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MODERATE DEVIATION PRINCIPLES FOR BIFURCATING MARKOV
CHAINS: CASE OF FUNCTIONS DEPENDENT OF ONE VARIABLE

S. VALERE BITSEKI PENDA AND GORGUI GACKOU

ABSTRACT. The main purpose of this article is to establish moderate deviation principles for
additive functionals of bifurcating Markov chains. Bifurcating Markov chains are a class of
processes which are indexed by a regular binary tree. They can be seen as the models which
represent the evolution of a trait along a population where each individual has two offsprings.
Unlike the previous results of Bitseki, Djellout & Guillin (2014), we consider here the case
of functions which depend only on one variable. So, mainly inspired by the recent works of
Bitseki & Delmas (2020) about the central limit theorem for general additive functionals of
bifurcating Markov chains, we give here a moderate deviation principle for additive functionals
of bifurcating Markov chains when the functions depend on one variable. This work is done
under the uniform geometric ergodicity and the uniform ergodic property based on the second
spectral gap assumptions. The proofs of our results are based on martingale decomposition
recently developed by Bitseki & Delmas (2020) and on results of Dembo (1996), Djellout (2001)
and Puhalski (1997).

Keywords: Bifurcating Markov chains, moderate deviation principles, deviation inequalities,
binary trees.

Mathematics Subject Classification (2020): 60F10, 60J80.

1. INTRODUCTION

First, we give a general definition of a moderate deviation principles. Let (Z,,),>0 be a sequence
of random variables with values in S endowed with its Borel o-field B(S) and let (s,)n>0 be a
positive sequence that converges to +o00. We assume that Z,, /s, converges in probability to 0 and
that Z,/\/s, converges in distribution to a centered Gaussian law. Let I : S — R™ be a lower
semicontinuous function, that is for all ¢ > 0 the sub-level set {z € S,I(x) < ¢} is a closed set.
Such a function I is called rate function and it is called good rate function if all its sub-level sets
are compact sets. Let (b,)n>0 be a positive sequence such that b, — +oo and b,/\/5, — 0 as n
goes to +oo.

Definition 1.1 (Moderate deviation principle, MDP).
We say that Z,/(bn\/3n) satisfies a moderate deviation principle in S with speed b2 and the rate
function I if, for any A € B(S)

— inf I(z) < hmlnf log]P’(

rEA°C n— o0

€A)< hmsup 2 logIP’( A) < — inf I(z),

b@ b\ﬁ = e

where A° and A denote respectively the interior and the closure of A.

Bifurcating Markov chains (BMC, for short) are a class of stochastic processes indexed by regular
binary tree. They are appropriate for example in the modeling of cell lineage data when each cell
in one generation gives birth to two offspring in the next one. Recently, they have received a great
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2 S. VALERE BITSEKI PENDA AND GORGUI GACKOU

deal of attention because of the experiments of biologists on aging of Escherichia Coli (E. Coli , for
short). E. Coli is a rod-shaped bacterium which reproduces by dividing in two, thus producing two
daughters: one of type 0 which has the old pole of the mother and the other of type 1 which has
the new pole of the mother. The genealogy of the cells may be entirely described by a binary tree.
To the best of our knowledge, the term bifurcating Markov chains appears for the first time in the
works of Basawa and Zhou [3]. Thereafter, it was Guyon in [12] who had introduced and properly
studied the theory of BMC. The first example of BMC, named bifurcating autoregressive process
(BAR, for short), were introduced by Cowan and Staudte [7] in order to study the mechanisms of
cell division in Escherichia Coli. Since this work of Cowan and Staudte, the BAR process has been
widely studied in the literature and several extensions have been made. In particular, Guyon, in
[12], have used an extension of BAR process to get statistical evidence of aging in E.Coli.

In this paper, we are interested in moderate deviation principles( MDP, for short ) for additive
functionals of bifurcating Markov chains. The MDP can be seen as an intermediate behavior
between the central limit theorem and large deviation. Usually, the MDP exhibits a simpler
rate function inherited from the approximated Gaussian process, and holds for a larger class of
dependent random variables than the large deviation principle. Unlike the results given in [6],
we treat here the case of functions which depends on one variable only. For this type of additive
functionals, the martingale decomposition done in [6] is no longer valid. Indeed, as explained for
e.g. in [8] Remark 1.7, the error term on the last generation is not negligible. Note that recently,
Bitseki and Delmas [5] have studied central limit theorem for additive functionals of bifurcating
Markov chain. They have studied the case where the functions depend only on the trait of a single
individual for BMC. Bitseki and Delmas [5] observes three regimes (sub-critical, critical, super-
critical), which correspond to a competition between the reproducing rate (a mother has two
daughters) and the ergodicity rate for the evolution of the trait along a lineage taken uniformly
at random. This phenomenon already appears in the works of Athreya [1]. Here we investigate
the moderate deviation principles for MBC depending only on one variable for the two cases: sub-
critical and critical regimes. The super-critical regime, which require another way of centering will
be done in a future work.

The rest of the paper is organized as follows. In Section 2, we present the model of bifurcating
Markov chains. In Section 3, we give some notations and the main assumptions for our results.
In Section 4, we set our main results: the sub-critical case in Section 4.1 and the critical case in
Section 4.2. Section 5 is dedicated to the proof of the main result in sub-critical case and Section 6
is dedicated to the proof of the main result in Critical case. In Section 7, we illustrate numerically
our results. Finally, in Section 8, we give some useful results.

2. THE MODEL OF BIFURCATING MARKOV CHAIN

2.1. The regular binary tree associated to BMC models. We denote by N (resp. N*) the
space of (resp. positive) natural integers. We set Tg = Gog = {0}, Gx = {0,1}* and T} =
Uo<y<i Gr for k € N*, and T = UTGN G,. The set Gy corresponds to the k-th generation, Ty to
the tree up to the k-th generation, and T the complete binary tree. One can see that the genealogy
of the cells is entirely described by T (each vertex of the tree designates an individual). For ¢ € T,
we denote by |i| the generation of ¢ (|i| = k if and only if ¢ € Gg) and iA = {ij;j € A} for AC T,
where 47 is the concatenation of the two sequences 7, j € T, with the convention that (i = if) = 1.

2.2. The probability kernels associated to BMC models.
Let (S,.”) be a measurable space. For any ¢ € N*, we denote by B(S?) (resp. By(S?), resp.
Cp(S9)) the space of (resp. bounded, resp. bounded continuous ) R-valued measurable functions
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defined on S9. For all ¢ € N*, we set Y%7 = ¥ ®...®.%. Let P be a probability kernel on
(S, 7%?), that is: P(-, A) is measurable for all A € .2 and P(z,-) is a probability measure on
(82,.79%) for all z € S. For any g € B,(S?) and h € B,,(S?), we set for z € S:

(1) (Pg)(z) = /32 g(x,y,2) P(z,dy,dz) and (Ph)(z)= /52 h(y, z) P(z,dy,dz).

We define (Pg) (resp. (Ph)), or simply Pg for g € B(S3)(resp. Ph for h € B(5?%)), as soon as the
corresponding integral (1) is well defined, and we have that Pg and Ph belong to B(S). we denote
by Pg, P1 and Q respectively the first and the second marginal of P, and the mean of Py and P,
that is, for all z € S and B€ S

Po(z, B) = P(x,B x S), Pi(x,B)="P(x,SxB) and Q:M-

Now let us give a precise definition of bifurcating Markov chain.

Definition 2.1 (Bifurcating Markov Chains, see [12, 5]).
We say a stochastic process indexed by T, X = (X;,i € T), is a bifurcating Markov chain (BMC)
on a measurable space (S,.7) with initial probability distribution v on (S,.7) and probability kernel
P on S x %2 if:
- (Initial distribution.) The random variable Xy is distributed as v.
- (Branching Markov property.) For any sequence (g;,i € T) of functions belonging to By(S?)
and for all k > 0, we have

E[ H gi(Xi7Xi0,Xi1)|U(Xj;j € T}C):| = H ”Pgl(XZ)
1€Gy 1€Gy

Following [12], we introduce an auxiliary Markov chain Y = (Y,,,n € N) on (S, %) with Yy = X;
and transition probability Q. The chain (Y,,,n € N) corresponds to a random lineage taken in the

population. We shall write E, when Xy = x (i.e. the initial distribution v is the Dirac mass at
x €8).

3. NOTATIONS AND ASSUMPTIONS
For f € By(S5), we set || flloo = sup{|f(z)],x € S}. We will work with the following ergodic
property.
Assumption 3.1. There exists a probability measure p on (S,.%), a positive real number M and
a € (0,1) such that for all f € By(S):
(2) 1Q"f = (w Hl < Ma"|[fllc for alln €N.

We consider the stronger ergodic property based on a second spectral gap.

Assumption 3.2. There exists a probability measure p on (S,.7), a positive real number M,
a € (0,1), a finite non-empty set J of indices, distinct complex eigenvalues {«;, j € J} of the
operator Q with |aj| = «, non-zero complex projectors {R;, j € J} defined on CBy(S), the C-
vector space spanned by By(S), such that Rjo Ry =R oR; =0 for all j # j' (so that ZjeJRj
is also a projector defined on CBy(S)) and a positive sequence (B,,n € N) converging to 0, such
that for all f € By(S), with 6; = a;/a:

3) Q"(f) = (. f) = a™ 3 07 Ry(f)] < M Bua”flloe Jor all m € N,

jeJ
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Without loss of generality, we shall assume that the sequence (8,,n € N) in Assumption 3.2 is
non-increasing and bounded from above by 1. This assumption will be used when o = 1/+/2. For
f € By(S), f and f will denote the functions defined by:

(4) f=f—{fu) and f=Ff—a™> 07R;(f).

jeJ

Let f = (fe, £ € N) be a sequence of elements of B,(S). We will assume in the sequel that

(5) sup{| felloo} = coo < o0,

¢eN
in such a way that (2) and (3) are uniformly satisfied by the sequence f. We set for n € N and
i€ Ty,:

n—|i| n—|i|

(6) Noal) = S NLL(F) = 1Gal V2 Y M, (o).
=0

£=0

We deduce that >, Nni(f) = |G,,|~1/2 Z:_ok Mg, _,(f¢) which gives for k = 0 that

Nn,@(f) = ‘Gn|_1/2 Z Mane (.fl)
£=0

To study the asymptotics of N, ¢(f), it is convenient to write for n > k > 1:

k—1
(7) Noo() = 1Gal ™2 Y~ Mg, (fur) + Y NuilD.

r=0 1€Gy

Asymptotic normality for N, ¢(f) have been studied in [5]. Our aim in this paper is to complete
this result by studying moderate deviation principles for N,, 4(f). More precisely, given a sequence
(bn,n € N) such that:

bn

lim b, =00 and lim ——— =0,
n—o00 n—o00 |Gn|

our aim is to prove that b, ' N, ¢(f) satisfies a moderate deviation principle with speed b? and rate
function I defined by

LS~ i S(7) £ 0

8) I(z) = sup{\z — %Azz(f)_l} = {+oo it X(f)=0

A€ER

where

2(f) = TP (F) = 5P (F) + 2850 () if 207 < 1
V= B(F) = 2R + 28874(f) if 207 =1,
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with
9 W= 2w+ Y 2w P ((@f)e?)),
>0 >0, k>0
10)  WPH = Y 2w QT )+ Y 2T P (Q i Gaym @),
0<e<k o%gk
(11) () = ZT (1, P fr k) 22 b Z 1, P(R; (fr) ®sym Rj(fx))),
k>0 E>0 jeJ
(12) 25 (F) = Z 2= RO P ),
0<t<k
and where for k,¢ € N:
(13) fie=>_ 05 R(fi) ®sym Rj(fe)-
JEJ

More precisely, our aim is to prove that

— inf I(z) < hmmfb— logP(b,,' N, ¢(f) € A) < limsup biQ logP(b, ' N,, o(f) € A) < — inf I(2),

TEA° n—oo by n—oo 0Op €A
where A° and A denote respectively the interior and the closure of A. In particular, the latter
asymptotic result implies that

.1 _
lim @bgﬂn (|67 Nup(F)| > 6) = —1(6) V6> 0.

We note that 2a? < 1 corresponds to the sub-critical regime and 2a? = 1 to the critical regime.
The super-critical regime, that is the case where 2a2 > 1, is not treated in this paper. Indeed, for
this case, another way to centered the functions is necessary to get moderate deviation principles.
This will be done in a future work.

Remark 3.3. Let f € By(S). If the sequence f = (f¢, £ € N) is defined by: fo = f and f; = 0 for all
¢ > 1, then we have N, ¢(f) = |G,|"*/2Mg, (f) and 2(f) = S¢(f), where

SEO(F) = (1 f%) + s 2 (0P (Q4F9?)) 202 <1
Ye(f) = . = - o
SEUL) = 2e 1 P(Ri(f) @sym R;(f)))  if 207 =1,
If the sequence f = (f,¢ € N) is defined by: f, = f for all £ € N, then we have N, ¢4(f) =
|G| 7V/2 My, (f) = V2 =277 |T,|7V/2 My, (f) and 3(f) = Sr(f), where

Sr(f) = SRP(f) = P (f) + 22511b(f) if 202 < 1
T E%rit(f) — Eglt(f) + QEcrlt(f) if 20[2 _ 17

with
SHS(F) = 2o FQ ) + 22 (0P (Q'F @y @S,
= =

chl‘rg Z \/*e 1 /’L’,P(,R’](f) ®sym ﬁJ(f)))

jeJ
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4. THE MAIN RESULTS

4.1. The sub-critical cases: 2a% < 1.
In the sub-critical case, we consider a sequence (b,,,n € N) such that:

lim b, =00 and lim bin =0.
n— oo n—o00 |Gn|

Then, we have the following result.

Theorem 4.1. Let X be a BMC with kernel P and initial distribution v such that Assumption
3.1 is in force with o € (0,1/v/2). Let f = (fo,£ € N) be a sequence of elements of By(S) satisfying
(5) and Assumption 3.1 uniformly. Then b,*N, ¢(f) satisfies a moderate deviation principle with
speed b2 and rate function I defined in (8).

As a direct consequence of Remark 3.3 and Theorem 4.1, we have the following result.

Corollary 4.2. Let X be a BMC with kernel P and initial distribution v such that Assumption 3.1
is in force with o € (0,1/v/2). Let f € By(S). Then b, 'G,|~2Mg, (f) and b, T, |~ Y2 Mz, (f)
satisfy a moderate deviation principle with speed b2 and rate function I defined in (8), with X(f)

replaced respectively by L (f) and Xq(f).
4.2. The critical cases: 2a? = 1.
In this critical case, we consider a sequence (b,,n € N) such that:

(14) lim b, =co and lim b

n

=0.

Then, we have the following result.

Theorem 4.3. Let X be a BMC with kernel P and initial distribution v such that Assumption
3.2 is in force with o = 1/+/2. Let § = (fo,£ € N) be a sequence of elements of By (S) satisfying (5)
and Assumption 3.2 uniformly. Then bgln_%Nn’@(f) satisfies a moderate deviation principle with
speed b2 and rate function I defined in (8).

As a direct consequence of Remark 3.3 and Theorem 4.3, we have the following result.

Corollary 4.4. Let X be a BMC with kernel P and initial distribution v such that Assumption 3.2
is in force with o = 1/3/2. Let f € By(S). Then b, (n|G,|) "2 Mg, (f) and b, (n|T,|)~*/2Mr, (f)
satisfy a moderate deviation principle with speed b2 and rate function I defined in (8), with X(f)
replaced respectively by Y (f) and Xq(f).

5. PROOF OF THEOREM 4.1

5.1. A quick overview of our strategy.

Let (pn,n € N) be a non-decreasing sequence of elements of N* such that:
n

(15) P < =
2

When there is no ambiguity, we write p for p,,.

Let i,5 € T. We write 7 < j if 7 € iT. We denote by i A j the most recent common ancestor of
i and 7, which is defined as the only u € T such that if v € T and v < i, v < j then v < u. We
also define the lexicographic order i < j if either ¢ < j or v0 < ¢ and vl < j for v =i A j. Let
X = (X;,i €T) be a BMC with kernel P and initial measure v. For i € T, we define the o-field:

Fi ={Xu;u € T such that u < i}.
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By construction, the o-fields (F;; ¢ € T) are nested as F; C F; for i < j.
We define for n € N, i € G,,_p, and f € F the martingale increments:
(16) An,i(f) = Nn,?(f) —E [Nn,v(f)| Fi] and  A,(f) = Z An,i(f)~
i€Gnp,,
Thanks to (6), we have:

Pn n
D Nailf) =1Gal VY Ma, (fo) = Gal V2 YT Me, (fami)-

i1€Gn—p, =0 k=n—pn

Using the branching Markov property, and (6), we get for ¢ € G,,_,,

E [No i (D) 7] = B[N Xi] = 1672 Y B, [Me,, ()]

£=0
We deduce from (7) with k = n — p,, that:
(17) N (F) = An(f) + Ro(n) + Ri(n),
with
n—pn—1 ~
Ro(n) = [Gn| ™% Y~ Mg (far) and Ri(n)= Y E[Nu(f)|F].
k=0 iGanpn
Our goals will be achieved if we prove the following:
1
(18) Vo >0, lim —— log P(|b,, ! Ro(n)| > &) = —o0;
n—oo b2
1
(19) ¥ >0, lim o log P(|b,, ' Ry (n)| > &) = —o0;
n oo n
(20) b YA, (f) satisfies a MDP on S with speed b2 and rate function I.

Note that (18) and (19) mean that Ro(n) and Rj(n) are negligible in the sense of moderate
deviations in such a way that from (52), N, ¢(f) and A, (f) satisfy the same moderate deviation
principle (see Dembo and Zeitouni [10], chap. 4).

5.2. Proof of (18).
Using the Chernoff inequality, we have, for all A > 0,

(21) P(b; ' Ro(n) > 8) < exp(—Ab, |G|/ E

n—p—1

exp <)‘ Z MGk(fn—k))]'
k=0

For all £ € {0,...,n—p— 1}, we set

n—p—~£—2 Vi
I,=E lexp </\ Z Mg, (fn—k)) exp (AMG”pz1 (Z gp,r7g>>‘| ,

k=0 r=0
where gp, ¢ = 27 QTpr_;,_g_i_l_,«, with the convention that an empty sum is zero. Forall ¢ € {0,...,n—
p — 2}, we have the following decomposition:

n—p—~L—2 2
exp (/\ > MGk(fn—k)> exp (AMG",J“ (ZQ Q(Qmé))) Je] :

k=0 r=0

(220 I, =E
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where

Jo=E |exp [ A Z Z (gp,r,é(XiO) +gp,7",€(Xi1) - 2Q(gp,7" 2) ‘Hn p—£—2

1€Gp_p_g—2 7=0

Using branching Markov property, we get

Je = H Ex,

1€GHL_p_r_2

14

exXp <>\ Z (gp,r,Z(XiO) + gp,T,Z(Xil) - 2Q(gp,r2)(Xz))>] .
r=0

Using (2) and (5), we get

14

> Gpre(Xio) + gpre(Xir) — 2Q(gp.re) (Xi))
r=0

14

< 2Mecoo 2(2 a)’.

r=0

Using Lemma 8.2 and the latter inequality, we get, for all ¢ € G,,_p_r—2,

4
lexp ( Z gp,rf 10 + p, TZ(X ) QQ(gpﬂ‘,Z)(Xz))) < €xXp (2)‘2M20io(1 + a)QG?) )
r=0

with ap = Zﬁzo(Qa)’”. The latter inequality implies that

(23) Jo <exp (2N M3 (1 + a)?a}|Gpp_s—2]) .
From (22) and (23), it follows that
(24) I, < exp (2)\2M2(:§O(1 + a)2a3|(Gn_p_g_2|) Toyq.

Using the recurrence (24) for all £ € {0,...,n — p — 2} for the first inequality, (3) and (5) for the
second inequality, we are led to

n—p—1 n—p—2
exp ( Z Mg, ( Fozr >] =1y <exp (2)\2M2(;ZO(1 + a)? Z a?Gn_p_g_ﬂ) L—p—1
=0

J4

n—p—2 n—p—1
< exp (2)\2M2 2 (1+a)? Z a2Gpp_t—a| + Ao M Z 20) 7+1> .
£=0 r=0
We have
6|an1| if2a§1
—p—2 o .

n—p . § iy [Gap1l if 1 <20 <v2

2 aflGnpra <3 P (n—p—1)|G | if2a2=1

=0 (2a—1)2 p— n—p—1 1 —

G TrEar (202D if 207 > 1

It follows from (21) that for all A > 0, there exists a positive constant ¢, such that
(25) P(b, " Ro(n) > &) < exp (—Abannl”“‘ + X Gp| + caA(1+ (m)”"’)) .

Taking A = 271 ¢ 6 b, |G, | |G,,|~1/? in (25), we get, for some positive constant c,,g,

Ca,6 b% |Gp| 52>

P (b;lRo(n) > 6) < exp < "
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Doing the same thing for the sequence —f instead of §, we conclude that

_Cays b7, Gy 62)

P (fb;lRo(n)| >4) <2exp ( i

In the latter inequality, taking the log, dividing by b2 and letting n goes to infinity, we get the
result.

Remark 5.1. Let f € B(S). Since we will use frequently this type of i~nequality7 we give here
a general procedure to upper-bound the probability P(||G,—p| ' Mg, _,(f)| > §). From Chernoff
inequality, we have, for all A > 0,

(26) P (|IGumsl M, ()| > 0) < exp (~A3IGu—p ) E [exp (AMe,_, (F)] -

For all m € {0,...,n — p}, we set

L, =E [exp (ZmAMG7L7p77n(Q7"f))} .

Using the branching Markov property, we have

I,=E [exp (2m+1)\M¢;n7p7,,171 (Qm+1f)) Jm} )
where

Jm = H Ex, [exp (2m/\ (me(Xio) + QM f(Xn) — QQme(Xz‘))ﬂ .

1€6n—p—m—1
Using (2) and Lemma 8.2, we have the following upper-bound:
Jm < exp (N[ fI5M? (1 + a)*(20%)"|Gppl) -
This implies that
(27) I < exp (A2 M*(1 + )*(20%)™|Gn—p]) Tnut1-
Using the recurrence relation (27) and (2) (to upper-bound I,,_,), we are led to

(28) Io < exp (M| f12M*(1 + @)?a0,n|Gnp| + Allfllec M (20)"77) ,

where aq,, = Z:Ln__%_l(QOL2)m. We set an = limy, o0 Go.n, Which is finite since 2a? < 1. Taking

A =3/2|IfII2.M2(1 + a)%as) in (26) and using (28), we are led to

o 7G| 2| M7
1 < - nop - > )
P (Gl e (12 ) < o0 (i Sy, (1 257 )

Finally, since we can do the same thing for —f instead of f, we conclude that

. 5%|Ge 2|/ f | Mam "
(29) P (|[Gnyl " Ma,, ()] > 6) < 2exp <4||f||2 M|2(11|a)2aa <1 171 o ))
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5.3. proof of (19). )
We set g, = > h_, 2P~ ¢QP~¢ f, in such a way that using the definition of R;(n), we have

P (5 R ()] > 8) =P (1Gu-p| ™! [Ma,_, (g))] > 00alGnl 7/%(Gy ) -
Using (2) and (5), we have

cooM(p+1) if2a<1
ngHoo < .
CaCoocM if 1 <2a< \/5
Applying (29) to g, and 5bn|Gn|_1/2|Gp|, we get, for n going to infinity and for some positive
constant Cy s,
2exp (—Cas 0% 0, [Gylp™?) if 20 <1

P (b, R >6) <
( n | 1(n)| ) - {2eXp (_Ca,6 62[)% (2@2)_p) if 1 <2a< \/5

Finally, (19) follows by taking the log, dividing by b2 and letting n goes to infinity in the latter
inequality.

5.4. Proof of (20): Moderate deviations principle for b, 1A, (f).
First we study the bracket of A, (f):

Vi = Y E[A()*F]-
i€Gn_py,
Using (6) and (16), we write:

(30)  V(n)=1G.~" Y Ex (Z M«;pn_z(fe)> — Ra(n) = Vi(n) +2Va(n) — Ra(n),
£=0

ieGn*Pn
with:

Pn
Vi) =Gl 7t > D Ex, [Ms, ()7
i€Gpp,, =0

Vam) =167t Y Y Ex, M, ()M, ()]

1€Gn—p, 0<U<k<p,
Ry(n)= > E[N.i(fIXi]*.
1€Gn_p,

Lemma 5.2. Under the Assumptions of Theorem 4.1, we have
1
(31) lim sup

n—00 b%

logP (Rz(n) > §) = —o0.

Proof. Using the branching Markov property, we have

» 2
(32) Ry(n) = |G, |~ Z gp(Xi), with 9p<22per€fz> .

i€Cn—p =0
Using (2) and (5), we get

P 2 2 g2 2
B M?(p+1) if 20 <1
<2 M? 2P| < .
ol = <§( ) ) ) {cio Mo (207 1< 20 < V2,
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This implies that Ra(n) is upper-bounded by a deterministic sequence which converge to 0. As a
consequence, we conclude that (31) holds. O

Lemma 5.3. Under the Assumptions of Theorem 4.1, we have

1 )
limsup 35 log P ([Vi (n) = 35°(7)| > 6) = —o0,

where
S =Y () Y 2 (P ((Q4702) ) = Ha() + Ha(f)
£>0 £>0,k>0
Proof. Using (65), we get:
(33) Vi(n) = Vs(n) + Va(n),
with

p
Va(n) = [Ga|™" Y Y 2P QPR (X),
1€Gy_p £=0
p—1 p—£—1
Vi) = (6,70 Y 33D 2ttt s (p (0 st ) (X,
1€Gn_p =0 k=0

The proof is divided into two parts.

Part I. First we prove that

1
(34) lim sup

P
_ —t 72 —¢ ) . —0 F2\ _
H3(f)_z2 <:U‘7f€>+22 <:u’7f€> and nli)HéOZQ <,U,fg>—0,
(=0 £>p £>p
then to get (34), it suffices to prove that

log P (|Vs(n) — H3(f)| > ) = —o0.

Since

n—oo Up

~ L ) _ sy _ Nt [, 72
lim sup 2 log P <|V3(n) — H3" ()] > 5) = —o0, where H3 (f) = ;2 <,u,fe >
We set
P
gp =270 (f2 = (u. /7)) andthen Va(n)— H{'() = |Gyl " Me,, (9):
=0

Using (2) and (5), we have, for some positive constant cq,
4c% co M27P if 2a < 1
gplec < 4 42 M(p+1)a? if2a>1
< M(p aP if 2a > 1.
Using (29), we get, for n going to infinity and for some positive constant Cy s:

2 exp (—(520a75|Gn+p|) if2a <1

-y _ prlnl
P ([vatm) - 2] <f>\>5)<{26xp(—520a,5pQGnKmQ)p) if1<2a < V2

Finally, (34) follows from the latter inequality by taking the log and dividing by b2.
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Part II. Next, we prove that

(35) limsupbi2 logP (|Va(n) — Ha(f)| > 26) = —o0.

n—oo Yp
Note that Vi(n) — Hy(f) = |Gn—p| Mg, _, (Hsn(f) — Hu(f)), where
(36) Hin(H= h%]gl{ukp} and Hy(f)= > hog,
£>0,k>0 £>0,k>0
with
B =260 Qe (p(Qfue?) ) and s = (P ((Q4F0)e?) )
Using (2) and (5), we have

(37) |hei| + [BY7)| < 202 M?(20%)k2.

Let r¢ large enough such that

(38) 23, M? > (2a*)F270 <6,
INk>rg

For n going to infinity, we have

Mg, _,(Han(F) = Hi(0)| < 1M, _,( S (A = hea))| +Me, (> (Jhel + [R0D)

IVEk<rg LNV Ek>rg
(39) < Mg, (3 (WY = hep))l + 262 MGy > (2a2)F27F,
WVEk<ro NVE>T

where we used (37) for the second inequality. From (39), we get
(40) Va(n) = Ha(D)| < Gyl T Me,_ (gp)] + 263, M? Y (20%)727,

INVEk>To
where g, = vakgo(hzlk) — hei). From (38) and (40), to get (35), it suffices to prove that
1
(41) lim sup

m su E logP (||Gn_p|71MGn7p(gp)| > 5) }
Using (2) and (5) twice, we have, for some positive constant c,,

20)70  if 20 <1
o < E M3eoy(ro)aP™t  where ro) = o -
lgplloc < e v(ro) v(ro) {(2@)”3 1< 20 < V3.
Using (29) with g, instead of f, we get, for some positive constant Cy s,
P (||Gn_p|_1M¢;”7p(gp)‘ > 5) < exp (—520a,5|Gn_p|04_2p) .

Taking the log, dividing by b2 and letting n goes to infinity in the latter inequality, we get (41)
and then (35). O

Lemma 5.4. Under the Assumptions of Theorem 4.1, we have
. 1 su
llrrln%sotcl)p = log P (|Va(n) — 3 b(f)| > §) = —oo,

where

D) = Y 2 (@ )+ Y0 2 (1P (Q i G @) ) = Hs () + Ho(f)
0<t<k o%gk
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Proof. Using (66), we get:
(42) Va(n) = Vs(n) + Vs(n),
with
Vi) =[Gl Y0 DD 2t (it (X,
i€Gp—p 0SL<K<p

p—k—1

Ve(n) = |Gn|_l Z Z Z op—L+r Qp—l—(r+k) (fp (Qrfk ®sym Qk_£+rfg>) (X;).

1€Gy_p 0<l<k<p r=0

Part I. First, we prove that

(43) Jimn sup biz log P (|Ve(n) — He(f)| > 26) = —oc.

n—oo Up

We have Vs(n) — Hg(f) = |Gn,p\_1MG"7p (Hgn(f) — He(f)), where
Hon( = > B0 Lipnepy and He(f) = > hies,

0<t<k 0<t<k
r>0 r>0

with
h](:t;,r _ 27’7@ Q;Dflf(r+k:) <7) (Qr,fk Rsym Qkferrfz)) and
By =2""" <M7 P (Qrfk ®sym Qkieﬂfz» .
Using (2) and (5), we have

(44) ekl + (R, < 262 M2 27— oh=t42r,
Let rg large enough such that
(45) 22, M? Y 2rtak
0< <k
r>0
kVr>rg

We set g, = > g<pcr. >0, ergrg(hl(cT,LZ),r — hier). Using (44), we have, for n going to infinity in

such a way that p > ro,

(46) Vs(n) = He(P)| < Gyl [Me,_, (gp)] + 262 M? Y7 27 Cal =02,

0<t<k
r>0
kVr>rg

From (45) and (46), to get (43), it suffices to prove that
. 1 _

(47) lim sup 1 log P (‘ |Ghn—pl 1M¢;,n7p (gp)’ > 5) = —00.
n—oo O

Using (2) and (5) twice, we have, for some positive constant c,,

lgplloc < 2ca 2 M (ro) a?,

N UM EES
T =
TI= 2 if 20 > 1.

where
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Using (29) with g, instead of f, we get, for some positive constant Cy s,

P (“Gn—p|71MGn—p(gP)| > 5) < exp (7520a,5|Gn—p|a72p) .
Taking the log, dividing by b2 and letting n goes to infinity in the latter inequality, we get (47)
and then (43).

Part II. Next, with the finite constant H;(f) defined by:
Hs(f) = Y 27w, Q" fo),
0<¢(<k

we prove that
1

(48) limsupb—2 logP (|Vs(n) — H5(f)| > 2§) = —o0.
n—oo U
We set
Hs ,(f) = Z h;(:g?l{kgp}y and H{"(f) = Z P o Lgr<py
0<e<k 0<e<k
with

hl(cnl? =27 fgrt (kak_efa Lk<py and hyy = <M, kak_€f£>~
We have the following decomposition:
Va(n) = Hs(f) = |Gup| ™M, _, (Hon(H) = HY'(5)) + (HE' () — Hs()

Using (2) and (5), we have
1) + |hiel < 262, Mak~f27¢,

which implies that lim,, . |H5(f) — Hs["] (f)] = 0. As a result, to get (48), it suffices to prove that

(49) lim sup biz 0g P (|G M, (Hs.n(f) = HY'())| > 8) = 0.

n— oo

Setting g, = Hs ,(f) — Hg[)n] (f), we have, using (2) and (5):

lgolloe < c27P if2a<1
Iplleo = Capal? if1§2a<\/§,

for some positive constant c,. Finally, (49), and then (48), follows by applying (29) to g, instead
of f and by taking the log, dividing by b2 and by letting n goes to infinity. 0

As a direct consequence of (30) and Lemmas 5.2, 5.3 and 5.4, we have the following result.

Lemma 5.5. Under the Assumptions of Theorem 4.1, we have

. 1 u
lim sup 5 logP ([V(n) — Z°(f)| > 6) = —o0

n— 00 n
We can now state the following result.

Lemma 5.6. Under Assumptions of Theorem 4.1, we have that b, 1A, (f) satisfies a moderate
deviation principle with speed b2 and rate function I defined in (8).
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Proof. Since p < n/2, we have for all i € G,,_p,

Ani(f)] € 2027277 < C,

where C' is a positive constant. This implies that A, (f) is a martingale with bounded differences.
Using the result of Dembo [9] (see also Djellout [11] and Puhalski [16]), we get the result from
Lemma 5.5. U

5.5. Completion of the proof of Theorem 4.1. Finally, using the decomposition (52) and the
results of sections 5.2, 5.3 and 5.4, we deduce Theorem 4.1.

6. PROOF OF THEOREM 4.3

6.1. A quick overview of our strategy.
Let (pn,n € N) be a non-decreasing sequence of elements of N* such that, for all A > 0:

(50) pn<n, lim p,/n=1 and Ulm n—p, — Alog(n) = +oo.
n—oo

n—oo

When there is no ambiguity, we write p for p,. Let us consider the sequence f = (fs, ¢ € N)
of elements of By(.S) which satisfies the Assumption (3.2) (and then Assumption 3.1) uniformly,
namely:

(51) 1Q"(fe)l < Macoo and Q" (fo)| < MBaacs

It follows from (51) that there exists a finite constant c; depending only on {«;,j € J} such that
forall e N, neN, joeJ

|ff|SMCDOa ‘.}FA SMCOCH |<Haff>‘ SMCoov |20;IR](]0€)| §2Mcoo and ‘Rjo(ff” SCJMCOO'

jeJ
We recall that:
(52) Npng(f) = An(f) + Ro(n) + Ri(n),
with
n—pn—1
Ro(n) =|Gu|™"? Y Mg, (fak) and Ri(n)= > E[N,:(f)|F].
k=0 i€Cp_pn,

Let (by)nen be a sequence elements of N such that :
b

—
/TL|Gn| n—oo

b, — oo and 0

Our goals will be achieved if we prove the following:

1
(53) Vo > 0, nl;rrgo = logP(|b;1n*1/2RO(n)| > §) = —o0;
1 1, -1/2
(54) Vo > 0, nl;rrgo b—210gﬂ”(|bn n Ri(n)| > d) = —o0;

(55) b 'nY2A,(f) satisfies a MDP on S with speed b2 and rate function I.
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6.2. proof of (53).
We follow the same lines of the proof of (18) with 2a? = 1. First, using Chernoff inequality, we
have

P (b;ln—l/QRo(n) > 5) < exp (—Abn5|Gn|%n1/2) E

exp (A i MGk(fnk)ﬂ :

k=0
bn‘s(n‘GnDl/?
QCQ(TL—]))‘G”,M
b25%n|G,|
P (o' n /2R 6) | < 2exp (20 00 )
b 02 Ro(m) > 6) | < 2ep (2
Finally, taking the log, dividing by b2 and letting n goes to infinity, we get the result.

Next, taking A = and doing the same thing for —f instead of §, we get

Remark 6.1. We have the following version of Remark 5.1 when 2a? = 1:

B 5°n|G—p| )
A flI2M2(1+ )2 (n—p) )

6.3. proof of (54). With g, = >7_, 2r=tQP=tf, and using the definition of R;(n), we have for
all § >0

P (b7  Ra(n)] > on'/2) =P (|Gu-p| ' [M

66)  B([Guy Mo, (P > 0n/2) < 2exp (

)| > buon!21G,IGa| 772)

n—p(9p
So according to (51) , we have:
19plloc < CooCaM|Gp|1/2~

By applying (56) to g, and b,dn'/2|G,||G,|"*/? and using the fact that 2a? = 1, we have:

b262%n
1 1/2 n
B (5 a0l > 6n17%) < 200 (gt e )

So taking the log and dividing by b2, and letting n goes to infinity, we get the result.

6.4. Proof of (55): Moderate deviations principle for b, 'n=1/2A,,(f).
First we study the bracket of n=2 A, (f) given by n=1V (n), where V (n) is defined in (30). We have
the following result:

Lemma 6.2. Under the assumptions of Theorem 4.3, we have

. 1 _
hﬂso%pb? logP (In"'Ra(n)| > 6) = —oc.

Proof. Recall the definition of R2(n) and g, given in (32). So according to (51) and using 2a? = 1,
we have g, |lc0 < ¢2c2M?|G,|. This implies that

— o0 T
2 22
cs ca M
Ro(n) < ==— — 0.
n n—o00

Therefore, Ro(n) is upper-bounded by a deterministic sequence which goes to 0. According to
Remark 8.1, we get the result. 0

Lemma 6.3. Under the assumptions of Theorem 4.3, we have

1
lim sup W
n—00 n

log P (|n~'Vi(n) = Z§7(f)| > §) = —o0.
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Proof. Recall the decomposition of V;(n) given in (33) and the definition of X"(f) given in 11.
The proof is divided into two parts.

Part 1. First we prove that
. 1 _
lim sup 2 logP (|n~'V3(n)| > 6) = —o0.
n— 00 n

Indeed we have

P
n~'Vs(n) = ‘Gn—prlnilManp (9p), where g, = 224@1)76(]{42)-
(=0

Since the sequence f = (f;,¢ € N) satisfies (5), we have |g,|lec < 4c¢. This implies that
In=1V3(n)| < 4c2,nt. So n~1V3(n) is upper-bounded by a deterministic sequence which goes
to 0. Then applying the remark 8.1 to n=V3(n), we get the result.

Part II. Next, we prove that

limsup — 2
n— oo

Recall Hy ,,(f) and fr ¢ defined respectively in (36) and (13). For k,¢,r € N, we consider the
following C-valued functions defined on S2:

(57) Trer = (D0 R (1)) @eym (3207 Ry (1))
JjeJ jeJ

10g]P’(|n Wi(n) = S7(F)| > 6) = —oo.

Recall that 2a? = 1. We set Hy,, = 2050, k>0 Bg"k) 1o4k<py With
h(n) ok—t o2k gp—1- (+k) (Pfoos) =2" —t gr-1- (0+k) (Pfeer).
For f € By(S), recall f defined in (4). Then we have hglk) héng = hZ}CI + hZ’k + hZ’]S’, where
th:l = 2k*pr*1*(Z+k)P(Qkfk ®Sym Qkfk)
hg — gk—top—1- (£+k)7p(Qk Fr @ym Q ZR (fe)))
JjEJ
hpit =270 EIP(QN YR (fi)) Baym Q" (D R; ()
= jeJ
This implies that

n_1|anp‘_1MGn7p(H4,n(f)_H4,n( f)) =n" 1|Gn p| ! Z Z Z h% 1{l+k<p}

UEG,_p i=1 £>0;k>0
Using Assumption 3.2, (5) and the fact that the sequence (B4, k € N) is decreasing, we can upper
bound each function |hy%|, i € {1,2,3}, by C27*B,. This implies that

p—1

(58) }nillGn—prlManp (H4,n(f) - H4,n(f))| <Cn7' Z Bk

We set

H = Z helineecpy With ey =270 P(fren)-
£0:k>0
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Using Assumption 3.2 and (5), we get

= (n) ! p—1—(L+k) 1 \?1 1 0k
™o <270 [ — < — — .
‘h&k h@,k‘ > 2 (\/5) ||,P(f€,é7k)”oo = C (ﬁ) (ﬁ)

This implies that
(59) [0 G|~ M, (Haa(f) = HY()] < O
Finally, from [5], we have

(60) lim [0~ H () — S57(7)| = 0,

n— oo

From (58), (59) and (60), we conclude that |n~=1Vy(n)—X{1(f)| is upper-bounded by a deterministic
sequence which goes to 0. Therefore applying the remark 8.1 to n=1Vy(n) — X1(f), we get the
result. O

Lemma 6.4. Under the assumptions of Theorem 4.3, we have

: 1 — cri
llrlgisolép =1 logP (In~"Va(n) — S5 ()| > 6) = —oo.
Proof. Recall the decomposition given in (42). Then following the lines of the proof of Lemma 6.3,
we prove that

. 1 — : 1 — cri
limsup — logP (|n~'V5(n)| > §) = —oo and hmsupb—Zlog]P’ (Jn"'Vs(n) — 5 (f)| > 6) = —o0,

b2
n—00 n n—o00 n

and the result follows. O

As a direct consequence of (30) and Lemmas 6.2, 6.3 and 6.4, we have the following result.

Lemma 6.5. Under the assumptions of Theorem 4.3, we have

li?asogp b% logP (|V(n) — (f)| > §) = —oc.

n

Next, contrary to the sub-critical case, we need to check the exponential Lindeberg condition
and Chen-Ledoux type condition, that is conditions (C2) and (C3) given in Proposition 8.4.
Indeed, in the critical case, the martingale n_%An(f) does not have bounded differences in such a
way that Lemma 6.5 is not longer sufficient to get the moderate deviations principle of n*%An(f).
In order to check exponential Lindeberg condition, we have the following exponential Lyapunov
condition which implies the exponential Lindeberg condition.

Lemma 6.6. Under the assumptions of Theorem 4.3, we have

. 1 9 4 0|Gy|n
h;n_}s;l}pElogP | Z nE [A, i (F)*F] > 0 =—o00 V§>0.
1€Gnr_p
Proof. For all i € G,,_,, we have
p ~
(61) E [Ana(f)1F] < 16(p+1)%272" Y Ex, [Me, ()",

£=0



MODERATE DEVIATIONS PRINCIPLES FOR BMC 19

where we have used the definition of A, ;(§), the inequality (3;_oax)? < (r +1)33,_,af and
the branching Markov property. Using (2) and (5), we can apply Theorem 2.1 given in [6] with
202 =1 to get Ex,[Mg,_,(fe)*] < Cp?22P=9. The latter inequality and (61) imply that

b2
”‘Gn|

(62) S 0 E [A(DHIF] < 02 (n]G) ).
1€Cp_p

From (14) and (50), we have
(63) lim n*27"*"((n|G,|)~'b2) = 0.

n— oo

Finally, the result of the Lemma follows using (62), (63) and Remark 8.1. O
For Chen-Ledoux type condition, we have the following result.

Lemma 6.7. Under the assumptions of Theorem 4.3, we have

1
lim sup — log P <|Gn| sup Pgr, (\Anl(f)| > bm/n|Gn|)> = —o0.

b2
n—o00 n 1€Gn_p

Proof.
Using (5), we have, for n large enough and for all i € G,,—p,, [Ani(f)] < 0273+ < bn/1|Gy .
This implies that

From the latter equality and using the convention log(0) = —oo, we get the result of the Lemma. O
We can now state the following result.

Lemma 6.8. Under the assumptions of Theorem 4.3, we have that n='/2b; A, (f) satisfies a
moderate deviation principle with speed b2 and rate function I defined in (8).

Proof. Applying Theorem 1 in [11] (a simplified version is given in Proposition 8.4) to the martin-
gale differences n='/2A,, ;(f), the proof follows from Lemmas 6.5, 6.6 and 6.7. a

6.5. Completion of the proof of Theorem 4.3. Finally, using (52), (53), (54) and Lemma 6.8,
we deduce Theorem 4.3.

7. NUMERICAL STUDIES

For our numerical illustrations, we consider a BMC (X, u € T) living in [0, 1], with transition

P = Q® Q given by

_ yd—y)? y*(1—y)

Qx,y) == (1—2x) B@.3) +z BG2)
with B(a, 8) the normalizing constant of a standard Beta distribution with shape parameters «
and f. For simplicity, we choose Xy such that £(Xy) = Beta(2,2), where Beta(2, 2) is the standard
Beta distribution with shape parameters (2,2). Now, one can prove that this process is stationary,
it has an explicit invariant density: the standard Beta distribution with shape parameters (2, 2).
One can also prove that E [X,0|Xy] = E[Xu1]Xu] = Xu/5 + 2/5, (for more details, we refer e.g.
to [15]). Now, it is not hard to verify that this process satisfies our required assumptions. In
particular, using for example Theorem 2.1 in [13], one can prove that Assumption 3.1 is satisfied
with & = 1/5. We are thus in the sub-critical case. First, we will illustrate Theorem 4.1 (and more

z,y €[0,1],
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precisely Corollary 4.4) with the sequence f = (f,0,0,...) and the function f(z) = z. In this case,
we have the following exact results:

1 - 115

(o f) =5 QF@) =5 @—1) VE20, Sa(f)=6/115 and 1(5)=—
Next, we will illustrate that the range of speed considered in the critical case does not work in
this example. For that purpose, we simulate B = 50000 samples (X(S) = (Xi(f),u € Gi2),s €

{1,..., B}) of the bifurcating Markov chain at the n-th generation, with n = 12. For each sample
X©) | we compute b;lNr(i%(f) =0 1G, |72y (Xff) — 1/2). Finally, for different values of
=) -1 B
§ > 0, we compute b,?log(B~' >, 1{\b;1ij§)(f)|>6})
the rate function. Next in the same graph, we plot the true rate function and the empirical rate
function. As we can see in Figure 1, the empirical rate function fit well exact rate function, except
in the last figure where the empirical rate function is near to 0 since the speed considered is not
valid for the subcritical case, but only for the critical. We also stress that the differences observed
between empirical and exact rate functions can be explained from the fact that the sample size is
not large enough.

52

ueG,
. This allows us to get empirical values of

8. APPENDIX
The following Remark is used in the proofs of Lemmas 6.3, 6.4 and 6.2.

Remark 8.1.

We assume that (9, d) is a metric space. Let (Z,), cy be a sequence of random variables valued
in S, Z a random variable valued in S and v, a rate. So if d(Z,,Z) is upper-bounded by a
deterministic sequence which converges to 0, then, for all sequence (v,,n € N) converging to oo,
Z, converges v,- superexponentially fast in probability to Z, that is for all 4 > 0,

lim sup 1 logP (d(Zy, Z) > §) = —o0.

n—oo /U’Vl

The following result is known as Azuma-Bennett-Hoeffding inequality [2, 4, 14].

Lemma 8.2. Let X be a real-valued and centered random variable such that a < X < b a.s., with
a <b. Then for all X > 0, we have

E [exp (AX)] < exp (/\2(5‘1)2) .

8
We have the following many-to-one formulas. Ideas of the proofs can be found in [12] and [6].

Lemma 8.3. Let f,g € B(S), x € S and n > m > 0. Assuming that all the quantities below are
well defined, we have:

(64) By [Mg, (f)] = |Gn| Q" f(2) = 2" Q" f(2),

(65) E, [Mg,(f)?] =2" Q"(f*)(2) + Y 2" Q" "1 (P (Q"f ® Q"f)) (2),
k=0

(66)  E;[Mg,(f)Mg,,(9)] =2"Q™ (9Q" ™) (x)

+ 3 2mtk Qrk1 (P (QFg @y QPR (a).

k=0
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rate function for the MDP of rate function for the MDP of
VIGia| M log(|G12]) " Mg, , (z — 1/2) VIG 12| THGro| 4 M, , (x — 1/2)
=) =)
& &
S S
—— Theoretical rate function —— Theoretical rate function
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FIGURE 1. Exact and empirical rate functions for the moderate deviation prin-
ciples of |G, |~Y/2b; 1 Mg, (x — 1/2). In the first three figures, one can see that
empirical rate function fit well the exact rate function. The differences can be ex-
plained from the fact that the sample size is not large enough to generate enough
large deviation events. In the last figure, one can see that the empirical rate func-
tion is reduced to 0. This is due to the fact that the speed considered here is valid
only in the critical case, not in the subcritical case.

We recall here a simplified version of Theorem 1 in [11]. We consider the real martingale
(M,,,n € N) with respect to the filtration (H,,n € N) and we denote ((M),,,n € N) its bracket.

Proposition 8.4. Let (b,) a sequence satisfying

b, is increasing, b, — 400, 0,

b
Y
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such that c(n) := \/n/b, is non-decreasing, and define the reciprocal function c=1(t) by
c1(t) :=inf{n € N: ¢(n) > t}.

Under the following conditions:
(C1) there exists Q € R% such that for all 6 > 0,
1 M),
limsup — log [ P u —Q| >0 = —00,
b2 n

n—oo Up

1

(C2) limsup - log ( n esssup P(|My — My_1| > bn\/ﬁ’Hk_l) = —00,
n—too by 1<k<e (bnt1)
(C3) for all a > 0 and for all 6 > 0,
_ 1 1«
hrri,sup w2 log | P - ZIE <|M;C — Mk*l‘Ql{‘Mk*Mk—l‘Zaﬁ}‘Hk*l) >4 = —00,
n oo n k}:l
2
(My,/(bpy/10)),,cn satisfies the MDP in R with the speed b} /n and the rate function I(x) = ;—Q

Remark 8.5. For all n > 1, we set m,, = M,, — M,,_1. Note that, in Proposition 8.4, if the sequence
(My)n>1 is uniformly bounded, we recover a simplified version of the result of Dembo [9] and if
the sequence (my,),>1 is bounded by a deterministic sequence, we recover a simplified version of

the result of Puhalskii [16].
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