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ABSTRACT

Varying area ducts which sustain both subsonic mean flow
and temperature gradients are found in engineering appli-
cations like combustors, automotive exhaust systems, and
boilers. The axially varying flow conditions affect the
acoustic energy balance of the system and are crucial for
understanding thermo-acoustic oscillations in combustors.
For example, the acoustic energy absorbed or generated
can be controlled by the amount of heat transfer from the
duct. The objective of this work is to present a simple
model to estimate the acoustic energy absorption coeffi-
cient, ∆, in a varying area duct with a non-isentropic mean
flow. A numerical methodology is discussed for calculat-
ing ∆. The acoustic-entropy coupling is neglected in the
current analysis as the considered flow Mach numbers are
� 1. A semi-analytical solution from a previous work is
then used to predict the ∆ - leading to an analytical expres-
sion. The analytical model when applied to a conical duct
with linear temperature gradient, it was found to be accu-
rate when the average of upstream and downstream Mach
numbers are less than ∼ 0.25. A parametric analysis re-
vealed that in these low Mach number regimes, the effect
of the temperature gradient influences ∆ more strongly
than the area variation. The results were also independent
of Helmholtz number, provided the lower frequency limit
for the semi-analytical solution is satisfied.

1. INTRODUCTION

Ducts with varying area, axial temperature gradients and
a non-zero subsonic mean flow are often encountered in
applications involving flow of hot gases, ranging from au-
tomotive exhaust systems to aero-engine combustors [1,2].
These temperature and area gradients impact the acoustic
energy balance of the system [3]. The main objective of
this work is to analytically estimate the acoustic energy
absorption coefficient in such ducts (shown in Fig. (1)). A
simplified expression also aides in the parametric analysis
aimed at identifying regions of maximum acoustic energy
absorption or generation.

Current analysis assumes that the acoustic wave fronts
are planar 1-D waves and terms with flow Mach number
of order O(M3) and higher are neglected. This is a rea-
sonable assumption as combustors require low Mach num-
ber flows, typically around 0.2, to keep the flame attached.
Also, gas Mach numbers in the exhaust manifold of the

automobiles are around ∼ 0.15 to have increased reaction
time in the catalytic converter [4]. WKB method based
semi-analytical solution is used in deriving the analytical
expression for ∆. These solutions assume frequencies to
be sufficiently large that the WKB methods can be used,
yet sufficiently low that higher-order acoustic modes are
not cut-on. The acoustic-entropy coupling effect can there-
by be neglected as the flow Mach numbers are low [5] and
significant turbulent shear dispersion of the entropy wave
observed at the considered high frequencies [6].

Further sections are organized as follows. For non-
isentropic flows, in Section 2 a procedure for solving the
linearised Euler equations and thereby obtain the ∆ is pre-
sented. In Section 3 the wave amplitudes are estimated
using the semi-analytical solution of Yeddula and Mor-
gans [7], and there-by an expression for analytical estimate
of ∆ is presented. For a conical duct with a linear temper-
ature gradient, the analytical solution is applied and this is
discussed in Section 4. In Section 5, the analytical esti-
mates of ∆ for different flow configurations, frequencies
are compared to numerical results. Conclusions are drawn
in the final Section.

2. PROBLEM FORMULATION

In ducts sustaining both area variation and non-isentropic
mean flow, the mean flow can be considered one-
dimensional (quasi 1D mean flow) when the variations in
the radial direction associated to boundary layer growth
are negligible. The conservation equations for one-
dimensional perfect inviscid flow in such a duct with a
changing cross-sectional area change along with mean
temperature variation are as follows:

• Mass conservation

A
∂ρ

∂t
+
∂(ρAu)

∂x
= 0 (1)

• Momentum conservation

∂u

∂t
+ u

∂u

∂x
+

1

ρ

∂p

∂x
= 0 (2)

• Energy conservation and equation of state

∂s

∂t
+ u

∂s

∂x
=
Rg

p
Q̇ and p = ρRgT (3, 4)
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Figure 1: Varying area duct sustaining non-isentropic
mean flow. p± and ε̂ represent the acoustic and entropy
planar wave components. x∗ represents the x-coordinate,
normalised with length of the duct, l.

where ρ, p, T , u, s, Rg , denote density, pressure, tempera-
ture, axial velocity, entropy and universal gas-constant re-
spectively. It is assumed that there are no heat-fluctuations
Q̇′ = 0; and Rg , γ (the ratio of the specific heats) as con-
stants with values of 287 Jkg−1K−1 and 1.4 respectively.

The area and mean-temperature gradients of the duct
are normalised according to:

α∗ =
1

A

dA
dx∗

; β∗ =
1

T

dT
dx∗

. (5, 6)

On expressing the pressure and velocity fluctuations in
terms of positive (+) and negative (-) direction propagating
wave amplitudes [5], as,

p̂ = p+ + p−, û =
1

ρ c

(
p+ − p−

)
, ε̂ = γpσ̂, (7)

the linearised equations are recast into a first order system
of differential equations for acoustic and entropy wave am-
plitudes, given by,

dp±

dx∗
=p+

C11 (or) C21︷ ︸︸ ︷[
−1

2 (1±M)

(
K1 +

1

ρ c
K2 +

d
dx

(
1

ρ c
K3

))]

+ p−

C12 (or) C22︷ ︸︸ ︷[
−1

2 (1±M)

(
K1 −

1

ρc
K2 −

d
dx

(
1

ρc

)
K3

)]

+ ε̂

C13 (or) C23︷ ︸︸ ︷[
M2

2 (1±M)

1

u

du
dx

]
,

(8)
where,

K1 = D ±AM, K2 = E ±BM, K3 = F ± CM.

dε̂
dx

= p+

C31︷ ︸︸ ︷[
ζ

(
γ +

1

M

)]
+ p−

C32︷ ︸︸ ︷[
ζ

(
γ − 1

M

)]

− ε̂

C33︷ ︸︸ ︷[
iHe
M
− 1

p

dp
dx∗

]
;

(9)

where,

ζ =

(
α∗M2 (γ − 1))− β∗

(
1−M2

)
1− γM2

)
The above equations represent the general form of lin-

earised Euler equations in 1D without neglecting the effect
of acoustic-entropy coupling. They can be represented in a
simple matrix notation as,

W
′
(x∗) = C3×3W (x∗) ; and C =

C11 C12 C13

C21 C22 C23

C31 C32 C33


(10)

and, W (x∗) = [p+ (x∗) p− (x∗) ε̂ (x∗)]
T . In the

above equation, the prime (’) denotes differentiation with
respect to x∗. The elements of the coefficient matrix, C3×3
are given as denoted in Eqs. (8) and (9).

Eq. (10) represents a system of first order differential
equations that are solved using Runge-Kutta fourth order
scheme for the general solution of acoustic and entropy
wave components, p± and ε̂ respectively. However, it can
be observed from Eq. (8) that the coefficient of ε̂ is of the
order O(M2) and hence negligible, given the low Mach
number assumption [5]. Further, as stated earlier, the cur-
rent analysis is aimed at high frequencies for the analytical
solutions based on WKB method to be applicable. At these
frequencies the entropy waves are subjected to significant
shear dispersion, resulting in the attenuation of their wave
amplitudes [6]. Hence, we decouple the effect of entropy
propagation and only consider the acoustic response of the
element to incoming acoustic waves, independent of en-
tropy waves, and there-by solve for for p±. The acoustic
wave amplitudes at x∗u, x

∗
d are related by the definition of

transfer matrix T2×2, as follows,

G (x∗d) = [T]2×2 G (x∗u) ; where G (x∗) =

[
p+ (x∗)
p− (x∗)

]
(11)

On representing the positive (+) and negative (-) di-
rected propagating wave amplitudess at x∗u and x∗d as p±u
and p±d , the acoustic absorption coefficient (∆), in the pres-
ence of mean flow was shown in [8, 9] as,

∆ = 1−
(1 +Md)

2∣∣p+d ∣∣2 + θ Ξ ξ−1(1−Mu)
2|p−u |

2

θ Ξ ξ−1(1 +Mu)
2∣∣p+u ∣∣2 + (1−Md)

2∣∣p−d ∣∣2
(12)

where, θ = Au/Ad; Au, Mu, Ad, Md correspond to duct
area and Mach numbers at x∗u and x∗d respectively. Ξ, ξ
are the ratio of mean speed of sounds and mean-pressure

at duct inlet to outlet, (Ξ =
√
Tu/T d, and ξ = pu/pd).
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For any given arbitrary area, temperature profiles, the
mean flow is solved to determine Mach number distribu-
tion and ζ. On establishing the mean flow solution, the
first order system of differential equations given by Eq. (8)
are solved for different upstream boundary conditions. As
the problem is linear, the elements of the Transfer ma-
trix are determined using different boundary conditions.
Eq. (11), then gives p±d for given p±u , and from Eq. (12)
corresponding acoustic energy absorption coefficient, ∆,
is calculated. ∆ can also be evaluated analytically using
p±d from existing approximate analytical solutions. This
analysis is described in Section 3.

3. ANALYTICAL EXPRESSION FOR ACOUSTIC
ABSORPTION COEFFICIENT

For varying area ducts sustaining non-isentropic mean
flow, a semi-analytical solution was presented in [7], in
terms of positive (+) and negative (-) direction propagating
planar wave amplitudes. Using the principle of superpo-
sition, the overall analytical solution for the pressure was
expressed in their work as,

p̂ (x∗, ω) = C+P+ (x∗, ω) + C−P− (x∗, ω) ,

û (x∗, ω) =
1

ρc

(
B+C+P+ − B−C−P−

)
,

(13)

with C± as constants determined from boundary condi-
tions, and,

P± =

(
A1

A

)1/2(
T1
T

)1/4

exp

(∫ x∗

x∗1

i
(
∓He

1±M
±

Φ±NI

2He

)
dx̆

)

×


exp

(
M2

2
∓M +

γ

2

∫ x∗

x∗1

(α∗M2 ∓ β∗M)dx̆

)

exp
(
M2

1

2
∓M1

)
 ,

(14)

B± =
1

J1

[
iHe

(
1− γM2

)
± β∗

4
± α∗

2
− α∗M+

β∗M

2
(1 + γ)± β∗M2

4
(3γ − 7)± α∗M2

2
(3− 2γ)

]
.

(15)
with J1 = iHe

(
1− γM2

)
+ (β∗ − 2α∗)M . The expres-

sion for Φ±NI in Eq. (14) is given by,

Φ±NI

He2
=

1

He2

[
α2

4
+

3β2

16
+
αβ

2
+

1

2

dβ
dx

(
1

2
±M (γ − 1)

)

+
dα
dx

(
1

2
±M

)
∓M

(
α2 +

β2

2
(1− γ)− αβ

2
(3− γ)

)]
.

(16)
On comparing Eqs. (7) and (13), and defining upstream

reflection coefficient as Ru = p+u /p
−
u , we arrive at,

C±

p−u
=

2

[
Ru

1∓ B∓u
− 1

1± B∓u

]
[

1± B±u
1∓ B∓u

− 1∓ B±u
1± B∓u

] ;

p±d = C+ P+
d

(
1± B+

d

)
+ C− P−d

(
1∓ B−d

)
,

where, B±u and B±d are the values of the expression
Eq. (15) (corresponding to positive (+) or negative (-) di-
rected propagating wave amplitudes) at x∗u and x∗d respec-
tively. Thus, again using Eq. (12), the acoustic absorption
coefficient ∆ is calculated with analytically determined p±d
(from Eq. (18)).

4. VALIDATION

Although the analysis can in general be applied to ducts
of any shape and any mean-temperature distribution, (pro-

vided
Φ±NI

He2
� 1), a conical test case (shown in Fig. (1))

with a linear temperature gradient is considered for vali-
dation. For such a configuration, a fully analytical solu-
tion is presented in [7] by further evaluating the integrals
in Eq. (14) (the readers are suggested to refer this article
for complete solution).

For the conical duct with linear temperature gradient
shown in Fig. (1), with radius ru and temperature Tu at
x∗u, radius rd and temperature T d at x∗d,

A (x∗) = πr2u(1 + a∗ x∗)
2
, T (x∗) = T 1(1 + b∗x∗);

where a∗ =
rd − ru
ru

, b∗ =
T d − Tu

Tu

. (19a-d)

Thus area and temperature gradient parameters, α∗, β∗,
and corresponding spatial derivatives become,

α∗ =
1

A

dA
dx∗

=
2a∗

(1 + a∗ x∗)
⇒ dα∗

dx∗
= −α

∗2

2
;

β∗ =
1

T

dT
dx∗

=
b∗

(1 + b∗ x)
⇒ dβ∗

dx∗
= −β∗2. (20a-d)

Above relations (Eqs. (19a-d) - (20a-d)) are used for
evaluating P± (Eq. (14)) and B± (Eq. (15)). These results
are further used in estimating p±d . Finally, the predicted
values of p±d are used in expression for ∆ (Eq. (12)) to find
the analytical estimate for acoustic energy absorption co-
efficient in conical ducts with linear temperature gradient.

5. RESULTS

Fig. 2 compares the numerical and analytical results of ∆
obtained as a function of inlet Mach-number (Mu) and
Helmholtz number (Heu) for an anechoic inlet boundary
(|Ru| = 0). Three different values of a∗ and b∗ are
chosen. In performing the simulation, the maximum flow
Mach number in the duct is limited to 0.5 in this analy-
sis. This restricts the value of Mavg (average of upstream
and downstream Mach-numbers) in the plots. For an ane-
choic boundary upstream, it can be observed that both the
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Figure 2: Comparison of ∆ obtained analytically and numerically (for Helmholtz number = 1) as a function of inlet Mach
number Mu, for a conical duct with anechoic inlet boundary (|Ru| = 0) and a linear temperature gradient. In the plots,
the value of area coefficient (a∗) is varied from top to bottom, and temperature variation coefficient b∗ is varied from left to
right.
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Figure 3: Comparison of ∆ obtained analytically and numerically (for Helmholtz number = 1) as a function of inlet Mach
number Mu, for a conical duct with non-anechoic inlet boundary (|Ru| = 0.5) and a linear temperature gradient. In the
plots, the value of area coefficient (a∗) is varied from top to bottom, and temperature variation coefficient b∗ is varied from
left to right.
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numerical and analytical results do not change with the
Helmholtz number. When Mavg is less than 0.25, the an-
alytical estimate of acoustic energy absorption coefficient
(∆) is accurately captured.

In the regimes of low Mach number, where the model
is accurate, the effect of temperature variation (b∗) can
be seen to have a stronger influence on ∆, compared to
area variation. When the temperature variation parame-
ter changes sign from −0.3 to 0.3, ∆ also changed its
sign. This implies, as the flow Mach-numbers increase
there is an increase in acoustic generation for negative b∗

and acoustic absorption increases with flow Mach numbers
when b∗ is positive. However, no such trend can be noticed
for the area variation parameter a∗ suggesting a weaker de-
pendence.

Similarly, Fig. 3 compares the analytical and numeri-
cal results of ∆ for a non-anechoic boundary condition at
the inlet (with |Ru| = 0.5). While the numerical esti-
mates still behave as frequency independent, the analytical
model slightly deviates at low values of inlet Helmholtz
number, (He = 0.3). This can be attributed to the fact that
semi-analytical solution works poorly when the frequen-
cies are decreased [7, 10]. However, when the average of
flow Mach-numbers at inlet and outlet is less than 0.25, the
analytical estimate still matches correctly to the numerical
result.

6. CONCLUSIONS

This paper presents an analytical solution for estimating
acoustic energy absorption coefficient in a varying area
duct sustaining a non-isentropic mean flow. Firstly, a
numerical mechanism is developed by recasting the lin-
earised Euler equations into a system of first order differ-
ential equations in terms of positive (+) and negative (-)
direction propagating planar wave amplitudes along with
the entropy wave. Using a low Mach-number assumption,
typical for combustors, the effect of acoustic-entropy cou-
pling is neglected. Once the system of equations are solved
for wave amplitudes at the downstream end, ∆ is evaluated
numerically. Similarly, a semi-analytical solution is used
to estimate the acoustic field inside the duct from which ∆
is analytically predicted. For different flow and area con-
figurations the numerical and analytical results are com-
pared, and it was found that the analytical estimates were
accurate, provided the low frequency limit of the semi-
analytical solution is satisfied and average of upstream and
downstream Mach numbers is less than ∼ 0.25. It was
also found that the results were independent of frequency
and temperature variation along the duct has a stronger in-
fluence on ∆ when compared to area variation.
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