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We consider 5d supersymmetric gauge theories with unitary groups in the Ωbackground and study codim-2/4 BPS defects supported on orthogonal planes intersecting at the origin along a circle. The intersecting defects arise upon implementing the most generic Higgsing (geometric transition) to the parent higher dimensional theory, and they are described by pairs of 3d supersymmetric gauge theories with unitary groups interacting through 1d matter at the intersection. We explore the relations between instanton and generalized vortex calculus, pointing out a duality between intersecting defects subject to the Ω-background and a deformation of supergroup gauge theories, the exact supergroup point being achieved in the self-dual or unrefined limit. Embedding our setup into refined topological strings and in the simplest case when the parent 5d theory is Abelian, we are able to identify the supergroup theory dual to the intersecting defects as the supergroup version of refined Chern-Simons theory via open/closed duality. We also discuss the BPS/CFT side of the correspondence, finding an interesting large rank duality with super-instanton counting.

The models of physics are built on symmetry principles, which can in turn be exploited to organize their phenomenology. Continuous symmetries are described by Lie groups and algebras, however, it was long recognized that the generalization to supergroups and superalgebras, comprising fermionic or odd generators in addition to the bosonic or even ones, are also necessary in order to not miss out on important class of theories. Fundamental examples are string theory and supersymmetric gauge theories. Often, superalgebras appear as peculiar global (as opposed to local) symmetries dictating the pairing between bosonic and fermionic degrees of freedom.

Why gauge supergroups? Since supergroups provide a natural unifying opportunity treating particles of opposite statistics quite democratically, while gauge invariance represents the main model building principle for our comprehension of nature, it is natural to wonder what is the position occupied by QFT (supersymmetric or not) based on gauge supergroups. Non-unitarity is obvious due to the violation of the spin-statistics theorem. Also, the lack of a definite bilinear form on a Lie superalgebra poses some question about their very quantum definition and consistency, usually requiring some non-perturbative approach. Despite such "unattractive" features, supergroup gauge theories and related supergroup matrix models inevitably show up in many places of theoretical physics, string/Mtheory and brane dynamics in particular. This is perhaps not surprising given the intrinsic non-perturbative nature of such models. Just to mention few remarkable examples, the supergroup structure of the ABJ(M) partition function (the theory holographic dual to M-theory on AdS 4 ) [START_REF] Aharony | N=6 superconformal Chern-Simons-matter theories, M2-branes and their gravity duals[END_REF][START_REF] Aharony | Fractional M2-branes[END_REF][START_REF] Kapustin | Exact Results for Wilson Loops in Superconformal Chern-Simons Theories with Matter[END_REF] was instrumental for constructing 1/2 BPS Wilson loops [START_REF] Drukker | A Supermatrix model for N=6 super Chern-Simons-matter theory[END_REF]. The supermatrix model description was also crucial for exact investigations of non-perturbative aspects, in connection with holography and topological strings via Chern-Simons theory [START_REF] Drukker | From weak to strong coupling in ABJM theory[END_REF][START_REF] Drukker | Nonperturbative aspects of ABJM theory[END_REF][START_REF] Marino | ABJM theory as a Fermi gas[END_REF][START_REF] Hatsuda | Non-perturbative effects and the refined topological string[END_REF] and open/closed large rank duality [START_REF] Gopakumar | On the gauge theory / geometry correspondence[END_REF]. Moreover, exotic and very interesting phenomena such as non-unitary holography and dynamical changes of space-time signature were also ascribed to supergroup gauge theories [START_REF] Vafa | Non-Unitary Holography[END_REF][START_REF] Dijkgraaf | Negative Branes, Supergroups and the Signature of Spacetime[END_REF], whose realization within string theory can be achieved through the introduction of negative branes [START_REF] Vafa | Brane / anti-brane systems and U(N-M) supergroup[END_REF][START_REF] Okuda | Ghost D-branes[END_REF] (essentially differing from anti-branes by their negative tension). More recently, it was shown that equivariant instanton calculus can be extended to supersymmetric gauge theories in the supergroup setting [START_REF] Kimura | Super instanton counting and localization[END_REF], revealing also far reaching connections to "ordinary" theories (in the sense of usual bosonic gauge groups) via integrability [START_REF] Chen | Quantum Elliptic Calogero-Moser Systems from Gauge Origami[END_REF][START_REF] Chen | Quantum Integrable Systems from Supergroup Gauge Theories[END_REF][START_REF] Nekrasov | Superspin chains and supersymmetric gauge theories[END_REF]. Therefore, the main message past and recent investigations are telling us is that supergroup gauge theories, if properly understood quantum mechanically, are capable of shedding some light on poorly understood phenomena, or can effectively capture some corner of more traditional setups. In this regard, the modern developments of exact techniques in supersymmetric QFT [START_REF] Pestun | Localization techniques in quantum field theories[END_REF] and the discoveries of non-perturbative duality webs [START_REF] Alday | Liouville Correlation Functions from Four-dimensional Gauge Theories[END_REF][START_REF] Awata | Five-dimensional AGT Conjecture and the Deformed Virasoro Algebra[END_REF][START_REF] Dimofte | Gauge Theories Labelled by Three-Manifolds[END_REF], represent an opportunity and a motivation for exploring supergroup gauge theories and the closely related supermatrix models (including deformations thereof) to learn about seemingly unrelated theories.

Intersecting defects. Indeed, in this paper we consider yet another extension of conventional (supersymmetric) gauge theories, namely those based on ordinary gauge groups but supported on intersecting subspaces embedded in some ambient smooth manifold. The general and systematic definition of such theories involves the gauge origami construction introduced in [START_REF] Nekrasov | BPS/CFT Correspondence III: Gauge Origami partition function and qq-characters[END_REF][START_REF] Nekrasov | Spiked Instantons from Intersecting D-branes[END_REF]. Despite the complicated nature of such theories, the amount of supersymmetry they preserve makes them amenable of exact computations via localization. More specifically, our focus is actually on a much simpler setup than the full higher dimensional gauge origami background: the intersecting gauge theory arises as a codim-2/4 BPS defect upon Higgsing [START_REF] Nekrasov | BPS/CFT correspondence IV: sigma models and defects in gauge theory[END_REF] an ordinary parent 5d N = 1 gauge theory in the Ω-background C 2 q,t -1 × S 1 . For concreteness, we consider U(N ) SQCD only, the reason being that the defect ends up coupled to a free bulk, considerably simplifying explicit computations (quiver generalizations are certainly interesting). The support of the defect is given by the two orthogonal cigars C q × S 1 and C t -1 × S 1 , intersecting at the origin along a common S 1 . This description allows us to compute the defect partition function by implementing the most generic Higgsing condition directly on the instanton partition function of the parent theory.

Summary of the main results. Our analysis suggests a natural connection between (deformations of) supergroup gauge theories supported on ordinary manifolds and supersymmetric theories with ordinary gauge groups supported on intersecting (Ω-deformed) spaces. This observation is the main point of the paper and an additional motivation for studying and developing supergroup gauge theories. We argue that the defect on the intersecting cigars provide a natural (q, t)-deformation of a dual supergroup gauge theory, supporting this view by studying the resulting partition function in the holomorphic block representation [START_REF] Beem | Holomorphic Blocks in Three Dimensions[END_REF] (i.e. Neumann conditions for the vectors [START_REF] Yoshida | Localization of three-dimensional N = 2 supersymmetric theories on S 1 × D 2[END_REF]). This is shown to give a (q, t)-deformation of a supergroup matrix model, with the honest supergroup structure appearing in the so-called unrefined limit t = q. In principle, diverse deformations of supermatrix models may exist: our results fit with the deformation considered in [START_REF] Atai | Orthogonality of super-Jack polynomials and a Hilbert space interpretation of deformed Calogero-Moser-Sutherland operators[END_REF]. In a particular example, namely a partially matter decoupling limit applied to SQED, we can identify the dual supergroup gauge theory as the supergroup version of refined Chern-Simons theory on S 3 [START_REF] Aganagic | Knot Homology and Refined Chern-Simons Index[END_REF][START_REF] Aganagic | Refined Chern-Simons Theory and Topological String[END_REF]. Quite interestingly, our results also suggest that the refinement can be naturally understood as a specific deformation away from the supergroup point, primarily detected by two unrelated couplings encoded in t = q. This perspective completes rather ad-hoc setups explicitly breaking the q ↔ t -1 symmetry of the Ω-background. We can observe that the appearance of a supergroup structure (exact in the unrefined limit only) is quite obscure from the intersecting defect perspective: the parent theory is an ordinary gauge theory, while after Higgsing the elementary degrees of freedom are even defined on different space-time components. Nevertheless, an explanation can be provided by mapping our configuration to a Mikhaylov-Witten construction [START_REF] Mikhaylov | Branes And Supergroups[END_REF] via a chain of dualities in string/M-theory. Similar arguments have recently appeared in the context of categorification of supergroup Chern-Simons observables [START_REF] Ferrari | Supergroups, q-series and 3-manifolds[END_REF].

The rest of this paper is organized as follows. In section 2, we consider the most generic Higgsing procedure applied to 5d SQCD, which gives rise to the intersecting defect of our interest. We present the derivation of the 3d-1d coupled holomorphic blocks in different chambers of the Ω-background parameters, and discuss the equivalence with a specific (q, t)-deformation of the supergroup matrix model, also arising in the context of relativistic many-body integrable systems. In section 3, we provide an explanation of the emerging supergroup structure of the defect partition function by considering a chain of string dualities, including the embedding into (refined) topological strings and open/closed large rank duality. This perspective yields, to some extent, a generalization of the 3d-3d correspondence to 3d(intersecting)-3d(supergroup) theories. In section 4, we discuss the BPS/CFT side of the story, namely the doubly quantized Seiberg-Witten geometry and the associated (q, t)-deformed W algebras. In the unrefined limit, our analysis reveals (unexpected) connections to supergroup instanton calculus. Finally, in section 5, we comment on open issues and directions for future investigations. The paper is supplemented by an appendix where conventions and more technical computations as reported.

Intersecting defects from Higgsing

In this section, we consider the 5d N = 1 SYM theory with gauge group U(N ) coupled to N fundamental and N anti-fundamental hypers (SQCD). We then impose a degeneration condition between the Coulomb and fundamental mass parameters to reach the root of the Higgs branch, where the defect description opens up. Generically, the Higgsed theory reduces to a 5d-3d-1d coupled gauge system, but in our case the 5d gauge group is completely frozen in the procedure. We are thus left with a 3d-1d defect coupled to a free bulk, and the non-trivial vortex-like part of the partition function coincides with the specialization of the instanton partition function. Compact and non-compact space versions of our setup were already studied in several papers [START_REF] Gomis | Intersecting Surface Defects and Two-Dimensional CFT[END_REF][START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF][START_REF] Nieri | 3d Expansions of 5d Instanton Partition Functions[END_REF][START_REF] Nieri | 3d Mirror Symmetry from S-duality[END_REF]. The deformation parameters q and t -1 are related to the usual 4d conventions as follows

q ≡ e -Rε 1 , t -1 ≡ e -Rε 2 , p ≡ e -Rε + , (2.1) 
where R measures the size of the fifth compact dimension and ε + ≡ ε 1 + ε 2 . From the bulk perspective, it is quite natural to consider a chamber of the parameter space where q and t -1 appear on equal footing (e.g. |q| < 1, |t -1 | < 1) due to the manifest exchange symmetry (ε 1 ↔ ε 2 ). However, for our purposes it is also convenient to consider a description adapted to the case where there is some democracy between q and t (e.g. |q| < 1, |t| < 1) as we are eventually interested in studying the self-dual or unrefined t = q limit (ε + = 0). In the first chamber, this limit happens at the boundary, namely on the unit circle, forcing both parameters to be pure phases (as familiar from the Chern-Simons description); in the second chamber, the limit makes sense within the unit disk (hence providing an analytic continuation). We study both regimes and provide a more detailed derivation adapted to the case |q| < 1, |t| < 1, which was not considered in the literature before: as we will see, there are some subtleties to be understood.

Matrix model of the intersecting defect

Hook factorization. Let us start by recalling some basic results and definitions from K-theoretic instanton counting in 5d N = 1 quiver gauge theories with unitary gauge groups. After equivariant localization at the fixed points of the instanton moduli space, the instanton partition function can be written in a combinatorial form [START_REF] Nekrasov | Seiberg-Witten prepotential from instanton counting[END_REF][START_REF] Nekrasov | Seiberg-Witten theory and random partitions[END_REF] where the Nekrasov function is the main building block (we use the conventions of [START_REF] Awata | Refined BPS state counting from Nekrasov's formula and Macdonald functions[END_REF])

N µν (x; q, t) ≡ (i,j)∈µ (1 -xq µ i -j t ν ∨ j -i+1 ) (i,j)∈ν (1 -xq -ν i +j-1 t -µ ∨ j +i ) . (2.2)
Here q, t -1 are independent C × parameters identified with the rotational equivariant parameters of the Ω-background C 2 q,t -1 ×S 1 as before, while µ, ν represent integer partitions or Young diagrams (i.e. µ i ≥ µ i+1 ≥ 0, ν i ≥ ν i+1 ≥ 0) parametrized by the coordinates (i, j) of boxes running over the rows and columns respectively, with ∨ the transpose operation. The following identities relating the q ↔ t -1 or q ↔ t exchanges will be important

N µ ∨ ν ∨ (x; t -1 , q -1 ) = N µν (x; q, t) = N ν ∨ µ ∨ (p -1 x; t, q) = = N µ ∨ ν ∨ (x -1 ; t, q) (p -1/2 x) |µ|+|ν| f ν ∨ (t, q)/f µ ∨ (t, q) , (2.3)
where p ≡ qt -1 , while |µ| ≡ i µ i denotes the number of boxes and

f µ (q, t) ≡ (i,j)∈µ -q µ i -j+1/2 t -µ ∨ j +i-1/2 ≡ (-1) |µ| q µ 2 /2 t -µ ∨ 2 /2 , (2.4) 
is the framing factor, with µ 2 ≡ i µ 2 i . Remark. In order to make contact with the 4d or cohomological notations, we must parametrize q ≡ exp(-Rε 1 ), t ≡ exp(Rε 2 ), x ≡ exp(-RX), and let the 5d radius R go to zero (while keeping fixed the instanton counting parameter). The unrefined limit t = q corresponds to the limit p = 1, namely the self-dual point

ε + ≡ ε 1 + ε 2 = 0.
The Nekrasov function has several zeros at specific values of the variable x. In particular, when one of the diagrams is trivial, for r, c ∈ Z ≥0 we have

N µ∅ (q -c t r ; q, t) = 0 if (r + 1, c + 1) ∈ µ , (2.5) 
and similarly for N ∅µ (pq c t -r ; q, t) by using the reflection properties listed above. This is most easily seen by using the expression

N µ∅ (x; q, t) = (i,j)∈µ (1 -x q µ i -j t -i+1 ) = (i,j)∈µ (1 -x q j-1 t -(i-1) ) . (2.6)
This truncation is also known as the hook or pit condition [START_REF] Bershtein | Plane partitions with a "pit": generating functions and representation theory[END_REF] as only the diagrams which fit into the hook-shaped region avoiding the box (r + 1, c + 1) give a non-vanishing result.

Following [START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF], we refer to a diagram λ of hook type (r|c) as large if the upper-left r × c rectangle is completely filled (i.e. µ r ≥ c ≥ µ r+1 ), otherwise small (Fig. 1). In the following, we review the factorization properties of the Nekrasov function when evaluated on large hook diagrams.

Having in mind applications to U(N ) gauge theory, let us start by introducing a set of N Young diagrams {λ A , A ∈ [1, N ]}, and extract for one the maximal upper-left rectangle or plateau (i.e. we consider any given diagram as a large hook). We denote the number of rows and columns of the rectangle with r A , c A respectively, so that

λ Ai ≥ c A , i = 1, . . . , r A , λ Ai ≤ c A , i ≥ r A + 1 . (2.7)
We also set r

≡ A r A , c ≡ A c A . (2.8) It is convenient to decompose the Young diagram λ A into Y L A and Y R A λ Ai ≡ Y R Ai + c A , i = 1, ..., r A , λ A,r A +i ≡ Y L∨ Ai , i ≥ 1 . (2.9) Note that Y R,L
A are sub-diagrams with at most r A , c A rows respectively. We can now factorize N λ A λ B into Right and Left parts (times a remainder). The details of the derivation are given in appendix B, here we simply state the main result. For a set

x ≡ {x A , A ∈ [1, N ]} (2.10) of C × Coulomb branch parameters, we have N A,B=1 1 N λ A λ B (x A /x B ; q, t) = N A,B=1 1 N c r A A c r B B (x A /x B ; q, t) × × p N |Y L | Υ v (z Y R ; q, t) Υ v (z ∅ R ; q, t) Υ v (z Y L ; t, q) Υ v (z ∅ L ; t, q) × × Υ x (η R xq c t -r , z Y R ; q, t) Υ x (η R xq c t -r , z ∅ R ; q, t) Υ x (1/η L xq c t -r , 1/z Y L ; t, q) Υ x (1/η L xq c t -r , 1/z ∅ L ; t, q) Υ 1d int (z Y L , z Y R ) Υ 1d int (z ∅ L , z ∅ R ) , (2.11) 
where we defined the dynamical variables

z Y R ≡ {η R x A q c A t -i q Y R Ai , A ∈ [1, N ] , i ∈ [1, r A ]} , (2.12a 
)

z Y L ≡ {η L x A t -r A q i t -Y L Ai , A ∈ [1, N ] , i ∈ [1, c A ]} , (2.12b) 
and for a set of variables u, w we defined the functions

Υ v (u; q, t) ≡ i =j (u i /u j ; q) ∞ (t u i /u j ; q) ∞ ≡ ∆ t (u; q) , (2.13a) 
Υ x (u, w; q, t) ≡ i,j

(tw i /u j ; q) ∞ (u j /w i ; q) ∞ , (2.13b) 
Υ 1d int (u, w) ≡ i,j 1 (1 -q -1 η R η -1 L u j /w i )(1 -t η L η -1 R w i /u j )
.

(2.13c)

For later purposes, we have also introduced the Macdonald kernel in (2.13a). Note that in (2.11) the C × parameters η L,R are just dummy constants. However, it may be convenient to fix this freedom and set η R /η L ≡ √ qt.

Remark. Nekrasov's summands are rational functions of q, t, thus they make sense for both the chambers |q| < 1, |t -1 | < 1 and |q| < 1, |t| < 1. The function to which the instanton sum will converge depends on this choice. While the gauge theory prefers the first chamber due to the intrinsic q ↔ t -1 symmetry, we are here adapting to the second choice (mostly because it was not explicitly discussed in the literature in our context). We will comment on the differences w.r.t. the first chamber later on.

The main feature of the formula above is that the interaction between the Left and Right sub-diagrams Y L,R is captured by the simple factor Υ int . We can use the very same result to also factorize the contribution due to (anti-)fundamental matter. For the case

N f = N a.f = N , denoting by µ ≡ {µ A , A ∈ [1, N ]} , μ ≡ {μ A , A ∈ [1, N ]} (2.14)
a set of C × flavor fugacities,1 we have

N A,B=1 N ∅λ A (μ B /x A ; q, t)N λ A ∅ (x A /µ B ; q, t) = N A,B=1 N ∅c r A A (μ B /x A ; q, t)N c r A A ∅ (x A /µ B ; q, t)× × Υ f (η R μ, η R µ, z Y R ; q, t) Υ f (η R μ, η R µ, z ∅ R ; q, t) Υ f (1/η L μ, 1/η L µ, 1/z Y L ; t, q) Υ f (1/η L μ, 1/η L µ, 1/z ∅ L ; t, q) × p -N |Y L | A (μ A /µ A ) |Y L | , (2.15)
where we defined the function

Υ f (ū, u, w; q, t) ≡ i,j (ū j /w i ; q) ∞ (tw i /u j ; q) ∞ . (2.16)
Higgsing SQCD. Given these preliminary results, we can now consider the K-theoretic SQCD instanton partition function, which using the previous notation reads as

Z[SQCD] ≡ {λ A } Λ A |λ A | Z {λ A } [SQCD] , Z {λ A } [SQCD] ≡ N A,B=1 N ∅λ A (μ B /x A ; q, t)N λ A ∅ (x A /µ B ; q, t) N λ A λ B (x A /x B ; q, t) , (2.17) 
where Λ denotes the instanton counting parameter. Let us now partially Higgs the theory by locking the gauge parameters to the (fundamental) flavor ones as follows2 

x A → x * A ≡ µ A t r * A q -c * A , (r * , c * ) ∈ Z N ≥0 × Z N ≥0 , (2.18) 
where other equivalent choices are related by permutation of indices. At these points vortex-like configurations open up (we refer to [START_REF] Aganagic | Gauge/Liouville Triality[END_REF] for a discussion in our context), and the Higgsed instanton partition function can be interpreted as the partition function of a bulk-defect coupled system: in our case the 5d bulk turns out to be free (hypers), hence Z[SQCD] becomes proportional to the vortex-like part of the partition function of the defect. The main novelty w.r.t. simpler Higgsings (e.g. c * A = 0) is that the defect is supported on the intersecting sub-space [C × S 1 ] ∪ [C × S 1 ] (Fig. 2), so that the theory can be described in the UV (see below) by a pair of 3d N = 2 gauge theories on the two orthogonal spaces, with gauge groups U(r * ) and U(c * ) respectively and interacting through 1d d.o.f. along the common S 1 at the origin [START_REF] Gomis | Intersecting Surface Defects and Two-Dimensional CFT[END_REF][START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF][START_REF] Nieri | 3d Expansions of 5d Instanton Partition Functions[END_REF][START_REF] Nieri | 3d Mirror Symmetry from S-duality[END_REF].

The matrix model of the intersecting defect. In order to see this description emerging from the instanton computation, we recall that the Higgsing condition we are imposing corresponds to the hook truncation discussed around (2.5). Let us start by focusing on the fixed points labeled by large diagrams only, in which case the previous factorization formulae readily apply to the summands of (2.17) with the trivial identifications r A ↔ r * A , c A ↔ c * A . Also, at these points some recombination between the vector and matter contributions Υ x , Υ f happen, so that we are left with the simpler summands

Z {λ A } [SQCD] → Z {λ A } [SQCD] * = N A,B=1 N ∅c r A A (μ B /x * A ; q, t)N c r A A ∅ (x * A /µ B ; q, t) N c r A A c r B B (x * A /x * B ; q, t) × × A (μ A /µ A ) |Y L | Υ v (z * Y R ; q, t) Υ v (z * ∅ R ; q, t) Υ v (z * Y L ; t, q) Υ v (z * ∅ L ; t, q) × × Υ h (η R μ, η R µ, z * Y R ; q) Υ h (η R μ, η R µ, z * ∅ R ; q) Υ h (1/η L μ, 1/η L µ, 1/z * Y L ; t) Υ h (1/η L μ, 1/η L µ, 1/z * ∅ L ; t) Υ 1d int (z * Y L , z * Y R ) Υ 1d int (z * ∅ L , z * ∅ R ) , (2.19) 
where we defined the function Υ h (ū, u, w; q) ≡ i,j (ū j /w i ; q) ∞ (u j /w i ; q) ∞ .

(2.20)

Note that at the considered locus of parameter space we have

z Y R → z * Y R = {η R µ A t r A -i q Y R Ai , A ∈ [1, N ] , i ∈ [1, r A ]} , (2.21a 
)

z Y L → z * Y L = {η L µ A q i-c A t -Y L Ai , A ∈ [1, N ] , i ∈ [1, c A ]} . (2.21b)
It is then possible to identify the summands above as (some of) the residues of the contour integral/holomorphic block3 

Z[defect] ≡ r a=1 dz R a 2πiz R a c b=1 dz L b 2πiz L b Υ3d q (z L ; t)Υ 1d int (z L , z R )Υ 3d t (z R ; q) , (2.22) 
where we defined the integrands

Υ 3d t (z R ; q) ≡ r a=1 z R a ζ R Υ v (z R ; q, t)Υ h (η R μ, η R µ, z R ; q) , (2.23) 
Υ 3d q (z L ; t) ≡ c b=1 z L b -ζ L Υ v (z L ; t, q)Υ h (1/η L μ, 1/η L µ, 1/z L ; t) , (2.24) 
provided the following identifications hold

Λ ≡ q ζ R , Λ A (μ A /µ A ) ≡ t ζ L ⇐⇒ Λ ≡ q ζ R = t ζ L A (µ A /μ A ) . (2.25)
The identification between the holomorphic block integral and the Higgsed instanton partition function is up to normalization by perturbative (1-loop and classical) contributions, which we have not considered yet. The strings of poles (2.21a) and (2.21b) attached to the 3d fundamental matter give rise to the residues associated to the large hook diagrams we have focused so far. Remarkably, as detailed e.g. in [START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF], the contour integral representation of the summands turns out to capture the contribution of the small hook diagrams as well, provided the poles associated to the 1d interaction are considered. We will see how this mechanism explicitly works in an example. The identification of the defect partition function with the Higgsed SQCD partition function is thus explained.

Remark. The integrand is multi-valued unless integrality conditions on ζ L,R are imposed. However, as we will recall later on, one should really be inserting suitable qand t-constants to make the integrand single-valued and keep ζ L,R generic. Then residue calculus can be applied in the form we discussed. This modification does not affect the summands but only the overall normalization. Moreover, the insertion of such qand t-constants may also be necessary to properly interpret the contour integral via the Jeffrey-Kirwan residue prescription as in [START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF] for the compact case.

As we mentioned, our derivation was based on the chamber |q| < 1, |t| < 1, where the qand t-Pochhammer symbols give rise to the poles and residues we were interested in. However, a similar derivation (in fact, a slightly easier one) holds also in the chamber |q < 1, |t -1 | < 1, simply by using the reflection properties (2.3) differently. While the residues are guaranteed to be the same due to the rational nature of Nekrasov's functions, the matrix model describing the summands is different and given by

Z[defect] ≡ r a=1 dz R a 2πiz R a c b=1 dz L b 2πiz L b Υ 3d q -1 (z L ; t -1 )Υ 1d int (z L , z R )Υ 3d t (z R ; q) , (2.26) 
where

Υ 3d q -1 (z L ; t -1 ) ≡ c b=1 z L b -ζ L Υ v (z L ; t -1 , q -1 )Υ h (η L μ, η L µ, z L ; t -1 ) , (2.27) 
now with the different identification

q ζ R ≡ Λ ≡ t ζ L .
(2.28)

Note that the selected poles are the same as before. The UV identification of the resulting defect theory can essentially be read from the supersymmetric localized expressions above: the contour integral represents the partition function of a 3d N = 2 U(r) theory on C q × S 1 coupled to an adjoint chiral of fugacity t, N fundamental/anti-fundamental pairs of chirals with fugacities η R µ, η R μ and FI ζ R , interacting with another 3d N = 2 U(c) theory on C t -1 × S 1 coupled to an adjoint chiral of fugacity q, N fundamental/anti-fundamental pairs of chirals with fugacities η L µ, η L μ and FI -ζ L . Thus, the defect theory provides a matter and intersecting generalization [START_REF] Nieri | 3d Mirror Symmetry from S-duality[END_REF] of the lens space theory [START_REF] Gukov | Equivariant Verlinde formula from fivebranes and vortices[END_REF], as it will be discussed later on. The interaction between the two 3d sub-systems is described by a pair of 1d bi-fundamental chiral multiplets on the common S 1 and superpotential terms, enforcing the relations between the parameters of the two theories.

As we discuss below, the different expressions across the chambers can be traced back to the appearance of boundary terms (indeed, such subtleties do not arise in the compact backgrounds). A seemingly related analysis has been recently presented in [START_REF] Lee | Quantum Spin Systems and Supersymmetric Gauge Theories[END_REF]. In the following, we will use the notation U(r|c) to denote the gauge structure of the defect theory: the reason will become manifest momentarily.

(q, t)-deformation of the supermatrix model

In this section, our main observation is that the models (2.22) or (2.26) provide a (q, t)deformation (and holomorphic version) of the (r|c) supermatrix model, which we are going to argue it arises in the so-called unrefined limit t = q. Having this specialization in mind, it is easier to discuss the chamber |q| < 1, |t| < 1 first, which is compatible with t = q within the unit disk. In this case (2.22) reduces to

Z[defect] t=q = r a=1 dz R a 2πiz R a c b=1 dz L b 2πiz L b a z R a ζ-c b z L b -ζ+r × × a =a (1 -z R a /z R a ) b =b (1 -z L b /z L b ) (-qη L η -1 R ) rc a,b (1 -q -1 η R η -1 L z L b /z R a ) 2 × × A,a (η R μA /z R a ; q) ∞ (η R µ A /z R a ; q) ∞ A,b (z L b /η L μA ; q) ∞ (z L b /η L µ A ; q) ∞ A,b z L b m A -mA , (2.29) 
where for convenience we introduced the exponential notation

q ≡ e -Rε , µ A ≡ e -Rεm A , μA ≡ e -Rε mA , (2.30 
)

with ζ ≡ ζ R = ζ L + A (m A -mA ). Choosing qη L /η R = 1
, the integration measure corresponds indeed to the Cauchy kernel for the eigenvalue integration over (r|c) Hermitian supermatrices

H ≡ A B C D ∈ (r|c) × (r|c) , (2.31) 
where A ∈ r × r and D ∈ c × c are bosonic, while B ∈ r × c and C ∈ c × r are fermionic.

The integration variables z R,L then correspond to the eigenvalues of the block-diagonalized supermatrix

H → H R H L . (2.32)
Remark. The measure

Υ v (z R ; q, t)Υ 1d int (z L , z R )Υ v (z L ; t, q) = ∆ t (z R ; q)∆ q (z L ; t) a,b (1 -p -1/2 z L b /z R a )(1 -p -1/2 z R a /z L b ) (2.33)
has recently appeared in [START_REF] Atai | Super-macdonald polynomials: Orthogonality and hilbert space interpretation[END_REF] (see also [START_REF] Sergeev | Deformed macdonald-ruijsenaars operators and super macdonald polynomials[END_REF]) with reference to the Hilbert space interpretation of super-Macdonald polynomials (defined in a later section), w.r.t. which they are orthogonal and with non-vanishing norms for large diagrams only. Also, instead of taking the unrefined limit, one can set t ≡ q β and take the "conformal limit" R → 0 while keeping the integration variables fixed. This yields the β-deformation of the Cauchy kernel

Υ v (z R ; q, t)Υ 1d int (z L , z R )Υ v (z L ; t, q) → a =a (z R a -z R a ) β b =b (z L b -z L b ) 1/β a,b (z L b -z R a ) 2 , ( 2.34) 
which was considered in the context of super-Jack polynomials [START_REF] Atai | Orthogonality of super-Jack polynomials and a Hilbert space interpretation of deformed Calogero-Moser-Sutherland operators[END_REF]. 4The matrix model is supplemented by log potential terms of the type usually encountered in free field approach to 2d CFT (or its q-deformation). Note that the matter-independent part of the potential is compatible with the full supergroup structure since5 

a z R a ζ+c-r b z L b -(ζ+c-r) = Sdet(H) ζ+c-r , Sdet(H) ≡ det(H R ) det(H L ) , (2.35a) 
= e -Rε(ζ+c-r)Str(U ) , Str(U ) ≡ tr(U R ) -tr(U L ) , (2.35b)
where the second line applies to the exponentiated notation H ≡ exp(-RεU ) which would give rise to the unitary supermatrix measure. 6 However, the matter potential seems to explicitly break the supergroup symmetry down to the bosonic U(r) × U(c). This is indeed true once we fix the contour, that is the pole structure (which we chose so as to reproduce the Higgsed partition function). Suppose instead we change the poles by removing a qconstant, namely we consider the identity

A,a (η R μA /z R a ; q) ∞ (η R µ A /z R a ; q) ∞ A,b (q z L b /η R μA ; q) ∞ (q z L b /η R µ A ; q) ∞ A,b z L b m A -mA = = A,a (η R μA /z R a ; q) ∞ (η R µ A /z R a ; q) ∞ A,b (η R µ A /z L b ; q) ∞ (η R μA /z L b ; q) ∞ × A,b z L b m A -mA Θ(η R μA /z L b ; q) Θ(η R µ A /z L b ; q) , (2.36) 
and then drop the last factor. This corresponds to changing the initial theory on C t × S 1 at the boundary torus. The modified potential can be expressed as follows

A,a (η R μA /z R a ; q) ∞ (η R µ A /z R a ; q) ∞ A,b (η R µ A /z L b ; q) ∞ (η R μA /z L b ; q) ∞ = exp n≥0 p n (t R | -t L )p n (z -1 R | -z -1 L ) n , (2.37) 
where we defined the source and dynamical super-power sums

p n (u|w) ≡ p n (u) -(-1) n p n (w) , p n (u) ≡ i u n i , (2.38) 
with

t R ≡ {η R µ A q i-1 , A ∈ [1, N ] , i ∈ [1, +∞)} , (2.39a 
)

t L ≡ {η R μq i-1 , A ∈ [1, N ] , i ∈ [1, +∞)} . (2.39b)
This is sufficient for the potential to be compatible with the full U(r|c) symmetry. In fact, the expression above allows us to write the supercharacter expansion of the new potential

e -Rε(ζ+c-r)Str(U ) λ Str λ (T ) Str λ (e RεU ) , (2.40) 
where the supermatrix T has eigenvalues t R,L , and we used that supercharacters are given by the hook or super-Schur polynomials

hs λ ∨ (-w|u) = hs λ (u| -w) ≡ Str λ diag(u|w) , (2.41) 
which satisfy the supergroup version of the Cauchy identity

λ hs λ (x| -y)hs λ (u| -w) = i, (1 -x i w ) i,k (1 -x i u k ) j,k (1 -y j u k ) j, (1 -y j w ) = = 1 Sdet 1 -diag(x|y) ⊗ diag(u|w) . (2.42) 
We can now move to discuss the chamber |q| < 1, |t -1 | < 1, which is more natural from the gauge theory perspective but also more subtle as far as the unrefined limit is concerned.

For convenience, we recall here the partition function (2.26) explicitly

Z[defect] = r a=1 dz R a 2πiz R a c b=1 dz L b 2πiz L b a z R a ζ R b z L b -ζ L × × ∆ t (z R ; q)∆ q -1 (z L ; t -1 ) a,b (1 -q -1 η R η -1 L z L b /z R a )(1 -t η L η -1 R z R a /z L b ) × × A,a (η R μA /z R a ; q) ∞ (η R µ A /z R a ; q) ∞ A,a (η L μA /z L a ; t -1 ) ∞ (η L µ A /z L a ; t -1 ) ∞ , (2.43) 
where η R /η L can be fixed to √ qt again. In this case, the limit t = q can be taken only at the boundary of the unit disk, and the integrand needs to be defined properly. The measure and interaction term do not pose serious problems because they reduce to the same rational function as before, namely the Cauchy kernel. Moreover, as a formal series, the potential can be directly expanded into supercharacters since its series at t = q coincides with the modified potential (2.37). This follows from the "analytic continuation" from inside to outside the unit circle

(u; t -1 ) ∞ → 1 (t u; t) ∞ , (2.44) 
which would make sense of the integrand in the unrefined limit. The pole structure changes accordingly, and the previous discussion makes it clear this is again due to modifying the defect theory at the boundary.

Example: U(1|1) theory

As a simple yet interesting and illustrative example, let us consider the Abelian U(1|1) theory, focusing on the 5d SQED (N = N f = N a.f = 1) to avoid clutterings. In this case, it is pretty easy to understand the contour and the pole prescription to reproduce the summation over all hook diagrams, large and small. The non-Abelian U(r|c) Higgsing in the non-Abelian parent 5d theory follows a similar pattern (for a detailed account we refer to [START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF]).

The partition function

In this example, all the diagrams are obviously large but the trivial one. The former are associated to the poles coming from the purely 3d sector, which are at

z R = η R µq j , z L = η L µt -i , i, j ∈ Z ≥0 . (2.45)
The residues read as

(η R µ) ζ R (η L µ) ζ L (μ/µ; q) ∞ (μ/µ; t -1 ) ∞ (q; q) ∞ (t -1 ; t -1 ) ∞ q ζ R j t ζ L i (1 -t q j t i )(1 -q -1 q -j t -i ) (1; q) -j (1; t -1 ) -i (μ/µ; q) -j (μ/µ; t -1 ) -i . (2.46)
In order to reproduce the empty diagram (the only small diagram in this example), we can observe that we can take the Left diagram to be empty (i = 0), but then the Right one needs to "enter" inside the (1, 1) box, namely it must have a negative entry or add a negative box. This means that the pole must be shifted by one negative q unit, and this can be accommodated by the interaction term, so that the relevant poles are

z L = η L µ , z R = q -1 z L η R η -1 L = η R µq -1 .
(2.47)

The residue reads as

Z ∅ ≡ q -ζ R (η R µ) ζ R (η L µ) ζ L (μ/µ; q) ∞ (μ/µ; t -1 ) ∞ (q; q) ∞ (t -1 ; t -1 ) ∞ 1 (1 -t q -1 )(1 -μ/µ) . (2.48)
Eventually, using the identification q ζ R = Λ = t ζ L , the partition function evaluates to

Z[defect] = Z ∅ 1 + i,j≥0 (-Λμ/µ) 1+i+j (1 -t q -1 )(1 -µ/μ) (1 -q -1 q -j t -i )(1 -t q j t i ) × × (-1) i+j (qµ/μ; q) j (t -1 µ/μ; t -1 ) i (q; q) j (t -1 ; t -1 ) i , (2.49) 
which coincides with the U(1|1) Higgsed partition function of the 5d SQED, as it should.

The result includes the perturbative contribution, indeed the overall factor can be seen to arise from the classical and 1-loop factors which are not determined by the instanton series (we will briefly comment on such terms in the next section). 7 We can observe that the constant term Λ (1 -tq -1 )(1 -µ/μ) in the numerator in first line accounts for the rectangular (single box) contribution. By inspection, the summands look like two Macdonald polynomials coupled by some interaction: we will shortly see the reason.

Intersecting SQED/XYZ duality

As recalled in a later section, the partition function of Abelian instantons can easily be resummed

Z[SQED] = (Λμ/x; q, t -1 ) ∞ (p Λx/µ; q, t -1 ) ∞ (Λμ/µ; q, t -1 ) ∞ (p Λ; q, t -1 ) ∞ . (2.50) 
Let us now impose the Higgsing condition x = µtq -1 . Using

(u; q, t -1 ) ∞ (ut r q -c ; q, t -1 ) ∞ = 1 r i=1 (ut i ; q) ∞ c j=1 (uq -j ; t -1 ) ∞ r i=1 c j=1 1 1 -ut i q -j , (2.51) 
we have

Z[SQED] = (qΛ; q) ∞ (t -1 Λ; t -1 ) ∞ (qΛμ/µ; q) ∞ (t -1 Λμ/µ; t -1 ) ∞ 1 -Λ 1 -Λμ/µ . (2.52)
As explained in [START_REF] Nieri | 3d Mirror Symmetry from S-duality[END_REF], the equality between this resummed expression and the series in (2.49) can be understood as a consequence of SQED/XYZ mirror duality generalized to intersecting spaces. Mathematically, this identity represents a generalization of the qbinomial theorem

(v; q) ∞ (u; q) ∞ = k≥0 (v/u; q) k (q; q) k u k . (2.53)
As in the ordinary case, we expect this relation to be crucial to extend the proof of the equivalence of partition functions of diverse 3d mirror-like pairs to intersecting spaces. 7 As explained in [START_REF] Beem | Holomorphic Blocks in Three Dimensions[END_REF][START_REF] Yoshida | Localization of three-dimensional N = 2 supersymmetric theories on S 1 × D 2[END_REF] (see also [START_REF] Bullimore | Boundaries, Vermas, and Factorisation[END_REF] for a recent and exhaustive study), the strange-looking powers involving the FI parameters are due to the non-careful treatment of the classical (mixed-Chern-Simons) terms: one should really be considering the addition of 2d boundary terms which convert them to Theta functions, making the whole integrand genuinely meromorphic with no cuts. A similar comment also holds for the classical 5d bulk action, which requires adding 4d boundary terms (elliptic Gamma functions) [START_REF] Nieri | 5D partition functions, q-Virasoro systems and integrable spin-chains[END_REF]. In turn, this specifies the boundary condition and the contour. In the math literature, these contributions are known as elliptic stable envelopes [START_REF] Aganagic | Elliptic stable envelopes[END_REF][START_REF] Aganagic | Quantum q-Langlands Correspondence[END_REF][START_REF] Rimányi | 3d Mirror Symmetry and Elliptic Stable Envelopes[END_REF]. Later on, we will need to consider their effect.

Semiclassical analysis

This very simple example allows us to study the semiclassical limit t -1 → 1, namely ε 2 → 0, quite easily.

Remark. Note that this limit explicitly breaks the q ↔ t -1 symmetry of the configuration. Therefore, it does not look like a very natural operation in our context, nevertheless it allows us to make contact with similar studies in the literature and appreciate the modifications. Also, for intersecting defects, one should perhaps just talk about NS limit, as the ε 2 → 0 expansion is a semiclassical limit for the theory on the C t -1 plane, but not for the theory on the C q plane, which is still subject to the ε 1 -deformation.

Once the perturbative part is twisted away, we can write the remaining vortex part of the intersecting defect partition function as

Z v. [defect] ≡ e -1 Rε 2 W(Λ;t -1 ) Φ(Λ; q) , (2.54) 
where

Φ(Λ; q) ≡ (Λ; q) ∞ (Λμ/µ; q) ∞ , (2.55a) W(Λ; t -1 ) ≡ k>0 Rε 2 (1 -μk /µ k )t -k Λ k k(1 -t -k ) = Li 2 (Λ) -Li 2 (Λμ/µ) + O(ε 2 ) . (2.55b) 
We can thus see that the C t -1 contribution provides the semiclassical asymptotic, which would be the only contribution in the ordinary non-intersecting setup, whereas the C q contribution provides a regular correction in the form of a flat section of a q-connection

e -Rε 1 ∂ Λ - 1 -Λμ/µ 1 -Λ Φ(Λ; q) = 0 . (2.56)
Remark. The operator annihilating the wavefunction Φ is equivalent to the the quantum mirror curve of the resolved conifold, as it will be clear from the discussion in the next section. The quantum geometry of refined topological strings was discussed in [START_REF] Aganagic | Quantum Geometry of Refined Topological Strings[END_REF] and, as suggested in [START_REF] Nekrasov | Quantization of Integrable Systems and Four Dimensional Gauge Theories[END_REF], away from the NS limit the resulting spectral problem becomes nonstationary. Our setup is a further generalization as it not only includes the refinement, but also branes extending along orthogonal supports.

In the more general non-Abelian case, we can study the NS limit by looking at the saddle point approximation of the block integral (2.57)

Z[defect] r a=1 dz R a 2πiz R a e -1 Rε 2 W(z * L ,Λ) det -1/2 Hess(W(z * L , Λ)) a,b (1 -q -1 η R η -1 L (z L b ) * /z R a )(1 -η L η -1 R z R a /(z L b ) * ) × × a z R a -ln Λ/Rε 1 A,a (η R μA /z R a ; q) ∞ (η R µ A /z R a ; q) ∞ , (2.57) 
where we set

W(z L , Λ) ≡ b =b Li 2 (z L b /z L b ) -Li 2 (q -1 z L b /z L b ) + + ln Λ b ln z L b + A,b Li 2 (η L μA /z L b ) -Li 2 (η L µ A /z L b ) . (2.58)
As usual, the saddle points z * L are determined by the equations exp(z

L b ∂ z L b W(z L , Λ)) = 1
, coinciding with the Bethe equations of a XXZ spin chain according to the gauge/Bethe correspondence [START_REF] Nekrasov | Quantization of Integrable Systems and Four Dimensional Gauge Theories[END_REF][START_REF] Nekrasov | Supersymmetric vacua and Bethe ansatz[END_REF][START_REF] Nekrasov | Quantum integrability and supersymmetric vacua[END_REF][START_REF] Nekrasov | Darboux coordinates, Yang-Yang functional, and gauge theory[END_REF][START_REF] Nekrasov | Bethe/Gauge correspondence on curved spaces[END_REF] b =b

1 -qz L b /z L b 1 -q -1 z L b /z L b = q c-1 Λ -1 A 1 -η L µ A /z L b 1 -η L μA /z L b .
(2.59)

The main features to observe are that the effective twisted superpotential on the C t -1 plane gives the asymptotic behaviour of the partition function as expected, while the theory on the C q plane is affected by the limit via cancellation of the combined 3d vector-adjoint 1-loop determinants and 1d fugacities determined by the vacuum. As before, one expects the regular 3d-1d contribution to be annihilated by a quantum operator. The systematic gauge theoretic study of such operator identities involve qq-characters or Schwinger-Dyson equations [START_REF] Nekrasov | BPS/CFT correspondence: non-perturbative Dyson-Schwinger equations and qq-characters[END_REF][START_REF] Haouzi | Non-Perturbative Schwinger-Dyson Equations for 3d N = 4 Gauge Theories[END_REF], whose algebraic meaning is recalled in section 4. At present, we do not have a clear interpretation from the integrable system viewpoint, however, following [START_REF] Nekrasov | BPS/CFT correspondence V: BPZ and KZ equations from qq-characters[END_REF][START_REF] Nekrasov | Surface defects in gauge theory and KZ equation[END_REF][START_REF] Jeong | Intersecting defects in gauge theory, quantum spin chains, and Knizhnik-Zamolodchikov equations[END_REF], one may suspect some relation between our system and qKZ equations [START_REF] Frenkel | Quantum affine algebras and holonomic difference equations[END_REF], perhaps through spectral duality [START_REF] Fock | Duality in integrable systems and gauge theories[END_REF][START_REF] Mironov | Spectral Duality Between Heisenberg Chain and Gaudin Model[END_REF][START_REF] Mironov | Spectral dualities in XXZ spin chains and five dimensional gauge theories[END_REF]. 8Recap. Before moving to the next section, let us summarize what we have seen so far.

We have implemented the most generic (hook) Higgsing on the instanton partition function of a parent 5d theory. This has allowed us to obtain the partition function of a generalized 3d-1d BPS defect, supported on orthogonal sub-spaces intersecting along a circle at a point. The vortex/instanton summands are rational functions of the 5d Ω-background equivariant parameters q, t -1 , which from the defect viewpoint are either disk or adjoint mass equivariant parameters. We have given two integral representations of the partition function, akin Coulomb branch localization, one adapted to the chamber |q| < 1, |t| < 1, the other one to |q| < 1, |t -1 | < 1. With a suitable fixed choice of pole structure (boundary d.o.f.), they both reproduce, via residues calculus at the prescribed poles, the partition function of the 5d Higgsed theory. The integration measure (vector, adjoint and interaction contributions) hints to a deformed supergroup symmetry. Indeed, the resulting matrix-like integrals can be thought of as natural (q, t)-deformations of the (holomorphic) supermatrix model (Hermitian or unitary depending on the parametrization and allowed potential), which is supposed to arise in the unrefined limit t = q only. While the given potential and contour in the chamber |q| < 1, |t| < 1 only preserve the bosonic sub-group, the resulting model can be thought of as giving the analytic continuation to the chamber |q| < 1, |t -1 | < 1, which is manifestly but only formally compatible with the whole supergroup symmetry. This situation is analogous, and in fact not completely unrelated, to what happens in the Gaussian supermatrix model: compatibility with the supergroup symmetry requires the Gaussian coefficients to be exactly opposite to one another, but in order to make sense of potentially divergent quantities, one may need to allow a small deformation/analytic continuation away from the supergroup point.

In the next section, we provide some explanation of the supergroup structure of the defect partition function, which is quite obscure from the purely gauge theoretic viewpoint, from dual M-theory/topological string/Chern-Simons perspectives.

3 The topological string theory side

In this section, we revisit the previous discussions by embedding our setup in string/Mtheory, and we argue by a chain of dualities that the intersecting defect theory should indeed know about supergroups thanks to the Chern-Simons theory side of open topological strings. This observation explains the appearance of the supergroup structure in the original system, which would seem quite mysterious otherwise (the two 3d N = 2 gauge theories making up the intersecting defect are even supported on different space-time components). 9

Let us start by describing the 5d U(N ) SQCD on the Coulomb branch in type IIB sting theory through the familiar arrangement of (p, q)-branes [START_REF] Aharony | Webs of (p,q) five-branes, five-dimensional field theories and grid diagrams[END_REF][START_REF] Aharony | Branes, superpotentials and superconformal fixed points[END_REF], 10 that is a set of 2 NS5's intersecting a stack of N D5's, with the intersections resolved by (1, 1)-branes (not displayed explicitly in Table 1). -----.

S 1 C q C t -1 5 6 7 8 9 2 NS5 ------ N D5 -
Table 1. Our parent setup in IIB language.

Roughly speaking, the distance between the NS5's encodes the YM coupling constant (instanton counting parameter) while the separations between the D5's encode the Coulomb and (anti-)fundamental mass parameters. The Higgsing procedure considered in the previous section consists to move on the Higgs branch by recombining all the (e.g. right-most) 9 The appearance of supergroups in the context of knot homologies was emphasized in [START_REF] Gorsky | Quadruply-graded colored homology of knots[END_REF], where similar brane setups were extensively employed. 10 Such configurations actually describe special unitary gauge groups at low energy. However, instanton or topological string computations are usually performed by relaxing the traceless conditions on the gauge generators. The difference is due to the so-called U(1) factors [START_REF] Alday | Liouville Correlation Functions from Four-dimensional Gauge Theories[END_REF][START_REF] Lee | Quantum Spin Systems and Supersymmetric Gauge Theories[END_REF], which are not going to play a significative role in our discussion.

semi-infinite D5's with the internal ones and resolving the intersections by pulling out the corresponding NS5, while in the process r D3's wrapping the time direction and the C q plane and c D3's wrapping the time direction and the C t -1 plane in a direction orthogonal to the (p, q)-plane are also stretched (Table 2). The world-volume of the defect theory is supported by the intersecting system of D3's (generalizing the well-known configurations introduced in [START_REF] Aharony | Branes, superpotentials and superconformal fixed points[END_REF][START_REF] Hanany | Type IIB superstrings, BPS monopoles, and three-dimensional gauge dynamics[END_REF], see also [START_REF] Benvenuti | 3d N = 2 mirror symmetry, pq-webs and monopole superpotentials[END_REF]), with the FI parameters describing their position relative to the remaining NS5-D5 branes, describing the remaining bulk d.o.f. (free hyper). Since they are stacked, only one independent FI is expected. 

S 1 C q C t -1 5 6 7 8 9 2 NS5 ------ N D5 ----- - r D3 --- - c D3 - -- - .

M-theory perspective

The IIB description we have just reviewed can be lifted to M-theory, where the (p, q)web we started with is dualized to the degeneration locus of a toric Calabi-Yau 3-fold [START_REF] Leung | Branes and toric geometry[END_REF]. For the sake of simplicity, we focus on the Abelian theory (N = 1), in which case the dual description of the Higgsed configuration involves M-theory on the well-studied resolved conifold geometry, with the defect corresponding to two stacks of r and c M5's wrapping a toric Lagrangian sub-manifold, as well as the intersecting solid tori C q × S 1 and C t -1 × S 1 respectively (Table 3). The presence of branes wrapping both the qand t-planes generalizes similar well-studied setups in related contexts (e.g. [START_REF] Gukov | Equivariant Verlinde formula from fivebranes and vortices[END_REF][START_REF] Dimofte | Vortex Counting and Lagrangian 3-manifolds[END_REF][START_REF] Witten | Fivebranes and Knots[END_REF]). Finally, the open part of this geometry can be shown to be dual to the Mikhaylov-Witten brane construction of U(r|c) Chern-Simons theory [START_REF] Mikhaylov | Branes And Supergroups[END_REF] (for a recent discussion closer to our context we also refer to [START_REF] Ferrari | Supergroups, q-series and 3-manifolds[END_REF]), at least in the unrefined limit t = q. Invoking some generalization of the 3d-3d correspondence [START_REF] Dimofte | Gauge Theories Labelled by Three-Manifolds[END_REF][START_REF] Dimofte | Vortex Counting and Lagrangian 3-manifolds[END_REF][START_REF] Dimofte | 3-Manifolds and 3d Indices[END_REF][START_REF] Chung | 3d-3d Correspondence Revisited[END_REF][START_REF] Dimofte | 3d Superconformal Theories from Three-Manifolds[END_REF], this provides the crucial hint that the intersecting defect should indeed know something about supergroups. Let us observe that the particular (ordinary) case c = 0 has been extensively studied for a long time: in topological string language, the resolved conifold geometry is simply probed by a stack of Aganagic-Vafa toric branes [START_REF] Aganagic | Mirror symmetry, D-branes and counting holomorphic discs[END_REF]. In the refined case t = q, one must necessarily consider two types usually dubbed qand t-branes [START_REF] Kozçaz | Refined Topological Branes[END_REF]. Note that the distinction is meaningful in the unrefined case as well since one can consider branes supported on orthogonal planes: this generalization is our target in the next subsection.

S 1 C q C t -1 Resolved conifold r M5 --- --- c M5 - -- ---

Open/closed duality and Chern-Simons perspective

Topological string theory on the resolved conifold geometry is well-known to be dual to ordinary U(n) Chern-Simons theory on S 3 at large rank [START_REF] Witten | Chern-Simons gauge theory as a string theory[END_REF]: this is a manifestation of the famous open/closed duality or geometric transition [START_REF] Gopakumar | On the gauge theory / geometry correspondence[END_REF]. In few words, one starts with Chern-Simons theory on S 3 , viewed as the zero section of the Calabi-Yau 3-fold T * S 3 (deformed conifold). In the A-model description, the theory is supported by a stack of topological branes wrapping the base 3-cycle, hence it can be thought of as an open topological string theory. As the number of branes increases, the size of the 3-cycle shrinks and eventually becomes a singular geometry, which can be resolved by blowing up a P 1 (resolved conifold) leaving behind no branes and hence a closed topological string theory.

Wilson loop observables along a knot K in Chern-Simons theory can also be included by following Ooguri-Vafa construction [START_REF] Ooguri | Knot invariants and topological strings[END_REF]: additional brane probes wrapping the knot conormal L K give rise to an open sector, with the probes being essentially unaffected by the geometric transition. In this setup, the topological string partition function computes the generating function (character expansion) of Wilson loops in arbitrary representations in Chern-Simons theory, weighted by source Wilson loops supported on the probes. These also correspond to the two parameter family of HOMFLY-PT polynomials generalizing the Jones invariant [START_REF] Witten | Quantum Field Theory and the Jones Polynomial[END_REF], where the parameters are related to the size of the P 1 ('t Hooft cou-pling in Chern-Simons theory) and string coupling (inverse of renormalized Chern-Simons level).

Having recalled these basics facts, it is natural to ask what is the Chern-Simons or (refined) open topological string interpretation of the intersecting defect partition function. Following the discussion in the previous subsection, the natural answer is that it should be related to the generating function of loop observables in a (q, t)-deformation of the supergroup Chern-Simons theory (at large ranks), with the exact supergroup point arising in the unrefined case.

Remark. Note that the closed piece of the geometry is still given by the resolved conifold.

The inclusion of more sophisticated probes w.r.t. the usual case allows us to see that a generalization of the open string/Chern-Simons side given by a second gauge factor, eventually combining with the first one into a supergroup, naturally emerges.

Standard setup. In order to support this claim and introduce some notation, let us first review the case of the standard Higgsing, namely c = 0 (or equivalently r = 0). Since we are dealing with toric brane probes, we should recover the generating function of the unknot in arbitrary representations (as commented below, this is almost correct). This follows from the fact that the 5d SQED instanton partition function (2.17)

Z[SQED] ≡ λ Λ |λ| Z λ [SQED] ≡ Z top. (3.1) 
coincides with the closed (refined) topological string partition function of the strip geometry (Fig. 4) [START_REF] Iqbal | The Vertex on a strip[END_REF][START_REF] Taki | Refined Topological Vertex and Instanton Counting[END_REF] upon the identifications

Λ ≡ p -1/2 Q 0 Q , μ/x ≡ p 1/2 Q-1 , x/µ ≡ p 1/2 Q , (3.2) 
where the Q's are the exponentiated Kähler parameters and q the exponentiated string coupling (in the unrefined limit). When computed through the (refined) topological vertex [START_REF] Awata | Refined BPS state counting from Nekrasov's formula and Macdonald functions[END_REF][START_REF] Iqbal | The Refined topological vertex[END_REF], 11 the identification holds up to the perturbative factor

Z pert. ≡ Π 0 ( Qt ρ , -q ρ )Π 0 (Qt ρ , -q ρ ) , (3.3) 
where ρ ≡ {1/2 -i, i ∈ [1, +∞)} and Π 0 (x, y) ≡ i,j (1 + x i y j ). In the chamber |q| < 1, |t -1 | < 1, this is simply

Z pert. = 1 (p 1/2 Q; q, t -1 ) ∞ (p 1/2 Q; q, t -1 ) ∞ , (3.4) 
coinciding with the usual gauge theoretic 1-loop determinant of free hypers in the Ωbackground C 2 q,t -1 × S 1 (possibly up to boundary contributions). The equivalence with the SQED partition function can be made more explicit by massaging the above expression using the following combinatorial identities

N λ∅ (p 1/2 x; q, t) = x |λ| f λ (q, t) P λ (t ρ , p -1/2
x -1 t -ρ ; q, t) P λ (t ρ ; q, t) = P λ ∨ (q ρ , p 1/2 xq -ρ ; t, q) P λ ∨ (q ρ ; t, q) , (3.5a)

N ∅λ (p 1/2 x; q, t) = x |λ| f λ (q, t) -1 P λ ∨ (q ρ , p 1/2 x -1 q -ρ ; t, q) P λ ∨ (q ρ ; t, q) = P λ (t ρ , p -1/2 xt -ρ ; q, t) P λ (t ρ ; q, t) , (3.5b)

N λλ (1; q, t) = (p -1/2 ) |λ| P λ ∨ (-q ρ ; t, q)P λ (t ρ ; q, t) , (3.5c) 
where P λ (x; q, t) is the Macdonald polynomial. We can thus rewrite

Z top. = λ P λ ∨ (q ρ , p 1/2 Qq -ρ ; t, q) (-p -1/2 Q 0 ) |λ| P λ (p 1/2 Qt ρ , t -ρ ; q, t) , (3.6) 
which is a more traditional form in the (refined) topological string context (related to change of preferred direction) and it can be easily resummed. However, this is not our goal here. Let us now impose the Higgsing condition

Q → Q * = p -1/2 t r , r ∈ Z ≥0 . (3.7) 
Then the last Macdonald polynomial has actually only a finite number of variables and the summation is truncated over diagrams with at most r parts. Therefore

Z top. → Z * top. = λ P λ ∨ (q ρ , p 1/2 Qq -ρ ; t, q) (-p -1/2 Q 0 ) |λ| P λ ({t i-1/2 }; q, t) , (3.8) 
where i ∈ [1, r]. We can recognize the factor (-1) |λ| P λ ∨ (q ρ , p 1/2 Qq -ρ ; t, q) t=q = (-1) |λ| s λ ∨ (q ρ , Qq -ρ ) ≡ Q|λ|/2 dim λ ( Q; q) (3.9)

as the (q, t)-deformation of the quantum dimension, recovered in the unrefined limit, with spectral parameter Q, that is the (unnormalized) HOMFLY-PT invariant of the unknot.

From this perspective, the similar factor P λ ({t i-1/2 }; q, t) t=q = s λ ({q i-1/2 }) = s λ (q r+ρ , q -ρ ) = (-1) |λ| s λ ∨ (q ρ , q r-ρ ) = q r|λ|/2 dim λ (q r ; q) = q λ ∨ 2 /2 1≤i<j≤n 1 -q λ i -λ j +j-i 1 -q j-i (3.10) can be though of as the (q, t)-deformation of the trace of a background holonomy with Cartan coordinates x ∼ {t i-1/2 }, which in the unrefined limit reduce to the usual character/Schur polynomial. Strictly speaking, the identification of (3.8) with the Ooguri-Vafa generating function would be valid if the coordinates were independent, but this is not the case in our setup. From the IIB perspective, this is because in the Higgsing procedure the D3's which support the defect are terminated or compactified by another nearby parallel NS5 and hence dynamical. From the open topological string perspective, it means that those d.o.f. are not really frozen, rather the v.e.v. in the U(r) κ Chern-Simons theory supported on the probes is taken. 12 Therefore, having in mind the matrix model description of the unknot in Chern-Simons theory (e.g. [START_REF] Brini | Torus knots and mirror symmetry[END_REF][START_REF] Morozov | Harer-Zagier formulas for knot matrix models[END_REF] and references therein) or its refined version [START_REF] Aganagic | Knot Homology and Refined Chern-Simons Index[END_REF][START_REF] Aganagic | Refined Chern-Simons Theory and Topological String[END_REF], we have the identification

s λ ({q i-1/2 }) ∼ s λ U(r)κ-CS 1 U(r)κ-CS , (3.11) 
hence honest sources can be obtained by performing such substitution and omitting the normalized average. 13Remark. In order to compute honest generating functions for toric branes, we could have simply started from the topological vertex applied to the conifold with an open leg and some choice of sources (Macdonald or Schur polynomials). However, since in the generalized setup considered in the following such a choice is not completely obvious, the relation between open and closed Higgsed partition functions we have just worked out proves to be useful.

In order to complete the analysis in this pretty standard setup, let us also recall how the pure Chern-Simons partition function can be computed. Let us consider the limit Q 0 → 0, which zooms in the conifold with Kähler parameter either Q or Q. Let us focus on the latter: after Higgsing, the limit decouples the defect from the (free) bulk, and the vortex partition function trivializes (only the empty diagram propagates), implying that the only non-trivial contributions come from the perturbative factors. If we normalize by the r = 0 configuration (a.k.a. D0-contribution), which in our case is equivalent to extracting the residue at the pole, then we end up with

Z pert. | p 1/2 Q=t r Z pert. | p 1/2 Q=1 = r i=1 1 (t i ; q) ∞ , (3.12) 
which coincides with the refined Chern-Simons partition function on the S 3 [START_REF] Aganagic | Knot Homology and Refined Chern-Simons Index[END_REF][START_REF] Aganagic | Refined Chern-Simons Theory and Topological String[END_REF] before the large r transition in the unreduced normalization [START_REF] Gukov | Fivebranes and 3-manifold homology[END_REF]. From the refined Chern-Simons perspective, it is natural to include the Cartan contribution (t; q) r ∞ , so that the reduced partition function reads as r i=1 (t; q) ∞ (t i ; q) ∞ = 1≤i<j≤r (t j-i ; q) ∞ (t j-i+1 ; q) ∞ .

(3.13)

In the unrefined limit, this simplifies to

1 U(r)κ-CS ≡ 1≤i<j≤r (1 -q j-i ) , (3.14) 
which coincides with (the q-analytic part of) the ordinary Chern-Simons partition function on S 3 .

Less standard setup. Now we can essentially repeat the the same steps as above for the general Higgsing condition

Q → Q * = p -1/2 t r q -c , (3.15)
with the objective of giving an interpretation to the coefficients of the topological string expansion supporting the supergroup structure. Let us start by recalling the main result for the factorization of Nekrasov's summands when restricted to large hook diagrams with a rectangular plateau r × c, specialized to the Abelian N = 1 case

Λ |λ| Z λ [SQED] = (-p -1/2 Q 0 Q) rc Z rec. [r, c]× × (p -1/2 Q 0 Q) |Y L |+|Y R | × (pt -r Q Q-1 ) |Y L | (q -c ) |Y R | Z int. [Y L , Y R ] × × N ∅Y L (p -1/2 t -r Q; t, q)N Y L ∅ (p -1/2 t r Q -1 ; t, q) N Y L Y L (1; t, q) N ∅Y R (p 1/2 q -c Q-1 ; q, t)N Y R ∅ (p 1/2 q c Q; q, t) N Y R Y R (1; q, t) , (3.16) 
where we set

Z rec. [r, c] ≡ q r c 2 2 t c r 2 2 p rc/2 r i=1 c j=1 (1 -p 1/2 Qt 1-i q j-1 )(1 -p -1/2 Q-1 t i-1 q 1-j ) (1 -t -1 t i-r q j-c )(1 -q -1 t i-r q j-c ) , (3.17a) Z int. [Y L , Y R ] ≡ r i=1 c j=1 (1 -t -1 t i-r q j-c q -Y Ri t -Y Lj )(1 -q -1 t i-r q j-c q -Y Ri t -Y Lj ) (1 -t -1 t i-r q j-c )(1 -q -1 t i-r q j-c ) . (3.17b)
Because of the partial simplifications between these two factors, it is convenient to set

Z rec. [r, c] ≡ r i=1 c j=1 (1 -p 1/2 Qt 1-i q j-1 )(1 -p 1/2 Qt 1-i q j-1 ) , (3.18) so that Z rec. [r, c] Z int. [Y L , Y R ] = q -r c 2 2 t c r 2 2 q c|Y R | t r|Y L | Q-rc Z rec. [r, c] r i=1 c j=1 (1 -q -1 t i-r q j-c q -Y Ri t -Y Lj )(1 -t t r-i q c-j q Y Ri t Y Lj ) (3.19)
Let us focus on the Nekrasov factors and let us use again (3.5a). Then we may rewrite such factors as

(-pt -r Q) -|Y L | (-q c Q) -|Y R | × P Y ∨ L (p 1/2 t -r
Qt ρ , t -ρ ; q, t)P Y L (q ρ , p 1/2 t -r Qq -ρ ; t, q)× × P Y ∨ R (q ρ , p 1/2 q c Qq -ρ ; t, q)P Y R (p 1/2 q c Qt ρ , t -ρ ; q, t) . (3.20) Imposing the Higgsing condition, the Macdonald polynomials truncate to a finite number of variables

P Y L (q ρ , p 1/2 t -r Qq -ρ ; t, q) → P Y L ({q 1/2-j }; t, q) , i ∈ [1, r] ,
(3.21a)

P Y R (p 1/2 q c Qt ρ , t -ρ ; q, t) → P Y R ({t i-1/2 }; q, t) , j ∈ [1, c] . (3.21b)
Therefore we can eventually write

Λ |λ| Z λ [SQED] → q -r c 2 2 t c r 2 2 Z rec. [r, c] * × × t r|Y L |/2 q -c|Y R |/2 P Y ∨ L (-p 1/2 t -r Qt ρ , -t -ρ ; q, t) P Y ∨ R (q ρ , p 1/2 q c Qq -ρ ; t, q) i,j (1 -q -1 t i-r q j-c q -Y Ri t -Y Lj ) × × (-p -1/2 Q 0 ) rc+|Y L |+|Y R | × t r|Y L |/2 q -c|Y R |/2 P Y L (-{q 1/2-j }; t, q)P Y R ({t i-1/2 }; q, t) i,j (1 -t t r-i q c-j q Y Ri t Y Lj ) . (3.22)
In order to interpret these coefficients, we can observe that in the unrefined limit the Macdonald polynomials reduce to Schur polynomials, and as shown in [START_REF] Moens | A determinantal formula for supersymmetric schur polynomials[END_REF][START_REF] Eynard | Toward U(N |M ) knot invariant from ABJM theory[END_REF] 14 

s Y L (-{q 1/2-j })s Y R ({q i-1/2 }) i,j (1 -q 1+r-i+c-j+Y Ri +Y Lj ) ∼ hs λ U(r|c)κ-CS 1 U(r|0)κ-CS 1 U(0|c)κ-CS , (3.23) for a large diagram λ ≡ (c r ) ∪ Y ∨ L ∪ Y R .
As we will momentarily see, when combined with part of the contribution from the rectangular part, one can identify the denominator with the supergroup Chern-Simons partition function

r i=1 c j=1 (1 -p 1/2 Q * t 1-i q j-1 ) 1 U(r|0)κ-CS 1 U(0|c)κ-CS t=q ∼ 1 1 U(r|c)κ-CS . ( 3 

.24)

As we explained, in our setup the normalized v.e.v. is automatically taken, and if we wish to consider frozen sources, we may simply ignore it. Actually, some care with this argument is needed because in the unrefined limit the rectangular part is identically zero. Indeed, the naive partition function is divergent and one needs to either work with the unreduced version which can be defined via analytic continuation in the chamber |q| < 1, |t| < 1, or consider un-normalized observables. Having said that, the above identification is in line with the supergroup structure and one may be tempted to identify the coefficients of the expansion as a continuous and (q, t)-deformed version of the quantum superdimension, that is the HOMFLY-PT invariant of the unknot associated to a refined version of supergroup Chern-Simons theory, which we propose in the following. However, note that a large hook diagram with a finite r × c plateau is actually small in the large rank U(m|n) κ-CS theory which would arise upon the sl(n|m

) specialization Q → Q * = p -1/2 q -m t n | t=q , m, n ∈ Z 0 .
Therefore, even though such coefficients can in principle be compared against an independent matrix model computation, direct analytic checks at finite ranks are expected to be extremely hard to perform. Already in the unrefined limit, exact computations via determinantal representations are possible only for large diagrams: our construction may give a prediction which would be interesting to investigate. In particular, if the mentioned identification is true, then supercharacters (and their deformation) of small representations should somehow factorize after averaging.

Remark. Had we started from the unrefined limit from the very beginning, the whole topological expansion would have lost a lot of the structure we are trying to see. The reason is that while it makes sense to consider a number of probes extending along two intersecting subspaces also in that case, the Higgsing condition Q → Q * = p -1/2 q -c t r | t=q = q r-c would only be sensitive to their difference. This phenomenon is pretty well-known in the context of supermatrix models [START_REF] Alvarez-Gaume | Supermatrix models[END_REF][START_REF] Yost | Supermatrix models[END_REF], and it can be traced back that to the fact that, assuming e.g. r -c ≥ 0, the Feynman diagrams of the 't Hooft expansion in the U(r -c) and U(r|c) models are weighted by the inverse of r -c = tr U(r-c) 1 = Str U(r|c) 1 in both cases. However, this does not mean that the U(r|c) and the U(r -c) models are equivalent [START_REF] Vafa | Non-Unitary Holography[END_REF], as is clear after (q, t)-deformation. Therefore, the refinement is a crucial ingredient in this case (besides regularizing the partition function). Indeed, it is easily seen that in the unrefined limit there are no large diagram contributions as we observed that Z rec. [r, c] vanishes in that case: assuming r -c ≥ 0, the resulting truncation coincides with the usual row truncation we have reviewed in the c = 0 case (with r → r -c); in the opposite regime r -c < 0, the truncation is on the columns as in the r = 0 case (with c → c -r). However, the possibility of having "positive or negative ranks" may still be taken as a sign of an underlying supergroup theory [START_REF] Marino | Exact Results in ABJM Theory from Topological Strings[END_REF][START_REF] Awata | The Partition Function of ABJ Theory[END_REF].

Refined supergroup Chern-Simons theory

In this section, we study the decoupling limit of the defect from the (free) bulk, which can easily be implemented on the partition function by taking Q 0 → 0: then the Higgsed instanton part trivializes, and non-trivial contributions are described by the perturbative part (i.e. the conifold amplitude), which reads as

Z pert. | p 1/2 Q=t r q -c Z pert. | p 1/2 Q=1 = r i=1 1 (t i ; q) ∞ c j=1 1 (q -j ; t -1 ) ∞ r i=1 c j=1 1 (1 -t i q -j ) , (3.25)
in the chamber |q| < 1, |t -1 | < 1, or otherwise by analytic continuation. Comparing with (3.12), the first two factors can be recognized as two copies of the unreduced refined Chern-Simons partition function on S 3 (the reduced version including the Cartan contributions (t; q) r ∞ (q -1 ; t -1 ) c ∞ ), with refinement parameters t and q -1 and (renormalized) coupling constants proportional to 1/ ln q and -1/ ln t respectively. The last factor represents some interaction between the two systems and, in view of our discussion, it is natural to assume that their interacting combination will actually be equivalent to some refinement of supergroup Chern-Simons theory. In this subsection, we further support this evidence.

The first thing to note is that the our analysis naturally suggests the following (q, t)deformation of the Chern-Simons matrix model on S 315

Z q,t [CS] ≡ N r a=1 du R a 2πi c b=1 du L b 2πi ∆ t (e -Ru R ; q) ∆ q -1 (e -Ru L ; t -1 ) e -R 2 2 ln q a u 2 Ra + R 2 2 ln t b u 2 Lb a,b sinh R 2 u L a -u R b -ε + 2 sinh R 2 u L a -u R b + ε + 2 , (3.26) 
where we recall the parametrization q = exp(-Rε 1 ), t = exp(Rε 2 ), p = exp(-Rε + ), ε + = ε 1 + ε 2 , while N is some normalization factor which can be taken to either include (unreduced normalization) or not (reduced normalization) the Cartan contributions from the adjoint matter in the defect theory

N ∼ 1 (t; q) r ∞ (q -1 ; t -1 ) c ∞ . (3.27) 
Even if we are using the hyperbolic notation, in order to make contact with (a deformation of) Chern-Simons theory it is convenient to have mind R ∈ -iR + , and consider (small) positive imaginary parts for ε 1,2 to define the Macdonald kernels. For ε + = 0, namely at the boundary t = q of the unit disk, the integrand of (3.26) coincides with the integrand of the U(r|c) κ Chern-Simons matrix model with level (up to renormalization) κ ∼ 1/ ln q, while for ε + = 0 the coupling constants explicitly break the supergroup symmetry. This matrix model is naturally suggested by the intersecting defect picture, 16 and in fact we can try to derive it from (2.57), even though not all the steps are rigorous (we will comment on that in due course). In particular, the derivation naturally suggest an integration contour which is needed to fully define the model. In order to begin with, we slightly massage the 15 Lens spaces L(p, 1) can presumably be described by sending q → q 1/p and t → t 1/p in the exponent, together with a Zp source term. 16 Had we started with the defect matrix model adapted to the chamber |q| < 1, |t| < 1, we would have gotten a similar deformation with t -1 → t in the left sector. The resulting model then looks like the deformation of two coupled Gaussian models.

interaction term as follows

1 a,b (1 -p -1/2 z L b /z R a )(1 -p -1/2 z R a /z L b ) = = - p 1/2 4 rc 1 a,b sinh R 2 u L a -u R b -ε + 2 sinh R 2 u L a -u R b + ε + 2 , (3.28) 
where we used the parametrization z R,L ≡ exp(-Ru R,L ). In this way, the interaction term is already reproduced. Then we recall that the classical FI terms are actually to be understood via boundary d.o.f. whose 1-loop determinants are given by Theta functions [START_REF] Benini | Elliptic genera of two-dimensional N=2 gauge theories with rank-one gauge groups[END_REF][START_REF] Benini | Elliptic Genera of 2d N = 2 Gauge Theories[END_REF][START_REF] Gadde | 2d Index and Surface operators[END_REF], namely

a z R a ζ R b z L b -ζ L → a Θ(α R z R a ; q) Θ(Λα R z R a ; q) b Θ(α L z L b ; t -1 ) Θ(Λα L z L b ; t -1 ) , (3.29) 
for some α R,L ∈ C × to be specified momentarily, while we recall the identifications

q ζ R = Λ = t ζ L .
Apparently, such factors induce full line of poles, but once combined with the matter contributions, α R,L can (must) be chosen as to guarantee only two (for each Left/Right sector) separate semi-lines of poles running in opposite directions (the independent contour is still only one). We thus take Λα R = q/η R μ and Λα L = t -1 /η L μ, so that the combined potential reads as

a Θ(α R z R a ; q) (Λα R z R a ; q) ∞ (η R µ/z R a ; q) ∞ b Θ(α L z L b ; t -1 ) (Λα L z L b ; t -1 ) ∞ (η L µ/z L b ; t -1 ) ∞ . (3.30) 
At this point, we are able to take the decoupling limit Λ ∼ Q 0 Q → 0, while keeping α R,L fixed. This also requires μ → ∞, namely x/μ ∼ Q → 0 (indeed, this piece of the geometry is far away). Lastly, we can also consistently send µ → 0 while keeping x/µ ∼ Q ∼ t r q -c fixed. In particular, the latter limit squeezes the semi-lines of poles we were supposed to consider towards the origin, hence we assume that the correct limiting contour is simply a small circle around the origin. We have thus arrived at the contour integral

Z[defect] → r a=1 du R a 2πi c b=1 du L b 2πi ∆ t (e -Ru R ; q) ∆ q -1 (e -Ru L ; t -1 ) a,b sinh R 2 u L a -u R b -ε + 2 sinh R 2 u L a -u R b + ε + 2 × × a Θ(α R e -Ru R a ; q) b Θ(α L e -Ru L b ; t -1 ) , (3.31) 
where the last line represents the effective contribution from the boundary tori. Note that the definition of α R,L requires α R /α L = qtη L /η R , and with our favourite choice η R /η L = √ qt, it is convenient to fix α R ≡ -q 1/2 , α L ≡ -t -1/2 . In order to complete the justification of our proposal, we now need to use the following identity between integrals of formal series

- 1 2πig ∞ -∞ du e inu-iu 2 /2g = q n 2 /2 = 0 dz 2πiz z n ϑ(z; q) , q ≡ e ig , (3.32) 
for Im(g) > 0, where we defined the theta function ϑ(z; q) ≡ n∈Z q n 2 /2 z n . When convergence allows the infinite product representation, the relation (q; q) ∞ Θ(-q 1/2 z; q) = ϑ(z; q) holds true, and then applying this transformation to (3.31), we get (3.26) up to some simple proportionality factor (a similar argument was also considered in [START_REF] Okuda | Derivation of Calabi-Yau crystals from Chern-Simons gauge theory[END_REF]).

Remark. The partition function (3.31) looks like a generalization of the homological block [START_REF] Gukov | Fivebranes and 3-manifold homology[END_REF] associated to the lens space theory L(1, 1) [START_REF] Gukov | Equivariant Verlinde formula from fivebranes and vortices[END_REF] (i.e. 3d N = 2 Chern-Simons theory with unit level and coupled to an adjoint chiral) via the 3d-3d correspondence, and categorifying the U(r) κ Chern-Simon partition function. This is consistent with our defect theory also being a generalization of the L(1, 1) lens space theory to intersecting spaces, and it would be tempting to conclude that its partition function categorifies U(r|c) κ Chern-Simons invariants (for recent work in this direction, we refer to [START_REF] Ferrari | Supergroups, q-series and 3-manifolds[END_REF]). One of the subtle points is that in the (non-rigorous) derivation above, we assumed the contour to be around the origin for both Left and Right sectors, while in the Chern-Simons context the unit circle is usually taken. Sometimes this difference is not relevant, for instance when β = ln t/ ln q ∈ Z in the standard setup c = 0, as the measure is then polynomial and the origin is the only pole. In our case, some additional care with contour deformations would be needed due to the interaction term and because β, β -1 ∈ Z only for β = ±1. Let us also observe that the simpler Abelian version of our matrix model has recently appeared in [START_REF] Liu | Intersecting Surface defects and 3d Superconformal indices[END_REF] in a similar context as ours (intersecting indices and 3d-3d correspondence), without explicit derivation or reference to its supergroup nature though.

Example: U(1|1) theory

Generally, we do not know how to test our proposal explicitly, as an exact evaluation of this type of matrix integrals seems difficult at present and probably should involve proving some generalization of Macdonald constant term identities first. However, in the simpler case r = c = 1 (namely the Abelian U(1|1) theory), things are better and we can try some brute force evaluations. Also, in the unrefined case, such theory can be related to the Alexander polynomial [START_REF] Rozansky | Reidemeister torsion, the Alexander polynomial and U(1,1) Chern-Simons Theory[END_REF] (see also [START_REF] Eynard | Toward U(N |M ) knot invariant from ABJM theory[END_REF] are references therein).

The partition function

Let us start from the partition function (3.31) or (3.26). In the simpler Abelian theory, we can explicitly show that it is consistent with (3.25). Indeed, in this case

Z q,t [CS] r=c=1 ∼ N dz R 2πiz R dz L 2πiz L ϑ(z R ; q) ϑ(z L ; t -1 ) (1 -p -1/2 z L /z R )(1 -p -1/2 z R /z L ) , (3.33) 
and picking up the constant term of the integrand upon expanding in z R and z R /z L , we obtain

Z q,t [CS] r=c=1 ∼ N 1 -t q -1 × k≥0 p k 2 /2 p k/2 (1 -p k+1 ) . (3.34) 
The first factor reproduces (3.25) in the chosen normalization, while the last series, because of telescopic cancellations, tends to 1 for |p| < 1 (as we assumed in this section).

Supercharacters

It is interesting to test more significative observables which are in some sense complete. In the unrefined case, the natural candidates are the supercharacters represented by super-Schur functions in the matrix model. In the Abelian theory, all the representations are large (but the trivial one), so an explicit evaluation is possible. This example is also instrumental for exact higher rank evaluations via determinantal expressions [START_REF] Eynard | Toward U(N |M ) knot invariant from ABJM theory[END_REF].

The observable we consider is explicitly given by

hs λ (z R | -z L ) = (-1) s +1 z s R z s +1 L (1 -z R /z L ) , (3.35) 
for λ = (1 + s, s ). Plugging this observable inside the matrix model (3.33) and taking the constant term, we obtain

hs λ (z R | -z L ) U(1|1)κ-CS 1 U(1|0)κ-CS 1 U(0|1)κ-CS ∼ (-1) s q -s 2 2 + (s+1) 2 2 1 -q 1+s+s = q s(s-1) 2 - s (s -1) 2 
× (q 1/2 ) s (-q -1/2 ) s 1 -q 1+s+s , (3.36) which agrees with the result (3.23) up to framing.

It would be interesting to test higher rank observables and/or (q, t)-deformations. A natural set are for instance super-Macdonald polynomials [START_REF] Atai | Super-macdonald polynomials: Orthogonality and hilbert space interpretation[END_REF][START_REF] Sergeev | Deformed macdonald-ruijsenaars operators and super macdonald polynomials[END_REF] SP λ (u|v; q, t)

≡ µ P λ/µ (u; q, t) Q µ ∨ (-p -1/2 v; t, q) t=q --→ hs λ (u| -v) , (3.37) 
where Q µ ∨ (v; t, q) ≡ ω q,t P µ (v; q, t) is the dual Macdonald polynomial defined by the homomorphism ω q,t p n = -p n (-1) n (1 -q n )/(1 -t n ) acting on power sums p n . The relevance of these functions in our context (intersecting 3d N = 2 theories and, in the next section, quantum toroidal algebras, was recently pointed out in [START_REF] Zenkevich | Higgsed network calculus[END_REF]100]). For the two variable case, we can write explicit expressions for the fundamental λ = (1) representation

SP (1) (z R |z L ; q, t) = z R -p -1/2 1 -q 1 -t z L , (3.38) 
and the simplest hook λ = (2, 1)

SP (2,1) (z R |z L ; q, t) = (1 -q) 2 (1 -t) 2 z R (-p -1/2 z L ) 2 1 - 1 -t 1 -q p 1/2 z R /z L + + t(1 -p)(1 -q)(1 -qt) (1 -t) 2 (1 -t 3 ) (-p -1/2 z L ) 3 . (3.39)
In the first line we can recognize the (q, t)-deformation of (3.35), while the second line appears only after deformation. Note that complete factorization seems to be gone for large diagrams too. Generally, we can write the average of a monomial z m R z n L as

q m 2 /2 t -n 2 /2 q m t n 1 -p -1 k≥0 p k 2 /2 p k/2 (1 -p k+1 ) q mk t nk . (3.40)
4.1 q-Virasoro algebra

For concreteness, we focus here on the W q,t -1 (A 1 ) algebra, namely the q-Virasoro algebra [111]. Let us consider the Heisenberg algebra generated by oscillators {a m , m ∈ Z\{0}} and zero modes P, Q, with the non-trivial commutation relations

a m , a n = - 1 m (q m/2 -q -m/2 )(t -m/2 -t m/2 )C [m] (p)δ m+n,0 , P, Q = 2 , (4.1) 
where C [m] (p) = (p m/2 + p -m/2 ) is the deformed Cartan matrix of the A 1 algebra. For any given α ∈ C, we consider dual Fock modules over the charged Fock vacua |α ≡ e αQ/2 |0 and α| ≡ 0|e -αQ/2 respectively, namely

P|α = α|α , a m |α = 0 , α|a -m = 0 , m ∈ Z >0 , (4.2) 
with 0|0 = 1.

The q-Virasoro current T(z) ≡ m∈Z T m z -m can be realized as

T(z) ≡ Y(p -1/2 z) + Y(p 1/2 z) -1 , Y(z) ≡ : exp m =0 a m z -m C [m] (p) q √ βP/2 p 1/2 : , (4.3) 
where β ∈ C is such that t ≡ q β and the normal ordering : : pushes the positive oscillators and P to the right. From the gauge theory perspective, the Y operator represents the doubly quantized chiral ring generating function Y [112], while the negative oscillators play the role of higher time variables dual to higher Casimirs (in the 4d cohomological limit). The screening currents of the q-Virasoro algebra have the following free boson representation

S (±) (x) ≡ : exp - m =0 a m x -m q m/2 ± -q -m/2 ± ± β ±1 Q ± β ±1 P ln x : , (4.4) 
where q + ≡ q, q -≡ t -1 . Their defining property is

T m , S (±) (x) = T q ± -1 x • • • , (4.5) 
where we have defined a shift operator acting as T q ± f (x) = f (q ± x). From the gauge theory viewpoint, this relation is the key for obtaining Ward identities or qq-character relations, which can be used to solve for interesting observables [START_REF] Nekrasov | BPS/CFT correspondence: non-perturbative Dyson-Schwinger equations and qq-characters[END_REF][START_REF] Nekrasov | BPS/CFT correspondence V: BPZ and KZ equations from qq-characters[END_REF]113]. The "OPEs" of screening currents are as follows

S (±) (x)S (±) (x ) = : S (+) (x)S (+) (x ) : × × exp - m>0 (q m/2 ∓ -q -m/2 ∓ )C [m] (p)(q 1/2 ± x /x) m m(1 -q m ± )
x 2β ±1 , (4.6a)

S (∓) (x)S (±) (x ) = : S (∓) (x)S (±) (x ) : (-p 1/2 xx ) -1 (1 -p -1/2 x/x )(1 -p -1/2 x /x) . (4.6b)
In the chamber |q ± | < 1, we can also write

S (±) (x)S (±) (x ) = : S (±) (x)S (±) (x ) : (x /x; q ± ) ∞ (px /x; q ± ) ∞ (q ± x /x; q ± ) ∞ (q -1 ∓ x /x; q ± ) ∞ x 2β ±1 , (4.7) 
while in the chamber |q + |, |q -1 -| < 1, which we are here mainly interested in, we have S (+) (x)S (+) (x ) = : S (+) (x)S (+) (x ) : (x /x; q) ∞ (px /x; q) ∞ (qx /x; q) ∞ (tx /x; q) ∞ x 2β ±1 , (4.8a)

S (-) (x)S (-) (x ) = : S (-) (x)S (-) (x ) : (x /x; t) ∞ (p -1 x /x; t) ∞ (qx /x; t) ∞ (tx /x; t) ∞ x 2β ±1 . (4.8b)

Infinitely-many screening charges

The screening charges are the operators Q (±) such that

T m , Q (±) = 0 . (4.9)
Given the property (4.5), a (familiar) definition is

Q (±) ≡ dx c(x; q ± ) S (±) (x) , (4.10) 
for an appropriate choice of integration contour and q ± -constant c(x; q ± ), namely such that c(q ± x; q ± ) = c(x; q ± ). As an alternative definition, one can consider screening charges defined by Jackson integrals [107], namely

Q (±) x ≡ k∈Z xq k ± S (±) (xq k ± ) . (4.11) 
The latter definition is convenient when considering the insertion of infinitely-many screening charges as there are no explicit integrals to compute, while the additional label (base point x) attached to the screening charge is a free modulus. Therefore, we can consider infinitely-many points in the sets (ground configurations)

χ R ∅ ≡ {x R A t i-1 |A = 1, ..., N , i = 1, ..., ∞} , (4.12a) 
χ L ∅ ≡ {x L A q i-1 |A = 1, ..., M , i = 1, ..., ∞} , (4.12b) 
which we use to define the (un-normalized) operator

Z ≡ x∈χ L ∅ Q (-) x x∈χ R ∅ Q (+) x , (4.13) 
where denotes an ordered product. 19 This operator involves the summation over the dynamical sets (excited configurations)

χ R ≡ {(x R A t i-1 q -k R Ai |A = 1, ..., N , i = 1, ..., ∞} , (4.14a) 
χ L ≡ {x L A q i-1 t -k L∨ Ai |A = 1, ..., M , i = 1, ..., ∞} , (4.14b) 
where k R and k L∨ can be restricted to N -tuples and M -tuples of partitions respectively due to the zeros in the OPE when such classification is not satisfied. The "diagonal" contributions to the OPE are x∈χ R

x S (+) (x) = :

x∈χ R S (+) (x) : × x∈χ R x √ β( √ β|χ R |-Q) × × (x,x )∈χ R ×χ R x =x (x/x ; q) ∞ (t x/x ; q) ∞ (x≺x )∈χ R (x/x ) β Θ(t x/x ; q) Θ(x/x ; q) , (4.15a) 
x∈χ L

x S (-) (x) = :

x∈χ L S (-) (x) : × x∈χ L x √ β -1 ( √ β -1 |χ L |+Q) × × (x,x )∈χ L ×χ L x =x (x/x ; t) ∞ (q x/x ; t) ∞ (x≺x )∈χ L (x/x ) β -1 Θ(q x/x ; t) Θ(x/x ; t) , (4.15b) 
where Q ≡ √ β -1/ √ β, and we denoted with |χ R,L | the (infinite) cardinality of the set: we will momentarily explain how the infinities arising from the product over infinitely many points can be dealt with. Also, note that the last factors in the OPE, being a qor t-constant, do not actually depend on the excited configuration.

In order to make sense of the expressions involving infinite products, we normalize by the ground configuration so that all the factors independent of the dynamical variables cancel out. Part of the surviving OPE factors can be expressed in terms of Nekrasov's functions (i.e. rational functions)

(x,x )∈χ R ×χ R x =x (x/x ; q) ∞ (t x/x ; q) ∞ (x,x )∈χ R ∅ ×χ R ∅ x =x (t x/x ; q) ∞ (x/x ; q) ∞ = N A,B=1 1 N k R A k R B (x R B /x R A ; q, t)
, (4.16a)

(x,x )∈χ L ×χ L x =x (x/x ; t) ∞ (q x/x ; q) ∞ (x,x )∈χ L ∅ ×χ L ∅ x =x (q x/x ; t) ∞ (x/x ; t) ∞ = M A,B=1 1 N k L∨ A k L∨ B (x L B /x L A ; t, q) , (4.16b) 
and for the last equality we can use the identity

1 N k L∨ A k L∨ B (x L B /x L A ; t, q) = (p -1/2 x L A /x L B ) |k L A |+|k L B | N k L A k L B (x L A /x L B ; q, t) f k L∨ B (t, q) f k L∨ A (t, q) . ( 4 

.17)

It is now clear from the expressions that such normalized OPE factors capture the vector fixed-point contributions of a 5d N = 1 U(N ) × U(M ) gauge theory in the Ω-background C 2 q,t -1 × S 1 , with equivariant Coulomb parameters (1/x R , x L ). This is not a surprise given the well-known BPS/CFT relations between equivariant K-theory of the moduli space of instantons of quiver gauge theories with unitary groups, and the free boson representation of quiver W q,t -1 algebras. In particular, the Ω-background equivariant parameters (ε 1 , ε 2 ) can be identified as follows

q ≡ e -Rε 1 , t ≡ e Rε 2 , β ≡ -ε 2 /ε 1 , (4.18) 
with R measuring the radius of the fifth compact dimension. However, this is only part of a more interesting story. For later purposes, it is convenient to define the sets

χ + ≡ {ν + A t i-1 q -k R Ai |A = 1, ..., N , i = 1, ..., ∞} , ν + A ≡ η + x R A , (4.19a 
)

χ -≡ {ν - A t 1-i q k L Ai |A = 1, ..., M , i = 1, ..., ∞} , ν - A ≡ η -x L A , (4.19b) 
for some η ± ∈ C × , so that (4.16a), (4.16b) become respectively

(x,x )∈χ + ×χ + x =x (x /x; q) ∞ (t x /x; q) ∞ (x,x )∈χ + ∅ ×χ + ∅ x =x (t x/x ; q) ∞ (x/x ; q) ∞ , (4.20a) 
(x,x )∈χ -×χ - x =x (x/x ; q) ∞ (t x/x ; q) ∞ (x,x )∈χ - ∅ ×χ - ∅ x =x (t x/x ; q) ∞ (x/x ; q) ∞ × p -N |k L | . (4.20b)
The most interesting and new contributions to the OPE come from the mixed terms :

x∈χ L S (-) (x) : : x∈χ R S (+) (x) : = : x∈χ L S (-) (x) x∈χ R S (+) (x) : × × (x,x )∈χ L ×χ R (-p 1/2 xx ) -1 (1 -p -1/2 x/x )(1 -p -1/2 x /x) . (4.21)
Once normalized by the ground configuration, we can write the infinite product expressions

(x,x )∈χ L ∅ ×χ R ∅ (1 -p -1/2 x/x ) (x,x )∈χ L ×χ R (1 -p -1/2 x/x ) = (x,x )∈χ -×χ + (t -1 x/x ; q) ∞ (x/x ; q) ∞ (x,x )∈χ - ∅ ×χ + ∅ (x/x ; q) ∞ (t -1 x/x ; q) ∞ , (4.22a) (x,x )∈χ L ∅ ×χ R ∅ (1 -p -1/2 x /x) (x,x )∈χ L ×χ R (1 -p -1/2 x /x) = (x,x )∈χ -×χ + (t x /x; q) ∞ (t 2 x /x; q) ∞ (x,x )∈χ - ∅ ×χ + ∅ (t 2 x /x; q) ∞ (t x /x; q) ∞ , (4.22b) 
provided that p 1/2 ≡ η + /η -. Now, the crucial observation is that such terms capture a kind of bi-fundamental fixed-point contribution in a 5d N = 1 U(N ) × U(M ) gauge theory, of the precise form that makes the whole OPE factors to match the vector fixed-point contribution of a 5d N = 1 U(N |M ) supergroup gauge theory with equivariant parameters (ν + |ν -), as studied in detail in [START_REF] Kimura | Super instanton counting and localization[END_REF].

In order to complete our analysis, we go back to discussing the possible divergencies due to the infinite number of base points. As we have already mentioned, the normalization by the ground configuration removes most of them. In particular, the non-trivial zero mode contributions read as

q - √ β|k R |( √ β|χ R |-Q+P-|χ L |/ √ β) t - √ β -1 |k L |(|χ L |/ √ β+Q-P- √ β|χ R |) . (4.23) 
In order for this to be finite, we renormalize the value of P on the charged vacuum as

P → α ren. ≡ ξ R + Q -β|χ R | + |χ L |/ β ≡ -ξ L + Q -β|χ R | + |χ L |/ β , (4.24) 
with ξ R + ξ L = 0 and ξ R,L finite. Then the effective expansion parameters are finite and given by Λ for the Right sector and Λ -1 p -N for the Left sector, with Λ

≡ q - √ βξ R = t ξ L / √ β .
Therefore, the conclusion is that the normalized Z|α ren. state computes the (timeextended) instanton partition function of a β-deformation of the 5d N = 1 U(N |M ) supergroup gauge theory, with the exact supergroup structure emerging only at the unrefined point β = 1 (p = 1), where the magnitude squared of the coupling constants is the same and the signs are opposite. This is the type of deformation considered in [114] in the context of many-body integrable systems associated to supergroups, and further elaborated in [START_REF] Chen | Quantum Integrable Systems from Supergroup Gauge Theories[END_REF] from the viewpoint of the gauge/Bethe correspondence and Seiberg-Witten integrable systems. Our analysis can be generalized to include matter (e.g. by either shifting the time/oscillator variables or including vertex operators) and arbitrary quiver theories.

Comments and open questions

In this paper, we have argued for a tight relationship or duality between seemingly distant classes of QFT: on the one hand, we find codim-2/4 BPS intersecting defects of QFTs with eight supercharges (specifically, in 5d) based on ordinary gauge groups; on the other hand, there are QFTs supported on ordinary spaces (specifically, 3d) but with supergroup gauge symmetry. The Ω-background on the supersymmetric side induces a deformation on the supergroup side, with the honest supergroup symmetry recovered at the unrefined or selfdual point. In some particular example, we have been able to trace back the supergroup structure of the intersecting defect theory to (a refinement of) supergroup Chern-Simons theory via chains of string dualities. Presumably, this observation can be generalized to more complicated supersymmetric (quiver) gauge theories by invoking an extension of the 3d-3d correspondence or large rank duality. We believe our work is only scratching the surface towards a deeper understanding of generalized gauge theories (either in the sense of the supports or the local symmetries), as there are many open issues and directions worth of future investigations. In the following, we give a brief outline of some of these.

1. From the purely supersymmetric field theory perspective, it would be desirable to have a clearer ADHM-like understanding of the relations (akin to d/d + 2 dualities [115,116]) between instanton calculus and intersecting defects arising upon Higgsing. Actually, this should also motivate further studies of the defects supported on ordinary single component spaces, as in the case of standard Higgsing (e.g. c A = 0 in our notation). This situation is extensively considered in the literature, but the ADHM-like analysis is not so clear except for the simpler (Abelian) configurations (e.g. r A ∈ {0, 1} in our notation, we refer to [START_REF] Nekrasov | BPS/CFT correspondence IV: sigma models and defects in gauge theory[END_REF]117] for recent discussions), especially in view of the pure vortex analysis in [118,119].

2. While on the supersymmetric side we have worked with 5d-3d-1d coupled systems, most of our discussions can be repeated for the 4d-2d-0d dimensional reduction or the 6d-4d-2d lift, and it would be instructive to work explicitly out similarities and differences. Particularly interesting is the latter case where the dual Calabi-Yau geometry is partially compactified [120-122] and connections among defects, elliptic algebras [123-127] and supergroup deformations may be established along the lines of this paper. Furthermore, given that 6d theories on a torus and 5d circular quiver theories on a circle may be related by IIB S-duality exchanging the rank of the gauge group with the rank of the quiver, it would be interesting to study such phenomenon in the context of supergroups. In the cohomological limit, a relationship between Higgsing, defects and 2d Yang-Mills was explored in [128], and our analysis should provide a further generalization.

3. As far as the 4d-2d-0d dimensional reduction is concerned [START_REF] Gomis | Intersecting Surface Defects and Two-Dimensional CFT[END_REF][START_REF] Pan | Intersecting Surface Defects and Instanton Partition Functions[END_REF]129], intersecting defects were originally considered in the context of the AGT correspondence [START_REF] Alday | Liouville Correlation Functions from Four-dimensional Gauge Theories[END_REF] (see also [130] for an exhaustive review). In Liouville theory, the simplest type of such defects correspond to the insertion of arbitrary degenerate operators with momentum α = -rb/2 -cb -1 /2, r, c ∈ Z ≥0 (and similarly for Toda), generalizing [131].

Recently, intersecting defects have been shown to represent a key ingredient for the field theoretic explanation of many 2d CFT features of supersymmetric gauge theories [START_REF] Jeong | Intersecting defects in gauge theory, quantum spin chains, and Knizhnik-Zamolodchikov equations[END_REF]132,133], including KZ/BPZ equations [134, 135] and relations to isomonodromic deformation problems [136][137][138][139][140][141][142]. In particular, vortex defects [143] (the type considered in this work) are known (sometimes) to be dual [START_REF] Nekrasov | Surface defects in gauge theory and KZ equation[END_REF]144,145] to orbifold defects [146] (see also [147] for their relations to instantons), a phenomenon algebraically related to quantum Langlands or WZW/Liouville duality [148,149]. It would be interesting to place our analysis in that context.

4. We showed that correlators involving an infinite number of q-Virasoro screening currents of both types reproduce a β-deformation of the partition function of a 5d N = 1 supergroup gauge theory. This may seem to be expected in view of our main results and open/closed large rank duality, granted that the intersecting defect theory supported on a finite number of probes is indeed dual to W q,t -1 correlators with a finite amount of screenings. However, from the geometric engineering viewpoint, the intersecting defect theory we have focused in this work arises upon a closed → open transition, and the geometry we started with is an ordinary one supporting an ordinary supersymmetric gauge theory. In this sense, the reverse transition open → closed seems to pose some puzzle (at least from the algebraic engineering perspective), as one naturally gets a (deformation of) supergroup gauge theory rather than an ordinary one. This phenomenon may originate from the mentioned facts that the large rank 't Hooft expansions of ordinary and supergroup gauge theories are only perturbatively equivalent [START_REF] Vafa | Brane / anti-brane systems and U(N-M) supergroup[END_REF] (at the supergroup or unrefined point), while the latter may give rise to non-unitary gravitational completions [START_REF] Vafa | Non-Unitary Holography[END_REF]. Probably related to these subtle issues, there is also the observation that supergroup gauge theories with eight supercharges (specifically, in 5d) can be realized in string theory by using both positive and negative branes, whereas their partition functions can be computed through networks of topological vertices/anti-vertices [150]. While the fully-fledged dual geometric picture is not completely clear at the moment, it should involve supergroup-type singularities [START_REF] Dijkgraaf | Negative Branes, Supergroups and the Signature of Spacetime[END_REF] which, in the M-theoretic dual frame, may map to the usual toric Calabi-Yau's but with some extra decoration (accounting for the existence of opposite vertices).

It is worth mentioning that Calabi-Yau singularities and supergroups have recently appeared [151] in connection to the corner VOAs [152].

5. Talking about non-perturbative effects, we may notice, for instance, that the network of vertices/anti-vertices engineering the 5d N = 1 U(1|1) theory also forms the toric skeleton of the local P 1 × P 1 geometry describing ordinary Chern-Simons theory on the lens space L(2, 1) after geometric transition [153,154]. By analytic continuation, its partition function is closely related to that of the ABJ(M) model [START_REF] Marino | Exact Results in ABJM Theory from Topological Strings[END_REF][START_REF] Awata | The Partition Function of ABJ Theory[END_REF], which was shown to provide a non-perturbative definition of topological strings on that background [START_REF] Hatsuda | Non-perturbative effects and the refined topological string[END_REF], crucially relying also on refined information in the NS limit. One may thus wonder about connections between such proposal and our analysis around (refined) supergroups and intersecting defects.

to write

A,B 1 N k A k B (x AB ; q, t) A,B r A i=1 r B j=1 (x AB q c A -c B t j-i q Y R Ai -Y R Bj ; q) ∞ (t x AB q c A -c B t j-i q Y R Ai -Y R Bj ; q) ∞ × × A,B c A i=1 c B j=1 (x BA t r A -r B q j-i t Y L Ai -Y L Bj ; t) ∞ (q x BA t r A -r B q j-i t Y L Ai -Y L Bj ; t) ∞ × × A,B r A i=1 (t x AB q c A -c B t r B -i q Y R Ai ; q) ∞ (x BA q c B -c A t i-r B q -Y R Ai ; q) ∞ c A i=1 (qx BA t r A -r B q c B -i t Y L Ai ; t) ∞ (x AB t r B -r A q i-c B t -Y L Ai ; t) ∞ × × A,B r A i=1 c B j=1 1 1 -q -1 x BA t i-r B q j-c A q -Y R Ai t -Y L Bj 1 1 -t -1 x BA t i-r B q j-c A q -Y R Ai t -Y L Bj × × Z -1 rec. × p N | Y L | t -r| Y L | q -c| Y R | , (B.11)
Where denotes proportionality factor due to empty diagrams (1-loop), and Z rec. denotes the contribution from the rectangular part. We now introduce the short-hand notation

z R Ai = η R x A q c A t -i q Y R Ai , z L Ai = η L x A t -r A q i t -Y L Ai , (B.12) so that A,B 1 N k A k B (x AB ; q, t) A,B r A i=1 r B j=1 (z R Ai /z R Bj ; q) ∞ (t z R Ai /z R Bj ; q) ∞ × × A,B c A i=1 c B j=1 (z L Bj /z L Ai ; t) ∞ (q z L Bj /z L Ai ; t) ∞ × × A,B r A i=1 (t z R Ai η -1 R x -1 B q -c B t r B ; q) ∞ (x B q c B t -r B η R /z R Ai ; q) ∞ c A i=1 (qx B t -r B q c B η L /z L Ai ; t) ∞ (z L Ai η -1 L x -1 B t r B q -c B ; t) ∞ × × A,B r A i=1 c B j=1 1 1 -q -1 η R η -1 L z L Bj /z R Ai 1 1 -t -1 η R η -1 L z L Bj /z R Ai × × Z -1 rec. × p N | Y L | A,B r A i=1 c B j=1 q -j t -i q c A t r B η R η -1 L z L Bj /z R Ai . (B. 13 
)
We now include the contribution from (anti-)fundamental matter

N k A ∅ (x/µ; q, t) = r A i=1 (t 1-i x/µ; q) c A Z f rec.
N Y R A ∅ (q c A x/µ; q, t)N Y L A ∅ (t r A µ/x; t, q) × × (p 1/2 t r A µ/x) -|Y L A | /f Y L A (t, q) , (B.14)

N ∅k A (μ/x; q, t) = N ∅Y R A (q -c A μ/x; q, t)N ∅Y L A (t -r A x/μ; t, q) × × (p 1/2 t -r A x/μ)

-|Y L A | f Y L A (t, q) . (B.15)
In the case N f = N a.f , after the product over the range of A, B, f (with x → x A , µ → µ f , μ → μf ), the only left over extra factor is

p -N f | Y L | f (μ f /µ f ) | Y L | . (B.16)
Therefore, for the case N f = N , we can finally write

A,B

N ∅k A (μ B /x A ; q, t)N ∅k A (x A /µ B ; q, t) N k A k B (x AB ; q, t) N ∅k A (μ B /x * A ; q, t)N ∅k A (x * A /µ B ; q, t) N k A k B (x * AB ; q, t)

A,B r A i=1 r B j=1 (z R Ai /z R Bj ; q) ∞ (t z R Ai /z R Bj ; q) ∞ × × A,B c A i=1 c B j=1 (z L Bj /z L Ai ; t) ∞ (q z L Bj /z L Ai ; t) ∞ × × A,B r A i=1 (t η -1 R q -c B t r B z R Ai /x B ; q) ∞ (q c B t -r B η R x B /z R Ai ; q) ∞ c A i=1 (qt -r B q c B η L x B /z L Ai ; t) ∞ (η -1 L t r B q -c B z L Ai /x B ; t) ∞ × × A,B r A i=1 (η R μB /z R Ai ; q) ∞ (t η -1 R z R Ai /µ B ; q) ∞ c A i=1 (η -1 L z L Ai /μ B ; t) ∞ (q η L µ B /z L Ai ; t) ∞ × × A,B r A i=1 c B j=1 1 1 -q -1 η R η -1 L z L Bj /z R Ai 1 1 -t -1 η R η -1 L z L Bj /z R Ai × × Z f rec. Z a.f. rec. Z rec. × A (μ A /µ A ) | Y L | × A,B r A i=1 c B j=1 q -j t -i q c A t r B η R η -1 L z L Bj /z R Ai . (B.
A,B r A i=1 r B j=1 (z R Ai /z R Bj ; q) ∞ (t z R Ai /z R Bj ; q) ∞ × × A,B c A i=1 c B j=1 (z L Bj /z L Ai ; t) ∞ (q z L Bj /z L Ai ; t) ∞ × × A,B r A i=1 (η R μB /z R Ai ; q) ∞ (η R µ B /z R Ai ; q) ∞ c A i=1 (η -1 L z L Ai /μ B ; t) ∞ (η -1 L z L Ai /µ B ; t) ∞ × × A,B r A i=1 c B j=1 1 1 -q -1 η R η -1 L z L Bj /z R Ai 1 1 -t -1 η R η -1 L z L Bj /z R Ai × × Z f rec. Z a.f. rec. Z rec. × A (μ A /µ A ) | Y L | × A,B r A i=1 c B j=1 q -j t -i q c A t r B η R η -1 L z L Bj /z R Ai . (B.19)
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Figure 1 .

 1 Figure 1. Distinction between large (left side) and small (right side) hook diagrams of type (r|c) avoiding box at (i, j) = (r + 1, c + 1) (red) and their decomposition into Right (R) and Left (L) sub-diagrams (large only). Large diagrams have the rectangular region r × c completely filled (dark gray), and Right/Left diagrams (light gray) can be built on the plateau. Small diagrams are those entering the rectangular region.

Figure 2 .

 2 Figure 2. Pictorial representation of the support of the defect theory. The cigars intersect along the circle (dashed) that they share at the origin.

Figure 3 .

 3 Figure 3. The IIB (p, q)-web setup describing the 5d U(N ) SQCD (left side), and the Higgsing process with r = N A=1 r A and c = N A=1 c A stretched D3s extending along C q × S 1 (dotted gray) and C t -1 × S 1 (dashed red) respectively, supporting the intersecting defect theory (right side).

Figure 4 .

 4 Figure 4. The strip geometry engineering the 5d SQED. The white arrow denotes the preferred (instanton) direction.

  μ/x; q) -c A Z a.f rec.

)

  If we now impose the Higgsing conditionx * B /µ B = t r * B q -c * B , (B.18)we have that the summands are zero unless(Y R A ) ≤ r * A , (Y L A ) ≤ c * A .Therefore, in the above computation we can identify r * A ↔ r A , c * A ↔ c A , and simplify part of the vector contribution with part of the hyper contribution A,B

Table 2 .

 2 Our defect setup in IIB language.

Table 3 .

 3 Our defect setup in M-theory language.

The bar is notation and does not denote complex conjugation.

The brane interpretation of such fine tuning is pictorially represented in Fig.3.

We are omitting the constant Cartan contributions from both the vectors and adjoint matter. We will reintroduce them later on.

It is worth recalling that we often assume ηR/ηL = √ qt, but more generally (ηR/ηL) 2 = qt is also a natural choice. In the unitary notation we introduce below, the other branch would convert the sinh to cosh, which is also a recurrent model in the literature (e.g. the celebrated ABJ(M) matrix model). The measures are related by some simple shifts of the arguments and the potential.

The shifts in the exponents appear due to massaging of the measure.

We consider the hyperbolic notation, related to the more standard trigonometric one by R → iR.

In this regard, it would be interesting to study whether the geometrically defined K-theoretic envelops[START_REF] Aganagic | Quantum q-Langlands Correspondence[END_REF], playing a crucial role in integral solutions and physically interpretable as 1d d.o.f., can find a gauge theoretic construction via intersecting defects.

We follow the conventions of the latter reference.

As usual, the dictionary involves 2πi ln q = κ + r.

If one is not willing to perform such operation by hand, a longer strip geometry is needed, i.e. a more complicated (quiver) defect theory is needed.

In the last reference, the computation was made for the 1/ cosh interaction (ABJ model), but the same methods apply to our setup, with some caveat about the normalization that we will mention. Later on, we will consider an explicit example.

We define on χ ∅ by declaring xAi xBj if A > B, or i ≥ j if A = B. The ordered product follows the reverse ordering. Once a suitable chamber is chosen, it can be made to correspond to radial ordering.
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Using this formula, we have computed the average of the selected super-Macdonald polynomials and found (to high orders in Mathematica) SP (1) (q, t) q,t ∼ N q 1/2 1 -t , (3.41a) SP (2,1) (q, t) q,t ∼ N q -1/2 (1 -q)(1 -qtp(1 -t 3 )) (1 -t) 2 (1 -t 3 ) .

(3.41b)

Therefore, the factorized result expected from (3.22) and previously observed in the unrefined case is not reproduced (except for the fundamental representation). 17 Unfortunately, with only such polynomials to test, it is difficult to distinguish if this is matter of normalization and accidental cancellations, 18 or if other combinations are needed. For instance, in the context of ABJ(M) [START_REF] Drukker | A Supermatrix model for N=6 super Chern-Simons-matter theory[END_REF], it is known that super-Schur polynomials describe 1/2 BPS line defects, while Schur polynomials describe the less supersymmetric 1/6 BPS observables. It is possible that a similar distinction is also necessary in the (q, t)-deformed setup, giving much more freedom to choose the relevant (perhaps factorized) observables. We do not investigate this direction here.

4 Quiver W q,t -1 algebras and super-instantons

The partition functions of intersecting defects of the type we are considering are known to have a W q,t -1 algebra interpretation in the spirit of the BPS/CFT correspondence. In particular, while the defects supported on a single component sub-space (either C q × S 1 or

) can be realized by considering a finite number of screening currents of only one kind [START_REF] Aganagic | Gauge/Liouville Triality[END_REF]101,102], the defects supported on intersecting subspaces ([C q × S 1 ] ∪ [C t -1 × S 1 ]) require both kinds of screening currents of the algebra [START_REF] Nieri | 3d Expansions of 5d Instanton Partition Functions[END_REF] (for compact spaces, we refer to [START_REF] Nieri | 3d Mirror Symmetry from S-duality[END_REF][START_REF] Liu | Intersecting Surface defects and 3d Superconformal indices[END_REF][103][104][105][106]). Indeed, from the IIB or refined topological string perspective, the two kinds of screening currents are associated to toric qor tbranes. In the following, we analyze what happens upon sending the number of screening currents of both kinds to infinity: when only one type of screening currents is used, the resulting partition function reproduces the instanton partition function of a parent 5d N = 1 theory [107] (see also the review [108]), in agreement with open/closed/open large rank duality; when two types of screening currents are used, one can expect a similar large rank transition. We support this phenomenon by showing that the corresponding state in the W q,t -1 algebra side can be identified with a β-deformation of the time-extended [109, 110] instanton partition function of a 5d N = 1 supergroup gauge theory [START_REF] Kimura | Super instanton counting and localization[END_REF] in the self-dual Ω-background (t = q). This seems to nicely fit with the discussions in the previous sections, but also poses some puzzles on which we will comment in the final section. 17 We find non-trivial that the result is simple though. 18 In this regard, let us observe that the quadratic norms computed in [START_REF] Atai | Super-macdonald polynomials: Orthogonality and hilbert space interpretation[END_REF] contain similar factors we are supposed to reproduce.

A Conventions

In this appendix, we summarize the definitions and some property of the special functions we use throughout the main text.

The (infinite) q-Pochhammer symbol or q-factorial is defined by

Using the representation

it can be extended to the domain |q| > 1 by means of

The short Jacobi Theta function is defined by

The double (infinite) q-factorial is defined by

Using the representation (x; q 1 , q 2 ) ∞ = e -Li 3 (x;q 1 ,q 2 ) , Li 3 (x; q 1 , q 2 ) ≡ k≥1

it can be extended to other domains by means of (q 2 x; q 1 , q 2 ) ∞ → 1 (x; q 1 , q -1 2 ) ∞ .

(A.8)

A useful property that we used in the main text is

Finally, the super-Schur functions can be defined in terms of the ordinary ones via

where s λ/µ are the skew Schur functions defined as [START_REF] Dijkgraaf | Negative Branes, Supergroups and the Signature of Spacetime[END_REF] in terms of the Littlewood-Richardson coefficients

B Computations

In this appendix, we present a detailed derivation of some technical result used in the main text.

The starting point is the following rewriting of Nekrasov's function, we can easily be proven using its very definition

Now we apply (2.3) to the first line so that

Note that the last factor disappears when we take the product over all the A, B range. For the last line, we use the following infinite product representation

1 -q -1 x q i-ν j t j-µ i 1 -q -1 x q i t j N µ ∨ ∅ (xt (ν) ; q, t)N ∅ν (xq (µ) ; q, t) , (B.3)

Applying these identities to our case, we have

Note that when we take the product over all the A, B range (with x → x A /x B ), the extra factors which are left over are simply

Finally, we can use N µν (x; q, t) N µ∅ (xt (ν) ; q, t)N ∅ν (xt -(µ) ; q, t) =

(t xt j-i q µ i -ν j ; q) ∞ (xt j-i q µ i -ν j ; q) ∞ (xt j-i ; q) ∞ (t xt j-i ; q) ∞ , (B.8) N µ∅ (x; q, t) = (t xt -i ; q) ∞ (t xq µ i t -i ; q) ∞ , (B.9) N ∅ν (x; q, t) = (ν) i=1 (xq -ν i t i ; q) ∞ (xt i ; q) ∞ , (B.10)