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CONSTRUCTION OF THE MULTI-SOLITON TRAINS FOR A
GENERALIZED DERIVATIVE NONLINEAR SCHRODINGER EQUATIONS
BY A FIXED POINT METHOD

PHAN VAN TIN

ABsTraCT. We consider a derivative nonlinear Schrédinger equation with general nonlinearlity:
iO0ru + agu + i|u|2‘76xu =0,

In [12], the authors prove the stability of two solitary waves in energy space for o € (1,2). As

a consequence, there exists a two-soliton trains in energy space for o € (1,2). Our goal in this

paper is proving the existence of multi-soliton trains in energy space for o > 2. Our proofs

2
proceed by fixed point arguments around the desired profile, using Strichartz estimates.
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1. INTRODUCTION
We consider the following generalized derivative nonlinear Schrodinger equation:
i0pu + 0%u + i|u|?? Opu = 0, (1.1)
where o € R" is a given constant and u : R; x R, — C.

1.1. Preliminaries. The equation (1.1) is studied in many works before. In special case o = 1,
there are many works on local wellposedness, global well posedness, stability of solitary waves
and stability of multi-solitons before. In [11] the author give a sufficient conditions for global well
posedness of (1.1) in energy space by using a Gauge transformation to remove the derivative terms.
In [1], the authors show that the equation have two parameters family of solitary waves. Moreover,
the authors prove the stability of these particular solutions by using variational methods. In [4],
the authors give a result on stability of solitary waves when parameters in the presentation of for
soliton solutions take critical values. In [7], the authors prove the stability of multi-solitons in
energy space under some conditions on parameters of individual solitons.

In general case, the local well posedness and global well posedness of (1.1) is studied in [3]. In
[8], the authors prove the orbital stability /instability results of solitary waves. In [2], the authors
give instability results of solitary waves in the critical frequency case. In [12], in case o € (1,2),
the authors prove the stability of the sum of two solitary waves in energy space using perturbation
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2 PHAN VAN TIN

argument, modulational analysis and the energy argument as in [9, 10]. In this paper, we show the

existence of multi-soliton trains in energy space in case o > % Before state the main result, we

give some preliminaries on multi-soliton trains of (1.1).

1.2. Multi-soliton trains. Asin [8] the equation (1.1) admits a two-parameters family of solitary

waves solutions,
r—ct
/ w2 (n) dn) : (1.2)

— 00

Yt ) = Qu,c(z — ct) expi (wt + g(z —ct) — %0 12

where w > % and
(0 +1)(4w — c?)

oo (y) = : (1.3)
2w (cosh(a\/4w —c?y) — 2\0/5)
is the positive solution of
2 c 20+ 1
_82 w,c - w,c 5 chU w.e T Ta . avo wc4a wc:()- 14
ycp,+(w 4)<p,+2|<p,|<p, (20+2)2|<P, Pu, (1.4)
Define
Durc(Y) = Pur.c(y) e W), (1.5)
where
6. =& L /y 20 (1) d (1.6)
w,c—Qy 2% +2 _00<Pw,c77 - .
Clearly,
Yo e(x,t) = ei“tgi)wyc(:r —ct). (1.7)
and ¢, . solves
— 02w + Wi e + €Oy P — i|Pu |7 ydue =0, yER. (1.8)

Let K € N and for each 1 < j < K let (wj;,¢j,zj,0;) € R* be given parameters such that
wj > %?. Define
R;(t,x) = eiejww_jﬁcj (t,z — ;)
and define the multi-soliton profile
R=%K R (1.9)
Our main result is the following.

Theorem 1.1. Let 0 > %, K € N* and for each 1 < j < K, (0;,wj,c;,x;) be a sequence of
parameters such that x; =0, 0; € R, ¢; # ci, # 0, for j # k. The multi-soliton profile R is given
as in (1.9). We assume that the parameters (w;,c;) satisfy

2(c—1 o .
(U IRIZE2) (0 + IR i) (14 192 Bll oo + IRIZE ) < ve = inf hyle; — el (1.10)

Then there exists a solution u of (1.1) such that
lu— R||g < Ce ™. Vit =Ty,
for some C >0, A\ = %v* and Ty > 1.
Remark 1.2. By Lemma 3.2, the following inequality holds for o > 2:
(a+b)20=2 202 < p2(0=2) 4 pg2@=D=1 " for all a,b > 0. (1.11)

The condition o > g ensures that the order of b on the right hand side of (1.11) is larger than 1.
This is important in our analysis.
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Remark 1.3. We prove there exist the parameters (w;,c;,0;,z;) for 1 < j < K and z; = 0 for all
j such that the condition (1.10) satisfies. For convenience,for each j, we deﬁne hj = \/4w; — c?.
Indeed, choosing ¢; < 0 and h; < min(1, |¢;|) for all j we have

b
2. /w; (cosh(ohjy) — =2
\/(,T](COS oh;y SN
1

~

(IOUJ]',C]' ~

() o
T wj,c ~ 9 N 1+% .
(cosh(ohjy) — Zj@)

Using | sinh(z)| < | cosh(z)| for all z € R we have

2 20 1
|am90wj,c]~| < . o 1 N |<ij,c]"~
255 ) (coshlohyy) — 2 ®

Thus,
2
IRl = ws e S )15 <1
J
[0z Rl Lo oo = (|00 Puy; e, [l oo Lo
20+1
S 10l + 150y = 20+ 2P I
~ ||(70Wj7cj||L°o |Cj|||(pwj7CjHL°°
h?2 h?
T/T* il {5
lcj] |4
Hence,
h2
[R|zeore S8/ 5 S 1
0:R|| Lo S \/ +| ¢l 2r\l/>
Furthermore,

IR 7o 2 = | Rj 1 Foe 2 + 1100 Rl oe 12 = 0wy 172 + 1000y e, 172
1
h? v 1 h? 3 h;
< R, < J 2 < 2 e~ 1ul|2
S w2 5 (2 @) st S (2 =) e

1
2 o
~ (L 1 <hThl=pr Tt
2, /W hj 7 J
where we use h; < /2w;. Thus,

11
IR e i S 3507

Condition (1.10) satisfies if the following estimate holds:

(1+z h"_l ,/ +\ ol 2{/| < inf hyle; — exl. (1.12)
J

Fixing h; and replacmg ¢j by Mcj, thus w; = (h3 + M?c3), we see that the left hand side of

(1.12) is order M'~ 2+ and the right hand side of (1.12) is order M!. Hence, the condition (1.10)
satisfies if we choose M large enough.
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Before proving the main result, we introduce some notations which will use in our proof.

Notation.
(1) We denote the Schridinger operator as follows

L =i0,+ 2.
(2) Given a time t € R, the Strichartz space S([t,00)) is defined via the norm

lulls(it,00)) = sup 1wl L3 Lrye(jt,00) x B) -
q,7) admissible

We denote the dual space by N|t,00) = S([t,00))*. Hence for any (q,r) admissible pair we have

lwll v (it,00)) < Nwll o (t,00) xR) -

(3) For a,b € R?, we denote |(a,b)| = |a| + |b].

(4) Let a,b > 0. We denote a < b if a is smaller than b up to multiply by a positive constant and
denote a <. b if a is smaller than b up to multiply a positive constant depending on c¢. Moreover,

we denote a ~ b if a equal to b up to multiply a positive constant.

2. PROOF OF MAIN RESULT

In this section we give the proof of Theorem 1.1. We use the Banach fixed point theorem and

Strichartz estimates. We divide our proof into steps.

Step 1. Preliminary analysis. Let u € C(I,H'(R)) be a H'(R) solution of (1.1) on I.

Considering the following transform:

o(t, z) = exp(iA)u(t, x),

. Z’ g
¥ = exp(iA)0yu = Oy — 5‘<P|2 ¥

where

As in [3][section 4] we have

* 1
WA = —oTm(|u> " Vud,u) + oTm U A (JulP " Vw)dudy| — Z|u|40.

Thus, using |u| = || and Zm(ud,u) = Zm(Pp), we have

T

1
0l = ol V(@) + o [ 0P In(ad,u) do - 71l

—00
x

1
— ool V) +o [ 2u(1eV) In(pw) do - 711",

— 00

(2.1)

(2.2)
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Hence, since u solves (1.1) we have

Ly = L(exp(iA))u + exp(iA) Lu + 20, (exp(iA)) Dy u
= L(exp(iA))u + exp(iA) (Lu + i|u|*7u)
= L(exp(il))u
— (10 + 02)(exp(ih)

_ [_ exp(iN)dA + &(exp(iA);Iul%)} u

oA+ [exp<z’A>4|u|% N ;expu‘A)aw(W”)} "

1 o i
= —A+ ¢ [—4s0|4 + §8z(|¢|2 )}
- — ! o— — 1 o 1 o . o— —
= olp|2 "V Tm(Fy) — 0@/ O (|1~ In(@) da + 211" — Jll" + oo™V pRe(Bacp)
—o0

= 0]p|* "V p(Tm(BY) + iRe(F0sp)) — w/ 102D (0 — 1)8,(|¢|*)Im(By) dz

— 00

= ol Vp(Tm(py) + iRe(py)) — o0 — 1)@/90 |2 2R ) Im(p4)) dee

— 00

= io|p|? " V) — o(0 — 1)90/ o[22 Iim(v*3?) dy.

As in [3][section 4], we have
Lip = L(exp(iA)Oyu)

i T
= exp(iA) —§8$(|u|2”)8wu + o|u|> "V Im(udu) Oy u — O‘/ T (0, (|u?“ V)0, u) dyd,u

= 50670+ ol POV Tn(E0) — 0 [ ou((uPe ) Tn(adyu) dys

= 50670+ ol VuTnton) — ov [ 0,1 )Intew) dy

— ol En() — iRe(G0s) ~ 0 [ (o~ IOV 2Re(0) In() dy

= ol VY (Tm(py) — iRe(@y)) — o0 — )¢ [ OO |07~ 2Re () () () dy

= ol VE — o(o — 1)y / 102D Tn(%?) dy.

Thus, if u solves (1.1) then (¢, 1) solves

Lo =iolp|? o V%) —o(o —1)p [7 || In(4*3?) dy, (2.3)
Ly = —iolpP V9?0 — oo — 1)y [7 [P Im(v?3?) dy. '
For convenience, we define
P(p,v) = iolp?" Dp*p — oo — 1)90/ o272 Im(y*%?), (2.4)
Q) = ~ioloP T Vg~ oo =10 [ oI In(0 ), (2.5)

Let R be multi-solition profile defined as in Section 1.2. Define

h = exp (; /x |R(t,x)|* dy) R(t,z),

—00

i
k= 0,h — —|h|?>?h.
0 2\|
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Since for each 1 < j < K, R; solves (1.1) we have
LR +i|R[* R, = —%;i|R;|* Rjs + i|R|*’ Ry, (2.6)
By Lemma 3.1 for ¢ large enough we have
| =S4l Ryo + il R Rl sz < e, (2.7)
Thus, we rewrite (2.6) as follows:
LR +i|R* R, = —%i|R;|*’ R, +i|R|*" Ry, (2.8)

where
v =eM(=%;i|Rj|* Rjz + i|RI* R,.). (2.9)

By elementary calculation, we have

Lh = io|h[2" D02k — o(o — Vh [* _|B2C-DTn(k2R°) dy + e m(t, z), 2.10)
Lk = —io|h|**"VE*h — (o — D)k [*_ 2= Tn(k2R°) dy + e n(t, ). '
where
_ 1 ’ 20 _ ! 2(o—1) §5)
m = exp |R|*“dy | v—och |R)] Im(Rv) dy, (2.11)
2/ —o0
. xT x
n = exp (; / |R|* dy) e M(9pv — oaxR/ |R|2"=Y Tim(Ru) dy). (2.12)
—00 — 00

Since v is uniformly bounded in H2(]~R), we see that m,n are uniformly bounded in H!(R). Let
@ =9 —hand v = — k. Then ({, ) solves:

Ls% = P(QO,’I/J) - P(h7 k) - ei/\tm(tvx)a
Ly = Q(SDJP) - Q(h7 k) - e_/\tn(t7x)'

Set n = (¢, 4), W = (h,k) and f(p,v) = (P(,4), Q(¢),¥) and H = e *(m, n). We find solution
of (2.13) in Duhamel form:

(2.13)

n(t) =i / T 4 ) — FOV) + H](s) ds, (2.14)

where S(t) denote the Schrodinger group. Moreover, since ¢ = ;¢ — %]¢[* ¢ we have

§= 0.6 L5+ (3 + h) — A7) (215)

Step 2. Existence solution of system equations
Since Lemma 3.4 there exists T, > 1 such that for T > T, there exists unique solution n of (2.13)
define on [Tp, T%) such that

71l x = e Inlls(1t,000) x 518000 + € Nl s(it,00x (11,000 <1 VE > To. (2.16)

for the constant A\ defined as in step 1. Thus, for all ¢ > Tj, we have
1ol + 19l S e ™. (2.17)
Step 3. Existence of multi-soliton trains of (1.1) We prove that the solution n = (@, %) of
(2.13) satisfies relation (2.15). Set ¢ = G+ h, ¢ = ¢+ k and v = 9, — [p|*p and & = v — k.

Since (@, 1) solves (2.13) and (h, k) solves (2.10) we have (¢, ) solves (2.3). Furthermore ,

7
Lo = 0. Lp — SL(Ig7 ). (2.18)
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Moreover,

L(|¢|* ) = (0, + 02) (#7197 = i (0" '97) + 02 (7 '57)

= i(0 + 1)|¢|*? s + ]| 0?07 + 02 ((0 + 1)||*Ouip + 0]V 0?0, 7)

= i(o + 1)|¢|* O + || * V0?07 + (0 + 1) [02¢]0|*7 + 0upda(l9o*7)]
+ 0 |92B1elV + (0 + DIdapPle2 D + (0 = D2 (0.7)?]

= (0 4+ V)[@** (i0hp + 02p) + o@DV (i0: + 05%) + (0 + 1)Dupde(| o)
+o(0 + 1|00 Ve + o (0 — 1)(0:2)% 0?7 ?

= (0 + 1)|@|*? Lo + o]@|* V(=L + 2059) + (0 + 1) 000 (|0*")
+o(o + 1)]0a0? o Ve + o0 — 1)(0:2)%[*7 2"

Combining with (2.18), using (2.3) we have

7: o
Lv = 0, Ly — 5 L(1¢[*" )

1 — +— — o

= OuLp — 5 | (0 + DIl Ly + olo "™V (=L +2079) + (0 + 1) a0 (| 0*)
(o + DI0so 6TV + o(0 = 1)(0.9)% eV

1 )

5@+ DIl (P(p,0) = Po,v) = 5

i o— i o— DA ) : o— —
+ 5010V (P, 9) — Ple,v) + 50le Ve Plp,v) — oo V0

= 0.(P(p,¥)) — P(p,v)) + 0. P(p,v) (0 +1)|el*? P(¢,v)

i i o
— 5 [0+ D000 (10P7) + 0(0 + DIdplle2 D + (o = 1(0:7) 2]

= 0.(Pp,1) — Plo,v)) — (0 + Dlgl® (P(p, ) — Plo,v)) + 50lol e (Pla.0) — Pla ) + Clo,0),

where G(¢,v) is the remaining ingredients and G(p,v) depend only on ¢ and v:

7

G((,D,U) = 8$P(50, U) 2

o i o— DA ) . o— —
(0 + DIl Plp,0) + 50lp V" Plp,v) — oo "0

[0+ D000, 167) + 00 + DIagPIolP7 V0 + 0 (0 — (@32l D"
(2.19)

N | .

As the calculations of L in step 1, noting that the role of v is similar the one of ¥ in step 1, we
have G(p,v) = Q(p,v) (see Lemma 3.3 for a detail proof of G(p,v) = Q(p,v)). Hence,

Ly — Lv = Q(¢,v) — Qp,v) — 0-(P(p, %) — P(p,v)) + %(0 + 1)]*? (P(p, %) — P, v))

i ~
= 50TV (P(p,¥) — Plg,v)).
Thus,

Ly — Lo = Lip — Lo

o+ VI (P, 4+ k) = Pl 5+ ) = Solol7 D (Plo, -+ ) — Pl B)

(2.20)

+
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Multiplying both side of (2.20) by 1[1 — v, taking imaginary part and integrating over space with
integration by parts we obtain

1 -
SOl — 3

- Im/(@(so,z/? R~ Qe+ k) — T) da
R

—Im/axw(sa,mk) — P, 5+ k)@ — T) da
R

+o+Tn [ 1ol (Plo.i+b) = Plo.i+ B)(F —T)da

—oTn [ 1oV (Ple. 0 k) - Ploa T )@ —7) da.
R

We define A, B,C, D are (2.21), (2.22), (2.23) and (2.24) respectively. We have

Al <

< \ [ 1P+ 1 = 04 W - o
R

+

+

+

/R<Q<so,¢?+k> Qo+ k) (@ — B da

< ] [ 1P+ 1 = 4 W - o
R

(2.21)
(2.22)
(2.23)

(2.24)

/ [@m / " oD In((d + k)P) dy — (5 + k) / ' |so|2<”)zm<<@+k)%2>dy} (@ -7 du

— 00 — 00

/R W —9) /_ ; [Pl DTn(( + k)*%?) dy} (P —7) da

/R [(f) + k) /” P Im(@® (W + k)? — (5 + k)?)) dy] (¥ — ) da

—00

S = Bl ZallllF2 1 + 8 + 2| o + |14 — 317 II/ PO HIm((d + k)*%%) dy =

+ [ — ol 215 + kHLZII/ D Im(@* (4 + k)* — (0 + k)%)) dyll 2

S0 = 0l13allel 32 e + 0+ 2kl + |9 — 81132 le* ™ (@ + k)|
+ 114 = Bl 215+ k| 2 19% D (4 + ) — (8 + &)%) o

S0 =013l 32 10 + 0+ 2k L + ¥ — 3)132 16> (@ + k)2[| 2
+ 11— 872018 + Kl 2 l9* D (& + 5+ 2k)| 2

S =)7K,

where,

(2.25)

K1 = ol 7% M + 0+ 2k e + 102D+ k)2 [0 119+ k2 10%C D (9 + 0+ 26) | 2.
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Furthermore,

1Bl < \ [ 62T - D) - D aa

+ ‘/Rc% (so/io 102D Tn(22 (4 + k)2 — @+k)z))dy> (7 ) de

21

30u((5 = 0)?) da

< ‘ [ 06PN -5 s
R

+ e

(2.26)

+ / Dot / 0PI Tn((§ — )(d + o + 2K)) dy(§ — T) de
R —00

; \ [ AP I~ 0)(G + 5+ 205~ )

By using integration by parts for second term of (2.26) and using Holder inequality we have

|BI S 19 = llZ218: (11D 2 + 1 = 01221102100 |
+ ||8a:‘PHL2H/ "D Im(@* () — 0) (¢ + T + 2k)) dyl L= 19 — T 2
—o0

+ 110 = BlI72 11971 (@ + T + 2K)|| Lo
S = 8321102 (10P D ?) | Lo + 119 — 81321102 (|*C D 0?)|

+ 10wl 2llvh — Bl L2 9D (¢ — D) (4 + &+ 2k) | 12 + |19 — 8721077 (& + & + 2k) | oo
SN0 = 011221102 (e o) | oo + 190 — 911221102 (o2~ ?) || e

+ 10upllz2llvh — |70V (4 + 0 + 2k) || 22 + ¢ — D172 110% (& + T + 2k) || o
= |l — 8|7 Ko, (2:27)

where
Ky = (102 (|l V0 | oo + 1020l 22 ll9* D (& + 8+ 2k) | 2 + [[0° (& + & + 2k) || 1~
Using (2.4), we have

1< \ [ leelao 20 - 92 o

+ '/R lez"sﬁ/ oD In(F (0 + k) — (0 + k)?)) dy(¢p — ) da
Sl = 817210 || o
+ 1 — Bl g2 lle® T 2 ||/ P D Im(@? (Y — 0) (¢ + T + 2k)) dy|

SN = Bl172lle* e + 10 = Bll2ll® 2 197D (& — 8) (P + & + 2k)| 10
S = 8l172 010" e + 19 = 8ll72 119> 22 197D (@ + T + 2k)]| 2
= | — 3|72 K3, (2.28)

where

K3 = " ||z + 9* H 22llo® D (4 + T+ 2k) | 2.
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Now, we give an estimate for D. We have

D| < / G2V G2l DF (4 — 5)(F — 5) da

\ [lopeg / PO DTG (5 + K — (6 + k)2) dy(F — 7) da
<16 — 1l
10— 0l sl [ 1P DT + K~ @ ) dl

S = 0lZalle e + 19 = 2 ll9® Iz 9D (& — ) (& + 0 + 2k) | 2
S 9 = allZa @™ lloe + 1 = ll7210* L2 9* D (4 + & + 2k)]| 2
= |l — 9)|72 Ka, (2.29)
where R
Ky = |¢" [l + 19?22 | 0* D (@ + 0+ 2k) | 2.
Combining (2.25), (2.27), (2.28) and (2.29) we have
Ol =072 | S 19— 072 (K1 + Ko + K3 + Ka).

Let N >t > 1. Integrating over time from ¢ to N we have
N T2
[ |t
t

1) — i3
Ln([[p(t) = 5(t)[172) — Ln([$(N) = 5(N)|72) < /t

Hence, using (2.16) and (2.17) we have

N
S S/ (K1+K2+K3+K4)d5,
t

This implies that
Vo - ol

N
= P S 5/ <K1+K2+K3+K4)d8,
”'@ZJ—UHH t

N
19(t) = 3()l|72 < (V) = B(N)|[72 exp (/t (K1 + K + K3 + Ky) dS)

N
<e P Vexp </ (K1 + Ky + K3 + Ky) ds> . (2.30)
t
Moreover,

N
/ (Ki+ Ko+ K3+ Ky)ds
¢

/ @72 19 + 8 + 2Kk oo + [9* V(@ + k)2 [l o2 + 118 + k|2 107 (& + T + 2k) || 12 ds
(2.31)

N
" / 102 (191" 22w + 1000l 22 9%~ (9 + 8+ 2K)[| 2 + (9?7~ (@ + T + 2K) | L= ds
t

(2.32)
N ~
+ / le* [z + 9% L2 *C 0 (@ + T + 2k)]| 2 ds (2.33)
t
N ~
+ / lo* [z + 1927 L2l *C D (@ + T + 2K)]| 2 ds (2.34)
t
Using (2.16) and (2.17), we have
[llzoe < l@llzee + llAllzoe S 14 [[AllL~ (2.35)
lelle < 1@z + 1Bl S 1+ [l (2.36)
¥l S1 (2.37)
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We denote 71,725, 73,74 as (2.31), (2.32), (2.33) and (2.34) respectively. Using (2.35), (2.36),
(2.37), (2.16) and (2.17), for N > ¢, we have

2(0c—2) 2(c—1 7
121 S el ey oo T2 21 + T+ 2Kl e nyzoe + (N = Ol @l L2 (Dl Lo 2 + (1]l oo £2)?

154 Rl 3 ey gl Pl 22 IRIZEZR A + Bl ooy + IFllzeenyze)

SN = O3 @35 e (U4 [l oo e (N = )3) + (N = )1 + R 7272) (0 + [1%]13 < 12)
+ (N = ) (14 |Kl| g r2) (1 + 1Rl oo r2) (1 + [RIFS T2 A + (N = )5 [k o 1)

S (N = )[[Kl| oo e (14 B35 A ) + (N = )1+ |72 72) (1 + [1El|3 o 12)

2(c—1)
+ (N = B[]l oo oo (1 4+ [l oo 2) (1 + [Bl] oo £2) (1 + [12)7972)

= (N — )Wy (h, k).

Similarly, for N > t, we have

o— 2(0—1 7 ~
1Z2] S 10009% N paenypoe + (N = )00l oo 1,8y 22 10 72 2D + T + kl| oo (1,322

+ (N = )3 |35 L (10 + Dl ey + el ze,vyz)

SN = 0)3(100Bll a2 + [10chll L) 10135 foe + (N =) (L+ [R] 72 20) (1 + [[Kl| oo £2)
+ (N = )3 (1 + [|Al3% ) (1 + (N = )3 ||k Lo o< )

S (N = )]0hl| oo oo (14 [RI35E) + (N = £ (1 + [BIFZL2) (1 + [[Kll e 2)
+ (N = )|kl oo poe (14 | 2]25 1)

= (N — t)Wy(h, k),

and

2(c—1)

|Zs] = 1Z4] S (N = O)([[@llzor + Bl zeor=)* + (N = )llolloe 2ol 7% Lo Il 22 L2 (19 + Dl oo 12 + (1Kl o 2)

SN =)0+ [hl7% po) + (N =) (1 + [l oo £2) (1 + [[B]| 1% 2 ) (1 + [[E]l oo 2)
= (N — )Wa(h, k).

Hence, since (2.30), we obtain

N
lo(t) = v(®)lI72 < e exp (/t (K1 + Kz + K3 + Ky) d8>

S e WV exp(N = t)(Wi(h, k) + Wa(h, k) + Wa(h, k))) (2.38)
Noting that |h| = |R| and |k| = |0, R|, we have

Wi(h, k) = [0z R Lo (14 | RIFS 1) + (14 |RITS LD A + 00 Rl e )
+ 1100 Rll o e (1 105 Rl g z2) (1 + | R poez2) (1 + IR T LY)
< A+ RIFZL) 100 Rl Lo e (1 + | Rl| oo o) + (1 + (|00 Rl| oo £2)
0z R oo poe (1 + (|02 R Loor2) (1 + || Rl poc £2)]
< (L IRIZCE) (100 Rl poepoe (1 + Rl poerrr) + (14 (1Rl 1) + 105 Rl poe poe (1 + | RI 3o 10)]
S A+ RIFC,D O+ RN < i) (1 + 105 Rl oo 1)
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Similarly, by noting that |0,h| < |k| + |h|?°T! we have

o 2(c—1) o—
Wa(h, k) S (1l e s + [R]325A) 0+ [1RITEL2) (1 + [l poe) + (1 + [BIXD) (A + [|K]| o 12)

2(c—1
Kl e poe (14 RIF2 ) (L + 1Al )

< (L4 [RIPCD) [l o o+ RIS (L4 IRl poezoe) + (L4 [kl r2) + Ikl zozoe (14 2]l o zoe)]
<+ [BIPCDY [+ Al oo ) (Il o zoe + [RIZE ) + (1 + (1Kl oo 22)]
= (L+IRIFZ72) [(1+ 1Rl o ) (102 Rl| oo v + RIS ) + (1 + 00 Rl| e 22)]
S L+ IRIFZLD) A + IR o 1) (L + 100 Rl| ooz + | RIZZ )
S+ IRIFZLD A IR ) (1 + 10 Rl Lo oo + RIS ),

and
Wa(h,k) = (14 | RII3% o) + (14 | Rll e £2) (1 4+ | RI4952) (1 + 10 Rl| o 2)

(L4 RIS [+ IR e poe) + (L [ Rl| oo £2) (1 + 02 R e 12)]
(L+ RG22 A+ [ RIZ e ).
By combining the above estimates we have
Wi(h, k) + Wa(h, k) + Ws(h, k)
SO+ BRI R ) (1 + 100 Rl oo roe + [ RIP%A) + (14 RIS 2) (1 + [ R[Ze 1)
S A+ [RIFC2D A IR o)A+ 102 Bl oo + | RIFE L)

+ A+ RIFZ D+ R 1)+ [RI e 1)
S A+ [BIFCED A IR o)A+ 102 Bl o e + | RIFE L) < A,
by the assumption (1.10). Thus, by let N — oo in (2.38) we obtain

S
S

19(8) = 372 = 0,
for all ¢ enough large. Hence, we have proved that
~ i
V=0 = SlelPe — k, (2.39)

and then _
i
¥ =0up = S lol*p.
Moreover, since (1, @) solves (2.13) we have (¢, ¢) solves (2.3). Combining with (2.39) if we set

U = exp (—% foo |27 dy)  then wu solves (1.1). Furthermore,

1 )

o= Rl = lex (= 16127 ) = exp (51027 dy ) il S Clllan Tl = Bl
Slela Se ™,
Thus for ¢ large enough, we have

lu— Rl < Ce™™,
for A = %v* and C = C(wy,...,wk,C1,...,ck) depend on parameters, which implies the desired
result.
3. SOME TECHNICAL LEMMAS

3.1. Properties of solitons. In this section, we give the proof of (2.7). We have the following
result.

Lemma 3.1. There exist C > 0 and a constant X > 0 such that for t > 0 large enough, the
estimate (2.7) holds uniformly in t.
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Proof. First, we need some estimates on profile. We have

2
4w 5

8

[Rj(t @) = [t .e; (8 2) = |fuyc; (2 = )| = [puy.e; (7 — c5t)| =

2,/w; (cosh(ahj(x —cjt)) — 2\C/‘TJ

1
20

2
4w ;

2, /@y (cosh(ahj(ac —cjt)) — 2% cosh(ch;(z — cjt)))

< dwj — ¢ 2 < 2,/wj + |¢j] %
~ \ (2\/w; — |¢j]) cosh(chj(z — ¢;t)) ~ \cosh(oh;(xz — ¢;t))

N

Swj7lcj| e*%‘xfc]ﬂ,

Furthermore,
1
h2 o\ — sinh(oh;y)
~ J J
81(10wj70j(y) ~ (2\/@> N T
(cosh(ahjy) - \/—:T?)
Thus,

|a © (y)| < h? ” |Sinh(ahjy)|
w5 o\ h
(1 - \/Tﬁ) cosh(oh;y)t Tz

h
< < e— 3yl
~Swj,|ejl ~Swj,|ejl )

cosh(chjy) 2

Using the above estimates, we have

)

|8IRJ (t,z)] = |81’1/}wj,cj (t,z)| = ‘azﬁi’wj,qf (z — Cjt)‘ = ‘aﬂpw]',cj- (v — cjt) + i‘ij,Cj (v — Cjt)azawj,c]' (2 —

5 |a€1790wj,6j (:L‘ - cjtﬂ + |50wj76j (‘T - Cjt)Hawawj,Cj (‘T - cjt)l

h
i fa—cyt|

Suple ety (2 = i) + €7
Supleg €1,
By similar arguments we have
G2R; (1) + 03R (1,2)] Sy ey €170
Now, we comeback to prove Lemma 3.1. For convenience, we set
X = —i|R|*? 0, R + i%;|R;[* 0, R;,
f(R,R,0,R) = i|R[** 9, R,
9(R, R,0;R,0, R, 97 R) = i0,(|R[** 9, R),
r(R,0uR,..,03R, 0, R,0°R) = i0>(|R|** 0, R).
Fix ¢t > 0, for each = € R, choose m = m(z) € {1,2,..., K} so that

|z — ¢pt] = min |z — ¢;t|.
J
For j # m we have

1 t
|z —cjt] = =(|z — ¢cjt| + |z — cmt]) = §|cjt —cpt| = §|cj — Cml.

N =

Thus, we have
(R = Rin)(t, )| + 0:(R = Rin)(t,2)| + [03(R — R (t,2)| + |03(R — Ry (t, )|
< Zjpm(| Ry (8 @) + [0:R; (t,2)| + [0 R; (¢, )| + |02 R; (. )])

—h,
I —L|z—c,;t|
SJWIwwWK:‘Clla-H,‘CK‘ (Sm(t,l‘) = 217’57716 2 (e

c;t)|
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Define
Uy = }gihﬂcj — ¢kl
We have
(R = Run)(t,2)] +02(R — Ryn) (t, )| + |02 (R — Ry ) (£, )| +|02(R — R (t,2)| < G (t, ) S e 501

O

We see that f, g, are polynomials of R, 0, R, 0°R, O3R, 0, R and d?R. Denote

A= sup (ldf] + |dg| + |dr|).
[2|+]02 2| +[02 2| +]03 2| <2 || Rj || 4

where we denote |df (x,y, 2,..)| = |0 f| + |0y f| + |0:]f + ... as norm of differential of f. We have
x| + 102 x| + [92x]
<IF(R,R,0:R) = fr,, 0,%,.r,| T |9(R.R.0:R,..) = (R, Ron; O B, )|
+ [r(R,0:R, .., 03R, R, ..) = (R, 02 R, .., 03 Rynsy R, )| + 5 m (f
S A(IR = Rin| + 102 (R = Rin)| + |02(R = Rn)| + |02(R — Rn)|) + AZjozon (IR | + |00 Rj| + |07 R;| + |03 R;)
S 248 2m(|R;| + 02 R;| + |07 R;] + |03 R;1)
S 246, (t, ).

In particular,
Illwzs S e xv". (3.1)
Moreover,
Ixllwza S (1R 12700 Ryl 1 + 102 (|1R; 2705 Ry) | o + 1|07 (|R; |7 02 R;) | 1)
S EiUR 520 +1) + IR 15 + Ry 35 < oo.
Thus, using Holder inequality we obtain

1
— S Ut
HXHH2 §w1,~-7wK7\61\,-~7|0K\ e s

Set A = %v* we obtain the desired result.
3.2. Some useful estimates.
Lemma 3.2. Let z > 0. Then there exists C = C(x) such that
(a+b)" —a® < C(x)(b" +ba™ ). (3.2)
for all a,b > 0.

Proof. If x =0orz=1o0rb=0or a =0 then (3.2) is true for C(x) = 1. Consider a,b > 0. If
0 < x < 1 then using m* >m for m < 1 and 0 < z < 1 we have

a x_'_ b m> a n b _1
a+b a+b a+b a+b

(a+0b)* <a®+b",
if we choose C'(z) =1 then (3.2) holds. Now, considering a,b > 0 and x > 1, we set
g(z) =2, VzeR.

Hence,

We have g is class C*. Thus, there exists & € (a,a + b) such that
(a+b)" —a®| = |g(a+b) — g(a)| = [bg' ()] = bx&”™" < ab(a+b)"~".

If z — 1 < 1then (a+b)*"! <a® !+ b1 and hence we choose C(z) = x. If x — 1 > 1 then by
Jensen inequality for convex function f(z) = 2*~! we have

a+b\"! < a®1 —l—b”:_l.
2 2
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We obtain
(a+b)* —a® <abla+0b)""" <22 2xb(a® " + 5" 1),

Choosing C(z) = 2*~2z we obtain the desired result. O

3.3. Proof G(p,v) = Q(p,v). Let G(p,v) be defined as in (2.19) and @ be defined as in (2.5).
Then we have the following result.

Lemma 3.3. Let v=0,¢ — %|<p|2go. Then the following equality holds:

G(p,v) = Q(p,v).

Proof. We have

xr
P(p,v) = io|p|* "Vt — o(0 — 1)90/ o2 Iim(v*B?) dy,

—00

Qo v) = —iolp V2 — o(o — 1) / 102D Tn(v?5%) dy
7

2
[0+ D200 (1027) + 00 + D[ag P o2 Vo + 00 — 1)@l

o i o— DA ) . o— —
Glp,v) = 0 P(p,v) — 5 (0 + Dl Plp,v) + 5ol "V Plp,v) —iolp* "V p?0}7

1
2

The term contains [*__ |2 =2Zm(v2%?) dy in the expression of G(p,v) is as follows:

¢ o— — i o N o— —
—olo=D0up [P IIn ) dy - J(o+ DI (~Doto ~ e [ |l I Il dy

— 00

i o— — ¢ o— —
+ 5ol V(Do — 1) [P In(o?e) dy

— 00

— oo =1) [ 16T dy (00 - 50+ Digoo+ folelv)
x o . 1 -
oo = 1) [ 1oPe 2Tt dy (00 5l )

xr
= oo~ 1o / o2 Tn(?5) d,

—00

which is exactly the term contains [*__ |¢|?(“~2)Zm(v?*%?) dy in the expression of Q(¢,v). We only
need to check the equality of the remaining terms. The remaining terms of G(p,v) is as follows:
. o— — o— — i o o— -
i00: (|27 V%0) — o(0 = DIl pIn(v*P?) — 5 (o + 1)Ipl* (io]pl* VD)
i o ) 1) ) o _
+ 5ol (ol V%) — ol 0l (3.3)

1 _ _ o
— 5 [+ D0u00:(10%) + 00 + DIOsellol Vo + o0 = D@7 Ip2 D] . (34)
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Noting that 9,(]¢|?) = 2Re(vp) and v = D, — %|¢|* ¢, we have

the term (3.3)
=100, (|| 7 V)*0 + io| |7 V200,00 + io|p|* T V20,0 — o (0 — 1)]¢|* 2 2 Re(vE) Iim(vP)

1 o o e _
+50lel 2% + 0|l Re(D) — o]V 02p
= 2ig (0 — 1)|p*" "D Re(vP) 0T + 2ic|p[*7 D 00,0 + ic| |7V 20, (T — Dyp)
1
= 20(0 = D)]pl*" ™ oRe(vp)In(v7) + S0 le|** %0 + 0 || ** o Re(00)
= 20(0 ~ DIl D R(u)plis ~ Tn(up)) + 2io X7 0,7 + iolgo 20, 5175
1 o— = o— —
+ 50lel' 76" + o2l Re(pD)
= 2io(0 — 1)|¢|* "D p(Re(vp))? + 2ic|p|* V00, T
1 - o— — on — 1 o— — o— —
— 50l Ve 20le TV R(v) + [0 0:) + Solel 70T + 0%l P pRe( D)
= 2io (0 — 1)|p*" D p(Re(v))? + 2ic >V 00,0
T T
i R L 2
1
= 2io(0 = DIl p(Re(v®))? + 2ic|o*7 ™V p0upt + Solpl "2 0% (0 - 0:7)

) o _ . o o o
= 2i0(0 = 1] p(Re(vp))? + 2ic o7 Vipdnpt + L0lp|* .

Moreover, using Re(0,¢®) = Re(vp) we have

the term (3.4)

= 2 oo + DIasePIeP 0 + (o + DIeP oD 0.0(0:70 + 0:67) + o(0 — (@Dl D)
= 2 [2010616l g + 00 ~ 1)IeP" 20,50 (0upp + 0:70) + 20(0 + DlplT D0, Re(v)|
= 2 [20106P16l o + 20(0 — DIeP 20,50 Re(vP) +20(0 + D]l D 0,pRe(v)|

= i [al0pPlplP Ve + o(0 = 1VIe T 00,50 Re(v7) + (o + D]V, Re(v7)]

— =i [ol0p TV + o(0 = 1) el I Re(u) P00 + Or7) + 20102V 0, Re(v7) |

= i [00e P D + 20(0 = 1)o7 (Re(v7)) %
= —2ic(0 — 1)|p[? "D p(Re(vp))? — ia|0up|? || Ve — 2ic| o7V 9, pRe(v).



MULTI-SOLITON TRAINS 17

Combining the above expressions we obtain

the remaining term of G(yp,v)
= 2io "N pd, v + iolsﬁ\ﬁ'% —i0|0:0*[p* Vo = 2i0 0?7V 8, o Re(v)
= 2iale "D D,p(7 — Re(up) + 10lol ™o — io oo oV
= —20]p|*" "V, Im(pv) + %'UI@I"‘”@D —i0|0spP e Ve
= ~ole P 0,p(2Tn(gD) +i0:0) + 101l
= ol D0, p(2Tn(0,7) + [0 + iRel(p0s) — Tn(0.7)) + yolol™ o
= —olplT 0,016+ + iB0,0) + olel*s
= —iolpl7P(@.0)? ~ olel*Bup + olpl
. 2 . .
——iolye (v+ Z1oe ) = ol (o4 Slew) + Jolel*w
= —io|<p|2(”_1)¢v2.
This is exactly the remaining terms of Q(¢,v). Thus, G(p,v) = Q(p,v). O

3.4. Existence solution of system equations. In this section, using similar arguments as in
[5] and [6] we prove existence of solution of (2.13):

) =i [ S = OV + )~ V) + HI(s) ds, (3.5)
where
W = (h, k), (3.6)
H = e *(m,n), (3.7)
flp, ) = (P, 1), Q(p, ¥)). (3.8)

As in [13, Lemma 4.3] we have the following:

Lemma 3.4. Let H= H(t,z): [0,00) x R = C2, W = W(t,z) : [0,00) x R — C? be given vector
functions which satisfy for some C1 >0, Cy >0, A >0, Ty > 0:

W (Ol xree + MH (#)]| L2x 22
IOW ()| 2222 + [OW (1) || oo x oo + € OH (1) L2 22

Ci V> T, (3.9)
Cy, Yt =Ty, (3.10)

NN

Consider equation (3.5). There exists a constant \. independent of Co such that if X > A, then
there ezists a unique solution n to (3.5) on [Ty, 0) X R satisfying

6)\t||77HS([t,oo))><S([t,oo)) + 6’\t||577HS([t,oo))xs([t,oo)) <1, Vvt=>Tp.

Proof. We write (3.5) as n = ®7. We shall show that, for A sufficiently large, ® is contraction in
the ball

B={n:|nllx = e nllstoo)xs(it.00) + € N0nl s(t,00)) x5([t,0)) < 1} -

We will use condition A > 1 in our analysis without notation.
Step 1. Prove ® map B into B
Let t > Ty, n = (n1,12) € B, W = (wy,ws) and H = (hy, he). By Strichartz estimates, we have

12Nl s((2,00)) xS ([t,000) S W+ 1) = FW) N ([t,00))x N ([2,00)) (3.11)
I H || L2 2 ([t,00)) x L2 L2 ([t,00)) (3.12)
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For (3.12), using (3.9), we have

1|1 22 (ft.00)) x L2 22 ([t.00)) = [1hall L2 ((2.00)) + 2l L1 L2 (1t00)) S /:O e M dr < %e‘” < 1*106‘”7
(3.13)
For (3.11), we have
|P(W +n) = P(W)| = |P(wi 4+ m, w2 +12) — P(wr, wa)]
S [lon 4 2D (o )P F s — PO (3.14)

ﬂmwmq/|m+m%*mmW+mﬂm+mﬁ—m/ 202 Ton(w377)|
(3.15)

Denote, using the assumption o > g and Lemma 3.2 we have

the term (3.14)

S [lhwy 4+ PO — g 2D+ Py + 1|+ [leoa 2w+ 1% = oz + |
o [l 2D o 2

S (P70 4 iy lor PO W]+ [0)? + for 27D (w || + 2] [ws + 92l + [w1 ][> o]

S (P 4 Il W PO (W + [n)) + (W RED (Wl + ) W]+ In]) + W[ ||
S (=2 + W P7=2)(Inf* + [W2) + [l WPV (W2 + [9]?) + W[ ||
S (i + (W) + [nl[W27 + [nP[W =D + W2 ||
S [+ nl|w)?e.
Moreover,

the term (3.15)

Sl [+ P g+l i dy
tlanl [ (a4 m PO — Pl s + P dy
+ Jun | / w772 Tm((ws + 72)? — wd) (@ +70)° | dy
ol [ oD TG (G + ) ) dy
Stal [ WP g+ ][ (PO 4l P25 (W + ol dy
W] [ WP f? W+ ][ W a2+ ol )
Stal [ WP dy+ W] [ QWP + o) dy
> x oo xT
W[ R WE ol dy W] [ WP WPl (W] + o) dy
— 0o — 0o

ﬂm/\WW+w%@+m¢/\WWW*+w%@

Thus, we obtain

[P(W +n) = P(W)]

x T
5mW“+me+w/ WW+W%@HWJ W27 4 o[ dy.
—c0 —o0
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Similarly,

QW + 1) — QW)
xT xT

S WP gl WES ) [ WE 4 dy e W] R o dy.
—00 —00

Hence, using o > g, we have:

[F(W +n) = FWV) N ([t.00)) x N([,00))
SIPW +n) = POW)|lz1r2((t,00)) + 1QW + 1) — QW) L1 22 ([t,00))

SMmP ez (o0 + |||77|/ WP + 7 dyll 11 12 (1t,00)
WL W R 02 dully 2o
S Ml zoe 22 (te.0on 111178 20w 1,00y + |||77|||L1Lg([t,oo))||/ W + 0> dyl| oo oo (j2,00))

x
W oz z2qeonl | IIWES 4 1027 dyllzy ey
S e 2 (oon V1P + 0127 oy + Wl zge L2 00l 21 22 (.00 V127 A 01277l oo 22 (2,00
° 1 1
SJ 675>\t + |||77|||L1L2([t o)) = 675)\1& +/ ef)\TdT 5 675)\1& + 767At < 767)\15,
A ) X 10
Combining with (3.13) and (3.11), (3.12) we obtain

1P7l] 572,000 % S ([t,00)) < %e_“- (3.16)
We have
102 @0l 5([t,00))x 5([t,00)) S N0 (f W 4 1) = W) N ((t,00)) x N ([,00)) (3.17)
102 HI L1 12 ([t,00)) x L1 L2 ([2,00)) - (3.18)
For (3.18), using (3.10) we have
102 HI L1 L2 (t,00)) x LL L2 ([t,00)) /too e Mdr = %e”t < %e’”, (3.19)

For (3.17), we have
10:(f(W +n) = FW)IN((t,00)) x N ([t,00)) = 10=(P(W + 1) = PW)) [ N([t,00)) + 10:(QW + 1) — QW) N([t,00))-

Furthermore, using the notation 1.2 (3), we have

|02(P(W +n) — P(W))|

S0 (lwr + m )27 (wi + )2 (@2 +7y) — w1 2"V wiws)| (3.20)
#outwn ) [ PO I+ a1+ 1)) dy = Oy [P IR dy

- - (3.21)

| Cn ) s 427D T (w4 o)1+ 7)) = w2 T (3.22)

For (3.20), we have
the term (3.20)
< (Il + [l + [8an) (W] + WP + [n] + [n*7 + |0zn])
Thus,
[[the term (3.20)| 21 2 ([¢,00))

_ 1 _
Mo T )\t,

1
Sl +10nllicyes < e e
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For (3.21), using Lemma 3.2 we have

H the term (321)”L$L3([t,oo))

< 10mllz1 22 ooy | / s + 112 Ty + 1)@ + 7)) dy e 1
—0o0

+ [|0pwi || e 12 ||/ (w1 + m 2D Im((w2 + 12)2 (@1 +71)?) — w127~ D Im(w3w?)) dyl| 1,250

S0l L1 22 (oo lwr + ma P2 Tm((wa + n2)* (@1 + 7)) || L5 L
+ [[fwr +m 27D Tm((wa + n2)* (W1 +771)%) = Jwr P72 Im(w3w?) || 11 2

o 1 1
S Womlescaooon + Mlleszzquoon < [ €77 dr 5 367 < e,
t

For (3.22), using Lemma 3.2 we have

© 1, 1
[the term (3.22)| L1 22 (ft,00)) < 011l 22 L2 (j2,00)) </ e Mdr < e M < 0¢ A
t

Combining the above we obtain

3 _
[0 (P(W + 1) = POW))[n(lt,00)) < 10(P(W +n) = P(W))|lLr22([t,00)) < 0¢ At (3.23)
Similarly,
3 _
[0:(QW + 1) = QW) IN(t,00)) < 7€ A (3.24)
10
Combining (3.17), (3.18), (3.19), (3.23), (3.24) we have
Tt
||3m‘1’77HS([t,oo))xS([t,oo)) < Toe . (3.25)
Combining (3.16) and (3.25) we obtain
9 _
1271 ([t,00)) x S([t,00)) T 102 PNl 5([t,00)) x S([t,00)) < 0¢ AL (3.26)

Thus, for A large enough

[®nllx < 1.
Which implies that & map B onto B.
Step 2. ¢ is a contraction map on B

By using (3.9), (3.10) and similar estimate of (3.26), we can show that, for any n € B and x € B
we have

1
[®n — @xllx < 5”77 — Kl x.
for X large enough. By Banach fixed point theorem there exists unique solution on B of (3.5) and
then solution of (2.13). O
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