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CONSTRUCTION OF THE MULTI-SOLITONS FOR A GENERALIZED
DERIVATIVE NONLINEAR SCHRODINGER EQUATION

PHAN VAN TIN

AssTracT. We consider a derivative nonlinear Schrddinger equation with general nonlinearlity:
iO0cu + 83u + i|u|2"8xu =0,

In [17], the authors prove the stability of two solitary waves in energy space for o € (1,2). As

a consequence, there exists a solution of the above equation which is close arbitrary to sum of

two solitons in energy space when o € (1,2). Our goal in this paper is proving the existence of

multi-solitons in energy space for o > g Our proofs proceed by fixed point arguments around

the desired profile, using Strichartz estimates.
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1. INTRODUCTION

In this paper, we consider the following generalized derivative nonlinear Schrédinger equation:
i0pu + 02u + i|u|* 0pu = 0, (1.1)

where o € RY is a given constant and u : R; x R, — C.

The equation (1.1) was studied in many works. In the special case o = 1, local well-posedness,

global well posedness, stability of solitary waves and stability of multi-solitons have been investi-
gated. In [15], Ozawa gave a sufficient condition for global well posedness of (1.1) in the energy
space by using a Gauge transformation to remove the derivative terms. In [2], Colin-Ohta showed
that the equation has a two parameters family of solitary waves and proved the stability of these
particular solutions by using variational methods. In [8], Kwon-Wu gave a result on stability of
solitary waves when the parameters are at the threshold between existence and non-existence. In
[11], Le Coz-Wu proved stability of multi-solitons in the energy space under some conditions on
the parameters of the composing solitons.
In the general case, the local well-posedness and global well- posedness of (1.1) was studied in
[6] when the initial data is in the Sobolev space Hi(£2), where Q is any unbounded interval of R.
In this work, Hayashi-Ozawa used an approximation argument. In [16], Santos proved the local
well-posedness for small size initial data in weighted Sobolev spaces. The arguments used in this
work follow parabolic regularization approach introduced by Kato [7].

The equation (1.1) has a two parameters family of solitons. The stability of the solitons has
attracted the attention of many researchers. In [12], by using the abstract theory of Grillakis-
Shatah-Strauss [3, 4], Liu-Simpson-Sulem proved that in the case o > 2, the solitons of (1.1) are
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2 PHAN VAN TIN

orbitally unstable; in the case 0 < o < 1, they are orbitally stable and in the case o € (1,2) they
are orbitally stable if ¢ < 2zpy/w and orbitally unstable if ¢ > 2zy/w for some constant zo € (0,1).
In the critical case ¢ = 2zg1/w, Guo-Ning-Wu [5] proved that solitons are always orbitally unstable.
In [1], Bai-Wu-Xue proved that when o > 2, the solution is global and scattering when the initial
data small in H*(R), % < s < 1. Moreover, the authors showed that when o < 2, the scattering
may not occur even under smallness conditions on the initial data. Therefore, in this model, the
exponent ¢ > 2 is optimal for small data scattering. In [17], in the case ¢ € (1,2), Tang and
Xu proved the stability of the sum of two solitary waves in the energy space using perturbation
arguments, modulational analysis and an energy argument as in [13, 14]. In this chapter, we show
the existence of multi-solitons in energy space in the case o > g Before stating the main result,
we give some preliminaries on multi-solitons of (1.1).

As mentioned in [12], the equation (1.1) admits a two-parameters family of solitary waves
solutions given by

t,x) = t i (wt+ = t ! T e d 1.2
¢w,c( 7x)_90w,c($_c)exp (Z (W +§($_C)_ 20__|_2/ @w,c(n) 77))7 ( . )

— 00

where w > % and
(0 +1)(4w — c?)

20
Poely) = : (1.3)
o 2y/w (cosh(m/llw —2y) — 2\5/5)
The profile ¢, . is a positive solution of
2
2 C c 2 20' + ]. do
- w,c - w,c S l¥fw,ce w,¢ T 7o _ 1 avo lPw,c w,c — U. 14
yso,+<w 4)<p,+2|so,</>, (0 722 Pl Pue =0 (1.4)
Define
¢w,0(y) = @w,c(y)eww’c(y)a (15)
where
o) = 5y =5 [ (16)
w,c\Y —23/ 2% 12 _Oos%,cﬂ - :
Clearly, we have
1/)w,c($, t) = elwtﬁbw,c(x - Ct)- (1.7)
and ¢, . solves
*a‘ggbw,c + W(ybw,c + icay¢w,c - i‘gbw,c‘zgaygbw,c = Oa Yy € R (18)

Let K € N. For each 1 < j < K, let (wj,¢;j,2;,0;) € R* be parameters such that w; > %?. Define,
foreach j=1,.... K

Rj(t,x) = ewﬂ'd)wjjcj (t,x —z;)
and define the multi-soliton profile by

R=>R;. (1.9)

For convenience, define h; = |/4w; — c?, for each j =1, ..., K. Our main result is the following.

Theorem 1.1. Let o > %, K € N* and for each 1 < j < K, (0;,wj,c;,x;) be a sequence of
parameters such that x; € R, 8; € R, ¢; # ci, for j # k. The multi-soliton profile R is given as in
(1.9). There ezists a certain positive constant C. such that if the parameters (w;,c;) satisfy

2(c—1 o .
Co (U IRIEZ D+ IR g )+ 00 Rl 1w + [RIEZE)) < v = inf hyle; — il

(1.10)
then there exists a solution u of (1.1) such that

lu— Rl < Ce ™™, ¥t =Ty,
for positive constants C, Ty depending only on the parameters wi, ...,wk, 1, ...,Cx and A = %v*.

We have the following comment about the restriction o > %
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Remark 1.2. The following inequality holds for o > 2:

(a+b)20=2 — q20=2) < p2(0=2) 4 pa2@=2D=1 " for all a,b > 0. (1.11)
The condition o > 2 ensures that the order of b on the right hand side of (1.11) is larger than 1.
This is used in the proof of Lemma 3.3.

The condition (1.10) is an implicit condition on the parameters. Below, we show that for large,
negative and enough separated velocities, the condition (1.10) holds.

Remark 1.3. We prove that there exist parameters (wj,c;,6;,z;) for 1 j < K such at the
condition (1.10) is satisfied. Let M > 0, h; > 0, d; < 0, for each 1 < j < K. We chose
(¢j,w;) = (Mdy, ;(h? + M?d3)). We verify that this choice satisfies the condition (1.10) for M
large enough. Indeed, we see that ¢; < 0 and h; < |¢;j| for M large enough. We have

2
h;

2,/ (cosh(ahjy) - 2\6/’@)

N N

@20 ~
~
wj,Cj

2 20 .
Dopn o~ <2hj —sinh(oh;y) —
J0=3 \/(AT . br
/ (cosh(ahjy) - 2\0/07])

Using | sinh(z)| < | cosh(x)| for all z € R we have

2 20
j 1
|8190w‘,c~|< J T §|cpr,C.‘.
7257 2 /7(4}] (COSh(O'h]y) _ 2\6/3@)% 7257
Thus,
h?
IRjllLoeros = [|@w;e;llne S /=5 < 1
|4
”aﬂc}%jHL"cLOQ = ||6x¢wj,cj l|Loor
cj 1 20+1
S ||3$SDUJ‘]',CJ HLOO + HQQDWJVC] 2% n 2%/-)]'76]' i
S ey e; o+ leslllpu; el e
h? | h2
S Q(i/T'F |Cj| L.
lcj] ;]
Hence,
h?
IRl|zere S/ 5 S 1
=\ lel
h? h?
10a R Looree S| ) 5 + el 2C\’/T .
o\ Ve ]
Furthermore,

IR ir = 1Rl 2 + 100 Ryl e 12 = 190 5172 + 1000y ;172

9 1 2 9 1

R \" 1 2 \7

< o 2 < J < J —=Hyl12
Nwwmpw<%@> BN(%@)ne I3

cosh(ch;y) 2
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The condition (1.10) satisfies if the following estimate holds:

1_
C, 1+ZW1 1+Z M|+“W/ < inf hyle; — cxl. (1.12)

We see that the left hand side of (1.12) is order M~ 2- and the right hand side of (1.12) is order
M. Hence, the condition (1.10) satisfies if we choose M large enough.

Our strategy of the proof of Theorem 1.1 is as follows. First, we define ¢, based on u in
such a way that ¢ and v satisfy a system of nonlinear Schrodinger equations without derivatives
(see (2.3)). Let R be a multi-soliton profile which satisfies the assumptions of Theorem 1.1. Then
R solves (1.1) up to a small perturbation. Let (h,k) be defined in a similar way as (¢,%) but
replace u by R. We see that (h, k) solves (2.3) up to small perturbations. Setting ¢ = ¢ — h and
Y =1 — k, we see that if u solves (1.1) then (¢, 1) solves a system and a relation between ¢ and
¢ holds and vice versa. By using the Banach fixed point theorem, we prove that there exists a
solution ((, ) of this system which exponential decays in time on H'(R) for ¢ large. Combining
with the assumption (1.10), we can prove a relation between ¢ and 1. Thus, we easily obtain the
solution u of (1.1) satisfying the desired property.

This chapter is organized as follows. In Section 2, we prove the existence of multi-solitons for
the equation (1.1). In Section 3, we prove some technical results which are used in the proof of the
main result Theorem 1.1. More precisely, we prove the exponential decay of perturbations in the
equations of h, k (Lemma 3.1) and the existence of decaying solutions for the system of equations
of ¢,7 (Lemma 3.3).

Before proving the main result, we introduce some notation used in this chapter.

Notation.
(1) We denote the Schrodinger operator as follows
L =i0; +02.
(2) Given a time t € R, the Strichartz space S([t,00)) is defined via the norm

lulls(it,00)) = sup 1wl LaLr (1t,00) xR)-
(q,r) admissible

We denote the dual space by N[t,00) = S([t,00))*. Hence for any (q,7) admissible pair we have

HUHN([t,OO)) < ||u||LglL;,([t,oo)><R)'

(3) For a,b € R?, we denote |(a,b)| = |a| + |b].

(4) Let a,b > 0. We denote a < b if a is smaller than b up to multiplication by a positive constant
and denote a <. b if a is smaller than b up to multiplication by a positive constant depending on
c. Moreover, we denote a = b if a equals to b up to multiplication by a positive constant.

2. PROOF OF THE MAIN RESULT

In this section we give the proof of Theorem 1.1. We use the Banach fixed point theorem and
Strichartz estimates. We divide our proof in three steps.
Step 1. Preliminary analysis. Let u € C(I, H'(R)) be a H!(R) solution of (1.1) on I. Consider
the following transform:

@(t, x) = exp(iM)u(t, x), (2.1)
P = exp(iA)dpu = Opip — %\<p|2”ap, (2.2)

where

1 xT
A=s [l

2 —00
As in [6, section 4], using |u| = |¢| and Zm(ud,u) = Im(py), we have

¥ 1
A = —oTm(|u*"Vud,u) + oZm {/ Ay ([ul? V), udy| — Z|u|4".
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Thus, using |u| = || and Zm(ud,u) = Im(F1)), we have

x

1
0 = oo VIn(pu) + o [ 0o Inwd,) do 1ol

—0o0

T
- by g— —, 1 log
— ~alpP e VInpu) + o [ Ou(lele ) Inpw) do - el

Since u solves (1.1), we have

— [ exp(iM) Oy A + 8, (exp(z‘A)% ulz")} u

Y {exp(iA)4|u|2" + ;exp(iA)ﬁx(|u|2")] u

1 7
= g0+ | ~7lol'” + $0u(10)
= ol VTn(@y) — o / D (| Tin(0) dc
1 1 . o— _

+ 7lel* 0 = Jelel* + ol pRe(PB: )
= 012D o(Tn(4) + iRe(@0r))

p / 1620 (o — 1)0, (||?) Tm(e) da
= 0|2V (Tm(B) + iRe(FY))

(o - 1)g / 0|2~ 2Re (G Tn()) e

— iV PT — o(o — 1) / 102 Tn(°) dy.

— 00
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As in [6, section 4], we have
Ly = L(exp(iA)D,u)

= exp(iA) [—;8w(|u|2")8wu + o|u|? "V Im(ud,u) 0, u

—U/ Im(ax(|u|2(”_1)u)6mu)dy&u}

=~ 3060 + ol TN — o [ 0ul(ue I, dy
_ _%am(|<p|2”)¢ + 0l PT VY Tn(y) — o /; Da (|07~ Im(0) dy
— ol (Tn(Fy) — iRe(@0 )

~ou [ (o= Dl RGO In0) dy
— ol V(Tn(py) — iRe(@))

~olo =1 [ 160 2R Inlp0) In() dy
— —iolol Ve oo =10 [P I In(u?e) dy

Thus, if u solves (1.1) then (¢, ) solves

Ly =iolpl?V*) —a(o — o [° | |0]? 2 Im(4°%%) dy, (2.3)
Ly = —iolp" V95 — o(o = D)y [Z ol In(y°8?) dy. '
For convenience, we define
Plg.0) = ooV - oo = g [ 0PI In(up) (24)
Qe 9) = —iole* " Vy*p — oo — 1)1/)/ |o? 7P Im(9*%%). (2.5)
—0o0
Let R be the multi-soliton profile satisfying the assumption of Theorem 1.1. Define h, k by
h(t,z) = exp (Z / R(t )2 dy> R(t,2),
2 — 0o
k= 0,h — %|h\2"h.
Since R; solves (1.1) for each 1 < j < K, we have
LR +i|R* Ry = = Y _i|R;|* Rjx +i|RI* R,. (2.6)
J
By Lemma 3.1 for ¢ > Ty large enough we have
= ilRj|* Rja +i|RI* R, | < e M. (2.7)
j e
Thus, we rewrite (2.6) as follows:
LR +i|R|* R, = e v, (2.8)
where
v =M= STilR PRy, + iR R,). (2.9)
J
By an elementary calculation, we have
Lh = io|h[2e= VB2 — o(o — V)h [*__ [B[2O=DTm(k2R°) dy + e m(t, z), 210
Lk = —ig|h|>C~VE*h — (o — 1)k [*__ |22 Tm(k2R°) dy + e n(t, z). '
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where
m = exp (; / |R|% dy> v— o-h/ |R|?“= 1) Tm(Ru) dy, (2.11)
n = exp <; / |R|%° dy) e M (D0 — cr@xR/ |R[2“=Y Zm(Ru) dy). (2.12)

Since v is uniformly bounded in time in H 2(R), we see that m, n are uniformly bounded in time
in H*(R). Let ¢ = ¢ — h and ¢ = ¢ — k. Then ($,) solves:

(2.13)

L‘é = P(SDMZJ) - P(ha k) - eiAtm(t’w)v
Ly = Q(%l/J) - Q(h, k) - e_ktn(tﬂ l‘)

Set n = (¢,¢), W = (h,k) and f(p,¢) = (P(¢,9),Q¢,¥) and H = e~ (m,n). We find a
solutions of (2.13) in Duhamel form:

) =i [ TV ) — W) + H(s) ds, (2.14)

where S(t) denote the Schrodinger group. Moreover, since ¢ = 0,0 — %[[** ¢, we have

§= 0.6 £(5+ (3 + h) — A7) (215)

Step 2. Existence of a solution of the system
From Lemma 3.3, there exists T, > 1 such that for T > T, there exists a unique solution 7 of
(2.13) defined on [Ty, T%) such that
19115 = e [11lls((t,00)) x S(1t.00)) + € N0l ({1,000 xS([1,00)) ST VE = To. (2.16)
Thus, for all t > Ty, we have
@l + 190w S e ™. (2.17)

Step 3. Existence of a multi-soliton train

We prove that the solution n = ($,%) of (2.13) satisfies the relation (2.15). Set ¢ = ¢+ h,
Y =1 +kand v=0,0— |p|*¢ and © = v — k. Since (¢, ) solves (2.13) and (h, k) solves (2.10),
we have (¢, 1) solves (2.3). Furthermore,

7: o
Lv=0,Lg — SL(Ie" ) (2.18)

Moreover,

L[> o)

= (10, + 2)(p71127) = 10 (71 7) + (7T P7)

= i(0 + 1)|¢|* e + io|p2" V20,5
+0x((0 + D> 0ap + 00"V ?0,7)

= i(0 + 1)|¢|*7 s + ||V D?07 + (0 + 1) [020]0|* + 0200:(|o*7)]
+ 0 [0251elPV + (0 + DIdplPlel2 Ve + (0 = Dlp2 D (0,9)7]

= (0 + D|p*? (i0sp + 02¢) + olo*" "V (10, + 029) + (0 + 1)0a00a(|0]*7)
+0(0 + 1|00 l? Ve + o (0 — 1)(0:8)% > ?

= (0 + 1)|@l* Lo + o]@|* V> (—Le + 202%) + (0 + 1) 000 (10"
+0(0+1)|0:0° |07 Ve + o0 — 1)(0:2)°[ | 2.
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Combining with (2.18) and using (2.3), we have

Lu=0.Lp ~ L(6[*")
= 0.1 — [0+ Dlgl* Lo + 0oV (T + 2027)
o+ 10,00, + e+ DO+ oo~ DO ]
= .(P(o.9) — P(p,0)) + 0. P(g,0) — (0 + DIl (P(,1) — Plp,0)
~ 20+ DIpl Plp,v) + 2olgl7 o (Pl 6) - Pl 0)
+ 50lpP OGPl — iolplT V0l

B % (0 + 1)200:(|¢*7) + o (0 + 1)|0upl? |0~V
ol = 1)(@:7)lpl2 D¢
= 0:(P(p,v) — P(p,0) = 5(0 + DIg (P, ) = P(p,0))

+ 50lpl2 DG (P(p, ) — Plp,v) + Glo,v),

where G(¢,v) contains the remaining ingredients and G(,v) only depends on ¢ and v:

G(p,v)

i . i S —
= 0.P(p,0) — 5o+ DIp*" Plp,0) + 0lol*7 D Plp,0)
g— Z (o8 g—
— iolp[7 VG025 — = [(0 + 1)2epullplP?) + ol + Dlap Pl Vo
+o(o—1)(d \<p|2(0_2)<p3} . (2.19)

As the calculations of Lt in the step 1, noting that the role of v is similar to the role of 4 in the
process of calculation, we have G(p,v) = Q(¢,v) (see Lemma 3.2 for a detailed proof). Hence,

Ly — Lv = Q(@?dj) - Q(Qpav) - 5x(P(8071/}) - P(SOV/U))
+ 50+ DlgP” (Pl %) = Plp,v))
— 501l VG (Ple,9) - Pl 0)).

Thus,

L) — Lo = Lip — L

=Q(p, ¥+ k) — Qo0+ k) — 0:(P(p, 00 + k) — P, 0 + k)
+ 50+ Vel (P(o, + k) = P, 5+ )
— 50l VG (P(o, i + k) = Plp, 5+ F)). (2.20)
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Multiplying both side of (2.20) by 7]1 — v, taking imaginary part and integrating over space with

integration by parts we obtain

1 ~
SOl — ol

- Im/@(ga,zz? R~ Qo5+ R) (@ — ) da
R

fIm/&c(P(stJrk) — P(p, 5+ k) (@ — ) do
R

+o+ In [ SIeP(Plo b+ k) = Plo o+ k)T — ) da

~ o [ S1oP A (Plp. 0+ )~ Pl + BT - ) da.
R

(2.21)
(2.22)
(2.23)

(2.24)

We denote by A, B,C, D the terms (2.21), (2.22), (2.23) and (2.24) respectively. First, we try to

estimate A, B,C, D in term of R. We have

4] S \/R@mmk) Qe 5+ k)@ —T) de

< \ PB4 1)~ T)

+

/R{(ﬁ;—kk)/ﬁ D12 DT (5 + k)25?) dy

— 00

~o+) [ C oD In(( + k) dy} (0~ 7 de

— 00

< \ [ 1P IR+ 1 = 0+ W) - o
R

—0o0

" VR W -9 / AT Tn(( 4 K)5) dy] (@ - 7) da

_|_

/ [(@ = PTG+ K — (5 + k)Q))dy] (G - ) de
<116 — 52l 4+ + 2] e

/x P Im((4 + k)*F°) dy

— 00

+ 19— oIl

L

+ || — | 2] + k|2

/z P In(@ () + k)* = (5 + k)?)) dy

— 00

L
SN = 81172075 b + 5 + 2k 1 + 19 = 8l[721l¢* D (& + k)|
+ 1|9 = 8[| 219 + k|2 19>V (D + k) = (8 + k))|| 2
S — o710l 3% 1P + T + 2kl Lo + |9 — BlI72 9% (@ + k)|l o
+ 1|9 = 8172119 + kll 2 1%V () + T + 2k) | 2
S — o7 K,

where,

(2.25)

Ky = ||l 725 10 + 8+ 2kl e + 92D (@ + k)2 [l + (16 + Kll 2% (4 + T + 2k) | 2.
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Furthermore,

1Bl < \ [ oo 2T - 5T - D da

‘/ ( o7 In(m <<¢7+k)2(@+k)2))dy) (@ —5)de
‘/3 (112D () — 5)2 dar| +
‘/ ”’/ P2 In(@ (4 — 8)(§ + B+ 2K)) dy( — 7) do

\W“ VLo, (6 - 7)) do (2.26)

A 0l D In(@ (¢ — B) (b + 5+ 2k)) () — T) dx .

By using integration by parts for the second term of (2.26) and using Hoélder inequality we have

|BI S 19 = 0l Z2 1100 (oY) L + 19 = D22 100 (oD 0?) [
+ HGMIIBII/ | Im(@*(§ — 0) (¢ + T + 2k)) dy || = | — |2

+ 19— 8132119 (@ + © + 2K) || L~
SN = o172 10: (0P Mo | + 19 — 811721102 (10* 7 V) [ oo
+ 10:0l 2l — Bll 2020 (¢ — 0) (4 + &+ 2K)|| 12 (2.27)
+ 10 = 32119 (@ +  + 2k)[| L
S0 = 001220102 (107 V) | 1oe + 10 — 8122105 (|02 ?) || L
+ 100l L2 19 — Bll72 0% D (@ + T + 2k)|| 22 + 1 — 817210774 +  + 2k) | o
= || — 53 K2, (2.28)

where
= (102 (|1* )L + 10upll 210%™ (9 + & + 2k) || 2 + 02 (9 + T + 2K) | .-

Using (2.4), we have

1< ' [loelooe2(F - 92 o

\ / e / 0PI Tn(G (D + k)2 — (5 + F)2)) dy(d — T) da
< 1 = 32119 | =
1 — 3l = o™ e / (o2 D Tn(@(§ — )b + 5 + 2K)) dy 1
<116 — 32010 o + 1D — 3l 027 2 [0*© D@ — 8)( + & + 2) 11
S = 1265 e + 16— 32110 122 |20 (@ + 5 + 28)]| 2
= [l — 9|7 K3, (2.29)

where

K3 = " ||z + 9 22 llo® D (0 + T+ 2k) | 2.
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Now, we give an estimate for D. We have

DIz V 02D 2 pPCDG (] — )] — F) da

xT
T \ [ 1Pt [ 1D (0 + K = 0+ k) @~ T)
R —00
< 1 — 522 "
xT
=l el [ oD (R = @ D) dls
—o0

S 9 = 0l172l0* e + 19 = Bll2ll® 2 197D (@ = 8) (P + T + 2k) || 1
SN = al72019" e + 19 = 8172 1° L2 9 (@ + & + 2Kk) |2
= |9 — 0]|72 K4, (2.30)

where
Ky = [0* || zoo + 027 |22 ll* ™ (@ + § + 2K)| 2.

Combining (2.25), (2.28), (2.29) and (2.30), we have
Ol = BlIZ2| S 10 = Bl72 (K + K + Ky + Ka).

Using the Gronwall inequality, we have
. ~ N
[9(t) = (t)[I72 S () — 9(N)||72 exp / (K1 + Kz + K3 + Kq) ds
t
N
<e PMexp / (Ky+ Ko+ K3 + Ky)ds | . (2.31)
t

Now, we try to estimate K; + Kz + K3 + K4 in term of R. When we have this kind of estimate,
we will use the assumption (1.10) to obtain that ¢» = 0. We have

N
/ (K1+K2+K3—|—K4)d8
t

N
=/ ol 7% e + &+ 2k e + 07D (P + k) e
t

+ 1|5 + K| 2]|0* "D (P + D + 2k)|| 12 ds (2.32)

N
" / 192 (V) L + 10l 2 10% (4 + 7 + 2k) | 2
t

+ |97 (@ + B + 2k)|| L ds (2.33)
N
T / 0% (| Lo + 027 22)|0* " (W + 0 + 2K) | 12 ds (2.34)
t
N ~
+ / % Lo + 02T 22102 () + 0 + 2Kk) | 12 ds (2.35)
t

Using (2.16) and (2.17), we have

pllpe < [@llze + lIAllze S 1+ [lAllLe (2.36)
lellzz <lI@llzz +[1hllz S 1+ [IAllL (2.37)
Y]~ S 1 (2.38)
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We denote by 71, Z>, Z3, Z4 the terms (2.32), (2.33), (2.34) and (2.35) respectively. Using (2.36),
(2.37), (2.38), (2.16) and (2.17), for N > ¢, we have

2(0—2 7 ~
1Z0] S Nlel2s ey poe OIS L2 + B + 2K Lae vy

2(o 1
+ (N = D)ll 2272 (1] oo 12 + (1| poe 22)?

~ 2(c—1 ~
115+ kil gl DRI TR 0D + Bll ey + Ibllzsm=)

S (N = )5 [|l|3% e (1 + [l oo noe (N = 1))
+ (N =) (1+ R 7222 (1 + (6] 2)
+ (N = )3 (1 + [El| oo £2) (1 + [l oo z2) (X + [BIF2 20 A+ (N = )3 [Kl| oo 1)
SNV = )l oo roe (14 [RIF%A) + (N = £) (1 + [ 7Z 720 (1 + [[Klf3 o 2)
+ (N = )1l oo zoe (14 Rl poe £2) (1 + 2] o z2) (1 + )5S 72)
.= (N — )Wy (h, k).
Similarly, for N > t, we have
|Z2\ S ||8z<P<P20_1||L1(t,N)L°° + (N - t)HanOHL“’(t,N)LZ||50||2L(0[:L10 ||¢ + 0+ k:||L°°(t N)L
+ (N = )5 |ll3% L (19 + ll o genyzoe + 1Rl L)
SN =03 (|10:@ll vy + 10kl page vy ) ll 25
+ (N =)@+ [T A + (k] o o)
+ (N = )5 (14 A% ) (14 (N = ) 3[[ Lo )
S (N = 0)]0ehl| e e (14 [RI3% 1) + (N = £) (1 + [T L2 (1 + (1Bl e )
+ (N = )|l oo zoe (1 + [|B]I2%A)
= (N — t)Wa(h, k),
and
|Z3] = | Z4]
SN = )(|¢]| oo + Al Lo o)
+ (N = O)lgllpoe L2 llell3% oo lll 7 e L2 (19 + Bll oo e + K]l Lo 22)
SN =)@+ 1] 1% 1) + (N = )1+ [[Al| oo p2) (1 + 13520 ) (1 + (K| oo 2)
= (N — t)Ws(h, k).

Hence, from (2.31), we have

. ~ N
() —v(®)IF2 S e M exp (/ (K1 + K2 + K3 + Ky) dS)
t

< e WVexp((N — t)(Wi(h, k) + Wa(h, k) + Wa(h, k))) (2.39)
The above estimate is not enough explicit. As said above, we would like to estimate the right hand
side of (2.39) in terms of R. Noting that |h| = |R| and |k| = |0, R|, we have
Wa(h, k) = 02 Rl o pe (14 [IRI725) + (U [RIZEL) 1+ 10 Rl oo 2)
119 Rl o oo (14 00 Rll e £2) (1 + | Rl| e 2) (1 + | RIZZ D)
S U+ IRIFLD) N0 Rl e roe (14 1R Lo o) + (1 + (102 Rl| o 2)
100 Rl oo e (14 1100 Bl o 12) (1 + [ Bll o 12)]
S L+ IRIFEE2)
< [10a Rl zoe oo (14 | Rll oo prr) + (14 [ RIIZ o 1) + 102 Rll oo poe (1 + [[R] Z e 1)
S (U IRIZZED (04 Bl )L+ 1102 Rl 1)-
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Similarly, by noting that |0,h| < |k| + |h|>*?T1, we have
Wa(h, k) S ([l e e + (RIS L)1+ [RITE 21+ ([ poroe)
+ (L PO DY+ [kl oo r2) + 1Kl oo oo (14 HRIF2E2) (1 + [l e )
< (L4 [|RIPCD)x
X [l e oo + [RI32E ) (1 + (1R Lo roe)
U+ [kl ze) + [kl oo (14 ol oo )]
< (14 [|R]2eD)x
% [(1 4 hll oo ) (Il oo Lo + IRJ225E) + (1 [k oo 2)]
= (1+ | RI72,2) %
x [(1+ IRl o) (105 Rl| oo e + IRIZH) + (1 + 05 Rll oo 12)]
(L 4+ IRIFZ D)@+ Rl o)L+ 100 Rl e e + [ RIS
(L+ IRIFS DA+ NRIZ e )L+ 100 Rl e o + [ RIZE ),

AR A

and
L+ [[R)| 2% poe) + (14 [|Rll oo £2) (1 + [|RI F% 2 ) (1 + (|02 R 1< 12)
L+ [|RIIZ% ) [(L+ Bl poe) + (L4 || R poo £2) (1 + [|0: Rl| v £2)]
S A+ R A+ R Zoe ).
Combining the above estimates, we have
Wi(h, k) + Wa(h, k) + W3(h, k)
S A IRIZZLD) A+ [ RIGo r) (14 02 Rl o e + | RIS
+ (LRI )+ | Bl 1)
S A IRIZZLD) A+ [ RIGow r) (14 102 Rl o e + | RIS
+ (14 RITE 2+ N RIF% o) (4 [ RIF e )
SAFIRIFCD A+ IR < ) (1 + [0 R pooroe + | RIF2).
Thus, there exists a positive constant Cy such that
Wi(h, k) + Wa(h, k) + Ws(h, k)
< Co (1 + IRIZZ LD + IRIZ < i)+ 105 Bll o = + I RIFEL))
Let C, = 16Cy. Using the assumption (1.10), we have

Wi (h, k) + Wa(h, k) + Ws(h, k) < %6 _

S

—~~

for ¢ large enough. Thus, by (2.39), we have

19(8) = B(1)[[ 7 < e ANHE=ON,
for t large enough. Letting N — oo in the above estimate, we obtain

(1) = alI7= = 0,
for all ¢ large enough. This implies that
$ = e — 5lolPo — k, (2.40)
and then )
b= Bpp — 3|<p|2s0~
Moreover, since (1, @) solves (2.13) we have (¢, ¢) solves (2.3). Combining with (2.40), if we set

i
u = exp (—2/ o> dy) @
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then w solves (1.1). Furthermore,

llw — Rl =

i i
oxp | —5|el* dy | o —exp | S|h[*dy | h
2 2 1
Clllella 1Rla)le = hlar S l@llm S e,
Thus for ¢ large enough, we have
|u— Rz < Ce™, (2.41)
for A = v* and C = C(wy,...,wk, €1, ..., cx ). This completes the proof of Theorem 1.1.
Remark 2.1. In the case o = 1, the integrals in (2.3) disappear. In the case, o = 2, the integrals
(2.3) reduce into ffoo Im(¥*%?) dy, we do not need to use the inequality (1.11). Thus, by similar

arguments as in the proof of Theorem 1.1 we may prove that there exist multi-solitons solutions of
(1.1) when c =1 or o = 2.

3. SOME TECHNICAL LEMMAS

3.1. Properties of solitons. In this section, we give the proof of (2.7). We have the following
result.

Lemma 3.1. There exist C > 0 and a constant X > 0 such that for t > 0 large enough, the
estimate (2.7) uniformly holds in time.

Proof. First, we need some estimates on the profile. We have
‘Rj(tvx)‘ = "l/}w]’,Cj (t»x)| = |¢wj,cj (SU - Cjt)| = |90wj,6_7’ (l' - Cjt)|

L
20

2
dwj — ¢

Ve (COsh(Uhj(f” —ab) - 2\6/]“’7>

~
~

20

N

dw; — c? 7
(2\ﬁ cosh(chj(z — ¢jt)) — 2% cosh(oh;(x Cjt)))

- dwj — T 2Eilel \T
~ — |¢;|) cosh(ah(x — ¢;t)) ~ \ cosh(ah;(x — c;t))
< e—TL’D—Cjt\
~Swjslel !
Furthermore,
1
h? \* —sinh(ch;y)
J
(9190(41]-,01-(1/) (2\/—> N 1+%.
(cosh(ohjy)f \/ZT,)
Thus,

1
h2 20 inh(ch.:
Oy e, )] S [ 2 [sinh(oh;y)
2,/w; les| \' 127 14
(1—\/—-@) cosh(ch;y)' T2
.
—TJ\yI,

< <
~Swjslejl ~Swi,lej] €

1
cosh(ahjy)%
Using the above estimates, we have
|8 R; (t x)‘ - ‘8wwwj,c]( )| - |8w¢w],cy( cjt)|
= ‘ax<ij,Cj( - Cjt) + “ij,cj (v — Cjt)ax‘gwj,cj (- Cjt)|
< ‘814»0%,6]- (- Cjt)| + |90w7~ cj( — Gy )||3 ij,c]' (- Cjt)|

|I c;t|

Swj,\cj'\ |3x<,0wj,cj (z—cit)| +e

hj
< e~ 3 lm—cjt|
~wjslesl :
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By similar arguments, we have

—h

|03 R; (¢, 2)| + |03 Ry (1, )| Sy ey €72 1771,
For convenience, we set
X = —i|R[*? 0, R + i%;|R;[*? 0, R;,
f(R.R,0,R) = i|R|* 0, R,
g(R,R,0,R,0,R,02R) = i0,(|R[* 0, R),

r(R,0uR,..,02R, 0, R,0°R) = i0>(|R|* 0. R).

Fix ¢t > 0, for each = € R, choose m = m(z) € {1,2,..., K} so that
|z — cmt] = mjin |z — ¢jt|.

For j # m we have

1 t
|z —cjt| = =(|z — ¢jt] + |z — cmt]) = §|cjt —cpt| = §|cj — Cml.

N =

Thus, we have
(R = Rpy)(t,x)| + |02(R — Rm)(t, )| + [02(R — Ryn) (¢, 2)| 4 [03(R — Ry (t, )|
<Y (IRj(t,2)| + 0. R (t, )| + |02 R, (. )| + |03R; (t,x)))
i#m
7h'7 r—cCcy
gwl,..,wx,\cﬂ,..,\ck\ 5m(tax) = Z eTI Jt‘~
iFm
Recall that
Ve = }gghj|cj — Cgl-
We have
(R = Rn)(t, @) + |02 (R — Rp)(t, )| + [02(R — Ryn ) (£, @)| + |03 (R — Rpn) (£, 7)| S 6m(t, )
< e~ avet,
We see that f, g,r are polynomials in R, 9, R, 02R, 02R, 0, R and 02R. Denote

A= sup (Idf | + dg| + |dr])-
Jul 100 ul+02ul+O3ul <5, | Ry 74

We have
x|+ 102x| + 02
< |f(R7§7 812R) - meyaﬂ’JEm,val + |g(R7§7 8a:R7 ) - g(RmaEWH a:rRm; )|
+ (R, 0. R, ., 2R, R, ..) — (Rym, Op Ry o 02 Ry, Ry, ..)|
+ Ej?ém(f(Rj)Rﬁ 69:RJ) + Q(Rj, 8ija aiijﬁjv aﬂcﬁj) + T(Rj ceey 82ijﬁj7 ey 3§Ry))
+ A (| Rj| + |02 Ry + |07 R;| + 103 R;)
S 24%52m (IR + 0. R;| + |92 R;| + |03 R;)
S 246, (t, ).
In particular,
Ixllwzee S e 1wt (3.1)
Moreover,
Ixllwza S S5 (1R 1P70: Ry |l + 102 (IR; 12700 Ry) | 1 + 102(|R; 17 02 R) | 1)
S5 (IR; 1520 + 1) + R 135 + | Bll3+) < oo,
Thus, using Holder inequality we obtain
11;*1‘,

X2 Swr,wiclerlylex| €8
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It follows that if ¢ > max{w1,...,wk, |c1], ..., |ck |} is large enough then

Il < 16w,

Setting A = {-v., we obtain the desired result. O

3.2. Proof G(p,v) = Q(p,v). Let G(p,v) be defined as in (2.19) and @ be defined as in (2.5).
Then we have the following result.

Lemma 3.2. Let v = 0,¢ — %|<p|2<p. Then the following equality holds:

G(p,v) = Q(p,v).
Proof. We have

P(p,v) = iolol** D% — o0 — 1) / (o2 Tn(v?52) dy,

—00
x

Q. v) = —iole VG — o(o — 1o / oD Tn(05) dy

—00
?

2
+ 10_| |2(071) Zﬁ* . | |2(071) 232—
571%¥ P Lp, V) —ojp POLP

G(p,v) = . P(p,v) — (0 +1)|¢|* P(p,v)

Z’ —
D) [<U + 1)0,00: (|¢]>7) + o (o + 1)|0z || Ve

(o~ 1)(0:9)* oD
The term contains [*__ [¢|*“=2Zm(v2%?) dy in the expression of G(¢p,v) is the following.

oo — 1) / (02D Tn(0252) dy

1
2

i o— — ! o— —
+ 30l - 07 [ oP I In() dy
oo

(o + Dl (Dot — 1) [ * oD In(v? ) dy

— 00

oo =1 [ 1PN dy (0.0~ (o + g+ SoloP )

x _ . Z -
oo -1 [ 1P Im(eg) dy (0 - 5l )

— 00

— oo~ 1) / (o2 Tn(v52) dy,

— 00

which equals to the term contains [*_ |¢|?(“~2)Zm(v*%?) dy in the expression of Q(p,v). We only
need to check the equality of the remaining terms. The remaining terms of G(¢p, v) is the following.

100, (e Ve*0) — (o — 1|l Tm(v*7%)

~ (o + Dlpl* (oo y?D)
+ 2 olplT D (—iolpTFR) — iolplT V202 (32)
- % (0 + 1)Oup0s(|*7) + oo + 1|0l 0V

+a(e = 1)(0:9) eV (3.3)
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Noting that 9,(]¢|?) = 2Re(vp) and v = ¢ — %|¢|** ¢, we have

the term (3.2)
= i00,(|[*" )% + io | V200,00 + ooV ? 0,0
1
— (0 — 1)|@|*7 ) p2Re(vp) Im(vP) + §0|<P|4"72<P25
+ 02" pRe(pD) — ]| *7 V%00
= 2ig(0 — 1) || Re(vip)p° + 2iar|p*" N 00,0 + | p*7 T 0?0, (U — Bp)

—20(0 — )]~ pRe(v)Im(vp) + %ﬂwl“”ﬁﬂ + 0% p|*7 2o Re(50)
= 20(0 — 1|2 Re(v)p(itp7 — Im(vp)) + 2ic|ip|* "~V 00,0
+ialpo D20, (51675 + 3016l 20+ ool pRe(im)
= 2io (0 — 1)|el* "D p(Re(vP))? + 2i0 || * "~V 0,00
~ SlpPC G 20l DRuF) + 17 0:7)
+ 50161207 + 02l TRl o)
= 2io(0 — |el* "D p(Re(vP))? + 2i0|p]*" V0,0
- %0|30|4"‘29028z¢+ %lel“"‘%%
= 2ig(0 — 1) || p(Re(v5))? + 2ic|p|*" "V 00,00 + %Ulwl“”‘gﬁ(ﬁ — 0.7)
= io(o — 1)lgP D p(Re(up))? + 2iol Pt + T0lol"
Moreover, using Re(0.¢®) = Re(vp) we have
the term (3.3)
= 2 oo+ DIapPIpl Vo + 00 + 1) |6l V000,70 + Or7)
(o — 1)(09)* e[
= 2 [20106 P16V + oo = DI D0, 502 (0,07 + 0:7)
+20(0 + 1)V 0, Re(v7)|
—1

= 5 [20100121e[2 Ve + 20(0 — DIeT00, 76 Re(vp)

+20(0 + 1)lp2 D0, ¢ Re(v7)|

= —i [010021¢|* Vg + o(0 — 1)]¢* 720,50 Re(v7)
(o + DIgP V0,6 Re(v7)]
= =i |0]0pP Ve + o(o — DIl Re(v9) 0(0:P + 0:97)

+201p[ D0, o Re(vp) |

= —i [0V + 20(0 — 1)l (Re(v)) |
= —2io(0 — 1)|[2" D (Re(vp))?
—i0] 00| o7 o — 2ia] 0| * D 0, pRe (1)

17
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Combining the above expressions we obtain

the remaining term of G(yp,v)

= 2io ||V 0, v + ialwlﬁaw — 0|00 p* Vo = 2i0 0?7V 8, o Re(v)
= 2i0]p*" "V 0,0(v — Re(vp)) + %UI@\GW [

= 2016 0,0 Tn(p7) + L0lel" o — iolOupl Ve

= —ole D 0,p(2Tn(eD) +i0:0) + 10lel™ o

= —olo P D0, p(2Tn(0,7) + 027 + iRe(90u) — Tn(0,7)) + 701l
= ol D0 p(p + i0ug) + Solel*y

. o—1)— o i o
= —io|pPVB(0,0)? — || Dup + ZU|<P|6 ©

. 2 ‘ ‘
. oc—1)— ? o o ? o ? o
——ialoPo v+ Sle7p) —olel'® (v-+ leP%0) + olel™
= fic7|cp|2([’*1)¢v2.
This is exactly the remaining terms of Q(y,v). Thus, G(p,v) = Q(p, v). O

3.3. Existence of a solution of the system. In this section, using similar arguments as in
[9, 10], we prove the existence of a solution of (2.13). For convenience, we recall the equation:

=i [ T S(t = SOV ) — (W) + H(s) ds, (3.4)

where

We have the following lemma.

Lemma 3.3. Let H= H(t,z):[0,00) x R = C?, W = W(t,z) : [0,00) x R — C? be given vector
functions which satisfy for some C1 >0, Cy >0, A >0, Ty > 0:

W (#)|| oo x o + M| H )| L2xr2 < C1,  VE = Ty, (3.5)
1OW ()| L2x 12 + |OW (8)|| oo x oo + €N OH ()| 2xr2 < Ca,  VE = Tp. (3.6)

Consider equation (3.4). There exists a constant \. independent of Co such that if X > A, then
there ezists a unique solution n of (3.4) on [Ty, 00) X R satisfying

MMl s (1,000 x S([t,00)) + € 11OM|| (8,00 x5([1,00)) < L, VE = To.

Proof. We rewrite (3.4) by n = ®n. We show that, for A large enough, ® is a contraction map in
the following ball

B = {n:nllx = e*nlls(it.conxs(toe) + € 10215 (11,000 x5((t.000) < 1} -

We will use condition A > 1 in the proof without specifying it.
Step 1. Proof ® maps B into B
Let t > Ty, n = (m1,12) € B, W = (wy,ws) and H = (hy, h2). By Strichartz estimates, we have
1201l 5((t,00))x5((t,00)) S NFW 4 10) = FIV) [ N([#,00)) x N ([t,00)) (3.7)
I H || 22 L2 ([t,00)) x L2 L2 ([t,00)) - (3.8)
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For (3.8), using (3.5), we have

IH |21 22 ([t,00)) x L1 L2 ([t,00)) = IP1llL1 L2 ((t,00)) T 1R2]lL1 L2 (12,00))

< /00 e Mdr < le_kt < ie_’\t. (3.9)
~ )\ 10

For (3.7), we have

[P(W +n) — P(W)|
= |P(w1 + 71, wa +772) - P(wl,w2)|

S ‘|w1 +m |2 (wr + m1)%we F 2 — w2V wiwg (3.10)

n ’(wl o) [ ot D i+ )+ 7))

—0o0

— / w1 |27 Tm(wimr2)) . (3.11)

—0o0
Using the assumption ¢ > 2 and the inequality (1.11) we have

the term (3.10)

S ‘||w1 + )27 — i PO | Jwy + | ws + 12

o [lwa 2D ws + 11)% = w g + | + [feor 27D o [2fe|
S (%70 4 o PO (W] + [g])?

+ [wr P (fwr ]+ [m] ) |ws + na| + [w1]*7 s
S (D W D)W + fof?)

+ WPEEDAW | + [0 (W] + [n]) + W] ||
Sl 72 + WP (Il + (W) + [n[|WPCD (W2 + [9)?) + W] ||

S Inl(nl? + W12) + W27 + [nP W2 4+ W[ ||
< Pt [l [WPe.



20 PHAN VAN TIN

Moreover,

the term (3.11)

S Iml / lwi 4+ |27 w4 n2|*|wr 4+ m|? dy
-
tunl [ o+ a2 ol dy
tund [ P D 1) — )+ 7y
—wm/|wW%mm%m+mtmmm
x o T
Shul [ WP Py + W] [ (P P2 W ) dy
—oo —00
HM/|MW%MﬁHmmwwmwm@
ﬂm/ W22 g (a2 + ) dy
Shil [ WP Py + W[ QW+ ) dy
— 00 — 00
+Wv"mﬂﬁ%mm%wmwﬂm/|m%%MﬂWWHWMy

Shil [ WP P dy+ W[ W i dy

Thus, we obtain

[P(W +n) — P(W)|

S WP RS ) [ WE 4 dy e W] R P dy.

Similarly,

QW +1n) — QW)

x xT
5mW“+me+m/ WW+W%@HWJ W27 4 [ dy.
—c0 —o0



Hence, using o > 2

We have
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5, we have:

[fF W +m) = FW)N((t.00)) x N([t00))

SIPW +n) = PW)lLirz(jt,00)) + QW + 1) — QW) L1 22 ([t,00))
x
S AP 22,00y + Nl / (W2 + [0 dyll L1 L2 ([t,00))
— 00
’ 20—1 20
FIWL [ lIWE a2 dylly e

S il 22 (te.0o) 101178 £oe (11,00

il | [ IWE+ 1P dy

L2 L2 ([t,00))
xT
Wl zzqeoonl [ IIWE 4 10 ey ooy
—00
S e M Il zz oo W27 + 0] oo 22
(W llee L2 1m0l 2 22 (.oop W17 1101277 oo 12 (2,00

o0
56_5>\t—|— |||77H|LLL§([15,00)) — e—5>\t +/ e—)\-rdT
t

1 1
<o By T oA o T =M

For (3.14), using (3.6) we have

~ A 10 ’
Combining with (3.9) and (3.7), (3.8) we obtain
1 — At

1971 5((t,00)) x S([t,00)) < st (3.12)
1020l 5((,00)) % S([t.00)) S N0 (F(W + 1) = FW)IIN([t.00)) x N ([t.00)) (3.13)
+ 10 Hll Ly 12 (1t,00)) x L2 L2 ([t,00))- (3.14)

o.H < Oof)\'rd_lf/\t if)\t 1
102 HI L1 L2 (t,00)) x LL L2 ([t,00)) S e T=qe < e (3.15)

t

For (3.13), we have
10 (f(W +n) = FIWDIN([t,00)) x N([t,00)) = 102(P(W +n) — P(W))||n((t,00))

Furthermore,

+ |02 ( QW + 1) — QW) N ([t,00)) -

|0:(P(W + 1) — P(W))]

<10z (Jwi 4+ 1 27D (wy + m)2 (@2 +7p) — w12 Dwiw,)| (3.16)
owtn +m) [l +me 2B + ) 4707 dy
—0,wy / Jw1 [~ Im(wiw?) dy‘ (3.17)

)l -+ 02T T+ 1) 7))

—w1|w1|2<ff*2>zm(w§w1)‘ . (3.18)

For (3.16), we have

the term (3.16)
< (nl+ 17 + 100D (W] + W27 + [l + [n[** + [9an])
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Thus,

1 _ 1 _
[the term (3.16) |1 12 (11,001 < Wl +100lll2122 S ve A< ¢ AL,

For (3.17), using the inequality (1.11), we have
|| the term (3-17)||L71_L52n([t,oo))

S ||5771||L1L3([t,oo))||/ w4+ 2D Im((wa + 1) (@1 +7,)?) dyl| oo Lo

+ | 0pwi || Lgor2 x

/ (fwr + 01 27D Im((wa +02)* (@1 +771)?) — w2 Im(w3w?)) dy

x
o [ArLSP
S10m L p2 .o 1w + 01?7 D Im((w + n2)* (@1 +71)?) || oo 1
+ [[[wy + m P Im((ws + 12)* (@1 +77,)?) — w1 |22 Im(w3w?) || 11 11
© 1, 1 _
S Womlzscaqooon + Nllcsozqeoon < [ €77 dr S 367 < oo™,
¢
For (3.18), using the inequality (1.11), we have
[[the term (3.18)(| 11 12 ([¢,00))
Sz zz (e.00))
< /00 e Mdr < lef)‘t < i(f}‘t
= ~A 0’
Combining the above estimates, we obtain
102 (P(W 4+ 1) = P(W)) | v (1t.00))
3 _
<0 (P(W +1n) — P(W))[|L1L2(jt,00)) < T0¢ M (3.19)
Similarly,
3 _
102(Q@W + 1) = QW) [ ¥ (1e.000) < 75¢ X, (3.20)
Combining the estimates (3.13), (3.14), (3.15), (3.19) and (3.20), we have
7T _
102 @||5([t,00)) x S ([t,00)) < 10¢ At (3.21)
Combining (3.12) with (3.21), we obtain
9 _
1275000 x5 11,000) + 10 @l s(11,00)) x5 (11.000) < 75 A, (3.22)

Thus, for A large enough

[@n]x < 1.
This implies that ® maps B into B.
Step 2. @ is a contraction map on B

By using (3.5), (3.6) and a similar estimate of (3.22), we can show that, for any n € B and k € B
we have

1
[@n — Prllx < 5”77 — Kl x.

for X large enough. From Banach fixed point theorem, there exists a unique solution in B of (3.4)
and thus a solution of (2.13). This completes the proof of Lemma 3.3. O
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