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Abstract

In this work, we introduce a novel 3D exact model for the analysis of the transient mechanical behavior
of laminated composite plates and shells. The system of equations obtained by using Hamilton’s principle,
and the generalized ABCDE-matrix that accounts several essential mechanical couplings (due to variation
in the thickness and section warping) often neglected in the classical literature. The stretching-through-
the-thickness term is rigorously justified by the existence of potential of distortion proved here. It’s found
important to develop rigorously 3D exact analysis of mechanical behavior to improve the quality and resistance
of laminated plate and shell structures for variety of applications. The proposed equations are assessed
to show the performance of some matrix systems developed here in some selected test cases found in the
literature. The 3D exact analysis proposed in the current work, improves many recent studies on the analysis
of laminated composite plates and shells. Moreover, the generalized ABCDE-matrix has a great potential
to increase the predicting power of the mechanical behavior of civil structures and the accuracy of analysis
meanwhile reducing the computational costs.

Keywords: Laminated Shell models, stretching-through-the-thickness, 3D laminated constitutive relation,
Exact laminated shell model, 3D exact analysis, Simple modified conventional algorithm.

1 Introduction

Great industrial efforts are made to improve the quality, durability and resistance of laminated shell
structures (or composite materials with natural fiber reinforced) for variety of applications (including marine
engineering, aerospace, hydraulic design among the others). A review on the tensile properties of natural
fiber reinforced polymer composites [? ]. For that, some theories or models have been developed to maximize
the accuracy of analysis meanwhile reducing the computational costs. The static and dynamic of mechanical
behavior of LCS can be difficult to analyze in practice due to several problems as anisotropy, nonlinearities,
mechanical couplings, complex phenomena such as variation in thickness during the deformation that creates
the transverse shear stress, the twisting along the normal axe that produces the membrane distortion in each

h h
section located at —3 <z< ) and even the section warping. To solve all these problems, a complete exact

model accounting the variation in thickness is required. Most of the models used or applied in engineering
are heuristic adaptation of theory of thin shell of Kirchhoff-Love(K-L) where the classical displacement is
u, — 2(2b)uy + U3 q)-

As a consequences mathematical studies of thick shells are based models that need to be improved. Here,
a 2D shell kinematic equations that introduce a particular form of admissible displacements obtained as a
solution of a torsional loading problem in 3D solid is used here to derive a new exact laminated shell model
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for the study of the mechanical behavior of laminated shells. In this framework the magnitude of transverse
displacement (stretching displacement) does not compared to shell thickness.

For the multilayered shell analysis, the literature offers several 3D exact model coupling the in-plane
and out-of-plane strains and derived from 3D field displacement. These models are often solved analytically
(by a simple algorithm, Navier or Ritz-Raleigh approaches) as in [21], [22] or numerically by FEM (Finite
Element Method) as in [27],[35]. The models widely used in literature neglect the section warping plane, the
stretching-through-thickness and the Gauss tensor effects. The model available in literature are not able to
reproduce the mechanical behavior of 3D shell under twist load accurately. Moreover, several 3D exact model
have been developed for a particular geometry, sequence of layers, choice of materials, type of loadings. We
develop and implement a 3D exact model for multilayered shell (seen as a 2D exact model which account the
transverse strains) having a very large field of application and not use any and-hoc assumption and correction
factor as in Reissner-Minddlin (R-M) based models or more generally the model based on First-order Shear
Deformation Theories (FSDT). The proposed theory does not admits any limitation on the type of loading
applied to the laminated shell. The developed 3D laminate constitutive equations (LCE) serve to derive a
exact model capable to address the variations in the thickness.

Classical or more recent Shell models for multilayered composite double curvature shells result in a system
of several coupled second order differential equations in term of displacement fields v ,v, w. The classical
laminated shell theory (CLST) results in a system containing three sub-matrices A, B, D more used in
literature (and initially developed for plates by [32]). In the same way, the First-order Shear Deformation
(FSD) based models also widely used in literature, provides a system constituted of fourth sub-matrices A, B,
D(in plane stresses) and F' depending of correction factor in the transverse plane. The above sub-matrices are
often derived from Hooke’s laws (assuming the stress plane) without geometry parameters and the curvature
of the shell. This law reads [4] [27],[32]:

o8 = [Q]e”, (1)

where a, 3 = 1,2 are the problem physical coordinates, [Q] = Q,,,, m,n = 1,2,6 is the reduced material
matrix. The above sub-matrices were widely used in the literature to analyze the mechanical behavior of
LCS (see for instance [1], [2], [3], [4], [5], [8],]19], [27],[31],[36]). When we assume the stress plane, 0*3 = 0 and
033 = 0 and in this case, some terms appear in the constitutive relation. These terms is practically ignored
in some formulations of mechanical behavior of LCS available in the literature and widely used by several
authors. Really the Hooke’s law at the first order for two-dimensional laminated composite shells using the
same assumption and geometric parameters reads[23]:

o = L (x, 0)€vp, (2)
where

Laﬁp'y(x,o) _ C(xﬁ’yé _ 20(1576 [(2073013)—10;)375(207333)—1] _ Coz533 [(207333)—1Cp3’y<5 + 03333)—103376] ,
(3)

where C*AP7 is the matrix of material. For certain application, we get we can take:

200 (x0) = a0 (0] - ). @
Q66

where a®? is the first fundamental form of the shell. When the thickness of the laminated shell be-

comes greater, the CLST is not applicable as proved in Ngatcha et al.,[21] and extensional-twisting-shear,

extensional-Gauss bending-shearing, Gauss bending-shearing are of mechanical couplings which can not found

via a correction factor (used for isotropic materials) without physical and mechanical justifications as in FSD

based models. In such case, the shell models for multilayered composite double curvature shells can resulted
from a system including five sub-matrices A, B, C' D and E (ABCDE-matrix) [21, 22]:

N=Ae—BK+CQ; M =-Be+CK—-DQ; M*=Ce— DK + EQ; (5)



where
A = A” = Aij + KaBija B=
é == éij :Cij+KaDij,D:
E = Eij=Ej+ KTy,

Bij = Bij + K. Cij, (6)
Dij = Dij + Ko Eij,

and where K, = R%! with C' the tracer and R, the radii of composite shells. The force and moments are

N, M, M" and the deformation tensors are e, K and @ (see below). We observe that the ABCDE-matrix is
more interesting than ABD-matrix of CLST or ABDF-matrix of FSDT. In high order shell theories which
include transverse normal strains, the high order terms are introduced only in kinematic equations. It’s
important to know that the variations in the thickness can produces the warping sections effect during the
deformation. A warping tensor gY,s must appear in plane deformation tensor. Here, the term g is defined
such that the stretching-through-the-thickness term ¢ is given by ¢(z,y,z) = >, 2q(z,y). The effects of
thickness stretching in analysis of LCS have been investigated by [8]. Therefore the Warping and its effects
due to "stretching-through-the-thickness” variable must be considered for any analysis of three-dimensional
laminated composite and sandwich structures.

In view to integrate the geometric and curvature parameters of 3D shells, the following equation is the
most general(anisotropic) possible for each lamina has been used to find a generalized ABCDE-matrix (from
3D constitutive relation) proposed to the first time in this work:

O’ij = Lijklekl, (7)

where i, j = x, 7, z are the problem physical coordinates and where L% = [Q]G* G*! is the matrix satisfying
the ellipticity condition. i.e. there exist a constant a > 0 such that for any symmetric tensor y we have
LUk ixk > axrxkr. The tensor GU is the first fundamental form for 3D shell that accounts the geometric
and curvature parameters of the shell.

For exact analysis of laminated plates and shell several method can be used: closed form solution, space-
state based formulation, Fourier series expansion, approximation of the in-plane displacement through the
thickness, direct elasticity based approach. All these approaches or theories can be found in several papers in
the literature. Closed form solution can be considered only for cross-ply laminated (which means that the fibre
orientation angle equals 0° or 90°). The use of elasticity based approach directly, can neglect some mechanical
couplings appearing in the LCE. Moreover, the mechanical behavior at macro-level of the composite structure
cannot be well formulated and can lead to erroneous results. The series expansion method may contains terms
that are difficult to manipulate. A exact analysis of laminated shells accounting more possible mechanical
couplings cited above and describing a complete mechanical behavior at macro-level is still necessary and to
be welcome. The literature offers many 3D models for one-layered and multilayered isotropic, orthotropic,
sandwich and composite plate structures. Really,such models or theories are not applicable for static and
dynamic analysis laminated shells. Exact three-dimensional models for one-layered and multilayered isotropic,
orthotropic, sandwich and composite structures were developed for static and free vibration analysis of plates
and shells in terms of displacements with in-plane and out-of-plane stresses through the thickness direction [5],
[8]. In the work of Carrera et al.,[8], the 3D exact solution is based on the differential equations of equilibrium
written in general orthogonal curvilinear coordinates. This exact method is based on a layer-wise approach,
the continuity of displacements and transverse shear/normal stresses is imposed at the interfaces between the
layers of the structure. A model to analyze the LCS has been developed using same approach and coupled
with the principle of energy minimization by [16]. Using directly elasticity equations, exact solution using
the potential of 3D spherical equations for composite structures in open and finite domains were obtained
by [29? ](see also [30]). The results of Ren [29] were compared with classical and Donell’s shell theory.
Based on exact elasticity theory, a 3D exact model is derived for analysis of free vibration of cylindrical shells
has been developed by Gasemzadeh et al., [11]. A such method is also used by [33] to find exact solution
(displacement and stress fields) for analysis of cylindrical shell panels via a displacement-based formulation
obtained directly by a elasticity problem. Tornabene et al., [35] have developed a dynamic formulation(exact
models) for free vibration analysis of cylindrical and spherical shell panels. In Reddy [27], exact 2D/3D



models and solutions are developed on the basis of three-dimensional elasticity theory, layer-wise approach
and equivalent-layer approach for the static and dynamic analysis of LCS. Ngatcha et al.,[22] have recently
presented and implemented a more general two-dimensional exact model for transient and static analysis
of thin and moderately thick shell without the effect of stretching-through-the-thickness term in kinematic
equations and neglecting the warping sections. An approach to find by simple calculation the strains/stress
in each layer has been proposed by Ngatcha et al., [21]. The approach was more appropriate to analyze
the tube composite structure without any difficulty. The formulations using ABCDE-matrix proposed by
Ngatcha et al., [20, 21] extend some results of [27] and [4] and improve many 2D laminated shell theories
recently developed and used to design composite shell structures.

Several above 3D static investigations neglect the effect of warping tensor that produce some mechanical
couplings in the material during the deformation. For dynamic analysis using above models, only the term
Iy is considered. Some terms related to w0 as the Morozov term and the term (IQA”‘T + [4A°‘Tblb,’;) VoV,
where I;,i = 0,2, 4 is the inertial term (see below) do not appear. Moreover, the constitutive relations used in
some above models are not genuinely 3D and some plane and transverse mechanical couplings do not appear.

We develop in the current study a novel 3D laminated constitutive equations that contains capitals infor-
mation to analyze a composite shell or plate structure. It’s expected that this 3D LCE is one of most general
encountered in the literature due to the presence of novel elements in the stiffness matrix embodying me-
chanically coupled deformation such as extensional-bending-shearing, bending-shearing, extensional-twisting-
shearing, extensional-bending-shearing, extensional-twisting, extensional-stretching bending-stretching, shearing-
stretching and stretching couplings. Such matrix provides critical and capitals information on the mechanical
behavior of shell structure at the macro-level. All these information are used to improve the 3D exact so-
lutions obtained by other methods. Some shell models are not physically and mathematically justified. It’s
necessary to use a rigorous laminate constitutive equations to develop accurate modelings to investigate by
analytical method center deflection, natural frequencies, membrane displacement, local stress and strains of
the composite laminated shells. The developed LCE contain the LCE obtained by CLST and by FSDT with
additional terms related to the third fundamental form, warping section tensor and the thickness variation
during the deformation that governing strain energy.

The first objective of this paper is to derive a novel 3D laminated constitutive relations that contains
several mechanical couplings necessary to design efficiency composite shell structures. The second objective
is to use this constitutive relation to derive using Hamilton’s principle a new 3D exact model for the dynamic
and static analysis of the behavior of laminated composite plates and shells. The obtained 3D exact model
no use any and-hoc assumption and correction factor as in several recent works available in literature dealing
the composite materials. The third objective is to extended this exact model to doubly curved laminated
composite shells to find a original 3D matrix. To the best of authors knowledge, there is no published works
in the literature developing non heuristic 3D exact model for the static and dynamic behavior of laminated
composite doubly curved shells. That not only includes the warping and the twisting effects but also accounts
the thickness variation during the deformation of the laminated using a stretching-through-the-thickness term.
I performed in this work the static and natural vibration analysis of cross-ply laminate composite doubly
curved shell to determine Navier’s solution with the simply supported boundary condition at all edges. The
goal of this paper is to derive and implement analytically a new 3D exact model to 3D accurate analyze
of the static and transient behavior of a LCS. The rest of paper is presented as follows. The section 2, we
present a three-dimensional laminated shell model and some assumptions used in this modeling. We proof
the existence of a admissible displacement by a natural way. We propose also a existence and uniqueness
theorem for the shell model. In section 7?7, we develop a new 3D constitutive equations using the Hooke’s law
with geometric and curvature effects. We propose using Hamilton’s principle and the proposed 3D LCE a
new exact model. Here Navier based method is used to obtain a general dynamic 3D equations to solve a 3D
torsion problem with accuracy in section 4. We perform some tests and Benchmarks to validate the proposed
3D LCE and the exact models in section 5. The exact analysis proposed in this work can be extended to
other mechanical contexts in composite materials.



2 A three-dimensional laminated shell model

In this section, we extend a 2D shell formulation of [? ] also derived from a 3D linear elastic isotropic
material (by introducing a particular from of admissible displacement obtained as a solution of a torsional
loading problem in 3D solid) to linear anisotropic shell formulation. Here, transversal shear strains and
thickness variation are accountable through additional terms which appear in the final kinematic equations.
In the case of thick shell it is possible observed that the effect of shear deformation with a weak core and
facing as well as laminated composite shells with large ratios of the tangential elastic modulus(Fs) to the
transverse shear modulus (G12) is important?.

Assumptions

Let assume in addition for a current modeling purpose that:

(i) Each constituent layer has its own geometrical and physico-mechanical characteristics; (ii) the material of
each constituent layer is linearly elastic and anisotropic; (iii) the layers are in perfect bond, no slip between
two adjacent laminae may occur;(iv) the displacement field function in the thickness direction is assumed to
be constant or linearly varying the throughout the thickness; (v) the mid-surface of the laminated and the
each laminae is bounded and sufficiently smooth for all subsequent computations. (vi) The perfect-bonding
conditions for the layers are formulated as follows: the stresses o(z,y, z) and displacements U;(x,y, z) are
continuous at the interface between the (k — 1)th and kth layers:

{Uzk|Fk1,k = Uik_lh‘kfmw (8)

[U]kni,k = _[U}kni,kfl'

where I'y,_1 . (see Fig. 7?7 on page 77?) is the interface between the layer k —1 and k; n, i (respectively n; ;1)
is the normal of layer k(respectively of layer k — 1) along the direction i.

We note that n; is the components of the normal 7 to the interface along the direction ¢ where 7 is the
normal of domain 2 given by

A = (0, ng) = (cos(pa), cos(pp)) (9)

where ¢, and @g are the angles between the normal 7 and the directions o and 3, respectively.

2.1 Euxistence of a potential distortion and kinematic equations

Mid-surface displacement (z,y, z) is computed in order to satisfy the plane strain state and the change
of surface along the thickness U, (w,y, z) = pXtuy where po = 65 — 2bf. In this case 2¢,3 = 0 and uz does
not depend on z-parameter. The general solution of Equation 2¢,3 = 0 is found in Nzengwa et al [25] and
consists to find %, in the base (aq, as) that satisfies Equations (10)

{ﬁv(a:,y, z) = phuy(a, B) — zus y; for each(u,, us) € (1TxS)? (10)

ﬂg(a,ﬂ,z) = U3(Oé,5)

We note that the transverse strains is given by

1 - . -
€a3 = 5(#3“%3 + (tp,3 + Bhuy))

Let us ¢ = (¢, ¢3) the total field of transverse deformation where ¢, = 2¢,3 « = 1,2 and where ¢3 = €33.

1We can have in this situation G12 = AE2 with A > 0.5



Proof of existence of a admissible displacement q(x,y, )
Admitting that rot(¢) = 0, there exist a function g(z,y, z) whose derive ¢ and in this case, we have:
(ba = Vaq = 260437 and ¢3 = (93(] — €33. (11)

We recall that

Uoc(xa Y, Z) = (/J/)gua(x) - Zu?),a(x)? in Q7 (12)
Us(x,z) = uz(x),
We multiply the first equation of (47) by (u~!)2 and we obtain:
(1™ EU0a(2,y, 2) = up(x) — 2(u™ ") §Us,a(x). (13)
We derive with respect to z and we get:
(1™ H§Ua(z,y,2)) = = (2(™)§Uas(x) = = (™ a5 (@), + ()5 )5 g0, (14)
since we have:
()5 .0). = (52 0 — () ()2 s 2) (15)

Due to fact that ug = 03q = 0.q, we have (U3 ;) o = ¢,o. Therefore, q(x,y, z) satisfies the following additional
system of equations:

{(m-l)gaa(x,y, 2)) 4 (5500 (s — q) = 0 16)

(ES),Z =4q,z

The last equation of (16) implies the existence of normal displacement depending only of x. Noting ug this
displacement, we get:

((u3) — q),- =0 = uz(x,y) = u3z — q. (17)

With (16) and (17) we have proven the existence of admissible displacement ¢ (stretching function) by
using a 3D torsion problem. It’s possible to write a 2D kinematic with through-the-thickness variable.

A 2D kinematic with through-the-thickness variable: 3D Kinematic equations

The stretching function introduce the transverse displacement and the kinematic thick shell equations
developed in [26] and reformulated as follows:

Ui(x,2) = (1 — z/Ri)ui (x) — 201 (x) + 2*®1(x), in
Us(x,2) = (1 — z/Ra)ua(x) — 20(x) + 22®2(x), in (18)
Us(x,2) = uz(x) + ¢(x,2). in

Here, 6, are the rotations of the normal of the mid-surface, given in curvilinear coordinates by 8, = 6,(us) =
(u3,a + Bhuy). The vector @, are the Gauss rotations of the mid-surface: ®, = (BYBJu, + Bfus,). The
function ¢(x, z)) is the stretching displacement through the thickness. The reformulated shell model contains
the classical Kirchhoff-Love(K-L) displacement u, — z(2b)ux +u3 o) or that found in Reissner-Mindlin(R-M)

h
model u, — z(Zb;‘u,\ + @,). The third term which is partly proportional to x = R (thickness ratio) and x?
vanish in K-L and R-M shell models.



Explanation of the term ¢(x, z)

The term ¢(x, z) is a particular admissible displacement and can be expressed as a function (non polyno-
mial or polynomial) in z:

q(x, z) = w(2)g(x). (19)

where w(z) is the transverse distribution function. The term ¢(x,z) is the stretching-through-the-
thickness and provides the transverse normal deformation/stress contributions in the laminated composite
shells. More generally, we have:

q(z,2) = G(x,0) 4 2G, (x) + 22Go(X) + cvvvnn + 2"q,,(x). (20)

When z = 0, we find ¢(x, z) = 0 and we retrieve the model proposed in [25]. the K-L based kinematic or
FSD based models. The order of this term determine the refinement of 3D exact solutions of the composite
shell problems. In first order, we read

q(x,z) = zg(x) = w(z)g(x) where w(z)= z. (21)
In this paper we have taken ¢(x, z) at the first order.

2.2 Strain-Displacement field using equivalent layer approach with through-the-thickness variable kinematic

The stress-strain relationship for a typical k —th lamina in a laminated composite shell made of N laminas
1 <k < N (see Fig.(1)) is written in local basis by Hooke equation:

;= Q)€ (22)

where Ufj, efj ,

respectively.

[Q(61)] represent the 3D stress tensor, 3D strain tensor, and 3D reduced stiffness matrix,

x3

mid-surface §

Figure 1: One layer of laminate shell.



Let U(n,q) = (U(n),U(q)) where U(n) = (Ua(n),Us(n)), U(q) = (0,0,q). The 3D strain tensor compo-
nents are given as:

~ GZB(U) = ‘iﬁg(a) - Zngﬁ(a) + (22)* Zﬁ(a) + qkT’;B
F(U) = { ey (U) = 5(# ka3 (U5 + BRuk)) (23)
6153(U> = U??,:s
ens(U) = eqg() — 2 Kl,(a) + (2%)F QL5 (W)
ei3(U(n) =0= ey
& (0) = capUla) = t{’“(x 2)Thp(x,2) = € (24)
cas(U(q) = §8aqk(x,z) = 5(25]2
es3(q) = O3q" = o}
where va5 = —(pabus + phbua), and q(x,2) = w(z)g(x). Finally, the 3D strain tensor which accounts is
iven by:
’ ' e (U) = ei;(UM)) + €5 (U(q)) = € + €, (25)

where we have U = U(U) + U(q).
For orthotropic material the stress-strain constitutive relations is given by Equation (26):

o8] =
@ik )

Ek: [QB]_i

[o43] = [Ql[¢4],

and for each layer, the micro-mechanical behavior is given by (27)

[Qlleas] — 2[Ql[Kas] + (2*)*[QUQ44] + ¢*[QI[TG4,
1
2

ol = [QO)]leasl” — 2k[QON[Kap]® + z£[Q(01)][Qap]® + [Q(0k)][a L as)" (27)

+ 1/2[Q(01)][¢al” + [Q(64)][e3]",

where e, (1), Kap(), Q,pz(1) and ¢Y 5 define respectively, the membrane deformation tensor, the change of
curvature tensor, the change in third fundamental form (or gauss curvature tensor) and the warping in-plane
tensor. We have:

- 1
eqs(u) = §(V5ua + Vaug — 2ugbyg); (28)
Kap(i) = Vablu, + Vs, + ¥ Vau, + VaVaus — b sus;
2Qu5(w) = WOVgbu, +bobyVeu, + 05V sV us + pr ablur + bpr Valy + bZVanUg,;
1 T T
Yapg = =35 (Habrs + pjbra) q

The terms Qqp5(%) (that is the product of the curvature tensor and the variation of the rotational vector) and
Tos(x, z) disappear usually in some 2D /3D exact laminated shell models recently developed in the literature.
Moreover, its effect does not include the constitutive relation used to analyze shell laminated. We remark
that these tensors, referred respectively to hereafter as the Gauss deformation tensor and the warping section
tensor due variation in the thickness. In curvilinear coordinates, the tensors given in Eq. (28) written as



follows[20]:
eaa
26a5

KO(CK

2K,

QQOC

QQaﬂ

A T AA " T RY (29)
Uq,B . Aa,ﬁ UB, o Aﬁ,a
Ay AT A, T AL (30)
Roo l Ua,a Aa,ﬂ ug i U3¢0 Aa,ﬂ us g us
ARZ" T Ro\ Ay ) AuAs \R.) T AL\ A, ) T A A\ Ay ) T RY
Raﬂ 2 uaﬂ 1 1 Aaﬁ 1 U37a Aa,g U37a
AR2" T R, < A ) * (RB * Ra> AAg"e T A\ Ay ), T Ay A,
R 2 (uga 1 1\ Apa 1 (usg Ago (usg
AR2" T Ry ( A, ) + <R5 + Ra) AT A\ Ay ) T Ay \As )
Ll () _ Ase (ug) L (usa) | Apa (Usp
Ra Aa o/ o AaAﬁ 3 Aa Aa o AaAg Aﬁ ’
L (ua)  Age (ua)| L |1 fug Ao (ug

A5 \Ra) .~ AuAs \Ry Rs |4a \Rs) ., AuAs \Ra

R
U3, T 1 us,p _ Aﬂ,a u3,aR . Aﬁ,a us,p
Aadg \ Ao ) 5 AdAg \Ag ), Aadg \ Ay ") AAg \AgR. )"

Cylindrical surface with radius R: R = (Rcos6, Rsinf, x) the coordinates are (z, Rf) = (x1,x2):

1
2 x x Y
1 u, Vgt Ru,g
(eaﬁ) = 5 ) (31)
2
* ﬁ(vﬁ + w)
1
W E(w,xa - 'U,x)
(Kap) = ; (32)
* —E(QU)Q +w — w799)
0 )
1 SHo\Uz — W zo
Qi) = 5 R (33)
* 7ﬁ(’079 - wﬁgg)



For spherical surface, R = R (sin 1 cos ¢, sin sin ¢, cosy). The coordinates are (1, ) = (x1, x2):

2u o + 2Rw Vo +ug—2vcoty
(34)

NN

(€ap) =
* 2(v,g +wRsin® )

1
2 —veot ) — =(v,q + up)

Waa —W— HU o R R
+Ww, o8 — W, g cot Y

2
« —R(v,5+usinwcos¢)+
W g8 + W,o sinty cos ) — w sin 1>
W, aa U o ﬁ(uw@ —2vcot ¢ + U,a)
— )
1 i r *E(w,ag — w,g cot 1,[})

1
ﬁ(vwg + usin cos )
*

1
_E(w’ﬁﬁ + w o 59N cos )

3 Constitutive relation: 3D General composite-shell stiffness coefficients for geometrically
thick shells

Each lamina is considered to be orthotropic and linearly elastic. The stress-strain relation for thick lamina
(see Fig.(1)) is:

Oz Qn gm le 0 0 gw Cxx
Oyy 912 Q22 923 0 0 Q26 Eyy
Ozz _ Qi3 Qa3 Q33 0 0 Q36 €2z (37)
Ogz 0 0 0 Qu Q4 O €2
Oyz 0 0 0 Q@ @ O €yz
Ozy /i Qe @ @36 0 0 Qs Coy /g
(z,y, z) are the problem coordinates. in curvilinear coordinates we have:
(Uij)k = [@(ek)]gijgkl(ekl)k (38)

where k denotes the k—layer of the multilayered shell plotted in Fig. (2). These Equations are the relationship
between the components of stress in (z,y, z) and (e, e, e3) coordinate systems.

of = [Qlref and of; = [Q]xel; where k denotes the k-layer of the multilayered shell; o;; and €;; denotes
respectively the components stress and components strains in the problem (P) coordinates (z,y, z); and o;
and ¢; denotes respectively the components stress and components strains in the material (m) coordinates
(e1, e2,e3). Distributed in the plane (for i = 1,2,6) and outside of plane (for ¢ = 3,4,5).

[Q] is reduced stiffness matrix, and [@)] is the transformed reduced stiffness matrix. The elements of the [Q)]
matrix above are dependent on the material constants and may be calculate as:

1 — 39103 1— 303 — V1al21

1
Q11 A 11, Q22 A 22, (33 A 33, (39)
Vi — V13V32 Vi3 — Vi2Vo3 Va3 — V2113
= 7E = 7E - P— 7_5‘ -
Q12 A 22, @13 A 33, @13 A 33,

Qaa = Ga3, @55 =Gz, Q¢ = G2,
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where A = 1 — vyov21 — Vo332 — V31113 — 2191 V32013.

We note that E; 23 are young modulus in directions 1, 2 and 3; Gz , Gs1, G12 are the shear modulus
in the 1-2, 1-3, 2-3 planes; v12 21, V13,31, V23,32 are the poisson’s ratios in the 1-2, 2-1, 1-3, 3-1, 2-3 and 3-2
planes. The matrix [@] is given by:

(40)

There [T7] is the transformation matrix ; [R] is the Reuter matrix. These matrices are given by equation (41)

in 3D:

®» O
NN

s2 0
2 0
0 1
0 O
0 O
cs 0

SO »w o0 OO O

0
0
0

—S

2cs
—2cs

and R =

OO OO O
SO OO+ O

S ook OO

SO NO OO

SO OO OO

NO OO OO

L J

Figure 2: Description of a multilayered shell.

The novel 3D constitutive relations: Generalized ABCDE-matrix

Zys1

(41)

The force and moment resultants are obtained by integrating the stresses over the shell thickness as in
[22]. The stress resultant equations extend those obtained in previous work of [22] (see also [21]) and read:

N
M
M*
S| =8B=
Slz
S2z
SSZ_

C

S

[0]6x6
So [0]6xe
Sz [0]6xe
Sy [Olexs
6x6 O
6X6 [0]6><6
6x6  [0]6x6

]6><6
]6><6
]6><G
]6><6
]6><6
Sy

[0]6x6

[0
[0
[0
[0
[0

3O

>
SIS

T
2 @



The above equations given by (45) is the 3D laminate constitutive relations or Laminated Fundamental Law
for three-dimensional thick elastic shells in first approximation. Here the effect of geometric of shell do not
take into account. This methodology is also use for laminated plates in [32] and in more recent book and
papers available in the literature. A such formulation is not able to give some information about the laminate
tube for example. The laminate stiffness or composite-shell stiffness coefficients A, B, C, D, ESy, S5, S3, 5S4, S5
are defined by:

Nb
1 — ..

H' = 23 [Qyle(h — i) 1<ij <6, (43)
k=1

More generally each composite-shell stiffness coefficients can be written in first approximation:

hi—1

Nb hi
Z = Qi (/ zlw(t)(z)dz> , 1=0,1,2,3,4 t=0,1,2,....,n (44)
k=1

where the terms [Q;;] are the elastic stiffness coefficients for the material. The new 3D LCE proposed in this
work is different of those based on R-M type FSDT, High-order theories with through-the-thickness variable,
refined theories for anisotropy shells which neglect the warping in-plane tensor. The composite-shell stiffness
coefficients for 2D circular (tube for example) shells are rigorously developed in [21] and can be used for 3D
laminated shell. We obtain stress and strain components from of boundary conditions and equation (?7).
We can deduce stress and strain of each layer by a complex inverse calculation and we get:

e All B! cit St [0lexe [0lexe [0l6xe N
K Bl ! Gt S [0lexe [0lexe [0lxe M
Q gt Kt SE [Oexe [Olexe  [Olexe | | M*
gy | =B=| Si Si Sg S7  [0léxe [O]6xe [Olexs | | S (45)
01q [0l6x6 [0l6x6 [0l6x6 [0loxs  S§  [Olexe [O6xe | |Siz
02q [0l6x6 [0l6xs [0l6xe [Olexs [Oloxe  S3  [Olexe | | Sa=
| 7 | [0]6x6  [Ol6xe [Olexs [Olexs [O6x6 [Olexs  Sto / | Ss-]
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with

Stl = —[A%][S1], 53] = [BI[AT1][S1] + [Sa,

831 = [9s] = [CI[AT1][S1],  [S5] = [S1][A™],

S5 = [S[ATY[B] + [S2],  [S5] = —[Sul[A7M[B] + [Ss],

871 = =[S1[AT[S1] + [Sal,  [A]] = [A%] - [BF][E*~1][D"],
"]

] [
By] = [B|[E*7Y], [Ci]=[C*] — [B][E*"M[F
[

[

[

[

[

[

[

[

[ :

[Sti] = St = [BF][E*1[S5],  [Di] = —[E*1[D7],

[EY] = [, [FY]=—[EYF*], [85] = —[E*1)[S5],

(Gi] = [G*] = [H)[E*N[D*],  [Hy] = [HEY, (] =[] - [H)[E[F],
[S5:] = [S5] = [H*][E*~1][S3], (46)
[Sh1] = [S3] = [Sz1E*1[D*] + [Sg]1EF Iy 6] = [Sg1 ~IGH),

[S51) = [S31E"] + [Sg]LE= M F (1~ IHT) = [Sglln ] [HT],

[Sé1) = —[Sz1E*FL] + [Sg] 7,

[S71] = —[S31[E11S5] + ~[Ss1E= I [F-]1y 1[85] — (S~ IS5] + [S7),
(S =571, [Sa] = —[S71ISa),  [S3] = —[S7'1[S5),  [Si] = —[S71 ' 1[Skl,
[GM] = =[G = I IS51ISH,  [HMY) = =[5 [HT] = [ 185,83,
(1] = =[5 1HY) = [IS511S8), 193] = [ ][S5,]157),

(D] = [Di] + [FY][GH + [S5,][S1],  [EY] =[] + [FY]H] + [S5](S5];
[FY) = [FYII + [S501S6), (3] = [FY1[S5]) + [95,](57],

[AY] = [A]] + [CYNIG + [STlSa),  [BY] = [By] + [CI[H'] + [S,][S4],
[CH] = [CIIY] + [StllSgl,  [Si] = [C11S5] + [S7][S7],

[S8]=1[8:"], [S8]=18:"], I[Sho]l =1[5"]-

In classical elasticity theory the laminated composite shell is modeled using Two-Dimensional plane ap-
proximation of the layers, and the forces are considered in the mid-surface. We apply normal forces in the «
and f direction which are denoted by N,, and Ngg, respectively, and shear forces N,g. Likewise, we apply
moments in the a and § direction which are denoted by Maq, Mj, and Mpgg, Mj; respectively, and torsional
moments M,z and M;B.

A shear stress or shear force is defined as a stress which is applied parallel or tangential to the face of
material, as opposed to a normal stress which is applied perpendicularly.
In this work, the laminated composite shell is modeled using Three-Dimensional approximation, and the
forces are considered in the surface-plane and transverse-plane.
We apply transverse forces in the 1z, 2z, and z direction which denoted by S1., Sa2. and Ss,, respectively (Thus
the mechanical load consists to apply only the transverse load). Now we can find the plane-displacements
(e, K, Q) and transverse displacement or stretching displacement through thickness (g) in all the structures
necessary for evaluating of three-Dimensional stress and strains components of laminated shell. Any condition
is used on the choice of §. The developed 3D laminated constitutive relations account all the coupling terms
related to thickness variation during the deformation and section warping. A variation of thickness during
the deformation produces a transversal distortion and produces therefore the transverse shear.
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Figure 3: Forces, bending moments and Gauss moments in curvilinear coordinates on mid-surface.

4 Derivation of 3D laminated shell motion equations in curvilinear accounting the new me-
chanical couplings

The displacement components at any point in the shell read [26]:

Ui(x,z,t) = ui(x,t) — 2B1(x, 1) + 22 @1 (x, 1),
Us(x, 2,t) = us(x,t) — 2B2(x,t) + 22®o(x, 1), (47)
US(Xa Z, t) = ’U,g(X, t) + q(X, Z, t)

The micro-mechanical behavior obtained by this dynamical kinematic is derived as in (27) and static the
deformation tensors e,s(u(x)), Kap(u(x)), Qup(u(x)) and q(x)Y4p are replaced by the dynamic tensors:

eap(u(x, 1)), Kap(u(x,1)), Qup(u(x,t)) and ¢(x,1)Tap.

4.1 Hamilton’s principle for the composite materials

We Consider here a cross-ply laminated composite doubly curved shallow shell panel in coordinate (a, 3, 2),
as shown in Fig.3; symbol such that a, b,and h are dimensions of the shell in the o — direction, 8 — direction,
and thickness of the shell, respectively. Using three-dimensional shell theory we have developed a motion
equation by using Hamilton’s principle(or the dynamic version of the principle of virtual displacements). we
obtained the following equation:

T T
/ oLdt = / [0K — (60U — 0P)]dt =0, (48)
0 0
where ¢, K, §U and 6 P denote the variational symbol, the virtual kinetic energy, the virtual strain energy,
and the virtual potential energy of the external laterally distributed load on the shell respectively.

The finding of virtual kinetic energy, virtual strain energy and virtual potential energy remain open

problem for some shell theories no mathematical justified. A such situation can lead to system of equation

no clear and no funded physically. Here, we present a rigorous derivation of dynamic equations for a thick
laminated shell accounting the general composite coefficients.
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0K p(UadU, + UsdUs)dV (49)

Il
m\\\%

h
2

—

W [(ua — 2B+ 2280) (St — 2080 + 22004 + stz + §07| AaAsdadBdz
[ Otie + 113003) — It (ttafe + Badite +5677) + I (11a0Pa + BadBa + tia®adiia)| AaAgdadB
[E3(Baba + Babfa) + iadba] AaAsdads

(It — Ii Bo + Io®o) it + (—I1ttes + Toflo — Igéa)éﬁ'a} AaAgdadp

Iyt = Il + Iiba)0b0 + Ioitsdits — 1,707] AuApdads

|
| \\
SC\ — —

/ (Ioiia L0 4 Ly®0)0ua + (—Lyiia + Iofa — I;d )554 AaAgdadBdt
S

+

/ / [(ma — T30y + 1,$,)0®,, + Iyiizdus — 1@5@} A Agdadpdt
0 S
. . . . T
+ / {(Ioﬂa — 1B, + 12¢a)5ua =+ (*Ilua + 1B, — IB(ba)éﬂa} AozAﬁdOédﬂ
S

+ / [(zzua LB+ L) + Toisdus +11y5y] AaAsdads,
S

n .
where I; = [?, pz'dz are the mass inertias, p is the mass density,V is the shell volume, and S is the inner

surface. dV and dS values depend on geometric shell. The virtual strain energy is derived as follows:

h h h
/ 05 dV = / / 2 (0°P8eas + / / 2 0% 5eas + / / 2 0%8es3) AaApdadfdz  (50)
|4 SJ_— SJ_— SJ__

2 2 2

/ (N“PSeqp(0) + M*P5Ka5(0) + M**P5Qu0p(0) + S*6(Y0apq)) AaAsdadp (51)

oU

+ /(80‘36(Vaq)+8335q) AnAgdadp
S

The virtual speed of deformation, the virtual speed of curvature variation, the virtual speed of gauss curvature
and the virtual speed of stretching deformation are defined by:

1
5€ag(17) = i(va(s’ﬂﬁ + Va(s’ﬂa — 2ba55U3) = Va(sng — ba55773 (52)
0Kap(0) = Va(Vgdns +050m,) +05(VV 301, — bs,0ns3) (53)
1
0Qap(v) = (6Va(by0m, + Von3) + 0oV a(bydn, + V,ons)) (54)
1
6(Yapq) = *i(ﬂzbuﬁ + 113bv0)0Y
6(an) = —V,iy
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Expression of § P for 3D loadings

Now we give the expression of 6 P for 3D loadings. We have the following kinematic reformulation:

Us = ugla,B)—2(Vaus + 207 u,) + 22 (0307 ur + b7,V aus), (55)
= ua(aaﬁ) _Zﬂa(aa5)+z2q}a(a7ﬂ)v
= wh(2)u, + wh(2)V,us — 2bhu,
= o — 2(00 +Vou,) — 220,02, (56)
U3 - u;;(a,ﬂ)-l—q(x,z),
where w8 (z) = 02 — zbf, + 22b3b7; W (2) = —268 + 22625 0, = —(Vaus + bou,); Bala, B) = Vaus + 207 u,;
h h
and the thickness coordinate z € [—2, 2} .

Shell construction

Let the border of S, S = v9 U 71, be partitioned in two parts and the border of the shell 902 = T'o U Ty

h h h h h h
with F():%x]—272 ,and g = v1 x —Q,Z{UFUFJr we denote I‘,:SX{—i} and I‘+:S><{+§}.

Consider a laminated composite shell of thickness &, clamped on part of its border I'y, and subject to volume
forces f* and f3 and to surface forces §® and §° on the rest of its border I';.
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Virtual potential energy

Let us 0 = (Uqa,03) = (1,,73). One has:

0P

fovdX + | gévdl’ (57)
Jy o |

/ / f60,dSdz + / / f3603dSdz + / G“0Uadl + / ¢>605dD
% ’;
/ / f%60,dSdz + / / f60,dSdz + / / f3dz6nsdS + / / fw(z)dz65dS + / G“0T,dS
~4 -4 —4 Sx{-4}
+ / go‘617ad5+/ / go‘éﬁadzd'er/ g35n3ds+/ g 5n3ds+/ / G3onsdzdry
Sx{%} nJ-% Sx{%} Sx{-% nJ-%
+ / g*w(2)07dS + / 2)07dS + / / 2)07dzdry
Sx{&} Sx{- " g

Nk

/ f35n3d5dz + / 9% (wh(2)6n, + wh (2)V ,0m3 — 2b8001,) dS
sJ-L Sx{—L}

fwt (z )6npd5’dz+// fewr (2 )(5V(5773d5dz—// fezbldzom,dS

|3 vl

+

h
b [ g, oh )V bgands w4 [ [ gu)spdady
Sx{%} nJ-3
h
+ / / g“ (577a — 2(604 + b8,0m,) — 2259,)172) +/ g*w(z)67dS —|—/ g*w(z)6ydS
v - Sx{%} 53t 5
h
/ ( / fawg(z)dz> on,dS + / 8p<
S L S —

fewh (= dz) 5773d5+// f3d25ﬂ3d5+// (2) f3dz6ydS
3 _h 3

h h
3 h h
- /ap (/ 9w (=5) +§+w5(2)d2> 5773d5+/ (/ (97 —2byg )dz) M dry
S —% Y1 h

2

2b§‘§”)dz> 00,,dy + /S (( G° (—g) + g+(h))> onsdS

/S<(W(—Z)§3( Z)+W( )5yd5/m (/g dz>503d7+/% (/_

/ (D670 + pP6ns + p671dS + / (%N + *ons + ¢S5y + / m® §0dy
S Y1

7

+
T
/N
I

ol
N
Q

|
I}

+

w(z)g dz) oydry
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where

h
) o h. . h

= 3 e+ el ) + et ()) (59)
2
3 h h 2 h h

pPo= | Pt (-5 + 8 G) =0 | [ fUwh()dz + GLwg (=) + FLwl(5)
3 h h h. s h

4 3 N3 Y N3

b= /_gfw(z)f dz + W(=5)i (~3) + W) ()

h

-2

h
2

7 / g*dz
h

2
%

¢t = / w(z)§3dz
-3
%

me = /h(ng—szz‘gp)dz
-2

In Eqgs.(57)-(58), ¢, ¢ are the line load. m = m®A® are the linear density moment obtained on the free
contour 7 that contains the forces on I'; take on S. In fact, we have m = m®A® = m*¥ + m't, where m! and
m" are the bending density moments and the twistong density moments applied on ;. The coupled moment

m®0, =m'0, — m”0, = m'6, + m"i.0w (59)

where m! = m.t, m* = m.7 work on the angle due to the variation of 7 while m” work on the angle to
variation of ¢. Using the fact that Op = t*0, , Opva = BLA,, T.v = vz and mYi.0pw = —Oym”i.v — m”Oyii.v.
We can show easily that the term fm m*0,dy in (57):

m60,dy = / (mtéel, — Opm” dvz + m”taBg(Svp) dry (60)

Y1 71
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4.2 The motion equations and boundary conditions

Here, we derive using Hamilton’s principle given by (48), a system of equations that describes the dynamic
motion of the 3D laminated shell under loading computed previously (see Eq.(58)). This system reads:

O(AgN®) | D(AN) | 0Ao g 0Ap s 10(As5")  AuAsQ"  AadsQ™

oo o5 ' o 90 2 oa Re R2
+p* = Ay Ap (Ioii — 11 + Id,
ap BB 23 B *8
AAGN) | AN | 04 oy o 10(AGS™) _ AaAsQ”  AuAsQ
Oa ap Oa ap 2 op Rg Rﬂ
+p*3 = AaAg (I()U — .[132 + IQC.I.)Q

I(AzQ%) N I(AaQ™) A A, (N N NP8 ApAgMPP A AgMe™ 1 (AsQ™*)
da ap “P\'Ra " Rg R2 R2 R. 0o
1 9(AaQ* "
Sl
RIB dar 13 23 33
1 11 1 1 1\ 19(438)  10(AS%)  9(AgAsS™) )
looo (Ly LN g apteos (L L) 100 ! to A Al
2 RQ+R5)+ 73 gRa+RB> 3 0a 2 08 9- P phd
HAN) 0% o 8<A§X ), ag;a M8 — A AgQ® + AgAgmg = Ag Ay (~Iyii) + L — Iy,
« (0%
D(AsMP)  9As o O(AMPP) DA, 5 B o
G T e M T 5_ 55 MO = AaAsQ + AaAgms = AaAy (—11v+1252—13q>2)
D(AsM™*)  9Ag o (AP DA, . Iy
oo ~ Gl 4 SR . M = AaAp @ = Auds (IQu—Igﬂl +I4<I>1)
D(AGM™) | OAg s DALMY OAu .. v o
o g M S = M — A0 A5Q7 = Aa Ay (12v — Isfs +14<1>2)

(61)
We obtain the two-dimensional static and transient behavior of LCS when the terms dependent of ¢ disappears
[22].

Boundary conditions

The effect of stretching-through-the-thickness modifies the boundary condition given for 2D case in [22].
Here the equations on the boundaries are given by:

NV 4+ MYBg + (MY + M —m¥)bg — ¢* =0,
Q¥ + Q" — dy(m¥ — Myt — M*yt) _ q3 =0,

SUS _ q4 — O,

MY + M* + m® =0,

(62)

We choice a direct landmark(¢, v, a,,). Note that in many applications of laminated shell structure, we have
m” = 0(moment normal axe on border) where m® = m.v and m” = m.t are the density moments.
On the clamped border v; we have

6uu(x = 07 al/w = 07 U = 0; w = Oa 61/6 = an = 0. (63)

The Three-dimensional motion equation (61) can be written in terms of 3D displacements (u, v, w,q, 81, B2, 1, P2)
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using the following relations according to 3D constitutive relation for cross-ply symmetric laminates:

R
1 1 1
NPP = Ajqu o + Ao E(vﬁ + w)) + B (—R2(2U,B - w:ﬁﬁ)) + C22 <—R3(U,B - w:ﬁﬁ))
1 1
NoB — 2A66 (Ru’ﬁ + U7a) + 2Cgs <_.RQ(U7Q + UJ,aB)
1
M = —B11u o + C11w a0 + C12 <RQ(29,6 - wﬁﬁ))
1 1 1
MB8 = By, (R(’Uﬁ + w)) + Cr2W, a0 + Ca2 <_R2(2U’B — w’gg)) + D1, (Rg(vﬁ — w,55)>

1
Maﬁ = 2066 <—R('U7oé — W,apB

1 1
N =Ajpug+ A | 5(vg + w)> — B11w,qa + Ci2 <R3(U,B - w,Bﬁ))

1 1
M = Criu, + Cr2 (R(v,ﬁ + w)) — Diwaa + En2 (‘Rg(v,ﬁ - wﬁﬁ))

1 1 1
M*BB — Crau,q + Ci2 (R(U’B + w)) + D1y (R?’(QU”B — wﬁg)) + FEoo (—R3(1})5 — w”gg))

1 1
M*B = 2C4q <R(U’5 + w)) + 2E¢6 (Rg(va + w,aB>

Remark 4.1. The general three-dimensional exact model

A general three-dimensional exact model for anisotropic doubly-curved shell proposed here is given by Eq.
(45) and Eqs. (61)-(64). This general model is proposed for doubly-curved cross-ply laminated shells with
constant radii of curvature and they can easily extended for non constant radii or degenerate into relations
for cylindrical panels and plates. Using this model, we propose to study the dynamic and static behavior of
laminate using Navier’s approach.

4.8 A three-dimensional equation using Navier’s method for the transient analysis of laminated shell struc-
tures

Using the Equation (61) we obtained for simply supported conditions the Mathematical modelings for ana-
lytical solutions for dynamic and static response, in many cases of laminates shells (symmetric balanced,angle-
ply, cross-ply, etc.). Towards using the Navier type solutions 2, we write the equation of motion (61) in terms
of displacements (u,v,w,q) (as for the 2D case above) by substituting for the plane forces, transverse forces
and moments resultant from equation (45) and the equation given by (64) into Equation (61). In the Navier
method the generalized displacements are expanded in a double trigonometric series in terms of unknown
parameters. The choice of the functions in the series is restricted to those which satisfy the boundary con-
ditions of the problem. When the laminated shell is a simply supported border the mid-surface can turn
around the tangent. moreover the reaction m® = 0. The rotation motion around of tangent being free,the

2We recall that The Navier solutions were developed for two class of laminates: antisymmetric cross-ply laminates and
antisymmetric angle-ply laminates, each for a specific type of simply supported boundary conditions
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mathematical expressions for movable simply supported condition are given by:

aa(a76at):M*aa(Ovﬁat):M*aa(a’ﬁ’t) (64)

Ne® = No%(q, 8,1) = M®(0, 8, 1)
= §°%(0,4,t) = S°(a, B, t) = 0,

u(0,8,t) = wu(a,B,t) =v(0,5,t) = v(a, b, ): w(0,8,t) = w(a, B,t) = q(0,8,t) = q(a, B, 1) = 0
NPB(0,8,t) = N(a,B,t) = MPP(a,0,t) = MPP(a,b,t) = M*PP(a,0,t) = M*FP(a, b, t)
= S5%%(a,0,t) = S?P(a,b,t) =
u(a,0,t) = wu(a,b,t) =v(a,0,t) =v(a,b,t) = w(a,0,t) = w(a,b,t) =q(a,0,t) = G(c, b,t) =0,
02(0,8,t) = 02(a,p,t) =01(c,0,t) = 01 (e, b,t) =0,
D5(0,8,t) = Pa(a,p,t) = P1(a,0,t) = P1(a, b, t) =

Following the state space technique, we assume the following solution form that satisfies the boundary
condition in Equations(64)

u(x,y,t) =3 1 Unn(t) cos dx sin By
v(2,9,t) = 30 1 Vinn(t) sin dex cos By
w(z,y,t) = 307 1 Wann(t t) sin & sin By
Gz, y,t) = 308 e 1@,7”,( ) sin G sin By

. 65
01(z,y,t) = Zmn 1 O1mn(t) cos au sin By (65)
Oo(x,y,t) = Zm 1 02mn (t) sin & cos By
Dy (z,y,t) = Zm ne1 Pimn(t) cos G sin By
Dy (z,y,t) = Zm ne1 Pomn (t) sin Ga cos Sy
where Upnn, Vinn, Wmn,@mn O1mns O2mn, Pimn, Pomn are the coefficient . & = m; B = n%r The
a
transverse load p? is also expanded in double fourier sine series.
(z,y,t) Z ) sin G sin By (66)
m,n=1
where P3 — fo (2, y,t)sin az sin fydady. Substituting Eqs.(65)-(66) into the equilibrium equa-
tions with respect to dlsplacement components of Equation (61), it can be obtained as follows
[K]{At} + [M]{At} = {F(t)} (67)

Where {At}le = {Umn<t)7 an<t) inn( ) ( ) elmn(t)792mn(t)7q)lmn(t)z(I)Zmn(t)}t 5

{At}sxl = {Umn(t) ( )7 (t)7Q ( ) almn( )aé2mn(t)v(i)1mn(t)7éI.)2mn(t)}t;
{F(t)}8><1 :{O7O?pmn( )7 ,0,0, 7O}t

3
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The coefficient of S is given by Equation 69:

Si1 = A1162 + AgeB2; 810 = (Arg + Ags)af;

o= (A — 45+ By + B0

Si5 = B11G% + Bgs3%; S16 = (Bia 4 Bes)a; Sir = C1162 + Cee32;
518 = (C2 + 066)0¢/8 522 = Aged® + Agg,@ ;

A A B B
5237( Rilji RQ; + 12 22)[3,

So5 = (Bi2 + 366)045,
Sy = Baaf82 4 Bgga%; Sor = (Cha + Cog)aB; Sog = Coa 82 + Coedi?;
533 - All + QRAIPQig + % - (Bn + XoB12 + B22) + Cll + x1C12 + R4 ;
5352(@-%@—%—%)&;536_(322+%_@_%)@;
§37:(_%_@+R121+D12) &
§38 = (C’zz + @ - %%j - @)ﬁ 555 = Olla + Cﬁfﬁﬁ S56 = (012 + 066)04,8,
851 = Dnd” + D6GB2; Sss = (D12 + Des)af; Ses = Coa® + Caa % Se6 = (Dia + Deg)af;
Se7 = Dge” + D225 S76 = E116% + E66/82' S = (E1 + Feg)af3; Sss = Egsa? + Eo 3%
§14:A ) (SI 4 S12)G + 544 2
1 1 1 1

Goy = L [ — 4+ — S12y 4 L[ Sy 2 ) (§12 4 §22) 4 - 83542

’ ‘*B(Rl Rf> AR ) o
Sgu= 4 (= +— ) (S 4+812) L (— + — ) (S)2 4 522

34 R(R R) + )R R+R5(2+2)

(St

1 1
>g&+yw+w>

R, R
S =3 +2R§ﬁ+‘fg—(Rg+xoS§2+f§§)+%Z+xlsl23+§g+
(Rla + R1ﬁ> (Sit 4+ S1%) + (éa + Rlﬁ) (S3* + S7%) + %534&2 + %52532;
Ssa =4 (Rla + P}ﬁ) (S3' + S3%)a
Sea = 45 (Rla + Rlﬂ) (532 + S22)a
St =4 (P}a + Rlﬁ> (S3' + S4%)a
Ssa = 7 (Rla + R:) (532 + S3%)a

M;; = Mji;4,5 = 1,..8M11 = Moo = M3z = Ip; Myy = Iy;
M15 = Mag = M5y = Ms2 = I;

M7 = Ma7 = Mss = Mgs = Me1 = Msga = Io;

Mse = Mea = M7 = Mgg = I3; M7z = M0 = 4.

Here Upin, Viens Winn, @mn, 01mns O2mn, Pimn, Pomn are the amplitudes of displacements (plane and trans-
. . . . . . ~ 5 nm
verse), plane rotation and Gauss rotation evaluated in «, 3, z directions. Coefficients & = —; f = —

include m and n as the half-wave numbers, a and b as the shell dimensions in « and § directions arespectlvely
(all these quantities are calculated at the mid-surface of laminated). R, and Rg are measured at the reference
mid-surface (see Fig. 3) of the multilayered shell. A, and Ag are evaluated through the thickness direction of
the laminated shell using Eq. (61). 3D motion equations are written for spherical shells, they automatically
degenerate into 3D motion equations for cylindrical closed/open shells when R,, or Rg is infinite (which means
A, or Ag equals one) and into 2D motion equations for plates when R, and Rg are infinite (which means
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A, and Ag equal one). These features allow a unified and general formulation valid for all the considered
geometries

Remark 4.2. In this new 3D exact model for analysis of laminated shell given by (67)-(68), the matrices
K has new coefficients (Sig, Si7,Sis © =1,..8) absent in several papers available in the literature and dealing
with the 2D/3D exact models the mechanical behavior of laminated shells. These coefficients are linked to the
presence of Gauss rotations and stretching-through-the-thickness term which influence the center deflection
w and the fundamental frequencies of the multilayered shell. The proposed equations is more general than
several 3D exact models based on R-M types first order deformation theory and those based on other multilayer
theories recently developed and available in the literature.

Remark 4.3. For static analysis, the solution can be obtained by solving the equations resulting from Eq. (67)
by setting the time derivative terms to zero. If the transverse load over the surface of shell panel considered
16P3
72’
For natural vibration analysis, all applied loads are set to zero, {F(t)} = {0} and we assume that the
periodic solutions in Eq. (65).

is uniformly distributed, we can take P2, = P§ is the intensity of the uniformly distributed load.

5 Numerical results

In this section, all the 3D General composite-shell stiffness coefficients for geometrically thick shells and
mathematical modelings for static and dynamic mechanical behavior of laminated shells developed here
are assessed via some Benchmark problems available in the literature. To demonstrate the accuracy and
effectiveness of the proposed exact models, six tests are considered. In test 1, the obtained results from the
proposed exact model will be compared with obtained results from classical FSD models and CLST. In test
2 and test 3, the results from the proposed 3D constitutive relations via an analytical method using the
3D simple algorithm above are presented. These tests are performed to compute the interlaminar stress in
the laminated composite shell under transverse loading. In test 4 and test 5 the results from the proposed
static and transient exact equations will be compared with obtained results from others models obtained in
heuristic way or no. These tests consist to find the deflection and fundamental frequencies of the laminated
thick, moderately thick as well as thin composite plates and shells. In the last test (test 6), the results
from the proposed state-space based methodology will be compared with the method obtained results from
the method proposed by [29](stress function method) and [32](displacement-based approach) for cylindrical
isotropic and composite shells.

Simple algorithm for the analytical analysis

When the radii of curvature of the shell is very large i.e. R, = Rg — oo (plate shells), it’s possible
to compute directly using the 2D/3D constitutive relations the strains/stress for each layer The following
algorithm is a modified version of that proposed in [14] and widely in the literature. This procedure no use
the effect of geometric of the shell and is also used to analyze plate structures.

1. Enter the materials properties (E1, Fa, E3, G12,G13,Ga3, V12, Va3, V13), the layer number (Nb), the
fibre angles of each layer 6;, the thickness of each layer, the loads conditions.

Calculates the [Q] matrix for each layer.

Compute the T" matrix for each layer.

Calculates the [Q)] for each layer.

Find the location of the top and bottom surface of each layer, hi(k =1 to n).

Calculate the [A], [B], [C], [D)], [E], [Si],i=1,2,3,4 matrices.

Substitute these matrices as well as the applied loading and solve the fifteen simultaneous equations
to determine the mid-plane strains e,g, the curvature K, and the Gauss curvature @z, the warping
tensor Y,3¢, the transverse and normal strain tensors ¢1, ¢1, @3.

NSOt N
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8. Find the local strains and stresses for each layer.

This algorithm is extended to find also the deflection and fundamental frequencies of the laminated
composite shells under transverse loading.

5.1 Analytical analysis using the proposed algorithm

Graphite/epoxy composites has advantages of light weight, high strength, corrosion resistance, low ex-
pansion and are often used in the form of composite pressure vessel for various engineering applications. In
some tests conducted by Kaw [14], and [3] , the stresses and strains in a graphite/Epoxy composite laminate
were examined. Other analytical theory that use this method is available in [9] (see also [12]). This laminate
consists of three layers, with fiber angles of 0°, 30° and —45°, and each layer had a thickness of 5mm. The
2D and 3D material properties, material limits and loading conditions used in this experience are given in
Table (1).

Table 1: Table showing the stiffness and strength properties of a 2D graphite/epoxy structure.

Stiffness Properties | F;(Gpa) | E2(Gpa) V12 G12(Gpa)

Value 181 10.3 0.28 7.17

Strength Properties | X;(Mpa) | X.(Mpa) | Y;(Mpa) | Y.(Mpa) | S(Mpa)
Value 1500 1500 40 246 68

We present an analytical method as in [9] which gives approach for determining the local stresses and
strains in each layer. The results of tests are presented in Table.(2)-(3).

The Table.(3) shows the influence of Gauss tensor in the strain and stress energy in the laminated shell.
In some the both analysis give the results practically same. The strains and stress at the top, middle and
bottom are well captured. When the shell is thin we retrieve the results obtained by several authors in
literature.

5.2 A interlaminar study for a laminated shell.

We use here the same algorithm to perform interlaminar phenomenon in the laminated shell structure.
The 3D material properties, material limits and loading conditions used in interlaminar experience are given
in Table. 4.

Where X; and Y; are the tensile strengths in the fiber and transverse directions and S the shear strength
for the composite lamina. By the 3D constitutive relation developed here we can find directly the interlaminar
stresses and strains as proposed by [18]. The results of tests are presented in Table 5 and 6.

The Table.(5)-(6) show interlaminar and transverse deformation/stress of the laminate obtained directly
by analytical method when the curvature effect is neglected. Here, the nature of stress concentration that
occurs in composite laminates that have edge boundaries is captured without solve a 3D elasticity boundary
value problem. In addition, the usual through-the-thickness term assumed for the displacements permits to
obtain more accurate results. Using our constitutive relation, we are able to determine both interlaminar
shear stress and interlaminar normal directly without neglecting deformation in the thickness direction as in
[18]. The theory proposed by these authors named Interlaminar Shear Stress Continuity Theory (ISSCT),
could not able to calculate interlaminar normal stress directly from the constitutive equations. Our 3D
constitutive relation is also able to calculate transverse deformation even when the composite interface is
non-rigid without to use the Interlayer Shear Slip Theory (ISST) based on a multilayer approach of [17].
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Table 2: Table showing local stresses (Mpa) deviation both of classical LFL and present LFL

044 (10°) 0yy(10%) 04y (10%)
Layer n°k | location | Anal Present Anal Present Anal Present
[3,4] | ABCDE-matrix | [3,4] | ABCDE-matrix | [3, 4] | ABCDE-matrix
top 3.351 -2.999 6.188 - 1.949 -2.750 -2.0630
1(0°) middle 4.464 2.668 5.359 2.8313 -2.015 -1.688
bottom 5.577 5.593 4.531 5.535 -1.280 -1.331
top 9.973 13.86 4.348 5.191 1.890 2.479
2 (30°) middle | 15.023 20.413 3.356 5.564 1.702 3.025
bottom | 20.074 15.732 2.364 4.195 1.513 2.411
top 25.86 51.2014 2.123 2.719 -1.638 -3.173
3 (—45°) middle 9.786 14.402 2.010 0.506 -0.995 -0.950
bottom | -6.285 -41.49 1.898 -3.100 -0.353 2.601

Table 3: Table showing local strains(mm) deviation both of classical LFL and the 2D version of LCE for a moderately thickness
shell with very large radius curvature.

€22:(1074) €yy(1074) €2y(1074)
Layer n°k | location | CLST Present CLST Present CLST Present
[3, 4, 14] | ABCDE-matrix | [3, 4, 14] | ABCDE-matrix | [3, 4, 14] | ABCDE-matrix
top 8.944 -13.5586 595.5 -184.593 -383.6 -287.73
1(0°) middle 16.37 10.365 513.4 270.76 -281.1 -235.431
bottom 23.80 22.341 431.3 528.81 -178.5 -185.689
top 48.37 68.55 406.7 482.6 263.6 345.77
2(30°) middle 77.81 104.18 302.6 507.73 237.4 421.94
bottom 107.3 80.42 198.5 383.02 211.1 336.31
top 139.6 278.6 166.1 184.7 -228.4 -442.55
3(—45°) middle 50.96 78.78 180.0 26.93 -138.8 -132.55
bottom -37.66 -224.44 194.0 -236.818 -492.8 362.80
Table 4: Table showing the stiffness and strength properties of a 3D graphite/epoxy structure.
Stiffness Properties By B, Es 20 V13 Vo3 Gia Gi3 Gos
(Gpa) (Gpa) | (Gpa) (Gpa) | (Gpa) | (Gpa)
Value 128.484 9.135 9.135 0.249 | 0.249 | 0.249 | 5.705 5.705 3.66
Strength Properties | X;(Mpa) | Y;(Mpa) | S(Mpa)
Value 2266 70 84.11

5.3  Global and local transverse and plane deformation/stress

The second interlaminar test is done with the symmetric laminated [45°/55°/65°/75°]s under transverse
load F = 20K N. The thickness of thickness of each layer are respectively hys = 26mm; hss = 0.65mm;
hes = 1.95mm; hys = 1.3mm. The material used here is the verre/epoxy and the characteristic of these
material can be found in [4]. The global and local deformations and stresses are assessed in each layer. The
solution of this test is computed via the simple algorithm and are presented in Figs.(4)-(6).
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Table 5: Matlab solution showing local 3D stresses (Mpa)(interlaminar stresses) using directly three-dimensional Laminated
Fundamental Law

Layer n°k | Position | 0,,(10%) | 0,,(10%) | 0..(10%) | 0,.(10%) | 0,.(10%) | 0., (10%)
top 2.2098 | 0.1881 | 0.5974 [ -0.0001 | -0.0002 | -0.0036

1(0°) middle 1.6329 | 0.1452 | 0.4431 | -0.0001 | -0.0001 | -0.0020
bottom | 1.0237 | 0.0964 | 0.2792 | -0.0000 | -0.0001 | -0.0007

top -0.17380 | -0.00210 | -0.04347 | -0.00001 | -0.00007 | 0.00033

2(30°) middle | -0.12111 | 0.00012 | -0.02980 0 0 0.00205
bottom | -0.01739 | 0.00319 | -0.00320 | 0.00001 | 0.00007 | 0.00276

top -0.5118 | -0.0375 | -0.1364 | 0.0000 0 -0.0039

3(—45°) middle | -1.0576 | -0.0911 | -0.2857 | 0.0001 0 -0.0006
bottom | -1.5268 | -0.1419 | -0.4152 | 0.0001 0 0.0048

Table 6: Matlab solution showing local 3D strains(mm) using three-dimensional LCE given by Eq.(45)

Layer n°k | Position [ €yy €2s €rs €yz €xy
top 0.0056 | 0.0002 | 0.0004 | -0.0003 | -0.0003 | -0.0063
1 (0°) middle 0.0036 | 0.0065 | 0.0004 | -0.0002 | -0.0002 | -0.0034

bottom 0.0017 | 0.0095 | 0.0004 | -0.0001 | -0.0001 | -0.0011
top 0.0032 | 0.0076 | 0.0004 | -0.0000 | -0.0001 | 0.0062

2 (300) middle 0.0027 0.0069 | 0.0004 0 0 0.0082
bottom 0.0012 0.0038 | 0.0004 | 0.0000 0.0001 0.0069
top 0.0011 0.0021 | 0.0004 | 0.0001 0 -0.0068
3 (—45°) middle -0.0034 | -0.0021 | 0.0004 | 0.0003 0 -0.0010
bottom -0.0093 | -0.0078 | 0.0004 | 0.0004 0 0.0084
0,000
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Figure 4: normal deformations, left local, right global.

Figs.(4)-(6) show the variation through the thickness of the 3D laminated shell. Our analysis is able
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Figure 5: Numerical solution, global plane deformations
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Figure 6: Numerical solution. Left, Global plane stresses and right, local normal stress.

to reproduce entirely the behavior the shell accounting all the mechanical couplings which appear during
the deformation. This study is essential for preliminaries design to reduce the effort of calculation and the
experimental dispenses. Such studies can help to solve some analysis of LCS (symmetric, anti-symmetric, etc.)
without major modifications. The use of simple algorithm above can be crucial for the future investigations.
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5.4 Free vibration analysis

For natural vibration analysis, all applied loads are set to zero {F(t)} = {0} and we assume that the
periodic solutions in Eq. (65) are of the form:

Unm(t) = Ugmeth; V’ﬂm (t) = V’r?mew”; an(t) = ngeth; Qnm (t) = Qnmeth; (70)
elmn = e?mneth7 92mn = 9gmn€th,
Pimn = (I)(l)mnetha Porn = (I)gmneth7
where i is the imaginary unit, i> = —1; w is natural frequency. In addition, substituting Eq. (65) into Eq.

(67), it can be obtained the equation:

(K] = w*[M]D{A} = {0}, (71)
where A = {U2m7 V,?m, W’r?rrw G?mw e?mm egmnv (I)?mn’ (I)gmn}t'
For a non-trivial solution, the determinant of the coefficient matrix of Eq. (71) should be zero. Solving
the resulted determinant, we get the natural frequency, w,y,,, corresponding to mode (m,n). In this test,
the frequencies in Hz are evaluated in the laminated for several thickness ratio and presented in Table (7).
The cylindrical shell is constituted of three layers (90/0/90) and four layers composite cross-ply (90/0/90/0).
Each layer has same thickness hy = h/Nb, where Nb is the number of layers. The material composite
for both layered structures have Young modulii F; = 132.38Gpa, Fs = FE3 = 10.756Gpa shear modulii
G112 = G13 = 5.6537Gpa Gz = 3.603Gpa, poisson ratios are vio = v13 = 0.24 and vo3 = 0.49 and mass
density p = 1600K g/m3. The results of these tests are presented in Table. (7).

Table 7: Frequencies in Hz for the simply supported cross-ply laminated composite cylindrical shell panels. Validation with
literature result

Layers | 90/0/90/0 90/0/90
% (mn) | [Present] | [35] | [Present] | [35]
(2,1) 5.353 5.353 5.634 5.634
1000 (5,1) 6.491 6.491 3.435 3.435
41) | 4395 | 4305 | 4395 | 2752
2.1) | 1124 |1L24| 7717 | 7717
100 (1,1) 13.208 13.20 13.431 13.43
(3,3) 28.107 28.10 21.627 21.62
(1,1) 25.203 25.20 20.814 20.81
10 (2,1) 77.144 77.58 49.298 49.51
(2,3) 100.08 100.6 93.274 93.94
(1) | 3754 | 3863 | 3125 |33.17
5 2.1) | 10545 |107.5 | 8621 | 88.55
(2,3) 137.45 138.0 130.24 132.9

Discussion

The results shown in Tab. (7) indicate clearly that the convergence is obtained when the thickness-
ratio is small than 1/10 and with the increase of number of layers, the frequencies increase. The presence
of some mechanical couplings in the 3D LCE influence the damping of the laminated shell. This may be
explained by the fact that the number of shell layers is increased, the laminate becomes thicker and becomes
stiffer. This creates a strong resistance to the deformation (the vibration). The period of vibration becomes
smallest due to the presence of some mechanical couplings that influence the dynamic of the laminated (by
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Table 8: Non-dimensional deflection for cross-ply laminated composite cylindrical shells under transverse load.

0/90/0 0/90
[Present] | [29] [33] | [Present] | [29] [33]

1.387 1.436 | 1.439 1.978 2.079 | 2.088
0.412 0.457 | 0.457 0.842 0.854 | 0.857
0.142 0.144 | 0.143 0.491 0.493 | 0.494
0.0798 0.08 | 0.081 0.409 0.409 | 0.409
100 0.078 0.078 | 0.078 0.403 0.403 | 0.404
500 0.077 0.077 | 0.077 0.399 0.399 | 0.398

A RS Ll g = ->

damping the effects of vibration) while increasing their frequency (Hz). It clearly showed how the extensional-
twisting-shear, extensional-Gauss bending-shearing, Gauss bending-shearing influenced the center deflection

h
and fundamental frequencies of LCS when the ratio-thickness y = By becomes greater.

5.5 Variation through-the-thickness

Here, the variation through-the-thickness (transverse displacement) with different thickness ratio for two
cylindrical laminates: bi-directional (0/90) antisymmetric and symmetric cross-ply (0/90/0). Each layer is
an orthotropic material and has cylindrical anisotropy. Here the layers have the same thickness and the

2
laminate is subjected to a transverse load ¢(f) = Y . s sin(pf) (uniformly distributed ¢, = ﬂ) on the
nw

top surface. The parameters of the cylindrical shell are: radius Ry = 10, h =. The plane-polar coordinates are

considered such that the radius vary through the thickness. The normalized result of transverse displacement
10E;

qohx
stress function approach of [29] and displacement-based approach of [33] with the results obtained by using
the proposed Navier based method (via our 3D constitutive relation given by (45)) are presented in Table
(8) for two lamination schemes.

(deflection) w = pX =g We compare the results of deflection using elasticity solution based on

When the laminated become thicker, the deflection results obtained by our method are highly different
than of those presented by [29] and [33] due to contribution of warping and Gauss deformation tensors that
increase. When the thickness of the shell become smaller, the CLST, FSD based models and our models give
the same exact solutions. In fact, thin shells neglect the effect of the above tensors due to variation in the
thickness. The tensors ¢Y .3, Qas and 0, disappear.

6 Concluding remarks

In this paper, we have firstly proposed a new 3D exact laminated shell model to analyze the static and
dynamic mechanical behavior of LCS. Second, we proposed some 2D and 3D exact analysis of different lam-
inated shell and plates configurations. Using Hamilton’s principle and a new three-dimensional constitutive
equations (obtained via a original 2D shell kinematics with through-the-thickness variable), one has derived
a new original motion equation of the laminated shells. This equation of motion is more general than that
obtained previously by the same authors and include some mechanical couplings appearing only in the move-
ment of 3D laminated shells subjected to a transverse load applied at the top in nonharmonic and harmonic
form. These couplings do not appear when we use directly elasticity theory or the method based on the
three-dimensional shell equilibrium equations developed in a general orthogonal curvilinear reference system.
Such methods is not able to reproduce well a mechanical behavior of laminated shell under twisting load and
when the warping section become important. Some Benchmarks were performed to show the performance
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of the 3D exact model. Advantages of these new mathematical modelings are the presence of other 3D
laminate stiffness coefficients which improves the prediction of displacement, force and moment resultants
significantly. The present mathematical modelings of the static and dynamic behavior of laminated shells
(cylindrical, spherical, cone, arch, etc.) should serve as a reference for future investigations.
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