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The discretized backstepping method: an application to a
general system of 2 x 2 linear balance laws

Mathias Dus
2020

1 Introduction

1.1 Literature review

In the work, we investigate boundary stabilization of a class of linear first-order hyperbolic systems of
Partial Differential Equations (PDEs) on a finite space domain x € [0, 1]. Such systems are predominant
in modeling of traffic flow [2], heat exchangers [25], open channel flow [4, Chapter 1.4] or multiphase
flow [9, 13, 10]. The coupling between states traveling in opposite directions, both in-domain and at the
boundaries, may induce instability leading to undesirable behaviors. For example, oscillatory two-phase
flow regimes occurring on oil and gas production systems directly result, in some cases, from these
mechanisms [10]. The dynamics of most of these industrial systems are described by nonlinear transport
equations. If we linearize such systems, one obtains a system of the form:

IR+ Ay (z)0,R = Mu(z)R+ My(z)S

atS—A_<I>axS = Mgl(l’)R—FMQQ(l’)S (1)
R(t,0) — ult)

S(t, 1) = HR(t,1)

where R € R®, S € R%, A, ,A_ > 0 are positive diagonal matrices and H, M1, Mis, Moy, Moy are
matrices of appropriate dimensions. To stabilize system (1), feedback controls u(t) depending on the
boundary values S(t,0) were designed. Lyapunov techniques allows to establish exponential stabilization
in Sobolev or C? spaces when the terms M,, are supposed to be small. Applications to Saint Venant
systems are given in [15, 16, 8, 5, 12].

However when the in-domain coupling term M,, is too large, a simple quadratic Lyapunov function
does not exist [3, 15]. Moreover, spectral analysis shows that when M,, exceed a certain amplitude, the
system is unstable for any control of the form wu(t) = F'S(t,0) (F' € Mg,q,(R)) [4, Proposition 5.2]. Note
that in [4, Proposition 5.2] this was proven only for d; = dy = 1.

To solve this problem, one can relax the assumption of a feedback control depending only on boundary
terms and use a full-state feedback control of the form u(t) = fol a(E)R(t, &) + B(&)S(t,£)de (a(E), B(€)
are functions taking their values in [0, 1]). Here, we focus on backstepping controls which is a particular
case of full-state feedback controls. Besides, backstepping techniques were primarily designed for ODEs
[19] where the main idea is to find a bijective transformation that maps the system in a simpler to
stabilize one. There is a vast literature on the extension of backstepping to parabolic and hyperbolic
PDEs [24, 20, 23]. The book [21] is a very pedagogical introduction to the topic.

In this paper, we focus on the particular case where d; = dy = 1 that is to say that we have only two
heterodirectional transport equations. By a change of variable (see [4, p 176]), it is possible to suppress
diagonal zeroth order terms to obtain:



OR+ N\ (2)0,R = Mp(z)S
@S—)\,(I)&ES = MQI(LC)R
R(t,0) = u(t)

S(t,1) = hR(t,1)

where h € R, Ay, A_ > 0, Myg, My : [0,1] — R, u(t) is the control and = € [0,1]. In this article, we
neglect the space dependence of Ai, Ao, Mia, May and suppose that they are constant. Moreover, in order
to ease the reading, the tilda notation of Mlg, My, is dropped in the rest of the paper. As a consequence,
the system under consideration writes:

OR+N0,R = M»S
0,8 —A\_0,S = MyR @
R(t,0) = u(t)

S(t, 1) = hR(t,1)

where A, A\_ > 0 and My, My € R.

More precisely, the focus is on the finite-time stabilization of the system with optimal time in L?([0, 1])
(1 < p < o0). The problem is to find a full-state feedback control u(t) such that:

YVt > Thin = % + %,

In the continuous setting, this problem is already solved [4, Chapter 7.4]. However to the author’s
knowledge, no result is known when one discretizes the equations. In [1, Section 3.3], the author designs
a backstepping control from the continuous theory and inject it in the discretized closed loop. More
precisely, inspired from [18], the author uses an iterative algorithm where the characteristic lines are
calculated in order to compute the backstepping kernel (see Section 1.2 for the definition of the kernel).
However, finding the characteristic lines makes the implementation quite difficult when characteristic
velocities are not constant. Here, we do not use the iterative algorithm from [1, Section 3.3], the method
rather relies on a finite volume scheme presented in Section 3, that is easier to implement.

To simulate the closed loop system, a classic upwind finite volume scheme is given. With an example,
we will see that the finite volume scheme used to compute the backstepping control cannot be chosen
arbitrarily. It is mandatory to apply the backstepping method directly on the scheme in itself in order
to build a control. More precisely, if the schemes are not wisely chosen, then instabilities occur when
the in-domain coupling is large. The contribution can be summed up as follows:

IR o)y + 15T ) Le (o, = 0.

e We illustrate on an example that injecting a control synthesized from an arbitrary finite volume
scheme does not stabilize the discretized closed loop system.

e We give a numerical framework for the numerical backstepping theory.

e We prove a finite time stabilization result for the discretized system.

Outline: The article is organized as follows. In Section 1.2, we recall the way to compute the back-
stepping control in the continuous theory. In Section 2, an example is given to show that both schemes
for calculating the control and the solution must be wisely chosen. In Section 3, we propose another
scheme and prove the finite time stabilization of the numerical system using new discretized backstep-
ping techniques. In Section 4, numerical illustrations of our results are given. Finally, conclusions and
perspectives are proposed in the last part of this paper.



1.2 The continuous backstepping method

In this section, we recall the continuous backstepping procedure without giving any proof. The system
(2) without boundary condition can be rewritten in the form,

U + Ao, U = MU

o= () 4= (5 %)=, %)

To find a feedback control, we use the strategy of backstepping. A second order Volterra trans-
form allows to pass from the original system (2) to a target system for which finite time extinction is
straightforward:

where

BU* + A9, U* = 0,
Ut (1,0) = 0, 3)
Us(t,1) = WU (1,1).

Note that we got rid of the Oth order term and that after a time ¢ = Ty, the solution to (3) is zero for
any initial data.
More precisely, the Volterra transform is expressed as follows:

U* (¢, 2) = Ut 2) — / P &)Ut €)dé (4)

where P takes its values in M5 5(R) and is defined on the triangle {(x,&) | 0 <z < ¢ < 1}.
With such transformation, we express the time derivative of U*:

QU () = AUt x) — / Pla, )0,U (L, €)de

1

— Utz — / Pla,€)(—AGU + MU)(1, €)dg
= QU(t,x) + Pz, )AU(t, 1) — P(z,2)AU(t, )

— / (0PN + PM)(x,&)U(t, &)dE.

xT

For the space derivative:

0,U* () = 0,U(tx)+ Pla,x)U(t ) — [} 0. P(w, U(t,€)dE.
Gathering previous results, one gets the PDE solved by U*:
oU*(t,x) + Ao, U*(t,z) = f (=AO0, P — 0PN — PM)(x,&)U(t,£)dE

(M + AP(z,7) — P(z,z)ANU(t, )
FP(z, AU, 1).

To get that U* solves (3), the function P is then chosen as the unique solution to the following system:

0cPA+ADP+PM = 0
M+ AP(z,x) — P(z,2)A = 0 (5)
P(z, 1)A(1,n)T =0

which is a well-posed transport system. See [4, chapter 7] or [7] for details. This can be rewritten in the
usual PDE form as follows:



A0 Py + A 0, Py = My Pro
APy — A0, Pro = —MoPpy

6
ApOcPoy — A0, Poy = Moy P ©)
A_O0cPoy + A_0, Py = —My3Pyy
with boundary conditions:

Pro(x,z) = _A,/}J]r\{:i_

Palw.z) = 535 (7)

Pll(l', 1) = >\_+_P12<x7 1)

Py(z,1) = ;:\A—+_P21(% 1)

Additionally, let us compute the trace of U*:

1

Urt,0) = ult) / (0, E)UL (1, €) + pra0, €)Ua(t, €)de
Us(t.1) = Us(t,1) = hUy (1, 1).

Hence to get the same boundary condition at x = 0 as in (3), the control u(t) is chosen such that:

u(t) = / (0,01 (1, €) + prof0, €)Us(t, €)de. (8)

Equations (6)-(8) defines the backstepping control allowing finite-time stabilization for the system
under study.

2 The numerical backstepping approach: the naive way

In this section, a scheme is proposed to compute the backstepping kernel. It is shown by numerical
illustrations that the associated control may not stabilize the closed loop system. This is why, the
method is called the "naive” method in contrast with the one presented in Section 3 for which stability
will be proved.

2.1 The scheme for the closed-loop system

We discretize the state (R, S) introducing two discretization parameters dt > 0,dz = 1/N(N € N). The
numerical approximation of R, S is piecewise constant on cells [ndt, (n + 1)dt] x [(j — 1)dz, jdx] (n €
N* 1 < j < N). To designate its values on such cells, we introduce the sequences (R;-‘, S}L)neN*,lgjgN,l
and the numerical closed loop system is:

R — R R — R"
J I At J =1 M125]T-L
¥j:1<j<N, KL du
Sy — St St —SY
I R (et S S R Moy R?.
dt dx J

For boundary conditions, we impose the ghost cell condition:

{ Ry = u”
Sty = hRY .

where u" is given by:



N
Z (Pun,;R '+ Py NS Hdz. 9)
7j=1

where Piy, Pio, Pa1, Pyy € My n(R) are the discretized version of P that will be defined just after.

2.2 Resolution of (5)

Before going into the simulations, we need to compute P solving (5) using a scheme that will be chosen
later.

Equations in (5) can be seen as as a system of coupled transport equations on a triangular domain
drawn in Figure 1:

%Plz(% 1)| Por(x,1) = }L)\)\_+_P21(;C, 1)

Figure 1: The domain where P is defined

Here, the dot-dashed lines corresponds to characteristics for P and the dashed ones to those of Py
while the plain ones correspond to Py and Pss.

One can see the variable x as a “time” variable and £ as a space variable. Boundary conditions are
imposed on the diagonal and the upper edge of the triangle. The corresponding “initial data” condition
corresponds to the upper right corner of the triangle in Figure 1. In the next section, we give a naive
method to solve these transport equations on such triangular domain.

2.3 A naive scheme to solve (5)

To solve system (5), a finite difference method is used where z is seen as the time variable while £
corresponds to the space variable. To do so, we introduce the step dz = 1/N (N € N*) and the step
d¢ = 1/N. The (x,£) mesh is then defined by:

VieN, 1<i<N, {x = (i—1/2)dx
i<j<N ¢ (J —1/2)dg

5



As a consequence, the grid is Cartesian (and square) and drawn in Figure 2:

=1 ]

Figure 2: The grid for the computation of P

The numerical approximation P, ; of P is piecewise constant on cells of the form (z; — dz/2,z; +
dr/2) x (§ — d&/2,& + dE/2). 1t is computed as follows:

. M hA_ M
e foralll1 < j <N, Pon; = R VS Py = " f,l\ and Py vy = TN N Py nn =
At Mo
P Ar Al

e Suppose that P, is given for some i < N. Recalling (6), we calculate to calculate P,_; using an
upwind scheme:

. . M
Vi<i—1 Pigi1;= )\++1§_

. . A_dx M
Vi > Pioi 1= P+ 5% T (Pr2,ij—1 — Prosj) + dff)\_fpll,i,j\

Vi<i—1 Py = ,\i‘/lﬁ

. Avd
Vj > Poric1j= Paij+ 35 dz(PmM 1— Poisij) — dﬂ? 2 Pog i

hA_
PN = N ~=Piait1n

Vi—1 S j < N pll,ifl,j = Pll ,0,7 + dx/dg(Pll i,7+1 pll z,]) + d.’L’ P12 0,7

A
Pyian= 5-Puinn
. . M
Vi—1<j<N Pyoiij= DPuaij+de/d(Paij — Paij) — dv52 P .

e When all lines of P are computed, it is important to impose:

Vi,Vj <i,x € {11,12,21,22}, P,;; =0
to have an upper triangular structure.

Remark 1. Note that the scheme for Pj5 exhibits a CFL number equal to ’/\\;—fé = ;—; whereas for the

scheme for Py, the CFL number is f\‘—j As a consequence, this naive scheme for P is stable only if

)\+:A_. @)



2.4 Numerical experiments

For numerical experiments, we consider three tests illustrating why such a scheme is not appropriate to
get a finite time stabilization. In the three cases, we consider the same initial data:

Rz = —4sin(504%) .
Sj= 2x 1 05— cos(50+).

1. For Mg =2, My; = =2, dt = 0.002, A\ = A_ =1 (Tiyin = 2), dx = d§ = 0.0022 (N = 450), the
energy dynamics is shown in Figure 3:

100 4

1072 4

1073 1 — T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time(s)

Figure 3: The L? norm of the solution for case 1

The spectra of the closed-loop and open-loop operators are displayed in Figure 4:

+ +
20 "_‘:'i_-'_ + Open_Loop
+ 5 + Closed_Loop
1
+ +
+ +
20 A + +
+ +
+ +
+ +
+ +
+ +
0 - T
+
¥ O+
+ +
+ +
+ +
+ +
—20 - iy
+ +
+ +
+ +
+ +
+ +
—40 A iy
Fi
-30 -25 -20 -15 -10 -5 O 5 10 15

Figure 4: Spectrums of discretized operators for case 1



Here the action of the control is quite satisfying since in Figure 3, one can clearly see that just
after the extinction time T,,;,, there is an abrupt decrease of the solution’s energy. From a spectral

point of view, finite time stabilization is less clear since we have modes of real part around —4
which gives an exponential stability with rate equal to —4 only.

In fact when the coupling term M is too large, it is possible to exhibit the lack of effectiveness
of the control synthesized in the previous section. As an example, if we take My = 8 My = —8
keeping the same discretization parameters (dt, dx...), we obtain Figure 5:

103 _

L2 norm

101 4

0.0 0.5 1.0 1.5

2.0 2.5 3.0
Time(s)

Figure 5: The L? norm of the solution for case 2

In that case, the spectrum of the closed-loop and open-loop operators are shown in Figure 6

Tt
4 + Open_Loop
40 A + +
+ + + Closed_Loop
14
4
20 4
*
o+
0 -
+
+++
¥
—20 1 ii
iy
+ +
+ +
+ +
~40- #
+ +
: : : : Lt
-30 -25 -20 -15 -10 -5

Figure 6: Spectra of discretized operators for case 2

One clearly sees that the closed-loop system is unstable even if the “continuous” (ie without
discretization) version is finite-time stable.



There is a more efficient way to compute the backstepping control and this is the object of the next
section.

3 The numerical backstepping approach

In all this section, an initial data (RY,S°) is taken in (L*>([0,1]))?. In order to remedy the problem
of effectiveness of the control highlighted in case 2, we apply directly the Backstepping method on the
discretized open-loop system. In addition, we consider two different grids for R and S to avoid problems
of CFL pinpointed in Remark 1.

3.1 The scheme

Let N, « be integers. In this section, we consider two different space grids (see Figure 7), a coarse grid
with N cells, and a fine grid obtained by dividing each coarse cell into « finer cells. Using the notation
dr, = ﬁ, de_ = % and introducing the time step dt > 0, one defines the space-time grid by:

V1<i, <N, a¢ :=(ic— 1/2)da_

V1 <ip <aN, zl :=(if—1/2)dz,
Vn >0, t":=ndt.

Figure 7: The space grids for v = 2

Moreover, the time step dt > 0 is given such that the following C'F'L conditions are satisfied:

 Agdt
{ Vi = <1,

Joem At g (10)
_= =< L

The following definition will be useful to pass from the coarse grid to the the finer one and vice-versa.

Definition 1. For all 1 <i. < N,
. L . f c c
Ny (i) == {1 <iy<aN | i, € [xf —dx_/2, %] —i—da:,/Q]}.

Moreover, 1 < N(if) < N is the unique index such that [x{f — dx+/2,3:{f +dxy /2] C [wN.6p) —
dx_ /2, 2N, +dz_/2].

The numerical approximation (R"), € (R*)N is piecewise constant on cells of the form ]x{f -
dr, /2, xsz + dz /2] whereas (S™), € (RV)N is piecewise constant on cells |af — dz_/2, 2 +dx_/2[. Tt
is computed as follows:

1 mff+d:r+/2 1 z§ +dx— /2
e The initial data is given by R = — R°(z)dz and S) = — SO(x)dz.
de+ af dry /2 dz zf —dz_/2

”“fi



o If we assume that (R™, S™) is given at time ", we compute (R"™!, S"*1) with:

R = R+ dt(—A0F R + Mipll .S™ + Bu") (11)
gntl = gn 4 dt()\,(?;S” + M21HCefRn + BQRn)

where operators are defined below.

(i) The positive transport operator 9 € My an(R) is:

a+ — :

whereas the negative one 0, € My y(R) is:

—1/dz_  1/da_ 0
0 —1/dz_  1/dx_ :
9, = 0 0  —1/dz_ 1/dx_
0 0 —1/dz_

(ii) The projection from the coarse grid towards the fine one Iy, . € M,y n(R) is introduced here.
To define its action, we take a coarse cell indexed by 1 < i, < N and a coarse vector S € RV:

Figure 8: The definition of Iy, .

The fine vector 117, .S € R*N is constructed by copying the value of S in the coarse cell into the
associated fine cells ze:

Vjs € Ny(ic), Iy cS);, = Si

c*

For the projection from the fine grid towards the coarse one, the operator Il.. ; € My n(R)
is constructed here. To define its action, we take a fine vector R and a coarse cell indexed by
1<i.<N

10



Figure 9: The definition of Il . s

The coarse value (Il..fR);, is computed using the arithmetic mean of the values of R in the fine
cells corresponding to the neighborhood of the coarse cell i.. Obviously, we have the following
dual property:

<R, Hf<_cS>fdx_ = <HC<_fR, S>Cdl‘+ (12)
where (-, ), (-, ). are the respective canonical scalar products in R*N RY.

At a matrix level, this is equivalent to:

Oy =alll_;. (13)
(iii) The discretized boundary control operator B € R*Y is given below:

Ay /dzy

(iv) The boundary transfer operator By € My on(R) is given by:

hA_
B2,N,aN = W

and all other coefficients of By are set to zero.

3.2 The numerical backstepping method

We apply the backstepping method to the discretized system (11). We look for a backstepping trans-
formation 7 as a Volterra transform of the second kind, of the following form:

R* o R R = R- Plle17+ - Plgsdl’_
() =7(5) = {5 = &
The structure of Pyq, Pi5 is upper triangular in a sense that will be defined later.

The system verified by R*" := R" — P;yR"dx, — P12S"dx_ is calculated below:

R*nJrl — R Rn+1 — R
i = i — PH(—AJrajR" + Mlgﬂfgcsn + B'Lbn)der

—Plg(/\_&;S” + M21HC<_fRn + Ban)dZE_

Moreover,

11



)\+8;R*" = )\+8;_Rn — )\+82_<P11Rndﬂf+ + Plgsndl',).
Thus, the equation for R* reads:

R*n+ 1 R*n

di + )ur@;R*n = Mlgﬂf%cS" + Bu" — )\Jr(?;(PHR”der + plgsndl',)

—Pi (=X O R" + Myolly .S™ + Bu™)dx (14)
—Plg()\_((?;S” + M21HC<_fRn + BQRn)dI_
= —FMR” - Flgsn + (B - Pllex+)u"

where the terms I'y1, 15 are given below:

9

Iyoi= A0 Pudry — Ay Pi0fdoy + Pio(May e g+ By)da_, (15)
I's = )\+8;’P12dx_ + /\_Plga;dx_ + M12P11Hf<_cd$+ — M12Hf<_c.

In what follows, we give a scheme that construct a P such that most of the terms of I' are equal to
zero. To do so, we see the column index of P (the “z” variable) as a time variable whereas row’s index
is seen as the space variable (the “¢” variable). The scheme is given below:

e We begin by setting the last lines of Py, Pis:

V1 S ,]f S OéN, Pll,aN,jf =0 (16)
Vi1<j.<N, Py =0
e Suppose that P, Pyy is given at rows iy,---,aN, then we calculate Pip;, 1, by imposing
[i24,5. = 0 for jo > N.(iy — 1). From (15), we deduce:
A Praiyje — Pr2ji;—1. dr — O\ Praiy g — PlQ,if,jcfldx_
dz dx_
+ Mo [Prudlyecliyjodey — Mia[peclipj. = 0. (17)

It is easy to compute [Py;11;. i, j. using local indexes. Using (13), one gets:

[Pullyccli, g = [I0F

fc

T T
P11]jc,if - Q[Ha—fpu Jesip — Z Py Jigi
ZENf(]c)

Then, we compute Py, 1, imposing I'yy;, ;, = 0 for j; > iy — 1

)\+ Pll,if,jf - Pll,iffl,jf dl’+ . >\+ Pll,if,jf - Pll,if,ijrl
dl‘+ dx+
+ M21[P12HC(—f]if jfd{[' + [PlQBQ]Zf ]fd =0. (18)

dl'_t,_

It is easy to calculate [PioIl.. f];, j, using local indexes. Using (13), one obtains:

1 1
[Prollecgliy g, = (Mo P, = E[ercpg]jf,if = P2y NGy

For [Pi2Bs] we also have:

ifJfo

hA_
[PIQBQ]if,jf - EPIZ,if,Néjf:aN‘

12



Algorithm 1 Calculate Py

P12,if,jc <0 forall 1 Slf SO&N,]. S]C < N.
for 2 < iy <aN (step =-1) do
for N.(if —1) <j.< N do
if j. = N.(if) then
P12,if71,gc — —i/lTlf
end if
Proi; 1. < Prog;—14. + (1 — ;—‘“—*)PH ifge T :\\ Zi* Pra; j.—1 (transport)

M12
Proi—1j. < Proi;—15. + E Pri; j,dzy (exchange)

JfGNf(Jc)
end for

end for

Algorithm 2 Calculate Py

Pryip g, <0 forall 1 <iy <aN,1<j;<aN.
for 2 < iy <aN (step =-1) do
Piiip1an < +_P121f,
for iy —1<j;<aN do
if jy # aN then
Priip1j, < Puiig—1gp + Piig g (transport)
end if
P11,z‘f—1,jf — P11,z‘f—1,jf + M21P12,if,Nc(jf)Zl;§\_1 (exchange)
end for
end for

Remark 2. The algorithms immediately give that:

Vig <ip o Prgg =0 (19)
VJC < NC(Zf)7 P12vif7j0 - O

3.3 Convergence properties of the kernel

In what follows and until the end of the article, C' designates a constant independent on the discretization.
Here we present a boundedness result for P which will be useful later:

Proposition 1. If 2=+ < 1, there exists Coo > 0 independent on N such that:

AT da_
| Pr1l| oo po,a12) + | Przlleeqo,12) < Coo (20)
Remark 3. The condition:
A dry
A dr_ —

can be interpreted as a CFL condition. It imposes an asymmetry of grids in the sense that if i—; > 1,
the grid for R (where the control is applied) needs to be finer than the one for S. o

13



Proof. The scheme verified by P gives:

Vje > Ne(ig), | Proi,—1.] < (1= 3225 Pray, ] + 3= 25 | Pryy, o

’ )\-’_‘ dw A; do
o 21
i Oé)\+ . Z |P11’if7j|dx+- ( )
JENf(]C)
For jc < Nc(if) - 1, we have:
|P12’if_17jc| = 0, -

whereas for j. = N.(if), it holds:

A d.73'+ M12
Poi—1,] < (1= 22225 ) | Prog, | + |42
| 12:f 17]c| — ( >\+ dl’_) | 12, faJc| + )\+C\5

| M,
* >\+O[ Z |P117if,j|da';+. (23>

jENf(jc)

Combining (21)-(23), it holds:

HP12,iff1,-HLoo([o,1]) = maX{lez,if,.HLoo([o,u) )\7 } + C”Pll if, ”L°° [0 1])de+
Similarly, it holds:
hA_
HPn if—1, ||L°° ([0,1]) < max HPII if, ||L°°(01])7 T”PH if, ||L°° (01]) ¢ T+ C||P12,z'f,-||L°°([o,1})d$—-
Denoting
Azf = max{ PV ||P12 if, ||Loo(01) ||P11 gy ||Loo ([0,1])> hM12 } it holds:

Aif,1 S (1 + CdLC,)A

if
and hence:

V1 <ip <aN, A;, <o <t

Finally, in order to exhibit the exact target system, we need to see which term of I' is zero:

Lemma 1. The matriz I'15 is zero except for the first row. Moreover, the term I'yy gy IS mon zero only

for jy € iy —a,if —2] and if = 1. Hence, I'11 can be decomposed as I'11 = Fn + 'y where Fn 1s the
subdiagonal part of I'yy and 'y =T — FH is mon zero only on its first row. Furthermore,

sup |F111f i) < Cdw_.
ifdf

with C' > 0 s independent on the discretization.

In order to see which entry is zero, we represent 'y, 15 for a = 3 putting a cross on each non zero
entry in Figures 10-11:

14



Figure 10: The non zero coefficients for I'y; (o = 3)

Figure 11: The non zero coefficients for I'1s (v = 3)
Proof. Let iy > 2. For j. > N.(iy — 1) and by Algorithm 1, we have I'1o;, ;, = 0. For j. < N.(if) — 2,
we have:
1. jo< Ne(iy — 1) and Piys, 1, = 0.
2. je < Ne(if) and Pra, 5, = 0.
3. Forall j; € Ny(jec), we have j; < iy (because j. < Nc(if)—2 by assumption) and hence Pyy;, ;, = 0.

By the definition of I';s, 1245, = 0.

Now for j. = N.(if) — 1, then points 2 and 3 of the previous case hold. If j. = N.(if — 1), then
by Algorithm 1, T'yg;, 5, = 0. Otherwise, j. < N.(iy — 1) implying that Pa;,1; = 0. Thus, by the
definition of ['12,i.5., one gets I'ya ;. 5, = 0.

For I'114, j,, the only terms that could be non zero are terms such that iy —a+1 < jy <iy —1 and
by the definition of I'y;:

lrll,if,jf’ S CHP12”L°°([071]2)dx7 S Cdl‘,

15



where we have used Proposition 1.

O
Remark 4. If o < 2 then:
sup ‘fll,if,jf| =0.
ip>175y
Indeed, the condition iy —a+1<jr <if—1 <= 1y —a+ 1< jp <ip— 2 is empty.
(o]

From the computations of the kernel P, we obtained that all the entries of I'11,I'15 are zero except
for the first row and some diagonal terms in I'y;. By (14), in order to get rid of the contribution of these
first rows, we impose a control u™ of the form:

aN N
n 1 . .
V= B O T B des + 3 T Syde. ) (24)
+ 11 J11dL 4 =1 =

and thus, the final target system is:
R*n+1 — R B
dat + A0 R™ = TpR"
S*n-i—l t_ S*n

dt

where I'y; is the subdiagonal part of I'y; (see Figure 10).

Next proposition asserts that the discrete Voltera transform of the second kind is invertible and
continuous uniformly with respect to the parameter of discretization. This will be useful to express the

target system uniquely in terms of star variables. Before presenting the result, it is needed to introduce
the L (1 < p < 0o) norm for vectors R € R*" S € RY:

— A9, 8™ = ByR"+ Myll. ;R"

alN N
1Rl oo,y = ¢ Z |Rj,|Pdxy and ||S]|Lo(o,1)) = Z |S;.|Pdx .
Jr=1 je=1

Proposition 2. Let 1 < p < oco. There exists C' > 0 independent on the discretization such that if
dx_ < C, then the operator T is invertible as an operator from LP([0,1]) into LP([0,1]). Moreover, there
exists a Craerp > 0 independent on the discretization such that for all R € RN S € RN:
1
Chack,p
Moreover, there exists L1y € Moy an(R), L12 € Moy n(R) such that:

VR* € RGN,S* c RN, 7——1 (g:) _ (R* + LllR*dgi + LlQS*dZC> |

|T(R, S)|lzeqo.ay) < (R S)zooay < Crackpl| T (R, ) o(po.1)- (26)

where (L1, L1a) is upper triangular in the sense of (19).

Proof. The first inequality is easy to prove owing Proposition 1 (the proof is left to the reader).
For the second one, we use a fixed point argument. Let (R*); be the sequence such that R = Ogan
and:

vk Z O, Rk+1 = R + plled.I'+ + Plgs*d.’ﬁ,.

16



We estimate R — R* in a weighted space. More precisely, let v > 0 and for all 1 < iy < aN

f f
k+1 kT _ k—1\ %
(REFN— RE)e™r = § Piyy, , (RE — RED 0 day,

Jy
k k—1\ )
J— - J
= ZPHW W(RE — RN day.

For the case p = oo, we have:

(]

f
_ —z] ) _
||}%l€+1 — RkHL,‘;"([O,l}) < supif ij |P11,if,jf|6 K f f d1‘+|le — Rk 1||L"O/o([071])' (27)

where L° is the weighted L[> norm:

zf
VR € RQN, ||R||L£>Y°([O71}) = max |Rif|€7 .

Because of the uniform estimate from Proposition 1 and the upper triangular structure (19), one
gets:

|P | ; wzf)d < C Z _’Y(x;f_w;f)d
Sup 11if,5¢ 6 T > 00 Supif Jr>iy € Lt

o f gt (28)
= Cusup;, ijzl.f ¢y 7x¢f)dx+

dry  _ Coo _ vday
S Cyoolie—'ydaur - v 176_’de+'

Using the boundedness around 0 of the function x — =*= and taking dz, < C/~:

/ 2C
SUPZ | Py 2fv]f|€ i d$+ < R

With 4C,, < and dz, < C/v (With dr, < @):

1
Vn > 0, ||RkJrl — RkHLgo([o,u) < §||Rk - Rk_1||L2°([071})'

For the case 1 < p < o0, the conjugate exponent is q := z% and:

p
q
@y )
IR = R¥ o oan < D2 | D Prvy gy l7e” ;- fd$+ da ¢ ||R* = R oo,
if Jr

where:

7
VR € R, [ Rl 01 = (/Zerfrpe’”
Jf

Using Proposition 1, (19) and for dz; < C/~, we get by similar computations as in (28), that:

SIS

1/q
ate! ! 2\
0 E E | Prig ;|7 T ey | dey < O (5) T

if Jr

and for % <~vand dry <C/v:

17



1, n _
Vn >0, ||RM! — RkHLz([o,l}) < §||R — R e o1 -

As a consequence, for 1 < p < oo the series Y - RFT — RE is convergent and the sequence (RF)y
converges in LP([0, 1]) towards a limit R € LP([0,1]). Moreover, we have for v large enough:

IRz oy < D IR = B¥|| oo
=0

< (i ;) IR s
>

1 .
< —k> (R[] 2 o,y + 1157 Ml e o,17)) -

0
Using the fact that || - [|so,1)) < || - lz2(o,1) < €7l - lzr(o,1)), one finally gets:

- 1 * *
1Bl o (o1 < (E g) (1= | oo, + 157 | ze(ro.))-
k=0

This proves (26) taking v = +;C°° which does not depend on the discretization.

To finish the proof of the proposition, it suffices to write that:

(5)-() (2 "))
()-(6) 55 ) ()

Owing the strict upper triangular structure of P, ., we get that:

L11d33+ ngdl', :i Plldl'Jr Plgdl', F
0 0 )&\ o0 0

with Ly strict upper triangular and Ly, verifying (19) (easy to prove by induction).

and by induction, it holds:

O
3.4 Proof of the finite time stabilization result
Owing Proposition 2, it is possible to write the target system (25) as:
R*nJrl — R _
— + A0 R = T R"
S*n+1 — G*n (29)

dt - /\_6;S*n = (BQ + M21HC<_f)(R*n + LllR*ndl'+ + ngS*”dm_).

Then using Lemma 1, next lemma shows that the right hand side of the equation for R* in (29) can be
neglected.

18



Lemma 2. For all T > 0 and 1 < p < oo, there exists C' > 0 independent on the parameters of
discretization such that:

Vn:ndt <T,[[R™ — RmHLp (j0,1]) + 15 — S*nHLp ([0,1]) < Cda? Z(HR*mHLp(01 + ||S*m||Lp(01 )dt.

m=0
where R*, S* satisfies the same system as (29) without the term Ty, that is
R*nJrl . R*n B
——— + NI R= 0
g*n—i-ldt_ g*n (30)
T — )\_8;5*” = (Bg + Mgll_[c(_f)(R*" + LllR*nd(L'+ + ngs*”dzr_),
with initial data:
R*O — R
{ S*O = $*0
Before going into the proof of Lemma 2, we will prove the following preliminary result:

Lemma 3. For all T > 0, there exists C' > 0 independent on the discretization such that for every
(f™)n € (REMN and every (R*™, S*™),, satisfying:

Pxn+1 _ xn B
RO R e
dt *
S*n—H . S*n B B N B (31)
T - )\_6;5*” = (BQ + M21HC<_f)(R*n + LllR*ndZL‘+ + LmS*”dx_),

then:

Vn :ndt < T, ||R*nH r(oa]) T HSMHLP(Ol =C (HR*OHLP (01 T ”S*OHLP(Ol + Z an”Lp ([0,1]) )

Proof. As this is classical, we give only a rapid sketch of the proof here.
Let 1 < p < oo, then by the convexity of x — |z|P:

Vip 22, R < (L4 dt)" ™ (1= v [RTP + vy [ R [P + dt | fL17).
Hence, summing over j; and multiplying by dz, one gets:

IR o,y < (L4t (IR 0 0.1y + dEllF™ 001y — v | Ral Pl ).

For S*, the method is similar:

Vie SN =1, [S7HP< (L+ Canpt (0= vo) ISP 4+ v S
+dt Moy |(|[Mee g Ly R dee | + |[Hee s Lao 5™, da [P
Mo 7750)).

Then, summing over j., multiplying by dxr_ and owing the fact that Li;dx,, Lisdx_ are bounded as
operators from LP to LP((Proposition 2), one gets:
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1S o1y < (LA Caty (I8 170,17 + AENE™ 12a o, + C 1 RE )

where the last term corresponds to the boundary condition at z = 1.
Thus, it is possible to take an 7 > 0 such that £" := HR*”HLP w01 T 77HS*"HLP (0.1]) Vverifies:

EL < (L+ Cat) (€™ + |1/ oo,y t)
which immediately gives the result of the Lemma by induction. O]
Now we are able to prove Lemma 2:

Proof of Lemma 2. By using Lemma 1, we have:

T3 R ooy < O || R || oo,n-
By Proposition 2, one can bound ||R"||zr(0,1)) by ||| e o,17) + 1S || Lo (jo,17) to get:
Il B[ Lo oy < Cdz(|B™[| oo, + 15 |l 2o 0.17))

where we may have changed the constant C'.

Applying Lemma 3 to (R*" — R, S*n— S*™),,, we can conclude easily. This ends the proof of Lemma
2.

O

As a consequence, the energy dynamics of R*, S* can be estimated by the one of R*, S*. Indeed,

VR oy + 1S oy < CNRT = B0y + 1157 = 571
ﬂmwmm”+wﬂmm”)

< Cdl‘-Z(HR*mHLP (1) T HS*mHLP 01]))dt

m=0
+C (1R 8 0. + 157 B o)

and thus by Gronwall inequality [17, p.1], there exists a constant C' independent on the parameters of
discretization such that:

((0.1])

IR oy + 1S Wiy < C QR gy + 15 oy

2P (n—m *T71 *m
—|—Cdl‘ Z@Cd ( dt(HR HLp ([0,1]) + HS HLP ([0,1]) >dt

m=0

Hence for all T" > 0 fixed and 1 < p < 00, there exists a constant C' > 0 such that:

Vndt < T, ||R*"||zeoa)) + IS™ |l eeqoy < CUR™ | zeqo,1)) + [15*" | e (0,1)

32
e 1R oo + 157 o) (32)

where we used Lemma 3 applied to (R*", 5*"),,. o
From now on, we do not make the difference between R*, S* and R*, 5* keeping the non tilda notation.
To prove a finite time stabilization result, the first step is to prove an extinction result for R*.

Proposition 3. The following estimate holds:
L n
Vn > 0, ||R*n||L°°([0,1]) < em( —(1-CVadt) dt)HR*OHLOO (0.1])-
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Proof. We use a Lyapunov argument using the Lyapunov functional firstly introduced in [6] in a con-
tinuous setting and then adapted to a discrete framework [14]:

oS
V,(R™) = sup [Rj'e 7]
1<jf<aN
where v > 0 will be chosen later. .
Using the scheme verified by R* (identified with R*) (30), it holds for j; > 1:

_ *1 _Aim; *n —%a:f
(L —vy)[RTe 27|+ vy R e 27|

<
< (L= v)Vo(R™) + vy V(R
(1= (1 —e )V (R™)

‘R;;z—&-le_ﬁxjf'f ‘

and for j; = 1:

_ *1 _%m]f
(L —wy)|R5Te 27

(1 =) V5 (R,

Ry R

As a consequence,

v

V(R < (11— e ) V()

As e‘xgl—x—i—%zfoerO, it holds:

1
VR < (1= o) 1 ().
+

Owing the fact that 1 +x < e®, one gets:
- 1 2
VV(R*n—i_l) S e ydi+ 2y (vdt) Vy<R*n>

Thus, for vdt < 2v,e where ¢ will be fixed later:

vn, 2 07 V’Y(R*n) S 6—(1—6)7ndtv’y(R*O)'
To finish the proof, we use the fact that:

_
e M Nzeeqoy < VA(C) < -z o
to conclude that:

L —(1—e)ndt) “

¥ >0, R o < Rl o=(po,1))

For v := 1/V/dt and € = i dt, we have:

Vdt)ndt) H

*1 VoSl Gt *
Y > 0, [|R™ poqo < eva i s R*|| poe(po,1y)-

This finishes the proof of the proposition.

A similar analysis for S* is given, to deduce the extinction result for all the system.
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Theorem 1. For T > T, there exists a constant C' independent on the discretization such that for
. . 1/8 * * [e'S) .
all n with % < ndt < and for all (R*,S*) € L>([0,1]):
N S .
IR | e o,17) + 1™ [z o,y < Ce™ 207 ([|IR*| s o,17) + 1™ || 2ow 10,17))-
Proof. By Proposition 3, it holds:

Vndt < T, | B| oo,y < e¥a O C7OVEM) oy o (33)

In order to have estimates on S*, we again proceed by a Lyapunov argument. This time the Lyapunov
function is the norm LZ° defined by:

" *N =+ ¢ —1
1S*" || e (10,17 := sup |.S; |e*—( .~ 1)
’Y .

where v > 0. Note that in the proof of Proposition 2, we have proven that for C' < v < —
X —

fr

| Lindz || czeo o) + 1 Lrzdr—[ cireeoapy) < C

uniformly in dt,y. Then, by similar computatlons as in the proof of Proposition 3:

\|S*n+1”L$°([0,1]) < 1-v_(1—e . ))HS ||Loo ([0,1]) +C|R
+(I1Lard s [ equse ol B [z o + | Lrade_[|eqzze o 15 e o).

For ndt <T,

1S | oo oy < (1= (v = O)dt + C(vdt)*) | | e o.1)) + C| REN
For ~ such that C( + vdt) < e (e will be fixed later), it holds:

(1—CVdt)ndt) |

1 1 _
||S*n+1||L9/°([0,1]) S efvdt(l—s) ||S*n||L$°([O,1D + Ce\/ﬁ(M_ |R*O||L°°([0,1])‘

where we have used (33). Let us introduce n; := F (%) + 1 and for n; < n < E(T/dt), we

easily get (by induction):

™ n— —= (5= —(1-CVdb)kdt)
IS HHLW[OJD < CllR) (o) dope ny € —y(n—k)dt(1—¢) o Var ‘3
_|_€—7(n ny)dt(1— E)HS*n1|’Loo (01])
CI|R*|| = o.1))€ — S

e —y(n—k)dt(1—e) + ef'y(nfnl)dt(lfs) ||S*n1 ||LOo 0,1]
N ¥
Gl BN oape @7 4 eI S0 | e o ).

([0.1])

INIA

To finish the proof, we use the fact that:

_
e |l Nlzeeqoay S M- lzseqoan < - lzeeqo

to conclude that:

o B %—W(n—nl)dt(l—s)”

HSWHHLW([O,I]) < %HR*OHLOO([O,I])QL atl/4 + e S*”lHLOO([O,l])'

For v = 2;;—;/4,5 = Cdt'/*, one gets:

-1 L A n—n —C n
||S*n+1||L°°([O,1])§ %||R*0||U>o([0,1])6 2071 | @21/ Saiya (nmna)dt(l \/@HS* 1||LOO([071])‘
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Tonin+dtt/8 /A 1 1/8 1.

_ 1 1
GIR oo (o aye” 2061 7T + € 2017 [[S*™| oo 0,17

1 1
%HR*OHLO"([OJ])e 2at1/4 + (e 2dt1/8||8*0||Loo([0’1]),

[|S* ] Lo (jo,1))

IA A

Hence,
_ 1 * *
HS*nHHLOO([O,l]) < Ce 23 (||R UHLOO([(),I]) +[IS OHLoo([O,l])).
[

~ _ 1
Because of the perturbation term I'y; (see also (32)), we lose the convergence in e 2415, The final
result is given in the next corollary.

Corollary 1. ForT > T, and 1 < p < oo, there exists a constant C' independent on the discretization
. i 1/8 o0 .
such that for all n with % < ndt < and for all (R°,SY) € L>=([0,1]):
IR || oqo.apy + 115" e (0.1 < Cdx([[R| oo o)) + [15°[| oo po.) -

Proof. Immediate from (32), Proposition 2 and Theorem 1. ]

4 A numerical example

4.1 Comparison with the naive method

Here we give a numerical example with h = 1, Mo =2, My =3, A\, = A_ =1, dt = 1/1000. For the
naive way, we have only one discretization ie a = 1 for which we take a CFL = 0.8. The naive way
gives a converged result for the kernel represented in Figure 12.

K1 K2
—4.00 - —1.0 1
—4.25 —1.5
—4.50 A 2.0 1
—4.75 - 2.5
~5.00 =301
~5.25 351
-5.50 401
~5.75 1 43

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure 12: The kernels of the closed-loop operator for the naive method

The kernels K7, K5 represents the functions such that:

Vn,u" = KiRdx, + KySdx_.
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The spectrum is given in Figure 13.
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Figure 13: The spectrum of the closed loop operator for the naive method

For our scheme with o« = 2,dt = 1/1000, dzy = 1/800,dx_ = 1/400, the kernels are represented in
Figure 14:

—1.0 -
—24

1.5 -

2.0
—31

2.5 -
—4 4 —3.0

3.5 -
-5 4.0 4

4.5

0.00 025 050 075 1.00 000 025 050 0.75 1.00
Figure 14: The kernels of the closed-loop operator for less naive method

However, the spectrum of the closed loop system is much closer to its “continuous” equivalent whose
spectrum is rejected at infinity. This is displayed in Figure 15.
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Figure 15: The spectrum of the closed loop operator for the less naive method

Indeed, we have a much stronger rate of convergence for our method than the the naive one. To see
this, take an initial data:

R%(z) = —4sin(502)
{ S()(x) = 2x1,<05 — cos(50x). (34)

and look at the evolution of the L? norm of the solution as time goes by. The comparison between both
methods is shown in Figure 16.

L2 norm of solution L2 norm of solution

1071 101 4
105 - j\\\ 107
10-° 1071
§ 1015 £ 1074
c c
{1! 10-17 4 (11 10—19 4
10-21 | 10-24 |
10-25 1029
102 L . . : . . . . . : . .
0 1 2 3 4 5 0 1 2 3 4 5
Time(s) Time(s)
(a) The naive method (CFL = 0.8) (b) Our method (v4 = 0.8, v_ = 0.4)

Figure 16: The L? norm of the solution (logl0 scale)

Our method gives much more dissipation than the naive one. This is why it represents better the
behaviour of the “continuous” solution which extinguishes at a finite time (7 = 2).
4.2 The effect of the perturbation term
In order to observe the effect of the perturbation term I'y;, we need to take a larger zeroth order term M.
The parameters are now h = 1, Mo =8, My = —8, A\, = A_ = 1, dt = ——, dv, = 1/800,dr_ = 1/200

1000
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(o = 4) and the initial data is given by (34). The Figure 17 gives energy dynamics:

L2 norm of solution L2 norm of solution
102 10?
101 E 101 4
£ 10° 4 £ 107 5
f‘ 1071 4 f‘ 10
1072
1072
1073
R 1 ; : ! : : 1 ; : ; :
Time(s) Time(s)
(a) dt = 1/1000, dz, = 1/800,dz_ = 1/200 (b) dt = 1/4000, dz = 1/3200, dz_ = 1/800

Figure 17: When the perturbation term is non zero

One can observe that we are far from a finite time stabilization picture since after a time t > T, = 2,
the solution has still a lot of energy. Moreover, when the discretization is finer (Figure 17-b), the picture
shows a stronger decay of the energy but still, one cannot see a clear extinction at ¢t = Ty,.

In order to explain this, we need to come back to the results of Lemma 2. In fact, when the zeroth
order term M is large, the constant C' from Lemma 2 may be very large. Besides, we can estimate it
heuristically:

O ~ M21Tmin ~ 107,

Hence, when M is large, we need to discretize a lot (in this example dz_ should be at least 1077) for
(R*, S*) to be close to (R*, 5*).

As a consequence, the effect of the perturbation term I'y; can be important if dz_ is not small
enough. To confirm this, now take a different discretization for which the perturbation term 'y, is zero.
After Remark 4, this is the case when the fine grid is two times finer than the coarse one (a = 2). Take
for example, dt = 1/1000, dxy = 1/800,dz_ = 1/400 to obtain Figure 18:

L2 norm of solution

4 %
+ + Open_Loop
0 | | + + _
10 40 1 * + Closed_Loop
T +
-4 +
10 E ._{.’-
_ 20 A +
1078 | + t .q‘%
+
€ 10712 1
2 0 3 1
~ -16 |
v, 10 F
i z’-
10-20 |
-201 o i
10—24_ -.:-. _:'
¥ ¥
10728 1 —40 A F }
i &
0 1 2 3 4 5 -30 -25 -20 -15 -10 -5 0 5 10 15
Time(s)
(a) The energy (b) The spectrum

Figure 18: When the perturbation term is zero
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Here, the finite time extinction is clear and after ¢ ~ T,;,, the solution is of the order of at least
1
e 2a'/% (see Theorem 1).

4.3 The case of different velocities

For completeness, we illustrate that our method works for the case were \; # Ay ,a > 2 and when zeroth
order term M is moderate. Taking A, = 1, A_ = 3, My = 2, My = 3, dt = 1/1000, dz, = dt and
dx_ = 4dz, (a =4), one gets Figure 19:

L2 norm of solution

+
+
100 404 * ++ + Open_Loop
+ T + Closed_Loop
+
- +
1073 4 .: L
20 A + +
+
10—6 i ++ +
E " +
o
~ 1079 ° + A7
— + +
+
-12 + +
10714 —20 A + +
+
+
) + M
1071 40 : +
—407 +
+ N
0 1 2 3 4 5 -30 -25 -20 -15 -10 -5 0 5 10 15
Time(s)
(a) The energy (b) The spectrum

Figure 19: When velocities are different

5 Conclusion

In this paper, it is established that designing a discretized backstepping control must be done with
the appropriate scheme. This is why we discretized the system first and then designed a backstepping
control adapted to the numerical open-loop system. Doing so, an approximate finite-time stabilization
result was shown for the numerical system.

The natural question which comes into play is how can we construct a similar control when the
numbers dy,dy of equations are larger. We can quote papers [11] where d; = 1 and dy € N* and
[18] where dy,ds € N* for the continuous theory. In these papers, the authors design a backstepping
control to have exponential stabilization. Another interesting question is the influence of the choice
of the scheme. Here we took the upwind scheme but it well known that it is very diffusive and gives
poor results in simulation. It would be interesting to see if we can extend the numerical backstepping
method to higher order schemes like the slope limiter [22] one for example. This is not an easy task since
slope limiter schemes are nonlinear even if the PDE system is linear. Finally, it would be interesting to
generalize the method to a larger class of grids where the coarse grid is not a subgrid of the fine one.
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