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A LWR model with constraints at moving interfaces

Abraham Sylla*

Institut Denis Poisson, CNRS UMR 7013, Université de Tours, Uniwversité d’Orléans
Parc de Grandmont, 37200 Tours cedex, France

Abstract

We propose a mathematical framework to the study of scalar conservation laws with moving
interfaces. This framework is developed on a LWR model with constraint on the flux along these
moving interfaces. Existence is proved by means of a finite volume scheme. The originality lies in
the local modification of the mesh and in the treatment of the crossing points of the trajectories.
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1 INTRODUCTION

1 Introduction
Being given a regular bell-shaped flux f € C2([0,1])
()20, f(0) = F(1)=0; Ape(O.1), forae pe (0,1), f(HE-p>0, (L)

and a finite family of trajectories (y;);c[1;/) and constraints (g;)ici;sy defined on (s;, T;) (0 < s; < T3),
we tackle the following problem:

8tp(xvt) + O (f(p(ﬂ?,t))) =0 (xvt) eRx (O’ +OO) =
p(z,0) = po(z) reR (1.2)
Ve[l (f0) - i)y <t Le (s T))

Systems of the type (1.2) have naturally arisen in the recent years. Let us give a non-exhaustive
review on how our Problem (1.2) relates to the existing literature.

e The authors of [12, 15] considered a model very similar to (1.2). In their framework, (y;);
represented the trajectories of autonomous vehicles, and the authors aimed at modeling the
regulation impact on a few autonomous vehicles on the traffic flow. In the same framework but
with different applications in mind, the model of [20] accounts for the boundedness of traffic
acceleration. Note that in each of these models, the trajectories of the moving interfaces (y;);
were not given a priori, but rather obtained as solutions to an ODE involving the density of
traffic, a mechanism reminiscent of [2, 9, 21] for instance. Let us also mention the work of [16]
where the authors studied a different model for the situation of several moving bottlenecks.

e The numerical aspect of (1.2) was treated in |7] (for one trajectory) and [10] (for multiple
trajectories), where the authors modeled the moving bottlenecks created by buses on a road.

e In a class of problems close to (1.2), i.e. without constraint on the flux, but still with coupling
interfaces/density, the authors of [14] described the interaction between a platoon of vehicles
and the surrounding traffic flow on a highway.

e Problem (1.2) can be seen as a conservation law with discontinuous flux and special treatments
at the interfaces. In that directions, the authors of [18, 4, 1, 6, 23] studied such problems but
with the classical vanishing viscosity coupling at the interfaces.

In several of these works [15, 20|, the existence issue is tackled using the wave-front tracking proce-
dure which is very sensible to the details of the model. On the other hand, when numerical schemes
are considered, see [10, 7], the numerical analysis is usually left out.

The contribution of this paper is to provide a robust mathematical setting both in the theoretical
and numerical aspects of (1.2). The proof of uniqueness is based upon a combination of Kruzhkov
classical method of doubling variables and the theory of dissipative germs in the framework of
discontinuous flux [3] and it is analogous to the one of [4]. To prove existence, we build a finite
volume scheme with a grid that adapts locally to the trajectories (y;); and to their crossing points,
but remains a simple cartesian grid away from the interfaces. Our work can serve as a basis for
constructing solutions to more involved models, e.g. via the splitting approach. As an example of
application, we can point out the variant of our recent work [21] with multiple slow vehicles involved;
this is a mildly non-local analogue of the problem considered numerically in [10].
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1 INTRODUCTION

As the fundamental ingredient of the well-posedness proof and numerical approximation of (1.2),
we will first tackle the one trajectory/one constraint problem:

dp+ 9z (f(p)) =0

with y € W%é?(((),—%oo)) and ¢ € LS ((0,400)). Models in the class of (1.3) have been greatly
investigated in the past few decades. Motivated by the modeling of tollgates and traffic lights for
instance, the authors of 8] considered (1.3) with the trivial trajectory y = 0 and proved a well-
posedness result in the BV framework (i.e. with both ¢ and py with bounded variation, locally).
The authors of [2| then extended the well-posedness in the L framework and also constructed a
convergent numerical scheme. More recently, in [9, 11, 21|, the authors studied a variant of (1.3) in
which p and y were coupled via an ODE. The coupling was thought to model the influence of a slow

vehicle, traveling at speed ¢, on road traffic.

The reduction of (1.2) to localized problem (1.3) requires the construction of a finite volume scheme
in the original coordinates (z,t), while the treatment of (1.3) in the literature is most often based
upon the rectification of the interface via a variable change, see [9, 11, 21]. For (1.2), this approach
leads to a cumbersome and singular construction, see [4]. In our well-posedness analysis and ap-
proximation of (1.3), having in mind (1.2), we will not change the coordinate system.

Let us detail how the paper is organized. Sections 2-3 are devoted to Problem (1.3). We start
by giving two definitions of solutions. Omne, most frequently used in traffic dynamics (see |8, 5]),
is composed of classical Kruzhkov entropy inequalities with reminder term taking into account the
constraint and of a weak formulation for the constraint, see Definition 2.1. The second definition
emanates from the theory of conservation laws with dissipative interface coupling (see [3, 1]). It
consists of Kruzhkov entropy inequalities with test functions that vanish along the interface {x =
y(t)} and of an explicit treatment of the traces of the solution along the interface, see Definition
2.4. Before tackling the well-posedness issue, we prove that these two definitions are equivalent, see
Propositions 2.6-2.6, similarly to what the authors of [2] did. Uniqueness follows from the stability
obtained in Section 2, see Theorem 2.13. In Section 3, we construct a finite volume scheme for (1.3)
and prove of its convergence. In the construction, we do not rectify the trajectory but instead we
locally modify the mesh to mold the trajectory. Moreover, we fully make use of techniques and
results put forward by the author of [22] to derive localized BV estimates away from the interface,
essential to obtain strong compactness for the approximate solutions created by the scheme, see
Corollary 3.7. This is a way to highlight the generality of the compactness technique of [22].

In Section 4, we get back to the original problem (1.2). Our strategy is to assemble the study
of (1.2) from several local studies of (1.3) with the help of a partition of unity argument. This
concerns, in particular, the convergence of finite volume approximation of (1.2) which is addressed
via a localization argument. However, the scheme needs to be defined globally, which makes it
impossible to use the rectification strategy as soon as the interfaces have crossing points, cf. [4] for
a singular rectification strategy.
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

2 Uniqueness and stability for the single trajectory problem

The content of this section is not original in the sense that it is a rigorous adaptation and assembling
of existing techniques reminiscent of [24, 19, 8, 2, 3].

2.1 Equivalent definitions of solutions

Throughout the paper, for all s € R, we denote by
vp S [07 1]7 Fs(p) = f(p) —Sp and VCL, be [07 1}7 (I)S(a7 b) = Sgn(a - b)(F;(CL) - FS(b))

the normal flux through {z = zo + st} (xo € R) and its entropy flux associated with the Kruzhkov
entropy p — |p — k|, for all k € [0,1], see [19]. Let us also denote by I" the trajectory:

I={(zt)eQ|z=yt)}
Definition 2.1. A function p € L*>°(; [0, 1]) is an admissible entropy solution to (1.3) with initial
data pg € L*(R;[0,1]) if

(i) for all test functions ¢ € CX(Q),» > 0 and x € [0,1], the following entropy inequalities are
verified:

+oo
/ / (\p — k|0 + P(p, /1)&3@) dz dt +/ lpo(x) — Klp(z,0) dz
0 R R

—+00

+ Ry (r, () p(y(t), 1) dt > 0,

(2.1)

where
Rty (1, 4(1)) = 2 (Fyy (k) — min { Fyy (1), q(£) }) 5
(ii) for all test functions ¢ € C°(Q2), ¢ > 0 the following constraint inequalities are verified:

- //m (patnp + f(p)6w<p> dzdt < /O+OO a(t)p(y(t),t)dt, (2.2)

where QT = {(z,t) € Q| z > y(t)}.

Remark 2.1. Taking x = 0, then x = 1 in (2.1), from the condition p(z,t) € [0,1] a.e. we
deduce that any admissible weak solution to Problem (1.3) is also a distributional solution to the
conservation law Oip + 0, f(p) = 0. If p is a regular enough solution, then for all test functions
p € C(Q),p >0, we have

0= //Q divge) (f (p”)> o dadt
o () G [ ()

= [ (60 = 0o )02t [ (010+ F01020) @zt

Moreover, if p satisfies the flux inequality of (1.3) a.e. on (0, 400), then the previous computations
lead to

— //Q+ (p@tgo - f(p)8$g0> dedt < /0+00 a()e(y(t),t) dt;

this is where inequalities (2.2) come from. Note how they make sense irrespective of the regularity
of p. Integrating on O~ = {(x,t) € Q| x < y(t)} would lead to similar and equivalent inequalities.
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

Definition 2.1 is well suited for passage to the limit of a.e. convergent sequences of exact or ap-
proximate solutions. However, we cannot derive uniqueness by the standard arguments like in the
classical case of Kruzhkov. Using an equivalent notion of solution, which we adapt from [3], based
on explicit treatment of traces of p on I', we rather combine the arguments of [19] and [24]. In this
definition a couple plays a major role, the one which realizes the equality in the flux constraint in
(1.3). More precisely, fix first s > 0. Since Fy is bell-shaped, for all ¢ € [0, max F}), the equation
Fs(p) = q admits exactly two solutions in [0, 1], see Figure 1, left. The same way, if s < 0, then
for all ¢ € [—$, max Fy), the equation still admits two solutions in [0,1]. The couple formed by
these two solutions, denoted by (ps(q), ps(q)) in Definition 2.2 below, will serve both in the prove of
uniqueness and existence.

— F — F;
-~ — g > — q

Figure 1: Illustration of Assumption (2.3)

Following the previous discussion, in the sequel, we will assume that g verifies the following assump-
tion:

for a.e. t >0, q(t) € [0,max Fyy)) if g(t) >0 and q(t) € [~y(t), max Fyy)) if y(t) <0, (2.3)

In particular, remark that
for a.e. t >0, y(t)+q(t) > 0. (2.4)

Definition 2.2. Let s € RT and g € [0, max Fy), or s € R~ and ¢ € [—s, max Fs). The admissibility
germ for the conservation law in (1.3) associated with the constraint Fi(p)j,—s < ¢ is the subset
Gs(q) C [0,1]? defined as the union:

Gs(q) = (ps(q), ps(q)) U{(n,n) | Fs(k) < q}U{(kukr) | ki < ky and Fs(ki) = Fs(kr) < g},
G1(a) a2(a) G3(a)

where, due to the bell-shaped profile of Fy, the couple (ps(q),ps(q)) is uniquely defined by the
conditions

Fs(ps(q)) = Fs(ps(q)) = q and  ps(q) > ps(q).

Lemma 2.3. For all s € RT and q € [0,max Fy), and for all s € R~ and q € [—s,max Fy), the
admissibility germ Gs(q) is L'-dissipative in the sense that:

(1) for all (ki, k) € Gs(q), Fs(ki) = Fs(ky) (Rankine-Hugoniot condition);
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

(i) for all (ki, k), (¢, ¢r) € Gs(q),
O, (ki, ) > Ps(kr, cr). (2.5)
Proof. The point (i) is obvious from the definition. Let us prove the dissipative feature (2.5). The

following table summarizes which values can take the difference A = ®4(ky, ¢;) — ®s(kr, ) according
with which parts of the germ the couples (ki, k,), (¢1, ¢r) € Gs(q) belong to.

(kla k?‘) ,
€ G:(q) € G2(q) € G3(a)
(Cla Cr)
€ G,(q) 0 0 0 or 2(q — Fy(kr))
€ G2(q) 0 0 0 or 2|Fy(c) — Fs(ki)|
€ G3(q) 0 or 2(q— Fs(c)) | 0 or 2|Fs(c;) — Fs(k)| | 0or 2|Fs(¢;) — Fs(ky)|
Having in mind the definition of G2(q), we can conclude that A > 0. O

Definition 2.4. A function p € L*(£;[0,1]) is a Gy(q)-entropy solution to (1.3) with initial data
po € L*(R;[0,1]) if: B

(i) for all test functions ¢ € CX(Q\I'),» > 0 and & € [0, 1], the following entropy inequalities are
verified:

/OJ”X’ /R <|p — k|0 + 2(p, "0)3x80> dz dt + /R \po(x) — K|p(z,0) dz > 0; (2.6)

(ii) for a.e. £ >0,
(P(y(t)—, 1), p(y(t)+,1)) € Gy (a(t)). (2.7)

Remark 2.2. Condition (2.7) is to be understood in the sense of strong traces along I'. An important
fact we stress is that it is not restrictive to assume that entropy solutions, i.e. bounded functions
verifying (2.6), admit strong traces. Usually, it is ensured provided a nondegeneracy assumption on
the flux function:

for any nonempty interval (a,b) C (0,1),  fi(4) is not constant, (2.8)

In the context of traffic flow, however, we sometimes consider flux which do not verify (2.8). Such
fluxes, which have linear parts, usually model constant traffic velocity for small densities. In those
situations, and when y = 0, one can prove that under a mild assumption on the constraint, if the
initial data has bounded variation, then solutions to (1.3) are in L*°((0,7); BV(R)), and traces
are then to be understood in the sense of BV (R) functions, see [21, Theorem 3.2]. Also note that
the germ formalism can be adapted to the situations where the flux is degenerate and no variation
bound is assumed, see [3, Remarks 2.2, 2.3].

We now prove that Definitions 2.1 and 2.4 are equivalent.

Proposition 2.5. Any admissible entropy solution to (1.3) is a Gy(q)-entropy solution.

Proof. Fix p € L>°(2) an admissible entropy solution to (1.3), ¢ € CX(£2), ¢ > 0 and k € [0, 1].
If ¢ vanishes along I', then (2.1) becomes (2.6). Moreover, it is known that the Rankine-Hugoniot
condition is contained in (2.1). Combining it with (2.2) gives us:

for a.e. t >0, Fyp(p(y(t)—,1)) = Fy(p(y()+,1)) < q(t). (2.9)
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

Let us show that for a.e. t >0, (p(y(t)—, 1), p(y(t)+,1)) € Gyr)(q(t)).

Case 1: p(y(t)—,t) < p(y(t)+,t). Condition (2.9) implies that (p(y(t)—,t), p(y(t)+,1)) € gy?(t) (q(t))u
G2 (a(t)).

Case 2: p(y(t)—,t) > p(y(t)+,t). Suppose now that ¢ € C°(2) and fix n € N*. By a standard

approximation argument, we can apply (2.1) with the Lipschitz test function &,p, where &, is the
cut-off function:

1
1 if —y(t)] < =
i 1% y()\<n2
Enlz,t) =9 2—nlz—y@t) if —<|z—yt)<=
n 2 n
if —y)] > =.
0 it e -y >~

This yields:
+o0 )
[ [1o= sl (60000 + nit)sente = y0)1 (3 o-yoc2y) dn
“+o0o
+ /0 /R(I)(Pv K) (€na:c90 —nsgn(z — y(t)]l{%<|x_y(t)|<%}<p) drdt

400
) Riwlea®)e(y(t),1)dt = 0.

Taking the limit when n — 400, we obtain:
+oo
/O (%@ (p(y(t)=, 1), k) — Pyy (p(Y(t)+,1), K) + Ry (k, Q(t))><p(y(t), t)dt >0

which implies that for a.e. ¢ > 0 and for all x € [0, 1],
Dyry (p(y(t) = 1), ) = Pyey (p(y()+,1), £) + Ryr) (5, ¢(t)) = 0.
Taking in particular x = argmax(Fy)), we get:
Dy) (p(y(t) =, 1), K) = Py (p(Y()+,1), k) + 2(Fyy (5) — ¢(t)) = 0. (2.10)

Since p(y(t)—,t) > p(y(t)+,t), (2.10) leads to Fy)(p(y(t)—,t)) > q(t), which combined with (2.9),
implies Fy ) (p(y(t) =, 1)) = Fy) (p(y(t)+,1)) = ¢(t).  We deduce that (p(y(t)—,1), p(y(t)+,1))

S
Qg(t)(q(t)), which completes the proof. U

Proposition 2.6. Any G;(q)-entropy solution to (1.3) is an admissible entropy solution.

Proof. Fix p € L*(Q) a Gy(q)-entropy solution to (1.3), p € CZ(Q), ¢ >0, x € [0,1] and n € N*.
We still denote by &, the cut-off function from the last proof. We write ¢ = (1 — &) + &np. Since
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

¢n = (1 — &) vanishes along I, we have

+oo
I= / / <\p — k|Opp + @ (p, /i)axgo) dz dt +/ |po(z) — Kklp(z,0)dx
0 R R
+oo

* Ry (5, a(8))p(y(t), t) dt

+o0
= / / <‘P — K|Ocpn + @(p, /i)axCﬁn) dz dt —|—/ lpo(z) — K|pn(x,0)dr
0 R R

>0

o e / <|p _ 0(Eng) + (o, mar(snso)) dodt + [ po(o) = rlg (2, 0)p(,0) d
+oo

+ ; Ryt (r,q(t))p(y(t), 1) dt

+oo
> /0 /R \p — K] (€n3t<,0 +ngy(t) sgn(x — y(t))]l{%<|ac—y(t)|<%}(p> da dt

+oo
+ /0 /R(I)(p’ K) <£naac§0 — nsgn(z — y(t)]l{%<|x_y(t)|<%}tp> da dt

+oo
+ / ’po(x) - ’i‘gn(xv O)SO(xv 0) do + Ry(t) (FL, Q(t))sp(y(t% t) dt.
R 0

Taking the limit when n — +o00, we obtain:

+00
> | (% (p(y(t)=1). %) = ye) (ply(1) +:0): ) + R (5 q<t>>) (). )i

-~

A(t,k)

To conclude, we are going to prove that for a.e. t > 0 and for all x € [0, 1], A(¢,x) > 0. Remember
that by assumption, for a.e. t > 0, (p(y(t)—,1), p(y(t)+,t)) € Gy (q(t)). The following table, in
which we dropped the ¢(t)/q(t)-indexing, summarizes which values can take the difference A(t, k)
according to the position of xk with respect to the couple (p(y(t)—,t), p(y(t)+,t)), which is simply
denoted by (pr, pr). Note that the case marked by x is impossible.

(P15 pr) el c g c g
K
r < min{p, pr} 0 | R(x,q(t)) 0
x> max{p;, pr} 0 | R(k,q(t)) 0
k between p; and p, 0 X 2(F(k) — F(p)) + R(k,q(t))

Clearly, A(t,x) > 0, which proves that I > 0, hence p satisfies (2.1). Moreover, by assumption, for
ae. t >0, (p(y(t)—,1), p(y(t)+,t)) € Gy)(q(t)). This implies, in particular, that p satisfies the flux
constraint inequality (f(p) — 9(t)p)jz=y) < q(t) in the a.e. sense. By Remark 2.1, p satisfies (2.2)
as well i.e. p is an admissible entropy solution to (1.3). O
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

2.2 Uniqueness of G-entropy solutions

We now prove uniqueness using Definition 2.4.

Lemma 2.7 (Kato inequality). Fiz pg, 00 € L®(R;[0,1]), y € W1°((0, +00)) and ¢, € LS. ((0, +00)).

loc

We denote by p (respect. o) a Gy(q)-entropy solution (respect. Gy(r)-entropy solution) to Problem
(1.3) corresponding to initial data py (respect. o). We suppose that q,r satisfy (2.3). Then for all

test functions p € CX (), p >0, we have

[ [ (o=ciares at0mog ) asae s [ loto) = oot 0)as (211)

+oo
+ /0 <(I)y(t) (p(y()+,1), o(y()+,t)) — Py) (p(y(t)—, 1), U(y(t)—i)))w(y(t),t) dt > 0.

Proof. Take ¢ = ¢(x,t,x,T) € C?(QQ),Qb > 0 with support contained in the set (Q\I‘)? The
classical method of doubling variables leads us to:

/// p(2,t) = o(x; T)[(0cd + 07¢) + @(p(, 1), 0 (X, 7)) (020 + Oy¢) dxdtdydr

+ [Jf 1mte) = ot mlot0x ) ddvar + ] ot 6) = (0l b x,0) dedeay > 0
(2.12)
Again, a standard approximation argument allows us to apply (2.12) with the Lipschitz function

o r+x t+7 T—X t—T
ulaton) =l (35 5T ) 0, (50 o (57)

where ¢ = p(X,T) € C(1?) is a nonnegative test function, (d,), is a smooth approximation of the
Dirac mass at the origin, and

1

if — )] < =

0 i o —y(0)] <~

1 1 9

n(2,t) = —yt) = =) if = <|lz—ylt) <=
Yn (2, 1) n(lx y(t)] n) if — <o y()!;n
1 if — )] > Z.

itz -y >~

Using the fact that for a.e. t > 0,

. x + t+71 xr — t—T
at(lsn + aT¢7L = _ny(t) Sgn(x - y(t))ﬂ{%<|z_y(t)|<%}ﬁp <2X7 9 > O < 9 X) on < 9 )
r+x t+7 T—X t—7

+’7n(xat)8T(p < 2 ' 9 > on < 9 ) on ( 9 >
z+x t+T T —X t—T
Oxfn + OxPn = nsgn(@ =y (D1 cpoyyi<2}¥ <2’ 2 ) o ( 2 ) o ( 2 >

r+x t+7 T — t—7
+%(l‘,t)8xso< 2X, 5 >6n< 2X)5n< 5 )
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

we obtain:

/// (2, t) — o (X, 7)|(Den + Ordn) dxdt dx A7

n—-+00

+oo
— y<t>(rp<y<t>+,t>a<y<t>+,t>||p<y<t>,t>o<y<t>,t>\)w<y<t>,t>dt
0

—+oo
# [ [ et - otw0lorste arar.

JJ]] 20600007 (@an + 80n) drdtaar

- / (@( )+, t>,o<y<t>+,t>—@(p(y(t)—,w,a<y<t>—,t>>)w<y<t>,t>dt

n—-+o0o

/+OO/ o(z,t))0xp(z,t)dzdt.

Finally, since

// |p0($) _U(Xa T)‘(Z)n(va?X?T) dzdxdr and // |p({L‘,t) _UU(X)|¢n(x7t7X7O) dz dy di

and

1
both converge to 2/ lpo(z) — oo(z)|p(x,0)dx,
R
we get (2.11) by assembling the above ingredients together. O

Theorem 2.8. Fiz py,00 € L*(R;[0,1]), y € Wloc ((0,4+00)) and q,r € L{S.((0,+00)). We
denote by p (respect. o) a G;(q)-entropy solution (respect. Gy(r)-entropy solution) to Problem (1.3)
corresponding to initial data py (respect. o). We suppose that q,r satisfy (2.3). Then for all T > 0,
we have

T
loleT) = o, Dl <l = oolas +2 [ late) = r(o)] (2.13)
In particular, Problem (1.3) admits at most one solution.

Proof. Fix T >0, R > ||yllLe((0,1)) and set L = || f'|lLe + [|§llec((0,7)). Consider for all n € N*
the function:

o) = 3 (1= &alt =) (1 = & (ja = R+ L( = T))),

where (&,), is a smooth approximation of the sign function. The sequence (¢p), is a smooth
approximation of the characteristic function of the trapezoid

T={(z,t) eQ|te[0,T]and |z| < R-L({t—-T)} > {(z,t) e [t € [0,T] and = = y(t) } .
Let us apply Kato inequality (2.11) with (¢,,),. For all n € N, we have

+00 +oo
| [lo=clowwtzar=— [ [1p=oleie=T) (1= ¢, (e = R+ L(e = T)) dat

L +o00 /
_4/0 /R|P—U|(1—€n(t—T))§n(]a:\—R+L(t_T))dxdt

T
— —/ |p(az,T)—U(x,T)|dJ:—L/ / lp—o|dxdt.
n—+oo lz|<R 0 J|z|=R-L(t-T)
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2 UNIQUENESS AND STABILITY FOR THE SINGLE TRAJECTORY PROBLEM

Then,

/+oo/<1>(p 0)0zp dxdt:—1/+oo/<1)(p o) (1 =& (t—T))sgn(z)é, (|lz| — R+ L(t —T))dzdt
o Jr T 4o ! "

T
— - ®(p,0)sgn(x)dxdt.
n—+00 /0 /:JclzR—L(t—T)

Finally, we have

/ 1po() — o0(@)pn(z,0)dz — / 1po(z) — oo(z)| dz
R |z|<R+LT

n—-4o00

Remark also that the choices of R and L imply that for all ¢ > 0,
en(y(t),t) — 1.

n—-+o0o

Assembling the previous limits together, we get:

- / o T) — oz, T)| da + / 1po(2) — oo(x)] da
j4|<R

|z|<R4+LT

T
-] (Llp — 0| + ®(p, o) sgn(x)) dadt
0 Jjz|=R-L{t-T)

T
- (% (W) 4,8, ()4, 8)) — By (ply(t)— ), a(y(t)—,t») dt > 0.
Note that for all p,o € [0, 1] and for all z € R,
Lip — o] + ®(p,0) sgn(z) = Llp— o] — [£(0) - F(0)] = (L — |/ llu=)lp — o] > 0.

Consequently, we have shown that

[ oD o@D < [ 1po() — 00(z)| dz
|z|<R

|z|<R+LT

T
+/O (%@) (p(y()+,1), o (y(t)+,1)) — Py (p(y(t)—,t),a(y(t)—jt))> dt.
A(t)
What is left to do is to take the limit when R — 400 and to estimate the last two terms of the
right-hand side of the previous inequality. The following table, in which we dropped the t-indexing,
summarizes which values can take the difference A(t) according to which parts of their respective

germs the couples (p(y(t)—,t), p(y(t)+,t)) and (o(y(t)—,t),o(y(t)+,t)), respectively denoted by
(p1, pr) and (oy, o) belong to.

. Nl £ G2(a) € Ga)
o1, 0y
€ Gy(r) 2(q—r) | 0or 2(Fy(p) — ) | 2(Fy(p) — 1)
€G;(r) 0 0 <0
€ Gir) 2(Fy(or) — a) <0 <0
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

We clearly see the bound A(t) < 2|q(t) — r(t)|, which leads us to (2.13), which clearly implies unique-
ness. This concludes the proof. U

3 Existence for the single trajectory problem

We build a simple finite volume scheme and prove its convergence to an admissible entropy solution
to (1.3). From now on, we denote by

aVb=max{a,b} and aAb=min{a,b}.

Fix pg € L*°(R; [0, 1)).

3.1 Adapted mesh and definition of the scheme

We start by defining the sequence of approximate slopes:

tn+1

1
VneN, 5" = o / GOt V>0, sa(t) = 3 8 ()
tn neN

and the sequence of approximate trajectories:

t
Vt >0, ya(t) = y0+/ sa(r)dr; VneN, y" =ya(t").
0

Since (sa)a converges ¢ in Li .((0,+00)), (ya)a converges to y in L2 ((0, +00)).

loc
The same way, we define (¢a)a, the sequence of approximate constraints:

tn+1

1
aa(t) =Y q" Ui (8 " = /tn q(t)dt
neN
which converges to ¢ in Li,_((0, +00)).

Remark 3.1. Remark that with our choices, from (2.4), we deduce that

1 tn+1
VneN, s"4¢"= At/ (g(t) +q(t))dt > 0. (3.1)
tn
This fact will come in handy in the proof of stability for the scheme.

Fix now 7" > 0 and a spatial mesh size Az > 0 with A = At/Ax fixed, verifying the CFL condition

2 1 lleee + 19llLee oy | A < 1 (3.2)
L

For all n € N, there exists a unique index j, € Z such that y" € (x;,,2;,+1), see Figure 2. Introduce
the sequence (X;‘) jez defined by

n

Xj=19q ¥ if j=in
zjy1 if G > ju+ 1
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

We define the cell grids:

Q= U Upﬁl/?’

neN jEZ
where for all n € Nand j € Z, 73]7.”_~_1/2 is the rectangle (X7, x}1) ¥ [t", "1 if § < j, —2, one of the

parallelograms represented in Figure 2 if j € {jn, — 1, jn} and the rectangle (x7, 1, x}2) X [t", )
ifj>jn+1

cell }"J’-’_l
n—71

tn+ 1 |
At \

tn 1 L

Xj, / X
o
/.f_\x cell 7%, 11

¥a

Figure 2: Tllustration of the modification to the mesh.

We start by discretizing the initial data pg with (P?H/z) ~where for all j € Z, p2+1/2 is its mean
J

value on the cell (X(]]-, X?H)' Clearly, for this choice, we have:

0 0 0 : 1
Piiaje € 0.1 and A =3 i1 plpos0 ) — poin Ligg(R).
JEZ

Let us denote by EO = EO(a, b) the Engquist-Osher numerical flux associated with f and for all
s € R, God® = God?®(u,v) be the Godunov flux associated with p — f(p) — sp.

Fix n € N. To simplify the reading, we introduce the notations:

Vj € Z, fjﬂ =EO (P?_1/2a/??+1/2) and  fi, = God*" (p?n—1/27p?n+1/2) AG". (3.3)

We now proceed to the definition of the scheme. It comes from a discretization of the conservation
law written in each volume control ]n+1/2 (n €N, j €Z). Away from the trajectory/constraint, it
is the standard 3-point marching formula and when j € {j, — 1, j, }, we have to deal with both the
constraint and the interface which is not vertical. Three cases have to be considered when describing

the marching formula of the scheme, but we really give the details for only one of them.

Case 1: j, 1 = j, + 1. This means that the line joining (3", ") and (y"*!,t"!) crosses the line
T = 2,41, see Figure 2. If j ¢ {j, — 1, j,}, the conservation written in the rectangle T1/2 I given
by the standard equation:

(P25l = Parje) B+ (fa = F)AE= 0. (3.4)
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

From the conservation in the cell 77;;_1 /20 We set:

1 1 1
p;'irm (yn+ - X;'Lv:r?) — 05 1jo (U = XFo1) F (fie — [ o)At = 0. (3.5)
This formula corresponds to the choice of putting the same value for pa on (X?ntlrw X?:frl) and
on (X;:;ll_p Y"1 at time t = t"+L e p;‘::l_:;/z = ;.‘7:11_1/2. In the cell P |, , the conservation

takes the form:

p;‘i:11+1/2 <X7j17:11+1 - ynH) - p?nﬂ/z (X?nﬂ - yn) - P?n+3/2A33 + (f]?'i+2 — fint)At =0.  (3.6)

Let us introduce the two functions

n v(y" — X;»Ln_l) — (Godsn (v,w) A ¢" — EO(u, v)) At
jn,l(u,v,w) =

yn+1 _ o ntl

Xj77.+1_2
d
o L—yL Az — (EO — God*" ) At
n U(Xjn-‘rl Y ) + wAzx ( (U), Z) o (u,v) A q )
Hjn(u,v,w,z) = n+1 n+1
Xjns14+1 — Y
so that

+1 —
p?n+1—1/2 - H;Ln_l(p;ln_g/2’p;ln_l/27p?7l+1/2) ( )
3.7
+1 —
Pivrsrje = V5051720 0], 12 Pli3/20 s 2)-
The key point in the proofs of the next section (stability and discrete entropy inequalities) is that
the functions H;, _1 and H;, are nondecreasing with respect to their arguments ¢.e. the modification
in (3.3) did not affect the monotonicity of the resulting scheme (3.4) — (3.6).

Finally, the approximate solution pa is defined almost everywhere on Q:

pPA = Z Z pj+1/2]lpj+1/2 + Z pJ+3/2]lpj+1/2
neN \j<jn JZjn+1

The other cases (jn+1 = Jn OT Jnt1 = jn — 1) follow from similar geometric considerations. Note that
in the context of traffic dynamics, y would be the trajectory of a stationary or a forward moving
obstacle and therefore, we should have ¢ > 0. This implies that for all n € N, either j,11 = jn or
Jn+1 = jn + 1. This is why we will focus on the case presented in Figure 2.

3.2 Stability and discrete entropy inequalities
Proposition 3.1 (L stability). Under the CFL condition (3.2), the scheme (3.4) — (3.6) is stable:

Vn €N, Vj€Z, pjii €01 (3.8)

n+1

Proof. Monotonicity. Fix n € N. Clearly, the expression (3.4) allows to express p"** as a function

of three values of p™ in an nondrecreasing way, see the [13, Chapter 5| for instance. We now verify
that the functions H;‘ _; and H?n are also nondecreasing. Let us detail the proof for H;‘n Recall

n

that H’ is Lipschitz continuous by construction, therefore we can study its monotonicity in terms
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

of its a.e. derivatives. Making use of both the CFL condition (3.2) and of the monotonicity of EO
and God®", for a.e. u,v,w,z € [0, 1], we have

OH” 1 At 0God*"
I (u,v,w,2) = = (u,v)(1 —sgn(God® (u,v) —¢")) >0,
ou 2 X?::ﬁl —yntl da
OHj, X1 —Y" At 9God*" (1 — sgn(God*" (u,v) — "))
ov (u, v, w, 2) = ntl gt oot o ob (u,v) 2
Xjnir+1 — ¥ Xjns14+1 — Y
> XG,41 — (y" + LAt) S X — (" + %) >0
— 1 - 1 - Y
X?:H-H o yn+1 X;L:H—l—l - yn+l
OH ( ) Azx At 6EO( )
U, VW, 2) = - w, 2
Z G v X v
Az — LAt Az — Az/2
— . n+l n+1 z n+1 n+1 > 07
Xjnpr+1 — Y Xjpp1+1 — Y
oH" At OEO
I (w0, w, 2) = — (w, z) >0,
0z X;::_ll_i,_]_ —yntl b

proving the monotonicity of HY . Similar computations show that H? _, is nondecreasing with
respect to its arguments as well.
Stability. We now turn to the proof of (3.8), which is done by induction on n. If n = 0, it is verified

by definition of <p2+1/2> . Suppose now that (3.8) holds for some integer n > 0 and let us show that
J

it still holds for n + 1. Remark that 0 and 1 are stationary solutions to the scheme. It is obviously
true in the case (3.4). The definitions of H} _; and H? do not change this fact. For instance,
H’ _,(0,0,0) = 0 since ¢" > 0 and because of (3.1), we also have:

H* (111) — (" = xG,1) = (=s")Ag") AL (y" =X}, 1) +s"AL .
jn—l( s 4y ) — n+l _ ntl — n+l _ ntl -
Yy Xjnt1-2 Yy Xjnt1—2

Similar computations would ensure that it holds also for H’ . Using now the monotonicity of HY
for instance, we deduce that

0=Hj 1(0,0,0) <H} _1(p} _35/9:P5,-1/2: P}, 11/2)
_ n+l
= Pjpr—1/2

=M 10032 1/ Pjyp) < HG (L1 1) =1,

which concludes the induction argument. The remaining cases follow from similar computations.

0

Corollary 3.2 (Discrete entropy inequalities). Fiz n € N, j € Z\{jnt+1 — 2} and k € [0,1]. Then
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

the numerical scheme (3.4) — (3.6) fulfills the following discrete entropy inequalities:

P = KOG =) = (P = @) A if ¢ st — L}
=15t e = RlAT 1) = KIOG, = X
o, = B0 =X <0 = (@0, — @7 ) At+ JRan(k, q") At ifj = jnp1 — 1
j+1/ J J J

107, 4172 = KlOG, 41 = X5,) + 105, 15/0 — KA

o ((I)?;H—Q - (I);nnt> At + %RS" (Hv qn)At ij = jn-‘rlv
(3.9)

where 7 and P, denote the numerical entropy fluzes:

O = EO(pj_1/y V K, P12 V K) = BO(0_y jo ARy P11 g9 NE);

iy = min{GOdsn (P;}nq/z VoK, P?n+1/2 VE),q"} - min{GOdsn(P?nflﬂ NEK, P;Lnﬂ/z ANK),q"}

Proof. This result is mostly a consequence of the scheme monotonicity. When the interface/constraint
does not enter the calculations i.e. when j & {j,4+1—1, jn+1}, the proof follows [13, Lemma 5.4]. The
key point is not only the monotonicity, but also the fact that in the classical case, all the constants
states k € [0, 1] are stationary solutions of the scheme. This observation does not hold when the
constraint enters the calculations. Suppose for example that j = j,1 (which corresponds to the
function HY ). Here, we have

(XG0 —y") + Az — (f(r) = (f(r) — s"K) N ¢") At

H? (k,k,k, k) =
G Vs Py T +1
X;'Ln+1+1 o yn+1
e e A I At » "
= 77,+1 _ amn+1 - 2( n+1 B n+1) s"(ﬂaq
X]n+1+1 Y X]n+1+1 Y
At n
=K 1 RS” (K'a q )7
O — )
and it implies:
H} (0, 1/ NP 12 NEs PG /2 N PG 4570 N K)
n+1 n+1
< pjn+1+1/2 A K, pjn+1+1/2 VK
<H7 (0, 172V 505, 4172V K PG aapa VR P sV R) L — ) s (K q").
Xjn+1+1 y
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

We deduce:
n+1 _ _ n+l _n+l
’pj77.+1+1/2 K| - pjn+1+1/2 VK pjn+1+1/2 NEK

< H} (0}, _1/2VE 0] 12V K PG s3s0 VK P 570 VE)

At
—Hj (0], 12 NE PG g2 NES PG g0 NE PG 50 NE) + 2T = ynH)RSn(m, ")
In+1
X]n+1 yn AZE T
= Tntl ntl |pyn+1/2 K|+ ntl n+1‘pjn+3/2 — K|
X.]7L+1+1 ]n+1+1
At At
-2 (en -+ Ren (5, q")
1 ( in+2 t 1 S ) 9
X;::H-l yn+1 ’ " Q(X;::H-l B yn+1)

which is exactly (3.9) in the case j = jn+1. The obtaining of (3.9) in the case j = j,4+1 — 1 is similar
so we omit the details of the proof for this case. O

3.3 Continuous inequalities for the approximate solution

The next step of the reasoning is to derive continuous inequalities, analogous to (2.1)-(2.2), verified
by the approximate solution pa, starting from the discrete entropy inequalities (3.9) and the march-
ing formula (3.4) - (3.6).

In this section, we fix a test function ¢ € C(Q), ¢ > 0 and define:

Xj+1

1 X1
VneN, Vj€Z, ¢f,= nn/ " pla ") de :][ o(z,t")dx
Xj+1 = X5 Jx» X

n

We start by deriving continuous entropy inequalities verified by pa. Let us define the approximate
entropy flux:

¢ (PA, Z Zq)n]lp+1/2+ Z (I)J'H 7)+1/2

neN \j<jn J2jn+1

Proposition 3.3 (Approximate entropy inequalities). Fiz n € N and k € [0,1]. Then we have

J.

+ [ leatet) = gt ) do — [ |pale ) < gl ) da (3.10)
R R

tn+l

+/t Roat) (5, qa(t))p(ya(t),t)dt > O(Am ) + O(AzAt) + O(At2) .

n

tn+1

<]pA — Kk|Oppo + @A (pA, K) 8$g0> dz dt
R

n+1

J+1/2 and

Proof. For all j € Z\{jn+1 — 2}, we multiply the discrete entropy inequalities (3.9) by ¢

Page 16



3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

take the sum to obtain:

+1 +1
‘p]+1/2 ‘ @]4_1/2()(?4—1 - X;L )
JFInt+1—2
< > (|eerje = 8] (s = ) = (@ — @A) 9],
jé{jn+l_27jn+1_1vjn+1}

+1 +1 +1 +1
105,12 — K’¢?n+1—1/2(X§Ln = Xj.-1) — |p?n+1—1/2 - “|90?n+1—1/2Ax — (Phe — @5, 1) 907n+1—1/2At
+1 +1 +1
+ ’p?n+1/2 - ﬁ’¢‘?n+1+1/2(x.?n+l - X;Ln) + |p?n+3/2 - ”|‘P?n+1+1/2Ax - ((P?n+2 - (I)?nt) ‘P;'Ln+1+1/2At

1
+1 +1
+ 572«3" (/{a qn)(¢?n+l—1/2 + <’0‘?n+1"!‘1/2)At.

This inequality can be rewritten as

D |oih

+1 H +1
Pjvije — ”’ S0;+1/2<X7;+1 Xj Z ’Pg+1/2 ‘ SD?H/Q(X?H - Xj)
JEL

< —

n+1 +1

+1 +1 +1
At =] (- sozaﬂ_g/z) At |o s = k| (G =@ ) (0 = Xm)

~~

€1 €2

+1 +1
+ ’p?nJrl/Q a H’ <¢?n+1+1/2 N S0;'171+1—1/2> (X?nJrl - X?n)

€3

n +1 +1 n n +1
o ” Z }( J+1 CD?) n+1/2At ( int (I)n 1) 90?n+1—1/2At o ( Jnt2 ‘I)mt) ‘P?n+1+1/2At
j jn+1_27jn+1_17jn+1
1
+1 +1
+ §Rsn (%, qn)(goglnﬂ—l/? + SO;’lnﬂ—f—l/Q)At

with
Vie {1,2,3), |e| < 8)0pp||Le Az

We now proceed to the Abel’s transformation and reorganize the terms of the inequality. This leads
us to:

+1 +1 +1 +1
Yo - H‘ P00 =Xt - ’p?ﬂ/z - H‘ O 20 — X
JEL JEL

A
+1 +1 +1
‘pyﬂ/z - “‘ (‘P?H/z - 30?+1/2> O = x5) + Z o (‘p?Jrl/? N <p;‘ 1/2) At
JEZ J¢{jn+1—2,dn+1—1}
B

C

1 n n+1 n+1
S §Rs”(ﬁaq )(Soj"_’_lfl/Q ]n+1+1/2 At—i_ZS“

D
with

Vie{4,5}, |l < 4| fllLellOrplLe AzAt.
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

We immediately see that
A= / (@, ) = k| (@, 7+ da — / pa(a, ") — | p(w,t") da
R R

We conclude this proof by estimating the remaining terms of the inequality.

Estimating B. First, note that

B = Z //73" lpa — k| Oppdadt + Z //73” lpa — K| Opp da dt
2

J<jn— J+1/2 J>jn+1 j+1/2

n+1 n
n B Xjn+1 tn+1 d . Y tn d n__.n
T |Pju—1/2 = K plz, ") dz Pl ) de ) (" = XG,-1)
X Xjp—1

ntl n
jn—1 3
B
n yn+1 - X1 . . .
+ ‘pjn+1/2 - ’i‘ - oz, t""") dr — o(z, t") dzx X1 —y")
X, y"
Bo
n+1 n
X'n+2 X'n+2
+ ‘P?n+3/2 - "5‘ (][ ’ SO(x,t”“) dz — ][ ’ cp(x,t")da:) Az .
v Xj+1
B3
Since
// lpa — K| Orpdadt
P 1

n+1 yn tn+1

Y
T B B O L A VR !
Xjn -1 X5, e

jn—1

yn+1 _ Xn—&-ll y ! yn
—_ |, A n+1 _ n
N ‘pj"_l/Q B I{) < Yy — X" ][n+1 (,0($,t )d:E ][n Sp(xvt )dm
Jn=l I Xjn—1 Xjn—1

tn+1

yn _ yn+l
e A RO dt) W),
jn_l n

we deduce the bound:

Bie [ lpa-slopded
P

Jn—1/2
yn+1 tn+1
_ | .n o n+l _  n thrl dr — n e — ™) ) dt
= P12 = | (¥ YOI Pt )de =7 ooy 457 =), 1)
Xjn—1 "

< [[9llnee <3||3z90!LooAfE + |0l At + 2| ||<9x90||L°°At> At.

t) dt)
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

The same way, we would derive the estimation:

By + B —// lpa — | o du dt

j +1/2

< 69l A + [l (2||azgo|rLooAx T Bl At + 2ry‘||Lw||azso|LooAt) At.

Estimating C'. We write:

Xjp1 [T
— +1 +1 +1
C =\ Z /x” / N B0, p(y, ") dy da + 7 (ap;?nHH/Q — <p;?n“_1/2) At
JE{In+1-2,0n+1—L,jn+1} " NI B

.
&7
Xjy1 [*
+ Z ()\/ / g ﬁxcp(y,t”"'l)dyda:) /
s - . X;.L z—Azx tm

3¢ {in+1=2dn+1—1,Jn+1}

€6

t"+1

/ DPA(pa, k)Oppdrdt 4+ €6 — Z / Alpa, k)Opp dadt
R n

Jn+1—2<5j<gn4+1—1 j+1/2

tn+1

/ Da(pa, 1)Bppda dt,
R

€8

with
les| + le7] < 8| fllLee || OzpllLee AzAt

and

e8] < 1l <4sup 102,0(-, )l A + sup ||afxso<-7t>uL1At)At.
>0 >0

Estimating D. Finally, we have

n+1

1 Yy
D = R (K, qn)@(yn+1atn+1)At RS E— /n+1 (‘P(fatn—i—l) - gp(yn—i_l?tn—i_l))At
Yy Xgnt1—1 X1
g9
1 Xn+1 4
In+1
+X.+1_yn+1/ A R ALY
In+1 yn
€10
tn+1 tn+1

= Resa()(Fqa())p(ya(t),t) dt + €9 + £10 + / Reoat) (K, aa () (o (y" ") — o(ya(t), 1)) dt,

tm tm

€11

with

leol + lenol + [en] < 20 fllu <2H8m<pHLooAx T 3l 10uplm A+ \\@w!!LooAt) At
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

Note that if ¢ is supported in time in [0, 7], with 7" € [tV,#+N*1)  then by summing (3.10) over
n € {0,...,N + 1}, we obtain (recall that X is fixed):

T
/ / (pA — K|Opp + Pa (pas k) 39090) da dt +/ IPA — Klp(x,0) dz
o JR R (3.11)

T
+ /0 Rea (5 aa () p(ya (1), £) dt > O(Az) + O(AL).

We now turn to the proof of an approximate version of (2.2). Let us define the approximate flux

function:
Fa Z Z fn P2 + Z fJ+1 Plii2

neN \ j<jn j2in+1

Proposition 3.4 (Approximate constraint inequalities). Fiz n € N and x € [0,1]. Then we have

“+o00 “+o00
/ pa(@, ")o(a, ") do - / pa(z, ™Yo (z, (1) de
Yy

n+1
/[

Proof. Following the steps of the proof of Proposition 3.3, we first multiply the scheme (3.4)-(3.6)
by cp?j_rll /g0 SUIL Over J > Jn+1 and then apply the summation by parts procedure. This time, we
obtain:

tn+1

g+l (3.12)
(m&:Wr Fa <pA>amso) arat < [ aaela.a
R t

n

+0(Az?) + O(AzAt) + O(A#?) .

+1 n+tl +1 +1
Z p?+1/2¢?+1/2(X?+1 -x;) Z Pi1/295 41721 — X5)
J2In+1 J2n
A
n+1 n+1 n+1 n+1
- Z Pii1/2 (90]'+1/2 - s0?+1/2> (X1 — Z i ( Pit1/2 — Pj— 1/2) At < qn‘pjn+1+1/2At +é,
J2jn J2jn+2 T
B )8

with & < 8]|0,¢p||Le Az?. Clearly,
+00 +o0
A—/ B pA(:c,t"H)gp(m,t”H)dx—/ palz, t")p(z, t") dx,
y" y"

and estimate (3.12) follows from the bounds:

o).

< (3]|0zp|lLee Az + ||Opp||Loe At) At + ||y oo <2H8xap|]LooAx + 2|9 |pee || 0| Loe At + Hatgo]LooAt> At

tn+1

/ PAOrp dax dt
R

t77+1

C - /FA (pA) Oppdadt

<l (Ol -+ 4s0p 102, O + 500 [t ) ) At

tn+1

D — aa(t)e(ya(t),t)dt

tn

< lall (2uamgoumom T ol At + Hyuwu‘o‘ms@rwt) At
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

O

If ¢ is supported in time in (0, 7)), with T' € [t¥,¢V*1), then by summing (3.10) over n € {0,..., N+
1}, we obtain:

T T
- / / <PAat<P +Fa (pa) (%ap) dzdt < / aa(t)e(ya(t),t) dt + O(Az) + O(At). (3.13)
0 R 0

3.4 Compactness and convergence

The remaining part of the reasoning comnsists in obtaining sufficient compactness for the sequence
(pa)a in order to pass to the limit in (3.11)-(3.13). To doing so, we adapt techniques and results
put forward by Towers in [22]. With this in mind, we suppose in this section that the flux function,
still bell-shaped, is also strictly concave. By continuity,

Ju>0,Vpe[0,1], f(p)<—p (3.14)

We denote for all n € N and j € Z,

D} = max {P;'L—l/z — p?+1/270} .
We will also use the notation
VneN, Zpy1r =Z\{jnr1 — 2,4n+1 — 1, Jns1, Jnr1 + 1}

In [22], the author dealt with a discontinuous in both time and space flux and the specific "vanishing
viscosity" coupling at the interface. The discontinuity in space was localized along the curve {z = 0}.
Here, we deal with a smooth flux but we have a flux constraint along the curve {x = y(t)}. The
applicability of the technique of [22] for our case with moving interface and flux-constrained interface
coupling relies on the fact that one can derive a bound on D;”H as long as the interface does not

enter the calculations for D}‘H 1.e. as long as j € Zn+1 in the case jp+1 = jn + 1.

At

Lemma 3.5. Letn €N, j € 2n+1; a = ,U,K and Y(z) =z — az?. Then
x
DI < ¢ (max {D}_;,D}, D}, }). (3.15)

Proof. For the sake of completeness, the proof, largely inspired by [22], can be found in Appendix
A. O

Remark 3.2. Fixn € Nand j € zn+1- Remark that if D7 > 0, then we can write that for some
v(j) € {7 —1,4,j + 1}, we have

D} < DY) —a (D))’

2

2 n n
=D, (1 —aD?, -)) =D - (Dy(j)) P 1
v v v n — n 1 :
J J 71+ aDV(j) 1+ aDV(j) o T a
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

Corollary 3.6. Let n € N. Then the scheme (3.4) — (3.6) verifies the following one-sided Lipschitz

condition:
( 1
(n+1)a
1 P .
. ~— if Jnt1—3-n<J < jny1 —3
_ ((Un+1—2) = j)a
D' < (3.16)

if J<jnt1—3—n

I 1
— if a1 +2 <5 < a1 +240
(7 = Unt1+1))a " "
1
—_— f 7> 2 .
| Grpa T IZdrrEm
n+1 1 +1 1
Here B = =G Here. DI < i 11s
tn+L A N

tﬂ

J=Uns1+1)=(n+1)

¥n

Figure 3: Tllustration of the OSL bound (3.16).

Proof. Fix n € N. We only prove (3.16) in the cases j > j,4+1 + 2. The reasoning for the cases
j < jo — 3 is very similar. Let us first prove by induction on k € N* that

1
VEeN*, VjeZ, min{fn+1,j—(pp+1)} >k = DI < o (3.17)

Inequality (3.17) holds if k = 1. Indeed, if K =1, then j > j,41+2 d.e. j € Zni1. By (3.15),
2
) . .. n+1 n o _ n
HV] e {] 17]7] + 1}7 DJ S DI/j a (DI/J)

If D} =0, then D;.H'l =0 < 1/a. Otherwise, we can write:

1 1 1
1 < - ka’
Dﬁj+a a a

DT~L+1 <
b >

Now, let us assume that (3.17) holds for some integer & € N* and suppose that min{n+1, j — (jn+1+
1)} > k + 1. Again, by (3.15),
Jv;e{j—14j+1}, D <Dl —a (D’,}j)2.
Since
nzk and v;j—(nt+1)20G 1) =0Uns1+1)=7—(Unr1+1)—12F,
we deduce that min{n, j — (j, + 1)} > k, hence, using the induction property:

Dl < 1 1
J

<
N D13 +a” (k+1)a’
J

which concludes the induction argument. Estimates (3.16) in the cases j > j,41 + 2 follow for
suitable choices of k in (3.17). O
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3 EXISTENCE FOR THE SINGLE TRAJECTORY PROBLEM

Corollary 3.7 (Localized BV estimates). Fiz 0 < ¢ < X and suppose that 3Ax < e and that

> 2€L Then there exists a constant A = A (i_ X) , nondecreasing with respect to its arguments
such that
TV (,OA(',tn+1)‘(yn+l+€’yn+l+X)) <A (3.18)
and ntiy x
/ " ’pA(x, "2y — pa(z, t”“))‘ de <2Azx+ L (2A + 1) At. (3.19)
ynTite

Note that we have the same bounds for the quantities:

yn+1_€

pa(@, ") = pa(a, ") da

TV (pA(',tn+1)|(yn+1_X’yn+1_€)) and /

yn+1_X

Proof. Let ki1, Jny1 € Z such that y" 1 4¢ € (thll,xz*:l +Az)and y"t + X € (X§+:1,X9:f1 +

Ax). We have:

JIn+1
n+1 n+1
TV(pa(-t )\(y"+1+e,y"+1+X)) Z ‘p]+1/2 Pj- 1/2’
J=knt1+1
Jn+1 Jn+1
n+1 n+1 n+1
Z D;™ — Z ('Oj+1/2 - pjfl/Z)
Jj=knt1+1 j=knt1+1
”+1 Jn+l
n+l n+1 n+1
Z D pJn+1 1/2 pk’n+1+1/2) <1+2 Z D
J=knt1+1 J=knt1+1

Now, for all j > k,4+1 + 1, we have
. +1 +1
(knt1+1) = (1 + 1))Ax (x i T Az) - X;L +1

i — (4 1) >
j (]TL+1 + ) - AI’ AZC
n+1 n+1
LW e W 28e) e
- Ax Ax
Lemma 3.16 ensures that
9 T 1
TV (pal-, " Y (n n <14 = .
(pa )|(y itey +1+X)) =1 ajkz;lﬂ min{n + 1,5 — (jnt1+ 1)}

However, we also have:

1 1
e e _WMre) —ytt X, — 0GL +AD)

> > — =
At — 2LAt — Ax Az Ax
We deduce that for all j € {kyy1+1,...,Jpt1}, min{n+ 1,5 — (Jnt1 + 1)} > knt1 — (ny1 + 1);

= knt1 — (jn—l—l + 1)-

n+1=

hence: ;
DT RPN PRE: by e SEEL S
j=knt1+1 ]H/Q ek Fnt1 = (1 +1)
2 X —e+ Az
<l+-x|———m
=i a ( e —2Azx >

X
<A, A: —1—1—76
ae
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

which is exactly (3.18). Then,

7L+1+X
/ ‘pA(:Ea tn+2) - pA(:Ea tn+1)) dx

yntlte

Jn+1

n+2 n+1
<2a+ Y s et plde
j:kn,+l+1
Jn+1 J"+1

/ n+1 n+l n+1 n+1

< 28z + || f e Z 1P sy2 = Piiayel + Z P52 = P yel | A
j=kny1+1 Jj=knt1+1

< 2Az + L (2A + 1) At,

concluding the proof. g

Theorem 3.8. Fiz pyp € L*(R;[0,1]), y € Wloc ((0,400)),y > 0 and ¢ € L>=((0,400)),q > 0.
Suppose that f € C2([0,1]) satisfies (1.1)-(3.14). Then as A — 0 while satisfying the CFL condition
(3.2), (pa)a converges a.e. on S to the admissible entropy solution to (1.3).

Proof. Fix n € N*. The uniform convergence of (ya)a to y, coupled with the BV bounds (3.18)-
(3.19) and the uniform L* bound (3.8) provide (up to a subsequence) a.e. convergence for the
sequence (pa)a in any rectangular bounded domains of the open subset

On ={(z,t) € Q| |z —y(t)| > 1/n},

see [17, Appendix A|. The a.e. convergence on any compact subsets of €2, follows by a classical
covering argument. Then a diagonal procedure provides the a.e. convergence on any compact
subsets of O = {(x,t) € Q| x # y(t)}. A further extraction yields the a.e. convergence on €.

Equipped with the convergence of (pa)a to p, we let A — 0in (3.11) and (3.13) to establish that p
is an admissible entropy solution to (1.3). By uniqueness, the whole sequence converges to p, which

proves the theorem. O
Corollary 3.9. Fiz py € L¥(R;[0,1]), y € W°((0,+00)),5 > 0 and g € L®((0,400)),q > 0.
Suppose that f € C?([0,1]) satisfies (1.1)-(3.14). Then Problem (1.3) admits a unique admissible

entropy solution.

Proof. Existence comes from Theorem 3.8 while uniqueness was established by Theorem 2.8. 0

4 'Well-posedness for the multiple trajectory problem

We now get back to the original problem (1.2). Let us detail the organization of this section. First,
we construct a partition of the unity to reduce the study of (1.2) to an assembling of several local
studies of (1.3), see Section 4.1. Using the definition based on germs, analogous to Definition 2.4,
we will prove a stability estimate, leading to uniqueness, see Theorem 4.3. Then in Section 4.3, we
construct a finite volume scheme in which we fully use the precise study of Section 3. A special
treatment of the crossing points is described, see Section 4.3.1.
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

Let us recall that we are given a finite (or more generally locally finite) family of trajectories and
constraints (i, ¢i)ie1;.7] defined on (s;, T;) (0 < s; < T;). Introduce the notations:

Vie[1;J]), Ti={(z,t)eQ|te]s;Ti]and z = y;(t)}.

We suppose that for all i € [1;J], y; € Wh((s;,T3)) and ¢; € L>®((s;,T;); RT). This notation
means that what can be seen as crossing points between interfaces will be considered as endpoints
of the interfaces; for instance, given two crossing lines, we split them into four interfaces having a
common endpoint. We denote by (Cp,)1<m<nr the set of all endpoints of the interfaces I';, i € [1; J].

4.1 Reduction to a single interface
Fix ¢ € C(Q\ UM_, C;). Let us denote by K the compact support of (.
Step 1. For all i € [1;J], KNT; is a compact subset (maybe empty) of Q, and the family (K NT};);
is pairwise disjoint. By compactness,
36 >0, Vi,j e 1;J], i#j = dist(KNT;,KNT;) > 26.

Step 2. For all i € [1;J], set
Q= U B((I‘,t),(;),

(z,t)e KNIy

where B((z,t),6) denotes the R%-euclidean open ball centered on (z,t) and of radius 6. Clearly,
€); is an open subset of { containing T';. Moreover, the family (£2;); is pairwise disjoint. Indeed,
suppose instead that for some 7,5 € [1; J] (i # j), we have

Q;NQ; #£0,
and fix (z,t) € Q; N Q;. By definition, there exists (z;,t;) € KNI and (x;,t;) € K NT'; such that
(z,t) € B((z4,t),0) N B((x},t5),0).
Using the triangle inequality, we deduce that
dist(K N Ty, K NTy) < dist((xi, t:), (x),t5)) < dist((z4,t5), (z,t)) + dist((z, ), (z5,t5)) < 26,

yielding the contradiction.

Step 3. Define the open subset (finite intersection of open subsets):
= )
Qo = {(x,t) e ‘ Vi € [1;J], dist((x,t), KNT;) > 2}.

The family (£2;);c[o;s] is an open cover of R x RT. Consequently, there exists a partition of the unity
(0:)icfo;s) associated with this cover:

J
Vie[0;J], 6; >0; 0; € C(Q); V(x,t) e RxRT, Zt%(m,t) =1.
=0

Step 4. We write the function ¢ in the following manner:

J J
o= (pti) =90+ ¢i (4.1)
i—=0 i=1

Note that:
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

1. ¢o vanishes along all the interfaces;

2. for all i € [1;J], ¢; vanishes along all the interfaces but T';.

4.2 Definition of solutions and uniqueness
Following Section 2 and Definition 2.4, we give the following definition of solution.

Definition 4.1. A function p € L*(9Q;[0,1]) is a G-entropy solution to (1.2) with initial data
po € L*(R) if:

(i) for all test functions ¢ € C(Q\ UL, I;),¢ > 0 and x € [0, 1], the following entropy inequalities
are verified:

+oo
[ [ (1= wlows + 0(p. it ) asdt+ [ nle) = el 0)o 0 (42)
0 R R
(ii) for all ¢ € [1; J] and for a.e. t € (s;,T3),

(p(yi(t) =, 1), p(yi(t)+,1)) € Gy ) (aa(t)), (4.3)
where the admissibility germ Gy, (¢;) was defined in Definition 2.2.

Lemma 4.2 (Kato inequality). Fiz pg,o00 € L*(R;[0,1]). We denote by p (respect. o) a G-entropy
solution to Problem (1.2) corresponding to initial data py (respect. og). Then for all test functions

v € CX(Q),p >0, we have

/O+°O /R <|P — oldp + ®(p, U)(%Ap) dz dt + /]R |po(z) — oo(z)|¢(z,0)dx > 0. (4.4)

Proof. We split the reasoning in two steps.
Step 1. Suppose first that ¢ € C(Q\ UM_, C,,). In this case, we write ¢ using the partition of
unity (4.1). Fix ¢ € [1; J]. Following the computations of Lemma 2.7, we obtain:

I (1o clowei + ap.000,: ) aza + [ Ipol) — oo(@)leile,0) da
Q; {$ER | (Z‘,O)EQi}

T;
+ / <<I>yl(t) (p(yi(t)+7t)7 U(yi(t)_'_?t)) - (I)yi(t) (p(yi(t)—, t)?‘j(yi(t)_?t))) (Pi(yi(t)7t) dt > 0.

(4.5)
Now, since ¢ vanishes along all the interfaces, standard computations lead to

// <|P — o|0po + @(p, U)@APO) da dt +/ lpo(z) — oo(x)|po(z,0)dz > 0. (4.6)
Qo {z€R | (z,0)€Q0}

We now sum (4.5) (i € [1;J]) and (4.6) to obtain:

/0+°°/R<|P—a|3t90+<1>(070)8x<p> dxdt+/R\po(:z)—oo(a;)|gp(x70)dx

J T;
+ z_; /S (%i(t) (p(yi(t)+:1), 0 (yi(t)+,1)) — Py ey (p(yi(t)—, 1), U(yi(t)—,t))> e(yi(t), t)dt > 0,

-~

Aq(t)

(4.7)
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

which is the analogous to inequality (2.11). Fix now i € [1;J]. Since p and o are G-entropy solu-
tions, from (4.3) and the L! dissipativity property (see Lemma 2.3), we have for a.e. t € (s;,T}),
A;(t) < 0. This leads to (4.4).

Step 2. Consider now ¢ € C(Q2). Fix n € N*. From the first step, a classical approximation
argument allows us to apply (4.4) with the Lipschitz test function

M
¢n($at) = <Z 5m7n<$7t)> gO(.’IJ,t),
m=1

where for all m € [1; M],

1
0 if  disty((2,¢),Cnm) < —
n
1 1 2
Omm(z, 1) =4 n <dist1((x,t),Cm) — ) if — <disti((x,t),Cp) < —
n n n
2
1 if  disti((x,t),Crn) > —,
n
where, by analogy with the proof of Lemma 2.7, dist; denotes the R? distance associated with the
norm || - ||;. We let n — +o00, keeping in mind that:
al 1
H (Z 5m,n> - S, 0 Yme [ MT, [Vl q) = O(n> :
m=1 L'(©)
Straightforward computations lead to (4.4) with ¢ € C2(€), concluding the proof. O

Theorem 4.3. Fiz pg,00 € L*®(R;[0,1]). We denote by p (respect. o) a G-entropy solution to
Problem (1.2) corresponding to initial data po (respect. oy). Then for all T > 0, we have

lpCT) = o T)ller < llpo = oollwr- (4.8)
In particular, Problem (1.2) admits at most one solution.

Proof. Estimate (4.8) follows from Kato inequality (4.4) with a suitable choice of test function, see
the proof of Theorem 2.8. O

4.3 Proof of existence

Following the reasoning of Sections 2-3, we introduce a second definition of solutions, more suitable
to prove existence.

Definition 4.4. A function p € L*>°(; [0, 1]) is an admissible entropy solution to (1.2) with initial
data pg € L*(R) if B

(i) for all test functions ¢ € C°(Q),¢ > 0 and « € [0, 1], the following entropy inequalities are
verified:

400
/0 /R<‘P — k|0 + @(p, ﬁ)@xg0> dx dt + /R \po(z) — K|p(z,0)dz
J T (4.9)
+ Z/ Ryt (5, qi(8))p(yi(t), t) dt > 0,
i=1"si

Page 27



4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

where Ry, (k,q;) was defined in Definition 2.1;

(i) for all test functions ¢ € CX(Q\ UM_, C,,), » > 0, written under the form (4.1), the following
constraint inequalities are verified for all ¢ € [1; J]:

B //Qf (p@tnp + f(p)6$g0> dzdt < /STi ai(t)piyi(t),t) dt, (4.10)

where Qf = {(z,t) € Q; | > yi(t)}.

Proposition 4.5. Definition 4.1 and Definition 4.4 are equivalent. Moreover, in Definition 4.4 (i),
it is equivalent that (4.9) holds with ¢ € C(Q\ UM_, Cy,).

Proof. The proof of the equivalence of Definitions 4.1 and 4.4 is a straightforward adaptation of the
proofs of Propositions 2.5-2.6. The last part of the statement follows using the same approximation
argument described at the end of the proof of Lemma 4.2. U

We now turn to the proof of existence for admissible entropy solutions of (1.2). We make use of the
precise study of Section 3 in the case of a single trajectory and build a finite volume scheme. We
keep the notations of Section 3 when there is no ambiguity.

4.3.1 Construction of the mesh, definition of the scheme

For the sake of clarity, suppose that we only have two trajectories/constraints (y;,¢;) (1 < i < 2)
defined on [0, 7], which cross at time 7. We denote by C this crossing point. Suppose also that this
crossing point results in two additional trajectories/constraints (y;,¢;) (3 <14 < 4) defined on [, T],
and which do not cross, as represented in Figure 4.

Figure 4: Illustration of the configuration.

Let us fully make explicit the steps of the reasoning leading to the construction of our scheme in
that situation. Suppose that A = At/Ax is fixed and verifies the CFL condition

2 s Ji || Loo <1 4.11
Il + ma [l o.my) | A < (4.1

L
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

Set N € N such that 7 € [tV tN*+1). We divide the discussion in four parts.

Part 1. Introduce the number
Ny =inf{neN, [yA(t")—yA(t")| < 4Az}.

The definition of Nj ensures that for all n € {0, ..., Ny — 1}, we can independently modify the mesh
near the two trajectories ylA and yQA, as presented in Figure 5. Consequently, we can simply define
the approximate solution pa on R x [0,V 7] as the finite volume approximation of a conservation
law, with initial data pg, with flux constraints on two non-interacting trajectories, using the recipe
of Section 3 for each trajectory/constraint.

Part 2. Fix now n € {Ny,...,N}. In these time intervals, since the two trajectories are too close
to each other, one cannot modify the mesh in the neighbourhood of one of them without affecting
the other. However, the scheme has to be defined globally so we proceed as described below.

e First, introduce the mean trajectory and the new constraint:

y1(t) + ya(t)

Vt € [07T]a ylZ(t) = 2 )

qi2(t) = min{q1(t), ¢2()},

represented in purple in Figure 5, before the crossing point (in red). The choice of taking the
minimal level of constraint in the definition of g2 stems from the nature of the constrained
problem; see however Remark 4.1 below.

e Then, define pa on R x [t V] as the finite volume approximation of the one trajectory/one

constraint problem:
Otp + Oz (f(p)) =0
p('a tNl) = pA('v tNl_l)

(F(p) = 912(0)p) | omyr) < @12(t) te (™),

using exactly the recipe of Section 3.1.
Part 3. Introduce the number:
Ny =inf {n > N, [y (") — yA (t")| > Az} .

For n € {N,..., Na}, we are in the same situation as Part 2. We proceed to the same construction,
mutatis mutandis.

e Ag in Part 2, define the mean trajectory and the new constraint:

ys(t) + ya(t)

vt € [7_7 T]7 y34<t> - 2 )

q34(t) = min{q3(t), qu(t)},

represented in purple in Figure 5, after the crossing point.
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

[
n=»NnN- |
n=N _
n=Nyp 1

Figure 5: Tllustration of the local modifications of the mesh.

e Define pa on R x [tV,#2] as the finite volume approximation of the one trajectory/one con-
straint problem:

Op+ 0z (f(p)) =0
p(, 1Y) = pa(- V)

(f(p) = 93a() D) ymygs () < 34(2) te (tN M),

Part 4. Finally, pa is defined on R x [tV2, T like in Part 1 with ys3, g3, pa(-,t'V?) (respect. w4, q4)
playing the role of y1,q1, po (respect. of Y2, q2).

Remark 4.1. Let us stress out that the details of the treatment done in Parts 2-3 do not play any
significant role in the convergence proof below thanks to the choice of test functions vanishing at
neighbourhood of the crossing points, see Proposition 4.5. Consequently, taking the mean trajectory
and the minimum of the constraint is merely an example aiming at preserving some consistency while
keeping the scheme simple to understand and implement.

The general case of a finite number of interfaces (locally finite number can be easily included) is
treated in the same way, leading to a pattern with the uniform rectangular mesh adapted to each
of the interfaces I';, i € [1;J] except for small (in terms of the number of impacted mesh cells)
neighbourhoods of the crossing points Cy,, m € [1; M].

4.3.2 Proof of convergence

Theorem 4.6. Fiz T > 0, f € C%([0,1]) satisfying (1.1)-(3.14) and py € L>®(R;[0,1]). Let
(Yi, @i)iep.g) be a finite family of trajectories and constraints defined on (s;,T;) (0 < s; < Tj).
We suppose that for all i € [1;J], vi € WE>2((s;,T;)) and q; € L>=((s;,T;); RY). Suppose also that
the interfaces (I';); defined by the trajectories (y;); have a finite number of crossing points. Then as
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4 WELL-POSEDNESS FOR THE MULTIPLE TRAJECTORY PROBLEM

A — 0 while satisfying the CFL condition

1 f']L +1I£?§XJH?JZHL ooy [ AT

L

the sequence (pa)a constructed by the procedure of Section 4.3.1 converges a.e. on ) to the admissible
entropy solution to (1.2).

Proof. We make use of the fact that in Definition 4.4, we only need to consider test functions that
vanish at a neighbourhood of the crossing points (this is the key observation leading to Remark 4.1

hereabove).
J

(i) Proof of the entropy inequalities. Fix ¢ € C(Q\ UM_, C,,), ¢ > 0, written as ¢ = g + Z ©i,
using the appropriate partition of unity, see Section 4.1. Since ¢ vanishes along all the inte;f;ces,
pa verifies inequality (3.11) with R = 0 on the domain £y and with test function ¢g. Indeed, for a
sufficiently small Az > 0, the scheme we constructed in the previous section reduces to a standard
finite volume in Q. Fix now i € [1; J]. Since ¢; vanishes along all the interfaces but I';, pa verifies
inequality (3.11) with reminder term RSZ (K, in) along the trajectory yiA on the domain ; and with
test function ;, due to the analysis of Section 3; indeed, in the support of the test function, our
scheme for the multi-interface problem reduces to the scheme for the single-interface problem. By
summing these previous inequalities, we obtain an approximate version of (4.9) verified by pa:

+o00
/0 /R(m — K[Okp + Pa(pa, :‘i)aggcp) dz dt + /IR 1pQ (@) — K|o(z,0) dz
J T, (4.12)
+3° [ R ma b 0)plh (0.0t > O(80) + 00,
i=1" i

(ii) Proof of the weak constraint inequalities. Let ¢ € CX(Q\ UM_, Cp), ¢ > 0, written under the
form (4.1). Fix ¢ € [1;J]. Since ¢; vanishes along all the interfaces but I';, for a sufficiently small
Az, pa verifies inequality (3.13) with constraint g% along the trajectory y’ on the domain Qj and
with test function ¢;. We obtain an approximate version of (4.13) verified by pa:

T;
- //m (Mat%@ + FA(PA)f?w) dzdt < / g\ ()Y (1), £) dt + O(Az) + O(AL).  (4.13)

A

(iii) Compactness and convergence. Compactness of the sequence (pa)a follows directly from the
study of Section 3.4 where we derived local BV bounds for (pa)a under the assumption (3.14).
Indeed, these local bounds lead to compactness in the domain complementary to the interfaces,
we only use the fact that the interfaces together with the crossing points form a closed subset of
) with zero Lebesgue measure. Once the a.e. convergence (up to a subsequence) on 2 to some
p € L*(9Q;[0,1]) obtained, we simply pass to the limit in (4.12)-(4.13). This proves that p is an
admissible solution to (1.2). By the uniqueness of Theorem 4.3, the whole sequence converges to p.
This concludes the proof. ]
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Corollary 4.7. Fiz T > 0, f € C%([0,1]) satisfying (1.1)-(3.14) and py € L>®(R;[0,1]). Let
(Yi, @i)ieu;a) e a finite family of trajectories and constraints defined on (s;,T;) (0 < s; < T;). We
suppose that for all i € [1;J], vi € WH((s;,T})) and q; € L>®((s;, T;); RT). Finally, suppose that
the interfaces (I';); defined by the trajectories (y;); have a finite number of crossing points. Then
Problem (1.2) admits a unique admissible entropy solution.

Proof. Existence comes from Theorem 4.6 while uniqueness was established by Theorem 4.3. [

5 Numerical experiment with crossing trajectories

In this section, we perform a numerical test to illustrate the scheme analyzed in Section 3 and Sec-
tion 4.3. We take the GNL flux f(p) = p(1 — p).

We model the following situation. A vehicle breaks down on a road and reduces by half the sur-
rounding traffic flow, which initial state is given by pp = 0.8 X 1j; 3. At some point, a tow truck
comes to move the immobile vehicle. We summarized this situation in Figure 6. Notice the time
interval in which g3 = 0.1. This corresponds to the time needed for the tow truck to move the
vehicle. Remark also that the value of the constraint on this time interval is greater than the one
when only the broken down vehicle was reducing the traffic flow.

tow truck
—— broken down vehicle

qa(t) =0.17

gs(t) = 0.1

g2(t) =0.125
g1(t)=0.2

X

Figure 6: A tow truck comes moving an immobile vehicle.

The evolution of the numerical solution is represented in Figure 7. Let us comment on the profile
of the numerical solution.

e At first (0 < ¢ < 5.80), the numerical is composed of traveling waves separated by a stationary
nonclassical shock located at the immobile vehicle position.

e When the tow truck catches up with the vehicle (6.30 < ¢ < 8.0), the profile of the numerical
solution is the same, but the greater value of the constraint in this time interval changes the
magnitude of the nonclassical shock; at this point the combined presence of both the tow truck
and the immobile vehicle clogs the traffic flow even more.
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e Finally, once the tow truck starts again (¢ > 8.0), the traffic congestion is reduced.

Notice at time t = 7.44 the small artefact created by Parts 2-3 in the construction of the approximate
solution and reproduced by the scheme. This highlights the fact that even if the treatment of the
crossing points brings inconsistencies or artefacts to the numerical solution, these undesired effects
not amplified by the scheme, and become negligible when one refines the mesh.

Time=0.0 Time=3.22
10 10
08 premssmmsssssmmes=e= Y 08
i i
i ]
! i
06 - ! 06
i i
i i
1 1
i
#41 ---- initial data ! o
i
03 — tow truck ' 03
broken down vehicle
0o - i ' 0o
0 1 2 3 4 5 0 1 2 3 4 5
Time=4.78 Time=7.44
10 10
0B 0B
08 06
o4 o4
0z 02 _/\-\_—
0o " : . 00 : ' ,
0 1 2 3 4 5 1 2 3 4 5 6
Time=8.77 Time=10.80
10 \ 10 -
=== Time =T

0B

06

04

0z

[ I T ———

0o 1 0o+ ===

X X

Figure 7: The numerical solution at different fixed times; for an animated evolution of the solution,
follow: https://utbox.univ-tours.fr/s/YLpAgfHJHZNWYBB
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A PROOF OF THE OSL BOUND

A  Proof of the OSL bound

We prove in this appendix Lemma 3.5. All the notations are taken from Sections 3.1 and 3.4. The
proof is a simple rewriting of the proof of [22, Lemma 4.2].

It will be convenient to write the Engquist-Osher flux under the form:

Va,be [0,1], EO(ab) = <f(aAp) - f<;>) " <f(bv,0) - f<;>)
a+(a) q—(b)
so that for all n € N, when j € Znﬂ, the scheme (3.4) can be rewritten as:
n+l _ n n n n n
Pi+1j2 = Pj+1j2 — A(‘1+ (/’j+1/2) - </’j+3/2> A (%‘4/2) - (f’jﬂ/z))- (A1)
Lemma A.1. For olln € N and j € Z, we have
} —p" — an < —. :
p]—1/2 pj+1/2 — )\M ] = )\M

Proof. Indeed, using first the uniform convexity of f and then the CFL condition (3.2), we can
write:

n () p;ll/Q Ax
(pj—1/2 - pj+1/2> IS —/ f(u) du < 2[| f'l|pe < AL
p?+1/2
from which we deduce (A.2). O
.5 Ap 2
Lemma A.2. Letn €N, j € Zyi1, a= v and Y(x) = x — ax®. Then
DI < ¢ (max {D}_;,D}, D}, }). (A.3)

Proof. We divide the proof in three steps.

Step 1: The function v is nonnegative on [0, 1/a] and nondecreasing on [0,1/(2a)]. Note that by

(A.2), max {D?,l, D7, D?H} < 1/(4a), which will allow us to use the monotonicity of .

Step 2. We assume that
P?+1/2 - P?Jrs/Q >0 and P?_3/2 - P?_1/2 >0 (A.4)

and we are going to prove that (A.3) holds. Using the uniform convexity assumption of f, we can
write that

(bAD—aAp) (A.5)

Va,bE[O,l}, q+(b)—q+(a)§(b/\ﬁ—a/\ﬁ)f’(a/\ﬁ)—g
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A similar inequality holds for ¢_ as well. Using (A.1), we obtain:

+1 1
Pi-12 ~ Pisijz = Pi-1/2 = Pis1/2

Mo (172) = v (7 sy2) = v (112) + s (0112))
(o () =0 (0-12) = 0= (Blsage) + - (Fr2))

= Pi-1/2 = Pi1/2

{0 () = (Ba)) + (0 (0) = (00))
+ (o () =0 (o)) + (o (002) = 0= (112) )}

< P12 = Piaye
2
f/ Pj 1/2 AD) —

Pit1/2 NP = P12 N Piv1/2 NP = Py 2 N

2

w\% w\é w\{

(v ?)
(,0 32 NP P12 )2
( )

pJ+3/2\/p p]+1/2\/,0 I p]+1/2\/p pj+3/2\/p p]+1/2\/,0

+( 7)
+)\<P?_3/2/\p_p?_1/2 )f/ P] 1/2/\p
+( )
_Au _
) (Pj11/2VP) = (p?_l/z VP =PV p) ,

(A.6)
where the last inequality comes from using (A.5). The proof now reduces to four cases, depending
on the ordering of p, p J 1/2 and p

+A (PJ 12V P =Pl VP

—-1/2°

Case 1: p > p?—1/27 p?+1/2. Under assumption (A.4), we have p > p?+3/2 as well. Inequality (A.6)
becomes:

ot = i < (L= A G02)) (P2 = Biaje) + A 0)1y0) (P2 AP = )
- ((f’a 127 f’?+1/2)2+(P?—s/ﬂf"ﬁ?—l/zf)

< (1= AP 651y) (P12 = Pajn) + M Bage) (Pfso NP = P12
- ((Pa va i) (f’?—wzm‘f)?—l/?f)

< (1 - /\f,(P?—uQ)) (P?_1/2 - P?+1/2) + )\f/(P?_Uz (p?—3/2 AV '0?—1/2>

(A7)

AL n n n 5 v ?
_ T max {Pj71/2 - ij/g, pj73/2 NP — pj—l/Q} )

where the last inequality comes from the bound: a® 4+ b* > max{a,b}?. The CFL condition (3.2)
ensures that the two first terms of the right-hand side of the last inequality are a convex combination
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of (p?_l/z — p?+1/2) and (p?_3/2 AP — p?_l/Q). Consequently, inequality (A.7) then becomes

+1 _
p?71/2 p]+1/2 < <maX {p] 1/2 = Piy1/2:Pi—3/2 NP — P?A/Q}) .

Since p}i_g/5 NP = Pj_1/2 < Pj_3/2 — Pj_1/2, the monotonicity of ¢ ensures that

+1 +1
p?—1/2 - p?+1/2 <9 (max {p?—uz — P12 Pi—3/2 — 9?71/2}>

< (max {D}_,, D}})
< (max {D}_1, D}, DY, ).

Since the right-hand side of this inequality is nonnegative, we can replace its left-hand side by D;LH,
which concludes the proof in this case.

Case 2: p < p 120 J+1/2' The proof of in this case similar to the last one so we omit the details.

Case 3: Piiiye <P < PF g0 Under Assumption (A.4), we have the following ordering:

pg+3/2 A Pg+1/2 <P <pj_ 12 S pj- 3/2
Inequality (A.6) becomes

Al _ _
n+1 n+1 n 2
ij1/2 Pgi1/2 < Pi 12 = Piy1ja — ((P] 12 — P’ + (P = Pis1/2) )

)\,u 2
< Pi 12 = Piy1je I(P?—uz — Piray2)"s

where we used the inequality 2(a® + b?) > (a + b)2. From here, we can conclude as in Case 1.

Case 4: p?—1/2 <p< p?+1/2‘ Using the decomposition

P?_1/2 - P?.H/g = (P;L_1/2 Np— P?.H/Q AD) + (P?_l/z Vp— p;'l+1/2 V),
inequality (A.6) becomes

P?jll/g P?Ll/g ( - Af (P} 1/2)) (P;L—1/2 AD = Pji1ja N ﬁ) + Af’(ﬂ?—uz) (P?—s/Q AD=Pj 19N ﬁ)

+ (1 + Af,(/)?+1/2)) (P;L_1/2 Vp— P?+1/2 v ﬁ) - )‘f/(P;‘l-s-l/Q) (P;L-H/Q Vp— P?+3/2 \ ﬁ)

AN n — n 2\? n — n 2\?

T { (Pj—l/z AP = Pipr2 p) T (pj—3/2 AP = Pj1p2 P)
T — 7 — 2

+ ( 12 VP = Py V P) + (pj+1/2 VP = PjrzeV P) }

<

A

+
AR " AD— /\*>2+(” Vp—pt \/*)2
B Pij—1/2 NP = Pjr1/2 NP Pj—1/2 VP~ Pjr1/2 VP :

1- )\f,(P?—uQ)) (P;L—1/2 AP = Piiip N ﬁ) + A (-1 /2) (P;L—3/2 AP = Pi_1a N ﬁ)

_l’_

1+Af ’(p}-‘+1/2)) (P?—m VP =PV 5) = A (P s2) (P?H/z VP =Py Y ﬁ)
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The CFL condition (3.2) and the ordering p?+1/2 <p< p?—1/2 result in
(1= A1) (e A= ap AP) <O and (14 AF(170)) (Paya VP = paya V) <O
so we can replace (A.8) by

P;Lj_ll/g - 0?111/2 < )\f/(/);‘t1/2) (/7213/2 Np— P;'L71/2 N ﬁ) - )\f/(/)?+1/2) (P?Jd/z Vp— P;‘L+3/2 \ ﬁ)

A B N2 B N2
Y { (P?71/2 AP = Piirja N P) + <p§‘,1/2 VP = PiripV P) }
1 7 — T — T — (3 —
<35 ((pj—3/2 AP —=pPj_1/2 N P) + <Pj+1/2 VD= PizpV P))
Ap

2 2
4 { (P?,l/z NP =Pty /\ﬁ) + <p§‘,1/2 VD= piiie Vﬁ) }

<y (max { (p?-sm AP =P a2 ﬁ) ’ (P?—m VP =PtV ﬁ) }) :

and we exploit the monotonicity of ¢ to conclude.

Step 3: We no longer assume (A.4) and we get back to the general case. Let us introduce

Wsfa = Pi-aj2 V Py Wioye = Piajz Wije = Priijz Yivsjz = Piraja NP1y

and
+1 . +1
U;L—l/z = H(u?f3/27“?71/27“?+1/2)7 u;‘l+1/2 = H(u}lfl/% u?+1/2,u?+3/2).
Using the monotonicity of H, we get:

+1 +1
P;L_l/g - p?+1/2 = H(P?_g/Q, P;L—l/Qa p?+1/2) - H(p?_l/za p?+1/27 P;l+3/2)

n n n o n n n _ ., nt+l ntl
< H(uj—3/27uj—1/27uj+1/2) H(uj—l/Q’uj+1/27uj+3/2) = U5 qy0 T Uiyq)or

Since U?+1/2 — u;?+3/2 >0 and u?—3/2 — u;.‘_l/z > 0, Step 2 ensures that

~n+l1 ~TN ~N o~ ~TN
n n
D] S'(/) <maX {D]17D]7D]+1}> s D] — max {ujfl/Q_u]?Fl/Z’O}'

Clearly,

~Nn ~Nn ~Nn
n _ n n
D; , <Dj,, D;=Dj, D;,<Dj,.

Using the monotonicity of ¢, we get:

n+1 n+1 n+1 n+1 n n n
Pilije = Pipij2 S Wilqyg — Wiy S (max {D7_;, D}, D}y, }),

concluding the proof. O
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