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Existence of absolutely continuous spectrum for Galton-Watson

random trees

Adam Arras Charles Bordenave

Abstract

We establish a quantitative criterion for an operator defined on a Galton-Watson random
tree for having an absolutely continuous spectrum. For the adjacency operator, this criterion
requires that the offspring distribution has a relative variance below a threshold. As a by-
product, we prove that the adjacency operator of a supercritical Poisson Galton-Watson tree
has a non-trivial absolutely continuous part if the average degree is large enough. We also prove
that its Karp and Sipser core has purely absolutely spectrum on an interval if the average degree
is large enough. We finally illustrate our criterion on the Anderson model on a d-regular infinite
tree with d > 3 and give a quantitative version of Klein’s Theorem on the existence of absolutely

continuous spectrum at disorder smaller that Cv/d for some absolute constant C'.

1 Introduction

In this paper, we study operators on an infinite random tree. We establish a quantitative criterion
for the existence of an absolutely continuous spectrum which relies on the variance of the offspring

distribution.

Galton-Watson trees. The simplest ensemble of random trees are the Galton-Watson trees.
Let P be a probability distribution on the integers N = {0, 1,...}. We define GW(P) as the law
of the tree T with root o obtained from a Galton-Watson branching process where the offspring
distribution has law P (the root has a number of offspring N, with distribution P and, given N,,
each neighbour of the root, has an independent number of offspring with distribution P, and so
on). For example, if P is a Dirac mass at integer d > 2, then 7 is an infinite d-ary tree.

An important current motivation for studying random rooted trees is that they appear as the
natural limiting objects for the Benjamini-Schramm topology of many finite graphs sequences,
see for example [40] [I7]. The limiting random rooted graphs that can be limiting points for this
topology must satisfy a stationarity property called unimodularity. The law GW(P) is generically
not unimodular. To obtain a unimodular random rooted tree, it suffices to biais the law of the root

vertex. More precisely, if P, is a probability distribution on N with finite positive first moment



de =Y 1 kP (k), we define UGW (P,) as the law of the tree 7 with root o obtained from a Galton-
Watson branching process where the root has offspring distribution P, and all other vertices have
offspring distribution P = P, defined for all integer k > 0 by

k) = (/<;+1)§:(k+1)‘ Q

Such a random rooted tree is also called a unimodular Galton- Watson tree with degree distribution

P, by distinction with the Galton-Watson tree with offspring distribution P defined above. For
example, if P, is a Dirac mass at d, then 7 is an infinite d,-regular tree. If P, = Poi(d) is a Poisson
distribution with mean d, then P, = P, and the laws UGW (P,) and GW(P,) coincide. This random
rooted tree is the Benjamini-Schramm limit of the Erdds-Rényi random graph with n vertices and
connection probability d/n in the regime d fixed and n goes to infinity. More generally, uniform
random graphs whose given degree sequence converge under mild assumptions to UGW (P, ) where
P, is the limiting degree distribution, see for example [40].

The percolation problem on such random trees is their extinction/survival probabilities, defined
as the probability that the tree 7T is finite/infinite. We recall that for GW(P), with P different to
a Dirac mass at 1, the survival probability is positive if and only if d = >, kP(k) > 1. Obviously,
for UGW(P,), the survival probability is positive if and only the survival probability of GW(P) is
positive with P = P, as in ().

Adjacency operator. Let 7 be an infinite rooted tree which is locally finite, that is for any
vertex u € T, the set of its neighbours denoted by N, is finite. For ¢ € ¢£2(T), with finite support,
we set
(A)(u) = Y W(v), ueT.
VENY

This defines an operator A on a dense domain of £2(7"). Under mild conditions on 7, the operator A
is essentially self-adjoint, see for example [I8, Proposition 3|. For example, if 7 has law GW(P) or
UGW (P) with P having a finite first moment, then A is essentially self-adjoint with probability one,
see [I8, Proposition 7] and [17, Proposition 2.2] respectively. We may then consider the spectral
decomposition of A and define, for any v € T, u, the spectral measure at vector §, which is a

probability measure on R characterized for example through its Cauchy-Stieltjes transform: for all

zeH={z€C:3(z) >0},
dpiy(N) -1
= (0y, (A — Op)-
[ = 4=
If 7 is random and o is the root of the tree, the average spectral measure or density of states is

the deterministic probability measure 1 = Eu,. The probability measure i1 has been extensively
studied notably when 7T is a Galton-Watson random tree: the atoms are studied in [18] 36} [37], the
existence of a continuous part in [I9] and the existence of an absolutely continuous part at £ = 0
in [21], see [17] for an introduction on the topic. We mention that for GW(P) or UGW(FP,), i has

a dense atomic part as soon as the tree has leaves (that is P(0) > 0).



Quantum percolation. Much less is known however on the random probability measure p,. Its

decomposition into absolutely continuous and singular parts
fo = fig° + g

is however of fundamental importance to understand the nature of the eigenwaves of A, notably
in view of studying the eigenvectors of finite graph sequences which converge to 7T, see notably
[24, 201 16, 15 [7]. The quantum percolation problem is to determine whether p2° is trivial or not,
it finds its origin in the works of De Gennes, Lafore and Millot [22] 23]. The quantum percolation
is a refinement of the classical percolation in the sense that a necessary condition for the non-

a

triviality of p2¢ is that the tree 7 is infinite. We refer to [34] [I7] for further references on quantum
percolation.

In the present paper, we establish a general concentration criterion on the offspring distribution
P of a Galton-Watson tree which guarantees the existence of an absolutely continuous part. Before
stating our main results in the next section, we illustrate some of its consequences on UGW (Poi(d))
and UGW (Bin(n,d/n)) where for integer n > 1 and 0 < d < n, Bin(n,d/n) is the Binomial
distribution with parameters n and d/n. The random tree is UGW(Bin(n,d/n)) is particularly
interesting because this is the random tree obtain after deleting independently each edge of the
n-regular infinite tree with probability d/n. In the same vein, UGW(Poi(d)) is the Benjamini-
Schramm limit of the bond-percolation with parameter d/n on the hypercube {0,1}". As pointed
above, in both cases fi has a dense atomic part, so even if p2¢ is non-trivial, u, will contain an

atomic part with positive probability.

Theorem 1. Assume that T has law UGW (Poi(d)) or UGW(Bin(n,d/n)) with 1 < d < n. For
any € > 0, there exists dy = do() > 1 such that if d > dy then, conditioned on non-extinction, with
probability one, pi° is non-trivial and E[p2°(R)] > 1 —¢.

In the proof of Theorem [ we will exhibit a deterministic Borel set B of Lebesgue measure
proportional to v/d such that, conditioned on non-extinction, with probability one, 12¢ has positive
density almost everywhere on B. This theorem is consistent with the prediction in Harris [29] and
Evangelou and Economou [26]. It should be compared to [I6] which proved a similar statement for
UGW (Bin(n,p)) with n fixed and p close to 1, that is a random tree which is close to the n-regular
infinite tree. To our knowledge, the present result establishes for the first time the presence of a
non-trivial absolutely continuous part in a random tree which is not close to a deterministic tree.
We note also that Theorem [I] implies as a corollary that the average spectral measure g = Epu,
has an absolutely continuous part of arbitrary large mass if d is large enough, this result was not
previously known.

As pointed above, if 7 has law UGW (Poi(d)) or UGW (Bin(n,d/n)) then, due to leaves in T,
p2¢ has atoms. It was however suggested in Bauer and Golinelli [I3] [14] that the Karp and Sipser

core of T should carry the absolutely continuous part of u,. This core is the random subforest of



T obtained by iteratively repeating the following procedure introduced in [30]: pick a leaf of 7 and
remove it together with its unique neighbour, see [18] for a formal definition. The core, if any, is the
infinite connected component that remains. For our purposes, it suffices to recall that for d > dks,
the core is non-empty with probability one and empty otherwise (for Poi(d), we have dkg = e).
Moreover, for d > dks, conditioned on the root being in the core, the connected component of the
root in the core has law UGW(Q) where for Poi(d), @ is Poi(m(d)) conditioned on being at least 2
while for Bin(n,d/n), @ is Bin(n, m,(d)/n) conditioned on being at least 2. We have for d > dxks,
m(d),m,(d) > 0 and m(d) ~ m,(d) ~ d as d grows, see [10, 41] or Lemma 16 in v1 arxiv version
of [18].

The following theorem supports the predictions of Bauer and Golinelli.

Theorem 2. Assume that T has law UGW(Qq) where Qg is either Poi(d) or Bin(n,d/n) con-
ditioned on being at least 2 with 0 < d < n and n > 2. The conclusion of Theorem [l holds for
Q4. Moreover, for any 0 < E < 2, there exists di = di(F) > 0 such that if d > dy then, with
probability one, on the interval (—E\/E,E\/E), Lo 18 absolutely continuous with almost-everywhere

positive density.

This theorem should be compared with Keller [31] which proves among other results a similar
statement for Bin(n,p) conditioned on being at least 2 with n fixed and p close to 1, see also
Remark (c) there. Theorem[2 proves that the core of UGW (Poi(d)) has purely absolutely continuous
spectrum on a spectral interval of size proportional to vd provided that d is large enough. We
expect that this result is close to optimal: almost surely, the spectrum of UGW (Poi(d)) is R and
the upper part of the spectrum should be purely atomic due to the presence of vertices of arbitrarily
large degrees.

Let us also mention that for Poi(d) we expect that di(0+) = 0 in accordance to [13| [14] 21]. For
the optimal value of dy(0+) in Theorem [l for Poi(d), dp(0+) = e ~ 2.72 seems plausible in view
[13} 14}, 21] but older references [29, 26] predict that dy(0+) ~ 1.42.

Anderson model. The focus of this paper is on random trees, we nevertheless conclude this
introduction with an application of our main result to the Anderson model on the infinite d-regular
tree, say Tq. Let A be the adjacency operator of Tg. Let (V;,)ue7, be independent and identically

distributed random variables. We consider the essentially self-adjoint operator on £2(7),
H=A+M\V,

where A > 0 and V is the multiplication operator (V4)(u) = V,(u) for all u € T;. This famous
model was introduced by Anderson [9] to describe the motion of an electron in a crystal with
impurities. The study of such operators on the infinite regular tree was initiated in the influential
works [1,, 2]. We refer to the monograph [6] for further background and references.

As above, we denote by p, the spectral measure at the vector §,, where o is the root of 7;. We

prove the following statement:



Theorem 3. Assume that V, has finite fourth moment. For any e > 0 there exists \g = Ao(e) >0
such that for all 0 < X\ < X\oVd and d > 3, E[u2(R)] > 1 —e. Moreover, for any 0 < E < 2,
there exists \y = A (F) > 0 such that for all 0 < X\ < MVd and d > 3, with probability one,

on the interval (—Ev/d — 1, Ev/d — 1), u, is absolutely continuous with almost-everywhere positive

density.

For fixed d > 3, this theorem is contained in Klein [33]. Other proofs of this important result
have been proposed [4, 28]. Beyond the proof, the novelty of Theorem [] is the uniformity of
the thresholds Ao, A1 in d > 3. When V, has a continuous density, the asymptotic for large d
was settled in Bapst [12] using the complementary criteria for pure point / absolutely continuous

spectra established in [3], 5].

Acknowledgments We thank Nalini Anantharaman and Mostafa Sabri for their explanations
on their work [7]. CB is supported by French ANR grant ANR-16-CE40-0024-01.

2 Main results

Model definition. Let P, be a probability distribution on N with finite and positive second
moment. We denote by P the size-biased version of P, defined by (). We denote by N, and N
random variables with laws P, and P respectively. We set

EN, (N, — 1)

- EN,

We use Neveu notation for indexing the vertices of a rooted tree. Let V be the set of finite sequence

dy, =EN, and d=EN =

of positive integers u = (i1,...,1x), the empty sequence being denoted by o. We denote by Vj, the
sequences of length k. To each element of V, we associate an independent random variable N,
where N, has law P, and N,, u # o, has law P. We define the offsprings of u € Vi as being the
vertices (u,1),..., (u, Ny) € Vi41 (by convention (o,7) = ¢). The connecting component of the root
o in this genealogy defines a rooted tree 7. Its law is UGW(P,). More generally, for u € V, we
denote by T, the trees spanned by the descendants of u (so that 7, = T). If u # o, T, has law
GW (P) (to be precise up to the natural isomorphism which maps u to 0). By construction, the
degree of a vertex u € T is deg(u) = 1y + Ny.

Let (X,)yey be independent and uniform random variables in some measured space. Then, we
consider real random variables V,, = f(Xy, Ny, 1,+,) for some measurable function f. Now, we
introduce the operator defined on compactly supported vectors of £2(T),

A

H=—"%-V. (2)

where A is the adjacency operator and V' the multiplication operator Vi (u) = V,b(u). As pointed
above, from [I8, Proposition 7], with probability one, the operators A and H are essentially self-

adjoint on a dense domain of £2(7).



For example, if for all u € V, V,, = 0 then H is the adjacency matrix normalized by 1/v/d. If
Vi, = (deg(u) — d)/v/d then —H is the Laplacian operator on 7 shifted by d and normalized. If
Vi, = f(Xy) for some measurable function f then we obtain the Anderson Hamiltonian operator

on 7. These three examples are relevant for our study.

Resolvent recursive equation. We denote by pu, the spectral measure at the root vector 4,.
For z € H = {z € C : Sz > 0}, the resolvent operator (H — z)~! is well-defined. The resolvent is
the favorite tool to access the spectral measures on tree-like structures. We set

9o(2) = (30, (H — 2)718,) :/ dpo(N)

RA—Z‘

3)

For u € T, we denote by H, the restriction of H to ¢?(T,) (in particular, H, = H). If g,(z) =

(6u, (H, — 2)718,), then we have the following recursion:

1 -
9u() = - ( EOCE vu) , )

see for example [0, Proposition 16.1]. By construction, all g, with u # o, have the same law, let

g(z) be a random variable with law g,(z), u # o. For any z € H, we deduce the equations in

distribution:
1 o
d
9o(2) £ - ( + g2 + ) , %)
and

d Iy B
O ER S DIIOR ) I (6)

where (Ny,vy) has law (N,,V,), (N,v) has law (N, V4,), v # o, and (g;)i>1 are independent iid
copies of g.

The semicircle distribution is defined as
1
Hse = %I{MS?} vV 4 — r2dz.

Its Cauchy-Stieltjes transform, I'(z), satisfies, for all z € H,
P(z) =—(z+T(z)". (7)
Similarly, we define the modified Kesten-McKay distribution with ratio p = d./d as

2 1 4 — x?
oo = 77 Ml <2} 202(4 — 22) + 22(2 — p)2
(if dx = d + 1, we retrieve the usual Kesten-McKay distribution). Its Cauchy-Stieltjes transform is
related to I' through the identity for all z € H,

dz,

L(z) = = (z+pl(2)) " (8)



In the statements below, we give a probabilistic upper bound on |g(z) — I'(z)| and |g,(z) — T'x(2)]

uniformly in z in the strip
Hg={z€H:Rz€ (—E,E), Iz <1},
for 0 < E < 2 provided that v is small and the ratios N/d and N,/d, are close enough to 1 in

probability.

Trees with no leaves. For a given z € H, let g(z) be a random variable in H satisfying the
equation in distribution (@). We allow v to take value in H for a reason which will be explained

below. Then, given a real number p > 2 and a parameter \ € (0, 1), we denote by £, the event

5,\:{|v|<)\,N22,%6(1—)\,1—1—)\)}, 9)
and oy (A) the control parameter
N 4\’
a,(\) =E |:15§ (1+ v (E + N) } . (10)

Note that a,()) is infinite if EN? = co or E[v|?P = co. Also, Hélder inequality implies for example

G

The following result asserts that if A 4 a,()) is small enough and N > 1 with probability one then

02() < (B(EN Y (& [0+ ) 2]) (E

g(z) and I'(z) are close in LP.

Theorem 4. Let 0 < E <2, p>2 and (N,v) € N x H be pair of random variables with EN = d.
Assume P(N > 1) = 1 and either v real or EN*? < co. There exist 6,C > 0 depending only on
(E,p) such that for any g(z) € H verifying @), if A+ ap(N) < § then for all z € Hp,

Ellg(z) = T(2)IP] < Cy/A+ ap(N),

E [($9(2))"] < C.

The strategy of proof is inspired by the geometric approach to Klein’s Theorem initiated by
Froese, Hasler and Spitzer in [28] and refined in Keller, Lenz and Warzel [32]. The main technical
novelty is that Theorem [ holds uniformly on the distribution of (N,v). To achieve this, we use
some convexity and symmetries hidden in (), as a result, our proof is at the same time simpler
than [28] 32] and more efficient.

We will obtain the following corollary of Theorem [ which applies notably to operators on
random trees with law UGW (P,) when the minimal degree is 2. Let F) and () be

|| Ny }
Fr=R— <A —€(1=X\N14+X);,
\ {p e )

7
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where p = d,/d and recall the definition of T', in (8.

ﬁp()‘) =E

Corollary 5. Let 0 < E < 2, p > 2 and (Ny,vi), (N,v) be random wvariables in N x H with
EN, =d,, and EN = d. Assume P(N, > 1) =P(N > 1) =1 and either v real or EN? < oco. Let
d > 0 be as in Theorem[f There exists C, > 0 depending only on (E,p) such that for any go(z)
and g(z) satisfying [@)-@), if A+ ap(A) < d then for all z € Hg,

E (lg0(2) = D(2)P"] < Cop ™ max {e(), VEO }

E[(an()) 7] < €1+ 8,007 (p+3)
where e(A) = (1+ X+ ap(N) (L+ A+ Bp(N)) — 1.

We postpone to Section Bl some well-known consequences of this corollary on the spectral mea-

sure p, of H.

Trees with leaves. If P(N = 0) > 0, the random tree 7 with law UGW (P,) has leaves. For
the adjacency operator, even when the tree is infinite, this creates atoms in the spectrum located
at all eigenvalues of the finite pending trees which have positive probability, see [17]. Nevertheless
a strategy introduced in [16] allows to use results such as Theorem Ml to prove existence of an
absolutely continuous part.

For simplicity, we restrict ourselves to the adjacency operator A. As already pointed if d =
EN > 1, then 7 is infinite with positive probability. The probability of extinction 7, is the smallest

solution in [0, 1] of the equation z = p(x), where ¢ is the moment generating function of P:
o
p(r) =E [2"] = Zkak.
k=0

Note that if ¢, is the moment generating of P, then ¢(z) = ¢/ (x)/¢,(1).

Next, we define the subtree S C T of vertices v € 7 such that 7, is an infinite tree. If T
is infinite (that is, o € §), this set S is the infinite skeleton of 7 where finite pending trees are
attached. If v € V, let N; be the number of offsprings which are in §. By construction, if v € §
then N > 1. Conditioned on 7T or 7T,, v # o, is infinite, the moment generating functions of N/}

and N, are

90((1 - 7Te)x + 776) — Te

s _ O ((1 = me)w + me) — pu(e)
(‘0*(.%') - 1_ o

1 — pu(me)

and ¢°(x) =

o (12)

see Subsection [A]] for more details. We denote by N and N® random variables with moment

generating functions ¢ and ¢*. We set ds = EN® = /(1 — m,).



We then consider the rescaled adjacency operator

A
NZA

and let go(2) = (0o, (H — 2)714,) be as in [@B)). By decomposing the recursion (5))-(6) over offspring

H=

in § and in 7T\S, we will obtain the following Lemma which makes the connection between g,(z)

and a recursion on S of the type studied above.

Lemma 6. Assume d > 1. For each z € H, there exist random variables v,(z) and v(z) in H, such
that, conditioned on T is infinite,

-1

N.S
d I s
o)L= 2+ Y g +ue)]
S =1

and d e .
f@z—G+;Zﬁ@+mQ ,
5 =1

where (g7)i>1 are independent iid copies of g°, independent of (N}, v.(2)), (N®,v(z)).

Since N; > 1 with probability one, it is possible to use Theorem M provided that we have a
moment estimate on |v(z)| and |v.(z)|, see (IOI)). This is the content of the following technical

lemma. It is a refined quantified version of [16, Proposition 22]. If B C R is a Borel set, we define
Hp ={z€H: R(z) € B, 3z < 1}. (13)

With our previous notation for £ > 0, Hg = H(_g ). We also denote by £(-) the Lebesgue measure
on R. Recall that N is the random variable with law P and d = EN.

Lemma 7. Let € > 0. There exist universal constants cy,C > 0 and a deterministic Borel set
B = B(e) C R with £(B) < € such that the following holds. Let 7y = P(N < 1). If 4mEN? < d

and m > 1 is an integer such that m < ci* then for any z € Hp,

EmuWﬂs(€>mMN”mm

ed am
and C\™ B[N
Bl < (5) plan

Lemmal[7limplies that v(z) and v,(z) are small if N/d is concentrated around 1. As a byproduct
of Lemma [0l and Lemma [1, we can use Theorem M and Corollary [l to obtain an estimate on
lg°(2) — T'(2)| and |go(2) — I'x(2)| conditioned on non-extinction, for z € Hry N Hp. We will see an
application in the proof of Theorem[Il We note that from the proof, the Borel set B is fully explicit
but not simple: B¢ is dense in R. We note also that the set B depends on ¢ and ds (through a

simple scaling of its complementary).



Discussion. The proofs in this paper are quantitative. For example, given (F,p), we could
produce in principle numerical constants for the parameters ¢ and C' in Theorem 4l Since these
constants should not be optimal, in order to avoid unnecessarily complications of the proofs, we
have not fully optimized our arguments and the statements above.

There is an important application of our main result for the eigenvectors of finite graphs con-
verging in Benjamini-Schramm sense to UGW (P,). In [7], the authors establish a form of quantum
ergodicity for eigenvectors of finite graphs under some assumptions on the graph sequence. A key
assumption called (Green) in [7] is implied by Theorem [ for p large enough (more precisely, the
conclusion E(Sg(z))™P < C for all z € Hg gives a weak form of (Green) which is sufficient to apply
the main result in [7], see [8, Subsection 3.2]). For example, the assumptions of [7, Theorem 1.1]
are met with probability one for a sequence of random graphs sampled uniformly among all graphs
with a given degree sequence with degrees between 3 and a uniform bound D and whose empirical
degree distribution converges to P, for which we can apply the conclusion of Corollary [l with p

large enough. This answers Problem 4.4 and Problem 4.5 in [§] for the weak form of (Green).

Organization of the rest of the paper. In Section Bl we prove Theorem @ and Corollary [l
In Section [ we prove Lemma [l and Lemma [l In the final Section Bl we gather some standard
properties relating the spectral measures of an operator and its resolvent. As a byproduct, we prove
Theorem [I Theorem 2] and Theorem [ from the introduction.

3 Proof of Theorem (4] and Corollary

3.1 Hyperbolic semi-metric

Froese-Hasler-Spitzer’s strategy. Following [28], we see H as the Poincaré half-plane model
endowed with the usual hyperbolic distance dy. The key observation is that the application h —
h = —(z+h)"!, seen in (H,dg) acts as a contraction and thus determines I'(z) as its unique fixed
point. As in [28], we introduce the functional v (-,-) defined by

— hl?
v(g,h)zlg |

%g%h ) g7h‘€H7

which is related to the usual hyperbolic distance by dg(g,h) = cosh™(1 + v (g, k) /2). The next

lemma allows us to derive usual bounds from the ones obtained in the hyperbolic plane.

Lemma 8 (From hyperbolic to Euclidean bounds). For any g,h € H, we have

1 _4y(g,h) +2

2 2 2
lg — h|* < |n]* (49*(g,h) +27(g,h))  and 3 50

10



Proof. We start with the second inequality. We may assume that Sg < Sh/2, the bound is trivial

otherwise. In particular we have |g — h| > Sh/2, thus

1 _dg—hP? _ 4y(g.h)
Sg = SgSh? Sh

We obtain the claim bound. For the first inequality, considering the case |g| < 2|h| and |g| > 2|h|,
we find similarly for any g,h € H

gl < 47 (g, h) Sh + 2|,
see [28, 32]. From |g — h|? = v(g, h)SgSh and g < |g|, we get
|9 = hI? < 49%(g,h)(Sh)* + 27(g, h) KIS,
this implies the first bound. O

For ease of notation, we write
v(h) =~(h,I(z)), heH,

where the dependency in z is implicit.
Our strategy is the following. Let g = g(z) satisfying (@). For some transformation ¢: H — H
verifying the equation in distribution g 4 #(g), we want to obtain uniformly in z a contraction of

the following type
Vh € H:4P(¢(h)) < (1 — elingry) 7P (h) (14)

where K is an hyperbolic compact of H. Denoting R = maxpcx 7P(h) and assuming that E4P(g) is
finite, this implies that E4?(g) < R/e. We will derive the desired bound on E|g — T'|P and E(Sg) P

from Lemma [8

Properties of 7. The function h — ~ (h) has the following properties:
Lemma 9 (Convexity 7).

(i) For any h € H, v (—(z+ h)~1) < v(h).

(i) The function v is a convex function.
(i7i) For any integer n > 1 and (hi,...hy) € H":

! (%Zh:) = % > COS@ijW\/M?
=1

i,j=1

where q; = % and oy; = arg(h; — I')(h; — I') with the convention that arg0 = /2.

11



Proof. Statement (i) comes from the fact that h — h = —(z+h)~! is a contraction for the hyperbolic
distance dg together with the fact that T' = T'. Statement (i7) follows from (iii), Cauchy-Schwarz
inequality and >, ¢; = 1,

) <%Zhi> < VT < (Z%) <Zqz’> T,
i=1 ,J ‘ ‘ !

The last statement (4i7) follows by expanding the squared term in the definition of :

1 |15 h; — T2 1 1
=y h | =2= = hi —T||h; — T'| cos ;.
7(7122: 2) L5 ShST n%FZj%hj§| ' 13 | "
We obtain the requested identity (ii7). O

The next lemma gathers properties of . In the sequel, for Ay > 0, we denote by Lipy(Ao) the
set of functions f : [0, A\g) — R such that for some C' > 0, f(t) < Ct for all t € [0, \g/2].

Lemma 10 (Regularity of 7). Let 0 < E <2, p>2 and z € Hg.

(i) There exists a function ¢ € Lipy(1) depending only on (E,p) such that for any h € H, X\ €
[0,1), and (u,v) € R x H with |ul, |v] <A,

V(L +wh+v) <A +cMN(h) +c(), g€ (L]
(i) There exists C = C(E,p) such that for any h € H,u > 0 and v € H,

VP (ph +v) < C(1+ |v]*) <u + %)p (v (h) +1).

Proof. For statement (i) with ¢ = 1 we adapt [32] Lemma 1]. There are two cases to consider. If
|h —T'| > ST'/2, then

7((1+U)h+v)_<|(1+u)h+v—r|>2 Sh
7 (h) B |h =T S(A+0h+0)

_ (L NIA =T+ A1+ 7)) S|
(U

>\(1+|F|)>2 1

§<1+A+ T2 —

Otherwise we have |h — I'| < 3T'/2 and then Sh > ST'/2. We obtain similarly, using 2ab < a? + b?

12



for real a, b at the third line,

((1+N)|h =T+ A1 +1)))?

(1 = A\)Sh + Sv)QT
o (LN = TP+ 220+ [T)? + 2201 + A2 = T|(1 + 1))
= (1 — \)SAST
SN2 HAMA+ N =T N1+ [T 4+ A1+ [T))?
- 1—A IAST (1—A)(ST)2/2
(143 AL+ )1+ |T))?
=T W e

Y (1 4+u)h+v) <

We have I'(z) = (—z + V22 — 4)/2 where /- is the principal branch of the square root function
(which maps € to €/2 for § € [0,7]). We deduce easily that [I'(z)] < 1 and ST(z) is lower

bounded uniformly over Hg. Thus, for some function ¢(A) in Lipy(1) we have
V(1 +u)h +v) < (14 cN)v(h) + c(N). (15)

Let ¢ > 1, we claim that the general case follows up to a new function ¢. For any z,c¢ > 0, from a

Taylor expansion, we have for some 0 < § < ¢,
(A+c)z+c)=(1+c)2? +clg— 1)((1 + )z + )77
Using that a9~ < a9+ 1, (a +b)? < 2971 (a? + b9) for ¢ > 1, together with 0 < § < ¢ we get
(14 )z +6)771 <2711 + ¢)929 + 297 ¢ 4 1.

This leads to

(I+c)z+e)? <(1+0)1(1 427 (g — Do)z + (27 ' + 1) (¢ — De.
We get from (15

YA+ wh +v) < ((1+e(A)v(h) + (W) < 1+ W)y (R)? + (),
where ¢(X) € Lipg(1) is

¢=max{(1+¢c)?(1+27(g—1)c) — 1, (27 c? + 1)(q — 1)c} ,

since we have that ¢()) is in Lipg(1).
For statement (i7), we proceed similarly. If |h — I'| > ST'/2, then

Ylph+v)  Sh (|p(h=T) +v— (1 - pl]\*
v(h)  uSh+ Sv |h — T

1 o] + 1 = plIT )2
< = U S St Rl
T p <M+ ST/2

o2 + 1 — P02

<2 16
= H(ST)?

13



Where we used (a + b)? < 2(a? + b?). Otherwise, we have |h — T'| < 3T/2 and Sh > ST/2,

(ulh = T| + o] + |1 — plIT])?
(uSSh + Q)T
2|lh -T2 1— u||T))?
52“| |+2(|v|+| #l I

Y(ph +v) <

LShIT 1(ST)2/2
o> + |1 — p*|T”
< 2uvy(h

We get for some constant C' depending on F,
1
v(uh +v) < C(1+ |v])? (u + ;) (v(h) +1).
Using (a + b)? < 2P~1(aP + bP), this gives (44). O

3.2 Asymmetric contraction

In this subsection we derive our main technical tool. Although we noticed that h + —(z + h)~!is
a contraction in H, it tends to an isometry as z approaches the real axis and thus v ((z + h)_l) ~
v (h). This prevent us to obtain contraction (I4]) for ¢(h) = h, and this is precisely why the stability
of absolutely continuous spectrum fails in one dimensional graphs such as Z. We overcome this
issue with the following observation. If instead we consider two points h,., h; € H, then for some
e =¢(E,p) > 0 we show that

7;(@) FAP <w> <1 =e)(YP(he) +P (W),

as soon as h, and h; are far enough from I' for dg. The terms asymmetric is motivated from the
fact that h; is fixed while the terms with subscripts r varies on the left-hand side.

More precisely, let A € [0,1) and let n > 1 be an integer. For h = (hq,...,h,) € H", u,v € RxH
with |ul,|v] < A, we define

n —1
- “ 1+u
h = h(h = — h; H. 16
(h,u,v,n) <z+ - E +v) € (16)

i=1

We define the random variable h, € H with parameter (h,u,v,n) as follows:

h;  with P(h, =h;) =1/(2n),i=1,...,n,
.t (he = he) = 1/ (2n) -
h  with P(h, = h) = 1/2,

and fix a deterministic variable h; € H.

14



Proposition 11 (Asymmetric uniform contraction). Let 0 < E < 2 and p > 2. There exist
constants €, Ay in (0,1) and a function R € Lipy(Ao) depending only on (E,p) such that, if X < A,

. Pp <#>} < (wp<hl>+%2?:mp<hi>) RO,

2

where the expectation is over the law of h, defined in (IT). This holds uniformly inn > 1, (h,h;) €
H* L w0 € R x H with |ul,|v] <\ and z € Hg.

Before going into the proof, we introduce some notation. For f € C", let E;f and Vargf denote

its average and variance, i.e
R 1 o
B, f =~ . d Varyf=— — E f|%.
of nzlf and  Var,f n;m ]

We set hy = Egh. We simply write ~y, for  (he) where 2 € {1,...,n} U{r,l,s} and 4 = ~(h). For

example, with our notation, we have

vs = v(hs) = <% th> and  Egy; = %Z’Y@ = %Z’V(hl)
7 =1 =1

We highlight the fact that only A, and +, are random. We also introduce the following quantities
in [0, 1], with the convention 0/0 = 0:

7§>/2 0, Eﬂ,f/2 B 21/ WEsP

; 2 o Q=
Es%p/z VEs W +Es

We also introduce two quantities [, B2 related to the @’s that measure how (y1,...,7,) and v

Qs:

concentrate around the same value.

Lemma 12. Let 3 = /1 — Q3 and B = /1 — le. We have
Var/P? < B3EAP. (18)
Furthermore, for a =~ or a =Eg?,

D E p D E p
w—%éaé(1+@)u.

(1- ) . (19)

Proof. Equation (I§]) is straightforward. To prove Equation (I9), we note that @ is of the form
2v/ab/(a + b). Hence,

0 = (a+b)% = (a—b)? . <a—b>2'

(a+0b)? a+b

15



We deduce that |a — b| = (a + b)1/1 — Q7 and thus

max{a,b}:a;b+‘a;b‘ :a—;b<1+ /1_Q12> :(1_ﬁl)a—2|—b‘

Similarly,

min{a, b} = a—2|—b (1—\/1—le> :(1—@)&;67

as requested.

Our next lemma uses the convexity to express EqP((h, + h;)/2) in terms of the @’s.

Lemma 13 (Convexity). Let 0 < E <2, p>2 and c(-) € Lipy(1) be as in LemmalIll We have

Evp<—h’" ; h’) < (1+2¢(N) <3 - QZQQQ’> o +2E”Zp +e(N).

Proof. From Lemma [0(z), we have ¥ = v (—1/(z + (1 + u)hs +v)) < v((1 + w)hs + v) which com-
bined with Lemma [I0)7) leads to 47 < (1 + ¢(\))vd 4+ ¢(N), ¢ € {p/2,p}. From the definition of the

Q’s we have
D D
v+ Egv;
B2 = QuQ\/En]  and A2 = QuQeQi =5

We get the two bounds:

< (14 ¢(N\)EA?P + @

Esy? LA c(N)QFQ3EN, + c(N)

EAP <
= 2

and

E AP/ 14+ cON? + ¢

Vf/2E7£/2 < 7%0/2 gz _1_%17/2( ( ));’p (\)
1+ QsQa@Q\ 7 +EsnY  e(N)() +1)
2 2 + 4 ’

< (1+c(\) (

(20)

(21)

where we used the fact that the @’s are less than one, the AM-GM inequality and 2’ylp /2 <AP+1

Now from the convexity of z — zP/2, Lemma [J(ii), we have

/2 p/2\ 2 P P
hy + Iy A AR 1y +Evy 1 ,/0
Ev? <72 ) <E <7l ; < g 3B

! <(1 +c(A))7f+E57f N C(A)> L1 <(1 V) <1+QSQ2Q1> B 07+ 1)>
2 2 4 2 2 2
P P
R e R
The conclusion follows. O
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Lemma [[3] already implies that if Q;Q2Q; < 1 — ¢ then the conclusion of Proposition [I1] holds.
We will now argue that if Q,Q2Q; is large then a contraction occurs provided that (v + EsF)/2
is large enough. This source of contraction will come from a default of alignment of h, — I' and

h; — I'; which we now explain precisely. With the convention that arg0 = 7/2, let

oy = arg (hy = I')(hy = T).
For a € S, we set cosTa = max{cos o, 0}.

Lemma 14 (Non-alignment). Let 0 < E < 2, p > 2. There exist §,\g > 0 and Ry € Lipy(\o)
depending only on (E,p) such that if A < X\ the following holds:

D Es p
if QsQ2Q; > 1/2 and W‘% > Ry(A\) then EcosTa, <1—4.

Proof. If hy =T or h; =T then «,; = w/2 with probability at least 1/2 and the statement follows
with 6 < 1/2. We thus assume hs #I" and hy #T'. Let 1 <1i < n, a;, as, & be defined in the same
way that a,; with h;, hs, h instead of h,. Using the fact that —hl4T = (I+u)hs+v—T, we
get,

(h—T) = (1 +u)hT(hs — T) <1+ vt ul >

(14+wu)(hs = T)
By setting 6 = arg AT’ and «, = arg{1+ (v +ul')((1+u)(hs — )"}, the above relation multiplied

both sides by (h; — I') translates into
& =0+ as+ ae, (22)

where the sum must be seen in S!. We take the argument in (—, 7). Since 0 < E < 2, there exists
0 < 6y < /2 such that for all z € Hg,

argI'(z) € (6o, m — 6o).

In particular, since h € H, we find |0] > 6. We will show that for some &, > 0 to be fixed later on,
under the additional hypothesis that E,cos™a; > 1 — J,, we have

cosas > cos(fp/4) and  cosa. > cos(fy/4). (23)
This implies from ([22) that |&| > 6 — 26p/4 > 6y/2. Considering the two cases E;costa; > 1 — 45
and Egcosta; < 1 — J,, we obtain

1 1 max{l —dscos6p/2}

1
Ecosta,; = 3 cosT & + §Es cosTa; < 3 + 5 1-—6.

We get the statement of Lemma [14] for this choice of §. It thus remain to prove that (23]) holds if
E,cosTa; > 1— 6.
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Bound on as. We have

R [(h ~1)fs FH
|hs — T

CoS (g =

hi =T 1 « Sh; ;
Pyl lemes Ly AT [ s
_ n = YsShg Ys

where we set ¢; = Sh; /(D Sh;) already appeared in Lemma [(¢47). From this Lemma we get

[n

< ’V_ESV Qi’7i> > /7__ Z COS (/4345775 = L.
S S

Let ¢ = cos?(6p/8) = HLQ(QOM) > cos(6y/4) and suppose Eg cos™ a; > 1—05s. Using that Esq; = 1/n

and Holder inequality with ¢ such that % + 2Lp + % =1, we get

n n
A/ ’Y_ESV qz'/yi]-{cos o;<c} < A/ 7_ (Esqi)1/2 (Eslyp)l/zn PS(COS a; < C)l/q
s s

1/p
VE AP
= <7E87 ) Py(cos o < ¢)Y/4

V22
1

T (QsQ)

5 1/q
< 2l/p (75 )
- sin(6y/8) ’

where at the last line, we have used Markov inequality and the assumption QsQ2 > QsQ2Q; > 1/2.

We now use the bound cos a; > ¢ — 21(¢5 ;<) and obtain

P(1 —costa; > 1 —¢)'/9

1+ cos(6p/4) 141/ s La
COS Qg 5 2 S 2(90/8) cos(6p/4),

provided that d; is small enough.
Bound on c,. Using R(1+2)/|1+ 2| > 1—2z|, |I'| <1 and |u|, |v] < A, we have

v+ul’
cosoz—%(l—i_(u—)( F)>>1—2‘ vtul '> _A
< v+uF - 14+u)(hs —T hs —T|’

where we assumed without loss of generality that A < Ag < 1/2 in the last inequality. We want to
lower bound |hs — I'| in terms of s = 7(hs). This is easily done from the following observation.
Let r > 0 and define

Y(r)=inf{|lh —T|: heH, v (h) >r}.

A drawing shows that this infimum is attained at the unique ~A* such that ®h* = RI', 0 < Sh* < ST
and 7 (h*) = r. For this configuration, we have ST' = Sh* + |h* —T'|. Since ¢(r) = |h* —T'|, we get

T s P2(r)
=70") = Sr55 ~ ST =00

18



Thus ¢~ is defined on [0,ST) and ¢~1(¢) = t2/(ST(ST —t)). As QsQ2 > 1/2 and Q; > 1/2, from
([9) in Lemma[I2, we have 1 — ; > 1/8 and

)

’Yf = (QSQ2)2ES’Y§) > 3_27[ 9 2L

Let Ro(\) = 32 (¢~ (8)\/(1 — cos(6p/4))))” which is defined for any z € Hp as soon as

1 — cos(fo/4) min ST(z).

A< Ay =
< 0 8 ZGHE

We have cos a. > cos(p/4) as soon as (7 +Es)F)/2 > Ro(A). Since ¢~ (t) ~ t? as t goes to 0, we
have Ry € Lipy(Ag). This concludes the proof. O

The next lemma expresses the contraction in terms of cost a,;. Recall the definition Bs, 5; from
Lemma,

Lemma 15 (Contraction from non-alignment). Let 0 < E < 2, p > 2 and c(-) € Lipy(1) be as in
Lemmal10. We have

3+ EcosTa, —I—ﬁ2> ¥+ Esf

EW(@) < (1+2¢(\)(1+ B) ( 1 2

+ c(N).
Proof. Let p, = Sh,/(Sh, + Shy) from Lemma [O9(7i7) and the AM-GM inequality, we have

hy + h 1 1
~ <T7l> = —pyr + _(1 _pr)’yl + COS Qg pT’(l _pT)\/w

2 2 2
1 1 1,
< 5]%%« + 5(1 - pr)% + Z COS (arl)(/%“ + 'W)'

Using the convexity of /2 and that cost?/2 < cost we get

h, + hy 1 1 2 1 2
" (T) < 5?4 S (L= ponf” + L cosT(an) (B +477%).

We treat the two events {h, = h; for some i € {1,...,n}} and {h, = h} separately. For the first

one, we write, with p; = Sh;/(Sh, + Shy) and «; as in Lemma [I4]

hi+h 1 1 1
Eoy?/2 (T’) < SEslpin’*) + 5 (1= Eulpinf”? + JEsleos™(ai) 0 +4]")]

2
1 1 1 E,[y/%) + A"
< TEDIERY 4 (0~ Bl + LB feos* o (%

1 1 /2
+ (5 + Z)\/Varsﬁyf

1+ E,cost oy P+ EAP
g(%wﬁx/uﬁl AT,

[\
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where we used Jensen inequality, (I8)-(I9) from Lemma[2ltogether with E[fi7? / 2] < Es[filEs[y? / 2]—1—

\/Varsyp/ if 0 < f; <1 (for f; = cosTa; and f; = p;).

Now, we deal with event {h, = h}. From Lemma [I3(i) and Lemma [0(i), we have 57/2 <
(14 c(\)Es?? + ¢(N). We deduce, with p = Sh/(Sh + Shy),

r 1. 1 R 1
¥ <M> < SPP2 4 S (L= 4 S eosT a3 440"

2 2 2
cosTa E /2 /2 1 1
s ’Yf + (_ +

< (1+c(V) <pEsvf’/ L= +—5 5 1ev)

< (14 c(V) <1+cosJr ) s ’yl +E8’yl e,

where have used Jensen inequality and Lemma Combining the two events and multiplying by

”yf % we get from a new application of Lemma [[2] and Jensen inequality,

h, +h 14+ Ecosta, ; +Esy  e(A
p/2E p/2 <Tl>§(1+c()\)) <fl B)(l—i—ﬁ) 5 o + (2)7117/2

1+ Ecosta, P+ EAY (A
< (2o (B 4 g ) 1y TP L )

Moreover, from (20)-(2I]) we obtain

Ev? < (1+ cODEA? + 2 < (14 )1+ 5) (

2 2 2
WAEN | e +1) WA B
2 T4 2

Finally, using Lemma [0(i7) at the first line and then applying the above bounds, we find

/
Efyp<m> _E P+ ]E p/2 ,YP/Q E p/2 (hr+hl>
2

W+ Bsp > Gy

WPEAR? < (1+¢(N) < (1+2c(N)(1+ B) +e(N)/4.

2
1 1 1+ Ecos™a, P+ EP
S(l + 26()\))(1 + 5l) |:Z + Z + 5 (fl + 52>:| <%> + C()\).
This concludes the proof. O

All ingredients are now gathered to establish the asymmetric uniform contraction.

Proof of Proposition [I1l. Let 6, \g, Ro(.) from Lemma [[4l There exists g = £¢(E,p) > 0 such that

0.0 > 120 — (14 4) <1—§+52> <12

Without loss of generality, we suppose that 9 < 1/2. We may also assume that )¢ is small enough

so that 5
(1 —1—26()\0))max{1 - %0,1 - 3} =1--¢
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for some € = ¢(E,p) > 0. Now if (7] + EsyY)/2 < Ro()), then by Lemma I3 we have
hy +h
E7p<Tl> < (14 2¢(N)Ro(A) + ¢(A) :== R(N).
Note that by definition R € Lipg(Ao). If QsQ2Q; < 1 — g then by Lemma [I3] again we have

h, +h P+ EsnP
Ey?(%) < (14 2c(\) (1 - %) % +e(N).

Otherwise (77 + Egy’)/2 > Ro()\) and QsQ2Q; > 1 —ep > 1/2. We may use Lemma [I4] together
with Lemma [TH and get

hy +h 5\ AP+ E?
E7P<%> < (1+2¢(\) <1 - g) % +e(N).

From our choice of € > 0 and R(\), we find in that all cases

T b ES p
E7p<h +hl> < (1- o)X TE Ry,

2 2

which concludes the proof. O

3.3 Proof of Theorem [4

Step 1: rough bound on 7 (g). We assume that N has finite 2p-moments. We first check that
E~P(g) is finite for any z € Hg. From (@),

i%(z—kéZfilgi—i—v) - Sz Sz

>
N = N - ?
\z+ézizlgi+v!2 ‘Z—’_éZi:lgi—i_UP (|Z|+d_]‘\\¥[z+|v|)

Sg

Moreover |g|, |gi], |T'] < 1/3z. We get

lg—T|? 1 2\% 1 N 2
ErP(g) = E < ) —FE — < oo,
79 =EGrs,r S @rr \5:) Gt A T o T >
since by assumption both N and v admit 2p-moments. Now as the expectation is finite, we will
show that, uniformly in z € Hg, E4P(g) < (1 — €)E+P(g) + R to conclude that E4P(g) < R/e.
Step 2: averaging with two copies. ~ We now upper bound E~P(g) in terms of EAP((g, + 91)/2)

where g,, g; are two independents copies of g. On the event £, defined in (@) we have N > 2. We
use Lemma [9 and Lemma [I0(7) and obtain

N N
N1 1
1e,7"(9) < 1gy” <EN ;:1 gi + U) < Le, (T4 (M) <N E :91) +1gc(N)

i=1

§(1+c(A))7N(Nl_1) > vf’(—gi;g’)ﬂ(x).



By taking expectation over the g;’s and use that given (IV,v), the g;’s are iid copies of g, we get
P D gT + gl
Elg,7(9) = (1 + c(A)EA? | === | + ().

On the complementary event &5, we use Lemma [I0)i77):

) N1 o (N AN [ (1
LeeyP(90) < legvy Eﬁzgﬂrv <1 C(1+ o)) 4N Y Nzgi +1
=1 =

D N
<1500+ 1) (F+25) £ 3060 + ).

=1
We average first over the g;’s and obtain

N d

Blegr?(s) < CE 151+ o) (5§ + ) | @706 + 1) = Cap) @7(0) + ).

From the identity 1 = 1¢, + 1g¢, we obtain:
D D gT + gl o]
En®(9) = L+ c(A)Er"( === ) +c(A) + Cap(R) (En(g) +1). (24)

Step 3: asymmetric uniform contraction. ~ We now bound E~P((g, + ¢;)/2) in terms of EAP(g).
There exists an enlarged probability space for the variables (g, g;) such that

1 -
gr=— <z+gzhi+v> ;
i=1
where (h;);>1 are iid with law g, 4 g and independent of (N,v). For integer n > 1 and A € [0, 1),
let &5, = {|v] < A\, N =n}. We have £, = J,, €1, where the union is over all n > 2 such that
n/d € (1—X,14+X). On the event &, ,,, we set u,, =n/d—1 € (=X, \) and b = (hy,..., hy,). Hence,

on the event &, ,,, we have

. -1
1+ u, 2
gr = — (z + d ;:1 hi + U) = h(h,un,v,n),

where h was defined in (16). Let v, be a random variable whose distribution is v given & ,, and let
hy = hy(h,u,v,n) be the random variable defined in (I7). Using Proposition [T, we deduce that if
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)\S)‘07

1 gr + g1 1 9r
ZE |~P ZE |~P| 22
()] 0

_|_
2
(1 & hi + g1 1 h(h, U, Un,n) + g
:E _ ol 17 ~ AP s Yy Yy
2ni_17< > ) T3

[ o hr(hsun,vn,n) +g
=E |47
o (Pl

N———
| I

<E|(1-¢) <%7p(gz) + % ZV%M’)) + R())

= (1 =2)ER(9)] + R(N).

We now use the identity

]P)(gi) + 1gc P((“:}\ n) + 1¢
1 — N ) An
3 X g

n

where the sum is over all n > 2 such that n/d € (1 — X, 1+ ). The first term is bounded using the
convexity of 4P, Lemma [0l(i7), and Lemma [T0(47),

e (2 par) FED 15 g 000 2 ) ¢ 2

< 21@(5@1@%(9) + %E |:15§(1 + [v])?P <% + %) } (Ev"(g) +1)
_C+3

< — (M) (EF(g) +1),

where we used the fact that P(£5) < a,(A). Finally we obtain

B (52 < (1 - (o) + RO)+ 2,0 (B(0) 1. (25)

Step 4: end of proof. If X is small enough so that 1 + ¢(\) < 2, combining (24))-(25]), we get
Ev"(g) < (1 = e)(1 4 ¢(N)EAP(g) + 2R(A) + ¢(A) + (2C + Dy (M) (EnP(g) + 1) -

We now assume that X+ o, () is small enough, say A, so that (1 —¢)(1+c¢(X))+ (2C +1)a,(A) <
1 —¢/2. Then

Ev7(g) < (1= 2) E¥(9) + 2R(\) + e(A) + (2C + Dap(N).
The above equation is of the form

EvP(g) < (1 — e1)E¥"(g) + Ri(A + ap(N)),
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where 1 = ¢/2 > 0 and R; € Lipy(A1). We deduce that for all A < Ay,

_ R+ a,()

Eq"(g) - (26)

Finally, we use Lemma [8] and Cauchy-Schwarz inequality,
Elg — T|? < [T27/271 (42BqP (g) + 272y (g)??) < [DPP2% (ExP(g) + vEP(g) )

E(Sg)™" < (ST)PE(4v(g,h) +2)P < oo.

As ||, (ST)~! are uniformly bounded in Hg, this concludes the proof of Theorem M for suitable
constants § = A\1/2 and C > 0 when N has finite 2p-moments.

Step 5: truncation. It remains to check that we can remove the assumption that EN?? is finite if v is
real-valued. This can be done easily by truncation. From (@), g(z) has law g1 (2) = (61, (H—2)"181).
For integer n > 1 and v € V, let Nén) = max(N,,n) and let 7, be the corresponding random rooted
tree of descendants of 1. The tree 7;, has law GW(P,) where P, is the law of N = max(N,n)
with N £ P. By monotone convergence, d, = EN™ converges to d = EN as n goes to infinity.
Let H,, be the corresponding operator and ggn)(z) = (01, (Hp — 2)7161). Then by [35, Theorem
VIIIL.25(a)], for any fixed z € H, with probability one,

lim g1")(2) = g1(2),

n—o0

(note however that the convergence is a priori not uniform in z € H). Since | g§")(z)| < 1/%(2),
the convergence also holds in L? for any ¢ > 1. Note also that by monotone convergence, for any
A >0, aé")()\) converges to oy, () where al(,n)()\) is defined as in (I0) for P, and d,,. It thus remains
to apply Theorem (] to P, and let n go to infinity. O

3.4 Proof of Corollary

Set N, = N, and V,, = v,. From (@), we have

1o -
o= (5 aen)

i=1
where (g;);>1 are independent iid copies of g which satisfies the equation in distribution (@]). From
@), we get

11 1 N1 &
o,r* = — T 5 < - 4 * 5 I'| = = i _*7F )
V(9o T'x) 7<g P*>_7<dzg+v p) 7<d*Ni§::g+p )

i=1
where we have used ~(ta,tb) = v(a,b) for t > 0 and p = d,/d. From Lemma [0)(ii) and Lemma
[I0kéi), we deduce that

Ux

2N, AN\ [ 1 &
kg x il D( . 1
P > <d* * N*> (N* Z’Y (gl)—i_ ’

=1

1re7"(g0, i) < Clpg <1 +
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E17:97(g0, T'x) < CBp(N) (EnP(g) +1).

Similarly, from Lemma [J(#i) and Lemma [10(7),

17,77 (90, Ts) < (14 ¢(X Z’v gi) + c(A

E1777(g0, ') < (14 ¢(A))E~P(g) + c(A)

Taking the expectation, we deduce that if A + a,(X) <4,

EvP (g0, Tv) < (1 + c(A) + CBp(A)EN"(g) + CBp(A) + c(A)
S Crl 4+ A+ Bp(A) (A + ap(N) + C1(Bp(A) + A)
<CL((T+H A+ B(W))A+ A+ ap(N) — 1)

for some Cy > 0, where we have used (26) and the fact that ¢(\) € Lipy(d). We have

1 1 Cy
’F*’ < S S B!
S(z+pl) ~ pS(I) ~ p
gr _ 32pST 1 pST < 1)‘1
"7 e+ ol T 20+ 2T T ’

uniformly in z € Hg, for some constant Co. It remains to use LemmalRand adjust the constants. [J

4 Random trees with leaves

4.1 Proof of Lemma

Let v # o € V. Let N° and N¢ be the number of offspring of v in S and not in S (that is
such that their subtree is infinite or finite). The pair (N*, N¢) has the same distribution than
(N (1—&:), 2N | &) where N has distribution P and is independent of the (g;);>1 an iid sequence
of Bernoulli variables with P(e; = 1) = 7, = 1 — P(¢; = 0). Moreover, conditioned on the root is
in S, (N® N¢) is conditioned on N* > 1. As in Lemma [6, let (N°, N¢) denote a pair of random
variables with distribution (N*, N¢) conditioned on N*® > 1. In particular, the moment generating

function of (N*, N€) is given by

(1 = me)z + mey) — p(Tey)
1 —p(mey) '

Similarly, given v ¢ S, (N% N¢) is conditioned on N°* = 0. Then, we find that the moment

generating function of N€ given o ¢ S is

o (a,y) =E [o V] =B o7y VN 2 1] = (27)

¢ (x) = : (28)
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For more details see Athreya and Ney [I1), Section 1.12] or Durrett [25], Section 2.1].
Similarly, let N2 and N¢ be the number of offspring of o in S and not in S. Let (N2, N¢) be
the law of (N2, N¢) given N? > 1. The moment generating function of (N$, N¢) is

s,e NZ_ NE¢ (10*((1 _ 7Te)33‘ + ﬂ-ey) _ w*(wey)
e (@, y) =E a7y | = :
( ) [ ] 1- 90*(7763/)

We are ready to prove Lemma [Gl

Proof of Lemmal@. Recall that H = A/v/d, where dy = EN® and g,(2) = (0,, (H, — 2)7'6,). For
v # o, let g°(z) and g°(z) be the law of g,(z) conditioned on v € § and v ¢ S. We deduce from ()

that the variable ¢g°(z) satisfies the recursive distribution equation,

) L -1
AOES ( Y g+ v(z)) ,
5 =1

where g¢ are iid copies of ¢g°, independent of (N®,v(z)) defined by

1 &
v(z) = — Y gi(2), (29)
%=1

and ¢f are iid copies of ¢g¢ and are independent of (N*, N¢) with moment generating function given

by (7). Similarly, conditioned on o € S, we have
1 & 1 o -
d
O EE D I H{OEES S IO I
5 =1 5 i=1

where g7 are iid copies of ¢g°, independent of (N7, N¢). It concludes the proof of Lemma [6l O

Remark 1. As we defined it, the skeleton tree S is not a unimodular tree. To obtain a unimodular
Galton-Watson tree, the solution is to modify the rule for the root to be in S: the root is in S if it

has at least two offsprings with infinite subtrees.

4.2 Proof of Lemma [T

We start with a rough upper bound on the extinction probability ..
Lemma 16 (Extinction probability). We have
e < 2P(N < 1).

Proof. We note that if x € [0, 1] satisfies ¢(x) < x then 7, < z. Set m; = P(N < 1). For z € [0, 1],
we have p(z) < m1+(1—m)22. In particular, since m (1—m1) < 1/4, p(27m1) < m(1+4(1—m)m) <
2m1. We conclude that m, < 27r. O
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We will also use [16, Lemma 23] on the size of the sub-critical Galton-Watson trees.

Lemma 17 (Total progeny of subcritical Galton-Watson tree). Let Q be a probability measure on
non-negative integers whose moment generating function i satisfies ¥ (p) < p for some p > 1. Let
Z be the total number of vertices in a GW(Q) tree. We have for any integer k > 1,

P(Z > k) gp<%’))>k.

As a corollary, we deduce that the random tree 7 conditioned on extinction is likely to have

very few vertices.

Corollary 18. Letn > 2, ¢ = P(N < n) and let Z be the total number of vertices in T conditioned

on extinction. If ¢ < 271 we have for any integer k > 1,

1/n k
P(Z>k) <L <2q1—1/") .
Te
Proof. We have p(¢'/™) < q+ (¢"/™)™(1 — q) < 2¢q < ¢"/"6 with § = 2¢*~V/". By assumption § < 1.
Let p = ¢'/" /7. From (28), we deduce that

e(q"™)

Te

Pe(p) = < dp.

Note that since ¢, (1) = ¢'(me) < 1 and ¢, convex, we have ¢.(z) > z on [0,1). It follows that
p > 1. We then conclude by applying Lemma [I71 O

We are now ready to prove Lemma [1]

Proof of Lemma[7. For integer k > 1, let Aj, C R be the set of X such that there exists a tree with
k vertices and A is an eigenvalue of the adjacency matrix of this tree. We note that UiAy is the
set of totally-real algebraic integers by [36]. Obviously, |Ak| is bounded by k times the number of

unlabeled trees with k vertices. In particular, for some C' > 1,
Akl < CF, (30)

see Flajolet and Sedgewick [27, Section VIL5]. We define By = {z € R : I\ € Ay, |N/Vds — 2| <
e27%=1/|Ax|} and B = R\ Ug>1 B. By construction,
g2k
B¢ < Apl——=ce.

Note that if |7| = k and z € Hp then |g,(2)| < 25t Ay|/e (since H = A/v/d, and the Cauchy-

Stieltjes transform of a measure is bounded by one over the distance to the support). Let ¢°(z) be
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the law of g,(2) given o ¢ S. We deduce from ([B0) and Corollary [I8 with n = 2 and ¢ = m; that
for z € Hp,

ZE 9° (™| TT = KIP(T| = k)

Z\Fl (2vm)" <2k+1|A |>

€

IN

2m\/— Z (2m+10m\/—)
k=1

Tee™
22m+20m
%T 1,
where at the last line, we have assumed that \/7_11 < 27m=20~™ and used that Zk>1 ab < 2a if
0 < a < 1/2. Note that this last condition is satisfied if 7 < ¢f* with 1/¢y = 2402._ We deduce
that for some new constant C' > 1, we have for any integer m > 1 such that 7 < ¢,

Bl < (£) 2
€ Te

In particular, from (29) and Hoélder inequality,

Zgz Sim [NemIZIQZ m]SE[(Ne)m]<%> o

It remains to estimate E[(Ne) . We write

E [Ju(z)|™] = —E

E[(N)™] = E[N;"|N; > 1] < E[(N)™]/(1 — me) < 2E[(N°)"],

indeed, from Lemma [I6 7. < 2m; < 2¢p < 1/2. We have seen that N¢ 4 Zfil ¢; where N has
distribution P, independent of (g;);>1 an iid sequence of Bernoulli variables with P(¢; = 1) = 7, =
1 —P(e; =0). We find

N m m m] ™ m
E[(N®)™] =E <Z ai> <> E[N*xf < E[cjzi ] > (dme)t < 2%@,

i=1

where, in the first sum, we have used that Esé = 7 for any [ > 1 and decomposed the sum over
the number k of distinct indices in a m-tuple. At the next step, we have used that ENF / dr is
non-decreasing in k from Jensen inequality. In the final inequality, we used Lemma and the
assumption dr, < EN?m,/d < 1/2. We thus have proved that
C E[N™]
E m <4
i <4(5) 2

Finally, from (27)) and the convexity of ¢’, we have

dm.

ds = 0105(1,1) = @' (1 — 7)) > ¢'(1) — mep” (1) = d — 7 E[N(N — 1)] > d/2.

The claim of the lemma for v(z) follows by adjusting the constant C. Replacing N, by N, the

claim on v,(z) follows. O
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5 From resolvent to spectral measures

5.1 Absolutely continuous part of a random measure

In this final section, we prove the main results in introduction, Theorem [, Theorem 2] and Theorem
[Bl This is done by standard tools connecting the Cauchy-Stieltjes transform of a measure and its
absolutely continuous part.

We will use the following lemma. Recall the definition of Hp in (I3]).

Lemma 19. Let p1 and po be two random probability measures on R with Cauchy-Stieltjes trans-
forms g1 and go respectively. Assume that for some deterministic Borel set B C R, C > 0 and

p > 0 we have

liminf/ Ellgt(A+in) — go(A + in)[P]d\ < C.
740 B

Then, if fi and fo are the densities of the absolutely continuous parts of 1 and po, we have

C
B[ 1500~ AP S,

Proof. For n > 0 and real A, we set f/'(A\) = Sg;(\ +in)/m. For i = 1,2, almost everywhere
lim,)—0 f;'(A) = fi(\), see for example Simon [39, Chapter 11]. We consider the measure on C x B:
M =P ® {(-). By assumption, from Fubini’s Theorem, for any n > 0,

Jim inf / f7— fIPAM = Tim inf / B[00 — I Plar < &
0 nl0  Jp

i

Moreover, from what precedes, M-almost everywhere, |f — fJ|P converges to |fi — fafP. The

conclusion is then a consequence of Fatou’s lemma. O

The following theorem due to Simon [38, Theorem 2.1] generalizes the case p = 2 due to Klein
[33, Theorem 4.1] (see also (4.46) there). It is a useful criterion for a random probability measure

to be purely absolutely continuous.

Lemma 20 ([38,133]). Let p > 1 and p be a random probability measure on R with Cauchy-Stieltjes
transform g. For any E > 0, if

E
lim inf / E[lg(A + in)[P]d) < oo
o J_g

then, with probability one, u is absolutely continuous on (—E, E).

5.2 Proof of Theorem [3

Step 1: absolute continuity. Let H = A/\/d— 1+ \V/\/d—1 and g,(2) = (6,, (H — 2)715,). By
construction g, is the Cauchy-Stieltjes transform of fi, = po(-/v/d — 1). We apply Corollary [5] with
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N, =d, N =d— 1, independent of v, 4y4 AV,/v/d—1. With p=d/(d—1) > 1 and «, § as in
Corollary [l with p = 2, we find
o[\*
1|v|>tp 1+ 7 .

Note that 5(t) < a(t). Also, by assumption E|V,|[* < co. Since (a + b)" < 2" 1(|a|™ + [b|"),

tvd—1 2 1 2
< 96 4 < 96 2 4
w0y <2 (p (> VI o X phyewn]) < (14 8) 2Eml

It follows that for each ¢, x > 0, there exists \; > 0 such that A\ < \;v/d implies a(t), 3(t) < k. Also
1<p<3/2(sinced>3,d—12>(2/3)d). Now, we fix E > 0, we apply this observation to t = /2
and k = 6/2 with § as in Corollary Bl We deduce that for A < \;v/d, we have E[|g,(2)|*] < C
for some C. From Lemma 20} we deduce that with probability one, u, is absolutely continuous on
(—EVd—1,Ey/d—1).

Step 2: positive density. We now prove that g has positive density on (—FEv/d — 1, Ev/d — 1) or

a(t) =4E [L,5(1+ [o))']  and  B(t) =4E

equivalently that fip has positive density on (—FE, E). Corollary Blimplies that, for some C > 0, for
all z € H,
E(QQO(Z))_z <C.

Let f be the density of the absolutely continuous part of fi,. Almost-everywhere, we have lim,, o Sg,(A+
in) = f(A)/m. We deduce from Fatou’s Lemma that

Eoq
E/_E—f()\)zd)\< .

In particular, with probability one, fFE 1/£(N)2dX < co and f(A) > 0 almost everywhere.

Step 8: mass of absolutely continuous part. It remains to prove that for any ¢ > 0, there exists
Ao such that Ep3°(R) > 1 —e. There exists E < 2 such that u.((—F,E)) > 1 — ¢/2 uniformly
in d > 3. As explained above, for each ¢,k > 0, there exists \; > 0 such that A < \;v/d implies
a(t), B(t) < k. By adjusting the value of t = , by Lemma [[3, we deduce that if A < \o(¢)V/d, we

have

E
E / FO) = fVldA > £,

—-E

N | ™

where f is the density of the absolutely continuous part of ji, and f, the density of u,. Therefore,

from the triangle inequality, we find

E E
B (R) 2B [ REOE / RO -1

as requested. O

30



5.3 Proof of Theorem

We treat the case of P, = Qg is Bin(n,d/n) conditioned on being at least 2. The Poisson case is
essentially the same (take n to infinity in the argument below). Let N, be a random variable with

law Qg and N with law P = @d. The moment generating function of P, is
N, d !
ou(x) =E[z] = 1+ﬁ($_1) —qo—qz ) /(1 —q0 — q1),

where gy = (1 —d/n)" and q; = d(1 —d/n)"~! are the probabilities that Bin(n,d/n) is 0 and 1. In

particular, the moment generating function of P is

! n—1
olo) =Bl = £ - ((1 +ow-) —po:c> /(1= po),

where pg = q1/d = (1 — d/n)"~!. Therefore, P is Bin(n — 1,d/n) conditioned on being at least 1.
It is straightforward to check that gy, q1 and py converge to 0 as d goes to infinity, uniformly in
n > d. More is true: from Bennett’s inequality, if Z = Z,, 4 Bin(n,d/n), for any A > 0,

P(|Z = d| = Ad) < 2exp(—dh(A)), (31)

with h(u) = (1 + ) In(1 4+ u) — u. We deduce that for m > 1,

EZ™ Z\™ 0
d—m—l'gEKE) —1‘§m/ dm (1 Z/d — 1) > A)dA
0

goes to 0 as d goes to infinity, uniformly in n > d. As a consequence, since EZ]" | < EN™ <
EZ" /(1 —po) and EZ]* < EN]* < EZ"/(1 — qo — ¢1), for any integer m > 1, E(N/d)™ and
E(N,/d)™ go to 1 as d goes to infinity, uniformly in n > d.

Similarly, from (BT), we write for 0 < A < 1,

! : " m m ,—dh(}) m
- < < _ . < B .
E <max(Z, 1)) <d"P(Z<(1=XN)d)+ (1-A)" <2d™e +(1-X)

We deduce that E(d/N)™ and E(d/N,)™ go to 1 as d goes to infinity, uniformly in n > d.
The rest of the proof is the same than the proof of Theorem Bt we apply Corollary Bl with p = 2
to H = A/VEN. The above analysis shows that, for any A > 0, aa(\) and [2(\) goes to 0 as d

goes to infinity, uniformly in n > d. O

5.4 Proof of Theorem [

Again, we only treat the binomial case, the Poisson case being essentially the same. Let m. be
the extinction probability. Let N and N°® be the offspring distribution of the root and v # o
conditioned on being in §. The moment generating functions of N7 and N® are given by ([I2]). We
set dg = EN®. Arguing as in the proof of Theorem 2] we find that N7 has law Bin(n, (1 — m.)d/n)
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conditioned on being at least 1 and that N® has law Bin(n — 1, (1 — m.)d/n) conditioned on being
at least 1. By Lemma [0, 7. goes to 0 as d goes to infinity, uniformly in n > d. Also, from the
proof of Theorem 2] we deduce that, for any integer m > 1,

NS\™ d\" NE\™ d\"
E(— El— E(—= E(—
() =) =(7) =)
go to 1 as d goes to infinity, uniformly in n > d. Also, if d > 2, from Bennett’s inequality (31]),
m =P(N < 1) <P(N < d/2) < 2exp(—dh(1/2)) = o(1/d).

Now, let eg > 0, B = B(eg) be as in Lemmal[7l If v(z), v.(z) are as in Lemma[6l we deduce from
what precedes that, by Lemma [7] E|v(z)|™ and E|v.(2)|™ go to 0 as d goes to infinity, uniformly
inn >dand z € Hg.

We set H = A/\/ds and let 0 < E < 2. We denote by E® the conditional expectation given T
infinite. By Lemma [6] Corollary Bl and the above analysis with m = 12 (see (1)), we deduce that
for any k > 0, for all d > dy(g9, F, k) large enough and for all z € Hgy NHp,

s 2 2 S (Cx -2 1 ’
E*lgo(2) ~ Tu(2)P < w/p? E*(Sgol2)) ™ < C (p+p),

where g,(2) = (8o, (H — 2)16,) and p = EN?/EN® can be taken to be approximately close to 1
for d large enough.

Let jio = io(-/+/ds) and let f()\) be the density of the absolutely continuous part of ji,. We fix
k>0 and d > dy(ep, k). The argument in step 2 of the proof of Theorem [ proves that

1
Es/ — < 0.
Br(-B,E) f(A)?

In particular, conditioned on non-extinction, with probability one, f(A) > 0 almost-everywhere on
BN (—E, E). This proves the first claim of the theorem.

For the second claim, we fix £ > 0. We have Ep*“(R) > (1 — 7 )E*u?(R) and 7, goes to 0 as d
goes to infinity, uniformly in n > 2. Hence, up to adjusting the value of ¢, it suffices to prove that
E*u2¢(R) > 1 —e. Moreover, since ¢(B€) < g, there exists (¢, E') such that for all d large enough,
ux(BN(—E,E)) > 1—¢/2. We may then repeat step 3 in the proof of Theorem [3] and conclude
that E® me(_E’E) f(A)dX\ > 1 — ¢ for all d large enough, uniformly in n. O
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