N

N
N

HAL

open science

Universal edge scaling in random partitions
Taro Kimura, Ali Zahabi

» To cite this version:

Taro Kimura, Ali Zahabi. Universal edge scaling in random partitions.

Physics, 2021, 111 (2), pp.48. 10.1007/511005-021-01389-y . hal-03229406

HAL Id: hal-03229406
https://hal.science/hal-03229406

Submitted on 19 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Letters in Mathematical


https://hal.science/hal-03229406
https://hal.archives-ouvertes.fr

arXiv:2012.06424v2 [cond-mat.stat-mech] 11 May 2021
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Institut de Mathématiques de Bourgogne,
Université Bourgogne Franche-Comté, France

Abstract

We establish the universal edge scaling limit of random partitions with the infinite-
parameter distribution called the Schur measure. We explore the asymptotic behavior of
the wave function, which is a building block of the corresponding kernel, based on the
Schrédinger-type differential equation. We show that the wave function is in general asymp-
totic to the Airy function and its higher-order analogs in the edge scaling limit. We construct
the corresponding higher-order Airy kernel and the Tracy—Widom distribution from the wave
function in the scaling limit, and discuss its implication to the multicritical phase transition
in the large size matrix model. We also discuss the limit shape of random partitions through

the semi-classical analysis of the wave function.
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1 Introduction

The paradigm of the universal distribution arising from the large size random matrix has been
playing a central role at the crossroad of various research fields in both physics and mathe-
matics [I, 2, B]. In particular, the statistical behavior of the largest eigenvalue is described by
the Tracy—Widom distribution [4], which is constructed by the Fredholm determinant of the
universal edge scaling kernel, a.k.a., the Airy kernel [3] [0 [7]. It is a universal distribution in
the sense that one can obtain the Tracy—Widom distribution from totally different microscopic
description by taking the proper scaling limit. It is now known that the Tracy-Widom dis-
tribution is widely found in various contexts, including, the longest increasing subsequence of
random permutations [§], the fluctuation in the (totally) asymmetric simple exclusion process
((T)ASEP) [9], the large N phase transition of matrix model and gauge theory (Gross—Witten—
Wadia/Douglas-Kazakov phase transition [10, 11} 12]. See also [13| 14]), integrable systems
such as spin chains [15] [16], and the growing turbulent interfaces [17, (18 [19].

The random partition, which is a main topic discussed in this paper, is interpreted as a
discretized version of the random matrix [20, 2I]. From the Plancherel measure and its Pois-
sonization, and also the infinite parameter generalization, a.k.a., the Schur measure [22], one
can find a quite similar structure in the corresponding distribution and the correlation function
to the random matrix. In fact, the random partition has a realization as a special class of the
unitary random matrix, which is interpreted as a consequence of the Schur-Weyl duality. In
this context, the matrix size IV is related to the constraint for the largest entry of the partition,
and hence, the matrix integral is described as a special case of the gap probability based on a
discretized version of the Fredholm determinant [23]. Taking the scaling limit, this gap proba-
bility is asymptotic to the Tracy—Widom distribution, and in this sense, it belongs to the same
universality class to the random matrix in the edge scaling limit. However, such a connection
between the random partition and the universal distribution has been so far established only for
the specific case, i.e., the Plancherel measure with a single parameter, which is identified with

the coupling constant of the unitary matrix model.

The purpose of this paper is to establish the universality of the edge scaling limit in more
generic random partitions. We show that such a universal behavior arises in the proper scaling
limit of the Schur measure as a generalization of the Plancherel measure. Furthermore, due to
infinitely many parameters, one can consider the higher-order /multicritical scaling limit for the
Schur measure random partition, and the higher-order version of the Tracy—Widom distribution
is consequently obtained [24], 25, 26], 27]: The explicit forms of the kernels and the asymptotics
of the associated Fredholm determinants were obtained in [26] by considering the momentum
distribution associated with the non-harmonic potential. Then, the asymptotic behavior of
the higher-order Tracy-Widom distribution was established in [27] based on the Riemann-—
Hilbert analysis of the Painlevé II hierarchy. We emphasize that our approach studied in this
paper is to consider the scaling limit of the wave function, which is a building block of the
corresponding kernel. This provides a concise derivation of the higher-order Airy function and

the corresponding Tracy—Widom distribution.

Such a higher-order behavior has been discussed in the gap closing regime of the random
matrix, and we see that it naturally appears at the spectral edge of random partitions with the

parameter tuning. Since this universal behavior arises in the scaling limit of random partitions,



the higher-order edge scaling behavior discussed in this paper is expected to be observed in

wide-ranging class of statistical phenomena.

The remaining part of this paper is organized as follows. We first introduce the Schur
measure, which characterizes the distribution of random partitions, and explain that the corre-
sponding correlation function is concisely described by the determinant of the kernel. Then, we
focus on the wave function, which is a building block of the kernel. We analyze the Schrédinger-
type differential /difference equation, and show that the wave function is universally asymptotic
to the Airy function and its higher-order analog in the edge scaling limit. Based on this asymp-
totic behavior of the wave function, we derive the universal edge kernel, a higher-order version
of the Airy kernel. We then construct the higher-order Tracy—Widom distribution constructed
with the higher-order Airy kernel, and discuss the associated multicritical behavior of the large
size matrix model. We demonstrate our formalism with the primary example of the random
partition described by the Plancherel measure. We also discuss a geometric aspect of the wave
function, and show that the limit shape of the random partition is described by the semi-classical

analysis of the Schrodinger-type equation.

Note added

During finalizing the manuscript, we have noticed that the authors of the paper [28] also discuss
the multicritical behavior of random partitions through a different approach from ours. We are

grateful to D. Betea, J. Bouttier, and H. Walsh for their kind correspondence.

2 Random partition with Schur measure

Let % be a set of the partitions. We consider the random distribution of partitions with the
following measure, called the Schur measure [22]:

p) = 2 5305 (Y) (2.1)

where sy is the Schur function, and X = (x;);eny and Y = (y;);en are sets of the parameters. We

also apply another parametrization using the Miwa variables,

1<, .l
tn:ﬁin, tn:EZyi. (2.2)
i=1 =1

The constant Z is the partition function obtained via the Cauchy sum formula

Z = Z sx(X)sa(Y) = H (1 —xiy;) " =exp <Z ntnfn> , (2.3)
n=1

eV 1<i,j<oo
so that the measure is normalized, )y, p(A) = 1. We then define the expectation value of the

observable O(\) with this measure as
(ON) =D u\) oM. (2.4)
Y

Then, the k-point correlation function is defined with a set W = (w;)i=1,.. 1 C Z+ % as follows:

pr(W) = < 11 6w(X(A)>> (2.5)

weW
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Figure 1: The map from the partition A = (7,6,4,2,1,1) to the sequence of Maya particles at
1393 3 7 9>

X\ =(=2=,2,8, -2, -2 =
) (2’2’2’ 2'7 2 2

with the “density function”

1 €
b2y =4t WEL) (2.6)
0 (wgZ)
and the boson-fermion map /1]
1 1
X()\):(.”l,‘i:)\i—l—i—) CZ+ —. (27)
2 i€N 2

We remark that (z;);en are interpreted as the coordinates of the Maya particles @ as shown in
Fig. |1} See [29] for details.

It has been shown that the correlation function (2.5 is described as a size k determinant [22]

where the kernel is given by
1 K(z,w) 1
K(T’, S) = (27‘(’1)2 ﬁ;>(i|i|dw W (T, seZ+ 2) 5 (293)
Jz) 1 1= X2
K = J(z) = —_ 2.9b
(2, w) Jw) z—w’ (2) El—yn/z (2.9)

We call J(z) the wave function in the following.

3 Wave function analysis

Together with the Miwa variable (2.2)), we apply the mode expansion to the wave function,

J(z) = exp [Z (tn P z")] — Z J(x) 2*, J(z) = f ;;;Ei)l . (3.1)

n=1 €L

We call the mode coefficients (J(x))zez the wave functions as well, which are interpreted as a

multi-variable generalization of the Bessel function [22].

INot to be confused with the Schur measure parameter X = (X;)ien.



One can show that the wave functions satisfy the following differential and difference equa-

tions:

n=1
oo
=1

n

[Z n(tnz" +tpz") — Zé(?z] J(z)=0 (3.2a)
(

Vi +1,V,") —z|J(z) =0 (3.2b)

where we define the shift operator V,f(z) = f(x + 1) with V, = exp (0;). In fact, the (z,2)
variables are converted to each other through the Fourier transformation, (z,dg) > (€22, ),
as seen from the relation (3.1)).

Let us discuss the scaling limit of the difference equation for the wave function (3.2bf). We
introduce the parameter e, which rescales the variables (z,t,,t,) — (x/€,tn/€,tn/€). Then,

expanding the shift operator,

n () df Cn x (—ne)k dF
w/ﬁ_kzo k! dxk” Vx/e—kzo k! dak’ (3:3)

we obtain an alternative form of the difference equation in terms of infinitely many differentials,

0 k .
[Z u ek% - 5)] J(z) —0, (3.4)
k=1

where we define the new coefficients
o nk_;’_l L (e.) 5
=3 (), Bma0=Don i), 5)
n:

In order to discuss the scaling limit of the difference equation, we introduce the scaling
variable in the vicinity of the spectral edge x =~ /3 (see the discussion around ([7.12))),

1
x=p0+ Oé;;HEP%S for p>2. (3.6)
Taking the limit € — 0 with keeping o,y = 0 for p’ < p, we obtain the differential equation,
d? B (ap\sT
— _£lJlE (l) P =0. 3.7
e o2 () &7

In general, one can also incorporate the lower derivative terms, (85)2’, for p’ < p, by tuning the

parameters. Therefore, the scaling limit of the wave function is given by the p-Airy function,

T\ 0 . i
J(f 4 (%) - §) 20, Ai,(€) = Ld:cexp ((—1)1’5+ 1 —:U§> ; (3.8)

where « is an integral contour providing a converging integral. The case with p = 2 corresponds
to the standard Airy function, Aiy(z) = Ai(z). We emphasize that this asymptotic behavior is
universal in the sense that it does not depend on the parameter (t,,%,),cn characterizing the

microscopic distribution of random partitions.



4 Kernel analysis

Hereafter, we assume x; = y; for Vi € N (equivalently, t, = f,, for ¥n € N). Then, the wave
function exhibits the property J(z=!) = J(2)~!. In this case, applying the formula (2.9), we

arrive at the expression in terms of the wave functions,

w)= Y > J(n)J(m)z" Fw e (4.1a)

n,meZ k=1

s)—gj<r+k—;>J<s+k—;). (4.1b)

Y K(ru)K(u,s)=K(r,s), (4.2)

using the orthonormal condition of the wave function for the case t,, = tn,

> T+ k)T (m A+ k) = Gnm . (4.3)
keZ

Let us then discuss the scaling limit of the kernel. Since we impose the condition ¢, = t,,
the odd coefficients become zero, aj, = 0 for k € 2Z>¢ + 1, as seen from their definition (3.5)).
Therefore, we take the scaling limit with the scaling variable (3.6)) for p € 2N:

K2 () e ()
=5 (2o (8 ek o (B () i)
= (OZD)AlKP'A“y(”J’y) (4.4)

where the p-Airy kernel is defined [30], 31 [26]

Kpaimy (2, y) = / dz Ab(z + 2) Al (y + 2) (4.52)
0
pfl
qu(q Al(p =1 (y). (4.5b)
-y — 0

We denote the r-th derivative of the Airy function by Aig) (). In order to obtain the expres-
sion (4.5b)), it will be helpful to use the relation

%Kp_Airy(x +z,y+2)=—Alp(z +2) Alp(y + 2) . (4.6)
One can also show that the p-Airy kernel is projective

[ Kot 02 i (21) = Kot (2.0, (4.7
using the orthonormality of the p-Airy function,
/OO dz Alp(z+ 2) Aip(y + 2) = d(z —y) . (4.8)

— 00



For example, the lower degree cases are given as [20],

Ko any(z,y) = SO AL Z AT A0), (4.98)
Aia(o) AT (9) — Afl(a) AY(y) + ATh(2) ATi(5) — AL/ (@) Ay (o)

r—y

K4—Airy (‘7:7 y) = (49b)

5 Higher-order Tracy—Widom distribution

Once the kernel for the correlation function is obtained, one can systematically consider the gap

probability: For the integral operator defined with the kernel on a specific domain I, (K i(x) =
/ dy K (z,y) f(y), the probability such that any particles are not found in I is given by the

Fredholm determinant of the kernel,

det(l—f()l:Qﬁl/ngdxilgggnf((xi,xj). (5.1)

In the context of the random matrix theory, we are in particular interested in the gap probability
with the Airy kernel with I = (s, 00), a.k.a., the Tracy~Widom distribution, which describes the
statistical behavior of the largest eigenvalue in the scaling limit [4],
F(s) = det(l - chiry) . (5.2)
(s,00)

A similar description is also possible for random partitions, which is a discrete analog of the
random matrix, and in this context, the largest eigenvalue is replaced with the largest Maya
particle, which corresponds to the first entry of the partition x; = A\; —1/2 as in (the right
most particle @ in Fig. [23]. Then, applying the same argument together with the scaling
variable , we arrive at the following statement for the higher-order edge scaling behavior:

A1 — e s
(041)/6)m

where Fj,(s) is a higher-order analog of the Tracy-Widom distribution [24] 25| 26, 27]. We

remark that in the scaling limit e — 0, we should also tune the parameter such that o, = 0 for

lim P

e—0

] - det(l - K,,_Airy) O (5.3)

p’ < p. See also the alternative derivation [28].

5.1 Multicritical phase transition

We briefly discuss a possible phase transition associated with the higher-order Tracy—Widom
distribution. Imposing the constraint on the largest entry of the partition, the summation over

the random partition is rewritten as the unitary matrix integral [23]:

Zy =Y sx(X)sa(Y) :/ dU exp (Z (t'ntrUu{;trU—”)), (5.4)

A <N U(N) n—1

where we use another set of the Miwa variables compared to the previous case ([2.2)),

D" ey R VL
e ST TR A ) 3y 55)
; =1



We define the free energy from the matrix integral,
F =lime*log Zn/Z, (5.6)
e—0

where Z is the partition function of the Schur measure and we fix v := Ne = O(1). This
is the 't Hooft limit of the U(N) matrix model. Since, in the case with ¢/, # ¢, we do not have
the expression for the kernel, we assume ¢/, = #/ for the moment. Then, using Eq. together
with the wave function analysis , we observe that the free energy can be written for p € 2N
as [26],

Fp(s) = !g% ¢?log Fy(s) where 5= M (5.7)

1
(ap/€)riT
Although we have only discussed the even order Tracy—Widom distribution (p € 2N), it suggests

that the expression of the scaling variable s is available for generic p.

We claim that, in the system defined by the partition function , there is a multicritical
phase transition at the critical point 5. = v, which turns out to be the spectral edge . These
phase transitions stem from the leading order asymptotic behavior of the higher-order Tracy—
Widom distribution, which is conjectured to behave, for generic p and up to some numerical

factors, as

: 2pt1) . _ptl ptl
Er_n log Fy,(s) ~ |s| 7, hﬁm log F,(s) ~ log (1 —s 7 exp(—s P )) . (5.8)

The above conjecture is consistent with the asymptotic behavior of the Tracy—Widom distribu-
tion (p = 2) [32], and recent asymptotic results for the Pearcey processes (p = 3) [33]. See also

earlier results [30] 31].

Using the above leading asymptotic behavior of the higher-order Tracy—Widom distribution,

we observe that the leading order, non-zero contribution to the free energy in the regime s — —oo

(v < B) is given by
Fp1) = 0 2P (y = B)*PHVP 4 O(e). (5.9)

Comparing the above free energy in the phase v < §, with the leading contribution to the free
energy in the phase v > /3, which is zero, we observe that (2(p + 1)/p)-th derivative of the free
energy is discontinuous at . = 7 and thus there is a (2(p + 1)/p)-th order multicritical phase
transition, at this critical point. Notice that at p = 2, this is a third-order phase transition
of the Gross—Witten—Wadia model [10} 1], see also [14], and as we increase p, we encounter a
fractional-order multicritical phase transition for p > 2. It seems that the model is flowing from
a fixed-point with phase structure of order three (at p = 2) to another fixed point with phase
structure of order two at infinite p and as we flow from the former fixed-point to the later fixed

point, the fractional-order is monotonically decreasing from three to two.

6 Example: Plancherel measure

Let us study the simplest example with a single parameter t; = ¢ = q with ¢, = £, = 0 for

n > 2. In this case, the Schur measure is reduced to the Poissonized Plancherel measure,

tnzin:q(sn,l 1 2‘)\| dlm)\ 2
) B ) = 2 (T2 (61)



where [A| =372, A, and dim A is the dimension of the irreducible representation parametrized

o0
by A of the symmetric group S,. The partition function ([2.3)) is given by Z = exp (Z ntnfn> =
n=1

2, .
e’ in this case.

The wave function is then given by the Bessel function J(z) = J;(2q) with the generating

function

Jz) = =) = 3" (20) 27 (6.2)

TEZ

Since the Bessel function obeys the difference equation, as a special case of ([3.2b)),
-1 T
Ve+V," — 1 J(29) =0, (6.3)

we obtain the discrete Bessel kernel [34]

Jr_1/2(29)J 2q) — J, 2q)Je_1/2(2
K(r,s) = q 1/2( q) +1/2( q) +1/2( q) 1/2( CI)‘ (6.4)

r—s

Let us discuss the scaling limit of the wave function and the kernel in the following.

6.1 Bulk scaling limit

Let us discuss the scaling limit of the Bessel function. We first consider a bit different scaling
than before, (z,q) — (z,q/€), in which the difference equation (6.3) becomes

(Ve + Vit +0(e)] Jn(2q/€) = 0. (6.5)

Hence, the Bessel function behaves as the plane wave in the limit e — 0:

.| (gx) = (—1)*/? (x € 2Z)
Jo(20/€) = (6.6)
sin (gx) = (=1)"27V2 (3 €2Z+1)

We remark the relation J_,(z) = (—1)*J;(z). Then, the discrete Bessel kernel is asymptotic to
the sine kernel

e—0 sinm(r —s)/2

K(r,s) m(r—s)/2

(6.7)

where the normalization is fixed to be K(r,r) = 1.

6.2 Edge scaling limit

We then consider the edge scaling limit. The difference equation (6.3) is described with the

scaled parameters (z,q) — (x/€,q/¢€) as follows:

, d? z 4
Therefore, the Bessel function is asymptotic to the Airy function,
Jore(20/e) 5 Ai(€)  with @ =2q+¢/3q13¢, (6.9)



and the discrete Bessel kernel is given by the Airy kernel (4.9a) in the scaling limit,
1/3
. € 2q q\ /3 2q q\ /3
im ($) k(X (7) e (7) — Kau(,0). 1
;n(q) (ﬁe ne o) v) = K@) (6.10)

We remark that, in this case, since there is only a single parameter ¢; = {; = q, one cannot

realize the higher-order scaling limit (p > 2).

7 Spectral curve, semi-classical analysis, and limit shape

The differential /difference equation for the wave function (3.2 is also useful to discuss the
limit shape of the random partition [35, 36]. Let us apply the scaled variables (x,t,,%,) —
(x/€,tn/€,tn/€). Then, the difference equation ([3.2b)) is written in the following form:

where the two-variable function is given by
o0

H(z,y) =Y nltay" +tay™") -z, (7.2)
n=1

with the operator pair (Z,7)
f=z, §=V,.=e. (7.3)
They are interpreted as the canonical operator pair obeying the canonical commutation relation
logg,2] = €. (7.4)

It is also possible to describe the other differential equation (3.2a)) by changing the operators
from (7.3) as (£,9) = (Oiogz,2) With the same canonical commutation relation (7.4) (up to

rescaling with €).

In fact, the Schrodinger-type differential /difference equation written in the form of ([7.1)) is
interpreted as a quantization of the spectral curve, a.k.a., the quantum curve, defined as the

zero locus of the algebraic function,
Y ={(z,y) €eCxC*|H(z,y) =0}, (7.5)
equipped with the differential one-form and the symplectic two-form
A =logydx, w=d\=dlogy ANdx. (7.6)

We see that the canonical commutation relation ([7.4]) is taken with respect to the symplectic form
w. From this point of view, the scaling parameter € plays a role of the Planck constant (quantum
deformation parameter), and thus the scaling limit € — 0 corresponds to the semi-classical limit

of the quantum curve. See [37] for details.

We can derive the limit shape of the random partition from the spectral curve as follows. The
variable logy is identified with the auxiliary function, called the resolvent, and its asymptotic

form in the scaling limit ¢ — 0 is indeed determined by the algebraic equation, H(z,y) = 0.

10



Figure 2: The Maya particle density function p(z) and the limit shape Q(z)

Therefore, solving this zero locus equation, we obtain the limiting form of the resolvent. For

example, in the case of the Plancherel measure, t, = t, = q On,1, it is given as
-1 X x
H(x,y)=y+y — a —> logy(x) = arccosh % ) (7.7)

In fact, since the degree of the variable y is two, the spectral curve ¥ = {H(z,y) = 0} is a
hyperelliptic curve in this case. For generic case, it will not be the case since the degree of the

y-variable becomes higher than two.

We reproduce the density function p(x) from the resolvent for the Maya particles ([2.7)).
Regarding the asymptotic form of the density function,

1 (z— —o0)
plx) — (7.8)
0 (z— +4o00)
the density function is given by
1 (x < —2q)
1
p(z) = — arccos (x/2q9) (Jz] < 29) (7.9)
0 (x> +2q)

After rescaling x/q — x, the limit shape of the random partition () is obtain from the density
function (Fig. See also [38]). Since the Maya particle @ and the hole O correspond to a
negative slope edge <> and a positive slope edge <> , respectively, the derivative of the profile

function Q'(x) is given by (minus of) the density function p(z) with a constant,

2
—(x arcsing +V4 - :c2) (lz] <2)
T

] (lz[ >2)

V(x)=1-2p(z) = Qx)= (7.10)

Similarly we can derive the limit shape (x) for generic Schur measure from the spectral

curve with the corresponding algebraic function (7.2)). Assuming ¢, = t,,, we obtain

[Z n’t, (y" — y_”)] c;y =dx. (7.11)
n=1

11



Therefore, the branch point of the spectral curve (dx = 0) is given by

H(x,y)=0
(z.y)

y:1 .Z':,B. (7.12)

This shows that the spectral edge is in general given by = = 3, and the scaling variable (/3.6)

describes the fluctuation in the vicinity of the spectral edge.

8 Discussion

In this paper, we have discussed the universal edge scaling limit of the random partition char-
acterized by the Schur measure. We have in particular focused on the wave function, which
constructs the kernel for the correlation function, and discussed its asymptotic behavior in the
scaling limit. We have shown that the wave function is asymptotic to the higher-order Airy func-
tion with the proper scaling variable, and thus the corresponding kernel is given similarly by the
higher-analog of the Airy kernel (the p-Airy kernel). As a consequence, we have then discussed
that the distribution of the largest “eigenvalue” is described by the higher-order Tracy—Widom
distribution given as the Fredholm determinant of the p-Airy kernel, and addressed its implica-
tion to the possible multicritical behavior in the large N matrix model. We have also discussed
that the limit shape of the random partition is also concisely obtained from the semi-classical

analysis of the differential/difference equation for the wave function.

Let us address several possible future directions. In this paper, we have imposed the con-
dition for the Schur measure parameters X = Y to discuss the scaling limit of the kernel for
simplicity. It seems natural to relax this condition to obtain the higher-order Airy kernel for
p € 2N + 1. In fact, the case with p = 3 is studied in the context of the gap closing regime of
the random matrix theory, and the corresponding kernel is known as the Pearcey kernel [30 [31].
In the analogy with random matrix, the current situation corresponds to the Gaussian uni-
tary ensemble (GUE). Then, we could also discuss the universal behavior corresponding to the
Gaussian orthogonal /symplectic ensemble (GOE/GSE). Furthermore, there is a two-parameter
generalization of the Schur measure, which is called the Macdonald measure [39]. It seems
also interesting to study the higher-order scaling limit of these situations. In addition, the
higher-order scaling behavior discussed in this paper could be observed in experiments, e.g., the
turbulent interfaces [18, [19]. In order to realize such a higher scaling, it would be important
to manipulate the merging interfaces. It would be also interesting to further study possible im-
plications of the asymptotic results obtained in this paper for the phase structure of the gauge

theories with partition function as the unitary matrix integral ((5.4)).
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