In the present example, the next step is to set Ily = 7{ Un? = {6, 01, 03} which
does satisfy (IR) and (P1).
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Figure 4: Illustration of Case A.

From (1), (2), (4) and y™ < y™ , we have

n+1 n n 0 n n+1
y7r7‘ U{e} S yﬂ-r \{9} S yﬂ-r S y7r’r . (5)
Note that y™ Y@ e N Xlandy™ e| N X°|nX’= (| X’ This means
gertTiu{6} fenp Tt fenrTtu{6}

that for every 6 € 7"+ U {A}, we have {y”?ﬂu{é}, y”’@“} C X? However, X% is an interval.
Therefore for every 6 € 7"+ U {A}, we have [y™ Y% y™ '] ¢ X% Then from (5), we have
that for every § € 77" U {0}, y™ M € X? But this is also true for every 6 € =" \ {A}.
Therefore, for every 6 € <7rff \ {é}) U (ﬂf“ u {é}) = 7" U™, we have y™\ € X? In
particular,

| X'#e.

fennunptl
Then from Lemma 6, we have
yﬂﬁ < waUﬂf+1 < ymt”rl. (6)
n—1 n n+1 n+2 .
Then from y™ < y™ and y™ < y™ , we obtain
-1 n—+ n+2
yoo <ymUTm e <y (7)
We set
.
1 -1 _ _n-1
7T'r+1 =T, . ’7Tr+1 = Ty )
n N n+1
Moy =T, Um0, (8)
n+1 n+2 [TIp|-1 II
Tl = T ey Trgy 7T| .




Partition 11, satisfies (IR) by construction. From (7), it also satisfies (P1).
Let us show that it also satisfies (P2). Let ny € {1,...,|IL,41| = |II,| — 1} and let 6 € 7".
ng

Suppose that there exists ny > n; + 1 and ¢’ € 7,7, such that yel < y’. Let us show that

y? = min X°.

e If ny <n—1, then from 7't; = 7™, we have §' € 7. Then ny > n, so that 6’ € 7,2 for

some n4 such that n), = ny or ny, = ny + 1. In particular n), > n,. Since II, satisfies (P2),

we then get y? = min X?.

e If ny = n, then from ny > ny +1 = n + 1, we have 7,2, = 72! and thus ¢’ € 7/>*!

with ny +1 > n + 2. We have either § € 7" or § € 7"+, Thus 6 € 1 with ni =n
or nj = n+ 1. In both cases, no +1 > n+ 2 > n}. Since II, satisfies (P2), we get

y? = min X°.

o Ifn; > n+1then fromny >n;+1>n+2 we have 6 € ﬂfll and 0 € Wfé, with nf =n;+1
and n), =ny + 1 so that ny, =ny+ 1> (ny + 1) + 1 =n) + 1. Since II, satisfies (P2), we

get ¥ = min X?.
Finally, we show that II,,; satisfies (L-IC). Let n, € {2,...,|II,41|}, n} € {1,...,n, — 1}
and 0 € W:/jl. We want to show that y”?il ¢ Xe(y”;él). If ny # n and nl, # n, then w:}rl =,
and 77;1-%1 = 7T77~L,2, so that y’r:jlrl ¢ Xe(y”:-%l) because y’T:/1 ¢ Xe(y“:é). Let us now consider the

cases nj =mn, or nh, =n. Set

/
™

Y=y
and
Tl'n/2
Yo =yt
Then according to Lemma 10, the result derives from y; < y2 (guaranteed because I1,; satisfies
(P1)), and the existence of ny € {2,...,|II,|} and ny € {1,...,ny — 1} such that y; < y™ and
Yy <y

n+1

o If n} =mn, then n}, > n. From (6), 1y <y™ =y

n
7T7‘1

where ny = n+ 1. From nj, > n, we

have y, = y’rfg with ny > n + 2.

o If ), = n, then 7} < n and thus y; = y™ with ny = n}, < n. Then from (6), y» <

1
ot

Y :y”g2 with ng =n+1>ny.
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(B). Suppose 7"\ {6} # & and

n+1 0 n\ 9
yﬂ"r U{e} > yﬂ-r \{0} (9)

In this case, we distinguish cases (B.1) [n=1 or y™ < y™\%] and (B.2) [n > 1 and y™ >

y™ 0], The following example illustrates both cases (B.1) and (B.2).

Example 4. There are four types 6y, 0, 05, 04, with 6; < 05 < 03 < 6,. The utility functions
and cell-contingent optimal actions are as depicted in Figure 5. In particular, y% < 3% <
Y% < y%. Set Iy = {6} U {6} U {65} U {0} accordingly. Then type 0 prefers y?' = Y™ to
y? = ym. Set I} = {6,601} U {63} U {6s}. Now type 0, prefers y% = y™ to y{®20} = ¢y,
Set T, = {6,} U {65,035} U {6,}. Then y < yi¥20s} < 48 5o that the order on the cell-
contingent actions does not change from II; to IlI. Accordingly, condition (L-IC) is satisfied.
This is case B.1. Now let us go on with the algorithm in order to illustrate case B.2. At Il,
05 prefers y? = y™ to y{%29%} = 4™ When 6 = 03 moves from 72 = {6,603} to 73 = {6},
then y™ =y > yf2 = ng\{é}' This is case B.2. In words, moving a type from a cell 7" to the
next succeeding cell may reverse the order of the cell-contingent actions of the nth cell (which
becomes 7™\ {0~} and its preceding cell 7"1. In particular, the resulting cell-contingent actions
do not satisfy (P1). However, as we shall show, in that case it is always possible to merge
™\ {é} and 7! (possibly recursively, because y”n\{é}, and y”"\{é}uwn_l may shift further
below) in such a way that the resulting partition satisfies (IR), and up to satisfy (P1). In the

present example, the next step is to set I3 = (W% U\ {é}) U (Wg U {5}) = {0,,0,}U{03, 04},

N J/ N
N ~

1 2
3 T3

which does satisfies (P1) and (IR).

(B.1). Suppose that n =1, or

n—

1 n 0
< Y (10)
In that case, the move of 6 from 7 to w7 keeps the order of the corresponding cell-contingent

actions y”.

We set

(

1 _ -1 n—1_ __n-1:
Tyl = Ty, My =m0 ifn > 1,

=7\ {0},

mi = mpttu {6},

(11)

n+2 _ o n+2 el [T
(Tl =T Ty =T
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Figure 5: Illustration of Case B

Then I, satisfies (IR) by construction. Concerning (P1), we clearly have y™+1 < ... < y”ffll
(ifn > 1) and y’rﬁlz << y’r‘r%m. From (9), we also have y™r+1 = y”n\{é} < y”nﬂu{é} = y’rﬁll.
Moreover, from (2) we have y”?ﬁ = y’rn+1U{é} < y”?Jrl < y”?+2 = y”?ﬁ . Then II,, satisfies
(P1) whenever Yol <y de. whenever y™ <y MO el (10).

Now we show that it satisfies (P2). Let ny € {1,...,|II,44| —1 = |II,| — 1} and let § € 7"} ;.

Suppose that there exists no > n;+1and ¢’ € 72, such that y?" < y?. We show that necessarily

y? = min X°.

e Iff # 6 and @ # 0, then § € 7™ and ¢ € 7" with ny > ny + 1, so that we have

y? = min X? because II, satisfies (P2).

o If 0 = é, then 6 € ©'. Moreover, n; = n + 1, and from ny > ny + 1 = n + 2, we have

¢ € w2, = 7. Since ng > n+2 > n, and since 11, satisfies (P2), we obtain y’ = min X?.

o If # = 6, then ¢ € 7. Moreover, ny = n + 1, and from ny > ny + 1, we obtain

n+1>n;+1,ie. ny <n. From 6 # ¢, we derive 6§ € 7.

— If ny < n, since II, satisfies (P2), we obtain y’ = min X?.

— If ny = n, from y? = yo~ < 3% we have 0 = 0;, for some j > (. In that case, Lemma

8 gives y? = min X°.
Finally, we show that II,,, satisfies (L-IC). Let n} € {2,..., |l 41|}, n} € {1,...,n, — 1}
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and 0 € W:J/il. We want to show that y™+1 ¢ Xe(y”:il). Set

nl

1
yr =y

and
Yo = yﬂ:il-
Then according to Lemma 10, the result derives from y; < y» (guaranteed because 7,1 satisfies

(P1)), and the existence of ny € {2,...,|m|} and ny € {1,...,ny — 1} such that y; < ™ and

yp <y

o If n), <n—1, then W:il — 72, so that yo = y™, and from ny < ny —1 < n—2, we also

have y; = y”;Ll. This gives the result.

o Ifnf, =n, then 77::%1 = ﬂfé\{é}, and according to (1), yo < y™" . From ny < nhb—1=n—1,

we have y, = y’T: " This gives the result.
o If nf, =n+1, then ijﬁl = U {6}, and according to (2), i, < Yy

— If n} =n} — 1 = n, then W:il e \ {6}, and according to (1), y; < y™" . This
gives the result.

— If n] <nl —1=mn, then 7r:}r1 =, and thus y; = y”ﬁl, which also gives the result.

/

o If n), > n+ 2, then ijﬁl = W?IZ and thus ys = y”?.

—Ifn) >n+2orn) <n-—1, then ﬂ:}rl = 7,% and thus y; = y”fl, which gives the

result.
— If n <nf <n+1, inequality (1) (if n}) = n) or inequality (2) (if n} = n + 1) gives

y < y’r: " and the result follows.

(B.2). Suppose

R N0 (12)

In that case, when type 0 is removed from 7", the nth action y™ in partition II, moves to a
rank which is possibly strictly lower than n. In that case, we merge " \ {0} with 7",

We first show that necessarily ¢ = |77|. Indeed, if ¢ < |77/, then from Lemma 8, y™ =
y"im#1 = min X%i=#1. Then from (1a), we have y™\{0 =y Since y™ ' < y™, inequality (12)

cannot hold.
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Next we show that X™ N X\ £ & From (12) and y™ > y™  we get
n ﬂnfl an 0
yﬂ-r > y r Z y 7‘\{6}

Since X™\M% is an interval, from y™ € X™ C XM and ¢\ € XM we get

[y, y™] € X7\ We obtain y™ € X™M%. Since moreover y™ € X™ ', we ob-
tain

g e X N XM £ g

This allows us to set

m=mtu (e }),

with 7 such that X™ # &.

Next we show y™ = y™ . Let 6 € 7" \ {A} be such that for every 6 € 7"\ {6}, 32 < 4/°.
Then from Lemma 4 and from (12),

n 0 71_7}—1
Y < M

Now let 6 € 77! be such that for every § € 77!, yg > 9%, Then from Lemma 5,

Therefore y? > 2, where 0 € 7" and 0 € "', Since partition II, satisfies (P2), we get
ya = min X°.

n—1
T

Consequently, from 3™ o > min X" B > min X 5, we have y™ - > yg. Hence yg > y™ and

vk

y'r ' > yg, and thus

71_;@71

Y ZygzminXg.

From Lemma 6 and y™ > y™ \{é}, we have y™ o >yt >y \{é}, and in particular y™ <

min X?. But 8 € 7, and necessarily y™ > X?. Thus y™ = min X0 = y™ml
We set:

4
1 _ 1 n—2 _ ,_ n-2
Trp1 = Ty ooy Tpgpr = T
n—1 __ __n-—1 n N
7Tr+1 =T U <7Tr \{9}) ’
(13)
n _ n+tl n
Mpp1 = Ty U {9}’
n+l _ ,__n+2 =1 _ ||
\7Tr+1_7rr 7"'77Tr+1 = Tr .
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By construction, II,; satisfies (IR). It satisfies (P1) if y™ < ... <y™  and 7"*2 < ... <
7 which hold by assumption (P1) on II,, if moreover < y”ﬁflu(”? W6} — YT =y

which also holds by assumption (P1) on II,, and if moreover

A lu(an\{6}) _  xrt artrufé
y TN g gm0 (14)

and
yﬂ;’}+1u{§} < yﬂ-:}+2_ (15)
Inequality (14) results from y™ < y™, and, from ¢ = |x"|, inequality (3), that is: y™ <

y™ U Inequality (15) results from 3™ " <y and from the second inequality in (2), that

. n+1 n n+1
is: y™ U < gy

Now we show that II,,, satisfies (P2). Note that |II, 4| = |II,| —m. Let ny € {1,..., |II,| —
m—1} and let § € 11 ;. Suppose that there exists no > n;+1 and 6’ € 7.2, such that y* < ¢°.

We show that necessarily 4% = min X?.

e If ny < n —m (which occurs only in case (i)), then ny < ny —1 <n —m — 1 and then

0 € m and ' € 772, Since II, satisfies (P2), y” < 3’ implies 3’ = min X?.

e If no =n —m, then ny <ny —1=mn—m — 1 (which occurs only in case (i)), and then

the same argument holds.

e Ifny =n—(m—1), then @ € 72 or § = 0 e 7. Moreover, either n; < ny —2 =

n — (m+ 1) (which occurs only in case (i)), or ny =ns — 1 =n—m.

— Ifny <n—(m+1) then § € 7/ with n; < n+1 and n; < n, and the same argument

as above holds.

— If ny = n — m, then

T

9€7r[m]:W[m—l]Uﬂ;l_m:...:W”_mU...UWf_IU(ﬂf\{é}).

!
US1

In particular, either 6 € M with n, <n—1<ny orfen’\ {0} If0 € m with
n, <n —1 < ny then we are done. If § € 77\ {#} and ¢ € 77! then we are done
too. It remains the case in which 6 € 77\ {6} and ¢’ = § € 7. In that case, y’ < ¢

guarantees that ¢ = 0; for some j >/, and Lemma 8 gives the result.

Finally, let us show that 11, satisfies (L-1C). Let n}, € {2, ..., |Il, 11|}, n} € {1,...,n5—1}

and 0 € W:?H. We want to show that y”:il ¢ Xe(y”;?l). As above, we set y; = y”:il and
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/

Yo = y’r:?rl. Then according to Lemma 10, the result derives from 3; < y, (guaranteed because
11,4, satisfies (P1)), and the existence of ny € {2,...,|II,|} and n; € {1,...,ny — 1} such that
yi <y™ and gy <y

/

e If n), <n— (m—+1) (which occurs only in case (i)), then Wf_%_l = 7T7T~L/2, so that y, = y”:}Q,
and from ny < nj —1 <n— (m+2), we also have y; = y™ . This gives the result.

e If nf, = n —m, then ﬂf_lil = 7[m] and property Q[m] gives y™™ < y™ ™. From n} <
ny —1 =n —m — 1 (which occurs only in case (i)), we have y; = y™ . This gives the

result.

n+1

e If nf, =n— (m—1), then 7T:}_%_1 = 771 U {A}, and according to (2), yp < y™

— If nf =nl,—1=mn—m, then W:jlrl = 7[m], and from Q[m], y1 < y™ . This gives

the result.
4

— If ny <nb—1=n—m), then W:il = 7% and thus y; = y™, which also gives the

result.
If nj > 2), then ™%, = 7**™ and thus g, = y™
o If ny >n—(m—2), then 7,2, =7, and thus y, =y
— Ifn} > n—(m—2)orn} <n—(m+1), thenm i, =m"' ormt = " respectively,

and the result follows.

— Ifn—m < nf <n—(m-1), Qm] (if n} = n—m) or inequality (2) (if n} = n—(m—1))

gives the result.

(C). Suppose 7"\ {f} = @. In that case, 7 = {#}. This case occurs for instance at step

r

r=0tor =1 (but it may also occurs later). Set

(

1 _ 1 n—1 _ _n—1
Tyl = Tpye e ey Ty = T 7y

n _ -n+l n 16
7Tr+1 = T, U {Q}a ( )
B P s
 r+l T T e el - v

By construction, II,; satisfies (IR). From 77" = {é}, Yy o= yé. From y™ < y“:}H, we get

y? <y™ " and thus, from Lemma 6, y? < y™ Y0 < ™" that is:

n n+1 n+1

yﬂ'r < ywr U{é} < ywr
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Then y™ < y™ and y™ RS Y +2 imply

n-+2

n—1 n+1 n
ywr < yﬂ'r {6} < wa

Consequently, II, ., satisfies (P1).
Now let us show that II, ; satisfies (P2). Let n; € {1,...,|m41| = |7| -1} and let 6 € 7%} ;.
n2

Suppose that there exists no > n;+1and ¢’ € 7,7, such that y?" < 3. We show that necessarily

y? = min X°.

o If no <m—1,thenny <n—2andh €7, ¢ € 7' with ny > ny + 1, so that we have

y? = min X? because II, satisfies (P2).

e If ny = n, then either ' € 7" or § = 6 e 7. Moreover, n; < ny — 1 =n — 1 implies

0 € m"* with n; < n. This gives the result.
o If ny >n+1, then ¢ € 72t

— If ny > n+1 too, then § € 7+ and the result follows.

— If ny < n, then either § € 7 or § =0 € 7" or § € 7. The result is obtained in

all three cases.

Finally, we show that II, ; satisfies (L-IC). Let nj € {2,...,|m41]}, n} € {1,...,n, — 1}
and 6 € W:_Iil. We want to show that y”:jlrl ¢ Xe(y”:érl). Set y; = y”:il and 1, = y”:“él SO
that according to Lemma 10, the result derives from y; < yo (guaranteed because 7,1 satisfies
(P1)), and the existence of ny € {2,...,|m|} and ny € {1,...,ny — 1} such that y; < y™ and
2 <Y

o If n), <n—1, then 7'(':_%_1 = 7T71»ll2, so that y, = y”?é, and from n; <nj —1 < n—2, we also

have y; = y’r: '. This gives the result.

o Ifn, = n, then W;Lérl = w?éu{é}, and according to (2), yo < y™ . From n) <nb—1=n—1,

we have y, = y”: 1, which gives the result.
’ n, nh+1 7r"/2+1 . ,
o If ny >n+1, then 7,3, =m°  and thus yo = y™"  withny +1>n+2.

—Ifnf >n+1orn) <n-—1, then W?il — " and thus y1 = y™, which gives the

result.

— If ny = n, inequality (2) gives y, < y™ ™ and the result follows.
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6 Concluding remarks

We have established the existence of a perfect Bayesian equilibrium without exit in a class of
games of information transmission with sender’s approval. To do so, we have proposed a step by
step algorithm which achieves an IR and IC partition of the sender’s type. In the equilibrium
associated with the partition, the sender reveals the cell containing his type and the receiver
makes the optimal decision subject to participation, given the cell that is reported.

The algorithm starts by ordering the types so that no type envies a lower one (L-IC). The
initial partition of singletons, which is trivially IR, is gradually modified into a not finer partition
satisfying L-IC, as long as some type envies a higher one. Our construction is applicable in
every game of the class under consideration. As noted above, our algorithm allows for some
flexibility, at every step r, to pick the cell 7™ € II, containing an envying type; then, a specific
envying type 6 is selected, namely, the maximal element of 7" and 6 is moved to the next cell
71 As a consequence, it can happen that the algorithm has several distinct runs.

In any case, our algorithm guarantees that the sender-receiver game with sender’s exit
option has a partitional equilibrium without exit. Since, in our model, exit gives an infinitely
low payoff to the receiver, our existence result implies that the problem of maximizing the
equilibrium payoff of the receiver (interpreted as a principal) has a finite solution. A natural
topic for future research would be to identify conditions guaranteeing that the receiver’s best
equilibrium is partitional, as may happen in models like the one we consider, with finitely
many types for the sender, when participation constraints do not matter (see Frug (2016)).
Under such conditions, one might hope that (variants of) our algorithm converge to this best

partitional equilibrium.
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A Appendix : proof of the lemmas

Lemma 1. For every 0 € ©, X% = [min X? max X?].

Proof. The proof is elementary analysis. Let us give the arguments. Function U is concave
with respect to x, with a maximum value at = z*(), where it is strictly positive. Since
U%(xz*(0)) > 0, there exists & < z*(0) such that U%(Z) > 0. By concavity, on (—oo, 7], the graph
of x — U’(z) is below its tangent line at Z. Since x — U%(z) is increasing on (—oo,z*(0)),
the tangent line has a negative slope. Therefore U%(x) < 0 if z is sufficiently small. Since U?
is strictly positive at &, continuous and strictly increasing on (—oo, Z|, the Intermediate Value
Theorem ensures the existence of a unique z() < & at which U%(z) vanishes. Then U’(x) < 0
on (—oo,z(#)), and U%(z) > 0 on (z(0),x*(0)]. Similarly, we can define Z(#) that annihilates
U? and that is such that U%(x) > 0 on (2*(0),7(0))), and U%(z) < 0 on (Z(f), +oc). Then
min X? = z(0), max X = 7(0) and X’ = [min X?, max X?]. O

Lemma 2. For every 0 € O, y’ < 2*(0) < max XY. In particular, U’ is increasing at x = y°.

Proof. Let 6 € ©. From y*(0) < z*(0), function x — V() decreases on [z*() — &, max X] C

X? for some € > 0. Therefore its maximal argument ¢’ on X? is lower than z*(6).
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Lemma 3. For every 0 € O, y*(0) < o°, with equality iff y*(6) > min X?. In particular, V9 is

not increasing at x = y°.

Proof. Let § € ©. Function z + V%(x) increases on (—oo, y*(#)) and decreases on (y*(6), +00).
From Lemma 2, V¥ is not increasing at x = y’. Therefore y*(6) < ¢/°.

Now we show that y*(0) = ¢ iff y*(0) > min X%, If y*(0) < min X?, then V? decreases
on XY so that its maximal argument on X?, that is ¢?, is min X%, and thus y*(0) < y°. This
shows that y*() > ¢’ (and in particular, y*() = y) implies y*(6) > min X?. Conversely, if
y*(#) > min XY, then from z*() < max X% and y*() < 2*(f) we obtain y*(0) € XY. Since

y*(0) maximizes VY on R, it maximizes V¢ on X% and therefore y*(6) = . O

Lemma 4. Let L C © be such that X* # @. Let 6 € L be such that for every 8’ € L, v’ < 3.
Then v? < y*.

Proof. We distinguish the four cases: (i) y? = min X%; (i) 3’ > min X? and y~ = min XZ; (iii)
y? > min X? and y& = max X*; (iv) ¥’ > min X% and min X* < y* < max XT.

(i) ¥’ = min X%, Then y* > min X* = max{min X?, ¢ € L} > min X? = 3*.

(ii) »’ > min X? and y* = min X*. Let ' be such that min X* = min X?. Then y? =

min X% . Thus y* = y? > 5*

(iii) ¥’ > min X? and y* = max X*. Let # be such that max X’ = max X?. Then y* =

max X* = max X? > ¢? >4,

(iv) ¥ > min XY and min X* < y* < max X%. If the derivative of V% is positive at
y?, then the result follows. Otherwise, there is some & € L such that V? is decreasing at
¢ = y’. Then V% is also decreasing at = y* > y?. This implies ¥ = min X?. Then

y¥ > min X% > min X? = ¢? > 4°. O

Lemma 5. Let L C O be such that X* # @. Let 0 € L be such that for every 8’ € L, y? > 4.
Then y? > y*.

Proof. We distinguish the two cases: (i) y* = min X*; and (ii) y* > min X,

(i) y* = min X*. Let # be such that min X* = min X?. Then 3* > min X? = min X* = y*.

The result follows from ¢ > y?'.
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(ii) y¥* > min X*. Function V'’ vanishes at y*. For every &' € L, V? is decreasing on the
right side of = 3. Thus it decreases at x = y’. Therefore VX decreases at x = y’. Hence

y? >yt ]
Lemma 6. Let Ly, Ly C O be such that X*1VE2 £ @ If yr > yl2 then ylr > yliVlz > gl

Proof. First we show y*1“F2 > yl2 by distinguishing the cases (i) min X% > y2; (ii) min X1 <

y™2 and y’? = min X*2; and (iii) min X% < %2 and y*? > min X%2.

(i) min X1 > ¢2. From min X» > y’2 and y2 > min X2 > min X*'Y22 we obtain
min XX > min X*Y2. But since X™MV2 C X% we have min X™ < min X*Y2. There-
fore min X*1Y"2 = min X*', and then min X*1YE2 > g2 The result follows from y*1“F2 >

min X 1Vl2,

(ii) min XX < y and y*2 = min X2, From min X» < yl2 = min X*2, we obtain
min XX < min X%2. Then min X“*Y2 = max{min X% min X*2} = min X%2. The result

follows from yX1“L2 > min X£1YL2 — min X2 and assumption %2 = min X %2,
Yy =

(iii) min X1 < %2 and y*? > min X*2. From yX* > yL2, we have that V1 is non decreasing
at z = y2. From y*2 > min X%2, so is V2, and thus so is VI1YE2 = VL 4+ V2 This implies
yL1UL2 > yLZ.

Next we show yl1Yl2 < yl1 by distinguishing the cases (i) max X12 < yl1; (ii) max X1z >

y™ and yft = max X% and (iii) max X2 > yf1 and yX* < max X1,

(i) max X2 < ¢yl From max X2 < ¢yl and ¢y < max X1, we obtain max X2 <
max X7, Therefore max X*1YF2 = min{max X% max X*2} = max X*2. Then the result

follows from y**Yr2 < max X*1YE2 = max X2 and assumption max X2 < y%1,

(ii) max X2 > yl1 and ¢y = max X1, From max X2 > yl1 = max X™, we obtain
max X “1YF2 = min{max X%, max X*2} = max XZ1. Then the result follows from yX1"2 <

max X1Y2 = max X% and assumption max Xt =y,

(iii) max X% > ¢yl and yi* < max X%. From y? < ylt and max X2 > ¢y we have
y™ € [y?; max X12). Since y’? is the maximal argument of V12 on X2 it is also the max-

imal argument of V%2 on [y*?; max X*?) C X2, Thus from y** € [y*?; max X?), we have
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VEi2(yl2) > VE2(yk1). From that, we get that V2 is non increasing on [yL?, +00). In particu-
lar, it is non increasing at x = yX* > y*2. Therefore VI1Ul2 = VL1 4 V12 is non increasing at

x = y*. This implies y1YF2 < yl1, .

Lemma 7. Let L, L' C © with X # @, X" # &, and suppose that there exists § € L' with
0¢ L. IfUy") > U’(y™), then XP0 £ &

Proof. By definition, y* € X, and since XV = XM\ 0 X C X% we have y¥' € X?.
Therefore U?(y"") > 0, so that U’(y*) > U%(y"") implies U’(y*) > 0. Hence y* € X?. Since

y" € X we obtain y* € XN X? = X9 and in particular X1 +£ & O

Lemma 8. Either { = |n"| or, if { < |z"|, then for every j € {{+1,...|x"|}, 4 = min X%

In that latter case, y™" = y”="| = min X "=,

Proof. 1f £ # |7"|,1let j € {{+1,...,|7"|} # @. First, we show
7.l.n+1 91']- T
yoo > () (17)

Since j > £, y™"" ¢ X% (y™). This means that either (17) holds, or y™ " < 2 (y™).
However this latter inequality cannot occur. Indeed, from (P1), we have y™ " > 4. And
from y™ € X% (y™), we have y™" > o (y™). We obtain y™" > 2 (y™).
Second, we show
y©=al (). (18)

1

If (18) does not hold, then y™ = a:(jfz (y™). If this holds, then from 4™ € X% (y™), we
obtain y™ " < :L‘?:Z (y™") = y™". But from (P1), we have y™" < ¢y .
Third, we show

0, < Qig- (19)

%

0

i n n n n n i n
From (17), z,7 (y™") < ™" and from y™" € X% (y™), we have y™ < z.*(y™"). Then we

obtain xi” (y™) > xiij (y™"). This implies xi’” (y™) ¢ X% (y™). Since y™ € X% (y™"), we get
0; . eig 7" 0;./ 7"
U™ (2 (™)) = U (y™) <0, (20)
From (18), U% (:Ea_i‘(y””)) — U%(y™) = 0, and since U% (xif‘(y””)) = Ul (xblie (y™)), we get

) 0; g ) 0
Ue(z (y"")) — U (y™") = 0.
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Therefore, according to (20),
. 0; an i T i 0; n 5 g
U (23 (y™)) = U™ (™) < UPe(at (y™)) = U (y™). (21)

Now note that mi” (y™) > y™ so that from the single-crossing condition (A1), (21) holds only
if (19) holds.
Fourth, we show

y%5 = min X% . (22)

Inequality (19) implies that either yeii = min X% or y%c = min X% since otherwise, yg"f >
min X% and y% > min X% which implies, y*(0;;) = y% and y* (6;,) = y%. But in that case,
from the single-crossing assumption on V?(z), y*(0i;) < y*(0;,) which gives Vi < yfie] e
j < ¢, a contradiction. Hence if 3% > min X% then necessarily (22) holds. It remains to show
that y% = min X% also implies (22). If y% = min X% then y*(¢;,) < min X%. From (19)
and the single-crossing condition, y*(6;,) < y*(6;,) and thus y*(6;,) < min X % = y% . Then
from y% < y%i we obtain y*(0;,) < y%i, which precisely implies (22).

Finally, consider j = |7"|. Since for every 6 € 7", v’ < y%, according to Lemma 5, we

have, on the one hand,

On the other hand, from y™ € (| XY we also have y™ > min X % That is, according to
fenn

(22), y™" > 4% . Hence we obtain

y™" = y" = min X%,
[
Lemma 9. e If7"\ {0} # @, then
M <y (1)
and, if moreover ¢ < ||,
"N =y (1a)
.

Y’ <y O <yt (2)

o If(=|r"|, then
g™ <y (3)
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Proof of (1) and (1a). According to Lemma 8, either ¢ = |7"|, or [{ < |7"| and y™ =
min X% = yeilﬁ"l]. If ¢ = |77, then for every 6 € 7", v’ < y%. According to Lemma

6, this implies
yﬂ"ﬂ\{ew} S y(w"\{ezz})u{elé} — yﬂ.n.

If instead ¢ < |7 and y™ = min X" = "= then from Oin, € ™ \ {0;,}, we have
y™ MO} € X% > min X% = 4™, Moreover, since for every 6 € 7, y? < y%=1, we also
have for every 6 € 7\ {6;,}, v’ < yei\ﬂ"\. Therefore, according to Lemma 5, y™ i} < yei\w"\ =

min X "= Thus, we obtain (1a). O

Proof of (2). According to Lemma 6, inequalities (2) hold whenever

ﬂ_n+l

ylie <y (2a)

holds. To show (2a), we use (P2).
Suppose that 6;, is such that y%¢ > min X% . Then from (P2), for every ¢ € a1 yfie <"
Then (2a) derives from Lemma 4.

If instead 6, is such that y% = min X%, then from y™" € X% we have y™ > min X% =

y%. Then from y™ " > y™ we obtain y™ " > 3%, which implies (2a). O

Proof of (3). If £ = |z"|, then for every § € 7"\ {6;,}, ¥ < y%. Then From Lemma 5,

y™ MOt < % and then from Lemma 6,

T

y" = y(’rn\{eiz})u{eie} <yl (23)

Now suppose that ;, is such that y% > min X%:. Then we have: for every ¢’ € 771 ¢% < y?.
Then from Lemma 4, we have y% < y™ ' and from Lemma 10, we deduce 3% < y”nﬂu{gié} .
Then from (23), we obtain y™ < g% < y™ i} 5o that (3) holds. If instead y% = min X%,
then from y””“u{(’ie} € X% we necessarily have y”"“u{eie} > min X% = g% which implies

(3) using (23). O

Lemma 10. Let Il = 7t U... U7 be a partition of © that satisfy (IR), (P1) and (L-IC). Let
ny € {2,..., |1}, ny € {1,...,ns — 1} and let 8 € ©"2. Then for every y1,y2 € R, if y1 < ya,

Yo <y™ 7 andyy < y™t, then yi ¢ X%(ya).

Proof. Since II satisfies (L-I1C), given ny € {2,... ||}, n; € {1,...,ny — 1} and 0 € 7", we

have y™* ¢ X?(y™*). Therefore either y™" < 2 (y™*) or y™" > 2% (y™*). Since II satisfies
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(P1), we have y™" < y™* < 2% (y™?), so that necessarily
g™t < 2? (g™, (24)

Let us first suppose yo € X?(y™"?). This means U?(y») > U?(y™"*), which implies X% (y,) C

X%(y™). In particular, 2% (y™*) < 27 (y»). This gives, with y; < y™"' and (24),
<y <al(y™?) <al(y).

In particular, y; ¢ X%(ys).
Now suppose y» ¢ X?(y™?). This means U’(y,) < U%(y™"), so that y™° € X%(yp). In

particular,
" 0
y™ " < al ().

Let us consider the cases y™° < 2 (y2) and y™* = 2% (y2) respectively. If y™* < 2% (y2), then
from yo < y™*, we obtain yo < x% (y»). Then necessarily y» = 2% (y2). Then from y; < yo we
have y; < 2% (y2), which implies y; ¢ X%(y2). If y™* = 2% (y2) then X’(y2) = X’(y™"), and in

particular 2 (y™"*) = 2% (y). This gives, with y; < y™ ' and (24),

g1 <yp <2l (y™?) = 2% (o),

and thus y; ¢ X%(ys). O
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