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COUPLED-CLUSTER THEORY REVISITED*

MIHALY A. CSIRIK' AND ANDRE LAESTADIUST

Abstract. We propose a comprehensive mathematical framework for Coupled-Cluster-type
methods. These aim at accurately solving the many-body Schrédinger equation. The present work
has two main aspects. First, we rigorously describe the discretization scheme involved in Coupled-
Cluster methods using graph-based concepts. This allows us the discuss different methods in a
unified and more transparent manner, including multireference methods. Second, we analyze the
nonlinear equations of the single-reference Coupled-Cluster method using topological degree theory.
We establish existence results and qualitative information about the solutions of these equations that
also sheds light on some of the numerically observed behavior. For the truncated Coupled-Cluster
method, we derive an energy error bound for approximate eigenstates of the Schrédinger equation.

1. Introduction. The Coupled-Cluster (CC) method is one of the most pop-
ular methods in computational quantum chemistry among Hartree-Fock (HF) and
Density-Functional Theory (DFT). In its full generality, the quantum many-body
problem is intractable, and it is one of the greatest challenges of quantum mechanics
to devise practically useful methods to approximate the solutions of the many-body
Schrodinger equation. Although the stationary Schrédinger equation itself is a linear
eigenvalue problem, it is extremely high-dimensional even for a few particles and a low-
dimensional one-particle space.! Here, we focus on those fermionic systems which are
described by the so-called molecular Hamilton operator—on which most electronic-
structure models are based in quantum chemistry. The Galerkin method applied to
the Schrodinger equation (sometimes combined with an initial HF “guess”) is branded
Configuration Interaction (CI) in computational quantum chemistry; unfortunately,
its applicability is limited due to the aforementioned high-dimensionality issue. The
HF method is perhaps conceptually the simplest, whereby the ground state is approxi-
mated by minimizing the energy of the system over determinantal wavefunctions; the
resulting Euler-Lagrange equations constitute a nonlinear eigenvalue problem that
yields the HF ground state. HF theory has attracted much interest in the mathemati-
cal physics community, see e.g. [39, 40, 3, 4, 11, 54, 18, 33]. The spiritual successor to
the statistical mechanics-motivated Thomas—Fermi theory—DFT—is the single most
used method in quantum chemistry, and some of its mathematical aspects are also
highly non-trivial [36, 15, 34, 35].

CC theory is a vast and highly active subfield of quantum chemistry, consisting
of many variants and refinements. However, among the aforementioned methods, the
CC approach has arguably received the least attention in the mathematics community.

1.1. Previous work. It is beyond the scope of this paper to give a historical
review of the CC method and its vast number of variants. The interested reader is
pointed to [21, 30, 7, 6, 53]. The survey article [56, pp. 99-184] is somewhat more
mathematically-oriented and also proposes a rather general framework.

Our approach is based on the analysis of the single-reference CC method by R.
Schneider [51]. In that work, a thorough description of the basic building blocks of the
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method, namely excitation- and cluster operators, and their algebraic and functional-
analytic properties are given. Using the standard tools of nonlinear analysis, the
CC equation (a nonlinear system of equations consisting of quartic polynomials) is
formulated in terms of a locally strongly monotone and locally Lipschitz operator
defined on an appropriate space. Under certain assumptions, this establishes local
existence and uniqueness of a (Galerkin projected) solution of the equation and more-
over quasi-optimality of the projected CC solution (Theorem 5.8 ibid.). Perhaps the
most important contribution of [51] is a quadratic energy error estimate (Theorem
6.3 ibid.). It is worth emphasizing that Schneider’s analysis is a local one: “/...]
experience indicates that, in general, it cannot be expected that strong monotonicity
always holds, or the constants might be extremely bad. Therefore we expect to get local
existence results at best.” (ibid. p. 30)

Schneider’s original analysis was carried out in the finite-dimensional case only.
This was remedied in two subsequent articles by T. Rohwedder [50] and then by both
of them [49]. The article [50] establishes important technical tools and rigorously
proves that the untruncated CC problem is equivalent to the Full CI problem, i.e.
to essentially the Schrédinger equation. Using the said tools, the subsequent paper
[49] also establishes local uniqueness and existence of a solution to the truncated
CC equations in a neighborhood of the untruncated CC solution. Further, [49] also
extends the energy error estimates of [51] to the infinite-dimensional case.

This line of investigation was continued by S. Kvaal and A. L. in [32] for the
Extended CC (ECC) method based on the “bivariational principle” [2]. In this case,
strong monotonicity for the ECC mapping can be established so that quasi-optimality
follows along similar lines as previously done by Schneider and Rohwedder. In the
ECC theory, the traditional CC theory is recovered as a special case.

Furthermore, the local strong monotonicity-based analysis was applied to a vari-
ant of the traditional CC method by F. M. Faulstich et al. in 2019 [16], namely the
Tailored Coupled-Cluster (TCC) method. The TCC approach splits the computa-
tional task into two parts: solving for the statically correlated wave function on a
complete active space, and then on top of that accounting for the dynamical corre-
lation using the CC method. Numerical investigations based on [16] were conducted
in [17].

Finally, we mention the survey article [31] for more details on the use of local
strong monotonicity-based methods in the analysis of CC methods.

1.2. Outline. It is our intention to present both known and new results in a self-
contained manner and primarily with a mathematical audience in mind. In section 2,
we describe the setting of the quantum-mechanical problems the CC theory is aimed
at. The CC method typically takes a HF solution as an “input”, so we give a brief
discussion of the HF method in subsection 2.3. Next, subsection 2.4 gives a rough
sketch of the most basic CI and CC methods.

We begin our discussion in subsection 3.1 with the definition of a partial order
relation which will be used to encode the relevant transitions of the system, called
excitations. This partial order, and the induced lattice operations will be used in sub-
section 3.2 to define the excitation graph, which fully describes the CC discretization
scheme. We give a few examples of the generality of our concepts and also extend
the definition of the excitation graph to the multireference (MR) case. After this, the
corresponding excitation operators (subsection 3.3), cluster operators (subsection 3.4)
and cluster amplitude spaces (subsection 3.5) are constructed, which are the essential
building blocks for the formulation of any CC-like method.
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In section 4, we give short derivations of the SRCC and JM-MRCC methods. We
do so by generalizing the known procedure which is based on perturbation theory.

The analysis of the single-reference CC (SRCC) method begins in section 5. Basic
properties of the SRCC mapping are discussed in subsection 5.1. After this, the local
properties of the SRCC mapping are considered in subsection 5.2, such as strong
monotonicity and topological index in both the non-degenerate-, and in the degenerate
case. We also look at the complex SRCC mapping in subsection 5.3.

In subsection 5.4, an important class of homotopies is defined that can be used
for proving the existence of a solution for the truncated SRCC mappings. In sub-
section 5.5 a homotopy is considered that was invented specifically to connect CC
methods of different truncation levels. We prove an existence result and calculate
the topological index of the homotopy. Finally, we derive an energy error estimate in
subsection 5.6 using the results of Appendix E.

In Appendix A and Appendix B we briefly summarize the results that we use from
finite-dimensional topological degree theory. In Appendix C we calculate various
graph-theoretic properties of the excitation graph. In Appendix D we propose a
method based on linear programming to select reference determinants for the multi-
reference setting in an optimal way. In Appendix E we re-prove certain results related
to the method used in subsection 5.5 and subsection 5.6.

2. Background. In this section we collect the concepts and results that are
necessary for the forthcoming discussion. For proofs and more about the mathematical
foundations of quantum mechanics, see e.g. [46, 47, 48, 20, 57, 22, 38].

We use the convention that complex inner products are conjugate-linear in their
second arguments (as opposed to the convention used in physics). Complex conjuga-
tion is denoted by Z. The usual notation B(a,r) is used for the open ball of radius
r and center a, also B*(a,r) = B(a,r) \ {a} denotes the punctured ball. The spec-
trum of a linear operator A is written o(A), the elements of its discrete spectrum as
En(A), where n =0,1,2,..., if A is bounded from below. We use the usual notation
[A, B] = AB — BA for the commutator. For normed spaces V and W, the symbol
L(V,W) denotes normed space of bounded linear mappings V' — W endowed with
the operator norm || - || z(v,w). Furthermore, V* denotes the (continuous) dual space.

2.1. Function spaces. In the context of many-body quantum mechanics, the
complex Lebesgue-, and Sobolev spaces L*(R3) and H!(R3) are viewed as “one-
particle spaces” which are used to define the N-particle fermionic spaces (see e.g.
[37)

N
2= A\L*R?%), and $'=g>nH'(R),

endowed with the inner products

(U, ) = /st U(X)®(X)dX

and N
(U, @)1 = (U, D) + > Vi U(X) - Vi, ®(X) dX,
=1 RSN
respectively. Here, X = (xi,...,xy) € R?*N and z - w denotes the usual inner

product. Also, Vy, = (8%,8%,838%) is the distributional gradient operator acting
on the kth triple of the arguments. We define the second order Sobolev space as
$H2 = £2n H2(R3N).
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Let K > N or K = oo and assume that an L2-orthonormal (spin-)orbital set B =
{ep}i, € H'(R?) is given. We define the subspace Hy (R?) = SpanB C H'(R?).
Corresponding to B we can construct the determinantal wavefunctions (a.k.a. Slater
determinants)

B={Dd,cH :1<a<...<ay <K, D,(X) = N'"V2det(pa, (x;))1<ij<n}-
Then B is £2-orthonormal. Set
ﬁ}( = SpanB C H',

and we will use the convention that the subscript K is dropped if B ¢ H'(R3) forms
a basts.

The negative exponent Sobolev space $~! will also be used in the sequel, which
is given by the continuous dual space (!)* (see e.g. [1]). We will exploit that the
dense continuous embeddings $! < £2 < $~! hold true, i.e. they form a Gelfand
triple. In this case, instead of the dual pairing (-, )1 xs-1 it suffices to use (-,-) on
$H' x £2 and then extend to the whole space by density.

2.2. Hamilton operator. In this section, we introduce the model Hamilton
operator for concreteness. Let V,w : R®> — R be Kato class? potentials: V,w €
L3/2(R3) + L>°(R?) with w even and define the quadratic form £ on ! as

1 N N
&) =3IV [ (ZV(x» + > b —xj)>|\I/(X)I2dX
i=1 zg<:jl

for any ¥ € 1. For every ¢ > 0, there is a C. > 0 so that Kato’s inequality (see e.g.
[18] for a detailed proof),

1—
2

1
SV - LU < (W) < VP + L forall e s,

holds true. This implies that the quadratic form induced by V' and w is infinitesimally
form bounded with respect to —A (and £ is continuous and closed on $'). The KLMN
theorem implies that there exists a unique self-adjoint operator H : D(H) — £2 asso-
ciated to &, having form domain Q(H) = Q(£) = H'! and being lower semibounded.
This H is given by

1 N N N
(HY)(X) = — > AL U(X) + (ZV(XZ—) + ) wixi - xj)> (X)),
=1 =1 i,]‘<:jl

for all ¥ € D(H) and X € R3N . Kato’s inequality implies that H is $'-bounded:
there is a constant M > 0, such that

(2.1) (HY, @) < M|[[¥]|51(|2] 51

for all ¥, ® € $'. Thus, H can be extended to a bounded mapping $H! — $ !, which
we denote with the same symbol. We say that ¥ € $! and £ € R satisfy the weak
Schridinger equation if (HY, ®) = E(V, @) for all ® € H'.

2By definition f € L3/2(R3) + L°(R3), if for every ¢ > 0 there is an f; € L3/2(R3) and
f2 € L (R3) with || f2|lcc < € so that f = f1 + fa.
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As far as the finite-dimensional case K < oo is concerned, we simply consider the
Galerkin projection of the weak Schrédinger equation. More precisely, let £ C H!
be as defined in subsection 2.1. Then ¥ € ﬁ}( and £ € R are said to satisfy the
projected Schridinger equation if (HV,®) = £(V, ®) for all ® € Hi..

The so-called (electronic) molecular Hamilton operator H corresponds to the spe-
cial case

[x — 1] x|’

where Z; € N (j = 1,...,M) and ry,...,ry € R3 denote the charges and the
positions of the M € N nuclei.

M
V(x)=— Z Zj and w(x) = 1

2.3. The Hartree—Fock method. In practice, the CC method usually takes
the HF orbitals as an input and therefore the performance of the method hinges on
this preliminary HF calculation. Here, we collect the basic facts about the HF method
that will be used later on.

The HF method® is based on the minimiziation of the energy over the determi-
nantal wavefunctions. It is fairly easy to see by direct calculation that the energy
E(T) of a determinantal wavefunction W = N17/2 det(¢;(x;))1<i j<n, With {wj}jil
being L2-orthonormal is given by

1 N N
e tn) = e =530 [ VY [ vine
j=1 i=1

1 Y 2 2
L [E -

4,g=1

2
‘| ’LU(X - y) dXdya

N [
> i(x)ei(y)
=1

see e.g. [18, 33]. Hence the task is to determine the HF energy
(22) EHF = g(q)HF) = min 5(1/}1’ o a¢N)7
P YN

------

orthonormal

along with a HF minimizer (or HF determinant) ®yp. The existence of a HF mini-
mizer Pyp is guaranteed for the case of positive ions and neutral atoms (corresponding
to the electronic molecular Hamilton operator).

THEOREM 2.1. [39] If N < Z + 1, then there exists a minimizer Pyp to (2.2).

Recently, much more has been discovered about the mathematical structure of the
HF energy functional [18, 33]. As usual, a minimizer satisfies the corresponding Euler—
Lagrange equations (which are called Hartree-Fock equations in this context). In
practice, it is this system of nonlinear integro-differential equations which is discretized
and solved. To describe the HF equations, we make a definition that will be convenient
for later purposes. Fix ®(X) = N!=/2det(¢;(x;))1<ij<n, where {p,})_, € H'(R?)
is L?-orthonormal. Define a self-adjoint operator Fg : L?(R?) — L?(R3) with domain
D(Fp) = H?(R?) via the instruction

(Fa) () = — 3 Ab(x) + V() (x)
N —_—
+3 [ w3 p)P - G0p)e) dy
i—1 /R?

3a.k.a. Self-Consistent Field (SCF) method
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for all » € D(Fg) and all x € R3. The operator F is called the mean-field operator.*
The form domain of Fp is H!(R3). The essential spectrum of Fy is [0, +00). We
summarize the basic properties of the mean-field operator in the next theorem. Let

Fs) = min max Fa,
tn(Fo) Gt EH(RD) wespan{wl,...,wn}< V)
|W’”L2(]R3):1

denote the min-max values of Feg.

THEOREM 2.2. Assume that there exists a HF minimizer
Dy = N2 det(pi(x)))1<ij<N-

(i) (Hartree-Fock equations) There exists a unitary matriz U € CN*N so that
with
(gzla"wgzN) = U(gola"'agoN)a
@; are eigenfunctions of Fg corresponding to its N lowest eigenvalues A1 <
... < An,

(23) F‘P&i = )\igia fO?” alli = 1,...,N.
(ii) (Aufbau principle) If un+1(Fa) is an eigenvalue of Fg, then
AN = pn(Fo) < pn+1(Fo) < 0.

The eigenvalue Ay is called the highest occupied molecular orbital (HOMO) and
An+1 the lowest unoccupied molecular orbital (LUMO). Their difference, epin :=
AN+1 — Ay is called the HOMO-LUMO gap, which is an important quantity in quan-
tum chemistry [4].

The N-particle “lifted” version of the mean-field operator is called the Fock opera-
tor and is defined as the self-adjoint operator Fg : £2 — £2 with domain D(Fg) = $?
via

Fo=Fp@I®..01+..+1®..013RFs.

Henceforth we omit ® from the notation, and let F := Fg whenever ® is clear from
the context. It is immediate that the HF determinant ®( := ®y is an eigenfunction
of F,

N
]:CI)O = A()(I)(), with A() = Z)\Z

=1

The Fock operator gives rise to a splitting of the molecular Hamilton operator
(2.4) H=F+W, where W=H-F

is called the fluctuation operator.

For the rest of the section, we consider the finite-dimensional case. In practice,
the Galerkin projection of the Hartree—Fock equations (2.3) are solved to obtain the
orbitals {¢p;}X ;. Since the mean-field operator Fy is self-adjoint, its eigenfunctions
can be used to extend these orbitals to an orthonormal basis {¢;}X, C HL(R?). In

this orbital basis, the Fock operator takes the diagonal form F = Zf{:l )\Z-a}ai, where

41t is sometimes called the Fock operator, but we reserve that name for its N-particle version.
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a,ZT and a; are the fermionic creation-, and annihilation operators corresponding to the
orbital ;.

Furthermore, if ®, = N!~1/2 det(pa, (x5))1<ij<n With o < ... < ay that is
obtained from ®; = N!='/2det(p;(x;))1<i j<n by swapping 7 orbitals @r; with @4,
where I; € {1,...,N}, A; ¢{1,...,N} (j=1,...,7 <N), then

N r
(25)  FPo=Aa®a, with Ay =) Ao, =Ao+ca, €a= Aa, — A,

i=1 j=1

Note that in the infinite-dimensional case, it might not be possible to construct
a complete eigenbasis {p;}3°; C H(R?) for the mean-field operator Fp due to the
presence of the essential spectrum.

2.4. The CI and the CC method. We now give a very rough description of
the single-reference CI and CC methods. For the rigorous derivations, we refer to
section 4.

In a preliminary step—typically using the HF method—the reference determinant

®g = NI7V% det(pi (x;)h1<ij<n

is constructed and normalized so that ||®g| = 1. We restrict our discussion here
to the case when relevant function spaces are real. The occupied orbitals Boee =
{ep}pl) € H'(R?) are extended to a basis B = {¢,}}_, C Hi (R?) by adding K — N
virtual orbitals By = {cpp}ff:NH, so that B = Boee U Byirt. Here, K = oo is
allowed. The orthonormal set B generates the determinantal wavefunctions B and
the subspace 5'3}( cHt (see subsection 2.1). For later convenience, we introduce the
space 1 as the £2-orthogonal complement of Span{®,} in H'. Further, we also set
=9t nak.

In both the CI and the CC method, the Schrédinger equation H¥ = EV is solved
based on the reference wavefunction ®y. For simplicity,” we consider the case when
U is sought after in the form ¥ = @y + ¥, where (¥, Py) = 0. In other words, ¥
is calculated via a correction ¥ to ®q. Note that (¥, ®Py) = 1, which is called the
intermediate normalization condition. If the “targeted” wavefunction ¥ happens to
be orthogonal to the reference determinant ®g, then the Ansatz ¥ = &y + ¥ cannot
yield a solution (see, however, Lemma 5.1).

The Full Configuration Interaction (FCI) method can be summarized as follows:
find ¥ € ﬁ}(’L such that

(2.6) (H(®o + U), ) = Er(® + T, &) for all d € Hig*.

Here, Ec1 = || V|| 72(H W, ¥) is called the CI-, or variational energy. The projected
CI method is simply the Galerkin projection of the previous problem to some finite
dimensional subspace U, C ﬁ}gj‘, i.e. to find ¥, € U4 such that

(27) <H((I)() + gd), (I)d> = gd,CI<(DO + gd, (I)d> for all &4 € ,.

The choice of the Galerkin subspace U, is typically based on so-called truncation
rank, for instance U, = Ygp, is the span of singly-, and doubly excited determinants
in B. The corresponding (projected) CI method in this case is designated as “CISD”.

5Although the CI method is more general.
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The CI equations are more commonly expressed using cluster operators. A cluster
operator C' : £2. — £2. is a bounded linear operator that is a linear combination of
special products of fermionic creation and annihilation operators a;r and a;, so that the
action of each such product is to replace some occupied orbitals By.. with the same
number of virtual orbitals By, (see Remark 3.18). A cluster operator C' can therefore
be parametrized with the said linear-combination coefficients, denoted by the lower
case c and are called cluster amplitudes. The vector space of all cluster amplitudes are
denoted by V. There is a one-to-one correspondence between functions in £2+ (resp.
Hpt) and functions of the form C®q, where C : £2. — £2 (resp. C : Hk — HL)
is a cluster operator. Therefore, (2.6) can be expressed as a follows: find a cluster
operator C (or, equivalently cluster amplitudes c), such that

(H(I + C)YPg, SPg) = Ecr{(I + C)Pg, SPy)  for all cluster operators S.

Although this might seem an unnecessary complication at first, cluster operators are
essential for the formulation of the CC method.

In the CC method, the “exponential Ansatz” is assumed for the intermediately
normalized wavefunction . Substituting ¥ = €7 ®; into the Schrédinger equation,
where T is a cluster operator, we get

(28) H@T@O = gcceT(I)(),

for some Ecc € R. First, to determine Eqc we premultiply (2.8) by e=T (el

invertible), and take the inner product with @y to obtain the C'C energy

is always

(2.9) Eoc = ECC(t) = <6_T7‘[6T(I)0, (I)0>,

where we used the normalization ||®g| = 1. Second, by premultiplying (2.8) by e=T
again, but now testing against functions in ﬁ}f‘, we get the Full CC' (FCC) method:
find cluster amplitudes t, € V such that

(2.10) (e" T HeT By, SDy) =0, forall s € V.

The projected CC method is the Galerkin projection of the FCC problem with respect
to some subspace Vg C V. More precisely, the task is to find ¢4 . € Vg such that

(2.11) (e7TaxqeTandy, Sy®o) =0 for all 54 € V.

For the moment, we denote the corresponding CC energy by £jcc. Again, Vg is
based on some truncation, such as SD, in which case the corresponding method is
called “CCSD”.

We now discuss the relation between CI and CC. It was shown that the FCI (2.6)
and the FCC (2.10) methods are equivalent, see [49, Theorem 5.3].

THEOREM 2.3 (Equivalence of FCI and FCC). The problems (2.6) and (2.10)
are equivalent, and the full CC solution ¥ = €T+ ® satisfies Ecc(ts) = Ecr.

However, the corresponding Galerkin-projected problems are not equivalent. Fur-
ther, while Ecr < £g,c1 due to the Rayleigh-Ritz variational principle, the same is not
true for the CC method and numerical experience undoubtedly shows that there is
no obvious relation in general between £Ecc = Ecr and &4,cc; this last phenomenon is
called the nonvariational property of CC theory. Note that according to Theorem 2.3,
FCC is variational.
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Despite this, the gains of CC over CI are significant. First, by construction, the
CC method is size-consistent, even when truncated [51, Theorem 4.10]. This prop-
erty is crucial for the precise determination of various chemical properties. Second,
the evaluation of expressions involving the similarity-transformed Hamilton operator
e~ THeT is greatly eased by the formula

4
_ 1
(2.12) e THe =) ﬁ[H,T](j),

j=0"7"

see [51, Theorem A.1],° where the iterated commutators are given by [H,T]g) = H
and [H,T];) = [[H,T]j-1),T] for j > 1. Equation (2.12) may be referred to as
the termination of the Baker-Campbell-Hausdorff series (2.12), and it makes the
computer implementation of CC methods feasible even for moderately sized systems.
In particular, this, and the Slater—Condon rules imply that the CC energy can be
computed as”

(2.13) Ecolt) = (H(I + Ty +Ts + 317) P, Po).

Furthermore, (2.12) also implies that the polynomial system (2.10) (and hence its
Galerkin projection (2.11)) is quartic in terms of the cluster amplitudes ¢. Despite
their apparent simplicity, the CC equations usually involve many complicated terms
and even their assembly is a nontrivial task. In summary, the CC method approxi-
mates an extremely high-dimensional linear problem (2.6) by a low-dimensional non-
linear problem (2.11).

Since most literature on CC theory is somewhat vague on how the actual dis-
cretization scheme is set up, we begin our discussion by introducing a framework that
allows us to describe the CC discretization rigorously and also without the use of
second-quantized formalism.

3. Coupled-Cluster discretization. Using an appropriate string of creation
and annihilation operators, any fermionic state can be changed to any other one (see
e.g. [21, 55]). In our context, a set of N occupied orbitals is given; its complement
is called the set of virtual orbitals. The action of an excitation operator consists of
annihilating a few occupied orbitals and creating the same number of virtual orbitals
(hence the particle number N is conserved). A de-excitation operator amounts to
the reverse action: annihilating some virtual orbitals and creating the same number
of occupied ones. Obviously, any N-particle state can be achieved by acting with an
appropriate excitation operator on the “reference state”, which is the N-particle state
composed of all the occupied orbitals. However, it might also be possible to arrive
at the same state from another state through successive excitations. The concrete
relationships are nontrivial and this section is devoted to their description.

3.1. Excitation order. Let A be a countable set called the orbital set and let
22 denote the power set of A. In concrete examples, we will often use the numbers
A ={1,2,3,...} to label the elements of A for the sake of simplicity, and set K = |A|.
Let N > 1 denote the number of particles, and set S = {a € 2% : |a| = N}, the
elements of which are called states. The particle number N is assumed to be fixed

STheir proof is straightforward to adapt to the more general Hamilton operator defined in sub-
section 2.2.
7 Actually, the term (HTy ®g, ®o) vanishes if &g is the Hartree-Fock solution (Brillouin theorem).
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throughout. Fix M > 1 reference states

Q=1{04,...,0p} CS.
For every m =1,..., M define

L, =5~ (Q~{0,})
and on it, the partial order relation

a=, [ < éngm and amcﬁm
for any «, 8 € L,,, where
a, =an0, and a™ =an(0,)"

and the complement is to be understood relative to A. According to commonly used
nomenclature, we call «,,, the occupied part of a w.r.t. 0,, and @™ the virtual part of
a w.r.t. 0,,. This partial order relation is a generalization of [50, Definition 4.2]. By
definition, L,, = {a € S : 0, =, @} and for the sake of convenience, we introduce
the notations S = S\ Q and L,, = L,, ~ {0,,}. Note that the reference states are
defined not to be comparable with respect to =<,,, with each other.

The partial order =<,, generates the join and meet lattice operations

aVm B=(a,Np U@ up"),
ahmB=(a,UB U@ NBE"),

for all o, 8 € L,,. Furthermore, we introduce the orthocomplementation a+ = A \ a.

For the so-called single-reference (SR) case, M = 1 and we will make the con-
vention that all the m indices are dropped from the notation. For the next result, we
extend =, V and A to the whole oA,

PROPOSITION 3.1. The structure B = (2*,V, A,0,1, L) is a Boolean algebra, that
is, a distributive, bounded lattice in which the de Morgan laws hold true. Here, we set
1:= A, the identity for A.

A similar statement holds true in the multi-reference (MR) case, for the individual
structures B,, = (2A, Vins Amy Om, 1, L). Even though the algebraic structure on B is
nice, the subset S loses this structure. In fact, .S is not a sublattice of B, since for
example a V, B,a Ay, B &€ S for distinet o and 8 with @ = 8 = (). The reason why
we stated Proposition 3.1, however, is because we will exploit the operational rules
for V, A and L in a few occasions; for instance, in the following trivial result.

LEMMA 3.2. Let 7,3 € 2% be such that B =<, 7. Then, a\,, =~ if and only if
a=pBYAm".
Proof. We have

avmﬁz('VAmBL)VmB:(’vaﬁ)/\m(ﬁLvm6>:(7vm6>/\m1:7\/mﬂ:7a

where in the last step we used § =<, . Further, if o/ V,, 8 = v as well, then
o' Vo B=aV,, B. By joining 5+ to both sides, we get o’ = a. 0

The poset (L, <) also admits a rank function which makes it a graded poset.
This means that the rank function vk, : L, — N satisfies rk,, (o) < rk;,, () whenever
a <m B, and 1k, (8) =tk («) 4+ 1 if there is no element 7 such that o <, v < B
The choice rk,, () = [@™| is easily seen to satisfy the requirements. Obviously, the
maximum value that rk,,(«) can take is N. For a geometric description of the rank
function, see Appendix D.
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Fic. 1. Full multi-reference excitation multigraph for A = {1,...,5} and 01 = {1,2,3}, 02 =
{1,2,4}. The edges corresponding to 01 and 02 are shown in red and blue, respectively.

3.2. Excitation graphs. As we remarked in the previous section, L,, fails to
be a sublattice of the Boolean algebra B,,. Therefore, let us consider pairs (o, 8) €
L,, x Ly, for which a V,, 8 € L,,,. In other words, pairs («, 8) € Ly, X Ly, for which
la,, NG, |+ [a™u B"| = N, or, equivalently,

(3.1) o, UB, |+ @™ nB"| =N.

While still a V,,, 8 € L,, in the case @™ N Bm # (), we wish to avoid that possibility
on based physical grounds. Namely, on the account of the Pauli exclusion principle,
since roughly speaking such an operation would introduce a repeated row in the
determinantal wavefunction and that would render it identically zero. Therefore, we
restrict our attention to the set

(3.2) Lo ={(c,8) € Lyy X Ly : |0, UB, | =N and[@"np"| =0}

Hence, if (o, 8) € Ly, then we have a V,, 8 € L,,. The set L,, is symmetric to
the diagonal (which it does not contain), and (0, ), (&, 0s,) € Ly, for any a € Ly,.
Furthermore, the rank function rk,, is additive on £,,, in the sense that

tk (@ Vi, B) =tk (a) + ki (8),
for any (o, 3) € L,,. This property may also seen to be a reason why we want to
—m
exclude the case @™ N B # (). Indeed, it could also be taken as the definition of L,,.
PRrROPOSITION 3.3. The set L,, can be written as

Ly ={(a,8) € Lyy X Ly : @V f € Ly, and 1k (a0 Vi, 8) = 1k (@) + ki (8) }-

Proof. Let L!, denote the set on the right hand side. Then, it is clear from the
above that £,, C L/ . Conversely, suppose that (a, ) € L/, . Then, |a™ UBm| =
la™| + 8", from which [a™ NB"| = 0. Since &V, 8 € Ly, (3.1) holds true, and we
have that |a,,, UB | =N, so (o, ) € Ly,. Hence, L, D L7,. O
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The set £,, is used for our main definition.

DEFINITION 3.4. The digraph G = (L,,,, ™) is called the full (SR) excitation
graph w.r.t. 0,,, where

EMY = {(8,0 Vi B) € Lin X Ly : (a,8) € Ly, & # Oa ).

A subgraph G, = (L, Ep), B C EMY s said to be an (SR) excitation (sub)graph
w.r.t. Oy

Notice that we excluded o = 0,, to omit loop edges. Lemma 3.2 has the following
refinement on the excitation graph.

LEMMA 3.5. Let (8,7) € EM. Then a = B+ Ay v € Ly, is the unique o such
that oV, B = 7.

Proof. Using Lemma 3.2, we can uniquely solve the equation o V,, 8 = v for « to
obtain o = B+ A, v € 2%, Therefore, (3, V,, B) € Ef which implies that a € L,,
using the definition of EM!, d

COROLLARY 3.6. The digraph G does not contain parallel edges.

Various graph-theoretic quantities of the single-reference excitation graph are
calculated in Appendix C.

A digraph G = (V, E) is said to be transitive if (u,v) € F and (v,w) € E imply
(u,w) € E. It follows by induction that, if G is transitive, and whenever G contains
a directed path ((vo, v1), (v1,v2), ..., (Un—1,vn)), then (vg,v,) € E.

PROPOSITION 3.7. The digraph G is transitive.

Proof. Suppose that (79,71) € EM and (71,72) € E™ML. Then there exists o
and @ such that v4 = a V,, v and 79 = 8 V,, 71. Since v2 = (a V., 8) V o by the
associativity of V,,, it follows easily from Proposition 3.3 that (vo,a V., 8) € L.
Therefore,

(70,72) = (70, (@ Vin ) Vin Y0) € Evfyliuv

which is what we wanted to show. O

Transitivity of certain subgraphs, and of G itself will come up later, since
vaguely speaking this property will imply the algebraic closedness of the set of exci-
tation operators that we attach to the edges (see subsection 3.3 and subsection 3.4).

We label the edges of GI! with their corresponding . Thus, to every directed
edge (B,a V,, B) € Ef! there corresponds a map @y, o : Ly, — Ly, defined with the
instruction @, o(8) = « V,, B. This way, the digraph G may be interpreted as a
commutative diagram (cf. subsection 3.3). Note that a label z,,, may appear on
multiple edges.

Furthermore, for any subgraph G,, = (L, E,), we introduce the set of excita-
tions Z(Gy,) C Ly of Gy, via

(3.3) E(Gm) ={a €Ly : (B,aVy B) € Ey, for some 8 € Ly, }.

Note that the excitations are indexed with the same set L,, as the states themselves,
but in general Z(G,,) # Ly,. Nonetheless, for the full excitation graph GI!'| we have
in fact Z(GMY) = L,,.

The reason why explicitly stated that we are considering the “full” excitation
graphs is that, in practice, one is forced to ignore the “degree of freedom” (called
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“cluster amplitudes”, see subsection 3.5) corresponding to some edges.® This is done
by considering certain subsets of the full edge set EU!L

DEFINITION 3.8. An excitation subgraph G, = (L, Ep,) is said to be a consis-
tent subgraph (of G if E,, c EM and whenever (8,a V., B) € E,, for some
B € Ly, and a € Z(Gy,), then (8',a Vo B') € Eyy, for all B € Ly,.

The counsistency criterion can be rephrased as follows: for a fixed o € Z(G,,),
either E,, contains the whole “orbit” {(8,a Vi, 8) € En, : 8 € Ly} or it does
not contain it at all. Note that the set Z(G,,) can equally well be used to define a
consistent subgraph.

DEFINITION 3.9. For a givenr =1,...,N, define Gy, (r) = (L, Em (1)), where
En(r)={(B,aVy ) € BN 3 € L,,, a € L,, such that rk,,(a) = r}.

The subgraph G (11,...,75) = (Lm, Em(r1,...,7p)) is called o rank-truncated exci-
tation subgraph if

En(ri,...,1p) = En(ri)U...UEy(r,) for ri,...,r,€{l,...,N}.

We refer to G, (1), Gn(1,2), Gin(1,2,3), etc. more colloquially as G (S), G (SD),
G (SDT), ete.

Rank-truncation does not introduce isolated vertices in G, (r1,...,7,) as long as
one of the r;’s is 1. However, in the doubles (D) case, G(D) does in fact produce
isolated vertices so that vertices of odd rank cannot be reached. Also, note that these
truncated subgraphs like G,,(S) and G,,,(SD) are not transitive in general.

We shall summarize these observations in the next theorem. Recall that a digraph
is said to be weakly connected if every pair of vertices has an undirected path between
them.

THEOREM 3.10. Let Gy, = Gp(71,...,7,) be a rank-truncated excitation sub-
graph. Then the following is true.

(i) Gm is a consistent subgraph.

(ii) G is weakly connected if one of the r;’s is 1.

Proof. Obvious from the definition. 0

Next, we briefly consider two rather “exotic” CC-like methods to demonstrate
the generality of the excitation graph concept.

Ezxample 3.11. The excitation graph corresponding to the Tailored CC method
(see e.g. [16]) can be described as follows. In that SR method (M = 1), the orbital set
A is partitioned according to Acas = {1,...,N,N+1,...,k} and Aext = A \ Acas
for some k = N, ..., |A]. This induces a splitting L = L(CAS)UL(ext), where

L(CAS) = {Oé eL:acC ACAS}7 L(ext) =L\ L(CAS)
Furthermore, the edge set E™!' may also be split accordingly
E(CAS) = {(B,aVp) € B a C Acas}, and FE(ext) = BN E(CAS).

In other words, F(CAS) contains excitations which change CAS occupied orbitals to
CAS virtual ones, and as such, no edge in E(CAS) leaves L(CAS) that starts from
L(CAS). It is easy to see that both G(CAS) = (L, E(CAS)) and G(ext) = (L, E(ext))
are transitive and consistent subgraphs.

8Note that the vertex set is still the “full” vertex set L,,—some vertices might become isolated.
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Ezample 3.12. A generalization of E(CAS) is the “CAS-type subalgebra” (de-
noted as “gN)(R,S)” in [28]), which is constructed from two given subsets Ap C
{1,...,N} and Ag C {N +1,...}. Define Aj,; = AgUAg and Aexy = A N Ajyg. This
induces a splitting L = L(int)UL(ext), where

L(int) ={a € L:a C A}, and L(ext) =L ~ L(int).
The edge set B! decomposes as
E(int) = {(B,aVB) € E™':a C Ajy}, and E(ext) = BN E(int).

In other words, F(int) contains excitations that replace some orbitals in Ag with
ones in Ag. Then G(int) = (L, E(int)) and G(ext) = (L, FE(ext)) are transitive
and consistent subgraphs. Clearly, Example 3.11 can be recovered with the choice
Ar={1,...,N}, A ={N+1,...,k}.

Finally, we define excitation graph in the multireference case, which is a natural
extension of the above concepts.

Remark 3.13. An important warning is in order. In general, a V,,, § may or may
not be equal to a3 for m # £. In fact, take A = {1,2,...,7} and 0, = {1,2,3}, 02 =
{1,2,4}. Then, with « = {1,3,5} and 8 = {2,6, 7}, we have aV1 8 = aVy = {5,6,7}.
On the other hand, with o = {2,3,4} and 8 = {1,2,5}, we have a V1 § = {2,4,5},
but aVy 8 = {2,3,5}. Note that in the first case, we actually have (a, a Vv 3) € B!
and (o, a Vo B) € B ie. a double edge.

DEFINITION 3.14. The full MR excitation multigraph w.r.t. Q, G = (L, pfull)
is defined as the union of the individual full SR excitation graphs GI! = (L,,, Efvl)
forallm=1,...,M, i.e.

M

full full

Ly, E™ = {4 EN,
m=1

where W denotes multiset union.

Note that as opposed to the SR graph Gf!| the MR graph G™! might have
parallel edges (called “redundant” excitations), this justifies that G™!! was introduced
as a multigraph. Notice that other references cannot be “reached” from a given one
(see Figure 1). An algorithm for choosing the set of reference states Q = {0, }}_; in
an optimal way, adhering to some given criteria is described in Appendix D.

3.3. Excitation operators. Recall that Q = {0,,}}_, denotes the set of ref-
erences, and that L, does nmot contain the other reference states Q ~ {0,,}. The
construction described below is to be repeated for every m = 1,..., M separately.

First, we fix an ordering of the indices in a € L. Then, for every element o =
{a1,...,an} € L we assign the lexicographically ordered N-tuple

o~ =(a7,...,ay) €AY, af <...<ay, where a5 € a.
Without loss of generality, we can assume that the orbital indices contained in 0,,, are
strictly less than the virtual indicies A \ 0.

As in subsection 2.1, fix an orthonormal set B = {¢,},ea C H'(R?) and the
corresponding determinantal wavefunctions

(3.4) B={d, € 1€, &o(X)=N""?det(p,=(x))1<ij<n}-
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Recall the notation $H} C $H! for the subspace spanned by B; which is allowed to be
finite-, or infinite-dimensional depending on K = |A|.

DEFINITION 3.15. Let Gy, = (L, En) be a subgraph of GR. The family of
linear operators Xém) = Xo(Gm) : Y — 9L given by

U(avﬁ)q)ocvmﬁ (ﬁv a Vi 5) € b,

Xo(Gm)®p = {0 (B,aVm B) & Em

for each a € E(G,,) and B € L, and extended boundedly and linearly to the whole
space 9k is called the family of excitation operators on G,,. Here, o(a,3) is the
sign of the permutation 7(«, ) that puts the tuple ((Bm)<, (@™)<) in lezicographical
order.

Assuming Z(G,y,) # 0, by the definition of E(G,,) (see (3.3)) for every a € E(Gyp,)
there is some 8 € L,, such that (8,a V,, 8) € E,, and therefore X,(G,,) Z 0.
Recalling rk,, (@ Vy, 8) = rky, (@) + 1k, (8) (see Proposition 3.3), we can roughly say
that an excitation operator X, (G,,) increases the rank by rk,, ().

Since G, = (L, Ey) is a subgraph of G‘;E“ = (Lm,Ef};“), some excitations
might be missing, i.e. Z(G,,) C Z(GMM). The next result shows that the excitation
operators constructed for a consistent subgraph G., (see Definition 3.8) are precisely
the same as the ones constructed for G!'!! with some of them possibly being absent.
This explains the use of the word “consistent”.

THEOREM 3.16. Let G,,, be a consistent subgraph of G, Then,
Xo(Gr) = Xo (G for all a € Z(Gp).

Proof. Fix a € Z(G,y,), then by (3.3) and Definition 3.8, (8, a V,, 8) € E,, for all
B € Ly,. Consequently, Xo(Gp)®s = Xo (Gl d4 for all 8 € L. d

Based on this result, if GG, is consistent, it is safe to drop the “G,,” from the
notation X, (G,,) and simply denote the excitation operators by X(gm), or by X, in
the SR case. However, it is important to note that for a given «, xm # X in
general for differing reference states m # ¢, see Remark 3.13.

The excitation operators enjoy nice algebraic properties which we summarize in
the next theorem (cf. [49, Lemma 2.5]).

THEOREM 3.17. Let G, = (L, E) be a consistent subgraph of G and let

{Xém)}aeg(gm) denote the set of excitation operators on G.,. Then the following
properties hold true.

(i) (commutativity) For all o, B € E(G,y,), there holds Xém)Xém) = Xém)X((Xm).
In detail, for any v € L,

O’(O[, ﬂ Vin W)U(Ba'Y)CI)a\/mﬁ\/m'y (5 Vi Y, & Vip 5 Vi ’Y)v
xMx{Me, = (%:BVm ) € B
0 otherwise

(i) If Gy, is transitive, then {0} U {:l:Xém)}aeE(Gm) is multiplicatively closed. In
particular, {0} U {iX((,m)}aeE(ngn) is multiplicatively closed.
(iii) (milpotency) For all a € E(Gy,), ( ((lm))2 =0.
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Proof. To see (i), first observe that if (8 Vv,V (BVi ), (7,8 Vmy) € Em,
then (o Vi, 7,8 Vin (@ Vi 7)), (v, Vi ¥) € E,, due to the consistent subgraph
property of Gy,. It is obvious that ®uv,, sv,.v = Psv,.av,.~ from the commutativity
of V,,. It remains to prove o(a, 8 Vi ¥)o(8,7) = (B, a Vi ¥)o(a, ). Let 71, m
and 71, T2 be the permutations that put ((BU%)<,a<), (7<7B<) and ((5UW)<,B<),
(7<,a@<), respectively, in lexicographic order. Then 7 o Ty = 7 0 T = o, where o
is the permutation that puts (@, 3,%) in lexicographic order. The claim follows from
the multiplicativity of the sgn function on permutations.

For (ii), suppose that G,, is transitive and that «, 8 € Z(G,;,). Using (i), either
X(m)X(m) :l:X(m) 5 Or X(m)X(m) 0. In the former case, (8 Vv, & Vin 8 Van 7¥),
(v, B Vm v) € Em 1mphes that (ma Vin BV v) € Ep, by the transitivity of G, so

aVy, B € Z(Gn).
For (iii), it is enough to notice that (aV,, 7, aVmy) = (QVimaVy,y, aV,,y) ¢ B
because Gfm““ does not contain loop edges by definition. 0

It is important to note that in general excitation operators corresponding to dif-
ferent reference states do mot commute: X((Xm)X/(f) #* Xém)X((f) for m # ¢, again,
because of Remark 3.13.

Remark 3.18. The excitation operators are traditionally expressed using the lan-
guage of second quantization. Let a;; and a, denote the fermionic creation and an-

nihilation operators. Then ®g = a:,gl -~-a;§N [vac), where § = {1 < ... < OBn},
and
Xo = a;f,laq1 . -a;f,naqn.

Here {q1,...,¢n} =0~ and {p1,...,pn} =@ with 1 < ... < gp and p; < ... < ¢p.
In other words, X, changes the orbitals 0 \ a to @, as expected. Although the
excitation operators commute with each other, they do not commute in general with
the Hamilton operator.

We now define a family of operators which “reverse” the action of X&m).

DEFINITION 3.19. Let Gy = (Lyn, Ep) be a subgraph of GRW. For all a € Z(G,,),
the linear operators (X,(lm))T 19l — 9l defined via

(Xém))Tq) _ {U(Oé, al Am B)(baL/\mB (05l Am Bvﬁ) € Em

O (O‘J_ /\mﬂ,ﬂ)gEm

for any B € L, and extended boundedly and linearly to the whole space H'., are called
de-excitation operators on G,

It is easy to see using Lemma 3.5 and Proposition 3.3 that

(35) rkm(al Am 6) = rkm(ﬂ) - rkm(a)a

whenever (at A, 8,) € E,,. Therefore, we may roughly say that the de-excitation
operator (Xém))T decreases the rank by rky,(a). Of course, the notation f is not
coincidental, and (X,(Xm))Jr is in fact the £2-adjoint of X,(Xm).

THEOREM 3.20. Suppose that {X&m)} and {(Xém))T} are the set of excitation and
de-excitation operators corresponding to the excitation graph G,,. Then

(XN D W) = (0, X)) for all ©,0 € Hk and a € Z(Gy).
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Proof. It is enough to prove the relation for ® = ®, and ¥ = &g, as the general
statement follows by linearity. Suppose that (at A, v,7) € Ep, then

<(Xém))]‘¢,’y7 Cpﬂ> = U(av at Am 'Y)<(I)oﬁ/\m7a (bB)
= (@, B)( 2y, Pav,.p) = (25, XM @g),
where we used that a® A,,, v = 8 € L,, if and only if a'V,,, 8 = v € L, (Lemma 3.5).0

THEOREM 3.21. Let Gy, = (L, Ey) be a consistent subgraph of G and let

{Xém)}aeg(gm) and {(Xém))f}aeg((;m) denote the set of excitation-, and deexcitation
operators on G.,. Then the following properties hold true.
(i) (commutativity) For all o, € Z(Gy,), there holds

(X)) = (X)X )T,
(ii) For any o, B € E(Gy,) and v € L, the following formula holds true:
(XTNIXE B, = o, 0 A (BVin )0 (B, 7)Bastnsvr)

if (7,8 VmY) € Ey and (ot A (BVim ), 8 Vin v) € Em both hold true.
Otherwise, (Xém))TXg”)CI),Y = 0. In particular, (X&m))TCI)a =d, .
(iii) (X&"”L))Tq)oe =0 for anym # £ and o € Z(Gpp).
(iv) (milpotency) ((Xc(ym))T)2 =0 for any o € E(Gpy).
Proof. Part (i) follows from Theorem 3.20 combined with Theorem 3.17 (i). Part
(ii) follows directly from the definitions. Part (iii) comes from the fact that there are

no edges between different 0,,’s. Part (iv) follows since (at A, a,a) = (0,a) € E,,
for every a € Z(Gp).

It is highly important to stress that in general excitation-, and de-excitation
operators do not commute with each other:

XE(XE) (X)),

in other words, the X((Xm)’s are nonnormal operators. Also, [(Xém))T,Xém)] # 0 in
general. This fact is the source of many technical obstacles in the analysis of the
CC method, primarily because it implies that the similarity-transformed Hamilton
operator (2.12) is nonnormal.

3.4. Cluster operators. From now on, we omit the reference index m from
the notations, with the understanding that the considerations hold true for every
reference independently. Suppose that we constructed the set of excitation operators
{Xa}taez(q) for a given consistent subgraph G = (L, E). The completion of their
linear hull

I -~
0(G) = Span{Xa}aeE(G)" leet.on
is called the space of cluster operators on G endowed with operator norm ||-|[z(g1 1)

As mentioned earlier, if G is not the full excitation graph G, then certain excitation
operators will be absent and therefore, they will be missing from v(G) as well.

PROPOSITION 3.22. For any T € v(G), we have TN+! = 0.

Proof. 1t is enough to prove that an arbitrary product of N+1 excitation operators
is zero. In fact, by definition every excitation operator either increases the rank of
a determinantal wavefunction by at least 1 or maps it to zero. But the rank cannot
increase above N, so the product must be zero. 0
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It is well-known that the vector space v(G™!) constructed on the full excitation
graph G™! forms a commutative algebra (see e.g. [51, Lemma 4.2]) with the usual
multiplication (a subalgebra of the algebra of bounded linear operators £($, Hk)).
According to Proposition 3.22, it is also nilpotent. More generally, we have

THEOREM 3.23. v(G) is a nilpotent, commutative algebra for any transitive exci-
tation graph G.

Proof. Follows from Theorem 3.17 (ii). d

If, however, G is not transitive, then v(G) is not an algebra in general—for in-
stance in v(G(SD)) there are no excitation operators of rank 3 and above, but the
rank of the products of excitation operators can be arbitrary (< N).

Ezample 3.24. We observed in Example 3.11 that the CAS-subgraph G(CAS) cor-
responding to the TCC method is transitive and consistent, hence v(G(CAS)) forms
a subalgebra of v(G™) (cf. [28]). Similarly, for G(int) in Example 3.12, v(G(int))
also forms a subalgebra. However, in a truncated setting, where only certain low-rank
edges of E(CAS) (or E(int)) are retained, transitivity, hence the subalgebra property,
is lost.

Let now the excitation graph G = (L, FE) be arbitrary. A cluster operator
C € v(G) may be decomposed according to the excitation ranks of its constituent
excitations as

N
(3.6) CzZCT, where C, = Z CaXa.

r=1 rk(a)=r

We say that C' is of rank r if it contains excitation operators of rank at most r. Note
that the graded structure of G is compatible with this decomposition in the sense that
if C and D are of ranks r and s, respectively, then CD is of rank r + s.

Remark 3.25. In the SR case, the cluster operators can be used to express any
wavefunction in $} if the full excitation graph G™! is used for their construction. In
fact, in this case, X,®¢ = @, for every o € L, so we may express any function in 5’3}(
through a linear combination of the excitation operators and the identity I. More
precisely, if

U= caPo=co®o+ » coPa, then U=
acl a€l

col +) caXal o,
a€l
for some scalars {cs}acr. Recall that in subsection 2.4 we assumed the intermediate

normalization condition (¥, ®y) = 1, which implies ¢y = 1. There is a one-to-one
correspondence between functions ¥ € f,)}f and the cluster operators Cy defined as

(3.7) Cy = Z caXa, where co = (T, P,).
a€L

It is not clear, however, that Cy € L(Hk, 9k ). See Theorem 3.26 below for the precise
statement of this nontrivial fact. Also, if the excitation graph does not contain every
edge of the form (0, «)—which is typically the case if some truncation is used—then
it is not possible to assign a cluster operator (3.7) to every ¥ € .62%

The following important result makes the aforementioned correspondence between
functions and cluster operators precise.
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THEOREM 3.26. [/9, Theorem 4.1 and Lemma 5.1] Fix ¥ € $HY+. Then, the
following hold true.
1. The cluster operator Cy (3.7) satisfies Cy € L(H',9'). Furthermore, there
is a constant b > 0 independent of ¥ such that

[¥]ls1 < [Collewr.on < blW(s
2. CJ;, € L(HY, HY), and there is a constant b’ > 0 independent of ¥ such that
ICY et ot < V%],
and there cannot be a uniform lower bound in terms of ||| g1 .

3. Cy can be extended to L(H ™1, H7L).

Next, we consider the so-called exponential Ansatz, which is the representation

I+C=¢e", where T= Z toa X € 0(GM),
aCE(GEull)

and C € o(G™). Here, €7 is simply a finite sum due to the nilpotency of T, i.e.
el =I+T+3T°+...+HT".

The inverse of the exponential should be the logarithm, as one would expect, and in
fact the following elementary theorem holds.

THEOREM 3.27. For any cluster operator C € v(G™W) there exists a unique clus-
ter operator T € v(G™), such that €T = I + C. Furthermore,

T:log(I+C):C_%C2+%C3—...+%CN,

Proof. A tedious but straightforward calculation, or see [51, Theorem 4.3] for a
quick proof using holomorphic functional calculus. 0

It is important to note that if some proper subgraph G = (L, E) is considered instead
of G the previous result does not hold. For instance, if G(SD) is considered, then
it might not be possible to represent I + C as e”, where C' € v(G™) and T € v(G).
This in particular implies that wavefunctions of the form e’ ®y where T' € v(G) is not
the totality of intermediately normalized wavefunctions.

In the multireference (MR) case, the analogue of the exponential Ansatz is called
the Jeziorski-Monkhorst (JM) Ansatz, see subsection 4.2 below. In the JM-MRCC

method, M wavefunctions, say ¥q,..., U, are “targeted”, and the expansion
M (m)
(3.8) U, = Z agm)eT "®,,,, where a§m) €R,
m=1

is utilized. In the untruncated case, suppose that ¥; = (I + C(j))éoj = eT(j)tboj, as
above, for all j =1,..., M. Then the JM expansion coefficients a§m) of W, are simply

Sjm-
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3.5. Cluster amplitude spaces. The linear combination coefficients of the
excitation operators making up a cluster operator are called cluster amplitudes. Let
¢?(@) denote Hilbert space of square summable real-, or complex-valued sequences
indexed by the edge labels of the excitation graph G, i.e.

C(G) = {t = (ta)acz(q) * [Itlle < 00}
The (real or complex) Hilbert space
V(G) = {t € £2(G) : [T P51 < o0},

endowed with the $'-inner product (¢,s)y = (T'®g, SPo)s: is called the (cluster)
amplitude space corresponding to G. Nevertheless, from now on we use the convention
that the unmarked (t, s) = (T'®g, S®g)¢> and || - || refers to the 2-inner product and
¢2-norm. Clearly, [|t]| < ||t||v-

Remark 3.28. Similarly to H! < £2 < §71, the spaces V(G) — 2(G) — V(G)*
also form a Gelfand triple. Therefore, the £2-inner product (-, -) may be used instead of
the dual pairing (-, -)v(g)- xv(e) With the understanding that the appropriate relations
must be extended to V(G)* x V(@) by density.

It is clear that the space of cluster operators v(G) is canonically isomorphic to
V(G) via
v(G) > Z caXa = C = c=(ca)acz@) € V(G).
a€E(G)

As customary in CC theory, we will never explicitly denote this isomorphism, and
instead use capital letters S, T, U, V, W etc. to denote the cluster operators and small
letters s, t,u, v, w, etc. to denote their corresponding cluster amplitudes.

Furthermore, to every amplitude space V(G) there corresponds a functional am-
plitude space V(G) C HT+ through the (€2, £2)-isometric isomorphism V(G) — B(G)
given by

V(@) 3 Cly= Y ca®a € V(G).
ac=E(G)

Clearly, an appropriate subset of the determinantal basis 9B (see (3.4)) forms a basis
of the functional amplitude space U(G).

Given a closed subspace 4 C U(G), we will sometimes use the orthogonal projec-
tor Il : £2 — 4 C £2 onto 4, defined as

ITlgW, ®) = (¥, ®), forall Ve’ &cil
Hence, the inclusion map Iy : 8 — £2, given by Iy® = ® for all & € i satisfies
Il = Ty
Remark 3.29. In the case K < oo, following [51], we can introduce the norm

It == > ealtal® forall teV,
ac=(G)

where ¢, denotes the eigenvalues of the Fock operator F, see (2.5). It was shown in
[51] that |- and || - ||v are equivalent norms, furthermore, under certain assumptions,
the constants in the norm equivalence |[|-|| ~ || - ||v are independent of K. Finally, we
also define the norm |||-|| on U via [|T®o|| := |||t for any ¢ € V.
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We continue by recalling an important notion due to [51].
DEFINITION 3.30. The excitation graph G is said to be excitation complete, if
at A B € E(Q) forall a, f € Z(G) with (- A B,B) € E and o # .

It is easy to see using (3.5), that commonly used rank-truncated graphs such
as G(1,2,...,p) and G(D) are excitation complete. The following result is used for

b

proving that two different formulations of the CC method are equivalent Lemma 5.3

PROPOSITION 3.31. [51, Lemma 5.5] Suppose that G is excitation complete, let
U =U(G) and Vo = Span{Pp} Y. Fizt € V.

(i) The linear mappings eiTTIQ;O 1 Wy — Yo are bijective.

(ii) The linear mappings HmeiTTIm 20 — Y are surjective.

The result follows easily from the next lemma.

LEMMA 3.32. [51, Lemma 5.4] Suppose that G is excitation complete. Then, for
every a, 8 € Z(G) we have X} @5 € B(G) U {®o}.

Proof. From Theorem 3.21 (ii), we have
X[®g=o(a,at AB)Porng,

if (at AB,B) € E. If a # S, then right-hand side is in U(G), since G is excitation
complete. If & = 3, then the right-hand side is simply ®. ]

Proof of Proposition 3.31. By linearity, Lemma 3.32 implies that the mapping
Tt : BVo(G) — Vo(GQ) and so e*T' : Vo (G) — Vo (G) as well. But (eTT)_1 =e T
which proves (i). |

4. Derivation of the Coupled-Cluster Equations. In this section, we give
derivations of the SRCC-, and a variant of the MRCC equations. The approach
presented here is based on [56, pp. 99-184], but it is more general and sharper. We
would like to stress that the discussion only applies to the full (that is, untruncated)
CC methods.

The essence of the following theorem seems to be well-known in the physics and
in the quantum chemistry literature, and the method itself is generally attributed to
C. Bloch [8], who devised it in the context of perturbation theory.

THEOREM 4.1. Let ) and £ be (real or complex) Hilbert spaces so that they form
a Gelfand triple: $H C £ C H*. Let H : H — H* be a bounded operator. Let M, N C H
be any pair of closed subspaces so that the following complementarity condition holds:

(4.1) MaNt = 9.

Then the following are equivalent. _
(i) M C 9 is weakly H-invariant: for every & € M there exists & € M such that

(H®, ®') = (B, for all &' € 5.
(ii) (weak Bloch equation) There holds

(4.2) (HE®, (I —=N®")y =0 forall ® €N & cNt,

where = : § — $ denotes the (oblique) projector onto MM along N+, i.e.
ranZ = M and ker = = N*.
Furthermore, if

(4.3) M=Span{¥,; €H:j=1,...,J}, where (HV; ®)=E(V; ) (Pe9)
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for some & € C, then with the effective Hamiltonian HE - N = N, given by
(HED, @) = (HED, @) for all &, D" € N, we have

(4.4) (HTTIW;, @) = &;(1TW;, D)  for all ® €N,

where I : $ — $ denotes the £-orthogonal projector onto N, i.e. ranll = N and
ker I = L.

Proof. For (i)==(ii), note that using ker = = M and ran = = M, it follows from
(i) that for every ® € N there exists ® € M such that (HED, &) = (&, P) for all
® € $H. Put & = (I — =N’ to obtain

(HED, (I —2NHd") = (@,(I —ENP') =0 forall ®eN, P €9,

where we used that ® € 9 and ran(] — ) = M. From this, (4.2) follows.

To see (ii)==(i), fix ® € 9 and note that (4.2) implies Fp(P') = 0 for all
&' € M, where Fp(P') := (H®,®') for all ' € §. Here, Fp(-) is a bounded linear
functional on $ C £. Extend Fs to a bounded linear functional ﬁq:. on £ using the
Hahn-Banach theorem. The Riesz representation theorem implies that there is a
® € £ such that Fo(®') = (P, P') for all &’ € £. But 0 = Fp(P') = Fp(D') = (2, D)
for all ' € i})}{ so @ € ML = 9. Therefore, we constructed a ® € M such that
(HP®,®') = (P, D’) for all D’ € §, which is what we wanted to prove.

To prove the “furthermore” part, first note that 91 is weakly H-invariant. We
now claim that =ZII = =Z. In fact, ran(l — II) = kerIl = kerZE, so Z(I — II) = 0.
Continuing the proof, note that the second relation of (4.3) is equivalent to

(HETIW,;, @) = &;(Z11W,;,®) forall & € 9.
Using (4.2), this can be further written as
(HETIY;, Z1®) = £(TTW;, Z1®) for all P € §.

The desired result follows by noting that ran =f = 91. O

In practice, 9 (called “exact model space”) is unknown and 91 (called “model
space”) is chosen in a way that it provides a “reasonable approximation” to 9, i.e.
that (4.1) holds. In particular, 9t C M+ is not permitted. Then, the unknown “wave
operator” = (hence 9) can be determined by solving the weak Bloch equation (4.2).
Next, the eigenvalue problem for H is solved to obtain the energies &, ..., &y and

(some of the) eigenvectors.

Remark 4.2.

(i) It is important to note that solving the Bloch equation only provides a
weakly H-invariant subspace 9 and it might not be a direct sum of (weak)
eigenspaces in general. In other words, 9t might be spanned by an incom-
plete set of eigenvectors. Clearly, in such a situation some of the eigenvectors
cannot be recovered through solving the eigenproblem for the effective Hamil-
tonian Hef.

(ii) The Bloch equation (4.2) is more commonly given in the “strong” form
CEHE =HE”.

The situation is greatly simplified, when one considers one-dimensional subspaces

I and M, because a one-dimensional invariant subspace is always an eigenspace.
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COROLLARY 4.3. Let dim9M = dim9M = 1, and set 90 = Span{Py} for some
Oy € 9. Further, let M = Span{V}, and suppose that (V,Pg) = 1. Then, the
following are equivalent.

(i) (HV,®) = E(V,®) for all ® € H and some scalar &.

(i) (HE®q, (I —=)®') =0 for all &' € N*.
Furthermore, £ = (HZ®, ®p).

4.1. The SRCC method. The single-reference Coupled-Cluster method easily
follows from Corollary 4.3 through the exponential parametrization of the wave oper-
ator. In the following theorem, we re-establish [49, Theorem 5.3] (see Theorem 2.3).

THEOREM 4.4. Let H : 5’)}( — 97! be a bounded operator. Fix ®y € 5’)}( with
|®ol| = 1 and suppose that ¥ € §H}- is such that (¥, ®¢) = 1. Then the following are
equivalent.

(i) (HU,®) = E(V, ®) for all ® € HL for some scalar .

(ii) (Full CC) ¥ = eT-® for some t. € V(G™) such that

(4.5) (e" T HeT By, SOo) =0 for all s € V(GM).

Furthermore, £ = (e~ T=HeT* g, @y).
(iii) (Full CI) ¥ = (I + C.)®q for some c, € V(G such that

(4.6) (H(I + C.)®0, SPo) = Ecr((I + C.)®o, SPo) for all s € V(G™),

where Ec1 = (H(I + Cy)Pg, ®o). Furthermore, £ = Ecy.

Proof. Let $ = 9k and £ = £2. First, we prove (i)<=>(ii). We apply Corol-
lary 4.3 with the SRCC wave operator

—_ T,
= =e*1lg,,

where T, is some cluster operator and Ilg, is the orthogonal projector onto 2 =
Span{®,}. Note that M+ = V(GM). It is easy to see that = is idempotent, and
that kerZ = 9. By an appropriate choice of T,, ran= = 9 using (¥, ®y) = 1
and Theorem 3.27. Furthermore, Span{e”*®} = ran= C § due to Theorem 3.26.
Applying Corollary 4.3, (i) holds if and only if ¥ = eT~®j and T, satisfies the weak
Bloch equation

(HeT By, (I — g, )S'Bo) =0 for all s € V(GM).
Recalling Proposition 3.31 (ii), and using the change of variables S’ = e 118,
(e"THeT- By, SBy) =0 for all s € V(GM).

Here we used that e~ can be extended to a bounded $~1 — §~1 operator (Theo-
rem 3.26).° Note that H* is now a one-dimensional linear map (i.e. a multiplication
by a scalar), so o(H) = (e T=HeT= 0, ®y) = £.
Next, we prove (i)<=>(iii). We now apply Corollary 4.3 with the SRCI wave
operator
E= I+ Cy)ly,,

where C, is some cluster operator and the claim follows from a straightforward cal-
culation. Further, now o(H) = (H(I + C.)®g, ®o) = £. O

9We refer the reader to the proof of [49, Theorem 5.3] for more details.
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4.2. The Jeziorski-Monkhorst MRCC method. In MRCC methods the
“model space” I is chosen to be the space spanned by M orthonormal reference
determinants,

N = Span{®g,, :m=1,...,M}.

The Jeziorski-Monkhorst method [27] uses the following Ansatz for the wave operator:

M
—_ (m)
(4.7) E= § e’ g,

which corresponds to (3.8).

THEOREM 4.5. Let 9 as above and set M = Span{¥,, : m = 1,..., M}, where
{0, }M_| C 9k is £2-orthogonal. Suppose that for everym =1,..., M, (¥,,, &g ) #
0 for at least onen =1,..., M. Then, the following are equwalent _

(i) M is weakly H-invam’ant: for every U, (m =1,...,M) there exists U, € M

such that (HW,,, ®') = (V,,,, &) for all ®' € Hl.

(i) (Full JM-MRCC) M = Span{e™™ @y : m = 1,..., M}, where t{™ €

V(G satisfies

M
(4.8) <e_T*(m)”HeT>£m) By, ,SMD, ) = Z?-lf,flfn@_ﬂm)eﬂn) ®g, , SMd, ),

for all s'™ € V(GMYY and m = 1,..., M, where the matriz elements of the
effective Hamiltonian are given by HEY = <67T*(m)HeT*(m><I>0m,<I>0n>,

(ifi) (Full MRCI) M = Span{(I + C\™)®o,. : m = 1,..., M}, where ™ €
V(G satisfies

M
(4.9) (H(I+C™)®0,,, S0, ) = 3 HI(I + )0, Sy,

for all s'™ € V(GMYY and m = 1,..., M, where the matriz elements of the

effective Hamiltonian are given by 7-[ = (H{I + C(m))q)()m, Dy, ).
Furthermore, suppose that (HV,,, ®) = £,(®,, > forall® € Hk andm =1,..., M.

Then the following hold true.
(a) Suppose M is given as in (ii). Then the coefficients aﬁm) in the expansion

U, = Zi\f 1 agn) " <I>0n are given as the solution to the eigenvalue problem

Z’Hnm gn) ™) where m=1,...,M.

(b) Suppose M is given as in (iii). Then the coefficients a( ™)

U, = ny 1 En)(I + oM VD, are given as the solution to the eigenvalue
problem

in the expansion

ZHeﬁ‘ ~(n) -y a(m) where m=1,..., M.
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Proof. Let $ = 9};. First, we prove (i)<=>(ii) by applying Theorem 4.4. Clearly,
for the JM wave operator (4.7) we have Z2 = = and ker Z = M+ and

7(m)

ran= = Span{e’ &y, :m=1,...,M}.

The weak Bloch equation (4.2) is equivalent to

M
<7‘[€T’Em) (bom’ (I)/> _ Z<%8T’EM)(I)Q"L 7 Hq>0n e(T,En))T(I)/>
n=1

for all ® € M+ and m = 1,..., M. Setting ® = S(™d;  we obtain

M
(HeT ™ @, 5™, ) =3 (He™ " @y, g, T S, )

n=1

(HeT™ @y, o, ) (T S @, Dy

M=

3
Il
-

(€T He T By B, W Dy, ST By, )

M-

3
Il
—

for all s(™) ¢ V(G
The proof of (4.8) is
(e=T™ )t g(m),

Next, we prove (i)<=>(iii). The MRCI wave operator reads

). Here, we used that (T(™)T®, = 0, see Theorem 3.21 (iii).
finished by invoking Proposition 3.31 (ii) and replacing S(™ by

M
==Y (I + "), .

3
5 1

With this choice (4.2) is equivalent to

(H(IL + C)ao, Mg, (1 +C)ia)

NE

(H(I+C)d,,, @) =

m?

n=1

for all ® € M+ and m = 1,..., M. Setting ® = S ®, | this can be written as

M
(H(I +C) g, , S™dg, ) = S (HI + CV) @y, Tlg,, (I+C) TS, )

n=1

(H(I + CL™) Dy, &g, (I + CI) TS, @)

M-

3
I
-

(H(I+C) @, o, ) (1 + OBy, , Sy, ),

B

Il
—

n

which is what we wanted to prove.

For the “furthermore” part of (a), expanding ¥; as ¥; = 224:1 aﬁn)eTin)tbon, for

some scalars a\™, we find that agm) = (¥;,®,,). It is easy to see that (4.4) now

J
reads
M

(n) n m
Z<H€T* CDOn?(I)0m>a’;' ) = gj(,l; )

n=1

for all j =1,..., M. The proof of the “furthermore” part of (b) is similar. 0
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5. Analysis of the SRCC method. The rest of the article is concerned with
the analysis of the nonlinear equation (4.5) and its variants.

It is known that the truncated CC equations have a large number of solutions,
some of which exhibit unphysical behavior. Recall that the truncated CC equations
are not equivalent to the truncated CI equations, hence, there is no obvious connec-
tion with the Schrodinger equation in general. Also, the SRCC method is typically
unreliable for treating degenerate states. Since the early days of the CC method,
researchers in quantum chemistry have been interested in understanding the compli-
cated behavior of the (truncated) CC equations [60, 61, 42, 26, 29, 25, 43, 23, 24].
It is one of our main goals here to explain some of the numerical observations and
provide tools for further investigations.

Readers are advised, before proceeding, to take a glance at Appendix A and
Appendix B, where the relevant results of topological degree theory are collected.

We consider the finite-dimensional case only, by which we mean that

is assumed. Recall the definition of ﬁ}( from subsection 2.1 and the interpretation of
the projected Schrodinger equation from subsection 2.2.

5.1. Definitions and basic properties. Let V := V(G) be the real amplitude
space corresponding to some consistent excitation graph G. Let 2J be the correspond-
ing functional amplitude space. Define A : V — V* via the instruction

(5.1) (A(t),s) = (e THeT Dy, SBy),

for any t,s € V, where T and S are the cluster operators corresponding to ¢ and s,
respectively—this convention will be used throughout. Interpreting H as a bounded
map H' — H~!, we obtain that V > s — (A(t), s) defines a bounded linear functional
in V* for every given ¢t € V. In fact, using the $'-boundedness (2.1) of the Hamilton
operator and Theorem 3.26,

_7t _t
[(A®), )| < Mle" ol le™ SPollsr < Mlle" Bollg1lle™ [l o101 [1SPolls1

for all t,s € V.
Recall the definition (2.9) of the CC energy, which can be written as

Ecc(t) = (e THe @y, Do) = (He @, Do),

where the second equality follows from (e=T)T®; = ®;. Note that Ecc(t) € R since
the amplitude space V is assumed to be real. The similarity-transformed Hamilton
operator occurs often in the forthcoming discussion, so we introduce the notation

(5.2) H(t) = e THeT 1 5 — 97,

which is a bounded map for any fixed cluster amplitude ¢ € V. Furthermore, for
a given bounded map 7 : H' — $~ !, we define the operator Ty : U — U via
(To¥, 0" = (TU, ) for all ¥, V' € ¥.

We will also use a notation analogous to (5.2) for the similarity-transformed fluc-
tuation operator W (see (2.4)), i.e. W(t) = e THel. The similarity-transformed
Fock operator can be given explicitly as

(5.3) e TFel = F+[F,T], and [F,X,] =caXa,



COUPLED-CLUSTER THEORY 27

for any t € V, see e.g. [16, Lemma 15]. In particular,
(5.4) [(H(2),U], V] = [W(@), UL, V],

for any t,u,v € V.
The following simple observation shows the equivalence of the (strong) Schrodinger
equation with the Full CC method.

LEMMA 5.1. Assume that the determinantal basis functions satisfy ®, € $H2. Sup-
pose that V = V(G and that A(t.) = 0. Then the function ¥ = (col +C)®q € H?
satisfies the Schridinger equation HW = EV if and only if e~ T (col + C) = 1ol + R,
where (co =19 and)

(5.5)

Ecclta)ro + (H(t.)R®g, ®g) = Erg
H‘B(t*)R(I)O = SR‘I)O

Furthermore, with 0o = Span{®y} ¢ W,
(5.6) o(Haw,) = {E€cc(t:)} Uo(Hy(t)).

Proof. Using the splitting Uy = Span{®,} &Y, the similarity-transformed Hamil-
ton operator is block upper triangular in the determinantal basis,

(Sco(ty) (H(E)-, Do)
H“*)(CCO Hm(t*>0>’

due to (H(t«)®Po, o) = 0. The proof now follows by noting that the eigenvalues of
H(t.) and H are the same, and the eigenvectors of H(t,) are of the form e~7* ®, where
HP = E'D. Formula (5.6) follows by the fact that the spectrum of a block triangular
matrix is the union of the spectra of the blocks in the diagonal. |

Obviously, rg # 0 and R = 0 is a solution to the system (5.5) if and only if
Ecc(ty) = &. In this case, ¥ = €T ®q is a solution, and the similarity-transformed
Hamilton operator H(t.) is block diagonal.

If, however, Ecc(ty) # £, then R cannot be 0 (because that would imply ¥ = 0).
In this case, ¥ = (1ol + R)eT®g, where ro = (H(t.)R®o, ®o)/(€ — Ecc(ts)). Note
that it is possible to have rg = 0, in which case (¥, &) = 0. We return to this latter
case in Remark 5.16 and discuss the former below.

Remark 5.2. If Ecc(ty) = &, then (5.5) reduces to

(H(ts)RPo, ®o) =0
H(t.)RDy = ERD,

Suppose that this system has u linearly independent solutions R, ..., R,. Then it is
easy to see, using ¥ = (rol + RM)eT* dy, that the wavefunctions

{eT®g, Rie™ Dy, ..., R, e Dy}
span the eigenspace ker(H — £). In particular, we have dimker(H — £) = p+ 1. Note
also that in this case o(H) = o(Hy(t+)).

Let us now recall that the CC equation A(¢,) = 0 can be cast in a form that
closely resembles the CI eigenvalue problem (2.7) (although it is not equivalent to it
in general).
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LEMMA 5.3. [51, Theorem 5.6] Let G be excitation complete, and let V = V(G)
be the corresponding amplitude space. Then the “linked” CC' equation A(t,) = 0 is
equivalent to the “unlinked” (a.k.a. “energy-dependent”) CC equation

(5.7) (HeT @y, SBg) = Ecc(t.) (el ®g, SOy for all se€V.
Proof. For part (i), we have
(H = Eco(ts))e™ o, SPo) = (e (H — Eco(ts))e™™ o, (€)1 SDy)
= (e7 T (H — Ecc(ts))e”™ o, Ty (™) TSP0)
(7™ (M — Eac(ts))e™ Do, M, (") T5D0)
| —

const-®g

= (e7 T He T Bo, T (e™) 1 Sp),

_|_

where second term on the right-hand side of the penultimate equality vanishes by the
definition of £cc(t4). The proof is completed by recalling that Ily(e”*)t : 0 — U is
surjective due to Proposition 3.31. a

The “unlinked” form is less useful in practice, because the expansion of He” does
not terminate like the Baker—Campbell-Hausdorff series (2.12) for H(t),

11

(5.8) Hit) = E[HaT]m-

j=0"7"

More generally, the doubly'’ similarity-transformed Hamilton operator H(t + s) =
e SH(t)ed can also be expanded using the Baker-Campbell-Hausdorff series but in
this case

(5.9) Hit+s) =D D), 5l),

J=0

i.e. the series terminates at 2/V. To see this, simply note that [H(t), S](2n41) consists
of terms of the form S*H(t)S*, where i + k = 2N + 1, so 4,k > N + 1, which, using
Proposition 3.22 implies that all terms for j > 2N + 1 vanish.

5.2. Local properties—real case. Next, we look at the local behavior of the
CC mapping A : V — V* for general (real) amplitude spaces V. For fixed t € V,
define the modified similarity-transformed Hamilton operator,

(5.10) H(t)=H(t) — Y (H(t)Do, ®a)Xa,
a€E(G)°
where Z(G)¢ = Z(GM"") \ Z(G) and Z(G) was defined in (3.3).
DEFINITION 5.4. The amplitude space V(G) is said to be rank-regular, if
(Xa®p,Py) =0 forall 5,y € Z(G) and o € Z(G)°.

We immediately get that ﬁm(t) = Hy(t) if V(G) is rank-regular. The next proposi-
tion shows that the truncated subgraphs typically used in practice are rank-regular.

10Note that the doubly similarity-transformation above differs from the one considered in Arpo-
nen’s Extended CC (ECC) theory.
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PROPOSITION 5.5. Suppose that the excitation graph G is a rank-truncated sub-
graph of the form G = G(1,2,...,p), for some p =1,....N or G = G(D). Then
V(G) is rank-regular.

Proof. The set =(G)¢ consists of elements of rank p+ 1,..., N (or empty), so
that (X, ®g,®,) =0 for all rka & {1,2,...,p} and all tk 3,rky € {1,2,...,p}, due
to the fact that X, ®g is of rank rk(a) +rk(8) & {1,2,..., p}. The proof of the case
G = G(D) is similar. d

LEMMA 5.6. Let t. be a zero of A : V — V*. Then the deriative A'(t.) €
L(V,V*) is given by
(5.11) (A (t)u, v) = ((H(t.) — Eco(t.)) U, V)

for all u,v €'V.
Proof. The derivative A" : V — L(V,V*) is readily computed as
i<A(t—|—hu) v) = i(ce_T_hUHeT'*'hU<I>0 Vdg)
dh heo dh heo
= (e TP (HU — UH)e" TV @0, Vo)), _
= (e T(HU — UH)el o, VOy),

0

so using the commutativity of the cluster operators, we get
(5.12) (A'(t)u,v) = ([(H(t), U]Do, Vo)
for all t,u,v € V. Expanding UTV®, € §% in the £2-orthonormal basis {®, }aer C
Nics
UVOy =Y (U, VOo)Da,
a€L

we obtain using (H(t.)®g, o) = 0 for all « € Z(G),

(UH(t.)Po, VOg) = (H(t,) Do, UTV D)
= Ecc(t)(URe, VO) + > (H(t) o, Pa)(Xo U0, VB0)
a€E(G)e
for all w,v € V. Inserting this into (5.12) with ¢ = ¢,, we obtain the stated formula.O

As we noted in subsection 1.1, previous analyses of the CC mapping assumed
the local strong monotonicity at a zero t,, i.e. that there is a § > 0 and a constant
Csm(t«,d) > 0 such that

(5.13) (A(t) — A(s),t — 8) > Csm(ts,0)||t — s||F, for all t,s € By(ts,0).

The following elementary theorem makes the observations in [50] more precise.

THEOREM 5.7. Let t, €V be a zero of A:V — V*,

(i) If A is strongly monotone in By(t.,d) for some & > 0, then there exists
& > 0 such that A’ (t. +u) is V-coercive for all ||ully < §" with some constant
0 < v < Csmlts,d), ie.

(5.14) (A (te +u)v,v) > y|v|3  for all v eV and ||ully < 0§
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(ii) Conwersely, if (5.14) holds with w = 0, then (5.13) holds true with § > 0
chosen so that Csy(ts, ) := v — Mso > 0, where

(5.15) Ms = sup [|A"(t« + Q)llcevxv,vey-
[I¢]lv<é

Proof. To see (i), fix ¢’ > 0 and [ullv < 6" and write for any ||r[lv <" <4,
Csm(ts, O) |7 — ullZ < (A(ts +7) — Ats +u),r — u)
< (At +u)r — )7 — ) + 5 Myl — .
This implies
(Csm(ts,8) = Msd") |l — ullf < (A (8 +w)(r —u),r —u).

Any vector v € V can be expressed as v = a(r — u) for some o > 0 and ||r|ly < ¢,
from which V-coercivity follows with v = Csn(ts, §) — Msd’, by choosing ¢’ sufficiently
small.

Next, to prove (ii), write the Taylor expansions of A at ¢,

At +1) = A'(t)r + Ra(te ),
Aty +7") = A'(t)r" + Ralts; '),

for any ||r|lv, ||7'[lv < ¢ for some § > 0, from which we obtain

(At +7)—Ats +7"),r =7y = (A (L) (r —7"),r — 1"y + (Ra(ts;r) — Ra(tu;r"),r — 1)
2l = + (Rl r) — Ra(te ), =),

Using the intermediate value inequality, we have

IR2(t; 7) = Ra(te; 7]

V* S MT,T’HT - ’I"/HV,
where

My = 5relr%aX/ [02R2(ts; )| = IenaX/ A (£, + €) — A (8]
< max ma: A o+ 5
<§E[r§/]<e[o)§ IIA7( C)HVXV)

= (sup A" (b + ) llvxv )8 = My
l¢li<é

This implies
(A(ts +7) — Alts +7"),r —7') > (v = Msd)||r —7'||3

for all ||r|lv, ||7'|lv < d. Setting ¢t =t +r and s = t. + 7’ proves the claim. O

Remark 5.8. Let VO C V be a subspace and consider the projected CC mapping
A% VO — (VO via

(A%(t°), 5% = (A(t°),s") for all % 5% € V.

Clearly, if A is strongly monotone on BV(t*, (5) with a constant Cgy; > 0 at a zero t.,
then A° is strongly monotone on Byo (t?, — [[t]|2) with the same constant Cp,

where we have set t0 = Ilyot, and t; = (I IIyo)t.. Note that t{ is not, in general,
a zero of A, hence the preceding theorem is not applicable to .AO



COUPLED-CLUSTER THEORY 31

Remark 5.9. The quantity My contains the second derivative of A. It is easy to
see that
(A" () (u, v), w) = ([[H(t), U], V]®o, W o)

for all u,v,w € V. Using (5.4), we have
(A1) (u, v), w) = {[[W(1), U], V]®o, Wq),

so that A”(t) only involves the fluctuation operator W.

Remark 5.10 (Perturbative regime). Consider the case when ¢, = 0, which is the
case considered in [51, 50]. Then roughly speaking, we have #H(t.) ~ H. Note that

(A'(t)r,r) = ((H = Eco(t)) R, ROo) + O(t[v)-
Consequently, if
(H — Eca(ta))RPo, RPo) > c(t.)|r[|F,

where ¢(t,) > 0, then local strong monotonicity holds with constant Csy = ¢(ts) —
M |[te|lv — 2Ms6 for ¢, sufficiently close to 0. In [50, Lemma 3.5], it is shown that
such a ¢(t,) exists under the assumption that # has a spectral gap and that &g is a
sufficiently good approximation of the ground state e’*®q (i.e. that ¢, is sufficiently
close to 0).

ProrosiTiON 5.11. If A is locally strongly monotone near a zero t,, then t. is
non-degenerate.

Proof. Suppose that ker A'(t.) # {0} and that A is strongly monotone near ..
Then for any 0 # r € ker A’(¢,) sufficiently close to 0, we have

1
Com(@O)Irlli < (A(ts +7),7) = S{A"(E) (1), 7) + ol [Irlly).
Rescaling r by a > 0 small, and letting a — 0 we obtain that C'sp; = 0, a contradic-
tion. ]

Remark 5.12. When applying topological degree theory, we will view A : V — V*
as a mapping R™ — R” by identifying V and V* with R™. Following [14, Chapter 6],
we fix a basis {74 }aecz(q) of V and define the linear homeomorphism A : V — R™ with

Vot= Z taTa = h(t) = > Taca €R”,
a€Z(G) 2€Z(Q)

where {e, }qez(q) is the standard (ordered) basis in R™. Also, fix a basis {7 }aez(a@)
of V* and define the linear homeomorphism g : V* — R™ analogously. Then

A=goAdoh ™ :R" »R"

gives the desired mapping. Now suppose that two other bases {74 }aez(q) C V and
{Ta}aez(@) C V* are given and let h: V — R”™ and g : V* — R™ be the corresponding
linear homeomorphism. But then

gflogvohiloh:Azgflogvoﬁflo%,

which implies A= §OAoFfvf1 =modo m, where m = go g~ : R® — R” and
m=hoh ! :R" — R". Using [14, Lemma 6.1.1], we obtain

deg(A, h(D),§(0)) = (sgndet m)(sgn det i) deg(A, h(D), g(0))
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for any open and bounded set D C V with 0 ¢ A(9D). We can conclude that the
topological degree is independent of the choice of the basis if V and V* are oriented
the same.

Next, we determine the topological index of a zero of A. The fact that the
topological index of ¢, is related to its CC energy Ecc(t«) and the eigenvalues of the

operator Hy(t.) is interesting on its own right.

THEOREM 5.13 (Index formula for SRCC—mnon-degenerate case). Let t,. be a
zero of the CC mapping A : V. — V*. Then t. is non-degenerate if and only if
Ecc(ty) & o(Hw(ts)), and in this case t. is an isolated zero and the topological index
of A at t, is given by

i(A L) = (=1)",
where

v={j:&Hu(t)) €R, &Hu(t.)) < Ecc(t)}.

Proof. Tt is trivial to see that if ¢, is non-degenerate, then it is isolated: assume
that ker A’(t.) = {0} and write

(5.16) (At + 1), T(A'(t)r)) = [|A )]G + o(lIr]),

for all |||y = €, where € > 0 is sufficiently small. Here, J : V — V* denotes the
(normalized) duality mapping. This implies that A(t. +r) # 0 for all 0 < ||r|ly < e.

We can apply Theorem A.6 with the mappings h : V — R" and g : V¥ — R"
defined in Remark 5.12. Using the notations of the said remark and (5.11), we have

(A (h™ (t2))eas ep) = (gA ()R (ea), e5) = (A (t)h ™ (ea), 9T (ep))
= ((H(t.) — Eco(ts))Ua®o, VDo),

where u, = h71(e,) and v = g'(eg) and o, B € Z(G). Here, g' : R® — V is the
adjoint of g. Therefore, using an appropriate basis transformation

i(A,t.) = sgndet A'(h = (.)) = sgn [ [ (& (Hu(t.)) — Ecc(t.)).

=0

The proof is completed by noting that the elements of the matrix ﬁm(t*) are real, so
its complex eigenvalues come in conjugate pairs, hence only real eigenvalues contribute
to the product above. 0

PROPOSITION 5.14. If A is locally strongly monotone near a zero t., then we have
i(At,) =1.

Proof. We have that in particular A : R" — R" is monotone near h(t.), so accord-
ing to Theorem A.14, A is orientation-preserving near h(t,). But then Theorem A.13
(i) implies that i(A, t.) = i(A, h(t.)) > 0. O

Using the “unlinked” form, we can determine the topological index in the FCC
case (see (2.10)). Recall that the eigenvalues &,(H), n = 0,1,..., are assumed to be
increasingly ordered.

THEOREM 5.15 (Index formula for FCC—non-degenerate case). LetV = V(G
and assume that t, € V is a zero of the FCC mapping A:V — V*. Then e &y € $?
is an (intermediately normalized) eigenfunction corresponding to some non-degenerate
eigenvalue £, (M) if and only if t, is non-degenerate, and in this case i(A,t.) = (=1)".
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Proof. First, note that V(G™!) is rank-regular so Hey(t) = Hu(t). We have
Ecc(ty) = EL(H) by the equivalence of FCC and FCI (see Theorem 2.3).

According to Lemma 5.1, we have that e”=®q is a non-degenerate intermediately
normalized eigenfunction if and only if Ecc(ts) € o(Hy(ts)). In fact, Ecc(ts) €
o(Hayg(t.)) if and only if there exists R®g € U nonzero, such that

(e"T*HeT RBy, SBy) = Ecc(ts)(RPy, SDy),

for all s € V. Since V(G™M!) is excitation complete, according to Lemma 5.3 the
preceding equation is equivalent to

(5.17) (HReT=®, S®g) = Ecc(t.)(Re™*®g, SD),

for all s € V. But this precisely means that the FCI eigenstate e’* ®q is degenerate,
because Rel*® is another eigenvector corresponding to the same eigenvalue Ecc(t).

We also conclude from (5.6) that o(Hy(ts)) = o(H) ~ {€cc(ts)}. Applying
Theorem 5.13, we obtain that ¢, is non-degenerate and i(A,t.) = (—1)". O

It is worth noting that, in the FCC case, the zero t, representing the intermedi-
ately normalized, non-degenerate ground state (i.e. Ecc(ts) = Ey(H)) hasi(A,t.) = 1.
Note that this is not necessarily true in the truncated case. While the CC method
is most commonly aimed at the ground state, it can also be used to find other in-
termediately normalized eigenfunctions as well. Furthermore, it can also be used
to obtain eigenfunctions which are orthogonal to the reference ®y according to the
remark below.

Remark 5.16. The Equation-of-Motion Coupled-Cluster (EOM-CC) method [19]
is aimed at calculating ezcited energies and states (i.e. &,(H) for n > 0, and the
corresponding eigenvectors) based on a CC ground-state solution. This is done in
two steps. Let V = V(G™). Firstly, a conventional CC calculation determines the
ground state ¥ = e?*®( such that A(t,) = 0, i.e. HV = EV. Secondly, the targeted
excited state is of the form Ve, = (rol + R)el*®y = ReT*®y, where R is a cluster
operator, see Lemma 5.1. We have

(5.18) Hog(t,)RPy = Eex RPy.

In other words, we need to solve the eigenproblem of the similarity-transformed pro-
jected Hamilton operator Hes(ts). Furthermore, similarly to the proof of Lemma 5.3,
it is easy to see that A(t,.) = 0 implies

<RH(t*)(I)0, S(I)()> = gcc(t*)<R(I)0, S(I)0> forall seV.
Subtracting this from (5.18), we get the “commutator form” of the EOM-CC equation:
(519) <[H(t*)7 R](I)(), S@0> = A(€<R(I)0, Sq)o>, where Ag = gex — g,
and & = Ecc(ty) is the ground-state energy as given by the CC method. Let V be an
arbitrary amplitude space. Recalling the expression (5.12) for A'(t), we can rephrase
the EOM-CC equation (5.19) as the weak eigenvalue problem for A'(t.) : V — V* (cf.
[21, Section 13.6.3]), i.e.

(5.20) (A'(t)Rj®o, SPo) = AE;(R; Do, SPo),
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for j =1,...,J labelling the states'' and s € V is arbitrary.'? Notice that the AE;’s
are in general complex. Using Theorem 5.13 we can obtain the following. Suppose
that A&y, ..., A&, are given by (5.20) and are all nonzero. Then

(5.21) i(At) = (=1)", v=|{j:A& R, A& < 0}].

Due to the nonvariational property of truncated CC (see subsection 2.4), it is not
a priori clear whether the (real) excited energies are higher than the ground-state
energy, i.e. if AE; > 0. Therefore, (5.21) quantifies this nonvariational property
through the topological index (A, t.).

Next, we draw a connection between the degeneracy of a zero t, and the Fock-
splitting (2.4) of the Hamilton operator. Define wo(t.) = (W(t+)®Po, Po), which is
the CC correction to the lowest eigenvalue Ag of F, so that the CC energy at t, is
obtained as Ecc(t) = Ao + wo(ts).

PROPOSITION 5.17. Let V(G) be a rank-regular amplitude space and t. a zero of
A. Define the linear operator Q(t.) : B — U via its matriz in the determinantal basis
as

[Q(t)]ap =abap+ Y terey(Xy®p, o) forall o,B€E(G).
YEE(G)

Then wo(ts) & o(Q(t) + Wa(ts)) is equivalent to Ecc(t) & o(Hy(ts)), i-e. to the
fact that t, is a non-degenerate zero of A.

Proof. We have using (5.3),

ECC(t*) = <6_T*./_‘.€T* @0, @0> + <W(t*)¢‘0, (I)(]>
= (F®q, ®g) + ([F, Tu] o, Po) + (W(t)Po, Do)
= Ao + W(ts)Po, o) = Ao + wo(t).

Similarly,
(H(t:)®p, Do) = (FPp, o) + ([F, Tu]®p, Do) + (W(t:) D5, Pa)

=(Mo+ea)bast+ D tuney(XyPg, @0) + W(t)Ds, Da).
YEE(G)

Then, in the determinantal basis
H‘B(t*) = Aol + Q(t*) + W‘B(t*)'

Hence, Ecc(ts) & o(Hyp(ts)) is equivalent to wo(ts) € o(Q(ts) + Way(ts)), which
finishes the proof. O

We now consider the case of a degenerate zero. Clearly, if r € ker A'(t,) # {0},
we have to consider higher-order terms of the Taylor polynomial of A at t,,

Al +7) = A(t)r + %A”(t*)(r, P+ Rt ),

where A”(t,) : Vx V — V* is a bounded bilinear mapping. Here, we only consider
the second-order information.

1Here, R, is not to be confused with the rank-decomposition (3.6).
12 A similar relation holds if t. does not represent the ground state.
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Assume from now on that V is rank-regular, so that H(t) = Hy(t). Suppose
that Ecc(ts) € o(Hy(te)) and that Ri®g,..., R, Py € U are the right eigenvectors
of Hes(t.) corresponding to Ecc(tx),

(H(t)R;jPo, SPo) = Ecc(t+)(R;Po, SPy) forallj=1,...,pandall se€V.

Also, suppose that Li1®g,...,L, P9 € U are the left eigenvectors of Ha(t.) corre-
sponding to Ecc(ty),

(H(t*)Tqu)O, S®g) = Ecc(t)(L;jPy,SPy) forall j=1,....,pandall seV.
The corresponding right-, and left eigenspaces are

Wg =ker A'(t,) = Span{ry,..., 7.},
W, = ker A'(t,)" = Span{¢y,...,0,},

and let ) : V. — V be the orthogonal projector onto Wp,. Further, define @ 0 =Y
via (QU®q, V®y) = (Qu,v) for all u,v € V. We introduce the mapping B : V — V*
via

1~ 1 ~
(522) <B(t)a S> = §<Q[[H(t*)a T]a T]CI)Ov S<D0> = §<Q[[W(t*)v T]v T]@O; S(I)O>7
that is, the Q-projection of %A”(t*)(t, t). In the second equality, we used (5.4). Also,
note that B is homogeneous of degree 2, i.e. B(at) = a?B(t). The next theorem
follows esentially from Leray’s second reduction formula (Theorem A.10).

THEOREM 5.18 (Index formula for SRCC—degenerate case). Let t. be zero of
the CC mapping A : V. — V*. Suppose that Ecc(ts) € o(Hyu(ts)) and let Wg, Wi,
and @Q be as above. Assume that

(5.23) B(t) #0 forall te 0B(0,1).
Then, t, is an isolated zero and the topological index of A at t, is given by
i(A, ts) = i(A'(t:) + Q,0)i(Blwy, 0).

Proof. First, we prove that ¢, is isolated. When r ¢ ker A'(t.) and small, it
follows that A(t. +7) # 0 similarly to (5.16). If, however r € ker A’(¢.), then we may
write

1
(Al +7), T (A" (#) (7)) = (A (8)r, T (A" () (7)) + 5 A" () () 5+ O 1)
———
0
for all € B(0, €) for sufficiently small £ > 0. Condition (5.23) implies that A(t.+7r) #
0 for all r € B*(0,¢).
Next, we apply Theorem A.11 with the choice D = B(0,¢), L = A’(t.) and

2N )\k72
(N8 X),8) = 3 Z= (I(E), Tl o, S0,

k=2

where we used (5.9). Because ran Q = ker A’(t,)T, it follows that

ker Q@ = (ran Q) = (ker A'(t,))* = ran A’(t,) = ran L.
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Moreover, since t, is an isolated zero, it is possible to choose § > 0 so that the equation
A TA(t + M) = A (L)t + AN (5 N) =0

does not admit a solution ¢ € dB(0,d) for any A € (0,1].

Note that QN (¢,0) = B(t) # 0 for all t € B*(0,§) by assumption (5.23) and the
homogenity of B. We see that conditions (i) and (ii) of Theorem A.11 are satisfied
and the result follows. O

The preceding theorem reduces the computation of the index to a low-dimensional
problem but the zero is still degenerate. In fact, since

1 ~
(B'(t)u, v) = S(QUH(E.), UL T] + [[H(t.), T], U)o, Vo),
we have that t = 0 is a degenerate zero of Bly, and by assumption the only zero.

Therefore, we need to apply Theorem A.9 to determine i(B|w,,0).

COROLLARY 5.19. For a degenerate, isolated zero t, of A, dimWg = 1, and for
which (5.23) holds, we have i(A,t.) = 0.

Proof. Let Wgr = Span{r} and Wi = Span{¢}. We apply Theorem A.9 to the
mapping Blw, with D = B(0,¢), ¢ > 0 arbitrary. Fix 2z’ = n¢ € ranQ = W, such
that 0 < |n| < 8. Since ¢t = cr € Wg, the equation B(t) = 2’ in B(0,¢) N Wg is
equivalent to finding 0 # ¢ € R such that

02

(5.24) S ((H(t.) - Ecc(ty))R*®g, Lg) = (Lo, LD0).
Note that the inner product on the left-hand side is nonzero by assumption (5.23).
Choose 7 to be of opposite sign as the inner product on the left-hand side. Then there

are no solutions ¢, so i(B|w,,t.) = 0 and therefore i(A,t,.) = 0 by Theorem 5.18. 0O

COROLLARY 5.20. Lett, be an isolated zero of the CC mapping A : V — V*. Sup-
pose that Ecc(ts) € o(Hy(ty)) and let Wi and Q as above. Assume that ker B'(t) =
{0} for all 0 #t € Wg. If dim Wg = p is odd, then i(A,t.) = 0.

Proof. Let 2/ € B*(0,5) N Wg. Then the equation B(t) = 2’ for 0 # ¢t € Wg is

equivalent to

1
5([[H(t*)7T]7T]@O,L<I>O> = (Z'®q, LDy),
for all £ € Wy,. Let T denote the set of solutions ¢ of the preceding equation (which
can be empty). By Theorem A.9, |7| = m for some m finite. Notice that 7 is closed

under the operation ¢ — —t, so m is even (we also used that 0 ¢ 7), and let
T={ts,....tm,~ty,...,~tm}
using some appropriate indexing. From the linearity of ¢t — B'(t), we get via Propo-

sition A.3,

sgndet gB'(t;)h ™" + sgndet gB' (—t;)h ™"

'Mw\s

@
I
-

deg(Blwy, B(0,r) N Wg,2') =
(5.25)
(1+ (=1)")sgndet gB'(t;)h "' =0,

'Flﬂws

<
I
—

for some sufficiently large r > 0. 0
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We close this section with two remarks.

Remark 5.21.

(i) Note that, according to Theorem A.9, a zero t, of topological index 0 is “nu-
merically unstable”, because one could miss zeros altogether if the equations
are solved with finite precision arithmetic, even in the FCC case. Therefore,
the degenerate zeros of the SRCC mapping A are not robust in general. We
have already seen that in the FCC case, the CC energy Ecc(ts) of a de-
generate zero t,. is a degenerate eigenvalue £ of the Hamilton operator (see
Remark 5.2). Thus, we can conclude that the SRCC method is in general
unsuitable for finding degenerate eigenstates and eigenvalues—an empirical
fact that is well known among the practitioners of the SRCC method.

(ii) Proposition 5.14 and the preceding calculations imply that any approach
that stipulates the local strong monotonicity of A near t, can only provide
an incomplete description of the SRCC method.

5.3. Local properties—complex case. We now discuss what happens when
complez amplitude spaces are considered instead. We explain the complex case in
detail because the differences from the real case are somewhat subtle. We will use the
concepts and results of Appendix B.

Assume that V is a complex amplitude space and let V* denote its anti-dual.
It is clear that ¢ — (A(t), s) is a (complex) polynomial for fixed s € V, hence with
the appropriate identifications, Ac¢ : V — V* is a holomorphic mapping, where we
used the subscript C to highlight the difference.!® Of course, a real zero t, € V to
A(t.) = 0 is automatically a “complex” zero: Ac(t.) = 0. Further, using the fact
that the Hamilton operator is real (by which we mean (H®,,®3) € R), Ac(t.) =0 if
and only if Ac(t.) = 0. Also, Ecc(t) = Eca(t).

From Theorem B.3 we immediately get that deg(Ac,U,0) > 0 for every bounded
open U C V. In particular, i(Ac,t.) > 0 for every isolated zero t,.. Notice that, even
if t, is a zero of both A and A, its real and complex indices (A, t.) and i(Ac, t.) may
differ; for instance we know from Theorem 5.13 that i(A,¢.) can have a sign, while
i(Ac, t.) cannot. Also, Theorem B.3 (iv) implies that i(.A,t.) > 2 for an isolated,
degenerate zero t,. Moreover, the following is true.

THEOREM 5.22. Ift, € V is a real isolated zero of both A and Ac, then
[i(A,t.)] <i(Ac,ts), (A ts) =i(Ac,ts) mod 2.
Proof. The result follows from Theorem B.5 with the choice D = B(t.,d). ]

For simplicity, we assume from now on that V is rank-regular (Definition 5.4), so

that Hay (t) = Ha(t). Adapting the proofs of Theorem 5.13 and Theorem 5.18 in the
complex case, we have

THEOREM 5.23 (Index formula for SRCC—complex case). Let t. be an isolated
zero of Ac : V — V*. Then the following hold true.
(i) The zero t, is non-degenerate if and only if Ecc(ts) € o(Hy(ts)), and in this
case i(Ac,ty) = 1.
(ii) Suppose that Ecc(ts) € o(Hy(ts)) and that the second-order regularity as-
sumption (5.23) holds true. Then

i(A((j, t*) = i(B|WR,O).

13Note that the realification of Ac, (Ac)r does not equal A (they are mappings of different type:
(AQ)r : R2™ — R27).
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Suppose that Ecc(ty) € o(Hy(ty)) and that the second-order regularity as-
sumption (5.23) holds true. Assume further, that ker B'(t) = {0} for all
0#Tdy € Wg. Then i(Ac,ts) = m > 2, where m is the number of solutions
0 # R®y € Wg to the equation

(H(ts) — Ecc(ty))R2®q, LO) = (Z®g, LOy) (LPo € W)

for any Z®y € Wi N B*(0,9) for sufficiently small § > 0.

Proof. For (i), it is enough to note that ker A (t.) # {0} follows via the same
calculation as in the proof of Theorem 5.13. Part (ii) follows since i(Ag(t4) + Q) = 1.
For the proof of (iii), notice that (5.25) now reads

deg(B|wy, B(0,r) N Wg,z) = ngn | det gB'(t;)h™t? = m. 0

i=1

COROLLARY 5.24. For a degenerate, isolated zero t, of Ac, dim Wgr = 1, and for
which (5.23) holds, we have i(Ac,ts) = 2.

Proof. The proof is analogous to that of Corollary 5.19, but (5.24) always has
exactly two nonzero complex solutions c. ]

We close this section with a few remarks.

Remark 5.25.

(i)

(i)

(i)
(iv)

Luckily, for a real zero t, € V, the condition Ecc(ty) € o(Hy(ts)) is for-
mally the same as in the real case, therefore a non-degenerate real zero is
automatically a non-degenerate zero of Ac.

The degeneracy of a complex zero t, manifests itself in numerical compu-
tations as follows. Suppose the hypotheses of Theorem 5.23 (iii) hold true.
Combining this with Theorem B.4, we get that the perturbed equation A(t) =
2" has ezactly m solutions for almost all 2’ € V sufficiently close to zero. This
is in contrast with the real case, when one might completely “lose” solu-
tions when the index is zero (Remark 5.21 (i)). The appearance of multiple
complex zeros in degenerate situations was conjectured based on numerical
observations in [44, 43].

If the Hamilton operator is real (see above), then the index of the complex
conjugate zero is the same: i(Ac,t.) = i(Ac, t«).

The classical Bézout theorem states that if a polynomial system

Pl(xl,...,xd) =0
PZ(xla"'axd) =0

Pn(Il,...,xd):O

has a finite number of zeros in C¢, then the number of zeros (counting multi-
plicities) is at most A = A;--- Ay (called the Bézout number), where Ay
denotes the degree of P,. As remarked earlier, according to the Baker—
Campbell-Hausdorff expansion (2.12), for the polynomials constituting the
system A(t) = 0 there holds A; = ... = Ay = 4, hence the Bézout num-
ber of the CC equations is A = 4%, where d = dimV. This is typically a
huge number. However, it is known that the Bézout number often grossly
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overestimates the number of zeros. In fact, it was observed numerically that
the number of zeros for the (truncated) CC equations is much less than the
Bézout number [43].

5.4. Continuation of solutions. In this section we discuss how solutions of
different CC methods can be “connected” in a systematic way. The idea is not new
to this field (and certainly not new to nonlinear analysis, see e.g. [59]), and it has
been a subject of both theoretical and numerical investigations in the CC literature,
as we have already mentioned in the beginning of section 5.

The main theoretical tool we use to describe the aformentioned connection is a
specific type of homotopy.

DEFINITION 5.26. Let V! be an amplitude space with direct sum decomposition
VI = VO @ V4. Let AV : VI — (VI)* be continuous mappings for j = 0,1. A
continuous map K : V1 x [0,1] — (V1)* is said to be an admissible homotopy, if

(i) (K(t%,0),5%) = (A°(tY), sY) for all t* € V!, sY € VO, and

(i) K£(-,1) = AL
Furthermore, an admissible homotopy K : V! x [0,1] — (V1)* is said to be faithful,
if for every t%, € VO such that A°(t?,) = 0, there ewists tZ, € V4 so that with
tl, =19, + 14 € V!, there holds K(tL,,0) = 0.

Let V! = V(G'!") and A! be the FCC mapping, V° some rank-truncated space
and A° the truncated CC mapping. This case is particularly important due to the
equivalence of FCC and FCI (Theorem 4.4), so existence of a solution to the FCI
problem (essentially the Schrodinger equation) can be exploited to infer the existence
of a truncated CC solution. Furthermore, the topological index of the CC solution
can be determined by the results of subsection 5.2 and the homotopy invariance of
the topological degree can be used relate these quantities in certain situations (see
(5.28) below).

The zero set of an (admissible) homotopy K is defined as

(5.26) Z(K)={(tL,\) e VI x[0,1]: K(t}, \) = 0}.

We omit K from the notation Z(K) whenever it is clear from the context. The A-
sections of Z are denoted as Z, = {tl € V! : (t1,\) € Z}. Clearly, (2(K)); =
(AYH~(0) for any admissible homotopy K. Furthermore, ITyo(Z(K))o = (A%)~1(0)
for any faithful, admissible homotopy K. We will sometimes explicitly label ¢t with
the A to which it corresponds as t1(\).

Recall that any topological space can be partitioned into a family of connected
components, which are maximal (w.r.t. set inclusion), closed connected sets. We are
interested in the connected components of Z(K). The extended homotopy invariance
property of the degree (Theorem A.7) and the Leray—Schauder continuation principle
(Theorem A.8) immediately implies the following.

THEOREM 5.27. Suppose that D C V! x [0,1] is a bounded open set and let K :
V x [0,1] — V* be an admissible homotopy such that

(5.27) K@t \) #0  forall (t',\) € 0D.

Then the following statements hold true.
(i) deg(K(-,0),Dy,0) = deg(A', Dy,0) =: d.
(ii) If A #£ 0, then there is a connected component C of Z(K), such that

CN(2(K); #0 for j=0,1.
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This general theorem can be used to prove existence results, which essentially consists
of establishing the boundary condition (5.27). Note that (i) implies that

(5.28) dooikG0), ) = Y (AL E) =d.

tl, €ZoNDg tlez,ND,

This is a necessary condition for zeros in Zj and Z; be in the same bounded connected
component.

Remark 5.28. In [43], a specific type of admissible homotopy (which will be dis-
cussed in subsection 5.5 below) is used as the basis to distinguish “physical” truncated
solutions from “unphysical” ones. Roughly speaking, they call a truncated solution
“physical” if it shares a bounded connected component with an FCC solution (al-
though they require more regularity of the connected component in question). They
also found that some FCC (resp. truncated) solutions cannot be “connected” to any
truncated (resp. FCC) solution. While this approach to the classification of solutions
seems attractive at first, it has a serious conceptual drawback: it is unclear why one
particular homotopy is preferred over the (infinitely many) others. For instance, it is
conceivable that an admissible homotopy classifies a truncated solution as “unphys-
ical” while another homotopy classifies it as “physical”. Moreover, their homotopy
itself does not admit an obvious physical interpretation. We will not pursue this line
of thought any further in this work, and view homotopies as purely mathematical
devices.

The most obvious example of an admissible homotopy is the linear homotopy.
Let VO C V! be any subspace (a typical choice is based on some truncation: V0 =
V(G(1,...,p))) and V4 := (VO)L where the orthogonal complement is taken with
respect to the V-inner product. Also, to emphasize that V< is actually given by the
V-orthogonal complement of VO, we shall write ¢! = t° + ¢+ for some unique t € V¢
and t+ € (V0L for any t! € V. Let Ky, : V! x [0,1] — (V!)* by given by

(Kr (', N), ") = (1= X) ((A%(t9), s%) + a| ¢+ — ub, sT)v]) + MAL (), s1)

for any t*,s! € V! and A € [0,1], and some fixed constants o > 0 and u* € (V°)=+.
Then, clearly Kp,(-,1) = Al. Further, Ky, (t1,,0) = 0 is equivalent to A°(2,) = 0
and tL, = u'. Therefore, Ky, is a faithful, admissible homotopy. Also, Ky, has the
following trivial property: if t1 € V! is such that A°(t?) = 0 and A'(¢!) = 0, then
KL(tL, X) =0 for all X € [0,1].

As a simple application of the linear homotopy, we give a variant of the existence
result [50, Theorem 4.1].

THEOREM 5.29. Suppose that tL € V! is a zero of A'. Let s = ||t||v. Assume
the following hold true.

(i) A7 : VI = VI s CL.

(i) L0 = supHuo”V:1<A0(t2) — A1), u®) for some L° < oco.

(iii) A7 is strongly monotone in By; (tL,0;) with constant C’éM = C’gM(éj) >0 for

7 =0,1.

(iv) » < 50531 , where 6 = min{dop, 01}
Then there exists a unique t0, € Byo(t2,0) such that A°(t°,) = 0. Furthermore,
Z(’CL(vo)vtl*) = Z(Ao’tg) =1

Proof. Set a := C8; and ut := t in the definition of Kr,. We prove that the
boundary condition Kr,(t',\) # 0 holds true for all t* € dB(tl,§) and A € [0,1].
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Write 1 =t + 7!, where ||r!|y = § and
(Kt 4+t A), ) = (1 = M) Ag + M.
Here,

AO = <"40(t2 + TO)) T0> + C§M<ti_ + TL - ti_7TL>V
= (A +70) = A°(2D), ) + (A°(D) — AN (t2),7°) + Cdullr I
> Caullr® 1% — LO5||rllv + Caumllr— 1%

> (Cullrt v = Lol lv = (Csyd — LO52)é > 0,
where we in the last step used that ||71||2 = ||r°||Z + ||rL||?. Furthermore,
Ar = (At + ), rt) = (AN + ) = AN, 1) > Caullr I > 0.
Using Proposition 5.14 and the uniqueness of the zero t. in B(tL,d),
deg(KL(-,1), B(t,6),0) = deg(A', B(t,6),0) = 1.

Since we have already seen that Kr,(t}, \) # 0 for all t* € B(tL,d) and A € [0, 1], the
homotopy invariance of the degree (Theorem A.1 (iii)) can be applied to get

deg(KL(-,0), B(t,6),0) = 1.

Corollary A.2 (i) implies that there exists t1, € V9 such that (t2,,t}) € Byi(tl,6)

and (Kp,(t2,,0),s%) = (A°(t%,),s°) = 0 for all s € VO, which is what we wanted to
prove. Uniqueness follows form the local strong monotonicity of AY. a0

In the special case when A° is given as a projection of A! (see Remark 5.8), we
obtain the following.

COROLLARY 5.30. Suppose that t! € V! is a zero of A'. Let 3 = |[t-||v and
suppose the following hold true.
(1) L« = supy,o,—1 (A (t2) — A (t1),u’) for some LO < oo.
(i) Al is strongly monotone in By (tl,8) with constant Csy > 0.
(if) > < d gt
Then there exists a unique t0, € Byo(tL,6 — 5) such that A (t2,) = 0.

Proof. Tt is enough to recall that A° = IIyoA'|yo is strongly monotone with

constant Cgy in
BVO (tg, V 02 — %2) D) BVO (t(i, o — %)
Applying Theorem 5.29 with C9y; = Csm and 8y = § — 5 gives the result. ]

5.5. Kowalski—Piecuch homotopy. In this section, we consider another ho-
motopy that can be used to analyze the connection between the solutions to CC meth-
ods of different rank-truncation levels. The approach was pioneered by the chemists
K. Kowalski and P. Piecuch [43], who conducted a comprehensive numerical study
based on this idea.!* They considered complex amplitudes and the following discus-
sion is easily extended to that case.

Assumption. Let V! = V? @ V4 be an £2-orthogonal direct sum decomposition of
a real amplitude space V! = V(G'), where VY is an amplitude space corresponding

14They call it the “S—nested equations”, 8 being the homotopy parameter.
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to some lower truncation level. More precisely, assume that there is a rank p > 1,
such that V° contains all amplitudes with rank < p and V4 := (V°)12 contains all
amplitudes with rank > p. In the notations introduced before,

=V(G% =V(G(1,...,p)) NV and V4 =V(G*) =V(G(p+1,...,N))nV

where G° = G(1,...,p) N G! and G+ = G(p+1,...,N)NG'. Hence, any t' € V!
may be uniquely decomposed as t! = t° +1, where t° € VY, t+4 € V4 and (t°,t4) = 0.

Now suppose that A : V! — (V1)* is the SRCC mapping (5.1). Write
(AY), 1) = (e T HeT @y, S°D) + (e T HeT By, S“Bp)
= (e e (e = D)HE + €T (€7 — 1)), S"Pp)
+ (e T HeT By, S“By)

(5.29) = (A°(¢ ) s+ (e (e T = D)™ (77 — I)®y, S°By)
+ (e” ( 7 e By, SOB) + (e T He " (77 — I)®y, S°Bp)
+ < @0’ Sé(I)O>

= (A1), °>+<e—T°HeT°(eT‘—I)¢>0,50¢0>+<A(t1),34>,

where in the last step the second and the third terms of the penultimate expression
vanish because

%((:r’é)T)ZS(%p0 —...=0,

(e T — DSy = —(T4)1S°% —
due to the definition of the spaces V9 and V4. Note that this last relation would not
hold in the case V0 = V(G(D)) N V!, VI = V(G™), which is actually excluded by
assumption.

Motivated by the preceding calculation in (5.29), we define the Kowalski—Piecuch
homotopy Kxp : V! x [0,1] — (V1)* via the instruction

(Kip(th,\), s) = (H(t°) Do, S°Dg) + (H(tH) Do, S“ D)

(5.30) .
+ MH(E) (T — I)Dg, S°Dy)
for all t1,s* € V! and A € [0, 1]. Here, the relation Kxp(tL,\) = 0 is the same as the
system [43, egs. (90)—(91) and (93)].

It is obvious that Kxp is an admissible homotopy. However, it is unclear whether
it is faithful or not. In fact, Kxp(tl,,0) = 0 is equivalent to the system

(5.31) (H(t2,)®0, S®0) =0,
(5.32) (H(t2, +t£.)®0, S o) = 0,

for all s' € VL. In other words, the usual SRCC equation A(t%,) = 0, (5.31), is
augmented with an additional equation for tZ,, (5.32), which, in turn, depends on
t0,. Tt is not obvious at all that (5.32) has a solution tZ, for a given zero t2,. The
extensive numerical evidence in [43] clearly indicates that (5.32) admits a solution in
various circumstances.

Before proving our existence result we recast the KP homotopy into a more con-
venient form.
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LEMMA 5.31. The following formula holds true:
(5.33) (Kxp (', A),s1) = (A[° + At2), %) + (A(t!), s9),

for all t*,s' € V! and X € [0,1].
Proof. 1t is enough to prove that

(5.34)  (Kxp(th,A),s) = (e T HeT T By, $0B0) + (=L HeT Bg, S4By),

because (e_’\TZ)TS()(IJO = S%®;. To see (5.34), suppose that HeT' M 3y € H! and
note that in the expansion e?’ 7% = 1" (I +\T4+ /;—?(TZ)2 +...+ ’%(T‘)N) the
quadratic and higher-order terms do not contribute because the excitation rank of
H(T4)*®q exceeds p for k =2,..., N, due to the fact that H is a two-body operator.
The case Hel AT~ ®y € H ™! is obtained by density. ]

To formulate the existence result, note that because V! is assumed to be finite-
dimensional, it is always possible to choose an a > 0 so that

(5.35) (A'(t) +alr!,rt) 2 ya|lr'|f forall 7' eV,

for some 7, > 0. This is also true in the complex case with a “Re” added to the
left-hand side.
Define the operator O, : V — V vial®

(5.36) (A (tHut, 0,0") = ((A'(t)) + al)ut,v')  for all ', o' € V.

Then O, is well-defined, as long as ker A’(t}) = {0}, i.e. that t! is non-degenerate.

THEOREM 5.32 (Existence for KP). Let tl € V! be a non-degenerate zero of A.
Suppose the following.
(i) With 6y = ||TIH(©, — I)HOH%(V,V) and 0, = |[Up(O4 — I)H4||2£(V7V), there
holds
Yo — %Mall(%\lg(w)é_l

1
(1) + Myo 5 max{e+2(1+&~ )by, 2(1+c" )0} > 5

n:=(1-g)

for some e > 0 and 6 > 0. Here, « > 0 and v, > 0 satisfy (5.35) and
0 < g < 1 is such that |(t°,t“)v| < g||t°||v|[t*|lv for all t* € V1.
(ii) With s = ||tZ||v, there holds

2 — V2
2—-v2+27
Let D= {tL + 11 € V11 [|r2 + |74 |12 < 3(6 — 50)%}. Then, for any X € [0,1), there

exists t1,(\) € D such that Kxp(tl,(\),\) = 0. Furthermore, deg(Kkp(-,\), D,0) =
d # 0 for all X € [0,1]. In particular, there exists t., € D such that A(t%,) = 0.

Proof. We first prove that Kxp(-,A) # 0 on 9D for all A € [0,1]. Set ¢! = ¢! +r!
and s' = O,r! in (5.33) where ! € 9D, and write

(5.37)

(Kkp(t, + 7", 0), 0art) = (A + 70 + ML+ Ar), TpOar) + (A(ts +71), T,047")
= (At + ML 470+ X)) — At +71), O, ) + (A(ty +71),04ar")
=: () + (II).

15The authors learned this trick from [10, 9].
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For (I), Taylor expansion around ¢! leads to
(D) = (A = DA ()t +79),MgOur)
+ (Ra(th, (A = D)t + 10 + Ar9) = Ro(th, r!), oOur)
> (A= DA () (8 +79), ToOur!) — M|t + r7[[[ToOar! |
> —(A() + M)[[tE + r4[|v[|TTo®ur |y,

where we used the intermediate value inequality. Here, letting U0 € 23° correspond
to the amplitude IIpO,r!,

(At (t5 +19), MoOar") = (H(tr) — Ecc(t))(TL + RF)Po, ¥7)
= (H(t})(TL + R7)®o, U°)
= (H+ [H, T+ .. )(T? + R%)®y, °)

<A@t + 74 vIToOar |Iv,

where the first equality is (5.11), and in the last inequality we exploited that H
decreases the excitation rank at most by 2 (so that the single amplitudes (t!); of ¢!
only contribute). Also, the following estimate was used,

[02Ra (1, )| 2.(v.ve)

At + &) = At )l cevve

max
Ee[(A—1)tE+r0+Ars r1]

max
Ee[(A=D)tE+r04Ar4 rl]

< max max || A”(t} + .
S ol e A+ Ol
<M €l < Ms(llrllv + [lr<[lv + 22) < Msd.

556[(>\—1)tg1f7)“(0+)\r4,r1]
For (IT), we have using (5.35), (5.36) and Taylor’s theorem,
(ID) = (A'(t)r", ©art) — (Ra(ty, 1), Oart) 2 valrt§ — 5 Ms|rt {5 18ar|v
> (Ya = 3Msl1Oallccom T WP G 2 (o = 3MslOallevwyO) I I5-
In summary, using the definitions of §y and ., and setting ¥ = v, — %M(;H@a (PRANE
(Kip(t: + 11 X), 0471)
> A1 = (A + Msd)[[t5 + 14 |[v|[To®ar! |l

A(tL) + Msé

> Fllrt g - =

(It + 7415 + IMoOar' [1F)
_ A(th) + Msé
> (1= g (Il + I 1) - ===

1
> (=g - B

(5 + 251 lv + [r“[IF + [To©ar|[3)

(1 +max{e + 2(1 + & 1), 2(1 + 51)94})>

A(ty) + Msé
2

max{e + 2(1 + e )b, 2(1 + 61)94}>

(52 + V252(5 — )

< (1% + 7“1 —

1
> (1 gy - S

1 2
W(”+%”> |

(6= )?
2

2
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The positivity of the last expression follows from (5.37). We also used the bound

1% + IMo®ar [ < (1+ &™) [Mo(Oa — Dr ([ + (1 +e)lr°l5 + 17415
< 2(1+e7)(|Mo(©a — Io|[Z 3 17”13 + 1Mo(Oa — DIL|IZ () 1 17)
+ @+l + Il

< (1+max{e +2(1+ 7)o, 21+ 0N (I + I74117)-

We can now apply Theorem A.1 (iii) to conclude deg(Kkp(-, A), D,0) =d # 0 for
all A € [0,1], with & decreased if necessary. Invoking Corollary A.2 (i) completes the
proof. 0

Remark 5.33.

(i) A crucial difference between the linear homotopy and the KP homotopy is
that while the decomposition used for Ky, is V-orthogonal, the decomposition
for Kkp is £2-orthogonal—the computation (5.29) and Lemma 5.31 exploit
this heavily. Nevertheless, we used the V-inner product in the existence result
for Kxp. This geometric discrepancy is reflected in condition (i) above.

(ii) Using the Cauchy—Schwarz inequality it is clear that [(t,t)y| < [|[tOv|[t*|v
for all t* € V!, due to the fact that V! = V @ V4. The maximum of the
function t! +— (t9, )y is attained on ||t°|y = 1, ||t*||v = 1 and this maximum
may be taken as the 0 < g < 1 of condition (i).

(iii) In the coercive case, i.e. when (5.35) holds with a = 0, we have ©¢ = I, so
that 8y = 6, = 0. Letting ¢ — 0, condition (i) simplifies to

-9 M) 1
T TTAGY) 1 Myo 2’

This last condition in turn reduces to vo > Msd as g and A(t.) approaches
Zero.

(iv) It is interesting to note that while the linear homotopy Ky, involves the “tar-
geted” solution ti, the KP homotopy Kkp does not. In this sense, Kkp is
“universal”.

(v) The result is straightforward to extend to the complex case.

The constant A(t!) also deserves some explanation. Roughly speaking, the “de-
fect” A(t!) measures how much the subspace 2% C 0 deviates from being an invariant
subspace of the operator (H + [(TH)!, H])w : U — . In addition, we can invoke (5.3)
to write

At) = sup  [(W+ (T W)U o, V< ®0) .
|l llv=1
o< llv=1

Note that the term [(Tj)J{, W] can be eliminated via orbital rotations (since (t1); =
can be achieved according to the Thouless theorem), as it involves single excitations
only, in which case the amplitude dependence of A is removed. Hence, A quantifies
how much the operator Wy leaves 29 invariant.

We summarize the above existence result in the corollary below that holds under
the following structural assumptions.

Assumption (KPA). A(tl) can be made sufficiently small by an appropriate choice
of the orbital basis and truncation level 1 < p < N.
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Assumption (KPB). There is a dg > 0 such that Ms, is sufficiently small.

COROLLARY 5.34. Suppose that t! € V! is a non-degenerate zero of A and that
Assumptions (KPA) and (KPB) hold. If ||tZ||v is sufficiently small, then there exists
tl, € V! in a neigborhood of t1 such that Kxp(tl,,0) = 0.

Remark 5.35. Recall that Ms only involves the second derivative A" near t. (see
(5.15)), so that (KPB) can be viewed as a “perturbative” assumption. Further, as
we noted in Remark 5.9, M; involves the mapping ¢ — [[W(t + (), ], ]®o. There-
fore, (KPB) may be viewed as the higher-order generalization of assumption on the
smallness of the local Lipschitz constant of the mapping ¢ — W(tL + ()®¢ in [50,
Assumption BII] (see also Remark 5.39 (v)).

In the last step of the proof of Theorem 5.32, we could have invoked Theorem 5.27
instead to obtain the existence of a connected component C of the zero set Z(Kkp),
such that CN(Z(Kkp)); # 0 for j = 0,1. Under the above assumptions, this provides
a theoretical basis for the “solution trajectories” observed in [43]. Further, combining
Theorem 5.32 with (5.28), we get for t1, = t1 (0),

Z i(KKP(',O),ti*) :Z(.A,t,lk)

tl, eCN(Z(Kkp))o

Since we do not have uniqueness for ¢!, in this case, it is possible that the left-hand side
may contain multiple terms which sum up to i(A,t!). In particular, i(Kxp(-,0),tL,)
does not need to be i(A,tl).

To close this section, we calculate the topological index for a non-degenerate zero
at the A = 0 endpoint of the KP homotopy. Note that the index at A = 1 is simply
given by Theorem 5.13 and Theorem 5.18.

Fix t! € V! and define the operator H (') (not to be confused with (5.10) in a
different context),

(5.38) HE ) =HE) - D (H(t") o, Po)Xa.
a€E(GO)
Notice that (ﬁ(tl)@o, S99) = 0 for all s € VO. Define the linear mapping ﬁwomé (') :

B0 — Y4 via (Hao o (11)W, W) = (H(t'), V) for all U € VO and ¥ € V4. We
first calculate the derivative of Kkp(-,0).

LEMMA 5.36. The derivative 01 Kxp(tL,,0) : VI — (V1)* of Kkp(-,0) at a zero
tl, is given by

(01 Kkp (ts, 0)ut, 01) =
< <Hmogg*) —&cc(tl,) 0 ) (U0<I>0> (V0<I>0) >
Hogo - (ti) Hu (t1,) — Eco(th,)) \U“®o) " \V“Po
for all ut,v! € V!,
Proof. A calculation analogous to the one in the proof of Lemma 5.6 shows that
D(t') := 01 Kkp(t',0) : VI — (V1)* is given by
(D(thyu', vt) = ([H(t°), U)o, VODo) + ([H(t"), U] @0, V=)

(5.39) =: Dy (t") + Dy(t")
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for all t',u!,v! € V'. We set t! = t., and evaluate D; and D,. Write

UV = > (U'D,, VD) Py,
a€E(GT)U{0}
from which,
(U°H(1,) @0, VO®o) = (H(1],)Po. (U°)TVODy)
( oo+ Y ) 0.)®0, @) (U, VOB) + Ecc(t2,) (U Py, VODy).
a€E(G%) a€eE(GY)e

Here, the first sum vanishes because of (5.31) and the second by the orthogonality of
V0 and V4. Consequently,

Di(ty,) = ((H(t1,) = Eco(tl,))U®o, VOy).
Analogously, (5.32) implies that

(U“H(tL)@0, VDo) = Y (H(t1,) 0, Pa)(XalU o, V®0)
a€E(GY)

—i—gcc( )<U4(I)0,V4CI)0>

and
(UOH(EL) B0, VEBo) = 3 (H(tL) B0, ) (Xal %0, V- By),
a€E(GO)
Thus,
Dy(th.) = (H(tL.) = Ecc(th))U* @0,V @o) + (H(t1,)U B0, V< ®0),
and the stated expression now follows. 0

The preceding Lemma implies the index formula for the KP homotopy.

THEOREM 5.37 (Index formula for KP — non-degenerate case). Suppose that
tl, € Vs a zero of Kxp(+,0). Thentl, is non-degenerate if and only if the conditions

(1) Ecol®.) & o(Han(L),)),
(ID) Ecc(tis) & o(Hy-(tL))
both hold true, and in this case the topological index of Kxp(-,0) at tl, is given by
7:(IC]E(P('7 0)7 ti*) = (_1)U0+Véa

where
= [{j : &(Hao (1)) € R, &(Hupo(t2,)) < Ecc(t2)},
= {j: &(Haoz(th)) € R, &(Hy-(tL)) < Ecc(th)}.

Proof. The proof follows from Lemma 5.36 along similar lines as Theorem 5.13,

Z(]CKP( 7 ** = sgn H H‘BO gCC(tg*))
7>0
X sgn H (Hogo (t1,)) — Ecc(tl,)). O

7>0
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5.6. An energy error estimate. In this this section we derive an energy error
estimate for general eigenstates for the KP homotopy using the results of Appendix E.

THEOREM 5.38 (Energy error estimate). Let V! = V(G™) and suppose that . €
V1 is a zero of A, and that t%, € V! is a zero of Kxp(-,0) = 0. If the nonorthogonality

condition (eT*=®y, €T+ ®o) # 0 holds true, then
(540) |gCC (ti*) - SCC(t1)| < C<t2*7ti*)”tf*”V7
where C(t2,,tL,) > 0 is given by

[ Tog 2 (7 ) Iy €7 B || g1
|<€T*9* CI)(), eT*l (1)0>|

Ot ) = (C* + M)

and is independent of t%,. Here, C is the norm equivalence constant from Remark 3.29
and M = maxeepo g [t = Iy (W(E), UMl cov,9-1)-

Proof. Setting U = ¢7*®; and A = 0 in Theorem E.1 (II), we have

[((F(th) — H(19.)) @0, Mg () Ty e™ @) |

A1 th,) — Eco(ty)] =
(541)  |Ecc(ts) — Ecc(ty)] (7% By, 72 dy) |

Note that using (5.3) we may write
(H(t1.) = H(12,) @0 = [F, TE] o + (W(11,) — W) o
= D )%y + OV(EL) — W(EL) Do,

YEE(GX)

Hence, we can bound the numerator of the right-hand side of (5.41) as

0 1
S () (@, T (€7 Tlag ™ )|
YEE(G4)

(VL) = W) o, Tap (77 T ).

Using the Cauchy—Schwarz inequality, the first term may be further bounded as

Z £y (t5,) (@, a2 (77 ) Ty €T Do) < i )HH‘W (€7) My €™ @ ‘7
YEE(G#)
where the norm ||-|| was defined in Remark 3.29. For the second term, we use the
intermediate value inequality to obtain the bound
M2, |17 [ o (¢ g 2™ o . 0

Remark 5.39.

(i) If the nonorthogonality condition holds and t%, = 0, then according to (5.31)-
(5.32), t2, is an FCC solution such that <€T*0* B, T+ ®y) # 0. In this case,
(5.40) implies that the energy error is zero: Ecc(t?,) = Ecc(tl).

(ii) In the practically relevant case p > 2, using (E.1), we have that Ecc(tl,) =
Ecc(t2,) so the left-hand side of (5.40) does not involve 2, at all.

(iii) The appearance of the quantity ||tZ, ||v allows us to view the auxiliary equation
(5.32) as providing an a posteriori error estimate.
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(iv) If the nonorthogonality condition does not hold, i.e. (eT++®g,eT ®y) = 0,
then eTf*fI)o and T+ ®, represent different eigenstates if ¢! is assumed to be
non-degenerate. While eTo D itself does not satisfy the Schrodinger equation,
it must be viewed as an approximation to an eigenstate different from Tt Dy.

(v) Note that a local Lipschitz assumption (on a ball including ¢%, and t2,) with
constant L on the mapping ¢t — W(t)® can be used to obtain the result of the
theorem with M replaced by L. Such an assumption is akin to Assumption
B.II in [50] where it is used for guaranteeing the local strong monotonicity of
the CC mapping.

6. Conclusions and further work. In the first half of the paper we proposed a
framework to describe the discretization scheme involved in CC-like methods. At the
core of the description is the concept of the excitation graph (Definition 3.4), which
completely determines all necessary building blocks such as excitation operators (sub-
section 3.3), cluster operators (subsection 3.4) and amplitude spaces (subsection 3.5).
The excitation graph concept admits a straightforward extension to the multirefer-
ence case (Definition 3.14). Another advantage of our approach is that it avoids the
use of second-quantized formalism and hence allowed us to prove the basic results
(such as Theorem 3.17 and Theorem 3.21) in a more transparent manner. Besides
these, we also pointed out a number of structural properties of the excitation graph in
subsection 3.2. It is important to note that some of these graph-theoretic properties
are reflected in the algebraic structure of the excitation operators (Theorem 3.16 and
Theorem 3.23). Some relevant combinatorial quantities have been calculated in Ap-
pendix C. Furthermore, we proposed an algorithm to determine the reference states
in an optimal fashion for the multirefence case in Appendix D.

In section 4, we provided rigorous derivations of both the single-reference- (sub-
section 4.1), and a multireference (subsection 4.2) CC method. The derivations used a
general theorem (Theorem 4.1) motivated by a known method based on perturbation
theory.

The rest of the paper was concerned with the analysis of the SRCC method. We
began with the definitions and elementary considerations in subsection 5.1. Then
we considered the local properties of the SRCC mapping in subsection 5.2, mainly
in the finite-dimensional case. It turned out that the topological index of the CC
mapping (Theorem 5.13) is connected with the nonvariational property of the CC
method (Remark 5.16), and the eigenvalues of the Fock operator (Proposition 5.17).
In the degenerate case, the classic Leray reduction formula provided the topological
index (Theorem 5.18). We also discussed the case when the cluster amplitudes are
allowed to be complex in subsection 5.3.

In subsection 5.4, we discussed how certain homotopies can be used to analyze
the CC method, in particular to prove the existence of a truncated CC solution
through the use of topological degree theory. This was done using an idea well-known
both in nonlinear analysis and in quantum chemistry: that an appropriate homotopy
“connects” the truncated problem with the exact problem (essentially the Schrédinger
equation), therefore one is able to infer (homotopy-invariant) information regarding
the former problem from the latter. As an introductory example, we considered the
linear homotopy (Theorem 5.29).

Next, in subsection 5.5, motived by the works of the chemists Kowalski and
Piecuch, we considered a homotopy that connects CC mappings corresponding to
different truncation levels. Using this, we proved an existence result for the said
homotopy (Theorem 5.32), which also implies the existence of a truncated CC solution
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under certain assumptions. The index formula for the KP homotopy was also derived
in the non-degenerate case (Theorem 5.37). Using an known result about the KP
homotopy (Appendix E), we also derived an energy error estimate in subsection 5.6.

Finally, let us discuss some possible directions of research. Clearly, it would be
interesting to extend our analysis to the infinite-dimensional case. An obvious next
step would be the analysis of the JM-MRCC method (see subsection 4.2). It would be
also interesting to look at the Extended CC (ECC) [32] and the Unitary CC (UCC)
methods [5].

7. Acknowledgements. The authors would like to thank Fabian M. Faulstich
and Simen Kvaal for helpful discussions and comments on the manuscript.

Appendix A. Topological degree.

We now briefly review the basic results in degree theory. We mainly follow the
set of notes by Dinca and Mawhin [14], where the proofs may be found. The concept
of the topological (a.k.a. mapping-, or Brouwer-) degree of a mapping goes back to
Kronecker, Poincaré and Brouwer; Leray and Schauder extended it to infinite dimen-
sions and demonstrated its usefulness in the theory of partial differential equations.
(See [14, Chapter 23] for a fascinating historical perspective.) The standard textbooks
on the topic are [13, 59, 41].

The first result gives an axiomatic characterization of the topological degree as
the unique additive homotopy invariant that can be attached to continuous mappings
(up to normalization). Its proof may be found in [14, Chapter 4].

THEOREM A.1 (Existence and uniqueness of the degree). Let D C R™ be an
open, bounded and nonempty subset. There exists a unique integer-valued function

(A, D, z) + deg(A, D, z),

where A € C(D,R™) and z & A(OD), such that the following properties hold true:
(i) (Normalization) If z € D, we have deg(id, D, z) = 1.
(ii) (Additivity) Let Dy, Dy C D be disjoint open subsets such that z ¢ A(D ~
(D1 U DQ)) Then

deg(Aa Da Z) = deg(Aa D17 Z) + deg(A7 D27 Z)
(iii) (Homotopy invariance) If A € C(D x [0,1],R™) and z ¢ A(OD x [0,1]), then
A deg(A(,N\), D, z) is constant.

Among the many useful properties of the degree we highlight the following few.

COROLLARY A.2.

(i) (Ezcision property) Let D C R™ be an open, bounded and D' C D open. If
2 ¢ A(D~ D), then deg(A, D, z) = deg(A, D', 2).

(ii) (Emistence property) If = € A(D), then deg(A, D, z) = 0. Said differently, if
deg(A, D, z) # 0, then there is a solution u € D to A(u) = z.

(iii) (Additivity property) Suppose that {D;} C D is a sequence of open and dis-
joint sets. If 2 ¢ A(D ~ |UDjy), then deg(A, D;,z) = 0 for all but finitely
many j, and

deg(A, D, z) = Z deg(A, Dj, z).
J

The following formula is essential for the practical computation of the degree.
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PROPOSITION A.3. Let A € C(D,R") N CY(D,R") such that = ¢ A(OD) and
det A'(u) # 0 for allu € A=(2). Then

deg(A, D, z) = Z sgndet A’ (u).
ueA—1(z)

Based on this, we call a point u non-degenerate if det A'(u) # 0 and degenerate
otherwise. When talking about an isolated solution u of A, i.e., a point u € A71(2)
such that there is a ball B(u,r) with A71(2) N B(u,r) = {u}, the concept of the index
is useful.

DEFINITION A.4. Let A € C(D,R") and let u be an isolated zero. Then the
(topological) index of A at u is defined as

Z(Aa u) = deg(Av B(ua T)a Z)a
where A~1(2) N B(u,r) = {u}.

It follows from the excision property that i(A,u) is independent of 7, so the
definition makes sense.

PROPOSITION A.5.
(i) Let A € C(D,R") such that z ¢ A(OD) and A=Y (z) is finite. Then

deg(A, D, z) = Z i(A,u).
uEA~1(z)

(ii) Let u € R™ be a zero of A € C(D,R™), where D an open neighborhood of u.
If A is differentiable at u with det A'(u) # 0, then

i(A,u) = sgndet A’ (u).

The topological degree (resp. index) can be naturally extended to continuous
mappings of type A : X — Y, where X and Y are n-dimensional oriented topological
vector spaces and the degree (resp. index) is independent of the choice of the basis.
We refer the reader to [14, Chapter 6] for details.

THEOREM A.6. [1/, Theorem 6.3.1] Let A: D — 'Y be continuous, where X and
Y are n-dimensional topological vector spaces and D C X is an open neighborhood of
u€eX. Leth: X - R" and g : Y — R" be linear homeomorphisms. Suppose that A
is differentiable at u and that ker A’(u) # {0}. Then i(A,u) = sgndet g A’ (u)h 1.

The homotopy invariance property may be extended as follows. Rather than
working on the cylinder set D X [0,1], we can consider a general D C R"™ x [0, 1]
bounded open set (open with respect to the relative topology). The A-sections of D
are denoted as Dy = {u : (u,\) € D)}. The A-section of the boundary 9D, (D),
is defined similarly; notice that that 9Dy := 9(Dy) C (0D), and in general, the
inclusion is strict. If a mapping A : D — R" satisfies z € A(9D), then z ¢ A(ID,)
for all A € [0,1].

THEOREM A.7. [14, Theorem 7.1.1] Let D C R™ x [0,1] be a bounded open set
and let A: D — R"™ be continuous. Suppose that z ¢ A(OD). Then

A deg(A(-,A),Dx,2) is constant.

The following result is known as the Leray—Schauder continuation theorem.
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THEOREM A.8. [14, Theorem 7.2.2] Let D C R™ x [0,1] be a bounded open set
and let A: D — R™ be continuous. Suppose that Z, N (D)1 = and that

deg(A(+,1),Dq,2) £ 0.

Then there exists a connected component C C Z which intersects both Zy x {0} and
(0D) U Z1 x {1}.

The following result says the degree is stable under (almost all) small perturba-
tions of the right-hand side of A(u) = 0, and that the degree provides a lower bound
for the number of solutions of the perturbed equation.

THEOREM A.9. [13, Corollary 7.4] If z ¢ A(OD), then there is a § > 0 such that
if 2/ € B(z,6) \ E, then

deg(A, D, z) = deg(A, D, %),

where E = {w € B(z,0) : det A'(u) # 0, A(u) = w} is the set of critical values of
A in B(z,8). Furthermore, A=(2') consists of a finite number m of points, where

|deg(A, D, 2)] <m and m = deg(A, D, z) (mod 2).

The proof is based on Sard’s theorem, which says that E has n-dimensional Lebesgue
measure zero.

Next, we recall a tool that is very useful for the computation of the degree in the
degenerate case.

THEOREM A.10. [14, Theorem 6.4.2] Let X and Z be n-dimensional topological
vector spaces. Let L : X — Z be a linear mapping with ker L # {0} and V C Z be
a vector space such that Z =V @ranL. Let D C X open and bounded, r : D — V
continuous with 0 € A(9D), where A = L +r. Then, for each invertible linear map
J :ker L — V', and each projector P with ran P = ker L, the relation

deg(A, D,0) = i(L + JP,0) deg(J *7|xer 1, D Nker L, 0)

called Leray’s second reduction formula holds true.
The preceding theorem is used in the following form.

THEOREM A.11. [14, Theorem 8.6.1] Let L : X — Z be a linear mapping with
ker L # {0} and let Q be a projector with ker Q@ =ran L. Also, let N': D x [0,1] — Z
be continuous, with D C X open and bounded. Furthermore, assume the following
hold true.

(i) Lu+ AN (u, ) #0 for all w € D and X € (0,1].

(i) QN (u,0) # 0 for each u € OD.

Then

deg(L +N(-,1),D,0) =i(L + Q) deg(QN(+,0)|xer ., D Nker L, 0).
Proof. We adapt the the proof of [14, Theorem 8.6.1]. Define the homotopy
A(u, N) = Lu+ (1 = N)QN (u, A) + AN (u, A).
Fix X € (0,1]. Projecting the equation A(u,\) = 0 with @ and I — @ (i.e. onto the
complementary spaces ran @ and ran(I —Q) = ker @ = ran L), we get that A(u,A\) =0

is equivalent to the system QN (u,\) = 0, Lu + A\I — Q)N (u,\) = 0. But this is
equivalent to Lu + AN (u, A) = 0. By assumption (i), A(u, A) # 0 for all w € 9D and
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A € (0,1]. Further, A(u,0) = 0 is equivalent to the system u € ker L, QN (u,0) = 0,
hence by assumption (ii), A(u,0) # 0 for all uw € dD. Using the homotopy invariance
and Leray’s second reduction formula with V =%ker L, J = I and r = N (-, 1), we get

deg(A(-, 1), D,0) = deg(.A(+,0), D,0) = i(L + Q,0) deg(QN (-, 0) |xer ., D Nker L, 0),

which finishes the proof. ]

An important class of mappings for which the degree behaves rather nicely is the
following.

DEFINITION A.12. Let U C R™ be open.
(i) A linear map L : R™ — R™ is said to be orientation-preserving if det L > 0.
(i) A mapping A € C?(U,R") is said to be strictly orientation-preserving in U if
(a) A'(u) is orientation-preserving for all uw € U, and
(b) the set {u € U : det A'(u) = 0} is nowhere dense in U.
(iii) A mapping A € C(U,R"™) is said to be orientation-preserving if for every
V C U open with V. C U is compact, there exists a sequence {A;} such that
A; is strictly orientation preserving for all j and A; — A uniformly on V.

THEOREM A.13. [14, Theorem 19.3.1] Let U C R™ be open, D C U an open
bounded set with D C U and let A : U — R™ be orientation-preserving. If = ¢ A(OD),
then the following hold true.

(i) deg(A, D, z) > 0.

(ii) deg(A,D,z) > 0 if and only if z € A(D).

(iii) If deg(A, D, z) =1, then A='(2) N D is connected.

(iv) If A(D) contains a point of some component C of R™ \. A(OD), then C C

A(D).

The preceding notions are related to the well-known monotone-type mappings.

THEOREM A.14. [14, Proposition 19.4.1] Let U C R™ be open, and suppose that
A : U — R™ is monotone, i.e.

(Alu) = A(v),u—v) >0

for all u,v € U. Then A is orientation-preserving.

Appendix B. Topological degree for holomorphic mappings.
Next, we consider the complex case, which, in many respects, is more “rigid” than
the real case.

DEFINITION B.1. Let U C C™ be open. A complex mapping A : U — C" is said
to be holomorphic at a € C" if there is a C-linear mapping L, : C* — C" and a
mapping r, : U \ {a} — C™ with r, = o(1), such that

A(a+ h) = A(a) + Loh + 1ro(a+ h)

for all h € C such that a + h € U. In this case, L, = A'(a), where A'(a)h =
h10.,A(a) + ...+ h,0,, A(a) and 0, A(a) denotes the k™ complex partial derivative
of A at a.

We now remind the reader of some elementary linear algebra [45]. Every complex
vector space V is also vector space over R. This space will be denoted as Vg and
called the realification of V. The realification of a linear operator A : V. — W
over C is the linear map Ag : Vg — Wg. If {e1,...,e,} is a basis in V, then
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{e1,...,en,ie1,...,ie,} is a basis in Vg. Further, if {e},... e/} is a basis in W, and

A = B +iC with some real matrices B and C, then the matrix of Ag with respect to
: . / A AN

the bases {e1,...,en,ie1,...,ie,} and {€},... el i€}, ..., iel } is

B -C

C B’
The determinant of the realification Ag obeys the following important rule:
(B.1) det Ag = | det A|2.

This motivates that we define the realification of a mapping A : U — C™ with
A= (A1,..., A,) as Ag : U — R?" via

Ar(z,y) = (Re A1(2),Im A1 (2),...,Re A, (2),Im A,,(2)),

where ¢ = (z1,...,2,), ¥y = (y1,...,yn) and z = x + iy. Notice that we do not
explicitly denote the realification of the set U.

DEFINITION B.2. Let U C C™ be open, A : U — C™ be a holomorphic mapping
and D C U a domain. The degree of A in D is defined as the degree of the realification,
deg(A, D, z) := deg(Ag, D, 2).

It can be proved using (B.1), that if A: U — C™ is holomorphic, then
det A (z,y) = |det A'(2)]?

for all z € U. This innocent-looking identity has striking consequences.

THEOREM B.3. [1/, Section 19.5] Let U C C™ be open, A: U — C™ be a holo-
morphic mapping and D C U bounded and open. Then the following statements hold
true.

(i) Ar : U — R?" is orientation-preserving. In particular, deg(A, D,z) > 0 and

deg(A, D, z) > 0 if and only if z € A(D).

(ii) Let D C U and z ¢ A(OD). If deg(A, D, z) =k, then A(u) = z has at most
k solutions in D. If deg(A, D, z) = 1, then A(u) = z has a unique solution
in D.

(iii) Let ¢ € D be a solution of A(¢) = z and denote by C the connected component
of A71(2) containing (. Then either ¢ is an isolated solution of A(() = z
(and hence C = {(}) or CNG # O for any neighborhood G of 0D.

(iv) Let D C U and z ¢ A(OD). Then deg(A, D, z) = 1 if and only if there is a
unique non-degenerate solution ¢ € D of A(¢) = z.

(v) [58, Theorem 42 (b)] The number of zeros in D is finite.

From (iv) we can conclude that if ¢ is a degenerate isolated solution of A({) = z,
then necessarily i(A,¢) > 2. Further in the holomorphic case, Theorem A.9 can
sharpened as follows.

THEOREM B.4. Let A: D — C™ be a holomorphic mapping and D C C™ bounded
and open. If z & A(OD), then there is a § > 0 such that if 2’ € B(z,0) \ E, then
deg(A, D, z) = deg(A, D, 2'),

where E = {w € B(z,0) : det A'(u) # 0, A(u) = w} is the set of critical values of
A in B(z,8). Furthermore, A=1(2') consists of a finite number m of points, where
m = deg(A, D, z).



COUPLED-CLUSTER THEORY 55

Proof. From Theorem A.9, we have deg(A, D, z) < m and the converse inequality
m < deg(A, D, z") = deg(A, D, z) follows from Theorem B.3 (ii). d

THEOREM B.5. [58, Theorem 45.] Let A : R™ — R™ be a real analytic mapping

that can be extended to a holomorphic mapping A : C* — C™. Let D C R™ be an
open bounded set such that 0 ¢ A(OD). Let

D.={xeC":Rex €D, |Imz|<e}.
Then, for sufficiently small € > 0,
|deg(A, D,0)| < deg(A, D.,0), deg(A,D,0) = deg(A, D.,0) mod 2.

Appendix C. Properties of the excitation graph.

Here, we restrict ourselves to the single-reference case (M = 1) and drop the
subscript m’s from the notation. Recall that K denotes the cardinality of the orbital
set A. Given v € L, we introduce the set of paths of length n from 0 to 7 in G,

P*(y) ={a € L x ... x L : there is a path 0 — v in G having edges a}.

The following theorem sheds light on the combinatorial structure of the excitation
graph.

THEOREM C.1. Let G = (L, EMY) be the full SR excitation graph with K or-
bitals and 2N < K particles. Then the following formulas hold true.

(i) The number of vertices in G is given by |L| = (g)

(i) The number of vertices of rank r is |L(r)| = (];]) (K;N).

(iii) There are no edges in E™M entirely inside L(r), and the number of edges from
L(r) to L(r + s) is given by

s ()TN

forallr=0,1,...,N ands=0,...,N —r, and |E(r,r+5s)|=0ifs=N —
r+1,...,N. Furthermore, the symmetry property |E(r,r+ )| = |E(s,r+ )]
holds true.

(iv) The total number of edges is given by

R XE (J;f) (K - N) (IJ{V - 2:>.

(v) The number of directed paths of length n < r =r1k(y) from 0 to v is given by
[P™(y)| = p(r,n), where

(C.1) pron)= Y (M)Q

rit..+rp=r
T1yeees rp>1

Proof. (i) is trivial, so is (ii). As for (iii), we enumerate the pairs (a, 3) in Ef!
as follows. Fix a with rk(a) = r, then 8 must satisfy r + s < N, where rk(8) = s, so
that [« US| = N is possible. In 3, we must choose the missing internal letters from «
and there are 7 of them. For the remaining N — s — elements, we may choose freely:

-r

there are ( Nj\i S_T) possibilities to do this. Next, 8 must be disjoint from @&, so there



56 M. A. CSIRIK AND A. LAESTADIUS

are M — N —r letters to choose from, giving (M iiv ”) possibilities. Multiplying these
independent choices by the number of ways o can be chosen for fixed r, we get

N\ /M —-N N-—r M~—-N-—r
C.2
© RSO
for s =1,...,N —r. This can be rewritten using the formula (7) (";h) =} (”;k)
M—-N\/(M~—-N—r N s+r
r s s+ r )
Using the aforementioned formula for the first two factors, we also get the desired

symmetry property.
Next, to derive (iv) we sum up (C.2),

-SRI

Using Vandermonde’s identity,

N-—r

Z N-—r M~—-N—r :M—2r _1
N—-s—r s N-—r ’

=2 ()G

r=1

we get

where we used Vandermonde’s identity once more.

Next, we prove (v). We need to change 0 into v in n steps (edges). Suppose that
the rank-increment of each step is r1,...,r,, and are such that r +...+ 7, =r. In
the kth step we replace letters (aq, ..., ., ) with (B1,...,5,.). These choices can be
done independently, so there are r!? possibilities. However, the order of the a’s and
B’s is irrelevant in each step so we have to divide by (r1!---7,!)2. Summing over all
r1,...,Tn gives the stated formula. 0

Remark C.2.
(i) Tt follows that the vertex density per rank is hypergeometric,

Ny( K-N
( r ) (M—N—r)
K )

(v)

Therefore, its mean is & (K — N) and its variance is %

(ii) The formula (C.1) implies that |P™(y)| is independent of N and M and is
constant for all v of fixed rank r.

(iii) If S truncation is in effect, we have pg(r,n) = r!? if r = n and 0 otherwise.

(iv) For the SD truncation, note that the number of (r1,...,r,) tuples with r; €
{1,2Y, m+...+rn=rand [{j :r; =2} =kisgiven by (}) if r =n+k
and 0 otherwise. Therefore,

rl? n

(C.3) Vp = where r=0,1,...,N.
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(v) According to the proof of [19, Lemma 4.4.],

werszan=5 ()(170),

s=1
where r = rk(a).

Appendix D. Optimal choice of multireference determinants.
In this appendix, we describe an algorithm that can be used to automatically
determine an optimal set of multireference determinants. Let J € N and let

{7,-..,vs} CL

be a fixed set of determinants. Also, fix an excitation rank truncation, e.g. S, SD,
SDT, etc. We want to select a minimal set of reference elements Q = {01,...,0x},
so that each +; is reachable through a direct S, SD, SDT, etc. excitation from €2, this
is called “first-order interaction space” in MRCC theory.

Recall that each o € 2% can be represented as a binary characteristic vector
@ € {0,1}X such that

St _ 1 tea
0 téa

The set {0,1}* endowed with the Hamming metric

du(3, B)=|{t: a4 Bt t=1,...,K}|

is a complete metric space, called the Hamming space. The closed balls and the
spheres in this space are denoted as BH(E>, R) and SH(E>7 R). Using this language,

L is simply SH(6>7 N), where T = (0,...,0).'% Further,

1
rho (@) = QdH@,ﬁ,ﬁ)

for any m = 1,..., M. Notice that dH(ﬁ,?) > 2 for distinct o, F € SH(ﬁ,N).

This way, our optimization problem may be formulated as a covering problem in
Hamming space. Let p denote the excitation rank truncation, e.g. p =1,2,3,... for
S, SD, SDT, etc. Fix J € Nand I = {71,...,7 s} € Su(0,N). We need to find
a minimal set of Hamming balls {BH((fn), 2p):m=1,..., M} with (fn) € SH(ﬁ,N)
such that

M
¢ | Bu(0m2p) N Su(0, N).

m=1
Obviously, (T,z € I'y,, where
! —
o, = | Bu(7;,2p) N Su( 0, N).
j=1

In other words, it is sufficient to look for the 0,,’s in the much smaller set I'y,.
Let n = |I'y,|, and introduce some indexing in I'y,, say I'y, = {31, .. .7E>n}. The

—
16\5753 warn the reader that the notation 0,, for the vector representation of Oy, is slightly colliding
with 0, the actual zero vector for the Hamming space.
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geometric form of the covering problem may be rephrased as a binary integer linear
program (BILP) [52],

n
E c,X, — min!
v=1

> x,>1, j=1,...,J

7 ;€Bu(d.,2p)
1<v<n

x € {0,1}"
where ¢ € Q" is a given rational cost vector.

Remark D.1. If ¢, = 0 for some v, then we will automatically have x,, = 1 in the
solution, even if BH(E>V7 2p) does not cover. On the other hand, assigning a larger
(resp. infinite) cost ¢, will likely (resp. surely) end up x, = 0 in the solution.

The above problem is called a “multidimensional knapsack problem” in the opti-
mization community, which seems to be extensively studied. However, we just naively
solve the BILP using general ILP methods available in Mathematica. In our experi-
ence, the BILP can be built up and solved in a small amount of time for practically
relevant parameters N, K and J, even on an older machine.

The reason for the apparent efficiency might be that the number of variables n
in the the BILP above is significantly less then |L| = (K ) In fact, using the binary

N
entropy function H(z) = —zlogyx — (1 — x)logy (1 — ), we have the rough estimate

%
n < w <J 8K/\’(1 _ /\/)Q—K(H(A’)—H()\))’
LI |Bu(0, V)|

where A = 2p/K and N = N/K valid for 0 < A\, X < 1 [12, Lemma 2.4.4]. Notice
that H(\') > H(X), so n/|L| = 0 as K — oo.

Appendix E. A short proof of the Kowalski—Piecuch theorem. To
close this section, we present the main theorem'” of Kowalski and Piecuch [43] in a
somewhat different form. Define the KP energy as

Exp(th,\) = (H{E° + \t4) Do, Bo) = (HeT " By, By),

so that Exp(t',0) = Ecc(t?) and Exp(t', 1) = Ecc(t!). If p > 2, then according
to (2.13), we simply have

(E.1) Exp(th,\) = (H(%) D, Do) = (HeT By, Dy),

although we will not exploit this property in the proof.

THEOREM E.1 (Kowalski-Piecuch).
(I) Suppose that ¥ = (col + C°)®g € HL., with co € R and ° € VY, satisfies the
(weak) Schrodinger equation

(E.2) (HU, D) = E(V, )  for all ® € Hi
for some £ € R and that
(E.3) (T WRTE N @, W) 2 0,

17They call it the ” Fundamental Theorem of S-Nested Equation Formalism”.
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where t1,(\) € V! is a zero of Kxp(-,\) for all A € [0,1]. Then
Exp(tL, N, ) =& forall Xe0,1].

(I) Suppose that ¥ = (col + C1)®q, with co € R and ¢' € VY, satisfies (E.2) for
some £ € R. If (E.3) holds true for some X € [0,1] and ti, =1 (\) € V!
with Kgp(tL,,\) =0, then

(H(L,) — H(t2, + MZ)) Do, Mg~ (7oA T C4 D)
<€T»9* +/\T*4* (I)O, \I’>

(T(th., A)Po, Iy (eT*O*HT*L* )IC“ D)
<6T£*+>\T*4* (I)Oa \II> ,

Exp(ti (M), A) — € =

—(1-X)

where T'(t!, \) is given by (E.6) below.
Furthermore, in case the energy blows up, we have the following.

THEOREM E.2. Suppose that ¥ = (col +C1)®q, with cy € R and ¢t € V!, satisfies
(E.2) for some €& € R. Furthermore, assume that t1 (\) € V! is a zero of Kxp(-, \)
for all X in a neighborhood of some Ao € [0,1]. If |Ekp(tL, (N),N)] = 00 as A — Ao
and

1
then . B
(eTNHATE NGy W) 0 (A — Ao).

Part (I) of Theorem E.1 says that if one can solve the Schrodinger equation exactly
on VO for an eigenvalue £ and (E.3) holds true for a zero t!,(\) € V! of Kxp(-,\)
for all A, then the KP energy Exkp(tL,(A),)) is identically £. Notice that ¢}, (1) is
not required to represent ¥, i.e. eI M@y # U is allowed. Also, no regularity of the
trajectory A — t1,()\) is demanded.

Part (II) stipulates that the Schrédinger equation can be solved on V! with an
eigenvalue £ and that the nonorthogonality condition (E.3) holds true for some t!, €
V1 zero of Kxp(-,A) for some A. Then, the error in the energy can be expressed by
the stated formula. If one assumes the hypothesis for all A € [0,1] in a neighborhood
of 1, then we can conclude that the KP energy Exp(t1,()\), ) tends to € smoothly, as
A — 1. Again, no regularity of A — t1, ()\) is needed.

Finally, Theorem E.2 considers the case when the KP energy diverges as A —
Ao- Assuming the growth condition (E.4), we can conclude that the KP solution
eTf*(A)""\Té(/\)(I)O becomes orthogonal to the eigenstate W.

For the proof, we need the following lemma which recasts the KP equations in an
“unlinked” form.

LEMMA E.3. Suppose that ti, = t1_(\) € V! is such that Kxp(tl,,\) = 0 for
some X\ € [0,1]. Then,
(E.5)
(M = Exp(th, N)eT VT Do, §' o) = —(G (1L, )0, Ty (7 7)1 50y ),

where
Gth A) = H(ty,) — H{ED, + ML)
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Moreover, G(t1,,\) = (1 — M)I'(tL,, \), where

1=\ k—1
(E.6) I‘(ti*7 A) = Z %ef(TS*Jr)\Tf*)[H’Té](k)eTf*+)\Té'
k=1 )

Proof. Assume that Kxp(tl,,\) =0, so using (5.33) we have
(H(9, + M2, Do, SOBp) + (H(tL,)Dg, S“Pg) =0 for all s' € V!
This can be rewritten as
(H(10, + M) @o, 51 o) = —((H(tr,) — H(E, + AL))@o, S“®o)  for all s' € VY,

or,

(H(t2, 4+ M\tZ,) Do, S1®) = —(G(t,, NP, S“Dg) for all s' € V.
Then we can write
Z
(M — Exp(th, \)eT AT B, STy
_ <€*(TS*+)\T5*)(’H o 5KP(t1*a )\))GTS;H\T*A* (I)Oa (eTE*+)\Ti)Tsl(I)O>

= (e~ TLANTL) Y TUANTE G Tl (15 HAT5) T S 1)
= _<g(ti*a )‘><I)07 Hml <6T3*+)\Ti)1-51(b0>
= —(G(t1, N @, Tz (€7 AT ) 154 @)

for all s' € V1. In the last step we used that Ilg;. (eTE*Jr)‘Tf*)T maps U° to zero. The
“moreover” part is a simple expansion using (5.9),

Gt A) = e—(Tf*+/\T,,i)(e—(l—A)Tf*He(l—A)Tf* _ ’H)eTfﬁATf*

= Z -2 )‘)kef(T&Jr/\Ti)[H’Tﬁ(k)eT&ﬂT@ 0

Proof of Theorem E.1. We have using Lemma E.3,
0 = ((H — Ekp(tL,(N), N)e =V HTEN Py (eI + C%)®q)
= (& = Exp(tis(A), e = 0, ¥).
£ £ 1 A\ .. N)+AT, ()\)(I) N}
Similarly, for part (II)
((H(E)=H(ED, + ML) B, Ty (77T 4 )
= ((H — Exp(tL,(\), \)eT T2 Dy (col + C° + C4) o)
= (€ = Exp(tL (V) )T 0o, ).

Theorem E.2 also follows from the previous equality. ]
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