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REAL TORUS ACTIONS ON REAL AFFINE ALGEBRAIC VARIETIES

PIERRE-ALEXANDRE GILLARD

ABSTRACT. We extend the Altmann-Hausen presentation of normal affine algebraic C-varieties
endowed with effective torus actions to the real setting. In particular, we focus on actions of
quasi-split real tori, in which case we obtain a simpler presentation.
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INTRODUCTION

In the work of Altmann and Hausen in [2], normal affine algebraic varieties endowed with
effective torus actions over an algebraically closed field of characteristic zero are determined by a
geometrico-combinatorial datum on a certain rational quotient for the action. This geometrico-
combinatorial presentation extends mutatis mutandis to actions of real split tori G%,R on normal
affine algebraic R-varieties.

In contrast, for normal R-varieties endowed with actions of a non-split torus 7', much less is
known regarding the existence of a presentation similar to the split case. However, this presentation
was partially extended by Langlois in [13] for some complexity one' non-split torus actions on
normal affine varieties X over an arbitrary field. This extension is based on a Galois descent
construction specific to complexity one torus actions. On the other hand, the case where T is the
real circle S (of dimension 1) was studied by Dubouloz, Liendo and Petitjean in [6, 7]. They gave
a complete description of S'-actions on normal affine R-varieties based on the Altmann-Hausen
presentation and on a Galois descent construction C/R specific to S'-actions, with no restriction
on the complexity.

In view of these results, it is natural and reasonable to expect that a general presentation
of geometrically normal affine varieties endowed with torus actions over arbitrary fields of char-
acteristic zero can be obtained by combining Altmann-Hausen theory for split torus actions with
appropriate Galois descent methods. In this context, we give a complete description of real torus
actions on normal R-varieties. The Weil restriction R¢ /]R(Gm,(C) of Gy, ¢ is a real non-split torus
(of dimension 2), and all real tori are isomorphic to a product of the three elementary real tori
Gmpr, S' and R¢ /R(Gm,c). We treat the missing case of Rc/r(Gm c)-actions and more generally
we extend the setting of Altmann-Hausen to real torus actions on normal affine R-varieties. We
will pay a special attention to actions of quasi-split tori, that is real tori with no S'-factors.

2020 Mathematics Subject Classification. 14R20, 14L30, 20G20, 11E72, 14P99.
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2 PIERRE-ALEXANDRE GILLARD

In view of extending the Altmann-Hausen presentation to the real setting, we use the language
of R-structures on algebraic C-varieties. An R-structure on an algebraic C-variety X is an involution
of R-schemes o on X such that the following diagram commutes:

X g X

i ec(z z i
Spec(C) Spec(z = 2) Spec(C)

An R-morphism between two C-varieties X and X' endowed with R-structures o and ¢’ is a
morphism of C-varieties f : X — X’ such that ¢’ o f = foo. An R-group structure 7 on a complex
algebraic group G is an R-structure on G such that the multiplication G x G — G, the inverse
G — G and the unity Spec(C) — G are R-morphisms (see §1 for details). Let us note that an
R-group structure 7 on a complex torus T corresponds to a lattice involution 7 on its character
lattice M := Homg, (T, Gy, c).

There is an equivalence of categories between the category of quasi-projective algebraic R-
varieties (resp. real algebraic groups) and the category of quasi-projective algebraic C-varieties
endowed with an R-structure (resp. complex algebraic groups endowed with an R-group structure);
see proposition 1.2 for the precise statement. Therefore we will often write (X, o) to refer to an
algebraic R-variety and (G, 7) to refer to a real algebraic group.

We now briefly explain Altman and Hausen’s theory in order to state our main results. Let
T be an n-dimensional complex torus with character lattice M. Then any algebraic action of T on
an affine C-variety X corresponds to an M-grading C[X] = @, ,; C[X]y of its coordinate ring,
the spaces C[X],, consisting of semi-invariant regular functions of weight m on X. Let w be a
full dimensional cone in Mg := M ®z Q, let Y be a normal semi-projective variety (see Definition
2.7), and let D := Y>> A; ® D; be a proper polyhedral divisor. This means that the D, are prime
divisors on Y and the coefficients A; are convex polyhedra in Ny depending on w, where N is the
cocharacter lattice (see Definition 2.4). Then, for every m € w N M, we can evaluate D in m to
obtain a Weil Q-divisor D(m) := > min{(m|A;)} ® D;. From the datum (w, Y, D), Altmann and
Hausen construct an M-graded C-algebra:

AlY,D]:=  H(Y,0¢(D(m))) C C(Y)[M].
mewnM

The main results of [2] can be summarized as follows (see §3 for details):

Theorem AH 1. [2, Theorem 3.1]. The affine scheme X[Y,D] := Spec(A[Y,D]) is a normal
C-variety endowed with an effective T-action.

Theorem AH 2. [2, Theorem 3.4]. Let X be an affine normal variety endowed with an effective
T-action. There exists a datum (w,Y,D) such that the graded C-algebras C[X| and A[Y,D] are
isomorphic.

As mentioned above, the present article focuses on real torus actions on normal affine R-
varieties. Our main results, Theorem A and Theorem C, give a presentation of real torus actions
in the language of [2] extended to affine C-varieties with R-structures.

Let (T, 7) be a real torus, let M be the character lattice of T, and let w be a full dimensional
cone in Mgp. Let (Y, 0y) be a semi-projective algebraic R-variety and let D be a proper polyhedral
divisor on Y. The first main result gives a condition on D for the existence of an R-structure on
the affine C-variety X[Y, D]. This result is the real analog of Theorem AH 1:

Theorem A (Theorem 3.3). If there exists a monoid morphism h: wN M — C(Y)* such that
Vm € wnN M, oy (D(m)) = D(7(m)) + divy (h(7(m))),

then there exists an R-structure ox[y,p) on the normal affine variety X[Y,D] such that the real
torus (T, 7) acts on the R-variety (X[Y,D],ox[y,p)-

Conversely, given a T-action on an affine algebraic C-variety X, Altmann and Hausen give in
[2, §11] a method to construct a proper polyhedral divisor D on a semi-projective variety Y based
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on the choice of an appropriate T-equivariant closed immersion X < Ag and on the downgrading
of the G}, c-action on A to a T-action.

Thus, for a (T, 7)-action on an affine algebraic R-variety (X, o), a key ingredient to construct
an R-structure on the semi-projective variety Y mentioned in Theorem AH 2 is to find a certain
T-equivariant closed immersion X < AZ which is also Gal(C/R)-equivariant:

Proposition B (Proposition 3.1). There exists n € N, n > dim(T), such that the following hold:

(i) There exists an R-group structure 7" on Gy,  that extends to a R-structure o’ on A¢;
(i) (T, ) is a closed subgroup of (G}, ¢, 7'); and
(1ii) (X,0) is a closed subvariety of (A%, o) and (X,0) — (A, o’) is (T, 7)-equivariant.

The immersion (T,7) < (G}, ¢, 7’) induces an R-group structure 7y on the quotient torus
Ty := GZ%C /T. This R-group structure 7y induces in turn an R-structure oy on the semi-projective
variety ¥ mentioned in Theorem AH 2. We downgrade Gal(C/R)-equivariantly the GJ), c-action
on AZ to a T-action, which is a key ingredient in the proof of the following result (which is the real
analogue of Theorem AH 2):

Theorem C (Theorem 3.5). Let w C Mg be the weight cone of the T-action on X. There exists
a normal semi-projective R-variety (Y,oy), a proper polyhedral divisor D on Y, and a monoid
morphism h : wN M — C(Y)* such that

Ym e wnNM, oy (D(m)) = D(F(m)) + divy (h(F(m))),

and such that there is an isomorphism of R-varieties between (X, o) and (X[Y, D], ox[y,p])-

In the case where the real torus T is quasi-split, our presentation simplifies. Indeed, if (X, o) is
endowed with a T-action and if (Y, oy ) is the variety mentioned in Theorem C, we see in Proposition
3.12 that there exists a proper polyhedral divisor D on Y such that o} (D(m)) = D(7(m)) for all
m € wN M; i.e we can take h = 1. From this result, we recover the Altmann-Hausen presentation
for G7, g-actions. On the other hand, this simplification is not always possible for Sl-actions: see
§4.3 for details and examples. In this case we recover the presentation for S!-actions given by
Dubouloz and Liendo in [6].

After fixing our notation, the article is structured as follows.

In §1.1 we recall well-known facts about R-structures on C-varieties, and in §1.2 we see that
tori inclusions corresponds to certain short exact sequences of lattices. Basic results on real torus
actions and examples of real torus actions on affine toric R-varieties are given in §1.3 and §1.4.

In §2, we briefly explain Altmann-Hausen’s theory in view of extending it to the real case. We
start by introducing polyhedral divisors in §2.1, and we recall the main results of [2] in §2.2.

In §3, after proving Proposition B in §3.1, we prove our main results in §3.2: Theorems A and
C. Then, we give several cohomological results used to simply the Altmann-Hausen presentation
in the case where the acting torus is quasi-split.

In §4, we give examples of Gy, g-actions (see §4.1), Rc/r(Gm,c)-actions (see §4.2) and S'-
actions (see §4.3).

Acknowledgments. The author is grateful to Charlie Petitjean for stimulating discussions about
Altmann-Hausen theory on the field of complex numbers.

Notation

Throughout the entire paper, we call a C-variety a separated integral scheme of finite type
over C, and an R-variety a separated geometrically integral scheme of finite type over R. We denote
by I := {id,~v} the Galois group of the field extension C/R, it is isomorphic to Z/2Z. The group
of regular automorphisms of a C-variety X is denoted by Aut(X), and the group of regular group
automorphisms of a complex algebraic group G is denoted by Autg,. (G).

From here on, N denotes a lattice, i.e. a finitely generated free abelian group, and M :=
Homy (N, Z) denotes its dual lattice. The associated Q-vector spaces are denoted by Ng := N ®zQ
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and Mg := M ®z Q respectively, and the the corresponding pairing by:
MxN—=Z, (uv)— (uv):=u).

Let us recall some results of [9, §1.2]. Let N’ be a lattice, and let f : N — N’ be a lattice
homomorphism. It induces a unique Q-linear map Ng — N@, also denoted by f. A subset
wn C Ng is called a convez polyhedral cone if there exists a finite set S C Ng such that

wy = Cone(S) := {Z AV | Ay € Q>o} C Ng;

veSs

it is called a rational convex polyhedral cone if S can be chosen inside the lattice N. A cone wy is
strongly convez if wy N (—wy) = {0}. For us, a cone in Ny is always a convex polyhedral cone.
The dual cone of wy is defined by

wy i={u € Mg | Vv € wy, (u|v) > 0};

it is a cone in Mg. Let wy be a cone in Ng. A face 7 of wy is given by 7y = wny N ut, for some
u € wy;, where ut = {v € wy | Yu € wY;, (u,v) =0}. Recall that a face of a cone is a cone. The
relative interior Relint(wy) of a cone wy is obtained by removing all proper faces from wy .

A quasifan A in Ng (or in Mg) is a finite collection of cones in Ng (or in Mg) such that, for
any A € A, all the faces of A\ belong to A, and for any A1, A2 € A, the intersection A\; N Aq is a face
of both A;. The support of a quasifan is the union of all its cones. A quasifan is called a fan if all
its cones are strongly convex.

A complex torus is an affine algebraic group isomorphic to GJ,c- There is a one-to-one
correspondence between lattices and complex tori. To a lattice M = Z™, we associate the affine
variety Spec(C[M]), with C[M] := {3, crs cmX™ | ¢m € C} and where x™ are indeterminate such
that Xerm/ = mem/. It is a complex torus isomorphic to an,@’ Conversely, to a complex torus
T isomorphic to G”m’(c, we associate its character lattice M := Homyg, (T, G,, ¢). It is isomorphic to
Z". Let us recall that Auty, (G, o) = GL,(Z).

The action of a complex torus T on a C-variety X is called effective if the neutral element of
T is the only element acting trivially on X. In this paper, we only consider effective torus actions.
Let X be a C-variety endowed with an action of the torus T = Spec(C[M]). The weight monoid of
this action is S := {m € M | C[X],, # {0}} and the cone wy; of My spanned by the weight monoid
S is called the weight cone. The algebra C[X] is M-graded: C[X]| = D,,c.,,~ar C[X]m. There is

a bijective correspondence between the T-actions on X and the M-gradings on C[X] [12, §2.1].

We recall some definitions and results useful for the proof of Lemma 1.10. Let (G,-) be a
group. A G-module is an abelian group (M, +) endowed with an action (g,m) — g -m of G such
that the induced map ¢4 : m + g-m is an abelian group automorphism. Recall that this data is
equivalent to a left module (M, +) over the ring Z[G], where Z[G] := {}_ .5 ngdq | ng € Z} and
where 0, are indeterminate such that d4.o = 0,0,. Indeed, if M is a module over the ring Z[G],
we define a G-module structure on M via g-m = dym for all (g,m) € G x M. Conversely, is M is
a G-module, we construct a Z[G]-module structure on M via (3 cqngdg)m =3 5 ngg - m.

1. GALOIS DESCENT C/R AND ALGEBRAIC TORI

We recall basic definitions and well-known facts about R-structures on C-varieties and R-group
structures on complex algebraic groups in view of studying torus actions on R-varieties. See [3,
§3.1.3] and [4].

1.1. Galois descent C/R. Let us briefly recall the classical correspondence between quasi-projective
R-varieties and quasi-projective C-varieties endowed with an R-structure. Every C-variety X can
be viewed as an R-scheme via the composition of its structure morphism X — Spec(C) with the
morphism Spec(C) — Spec(R) induced by the inclusion R < C = R[i]/(i> + 1). The Galois group
I acts on Spec(C) by the usual complex conjugation z +— Z.
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Definition 1.1. (i) An R-form of a C-variety X is an R-variety Xy together with an isomorphism
X0 Xgpec(r) Spec(C) = X of C-varieties. By abuse of notation we will often write: Xy is an
R-form of X instead of (Xj, ).

(ii) An R-structure o on a C-variety X is an antiregular involution, i.e, an involution of R-scheme
o0 : X — X which makes the following diagram commute:
o

X X

i ec(z — z i
Spec(C) Speclz = 7) Spec(C)

(iii) Two R-structures o and o’ on X are equivalent if there exists ¢ € Aut(X) such that o' =
pooo (p_l.

(iv) An R-morphism between two C-varieties X and X’ with R-structures o and ¢’ is a morphism
of C-varieties f : X — X’ such that ¢’ o f = f o 0 as morphisms of R-schemes.

These definitions allow us to define a category whose objects are algebraic C-varieties endowed
with an R-structure and the morphisms are R-morphisms. There is a one-to-one correspondence
between the (isomorphism classes of) R-forms of X and the (equivalence classes of) R-structures
on X. So we often write (X, o) to refer to an algebraic R-variety.

If a quasi-projective C-variety X is endowed with an R-structure o, then the quotient X /(o)
exists in the category of R-varieties and the structure morphism X — Spec(C) descends to a
morphism X /(o) — Spec(R) making X/(o) into an R-variety such that X = (X/{o))c. If f :
(X,0) = (X’,0') is an R-morphism between quasi-projective C-varieties, and if 7’ : X’ — X'/(o”)
denotes the quotient morphism, we obtain from the invariant morphism 7’ o f : X — X'/{¢') a
morphism fj : X/(o) = X'/(0’) of R-varieties.

Proposition 1.2. The functor (X,0) — X/{o) is an equivalence between the category of pairs
(X, 0) consisting of a quasi-projective C-variety X endowed with an R-structure o and the category
of quasi-projective R-varieties. Moreover, o is equivalent to o’ if and only if X /(o) is R-isomorphic
to X/(o").

Proof. We give a sketch of the proof for the sake of completeness. If (X, =) is an R-form of X,
the C-variety (Xo)c := Xo Xgpec(r) Spec(C) is endowed with a canonical R-structure given by the
action of T’ by complex conjugation on the second factor, this gives an R-structure on X = (Xj)c.
If (Xo,2) and (X)), ) are R-forms of X and X' respectively, and if fy : Xo — X{ is a morphism of
R-varieties, then fy x id : (Xo)c — (X{)c is a morphism of C-varieties, so we obtain a morphism
f: X — X’ such that foo =00 f. O

We have similar definitions and properties for affine algebraic groups.

Definition 1.3. (i) Let G be a complex algebraic group. A real algebraic group Gy together
with an isomorphism Gy Xgpecr) Spec(C) = G is called a R-form of G.

(ii) An R-group structure T on a complex algebraic group G is an R-structure 7 : G — G such
that the multiplication G x G — G, the inverse G — G and the unity Spec(C) — G are
R-morphisms.

(iii) Two R-group structures 7 and 7’ on G are equivalent if there exists ¢ € Auty,(G) such that
' =poTop L

(iv) An R-morphism between two complex algebraic groups G and G’ with R-structures 7 and 7/
is a morphism of complex algebraic groups f : G — G’ such that 7/ o f = f o 7 as morphisms
of R-schemes.

If G is a complex algebraic group endowed with an R-group structure 7, then the quotient
scheme Gy := G/(r) is a real algebraic group which satisfies (Go)c = G as complex algebraic
groups. This induces a one-to-one correspondence between the (isomorphism classes of) R-forms of
G and the (equivalence classes of) R-group structures on G.

Remark 1.4. The equivalence of categories of Proposition 1.2 restricts to an equivalence between
the category of pairs (G, 7) consisting of a complex algebraic group endowed with an R-group
structure, and the category of real algebraic groups.
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1.2. Real tori. We define real tori and we recall that any real torus is isomorphic to a product of
copies of three elementary real tori.

Definition 1.5. A real torus T is a real affine algebraic group such that T¢ is a complex torus. It
is called a split torus it T'= Gy, p for some integer n.

The torus G, ¢ has two non isomorphic R-forms: the real split torus G, g and the real circle
St := Spec (Rlz,y]/(z* + y* — 1)). Since Auty, (G, c) = {id, —id}, the equivalence class of an
R-group structure on G,, ¢ has only one element. So, the R-group structures on G,, ¢ associated
to G, and S! are respectively:

To:2—%z and T :iz—Z L

The group structure on S! is given by
(@) - (2',y") = (z2’ —yy', 2y + ya’).

The Weil restriction of G, c is Re/r(Gm,c) := Spec (R[z1, y1, T2, y2] /(191 — 22y2 — 1, 22y1 + 21Y2)).
It is an R-form of Gfm(c. An R-group structure on G?n,c associated to Re/r(Gm,c) is:

T2 : (z,w) — (W, Z).
The group structure on R¢/g(Gn,c) is given by

(551,91796273/2) : (xllvyllaxévyé) = ($136’1 - 302%/2,1/11/1 - y2y§,901$/2 + 1’2xl17y1y’2 + y2y/1)

~

By abuse, we call Weil restriction any real torus isomorphic to Rc/r(Gm,c). Here, Autgr((G?,w) ~
GLy(Z), so the equivalence class of an R-group structure on an,c has infinitely many elements.
For instance

75 (z,w) = (W "4 Z ') and 7 (2,w) — (2 1w, W)
are R-group structures equivalent to 7.

Remark 1.6. An R-group structure 7 on a complex torus T induces lattices involutions 7 and 7 on
M = Homg, (T, G, c) and N := Homg,(G,, ¢, T) respectively. For (Gfmc,ﬁ), the involutions 7
and 7y are both given by Z* — Z?, (k,1) — (I, k). For G,, r, 7o and 7 are both given by id : Z — Z,
and for S!, 7; and 7; are both given by —id : Z — Z.

These three elementary real tori form the building blocks of every real torus, that is:

Proposition 1.7. [15, Proposition 1.5]. Every R-group structure on G%C is equivalent to exactly

one R-group structure of the form 75" x 7™ x 752 with ng + ny + 2ny = n.

Remark 1.8. Let (T, 7) be a subtorus of the real torus (Gy, ¢, 7’). Let M := Homg, (T, Gy, c) and
M" := Homg, (G}, ¢, Gpc). The inclusion T — G,  induces a surjective lattice homomorphism
M’ — M. Let My be the kernel of this homomorphism, it is a sublattice of M’. Moreover, the
lattice involution 7 on M’ induces a lattice involution 7y on My . Let 7y be the induced R-group
structure on Ty . The following diagram of complex algebraic groups commutes:

1 T e Ty := Spec(C[My]) 1
IT vr! VY
1 T Gh.c Ty := Spec(C[My]) 1

There exists an injective morphism F : N — N’ and a surjective homomorphism P : N’ — Ny,
and the following diagrams of free Z-modules commute:

0 N r N’ P Ny 0

V7 V4 YTy
0 N F N’ L Ny 0




REAL TORUS ACTIONS ON REAL AFFINE ALGEBRAIC VARIETIES 7

0 My L M’ F M 0
V Ty . V7 " V7
0 My L M’ F M 0

There always exists a section s* : M — M’, but not always a I'-equivariant one. Therefore, we
obtain a section Ty — GJ,, ¢, but not always a I'-equivariant one. In other words, Gy, « = T x Ty,
but this isomorphism is not always I'-equivariant.

Example 1.9. The real tori G,, g and S! are real subtori of R¢ /R(Grm.,c). The inclusion are given
by:

(Grucs10) — (G%C,Tg), t— (t,t) and (G c,m1) — (ng,c,rg), tes (tt7h).
We obtain the diagrams of Remark 1.8 with M’ = Z2, M = Z, My = Z, F* = [1,1] and P* = [1, —1]
for G,, g, and F* = [1,—1] and P* = [1,1] for S'. In these two cases, there does not exist a I'-
equivariant section since 75 is not equivalent to 7 X 7.

In the case where Rc/r(Gm,c) is a subtorus of a real torus (Gj, ¢, 7’), we have the following
result:
Lemma 1.10. Let (Gig’c,r;q) be a subtorus of (G}, ¢, 7). Let M := HomgT(Giff’C,Gm,C) and
M" :=Homg, (G}, ¢, Gm,c). Then, there exists a I'-equivariant section s* : M — M’ (i.e. F*os* =
id and 7' 0 s* = s* o 7,7).
Proof. The Galois group I' & Z/27 acts on M via 7, ¢, so M is a I-module. We have the following
short exact sequences of Z[I'|-modules:

0—>MyP—*>M’F—*>M—>O.
Note that we have a isomorphism of Z[I']-module M — Z[I']9, (k1,l1, ..., kg, lq) — (k100 + 1101, . . .,
kq00 + 1401). Hence M is free Z[[']-module of rank n, so it is a projective Z[I']-module. By [8,

Proposition A3.1], there exists a morphism s* : M — M’ of Z[I'J-module such that F* o s*
idyy.

Ol

Remark 1.11.
(i) The interpretation of Lemma 1.10is : (G}, ¢, 7') & Re/r(Gm,c)? x T', where T" is a real torus

of dimension n — 2gq.

(ii) For G,, r-actions, the Z[['l-module M = Z, with I'-action given by 7, = id, is not a projective
Z|T'-module. Indeed, we have a I'-equivariant isomorphism M — Z[I'|/(61), m — [mdg+mdy].

(iii) For S'-actions, the Z[I']-module M = Z, with T'-action given by 7| = —id, is not a projective
Z[I']-module. Indeed, we have a I'-equivariant isomorphism M — Z[[']/(d1), m — [mdy +
(—m)él].

1.3. Real torus actions. We now consider actions of real tori on R-varieties.

Lemma 1.12. Let T be a real torus. There is a one-to-one correspondence between quasi-projective
R-varieties endowed with a T-action and tuples (T, 7, X, 0, 1) consisting of:
(i) a complex torus T endowed with an R-group structure T such that T/{T) = T;

(it) a quasi-projective C-variety X endowed with an R-structure o;
(iti) an action p: T x X — X such that the following diagram commutes:

T x X X
TXOo)| lo
T x X X

Proof. Let (T, 1, X, 0, 1) be such a tuple. By proposition 1.2, the morphism p : Tx X — X induces
a morphism po : (T x X)/(T x o) = X/{(o). Since (T x X)/(r x o) =2 T/(7) x X/{o), we have a
T/(r})-action on X/{o).

Conversely, let X be an R-variety endowed with a T-action T'x X — X. Since (T x X )¢ = Tc X X¢,
we obtain an action p := Tg X X¢ — X¢ satisfying the commutative diagram:
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T(C X X@ X(c
idx (z—2)idx (z 2) Vid x (z — 2)
T(C X XC X(C
Which ends the proof. O

Example 1.13. Consider the action of G}, - on A given by (s,t) - (z,y,2) = (sz,ty, stz). The
Weil restriction (G2, ¢, 72) acts on (A, ¢’), where o'(z,y, 2) = (¥, 7, 2).

Example 1.14. Consider the hypersurface X of A% := Spec(Clxy, 72, x3,24]) defined by z123 =
zox4. The torus G%n,(c acts on Aé by (s,t) - (w1, 22, 73,74) := (s71,t29, st2x3, s%twy). Since the
polynomial 23 — 2224 is homogeneous, ng,c acts on X. Let ¢’ be the R-structure on Aé defined
by o' (21,2, 23,24) = (T3,%71, T4, T3) and let o be the induced R-structure on X. Then, the real
torus (G2, ¢, 72) acts on (Ag,¢’) and on (X, 0).

Let us note that if a real torus (T, 7) acts on an affine variety (X, o), then the comorphism o*
of o preserves the M-grading of the algebra C[X], where M := Homg, (T, G, c). This observation
will be useful in the proof of Proposition 3.1.

Lemma 1.15. Let (T, 7) be a real torus acting on the affine R-variety (X, o). Let M := Homy, (T, Gy, c)
and let w be the weight cone of the T-action on X. Then 7(w) = w and for allm € M:

7* (C[X]m) = C[X]5(m)-
Proof. Let m € M and let f € C[X],,. We obtain from the diagram of Lemma 1.12:

(1 0 %) (f) = (7% x 0%) o J)(f) = THX™) @ 0 (f) = X7 @ o (f).

Hence % (C[X],,) C C[X](n). Moreover, if g € C[X]z (), then g = 0#(c#(g)). Hence, o* (C[X],,) =
(C[X]'T'(m)' 0

1.4. The case of affine toric R-varieties. In this subsection, we consider the particular case of
affine toric R-varieties, i.e. affine R-varieties X such that X¢ is an affine toric C-variety.

Proposition 1.16. Let (T, 7) be a real torus, let M := Homg, (T, Gy .c) and N be its dual lattice.
Let w be a pointed cone in Ng and let X, be the associated affine toric C-variety. The torus (T, T)
acts on the affine toric R-variety (X,,0), where o is an R-structure on X, if and only if there
exists an R-group structure 7" on T equivalent to T such that 7' (w) = w.

Proof. (Compare with [10, Proposition 1.19]). Assume that 7 is equivalent to 7/ and 7'(w) = w.
Recall that we denote C[M] := {}_ < 1; amX"™,am € C} and C[S,] := {D_, coovar @mX™s am € C}
the coordinate rings of Gj,, ~ and X, respectively. Since 7'(w") = w", the algebra automorphism

. C[M] — C[M], Z amX™ Z Ty (™)
meM meM
can be restricted to C[S,] C C[M]. It is the comorphism of an R-structure o on X,,.
Conversely, let o be an R-structure on X, such that (T, 7) acts on (X,,,c). Let m € w¥ N M,
then there exists ¢ € GL(M) such that x™ € C[Sy]3(m). Let ¢ € Autg,.(T) be the corresponding

automorphism. By lemma 1.15, o%(x™) € C[S,]#(g(m)), S0 o*(x™) = D ICON PP P

70 be an R-group structure on T equivalent to 7, then of(x™) = x™ (™). Hence, 7 (m) € w¥ N M
and 7 (w) = w. O

Remark 1.17. The Weil restriction Rc/r(Gy,c) acts on a 2-dimensional affine toric R-variety
(Xu,0) if and only if there exists a basis {e1, ea} of the lattice N such that the cone w is symmetric
with respect to the line Q(e; + e2). Let o be the R-structure on A% defined by o(z,y) = (¥,T).
The toric R-variety (A%, o) is endowed with an Re/r(Gy, c)-action since 72(Q2,) = Q2,. Up to
isomorphism, it is the only smooth 2-dimensional affine toric variety endowed with an Rc_/R(Gm,«:)-
action.
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Example 1.18. Consider the cone w = Q?;O in Ng = Q® spanned by the canonical basis of N.
Let X, := A% be the associated toric C-variety. The cone w is stable under the lattice involution
2/ 1= #5 X 7y induced by the R-group structure on G?n,c defined by 7 := 7 X 79. Consider the R-
structure o’ on A3 defined by o’(z,y, 2) = (¥, 7, z). The natural action of an,c on A} is compatible
with the R-structures 7" and o’, i.e. Re/r(Gm,c) X G r acts on (A2, o).

Counter-example 1.19. Consider the cone w = Cone { {(1)] ; F]} in Ng = Q% They do not

2
exist an R-group structure 7 equivalent to 75 such that 7(w) = w, so we cannot endowed X, with
an R-structure compatible with a R¢ /R(Gmﬁc)-action.

Let (T, 7) be a real torus and let o be an R-structure on an n-dimensional toric C-variety X,
induced by an R-group structure 7" on G}, . By a (T, 7)-action on (X, ), we mean a (T, 7)-action
such that (T, ) is a real subtorus of (G}, ¢, 7'). Let’s now have a look at (T, 7)-actions on (X, o).

Corollary 1.20. Let M := Homg, (G2, ,Gy,c) and N be its dual lattice. Let w be a pointed

m,C>»

m
the affine toric R-variety (X,,,0), where o is an R-structure on X, if and only if there exists an

R-group structure 7’ on Gy..c equivalent to an R-group structure of the form 754 x 7" and such

cone in Ng and let X, be the associated affine toric C-variety. The torus (G2q’c,r2xq) acts on

that #'(w) = w, where 7"’ is an R-group structure on ngéq.
Proof. Tt is a consequence of Lemma 1.10 and Proposition 1.16. (]

The Corollary 1.20 is specific to Weil restriction actions:

Example 1.21. Let N = Z2, let w = Q2>0 be a pointed cone in Ng, and let A% be the associated
affine toric C-variety. Since 7(w) = w, the R-group structure 75 on G%ﬁb’c extends to an R-structure
o on A% defined by o(z,y) = (y,7). Note that the real torus (G, c,m) acts on (A%, o) by
t-(z,y) = (tz,ty), but 72 is not equivalent to 79 X 71 (see Example 1.9).

2. ALTMANN-HAUSEN PRESENTATION FOR NORMAL AFFINE C-VARIETIES

In this section, we introduce the group of tailed polyhedra, which will serve as the group of
coeflicients for the polyhedral divisors, and we recall the main results obtained by Altmann-Hausen
in [2]. We also recall some basic facts about convex geometry. Our main references for this are
Altmann-Hausen article’s [2] and Fulton book’s [9].

2.1. Tailed polyhedra and polyhedral divisors. A subset II C Ng is called a polytope if there
exists a finite set S C Ng such that II is the convex hull of S, and it is called a rational polytope if S
can be taken inside the lattice N. A proper face IT' of II is the intersection of IT with a supporting
affine hyperplane.

A convex polyhedron is the intersection of finitely many closed affine half spaces in Ng. For
us, a polyhedron in Ng is always a convex polyhedron. The relative interior of a polyhedron A,
denoted by Relint(A), is obtained by removing all proper faces from A. Moreover, any polyhedron
A in Ng admits a Minkowski sum decomposition:

A =11+ wy,

where II C Ny is a polytope and wxy C Ng is a cone. In this decomposition, the cone wy is unique
and called the tail cone of A (see [2, §1]).

Example 2.1. A =11+ wy
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Definition 2.2. Let wy be a pointed cone in Ng. By a wn-polyhedron in Ng, we mean a polyhedron
in Ng having the cone wy as its tail cone. We denote the set of all wy-polyhedra in Ng by
Pol?  (Ng).

The Minkowski sum of two wn-polyhedra in Ng is again a wy-polyhedron in Ng. Thus,
endowed with Minkowski sum, POIIN (Ng) is an abelian monoid, whose neutral element is wy (see
2, §1)).

We now introduce the language of polyhedral divisors and proper polyhedral divisors. The
idea is to replace rational coefficient by tailed polyhedra (see [2, §2]).

Let Y be a normal C-variety. The group of Weil divisors on Y is denoted WDiv(Y') and the
group of Cartier divisors on Y is denoted by CDiv(Y). Since Y is normal, we have an inclusion
CDiv(Y) € WDiv(Y). A Cartier (resp. Weil) Q-divisor is an element of Q ®z CDiv(Y') (resp
Q ®z WDiv(Y)). The sheaf of sections O(D) of a Weil Q-divisor D on Y is defined by:

H(V,0(D)) := {f € C(Y) | divv(f|,,) + DI, = 0} U {0},

where V' C Y is an open subset. Now we turn to divisors with tailed polyhedra coefficients. Let
wn be a pointed cone in Ng. An wy-polyhedral divisor on Y is a formal sum:

D =) Az®ZcPol} (Ng) @z WDiv(Y)
z
over all prime divisors Z C Y, and Az = wy for all but finitely prime divisors Z.
Let D=3, Az -Z be a wy-polyhedral divisor on Y. For a prime divisor Z on Y we denote
the support function of Ay by
hz :wy — Q, m — min{(m,v) | ve Az}

For every m € wy, we can evaluate D in m by letting D(m) be the Weil Q-divisor on Y defined by:
D(m) =Y _hz(m) @ Z € Q®z WDiv(Y).
Z

Before introducing proper polyhedral divisors, we recall the following definitions:

Definition 2.3. A Cartier Q-divisor D on Y is called semi-ample if, for some n € N*, the set of
open subsets Y; := Y\Supp(div(f) + D), with f € H(Y, Oy (nD), cover Y. A Cartier Q-divisor
D on Y is called big if, for some n € N*| there exists a section f € HO(Y, Oy (nD) with an affine
non-vanishing locus Y.

Definition 2.4. A proper wy-polyhedral divisor on Y, abbreviated an wy-pp-divisor, is an wy-
polyhedral divisor D =", Az - Z on Y satisfying the following properties:
(i) for all m € wy, N M, D(m) is a Cartier Q-divisor on Y;
(ii) for all m € wy, N M, D(m) is semi-ample; and
(iii) for all m € Relint(wy;) N M, D(m) is big.

The sum of two wy-pp-divisors with respect to a given cone wy is again an wy-pp-divisor.
Thus, wy-pp-divisors form a monoid denoted by PPDivg (Y, wy).

Example 2.5. Let N = Z?, let wy = Q%, and let A be the wy-polyhedron defined below. The
normal quasifan associated to A consists of the two cones d; and dy refining the cone wy, = 220

of the dual lattice M = Z? (see [14, §1.1.2] for details). The support function ha : wy, — Q, m
min{(m,v) | v € A} is linear on each J;, and we obtain:

2 2

h/A(mlymZ) { ma if (m17m2) € 61 1 1

mi if (ml,mg) S 52
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Consider a divisor D := A ® D on a normal variety Y, where D is a prime divisor. Then,

[ ma®D if (my,my) €6
D(m1,mz) = { m1 ® D if (mq,mg) € 2

Example 2.6. Let N = Z?2, let wy = Q%, and let A3 and A4 be the wy-polyhedra defined in the
following illustrations. The normal quasifan associated to each A; consists of two cones refining the
cone wy, = Q% of the dual lattice M = Z?. The support function of the polyhedron A; is denoted
hi:wY — Q, m+— min{(m,v) | v € A;}.

ha(m) £ 2mq
2 21 2 21
ha(m) =mq
L hs(m) = mo 1 L
| ha(m) = 2m;
12 1 2

Consider a divisor D := Az ® D3 + A4 ® D4 on a normal variety Y, where D3 and Dy are prime
divisors. Considering the fan refining these two normal fan, we obtain:

d3
24
mo ® D3 +2mo ® Dy if (ml,mQ) € 4 92
D(ml,mg) = mo ® D3 +mq & Dy if (ml,mg) € 0 11
2m1 ® D3 +mq ® Dy if (ml,mg)E(sg 5
1 Il
1 2

2.2. Altmann-Hausen presentation. Let us present the main results of [2] about the geometrico-
combinatorial presentation of normal affine C-varieties endowed with a torus action.

Definition 2.7. A C-variety Y is said to be semi-projective if its C-algebra of global functions
HO(Y, O) is finitely generated and Y is projective over Yy = Spec(H°(Y, O)).

Remark 2.8. Note that affine varieties and projective varieties are semi-projective. A semi-
projective variety is quasi-projective. Indeed, Y — Yj is a projective morphism, moreover Yj is an
affine variety (so quasi-projective). Then the morphism Y — Spec(C) is quasi-projective.

Let X be a C-variety endowed with an action of the torus T = Spec(C[M]) of weight cone
wy C Mg. We write C[X] =P C[X])m. For all m € wyy N M, we denote:

meEwn NM
C(X)m = {; ‘ Ik €M, f€C[X]min g€ (C[X]k} c C(X).

Let Y be a normal semi-projective variety, let wy be a pointed cone in Ng and let D =
>, Az - Z be an wy-pp-divisor on Y. By [2, proposition 2.11], for all m, m’ € M Nwy;, we have
D(m+m') > D(m) + D(m'). So, for all m, m’ € wX; N M, we have a map:

HO (¥, Oy (D(m))) & HO (Y, Oy (D(m))) — HO (Y, Oy (D(m + m'))) .
This ensures that the H (Y, Oy )-sub-modules H° (Y, Oy (D(m))) of C(Y) can be put together into
an M-graded C-algebra:
AV, Dl:= @ H(Y,0y(D(m))) X, C C(Y)[M],
mewNM
where X,,, is an indeterminate of weight m. We denote by X[Y, D] := Spec(A[Y, D]) the associated
T-scheme. The general idea of the construction of Altmann-Hausen is to identify C(X ) with C(Y)
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for some semi-projective variety Y, and use an appropriate pp-divisor on Y to construct the grading
of C[X] via an identification between C[X],, and H° (Y, Oy (D(m))) X,.

Theorem 2.9. [2, Theorems 3.1 and 3.4]. Fiz a torus T = Spec(C[M]).

(i) Let Y be a normal semi-projective variety, let wy be a pointed cone in Ng, and let D be a
wp -pp-divisor on Y. The affine scheme X[Y, D] is a normal variety, of dimension dim(Y') +
dim(T), endowed with a torus T-action of weight cone wy;.

(i) Conversely, let X be an affine normal variety endowed with a T-action, and let wy be the cone
in Ng dual to the weight cone. There exists a semi-projective variety Y and a wy-pp-divisor
D on'Y such that the graded C-algebras C[X| and A[Y, D] are isomorphic.

Example 2.10. Consider the example 1.13. The affine variety A% endowed with the action of G7, ¢
given by (s,t)-(z,y,z) = (sz,ty, stz) is described by a semi-projective variety Y := P{. = AfU{oc},
and a pp-divisor on Y defined by D := A ® {oco}, where A is the polyhedral defined below. Using
example 2.5, we have:

meo & {OO} if (ml, mz) € 01
mi; ® {OO} if (m1, mz) € 09 1

D(my,ma) = {

3. ALTMANN-HAUSEN PRESENTATION FOR NORMAL AFFINE R-VARIETIES

3.1. Equivariant toric downgrading. Given an action of a complex torus T on a normal affine
C-variety X, Altmann and Hausen indicate in [2, §11] a recipe on how to determine a semi-projective
variety Yx and a pp-divisor Dx mentioned in Theorem 2.9. The idea is to embed T-equivariantly X
into a toric variety Ag such that X intersects the dense open orbit of Ag for the natural Gy, c-action.
They construct a normal semi-projective variety Y and a pp-divisor D describing the T-action on
AZ. From these data, they obtain Yx and Dx describing the T-action on X.

In this section, we describe a T-equivariant embedding X < A which is also I'-equivariant
(Proposition 3.1), and we use this embedding to extend the Altmann-Hausen presentation to the
case of real torus actions on affine R-varieties (Theorems 3.3 and 3.5).

Proposition 3.1. Let M be a lattice of rank d. Let X be an affine C-variety endowed with an
action of T and let M := Homg, (T, G, c). Let o be an R-structure on X, and let 7 be an R-group
structure on T. If the real torus (T,T) acts on (X,0), then there exist n € N,n > d such that:

(i) There is an R-group structure 7" on G}, - that extends to an R-structure o’ on Ag;
(ii) (T, ) is a closed subgroup of (Gy, ¢, 7'); and
(iit) (X, 0) is a closed subvariety of (A¢,0") and (X,0) — (Ag,0’) is (T, T)-equivariant. Moreover,
X intersects the dense open orbit of A% for the natural GI' ~-action, and the weight cone of
A f C m,C
n g Y
¢ is the weight cone of X.

Proof. (i) The algebra C[X] is finitely generated, so we can write C[X] = Clg1, ..., ] with g; €
C[X]\{0}. Since C[X] = €D,,cps, C[X]m, there exists homogeneous elements g; ; such that g; =
Gi1+- +3dik, hence C[X] = C[g; ;]. Note that C[X] = C[g; j, 0 (§: ,)]. Moreover, by lemma 1.15,
an homogeneous element is send to an homogeneous element by of. Hence we can assume that there
exists n € N such that C[X] = Clgy, ..., gn], where the g; are homogeneous of degree m; € M and
such that the set {g; | 1 < i < n} is stable under the involution . Let 7/ and ¢’ be the maps induced
by the antilinear maps 7/*(2;) = xj, and o' (x;) = z;, where o(g;) = g;. This induces an R-group

structure on Gy, - = Spec(Clzf?, ..., x;']) and a R-structure on A% = Spec(Clx1, ..., z,]).
(it) The C-algebra morphism v : (C[xlil, o, 2H] — C[M], x; — x™ is surjective since the T-

action on X is effective. Since (T, 7) acts on (X, o), ¢ is T-equivariant. So, the R-algebra morphism
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Pl (C[mlil, oo — CIM]T is well defined and surjective. Hence, (T,7) is a closed subgroup
of (G, ¢, 7).

(iii) The C-algebra morphism ¢ : Clxy,...,2z,] = C[X], x; — g; is surjective and induces a
C-algebra isomorphism Clgy, ..., gn] = Clz1,...,2,]/a, with a = Ker(¢). Moreover, the morphism
¢ is D-equivariant. So, the R-algebra morphism ¢! : C[zy,...,z,]" — C[X] is well defined and

surjective. Hence, (X, o) is a closed subvariety of (Ag,¢’).
Note that ¢ is T-equivariant, so the closed immersion X < Ag is T-equivariant. Moreover,
the comorphism of the T-action on A is given by:

at Clx1, ..., 2n] > CIM] @ Clz1,...,2n], @i+ xX™ Qa;

Then, the following diagram commutes:

p ClAZ] A C[M] ® C[AZ]
— 3 jit x ol —

ClAZ] : C[M] @ ClAg]
Q! id X @

2 \:( id X ¢
O] > C[M] & C[X]

/(T, -7 a /ﬁ x ot
clx] = u C[M] & C[X]
7

Hence, the morphism ¢ is (T, 7)-equivariant, so (X,0) is a closed subvariety of (Ag,o’), and
(X,0) = (AZ,0’) is (T, 7)-equivariant.

Finally, note that for all i € {1,...,n}, z; ¢ a, hence X intersects the dense open orbit of
G}, - It follows that the weight cone of Ag is the weight cone of X. (I

Example 3.2. We pursue example 2.10. The action of (G2, ~,72) on (A},0’) comes from the I'-
equivariant inclusion of (G%W,Tg) in (G%7C,T/) given by (s,tj — (s,t, st), where 7’ is the R-group
structure defined by 7/ = 7 x 79. We denote by M and M’ the character lattices of G, - and G, ¢
respectively. Then, we obtain the diagrams of Remark 1.8 with:

10
Fo=10 1 Pi=[-1 -1 1] = |01 =
1] 1 0

3.2. Real torus actions on normal affine R-varieties. We present the main theorical results
of this article concerning the presentation of affine R-varieties endowed with real torus actions:

(=2 )

1 0
8 (_f‘| Ty = [1]

Theorem 3.3. Let (T, 7) be a real torus, let M := Homg, (T,G,,c), and let (Y,oy) be a normal
semi-projective R-variety. Let wy be a pointed cone in Ng, and let D be an wy-pp-divisor on Y.
If there exists a monoid morphism h : wy; N M — C(Y)* such that

Vm € wy N M, o3 (D(m)) = D(F(m)) + divy (h(F(m))) and h(m)ag/(h(f(m)) =1, (1)

then there exists an R-structure ox[y,p) on the normal affine variety X[Y,D] such that (T, T) acts
on (X[Y, DL Jx[yﬁp]).

Remark 3.4. Since Y is an integral scheme, for any affine open subset U C Y, the ring Oy (U)
is integral and C(Y) = Frac(Oy(U)). Hence, oy induces an R-field automorphism denoted
o’ﬁ, : C(Y) — C(Y). The field of invariant rational functions is denoted by C(Y)!' := {f €
C(Y) | og/(f) = f}. A classical result, due to Artin, states that if G is a finite group of automor-
phisms of a field k, then G = Gal(k/k%). So, the extension C(Y)/C(Y)" is Galois, with Galois
group I'.
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Proof. By Theorem 2.9 (1), X[Y,D] := Spec(A[Y,D]) is an affine C-variety endowed with a T-
action, of weight cone wy;. This action is obtained from the following comorphism:
pF AlY, D] = CIM] @ A[Y, D], fXm = X" @ [Xm.
We now construct an R-structure on X[Y, D] such that (T, 7) acts on (X[Y, D], 0x[y,p}). Condition
(1) implies that, for all m € wy; N M,
s+ HO(Y, Oy (D(m)) X, — H(Y, Oy (D(Fm)) Er )y FEm = 0% (HAGFm) Er ()
are isomorphisms of A[Y, D]p-modules and these isomorphisms collect into an involution Bmewy,nMOm

on the direct sum A[Y,D]. The latter corresponds to a R-structure ox[y,p) on X[Y,D].
Finally, (T, 7) acts on (X[Y,D],0x[y,p]) since the following diagram commutes:

g
A[Y, D] a C[M] ® A[Y, D]
UﬁX[KD]l lrﬁ ® ox[v,p)*
A[Y, D] u C[M] @ A[Y, D]
i

O

Theorem 3.5. Let (T, 7) be a real torus and let M := Homgy, (T, G, c). Let (X,0x) be a normal
affine R-variety endowed with a (T, T)-action. Let wy be the cone in Ng dual to the weight cone
wpr. There exists a real normal semi-projective variety (Y,oy), an wy-pp-divisor D on'Y, and a
monoid morphism h : wy N M — C(Y)* such that

Vm € wy N M, oy (D(m)) = D(7(m)) + divy (h(7(m))) and h(m)alﬁ/(h(?(m)) =1,
and such that the M-graded algebras C[X] and A[Y, D] are I'-equivariantly isomorphic.

Proof. e Step 0: Preliminaries.

Using proposition 3.1, there exists n € N such that (T, 7) is a closed subgroup of (G%’C,T’)
and (X,ox) is a closed (T, 7)-equivariant subvariety of (A, o). So, let a be the ideal of C[A}] =
Clz1,...,z,] such that C[X] is (I' x T)-equivariantly isomorphic to C[A#]/a. We write C[X] =
C[Ag]/a. Let M' := Homy, (G}, ¢;Gm,c) and let My be the sublattice of M’ constructed in
Remark 1.8. We have the commutative diagrams of Remark 1.8. Recall that there always exists
a section s* : M — M’, but not necessarily I'-equivariant, and a cosection t* : M’ — My . These
homomorphisms satisfy F'* o s* = Ids, t* o P* = Idp, and P* ot* = Idpy — s* o ™.

Since Frac(C[M']) = C(Ag), the section s* induces a morphism

w:wy N M — CAR)*,m — x* (™)

such that for all m € wyr N M, u(m) € C(AZ)m.-
Note that, for all m € wyr N M, C(AZ)n = C(AR)ou(m). Indeed, since C[AR],, C C(AE)m, we

—_~— —_—~—

can write C[AZ],,, = C[AZ] u(m), with C[AZ] = C C(Ag)o. Then , we can write:
Clazl= €D Clagl,u(m) C C(Ag)o[M].
meEwn NM

Since for all 4, z; ¢ a, for all m € wyr N M we have ux(m) € C(X),,, where ux (m) is obtained from
the surjective morphism C[AZ] — C[X]. It follows a morphism ux : wy N M — C(X)*. Hence we
can write o

CX]= D Cln= D CiX],ux(m)cC(X)M],

meEwn NM meEwn NM

— —

where, for all m € wy N M, C[X],, = C[X],,ux(m) and C[X],, C C(X)o.

e Step 1: Altmann-Hausen quotient and divisors.

Let {e1,...,en} be the standard basis of N'. The cone in Ny of the toric variety Ag is Q%,,
and F*(Q%,) = wy. Since the fan in Ng generated by {ei,...,e,} is I-stable (for 7') and P is
I-equivariant, the fan Ay in (Ny)g generated by {P(e1),. .., P(en)} is I'-stable (for 7y).
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Let Y be the toric variety obtained from the fan Ay; it is a semi-projective variety (see [5,
Proposition 7.2.9]). Since Ay is I-stable, the R-group structure 7y on Ty := Spec(C[My]) extends
to an R-structure oy on Y by [11, Proposition 1.19)].

Let Yx be the closure of the image of X NGy, ¢ in Y by the surjective group homomorphism
7 : Gy, ¢ & Ty composed with the inclusion Ty < Y. Since these morphisms are I'-equivariant,
the R-structure on Y restricts to an R-structure oy, on Yx. The normalization Yx of Y, with
morphism v : Yy — Yy, is a semi-projective variety. Using universal property of normalization
and the fact that v is an isomorphism on a dense open subset of Yy, there exists an R-structure
Oy, on Yx which makes the following diagram commute:

- oy -
Yx Yx
vl
Yx Yx

For each ray of the fan Ay, we denote by wv; its first lattice vector. To a ray spanned by v,
corresponds a toric divisor D,, on Y.

The divisor D = 37 A, ® D,,, where A,, := s(Q%, N P~Y(v;)), is an wy-pp-divisor on Y.
Let Dy be the divisor obtained by pulling back D to Yx. It is an wy-pp-divisor on Yx (see [1,
Proposition 8.1] which is not in the published version).

e Step 2: Isomorphisms C(Y) = C(Ag)o and C(Yx) = C(X)o.

Observe that 7 : C[My] — C[M’] is an isomorphism. Hence, 7* induces an isomorphism:

f_Xax™  wt(f) _ Max”
Frac(C[My]) — Frac(C[M']y), =~ = — = .
rac(ClMyl) = Frac(CM'o), 7= S5 ™ T(g) = b P o)
For all m € M, note that (F*)~'(m) = s*(m) + Ker(F™*). Hence, Frac(C[M'])y = Frac(C[M']o).
Since Ty is a dense open subset of Y, we have C(Y') = C(Ty). Since GJ, ¢ is a dense open subset
of AZ, we have Frac(C[M']) = C(A). Therefore, Frac(C[M'])o = C(A{)o. Finally, we obtain a
I'-equivariant isomorphism:

v :C(Y) = C(Ad)o.

Moreover, the inclusion X — Ag is T-equivariant, the variety Ty N Yx is affine and the following
diagram commutes:

n
m,C TY

J J

GlLeNX — % Ty NYx = 7(G}, ¢ N X)

Therefore the following diagram commutes:

(C[Ty N Yx] e (C[G?n,((: n X]O

) ﬁ 1

C[Ty] ¢ u C[Gy, clo

It follows an isomorphism C(Ty N Yx) — Frac(C[G}, - N X]o). Since,

Frac((C[GZ%C N X]()) = (C(G:Lnyc n X)o, (C(Yx) = (C(Ty M Yx), and (C(X) = C(GZ@,C N X),
we obtain a I'-equivariant isomorphism C(Yx) = C(X)p. Note that we have a I'-equivariant iso-
morphism C(Yx) = C(Yx), therefore, the isomorphism:
©x : C(Yx) — (C(X)O
is I'-equivariant.
e Step 3: Isomorphisms AlY,D] = C[AZ] and A[Yx,Dx] = C[X].
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Let m € wy N M. Consider the polyhedron A(m) = (F*)~'(m) N Q%, C M, and the
polyhedron Ay (m) := t*(A(m)) C (My)g. Note that

ClAgl,, = D o= P =g b o

m’€QL N(F*)~1(m)NM’ my €Ay (m)NMy my €Ay (m)NMy

It follows from Lemma [9, §3.4] and the proof of [1, Proposition 8.5] that:
Y, 0v(Dm)) = P ™.
my €Ay (m)NMy
Therefore, we obtain a graded algebra isomorphism:
®: A[Y, D] = C[Ag], fXm = @(f)u(m).
Moreover, there is a natural surjective graded algebra morphism:
U : A[Y, D] - A[Yx, Dx].

Let ®x : A[Yx,Dx] — C(X)o[M] be the morphism defined by fX,, — @x(f)ux(m). Since the
following diagram commutes:

Ay, pl—2 5 clap

v o, |

A[Yx,px] —_—» (C[X]

we obtain a graded algebra isomorphism:

(I)X : A[Yx,’DX} — (C[X]a fxm = QO)((f)Ux(m)~

o Step 4: Bquality o3, (Dx(m)) = Dx(7(m)) + div(h(7(m))), for all m € wy N M.
Let m € wyy N M. Let b := wp N M — C(AZ)o be the monoid morphism defined by h'(m) :=
o (u(F(m))
u(m)
note that h’(m)o®(h’(7(m))) = 1. Consider the monoid morphism h := ¢~ Loh’ : wpyyNM — C(Y)*.
We construct a R-structure on X[Y, D] using the following commutative diagram:

. PF)u(m) > o (9() ) W' (7 (m))u(F(m)
claz) —— claz

o e 1 :

A[Y. D] — A[Y.D] F2m & (o () )W (7)) X

. By Lemma 1.15, 0*(C[AZ]7(m)) = C[AZ]n. It follows A'(m) € C[AZ] . Moreover,

Since ¢ is I'-equivariant, we have gp’l<aﬁ (gp(f))h/(%(m))) = Jg,(f)h(%(m)). Hence, the

morphism
A[Y, D] = A[Y, D], fXpm > oy (f)h(F(m))Xz(m)
induces an R-structure ox[y,p; on X[Y,D]. From this we deduce that:
oy (D(m)) = D(7(m)) + divy (h(7(m))). (2)
Moreover, h(m)ag, (h(7(m))) = 1. By the same reasoning, we construct an R-structure oyy, p
on X[Yx,Dx]| from the following morphism:
A[Y/X,’Dx] — A[)}X,Dx], f:{m — O'f/xﬁ(f)hx(f'(m)):{.;(m),
where hx is obtained from h by the projection C[AZ] — C[X]. Thus we obtain:
05, (Dx(m)) = Dx(7(m)) + divy, (hx(7(m)))

and hx (m)ol (hx (7(m))) = 1. 0
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Remark 3.6. Let s; : N’ — N be two cosections, let D; := Y, min(m|AJ )D,, be the two
associated pp-divisors, and let h; : wyr N M — C(Y)* be the monoid morphisms mentioned in
Theorem 3.5. Note that for all m € M, (s} — s3)(m) € Ker(F*) = Im(P*), thus there exists a
lattice homomorphism sg : Ny — N such that s; — s = sgo P. Let g : M — C(Y)* be the
morphism defined by g(m) := x*0 (™). Let m € wy, N M. Since A}, = so(v;) + A2, we have :

Di(m) =Y _(s5(m)[v:) Dy, + Da(m) = divy (g(m)) + Ds(m).
Therefore the M-graded algebras A[Y,D;]| and A[Y, D] are isomorphic:
AV D1] = A Da], fX o o

b (9(7(m)) _ hi(m)

This isomorphism is I'-equivariant since = . Indeed,
g(m) ha(m)
oo m)) _ oy (C3T) oy (o} (TN (o () uatm) | _ ha(m)
g(m) Y (m) b's D) X ul(m)ag/ (ua(7(m))) ha(m)

3.3. Galois cohomology and real torus actions. We recall some results of cohomology in view
of simplifying the Altmann-Hausen presentation in the case where the real acting torus is quasi-split.

Let G be an abstract group equipped with a I'-action denoted by x. A cocycle a : I' = G is
a map such that a;q = 1 and a,(y * a,) = 1. Two cocycles a and b are equivalent if there exists
g € G such that b, = g~ 'a,(y*g). The set of cocycles modulo this equivalence relation is the first
pointed set of Galois cohomology HY(I', ). If G is an abelian I'-group, then H'(T', G) is a group
(see [16]).

In the following result (Corollary 3.7 (ii)), we see that the Altmann-Hausen presentation
simplifies if a certain cohomology set is trivial. This simplification consists of choosing a pp-divisor
on Y such that h = 1.

Corollary 3.7. Fiz a real torus (Gy, ¢, 7). Let M := Homg, (G}, ¢, Gy, c)-

m,C»
(i) Let (Y,oy) be a normal semi-projective variety. Let wy be a pointed cone in Ng and D be an
wn-pp divisor on Y. If

Vm € wy N M, o3 (D(m)) = D(7(m)),
then there exists an R-structure ox|y,p) on the affine variety X[Y, D] such that (G, ¢, 7) acts
on (X[Y, DL JX[Y,D])'

(ii) Let (X,ox) be an affine variety endowed with an action of (T,7) of weight cone wy C Mg,

and let wy be the cone in N dual to wyy. Let (Y,oy) be the R-variety of Theorem 3.5 and let
G := Hom(T',C(Y)*) endowed with the T-action v * f := Ug, ofof. IfHYT,G) = {1}, then
there exists an wyn-pp divisor D on 'Y such that

Ym € wy N M, oy (D(m)) = D(7(m)),
and such that the M-graded algebras C[X] and A[Y, D] are T'-equivariantly isomorphic.

Proof. (i) We specify the proof of Theorem 3.3 with h =1 € C(Y)* and 7 = idyy.

(i) By Theorem 3.5 there exists a normal semi-projective variety Y, an wy-pp-divisor D on Y,
an R-structure oy on Y and a monoid morphism % : wy N M — C(Y)* such that o} (D(m)) =
D(7(m)) + divy (h(7(m))) and h(m)a&,(h(%(m)) =1 for all m € wyy N M, and such that the M-
graded algebras C[X] and A[Y, D] are I'-equivariantly isomorphic. Consider a : I' — G defined by
aig:m+— 1€ C(Y)* and ay : m — h(m). By construction, a is a cocycle. Since H'(T', G) = {1},
the cocycle b : I' — G defined by bjq = b, : m+— 1 € C(Y)* is equivalent to a, so there exists g € G
such that h(m) = g_l(m)og/(g(T(m))). Let m € wpr N M, then:

oy (D(m)) = D(r(m)) + divy (h(7(m))) = D(7(m)) + oydivy (¢(m)) — divy (9(7(m)))
< oy(D(m) — divy (g(m))) = D(r(m)) — divy (g(7(m)))-

So, if D’ is the pp-divisor defined by D’(m) := D(m) — divy (g(m)), then o} (D'(m)) = D'(r(m))
and the M-graded algebras C[X] and A[Y, D] are I'-equivariantly isomorphic. a
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Remark 3.8. The converse of Corollary 3.7 (ii) is false; see Example 4.4.

We give several lemmas used to simplify the Altmann-Hausen presentation in the case where
the real acting torus is quasi-split. Let L/K be a quadratic extension and denote by {4, ¢} the
Galois group Gal(L/K).

Lemma 3.9. Let M be a rank n lattice and let G,, :== Homg, (M,L*). If Gal(L/K) acts on G, by
v f =, o f, then HY(Gal(L/K), G,) = {1}.

Proof. We prove this result by induction on n. Let n = 1, then G; = L*. The Galois group
Gal(L/K) acts on L* and this action comes from the I'-action on L defined by 7 - z = ¢(2). By
Hilbert’s theorem 90, H!(Gal(L/K),G1) = {1}. Let n > 1 and assume that the Lemma 3.9 is true
for this fixed n. We have a Gal(LL/K)-equivariant short exact sequence of Gal(L/K)-groups:

!
1 ¢ —Y Lo, —Y L 1

with U(f) : Z"® Z — L*, (k1,...,kn, k) — f(k1,...,kn) and ¥'(g) : Z — L*, k — ¢(0,...,0,k),
where f € G, and g € G, 1. This induces an exact sequence in Galois cohomology:

1 =GR - qCaO o FI S H(Gal(L/K), Gn) > HY(Gal(L/K), Gut1) > HY (Gal(L/K), G1)

By induction, H}(Gal(L/K), G,,) = {1} and H'(Gal(L/K),G1) = {1}. Therefore,
HY(Gal(L/K), Gpy1) = {1}.
(]

Lemma 3.10. Let M := My® My, where My = Z™, and let p :=T' — GL(M) be the representation
which exchanges the two factors. Let G = Homyg, (M,1L*) be endowed with the I'-action defined by

vx fi=py0fop(y™"), Then HYT,G) = {1}.

Proof. A cocycle is uniquely determined by a homomorphism kA = a, : M — L* which satisfies

h(m,m')p,(h(m',m)) = 1 (the constant homomorphism) for every (m,m’) € M = My & M,.

In particular, we have ¢, (h(—m’,0))h(0,—m’) = 1, hence ¢, (h(—m',0)) = h(0,m'). Now let

f: M — L* be the homomorphism defined by f(m,m’) = h(—m,0). Then, we have:
FHmm!)(y % f)(m,m') = h(m, 0)p, (h(=m', 0)) = h(m,0)h(0,m") = h(m,m’).

Hence a is equivalent to the cocycle I' — G,~ + 1, and so H}(T', G) = {1} |

Lemma 3.11. Let M := M; & My & My, where My = ZP and My =2 79, and let p:= p1 X pg : ' —
GL(M) be the representation such that p; is the identity on My and py exchanges the two factors on
Moy @ My. Let G = Hom,,(M,LL*) be endowed with the T'-action defined by v f := ¢ 0 fop(y™1).
Then HY(T', G) = {1}.

Proof. Denote G1 := Homg, (M;,L*) and Gy := Homg, (Mo & My,L*). We have a I'-equivariant
short exact sequence of groups:

1 G G Go 1

We obtain an exact sequence in Galois cohomology:

1 GY G" GY HY(T,G,) — HYT,G) — HY(T, Go)

By Lemma 3.9 and Lemma 3.10, we have H(I', G;) = {1} and HY(I',G,) = {1}. Hence
HY(T,G) = {1}.

A consequence of the Lemma 3.11 is the following proposition:
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Proposition 3.12. Fizx a real torus ((G"m,C,T) where 7 = 78 x 7§ and n = p+ 2q. Let M :=

Homy, (G}, ¢, Gm,c)-

(i) Let (Y,oy) be a normal semi-projective variety. Let wy be a pointed cone in Ng and D be an
wn-pp divisor on Y. If

Vm € wy N M, o3 (D(m)) = D(7(m)), (3)
then there exists an R-structure ox(y,p) on the affine variety X[Y, D] such that (G}, ¢, 7) acts
on (X[Y, D], Ux[y’p]).

(i) Let (X,ox) be an affine variety endowed with an action of (T,T) of weight cone wy C Mg,

and let wy be the cone in N dual to wyr. There exists a semi-projective variety (Y, oy) and an
wn-pp divisor D on'Y such that

Ym € wy N M, o3 (D(m)) = D(7(m)),
and such that the M-graded algebras C[X] and A[Y, D] are I'-equivariantly isomorphic.
For a complexity one quasi-split (T, 7)-action on an affine R-variety (X,o) (i.e Dim(T) =

Dim(X) — 1), we recover the real version of Langlois’ result in [13] about quasi-split torus actions
on varieties of complexity one over an arbitrary field.

4. EXAMPLES

4.1. Split real torus actions on normal affine R-varieties. We describe actions of the real
split torus Gy}, i on affine R-varieties. By definition, a G}, -action on an R-variety (X,ox) is an
action of the real torus (G, ¢, 75'") on (X,0x). Fix a real torus G, p = (G}, ¢, 75"") and let
M := Homy, (G}, ¢, Gm,c). The condition (3) of Proposition 3.12 becomes:

Vm € wy N M, oy*(D(m)) = D(m).

Example 4.1. We pursue Example 1.21. In the case of a G, g-action, the sequence obtained from
the inclusion (X, o) < (Ag,o’) of Proposition 3.1 does not always have a I'-equivariant section.
Indeed, consider the affine variety (AZ,0), where o(x,y) = (7,7). Note that the torus (G, c, 7o)
acts on (AZ,0) by t - (z,y) = (tz,ty). Then, we have the following split short exact sequence

1

Gm,C

G2, ¢ Gmc 1

with Gy,.c = G}, ¢, t = (t,t) and G, « = Gy c, (5,1) — s/t. We obtain the diagrams of Remark
1.8 with M’ = Z2?, M = Z, My = Z, and with the following lattice homomorphisms:

Fr:=1[1 1] pP* = {_11]; 7= E} (ﬂ; Fy o= [—1]; 7F=1].

We can show that there is no I'-equivariant section s* : M — Z2. Indeed, note that if such a
section exists, we obtain G,, g x S! Rc/r(Gpm,c), which is false (see Proposition 1.7). Let

-

be a section. Then, an Altmann-Hausen presentation of the G,, g-action on (A%, o) is:

o Pt = AL, U{oo}; .
oay:vHﬁfl; °

Now we give a (I'x G,,, ¢ )-equivariant inclusion (X, o) < (A, ¢’) which admits a I'-equivariant
section. First, note that A% = Spec(Clz,y,2]/(x +y — z)) C A, where the closed embedding is
given by:

AZ = AL, (z,y) = (z,y,2 +y).



20 PIERRE-ALEXANDRE GILLARD

Consider the action of G, c on A2 defined by t-(z,y, z) = (tz,ty,tz). This action is obtained from
the inclusion:

Gmc — G ¢y t > (4,1,1).
Consider the R-group structure on G,  defined by o’(t1,t2,t3) = (f2,71,%3). The closed immersion

A% = Spec(Clz,y, 2]/ (z+y—=2)) C A3 is (' x G,y c)-equivariant. We obtain the diagrams of Remark
1.8 with M’ =73, M = Z, My = ZZ, and with the following lattice homomorphisms:

0 1 0 0 1 0
; =11 0 0f; Ty = |:1 0:|; s*:= (0].
0 0 1 1

The section s* is I'-equivariant. An Altmann-Hausen presentation of the G, r-action on
(A2, 0’) is given by:
e Y: —]P)2 U1UU2UU3, where
Uy = Spec(Clv1, w1]), Uy = Spec(Clvg, ws]), and Us = Spec(Clvz, ws)),
with gluing morphism obtained from (v; = x/z,w; = y/z), (v2 = y/z,wy = z/z) and
(v3 = 2z/y, w3 = z/y);
e oy is the R-structure exchanging x and y and fixing z;
e D :=[1,+00[®D, where D‘Ul =0, D|U2 = {wy =0} and D|U3 = {v3 = 0}; and
o h:=1.
We deduce from this an Altmann-Hausen presentation of the G,, g-action on (Spec(Clz,y, z]/(z +
y—2)),0'):
o Yy :=U;x UUsx UUzx = P!, where
Ui x = Spec(Clvy,w1]/(v1 +wy — 1)), Usx = Spec(Clvg, wa])/(ve — wa + 1),
and Usx = Spec(Clvs, ws]/(vs — w3 — 1));

° UYX _UY|X7
o Dy := [1,+00[®D, where D[, =0, D[, ={(1,0)} and D[, = {(0,1)}; and
[ ] hX = 1.

4.2. Weil restriction actions on normal affine R-varieties. By definition, a Rc/r(Gm c)-
action on a real algebraic variety (X, ox) is an action of the real torus (G, c, ) on (X,0x). Fix
a real torus (G2, ¢, 7). Let M := Homgr(GfmC,Gm’@) and N its dual lattice. The condition (3) of
Proposition 3.12 becomes:

Vm € wyr N M, oy*(D(m)) = D(72(m)).

Example 4.2. The sequences of Example 3.2 admit a I'-equivariant section s : N’ — N defined

by
Lo
010
An Altmann-Hausen presentation of the (G;,C’ 9)-action on (A2, ¢’) is given by
((Ya UY)7 D, h)v

where (see Example 3.2):

Y :=P!' = AL U{oo};

oy is the complex conjugation on the coordinates;
D :=A®{oo}; and

h:=1.

Example 4.3. We give an Altmann-Hausen presentation of the ngc—action on Aé introduced
in Example 1.14. Using toric downgrading results of [2, §11] we obtain the presentation of the
G2, c-action on X. Consider the immersion T := G2, » < G}, ¢, (s,1) = (s, 1, 5t%, s*t). We denote
Ty := Gm,@/T M = Homg, (T, Gy, c), M' := HomgT(Gmyc,GmC) and My := Homg, (Ty, Gy, ).
Then, we have the split short exact sequences of Remark 1.8 with:
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-1 -2
1 0 1 2 -2 -1
}7‘#< = ; * = : =/ =
[ ], P* 1 N T
0 1

OO = O
SO O =
—_ o O O
o R OO

2

b<

Il

Rl

Il
L |
= O
O =
—_

The section s : N/ — N defined by s := [ 8 8] is I'-equivariant. Let Y be the toric

10
0 1
variety defined by the following fan obtained from P (see [2, §11] for details):
1£Q

ve P21

Since this fan is stable under the lattice involution 7y, the R-group structure 7y extends to an
R-structure oy on Y. Let D be the divisor defined in Example 2.6, where D3 and D, are the toric
divisors obtained from the rays v3 and vy respectively.

An Altmann-Hausen presentation of the (G2, -, 72)-action on (A2, o’) is given by (Y, oy ), D, h =
1). An Altmann-Hausen presentation of the (G?, -, 72)-action on (X, 0) is given by ((Yx,0vy ), Dx, hx),
where:

e Yx is the closure of the image of G}, - N X in Y;
.DX:=A3®D3QYX—|—A4®D4ﬂYX;

® Oyy = 0'y|YX; and

L] hX =1.

4.3. Circles actions on normal affine R-varieties. By definition, a S'-action on a algebraic
R-variety (X, ox) is an action of the torus (G, c,71) on (X,ox). Note that G,, ¢ acts on X and
the algebra C[X] is graded by M = Z. By [6, Lemma 1.7], C[X],, # 0 for all m € M, so the weight
cone of this action is wys := M.

In this case, the pair (D, h) on the quotient (Y, oy) mentioned in Theorem 3.3 (i) consists
of a proper polyhedral divisor D = >"[a;, b;] ® D; and a I'-invariant rational function h on Y such
that o3 (D(m)) = D(—m) + divy (h~™) for all m € M (we recover [6, Theorem 2.7]).

In the case of S'-actions, we do not have H}(T', C(Y)*) = {1}. Indeed, in contrast to the split
case, we cannot apply Hilbert’s theorem 90 because the action defined on C(Y)* does not extend
to an action on the field C(Y") (see the proof of Lemma 3.9).

Let Y = Spec(C) endowed with the complex conjugation, and let G := Homg, (Z,C(Y)*) =
Homy, (Z,C*) = C*. The I'-action on G = C* is given by y*z := zZ ~!. A cocycle is thus a complex
number z € C* such that zz ~! = 1, that is a real number. This cocycle is equivalent to 1 € C* if
there exists w € G = C* such that z = w™ 1w ~! =|w|~2> 0. Then, H(I',C*) = {£1}.

Example 4.4. (See [6, Proposition 3.1]). There are only two R-form of G,, ¢ compatible with an
St-action: the real circle X; = S! and X_; = Spec(R[z,y]/(z*+y?+1)). An R-structure associated
to Xyiso1 =11 :Gpec = Gpe,2—Z ~1 and an R-structure associated to X_1 is o_1 : Gm,c —
Gm.c,z — —2z ~'. Consider the action by translation y : Gpc X G = G, (t,2) — tz. The
varieties X; and X_; are endowed with an S!'-action since the following diagram commutes for
ie{-1,1}%
1
Gm7C X Gm,(C Gm,C
TL X 04 10
Gm,(C X Gm,(C Gm,C
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The R-variety (Y = Spec(C), oy ), where oy is the complex conjugation, is a real Altmann-Hausen
quotient of both X; and X_;.

A pair (D1,h1) on Y consists of the trivial divisor and the real number hy =1 € C(Y)* = C*.
Note however that H! (I, C*) # {1}.

A pair (D_y1,h_1) on Y consists of the trivial divisor and the real number h_; = —1 €
C(Y)* = C*. Note that we cannot find a complex number g € C(Y)* such that the cocycle
h_y satisfy h_y = gg, so we cannot find a presentation where the I'-invariant rational function h
mentioned in Theorem 3.5 is equal to 1.
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