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Abstract : Peirce-evanescent baric identities are polynomial identities verified by baric
algebras such that their Peirce polynomials are the null polynomial. In this paper procedures
for constructing such homogeneous and non homogeneous identities are given. For this we define
an algebraic system structure on the free commutative nonassociative algebra generated by a set
T which provides for classes of baric algebras satisfying a given set of identities similar properties
to those of the varieties of algebras. Rooted binary trees with labeled leaves are used to explain
the Peirce polynomials. It is shown that the mutation algebras satisfy all Peirce-evanescent
identities, it results from this that any part of the field K can be the Peirce spectrum of a K-
algebra satisfying a Peirce-evanescent identity. We end by giving methods to obtain generators
of homogeneous and non-homogeneous Peirce-evanescent identities that are applied in several
univariate and multivariate cases.
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1. INTRODUCTION

Non-associative algebras are not necessarily associative algebras in which the associa-
tive identity (zy) z — (yz) = 0 is replaced by one or more polynomial identities !. These
polynomial identities can be univariate or multivariate, with constant or variable coef-
ficients. In cases where these algebras admit an idempotent, the Peirce decomposition,
a fundamental tool for their study, is obtained from the Peirce polynomial which is an
annihilator polynomial of the left multiplication operator L. : x — ex, where e # 0 is an
idempotent.

However, there are algebras defined by polynomial identities for which the Peirce
polynomial is the null polynomial. Let us illustrate this situation by an example, let A
be a commutative K-algebra on a field K of characteristic # 2 verifying the identity

(1.1) 2?22? —oaw(2)2® — (1 — a)w ()’ 22 =0

where w : A — K is a nonzero algebra morphism. It is assumed that there is in A
an idempotent element e # 0, from ¢ = e we deduce that w(e)®> = w (e) from where
w(x) € {0,1}, we can assert that w (e) # 0 otherwise by setting « = e in the identity 1.1
we would have e = 0. First linearization of (1.1) gives:

42% (zy) —a [w (y) 2° + w (z) (2®y + 22 (zy)) ] —2(1 — @) |w () w (y) 2° + w (z)’zy| =0

L«Without associativity, rings and algebras are not in general well enough behaved to have much of
a structure theory. For this reason, the nonassociative algebraists normally studies the class of rings
which satisfy some particular identity or set of identities.» M. Osborn [15].
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taking y € kerw this relation becomes
42% (zy) — aw (z) (2y + 2z (2y)) —2(1 — o) w (z)>zy =0
specializing this identity for x = e we get

(2 — ) (2e(ey) —ey) = 0.

Therefore, if a # 2 the Peirce polynomial is P (X) = 2X?2 — X, the spectrum of L, is
{0,1} and we have A = Ke ® A (0) & A (3) where A (X) = ker (L, — Xid). The second
linearization of (1.1) gives

d(ey)(ez) + (2 —a)e(yz) —a((ey)z+y(ez) — (1 -a)yz =0

with y, z € ker w which establishes that A (%)2 CA0),A0)A(3) CA(3)and A (0)% =
{0}ifa#0,10r A(0)> C A(%) ifa=0and A(0)> C A(0) if o = 1.

On the other hand if o = 2, the identity (1.1) is therefor written
(1.2) 2?22 — 2w (2) 2 +w(2)*2? =0

Algebras which verify the identity (1.2) are called backcrossing algebras because of
their genetic interpretation (cf. [12]), they appeared for the first time in [11] and subse-
quently in several other articles (see references in [13]). The linearization and specializa-
tion for x = e of 1.2 results in a null Peirce polynomial and therefore does not provide
any information on the spectrum of L..

In [16], V. Tkachev called degenerate those identities whose Peirce polynomials are
null, in this work we prefer to name them evanescent?.

This paper is organized as follows. In section 2 we provide the commutative groupoid
M (T) generated by a set at most countable 7 with an algebraic system structure, this
induces on the commutative free nonassociative algebra generated by 7 an algebraic
structure which allows to obtain for the classes of baric algebras satisfying a given set of
identities, similar properties to those of the varieties of algebras. In section 3 we define
the linearizations of the identities defined from the elements of the free algebra obtained
in section 2 and the Peirce polynomials of these identities, we show how to calculate
the Peirce polynomials by using rooted binary trees with labeled leaves. We define the
notions of evanescent polynomials and identities, we show that the mutation algebras
verify all evanescent identities and we draw consequences for the Peirce spectrum. We
end in section 4 by exposing methods to obtain the generators of the homogeneous and
non homogeneous evanescent polynomials, we apply these methods in several cases, we
thus obtain a little more than 250 evanescent identities.

2. VARIETIES FOR BARIC ALGEBRAS.

Throughout this paper, K is a commutative field of characteristic # 2 and K-algebras
are assumed commutative.

2Evanescent comes from the present participle evanescens of the Latin verb evanescere meaning
"disappear, vanish". Indeed it is observed during the calculation that the terms of Peirce polynomials
disappear gradually.
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Let T = {tn;n > 1} be a countable set of symbols, we denote by 9 (7) the com-
mutative groupoid generated by 7 equipped with the binary operation, denoted -, and
defined for all ¢;,t; € T and u,v € M (T) by:

ti~tj:titj, ti~u:ti(u)7 v-ti:(v)ti, uv:(u)(v)

The elements of M (7)) are called nonassociative words (or monomials).
For a monomial w € M (T), the degree of w in t; € 7, denoted by |w|, or |w];, is the
number of occurrences of ¢; in the monomial w, the degree of w denoted |w| is the length of

the monomial w in other words |w| = 3~ |wl; and the type wis [[w|, , ..., |w], ,...]. Let
M (T), be the set of monomials of degree d and M (7)), .~ the set of monomials
of type [n1,...,7m,...], we get:
(2.1) Mm(T) = [[M(T),,
a>1
and
(22) MTa= I M

na+eFnm+o=d
We also have the following result which will often be used later.

Proposition 1. [Proposition 2 in [18]] Every nonassociative word w with |w| > 2 has
a unique representation in the form of a product of two nonassociative words of lesser
length.

For what follows, we provide the commutative groupoid (9 (7T),-) with an algebraic
system structure ([2], chap 1) by defining on 9 (7) a non commutative multiplication
law noted  (this law is used in [1] to define generalized baric algebras) such that for any
u,v,u’, v w € M(T) we have:

(2.3) (uxv)*w=uxVrw)=(u-v)*w;
(2.4) (uxv) - w=u*x-w)=v-(uxw);
(2.5) (uxv)- (' xv") = (w-u)*@-v);
(2.6) (uxv)* (U *v') = (u-v)* (WU xv').

We note (9 (7),-, ) this algebraic system and to reduce the notation we will write
M (T) for (M (T),-) when there is no risk of confusion. For all u,v € (MM (T),-,*) and
i > 1, we inductively define the degrees of the elements of (9 (T), -, ) by |u-v|, =
luxv|; = [ul; + [v];.

We have the analogous statement of Proposition 1 for the elements of (9 (7)), -, %).

Proposition 2. Every element w of (M (T),-,*) admits an unique decomposition in the
form of w = wrwy or w = w1 * wy with wi,wa € (M (T),-,x) such that |wi], |ws| < |w|.

Proof. This is a consequence of Proposition 1. Indeed, we can consider that every element
of (M (T),-,*) is obtained from an element of 2 (7') by replacing some - operations with
* operations. 0

Proposition 3. We have (I (T),-,x) = M(T) U (MM (T) =M (T)).
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Proof. Let us show that for every monomial w € (9 (T),-, %) such that w ¢ 9 (T) with
|w] > 2, there are u,v € M (T) such that w = uv. By recurrence on the degree |w|.
If |w| = 2, there are ¢;,¢t; € T such that w = ¢; xt;. If |w| > 3, it is assumed that
the property is true for any monomial of length < |w|. Let w € (M (T),-,x) \ M(T) a
monomial of degree n, according to proposition 2, w is written in a unique way in the
form of w = wywy or w = wy x wy with wy or wy in (M(T), -, *).

In the case of w = wywsy there are three possible situations:

a) wy € M(T) and wy € (M (T), -, %)\ (T), by hypothesis there are uz, vy € M (T)
with we = wug x vg, then according to the relation (2.4) we get w = wy (ug *v2) =
us * (wive) where wive € M (T);

b) wy € M(T),-,*) \M(T) and wy € M(T), with wiwy = wewy, we refer to the
previous case a);

c) wi,wg € (M(T), -, %)\ M(T), by hypothesis there are uy, us,vy,ve € MM (T) such
that w; = u; xv; and we = ug * va, then according to the relation (2.5) we get w =
(ug *v1) (ug x v2) = (ugug) * (v1v2) where ujug, vive € M (T).

In the case of w = wy x we we have four possible situations:

a) wy,wq € M (T), the result is immediate;

b) wy € M(T) and we € (M (T), -, %) \ M (T), we have wy = ug * vy with ug, vy €
M (T), using relation (2.3) we find w = wy * we = wy * (ug * v2) = (wug) * va;

c)wi € M(T),,») \ M(T) and wy € M(T), we have wy = ug * v where uy,v; €
9 (T) then it follows immediately from (2.3) that w = (ug *x v1) x wa = (u1v1) * we;

d) wy,wy € (M(T), %) \M(T), it is assumed that wi = uy*v; and wy = us*xvy with
Uy, u2,v1,v2 € M(T) , then by successively applying the relations (2.6) and (2.4) we get
w = (ug xv1) * (ug xv2) = (ugv1) * (ug * v3) = ((u1v1) * u2) * v2 = ((urv1) uz) *ve. O

Let K (T) be the commutative and nonassociative free K-algebra generated by 9t (T)
(see [18]). The elements of K (T) are nonassociative polynomials, they are of the
form f = Y7, o, apwp with wy € M(T), ag, € K, then the degree of f, noted |f],
is |f| = max{|wg|;ar # 0} and for all ; € T, the degree of f in t; is defined by
|f]; = max {Jws|, ; ar # 0}. We say that f is homogeneous if for all t; € 7 and k > 1
we have |wg|; = |f]; in other words, if all the monomials in f are of the same type.

We denote (K (T),-, ) (resp. K (T)*) the free algebra generated by (9 (7),-,%)
(resp. (M(T), ) * (MM (T),-)). It follows from the previous proposition that we have:

and so the elements of (K (7),-,*) have the form:

Zaiwi—i—z,ﬁjuj*vj, (Ozi,,Bj € K;w;, uj,v; EW(T))
i J

We apply the algebra system (K (T),-, ) to identities verified by baric algebras.

A K-algebra A is baric if there is a nonzero algebra homomorphism w : A — K
called a weight function of A, we note this (A, w), the image w (x) of an element z of
A is called the weight of x, we note H(,4 , or more simply H,, the affine hyperplane
{reA:w(x)=1} (cf. [3], [17]). For the baric algebras we have the analog of the
substitution homomorphism of elements of an algebra for elements of .7 ([14], prop.
1.1).
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Proposition 4. Let (A,w) be a baric K-algebra and let o : T — A be a map. Then
there exists a unique algebra homomorphism o from (K (T),-,*) to (A,w) such that

o) =o(t:), o(tity)=o(ti)o(t;), o(tixt;))=w(e(t:))eo(t;).

Proof. According to the hypothesis the map o is defined for all monomials of degree
2 of (M(T),-,x). It is assumed that it is defined for all monomials of (9 (T),-,*)
of degree < n, let w € (M(T),-,*) be a monomial of degree n, we have w = wiws
or w = wy x we with wy,we € M(T) of degree < n, by hypothesis g (w1) and g (ws)
are defined and we set g (w) = 9 (w1) 0 (w2) if w = wywse and 9 (w) = w (o (w1)) 0 (w2)
if w = w; * we, with this and by uniqueness of the decomposition of w, the map o
is well defined on (9 (7),-,*), it is extended by linearity on (K (T),-,*) by setting:

0 (Ssr anwn) = Spoy k (wy). O

Definition 5. Given f an element of (K (7),-,%) such as f # 0. We say that a baric
K-algebra (A, w) verify the identity f if we have:

(2.7) o(f) =0,

for all substitution map o: 7 — A.

Remark 6. More generally, the algebraic system (K (7),-,*) allows to define the notion
of weighted identity introduced in [16]. Let A be a commutative K-algebra and let
o0:7T — A be a substitution map. A map ¢ : A — K is said to be polynomial if for any
element a and b of A the map t — ¢ (a + tb) is polynomial. Let {¢,;w € M(T)} be a
given family of polynomial maps, there exists a unique algebra homomorphism g from
(K(T),-,%) to A such that g(u-v) = g(u)9(v) and g(u*xv) = ¢, (2 (u)) o (v) for all
u,v € M(T), so we say that the algebra A verify a weighted identity f € (K (T),-,*) if
a(f) —o.

Under certain conditions, to show that a baric algebra (A,w) verify an identity f it is
enough to show that A verify f for elements of weight 1.

Proposition 7. Letbe f € (K (T),-,%). If the field K verify cardK* > max {| f|, ;i > 1},
then a baric K-algebra (A,w) verify the identity f if and only if we have:

o(f)=0,
for all substitution map o: T — H,.
Proof. The necessary condition is immediate. Let us show that the condition is sufficient.
Let be f € K (T) with f = Zrzl aTwT—I—2521 Bsusxvs where o, 8s € K and w,., ug, v, €

M (T) verifying o (f) =0 for all map ¢: T — H,.
For 1 <i < n we set

Ri = {r;|w.|; = |f|;} and Si = {s; |us *vs|; = | f|;} -
For all a1 € A, w(a1) # 0 we have w (al)_l a1 € H, , let be (acn)n22 where z,, € H,,,

taking o (1) = w (a1) " a1 and g (t;) = 2; for i > 2, the condition g (f) = 0 is written:

Z arw, (a1, x2,...) + Z apw (a0 (ay, 20, ) +
reRy r¢ Ry
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(2.8) Z Bsvs (a1, T2, ...) + Z Bsw (al)lfllfluS*vsll vs (a1, z2,...) = 0.

s€ESY s¢.S1

We note fi1 =, cp, rwr + Y cg, Bsvs, we get |fi]; = |f|; and (2.8) is written:

fi(ar,e,...)+ Z apw (a) T w0y, 20, ) +
r¢ Ry

(2.9) Z Baw (ag) T leexvshiy (ay, 2y,..) = 0,

S¢51

in other words, we got o (f1 + Dorgr, Grr + 3 g, B *vs) = 0 where 9(f) = 0 for
o(t1) = a1 and o(t;) = z; (2 <0).

Next, for all (2,,),,~, where z, € H,, all z € kerw and A € K, as x1 + Az € H,, taking
o(t1) = x1 + Az and o (t;) = a; for i > 2, according to (2.9) the identity g(f) = 0 is
written:

[l —1

M7h 1fy (2, 29, Zx\kglk (z,21,...)=0

where gy € K (T) with |g1,x|, = k. By hypothesis we have cardK > |f|,, then replacing
A with pairwise distinct elements Ag, ..., Ay of K we get a homogeneous linear system
with [f], +1 equations for unknowns fi,g1,0,---,91,/f|,—1 whose determinant is non-zero,
it follows that fi (2, 22,...) = 0, this according to (2.8) or (2.9) is the same as o (f) =0
for o(t1) = z and o (t;) = z; (2 < i). We have therefore established that ¢ (f) = 0 for
o(t1) =ay and o (t;) = x; (2 <1i) for any a1 € A and o, ...,z, € H,.

Taking o (t1) = a1, 0 (t2) = w (az) " ag and o (t;) = z; (3 < i) where a; € A4, ay € A,
w(az) #0, x, € H, for n > 3, the condition ¢ (f) = 0 leads to

(2.10)
Z apw ()b, (x) + Z apw (a1 b (@)l mlorle g ()
TER2 r¢ Ry

D Bow (an) Tl () 37 B (an) TP ag) T, () = 0

SESy s¢Sa

where we put x = (a1, a2,%3,...,Zn,...).

Then with o (t1) = a1, 0 (t2) =x2+ Az (0 < j < |f|,) and o(t;) = z; where a1 € A,
x; € H, (1 > 3), z € kerw and Ay, . .., Alf), € K pairwise distinct, we get
(2.11)

Z oW (al)“cll*lwrl1 wy (a1,2,x3,...)+ Z Bsw ml uswvaly (a1,2,23,...) =0.
r€R2 SES>

From (2.10) and (2.11) we deduce that g (f) = 0 for ¢ (t1) = a1, 0 (t2) = az and o (¢;) = x;
(3 <), for all aj,as € A, x; € H,,.
Continuing thus one obtains by induction (2.7). O

The introduction of the multiplicative law * in 9t (T) allows for identities verified by
baric algebras to obtain a known result for the varieties of algebras (cf. [18] Theorem 3).



Proposition 8. Let f € (K (T),-,*) be an identity verified by a baric K-algebra (A,w).
If the field K verify the condition card K* > max {|f|,;i > 1} then each homogeneous
component of f is an identity verified by A.

Proof. Let f € (K (T),-,*) be an identity verified by (A,w). For all d > 0 we denote
by fi,q the sum in f of monomlal terms of degree d in t;, so we have f = Zml fi,d-
To any map ¢ : 7 — H,, is associated the map g1 : 7 — A such that o (t;) = o (¢t;)
if 5 # 1 and o1 (t1) = Ao (t1) where A € K, A # 0. Then from g; (f) = 0 it results
Zml M9 (fia) = 0 for all A € K, especially taking A as pairwise distinct non-zero
values A, . . /\|f|1 we get a system of | f|; +1 linear equations of unknowns 9 ( f1,4) which
has a non-zero Vandermonde determinant, therefore we have p(f1,4) = 0 for all d > 0,

in other words the polynomials fi,0,..., f1 7, are identities verified by A.

Applying the same procedure for indeterminate t2 to the polynomials f10,..., f1,r],
we obtain homogeneous polynomials in ¢; and t; which are identities of A. And thus, by
continuing for all variables t3,...,t,,... the result is established. O

Remark 9. Given the importance of the results obtained in the propositions 7 and 8, it
will now be assumed that the field K satisfies the condition stated in these propositions.

Let (K (T), "*)[m,...,nm,
[P1, ...y, .. .], it follows from the proposition 8 that

(K(T),m= @  ET i -

(M1yeeey M y-en)

] be the linear subspace of homogeneous polynomials of type

From the proposition 8 we immediately deduce the form of the identities verified by
baric algebras.

Corollary 10. The identities verified by a baric algebra (A,w) are of the form:
> anw ()1 (@) (a o an) = 0, Y an € A

where o, € K, o #0 and w,, € M(T) for all 1 <k <m.

Proof. Let f € (K (T),-,*) be an identity verified by (A,w). The set I = {i;|f|, # 0}
is finite, indeed for ¢ > |f| we have |f|, = 0. Let n be the cardinal number of the set
I, we re-index the elements of T so that I = {1,...,n}. Then we notice that for each
monomial in f of type u v with u,v € M (T) such that |uxv|, = |f|,, if o(tx) = ar
(1 <k <n) we have 9(uxv) = w (9 (w) 2 (v) with w (2(u) = w(a))™ -+ w(an) ",
however we have |ux v|, = |u|;, + |v|; from where |u|, = |f], — |v];. O

The point of view of the identities considered in the algebraic system (K (T),-,*)
makes it possible to obtain for the class of baric algebras similar results to those varieties
of algebras, what the point of view restricted to the algebra K (7)) does not allow to do,
for example the proposition 8 is not true in K (7). Nevertheless, the use of the K (7))
algebra is very useful for writing more conveniently and manipulating identities. Indeed,
in (K(T),-,*) the writing of an identity verified by an algebra (A,w) is not unique,
for example, the polynomials (tltg) (tltg) — (tltg) t1 x 1o and (tltg) (tth) — (tltl) to x to
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correspond in an algebra (4,w) to the identity (zy)* —w ()?w (y)y = 0, (z,y € A),
which is written (t1t2) (t1t2) — t2. in K (7).

Definition 11. Given f € K(T), f = 3,5, aywi, we call homogenization of f, a
polynomial f* € (K (T),-,*) defined by:

[r= E QW * Wk,

k>1
where for all k,7 > 1 we have wy, € M (T) with |wi|, = |f]; — |wk]; -

Proposition 12. Let (A,w) be a K-algebra and let f € K (T) be a polynomial, the
following statements are equivalent

i) A wverifies all homogenization f* of f,

it) A verifies one homogenization f* of f,

i11) we have 9 (f) =0 for any map o: T — H,,.

Proof. The implication i) = ¢4) is immediate.

For the rest we notice that for any map ¢ : T — H, and all w € 9 (T) we have
0 (w) =1, from this we deduce that g(f*) = o (f) forall f € K (T)and all p: T — H,,.

i1) = iii) Therefore if f* is an identity of A, we have o (f*) = 0 and so o(f) =
o(f*)=0forany o: T — H,. .

1i1) = 1) Reciprocally if we have g(f) = 0 for any map o : 7 — H, then for any
homogenization f* of f we have 9 (f*) = 0(f) = 0 this implies from the proposition 7
that the algebra A verifies the identity f*. O

This result naturally leads to the following definition.

Definition 13. Let (4,w) be a K-algebra and let f € K (T), we say that f is an identity
verified by A if the algebra A satisfies any homogenization of f.

Baric algebras do not necessarily verify an identity, but in some cases the existence of
an identity is assured.

Proposition 14. If (A,w) is a finite-dimensional algebra then A verifies an identity.

Proof. Let d 4 1 be the dimension of (A4,w). The result is true for d = 0 because in this
case A ~ Ke with €2 = e and w(e) = 1. Suppose d > 1, let (ey,...,eq) be a basis of
kerw. For z € kerw let L, : © +— zx, the map L, is an endomorphism of ker w and the set
L = {L,;z € kerw} is a subspace of End (kerw) generated by {L.,,...,Le,} therefore
([18], lemma 5, p. 103) L verifies the identity
P(ti,... tq) = Z (=1 oy to(a)-
SESq
From P (L,,,...,L,,)y =0 for any z1,...,24 € kerw and y € A we deduce that for all
ai,...,aq € H, we have P <La§_a1,...,La3_ad) y =0 for any y € A, in other words A

verifies the identity:

Z (—1)%&" (t?;(l) - tg(l)) e (t?r(d) — tg(d)) tay1,

s€Sq
which finishes the proof. O
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The following example shows that in general this result is not true in infinite dimension.

Example 15. Let 7 = {t,;n > 1} and let 9 (7),, be the set of monomials of degree n.
We have M (T) = U, M(T),, and M(T),, C U, 4 M(T), x M(T), thus the set
D (T) is countable. Let ¢ : M (7)) — N be a bijective enumeration. We consider the alge-
bra A with basis (ew(w))wem(ﬁ such that e, (y)€p(v) = €p(v)Cp(u) = Cp(uv) fOr any u,v €
M (T). The algebra A is commutative, non associative because (%(tl)%(tg)) Colts) =
€u((t1ta)ts) and €y(t1) (ew(tz)ew(w)) = €u(ty (tats)) with (t1t2)ts # t1 (tats), it is weighted
by w (ep(w)) = 1. Suppose A verifies an identity f € K (T) where f = > k>1 @KW, then
for o : T — A such that o (t;) = e,,) we get 0(f) = 21@1 ey (w,) therefore o (f) # 0,
contradiction. Thus the algebra (A,w) does not verify any identity.

Let (A,w) be a baric K-algebra, we denote Id(A) (resp. (Id(A),-,x)) the subset
of K(T) (resp. (K (T),-,*)) whose elements are identities vérified by A. According
to the proposition 12 the set Id(A) is not empty if and only if it is the same with
(Id(A),-,x). It is clear that Id (A) (resp. (Id(A),-,*)) is a K-algebra and a two-sided
ideal of K (T) (resp. (K (T),-,*)). We have seen in the proposition 8 that the elements
of (Id(A),-,x) are homogeneous. On the other hand, according to the definition 13,
the ideal Id (A) can contain both homogeneous and non-homogeneous polynomials, but
contrary to what we showed for the lideal (Id(A),-,*), homogeneous components of
a non-homogeneous element of Id(A) are not always identities of A. If 5 (7) and
€ (T) denote respectively the set of homogeneous and non-homogeneous polynomials,
the partition K (7)) = 2 (T) U (T) induces the partition of Id (A) into two subsets:
Id(A) = A (A) U (A) where H# (A) = Id (A)NHA (T) and H# (A) = Id (AN (T).
In what follows we study the properties of Id (A) and (Id (4),-,*).

Proposition 16. Let (A,w) be a K-algebra.

a) For any f € Id(A) and any f € (Id(A),-,x) we have: f (1) = 0, where 1 =
(1,...,1,...).

b) If Id(A) # @ then we have H# (A) # 0.

¢) Given f € H(A) then for all i > 1 such that |f|, # O there are g,h € K (T)
verifying the conditions : f =g —h, |g|, = |fl;, l9l, > |h|; and g (1) = h(1).

Proof. a) Let f € Id(A), f =~ cswi, where o, € K and wy, € M (T), from wy, (1) =
1 it follows f (1) = 3,5, arw (1) = 3,5, k. But according to the proposition 7 we
have >, <, a0 (wi) = 0 for any o: 7 — H,, or w (2 (wy)) = 1 and applying the weight
function w to the relation o (f) =0 we get >, <, ay = 0.

Let f € (Id(A),-, %), we have f =", apwy + > 151 Biwg * v where ay, 5 € K and
Wy, ug, v € M(T), then f(1) =3, o; ar + 35, Bi- For any map o: T — H,, we have
w(@(wg)) =1 and w (9 (u; *v)) = w (2 (w))w (2 (v;)) = 1, then by applying the weight
function w to the relation o (f) =0 we get >, o ar + Y ;5 6 =0.

b) The result is immediate if H (A) = @. If H (A) # O, let f € H(A) and i > 1 such
that |f|; # 0, we have f (t1,...,t7 ... tn,...) € Id(A) with |f (t1,... .67 . tn,...)|, >
|f(trseeotioo by, o) thus f (B, 820ty ) = f (b1t ooty ) € H(A).

c) Given f € H (A), f =Y 4>, arwy, where ay, € K, wy, € M (T). Let i > 1 such that

|fl; # 0 we note I; = {k; |wg|; = |f|,} then f = Doker, OkWk + D _pgp, Wy S0 taking
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9 = D rer, kWi and h = g — f we have |g|; = |f|;, [g]; > |h[; and from f (1) = 0 it
comes g (1) — h (1) =0. O

Another difference between ideals (Id(A),-,*) and Id(A) concerns the property of
T-ideal. A T-ideal of K (T) is a two-sided ideal of K (7) which is stable by substi-
tuting indeterminate ¢; by any element of K (7) or, which is equivalent, stable by any
endomorphism of K (7).

Proposition 17. Let A be a baric algebra such that Id (A) # {0}, then

a) The ideal (Id(A),-,*) is a T-ideal of (K (T),-,*).

b) If cardK > 2p where p = min ({|f|,; f € Id(A),i > 1} \ {0}), the ideal Id(A) is
not a T-ideal of K (T).

Proof. a) Let f € (Id(A),- %), to any family (f,),~, elements of (K (7),-,*) and
(an),~, elements of A we associate the map o0: 7 — A, o(t;) = fi(a1,...,an,...) then
from o(f) = 0 we deduce f (fi,..., fn,-..) € (Id(A),-,%).

b) Suppose, by absurd, that Id (A) is a T-ideal. Let feH (A), f = > ,~, axwy and
i > 1 such that |f|; = p. We note I = {k;|wy|; = |f|;}, so we have |wy|, < |f|, if k ¢ I
and f = >, ., agpwy + Zkgl apwg. From card K > 2u we deduce that it exists a € K
such that >, o, o + Zk¢[ apolWrli £ 0, then by taking a family (Tn),>; elements
of H, and ¢ : T — A verifying o (t;) =z if k # i and o (¢;) = ax; we have by hypothesis
0(f)=0,but wog(f) =, c;ma? + Dokel ookl we have a contradiction, it has
been shown that f (t1,...,at?,... tn,...) & Id(A). O

The ideal Id (A) verifies a weakened notion of T-ideal.

Remark 18. Note AK (T) the set of all polynomials h € K (T) such that h (1) =1. An
ideal I of K (T) is a stochastic T-idéal (cf. [1], p. 388) if I is invariant by replacing the
symbols ¢; by any element h of AK (7). Let (A,w) be a K-algebra, as for all (z,,),,~; such
that x, € H,, and all h € AK (T) we have w(h (T1y. ey Tpy .- )) = h(1) =1, it follows
that oh (t1,...,tn,...) € H, therefore if f € Id (A) according to the definition 13 and the
proposition 12, for any family (hy,),,~, elements of AK (T) we have of (h1,...,hp,...) =
0 in other words f (hi,...,hn,...) € Id(A) and Id(A) is a stochastic T-ideal.

3. PEIRCE POLYNOMIALS - PEIRCE-EVANESCENT IDENTITIES.

In the rest of this paper, the symbol ¢ is a letter that does not belong to the set 7.
Let f € (K(T),-,*), for any i > 1, we have f (t1,...,t; +t,...) € (K (T U{¢t}),,*)
and the development of the polynomial f (t1,...,t; +1¢,...) can be written in the form
fFl, ottt )= > Zu(f) (b, ..
0<k<|fl,

where for all 0 < k < |f|, we have .Z 1. (f) € (K (T U{t}),-, %) and | L« (f)|, = k.
The polynomial .Z; i, (f) is called the linearization of f of order k in ¢;. In particular,
we have %o (f) = f.

Proposition 19. Let (A,w) be a K-algebra verifying an identity f € (Id(A),-, %), then
for any i > 1, the linearizations of f in t; are identities vérified by A.
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Proof. Let t ¢ T and f € (Id(A),-,*). For all i > 1, all (ax),~;, a elements of A
and A\ € K*, we consider the maps g, 0y : 7 U {t} — A such that o(t;) = o) (t;) =
4, 0(t) = a and gy (1) = Aa, by noticing that &3 (Zix () = ANT(Zx (f)), from
ox(f(t1,...,ti +t,...)) = 0 we deduce Zogkgmi Mo (ZLix (f) = 0. So considering
the hypothesis made about the field K (cf. remark 9), by giving A a non-zero values
Ao, - - - Ajy|, pairwise distinct, we obtain a linear system consisting of |f], +1 equations of
unknowns ¢ (.Z; ;. (f)) whose determinant is not zero, therefore we have 9 (% « (f)) =0,
in other words polynomials .%o (f),..., %y, (f) are identities verified by A. O

For any ¢ > 1 and h € (K (T),-,*), we introduce analogs of derivation operators (8],
[10], [18]) A p : (K (T),-, %) = (K (T),-,*) which are linear maps defined by:

0 ift; #t;,
Ai’h(tj):{h iftjl—t.
7 — Vi

A

A

(w)-v+u-Ayp(v),
(w)*v+uxAjp (), (u,veM(T)).

Proposition 20. Given f € (K (T),-,x), f = > > axwr where wy, € (M(T),-,%),
the linearization of f of order d in t; is obtained by

Lia(f) =) ard, (wy).

E>1

Proof. 1t is clear that .Z; 4 (f) = >_j>1 @k-Zi,a (wi), therefore it is sufficient to show that
a0 (W) = Af’t (wy,), which we will do by recurrence on the degree of the monomial wy.
At degree 1 the result follows from the definition of the map A;;. Suppose the result
true for all monomials of degree < n. Let w be a monomial of degree n + 1, according
to the proposition 2 we have w = u - v or w = u x v.

For the w = u-v case we have .Z; 4 (w) = > Z (1) % 4 (v) and with the induc-

p+q=d ~=%P
tion hypothesis we get Z; 4 (w) = >° . .4 A7, (u) Af, (v), from the relation (3.1) we de-
duce inductively that for any integer d > 1 we have AY, (u-v) =Y A7), (u) Ay (v)

therefore we got % 4 (w) = A¢, (u-v) = A, (w).

p+q=d

In the case of w = uxv we have £ 4 (w) = >_ ;% p (u) * & 4 (v) and with the
induction hypothesis we deduce that -Z; 4 (w) = 3>, _; A7, (u) x A, (v), but with the
relation (3.2) we deduce inductively that Af, (uxv) = > AV, (u) x A, (v) and
therefore .Z; 4 (u x v) = A, (uxv). O

Proposition 21. Let (A,w) be a K-algebra and let f € (K (T),-,*) be a homogeneous
polynomial such that f =3 - cpwp+3_, 5, Batig*vg where ag, Bi € K and wy, ugq,vq €
IM(T) with |wy|, = |ug *xvg|, = |f|; for any i > 1. Then fort ¢ T, for any integer i > 1
and any map o: T U{t} — A we have:
(33) 0Li1 (f) = D @i (wp) + Y Fydlie (ug % vg)

p>1 q>1

where for all ¢ > 1 we have:
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(3.4) oA 4 (quq):( I1 w(g(tr))mqu)w(g(ti))mqh_lX

r>1,r#i
[ltgl; 0 (0 (1) 8 (vg) +w (0 (1)) Bt (v5)].
Proof. According to the proposition 20 and by linearity of 9 we have:
PLia (f) =D bl (wp) + ) B0 (ug *vg).
p=1 q=1
Then by definition of the maps p and A, ; we have for any integer ¢ > 1:
04 1 (ug * vg) = w (04t (uq)) 0 (vg) +w (2 (uq)) 0 ¢ (vg) -
The maps w and p being linear, we have
=[Twew)™".
r>1
Let us show that for any monomial v we have
~ u ul,—1
w(@ia @) =l ( T] @)™ )w o)™ w o).
r>1,r#4

This result is true for any monomial u of degree 1, because A;; (t;) =t if j =i and 0 if
not, thus w (04 (t;)) = |t;|,w (o (t)). Assuming this property verified for any monomial
of degree < n, let u be a of degree n + 1, we have v = ujug with |uq|, |usz| < n,

w (A (u)) = w (A (u1)) w (0 (uz)) +w (0 (u1)) w @Az t (Uz))

= ol (Hw@(m)‘"l'r)w<@<ti>>‘"1‘i ) x T @ (ot +

r#i r>1,
[T w o)™ xfual; (TTe (o (1)) )w (o (t:)"™ " w (1))
r>1 r#i
e <g(tr>>‘"1'r+'“2'r) (T + ezl (o (8) 1127 o (o (1)
r#i
and the result comes from |u;|; + |uz|; = |ul;. O

An element e of a K-algebra A is an idempotent if e # 0 and e? = e. If the algebra A
has a weight function w, from e? = e we deduce that w (e) (w (e) — 1) = 0 thus w (e) = 0
or 1.

Let (A,w) be a K-algebra admitting an idempotent e such that w (e) = 1, taking in
(3.4) the maps g(c,,) defined for any y € kerw by

Oey) : T ULt} — A,
Qew) (ti) = (i 2 1),
Q(&y)() =Y.
we get 0(c,y) (Ug * Vg) = 0(e,y)Qi,¢ (vg) and with this (3.3) becomes:
(3'5) 5(6,:[})"%,1 (f) = Z ap@\(e,y)Ai,t (wp) + Z 6q§(e,y)Ai,t (Uq) .

p>1 g>1
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We can deduce

Corollary 22. Let (A,w) be a K-algebra admitting an idempotent e of weight 1 and let
f € K(T). For any homogenization f* of f we have:

@\(e,y)og/ﬂi,l (f*) = b\(e,y)Ai,t (f) ) (vy € kerw) .
Proof. Let i be an integer, we write f € K (T) in the form f =3 o apw, +3° 5, Byvq
with wy, vy € M (T) such that |wy|, = [f]; for all p > 1 and |v,|, < |f]; for all ¢ > 1. Let

=251 pwp + 3 51 Byt * vg be a homogenization of f, where for any ¢ > 1 such
that 3, # 0 we have ug € M (T) with |u,|, = |f|; — |vq];- From (3.5) we get

ey Din (F) =D 0By Din (wp) + > ByBieyDit (V) = BenyyLit ()

p>1 g1

which completes the proof. O

In the following we note K (t) the subalgebra of K ({t}) generated by the set {t";n > 1}
where for any integer n > 1 we have: "t = " = "¢ with ¢! = ¢. For each i > 1 we
define the linear map 9; by

0;: K(T) = K (t)

if =14
(3.6) 9, (t;) = {(1) if; N

0; (wv) =t (0; (u) + 9; (v)),  (Yu,v € M(T)).
To simplify the notation we will write 0, f instead of 9; (f) for f € K (T).
Example 23. Let w = (((tltg)tg) t%) ((t%tg,) tl) we have:
dw =1t (0 (((trita) t2) t3) + 01 ((Kt3) t1)) =t (2 + £ (01 (£5t3) + 1))
=t (+ 120, (1) +t) = 3t" +¢°.
Dow = t (102 ((t1ta) t2)) =t (2 (0 (tit2) + 1)) = t* +¢3.
Osw =t (t (93 ((t1t2) t2) + 05 (13)) + t0s (t7t3)) = t* (2t + t) = 3t°.

A more convenient way to calculate polynomials 0;f uses the representation of the
elements of MM (7) by rooted binary trees with labeled leaves. The rooted binary trees
formalism comes back to Etherington’s papers [5, 7] for the study of the combinatorial
structure of non-associative monomials, applications of this formalism were originally
developed by Tkachev [16] to the Peirce decompositions of algebra identities.

A tree is a graph T = (T°,T") non oriented, connected, without cycle, where T° # ¢
(resp. T1) is the set of vertices (resp. edges).

A tree T is rooted if a vertex, noted p, and called the root, is distinguished.

Two vertices s1,52 € TC are incident if s; and s, are the vertices of the same edge.
The valence of a vertex s is the number of incident vertices to s. A tree T is binary if
the valence of p,. is 0 or 2 and if the valence of s € T", s # p,. is equal to 1 or 3.

Univalent vertices of a rooted binary tree T are called leaves, we note L (T') the set of
leaves of T

A rooted binary tree T is said T-labeled if there is a map A : L (T) — 7, we write
(T, A) such a tree.
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Two rooted binary trees 77 and Tb are isomorphic if there is a graph isomorphism
@ : Ty — Tb such that ¢ (pTl) = pr,- The rooted trees isomorphism ¢ : Ty — T5 remove
the leaves: ¢ (L (Th)) = L (T5).

Two rooted binary trees .7 -labeled (71, A1) and (T3, As) are isomorphic if there is a
rooted tree isomorphism ¢ : 71 — T, such that As o oL = Aq.

We denote 77 the set of isomorphism classes of rooted binary trees T-labeled, we
provide Z with the grafting law: let 71,7, € J7, we associate with (T1,T3) the tree
T’ - T3 such that the graph of T3 - T without its root p,. ,, and two vertices adjacent to
Pz, ., has two connected components 77 and Tz. With the grafting law 77 is a magma
isomorphic to non-commutative magma Mag (7"), with this isomorphism ¥ : Mag (7)) —
I, the degree of w € Mag (T) on t; € T is equal to the number of leaves labeled ¢; in
the tree ¥ (w).

With these notions on rooted and labeled binary trees, we have the following result
which provides a convenient and quick way to calculate polynomials 9;w.

Let (T, A) be a rooted binary tree T-labeled, the altitude of a vertex s € T, noted
i (s), is the minimum number of edges connecting s to the root p,. (cf. [6]).

Proposition 24. For any w € M (T) and any i > 1, we have:

(3.7) dw(t)= > "),

sEAL ()

where A, (t;) is the set of leaves labeled t; in the tree W (w), in other words, At (t;) =
{se L(V(w);A(s) =t}

Proof. Let us show the result by induction on the degree of w. The result is true if w has
degree 1, indeed if w = ¢; on the tree ¥ (w) the leaf labeled ¢; is at altitude 0 because
it is confused with the root, so d;w = 1 = 1, if w = ¢; with j # i therefore we get
A=Y (t;) = @ and by convention the sum is zero. Suppose the result (3.7) true for any
monomials of degree n, let w of degree n + 1, we have w = wv with u,v € M (T) of
degree at least 1. According to (3.6) we have

Oiw =t (Opu+ O) = AT N AT = N R,

() sEAS T (t:) SEAL T (E)UAL ! (t:)

where A, ! (t;) and A (t;) denote respectively the set of leaves labeled ¢; in the trees
U (u) and ¥ (v). But the tree ¥ (w) being the result of the grafting of trees ¥ (u)
and U (v), it follows that the set of leaves of the tree ¥ (w) labeled ¢; is the union
of sets A ! (t;) and A,!(¢;), and by definition of grafting the altitudes of the leaves
of A;1(t;) and At (#;) in the tree ¥ (w) are increased by one unit in relation to their

values in thre trees ¥ (u) and ¥ (v), we deduce from this that ZseAfl(ti)uAfl(ti) th(s)+1 —
ESEA;I(ti) th(G) O

Example 25. To illustrate this result, we use the example 23 with the monomial w =
(((tltg) ta) t%) ((t%tg) tl). The labeled rooted binary tree associated with w is given below
(we only mentioned the indices of the labels).
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This tree has 4 leaves labeled t; including three of altitude 4 and one of altitude 2,
so according to (3.7) we have Oyw = 3t* + ¢2. It has 2 leaves with the label t5, one of
altitude 4, the other of altitude 3 so d,w = t* + ¢3. Finally the label t3 is carried by
three leaves all located at altitude 3 therefore Osw = 3t3.

Corollary 26. For any w € MM (T) and any i > 1, concerning O;w we have:

a) The coefficients of the polynomial O;w are natural numbers.

b) The polynomial degree of O;w is equal to the maximum altitude of the leaves labeled
t; in the tree ¥ (w), in other words,

deg (O;w) =max{h(s);s € L (¥ (w)),A(s) =1t;}.

¢) |Ow| < |w| — 1.

d) w (1) = |wl;.

e) If w = wv with u,v € M(T) such that |ul|;,|v|, > 1, the polynomial valuation of
O;w 1s:

val () = {min{val(@iu) ,val (O;v)} + 1 sz: lul, |v|, # 0,
max {val (O;u) , val (Q;v)} +1  si |ul; |v], = 0.
Proof. a) and b) are immediate consequences of (3.7).

¢) Inductively on the degree of w. If |w| = 1 the result is immediate because we have
O;w = 0, 1. If the result is true for any monomial of degree < n, let w € MM (T) of degree
n+1, there are u,v € M (T) such that w = wv, we have d;w = t (O;u + J;v), in view of a)
we have |0;w| = max {|0;ul, |0;v|}+1, we deduce from this with the induction hypothesis
that |;w| < max {|u|, |v|}, as v # w and v # w we have |u| < |w| and |v| < |w| therefore
|0;w] < |w].

d) According to (3.7) we have d;w (1) = card (A" (;)) and by the magma isomor-
phism ¥ : Mag (7)) — J7, the number of leaves of the tree ¥ (w) labeled ¢; is equal to
the degree of w in t;.

e) This is an immediate consequence of (3.7) and the grafting law of rooted binary
trees. 0

Let e € A, we denote L, the K-algebra endomorphism on A defined by L. : x — ex.

Proposition 27. Let (A,w) be a K-algebra admitting an idempotent e € H,, and let
f €K (T). For any integer i > 1 we have

(8zf) (Le) (y) = §(e7y)Ai,t (f) (Vy € kerw) :

Moreover, if f € K (T) is an identity verified by A we have: (0;f) (L) (y) = 0 for
any y € kerw.



16

Proof. By linearity of maps 0; f and 9. A it suffices to show that for any w € M (7))
we have 9(c) A (w) = (Qw) (Le) (y). Let us show this by induction on the degree of
w. If the degree of w is 1 we have p(. A (t;) = 0, (0it;) (L) (y) = 0 if j # 4, and
O(e,) iyt (ti) =y = (0its) (Le) (). Suppose the result true for all monomials of degrees
< n,let w e M(T) of degree n + 1, the monomial w writes w = wv with u,v € M (T) of
degrees < n, and according to (3.1) and the inductive hypothesis we have

O(e,) it (W) = 0(e,y) (Aiye (1) V) + Oe,y) (Wi (v)) = Le0; () (Le) y + Le; (v) (Le) v,
because 9,y () = 0(c,y) (v) = e. Finally we have
Led; (u) (Le) y + Led; (v) (Le) y = Le (95u + 0iv) (Le) (y) = 0; (uv) (Le) () -

If f is an identity verified by A, according to the proposition 19 we have 9(. . A (f) =
0 for any y € kerw.

It follows from this proposition that for allf € Id (A), polynomials 9; f are annihilator
of the operator L. whatever idempotent e of weight 1 of A.

Definition 28. Let f € K(T), for ¢ > 1, the polynomial 9;f is called the Peirce
polynomial in ¢; of f.

Polynomial f is said Peirce-evanescent if f # 0 and if all its Peirce polynomials 9; f,
(¢ > 1) are the null polynomial.

Polynomial f is a Peirce-evanescent identity (in short, an evanescent identity) if
f(1) =0 and if f is Peirce-evanescent.

A K-algebra (A,w) admitting an idempotent e € H,, and verifying an identity f €
K (T) is said Peirce-evanescent for f if the polynomial f is an evanescent identity.

Example 29. Let (A4,w) be an algebra verifying the identity
f(zy) =2 (xy®) — @ (xy?) — 2%y +ay.
If we assume that there exists an idempotent in A, relative to this idempotent we find

Ouf(t) =3t2 — (2 +t) =22 +¢t =0 and O, f(t) = 2t> =2t —t +t = 0, so A is
Peirce-evanescent.

We denote by Ev (T) the subset of K (7) whose elements are evanescent polynomials,
so for all K-algebra (A,w) admitting an idempotent e of weight 1, the set Ev(A) =
Ev(T)NId(A) refers to the set of evanescent identities relative to e verified by A.

Proposition 30. The set Ev(T) is an ideal of K (T).

Proof. Tt is immediate thatEv (7) is a linear subspace of K (7). Let us show that for
any f,g € K (T) and for all ¢ > 1 we have

(3.8) 9i (fg) =t (f (1) dig +9(1) i f) .
Let f =3 5, apup and g = 3° -, Bqvq Where oy, By € K and up, vy € M(T), we get

9 (fg) = Z pBq0; (upvg) = t((z ap) dig + (Z Bq)aiu>a
p,q21 p=1 q=1
but szl ap, = f(1) and Zq21 By =g (1).
In particular, if we take f € Ev(T) and g € K (T) we get 0;f = 0 and according to
the proposition 16 we have f (1) = 0 from where 0; (fg) = 0. O
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On the other hand, the ideal Ev (A) is neither a T-ideal of (K (T), -, %) nor a stochastic
T-ideal (cf. remark 18) as we can see in the following example.

Example 31 Starting from the evanescent identity characterizing backcrossing algebras
f(z) = 22x? — 22® + 2%, we consider the identity g (z) = f (5 (2% + z)).

We have g ( ):—[(x +2)? (02 +2)" 4 (a* +2)" +4 (2% +2)7].

From 9, ((a? +2)?) = 4
0y (2% +2)° (2% +2)°) = 20, ((2® + 2)°) =862 (2t + 1)

0 (22 +2)") = (00 (2% +2)") + 0 (s +2) ) =t (2t +1) (4 +1)

finally we get 0,9 (z) = 2 (2t — (4t + 1) +4) 4t (2t + 1) = 2t (2t + 1) (3 — 2t) # 0.

t (2t + 1) we deduce:

Relation (3.8) gives a simple method for constructing evanescent identities.

Proposition 32. Let (4,w) be an algebra admitting an idempotent e € H,, and verifying
an identity of the type fg where f,g € K (T). If we have f (1) = ¢g(1) = 0 then the
identity fg is evanescent.

Given (A,w) a K-algebra verifying an identity f, the Peirce spectum is the set of roots
of Peirce polynomials 0, f, relative to an idempotent e € H,,, these are the eigenvalues of
the operator L. which are involved in the Peirce decomposition of the K-algebra (A,w)
verifying f. It is obvious that if the algebra (A,w) verifies an evanescent identity, in
the absence of Peirce polynomials, the spectrum of the operator L. is undetermined. In
the following we specify this by showing that the spectrum of L. can be any part of K
containing 1, for this we use mutation algebras.

A mutation algebra (A, M,w) is a K-algebra defined by a vector space A over K, a
linear map M : A — A, a linear form w : A — K such that w # 0, w o M = w and by
the multiplicative law zy = % (w (y) M (z) +w (z) M (y)) where z,y € A. It follows from
the definition that w (zy) = w (z) w (y) therefore w is a weight function.

Example 33. Mutation algebras verify a multitude of identities. The construction of
these identities is based on the following property: in a mutation algebra (A4, M,w)
we have (kerw)2 = 0, then taking z,y,z’,y’ in H, such that  —y # 0 and 2’ —
y' # 0 we have (x —y) (¢/ —y’') = 0. With this process we build ad libitum identities
verified by all mutation algebras, for example (1 — t2)°, (t3 - t2)2, (2 —t1) (83— t2),
(ty 4ty — tg — ta) (t1 — to + t3 — ta), 1262 — (t1t2)* et cetera . ..

Mutation algebras verify all evanescent identities.

Proposition 34. Let (A, M,w) be a mutation algebra, for any f € Ev(T) the algebra
A verifies the identity f.

Proof. Let f € Ev(T) be an evanescent identity, f = >, -, apwi where a € K and
wy € M(T). Let (A, M,w) be a mutation algebra, for any family (z,),~, of elements
of H,, we define the map o: T — H,, by o(t;) = x;, (i > 1) and the algebra morphisms
;i K (t) = A by:

£i (") = 5o M (1)
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Let us show by induction on the degree that for all w € M (T) we have:

o(w) = Z%‘ (Oiw) .
i>1
The result is immediate if w is of degree 1. Suppose the result true for all monomials of
degrees < m. Let w be a monomial of degree n + 1, there are u,v € M (T) of degrees
< n such that w = wv, then g(w) = 9 (uv) = 9 (u) 0 (v), using the mutation algebra
structure of A we get 9(u) 0 (v) = M (2(u))+5M (2(v)), with the induction hypothesis

this becomes 1M (9(u)) + M (2(v)) = tM (Zi21 i (Oju) + @; (@v)), but we have

@i (t0ju) = 3 M; (O;u), therefore 9 (u) 9 (v) = Yois1 P (E(Oiu+ 0iv)) = 32,5 i (Ojuv)
from which the result. We deduce that

o(f) = Z a0 (W) = Z@k Z i (Qiwg) = Z Pi (Z akaiwk> = Z @i (0if),
k>1 k>1  i>1 i>1 k>1 i>1

and since f is evanescent we have 9;f = 0 for all ¢ > 1 therefore 9 (f) = 0, and according
to the proposition 7 we have shown that algebra (A, M,w) verifies the identity f. O

Proposition 35. For any subset P of K such that 1 € P, there is a mutation algebra
(A, M,w) having an idempotent e whose spectrum of the operator L. is P.

Proof. Consider the K-space A with basis (e,),,cy, equipped with the mutation algebra
structure defined by M : A — A, M (eg) = eg, M (e;) = 2e;11 for all i« > 1 and with
w: A — K such that w(ep) = 1, w(e;) = 0 for any ¢ > 1, then we get e2 = ey and
eoe; = e;11 therefore the element e is an idempotent and the spectrum of L., is P = {1}.

Let I be a non empty set and let P = {1} U{\;;¢ € I} be a subset of K. We consider
the vector space A over K with basis {e}U{e;; ¢ € I} equipped with the mutation algebra
structure by the maps M : A — A, M (e) = e, M (e;) = 2\;e; and w : A — K such that
w(e) =1, w(e;) = 0. This algebra (A, M,w) admits e for idempotent element and for

all i € I we have ee; = %M (e;) = A\;e; therefore the spectrum of L, is P. O

4. EVANESCENT IDENTITIES OF TYPE [n], [n,1], [n,2], [n,1,1].

4.1. Method of obtaining generators for homogeneous and non-homogeneous
evanescent polynomials.

Generators of evanescent identities are searched among non-homogeneous polynomials
defined as follows.

Definition 36. A non-homogeneous polynomial f € K (t1,...,t,) is called a train
polynomial of degree (di,...,d,) if f=g—> ., h;, with g,h1,...,h, € K (t1,...,t5)
satisfying the following conditions:

a) f(1) =0,
b) polynomial g is homogeneous of type [dy,...,d,],
¢) for all 1 < < r, polynomial h; is homogeneous of type [d;,da, ..., dy],

d) we have 0 < &1 < ... < 4, < dj.

Remark 37. For n = 1, if we take polynomials g; and h; in the set {xk;k > 1}, we
find the definition of principal train polynomials introduced by Etherington [4] and with
g; and h; in {x[k];kj > 1} where z"t1 = gzlgll 20l = 2 we obtain plenary train
polynomials studied in [9].
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In the cases studied below, the following method is used to obtain the generators of
the evanescent polynomials in the form of train polynomial.

For a given n-tuple (dy,...,d,) and for w € M (¢1,...,t,) of type [d1,...,d,], we are
looking for a polynomial P, € K (t1,...,t,) such that w — P, is a train polynomial of
degree (dy,...,d,) verifying 9; (w — P,,) = 0 for every 1 < i < n. For that we choose a
set F = {w1k,...,Wn ik >0} where

o forall1 < j<m and all k > 0 we have w; € M (t1,...,t,) and w;y is of type
[kaan"'vdn] or [k+]-ad2a"'adn]a

e foralll < i <nthereis1 < j < m such that the integer sequence (|81 (wj’k)’)k>0

is strictly increasing and the set of integers {’8Z (wj7k)|; k >0} is N or N*.

Then for w € M (t1,...,t,), w ¢ F, we put P, = Z;nzl (Zij:o aj7kwj7k> where §; =

|9;w|, for each 1 < i < n we have 9; (w — P,)) € K (t), therefore the search for the
polynomial P, verifying 9; (w — P,,) = 0 (1 < i < n) is equivalent to solving a system of

linear equations of unknowns (o x)1<j<m-
k<55

=)
INI

With regard to the generators of homogeneous evanescent polynomials of type [d1, ..., d,].
We note by N the cardinality of 9 (t1,...,tn), 4. and by (wi);<x<y the elements
of this set. Let be f = Zgzl apwy, we search (o), <n<py such that 0;f = 0 for any
1 <i<nand chvzl ar = 0, we have 0;f € K (t) aﬁd_according to the corollary 26,
|0: f] < Z?:l d; — 1, therefore the conditions Z,If:l ay, (O;wy) = 0 and ijzl oy =0 give

a system of at most k (2?21 d; — 1) + 1 linear equations of unknowns ()| <p<y-

4.2. Evanescent train identities of degree (n) and evanescent homogeneous
identities of type [n].

In this section to simplify the notations we will write 9t (x) instead of 9t ({z}) and
K (z) instead of K ({x}).

For any n > 1 we denote 91 (:v)[n] the subset of M (x) whose elements are monomials of
type [n]. The numbers W{,) = card M (z);,; are the Wedderburn-Etherington numbers,
they satisty to the following recursive relations depending on the parity of n. Starting
from Wiy = 1, we get:

S Wip) + 1 3
Wiap = Z WigWizp—i + 5 : Wigp+1] = ZW[i]W[szrpi}, (p=1).
=1 i=1
The first values of W, are:
n [0]1]2[3[4[5[6[7[8]9]10
Wi [0 1]1]1]2]3]6]11]23]46 98

4.2.1. Evanescent train identities of degree (n).

In the following we note Q (z) the vector space over Q generated by {z";n > 1}.
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Proposition 38. There is no train evanescent identity of degrees (2) and (3).

For anyn >4 and all w € E)ﬁ(x)[n] verifying w # x", there is an unique polynomial
P, € Q(x) of degree < n such that the polynomial w— Py, is an evanescent train identity
of degree (n).

Proof. Let be f(x) = ax? + Bz, we have 9, f (t) = 2at + 3 thus 9, f =0 if a = 8 = 0.
Let be f (z) = ax®+ Bz? + vz, we have 0, f (t) = 2at? + (o + 23) t ++ and consequently
O.f =0only if f =0.

Let be w € M (x),,) such that w # 2™, according to the result c) of corollary 26 we

have |0,w| < n — 1 and for any k > 3 we have

k—2
(4.1) Oy (2%) = 26571+ 4.
i=1

Let be p = |9,w|, we have d,w (t) = Y.h_, ayt” and we are looking for P, (z) =
P Bra® such that 9, (w — P,) = 0 and P, (1) = w (1) = 1. A simple calculation
gives 0y Py, (t) = 20p 4117+ Z;i (2ﬁk+1 + Zf;ﬁiw ﬁ2> tF 4283, and we have d,w = 9, P,

if and only if (ﬂ¢)1<i<p+1 is solution of the linear system:

p+1 p+1
2Bp11=0p, 281+ Y, Bi=ar,(1<k<p—1), 281 =a¢, Y Bx=1,
i=k4+2 k=1

which is equivalent to the triangular linear system: 28, = «g, Or — Zi:ll Bi = ar —1
(2 <k <p+1) as according to corollary 26 we have aj € N for any 0 < k < p, the
solution (8;),<;<,, Of this system verify ; € Q forall 1 <i <p+1. O

From this, the following corollary is immediately deduced.

Corollary 39. For any n > 4, the vector space of evanescent train identities of degree
(n) has dimension W, — 1.

The proof of proposition 38 gives a method based on the resolution of triangular linear
systems to obtain evanescent polynomials, unfortunately it is difficult to apply for large
values of n, fortunately the following result gives an algorithm easier to implement.

Theorem 40. For any integers p,q > 1 we put:
E, . (r) = 2P2® — aPT! — 2971 4 22,

Let & be the ideal generated by the family {E, 4ip,q > 1} and 7 : K (z) — K@)/ ¢ the
canonical surjection. So for alln = 4 and w € M (), w # " we have 7 (w) = Py,
and for any f € K (x) of degree > 4, the polynomial f — 7 (f) is an evanescent train
identity of degree (n).

Proof. Using the relation (4.1) we show by a simple calculation that the polynomials
E, , are evanescent. Let us show by induction on the degree n > 4 that w — 7 (w) is
evanescent and that m (w) € Z (z) for any w € M (z)},,;, w # 2. We have 7 (z?2?) =
223 — 22 and we know that the polynomial z?z? — (2303 — x2) is evanescent. If the
result is true for any u € Sm(x)[k], u # x¥ where 4 < k < n, let be w € im(x)[nﬂ],
w # 2", there is u € M (2)(, and v € M (z), such that w = uv where 1 < p < ¢

n)’
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and p+¢=n+1 Ifu=2aP or v =ax% we have 7 (u) = v ou 7 (v) = v so we have
Op (W — 7 (w)) =0y (uwv — 7 (u) 7 (v)) =t (9 (u— 7 (u)) + 0y (v — 7 (v))) = 0. Moreover
if m(u), 7 (v) € Z{x) then 7 (w) =7 (u) 7 (v) € Z (z).

For all w € M (z),; we have 7 (w) € Z (z) and w—m (w) is evanescent, then according
to the proposition 4.1, by uniqueness of the polynomial P,, we have 7 (w) = P,,. Finally

for any f € K (z), f = > j5 cwwr we have f — 7 (f) = > 45y o (wp — 7 (wg)) thus
f—m(f) € & in other words, the polynomial f — 7 (f) is evanescent. O

Remark 41. This theorem makes it possible to specify a property stated in the proposition
38: for all w € M (), such that w # 2", the polynomial P, verify P, € Z(z).

n]
Theorem 40 gives a very practical and very fast way to obtain evanescent polynomials.
Example 42. Let be w = (($3$3) x2) ((x2:v4) x3), we have:
m(w) = (x2 (2334 — 332)) (gc?’ (ms + a5 — CEQ)) = (2965 — xQ) (azﬁ + 22t — 2% — LEQ)
=27 + 225 +22° — 2t — 223 — 22
we thus obtain the evanescent identity train of degree (17):
((ac?’x?’) x2) ((m2x4) x3) — " — 225 — 22° + 2t 4 227 + .
Using this method we obtain the following generators of evanescent train identities:
— of degree (4):
x20? — 223 + 22
— of degree (5):
(xzxz) x — 2z* + 23 2322 —zt — 2% 4 22,
— of degree (6):
(x2m2) 2 — 2z* + zz; (m3:172) x—a® —zt+ zS;
2323 — 22 + 22, ata? —x — ad 4 22,

((2%2?) ) x — 22° + x¥;

— of degree (7):

(x2x2) 3 =3zt + 23 + 2 xPx? — 28 — 2% 4 22
(x3x3) x —22° + x3; (x4m2) z—a8 —zt+ :c3;
334963—955—364—1—952; ((m?’xQ) x)x—xG—x5+x4;
(x3m2) 2% — 25 — 2t + 2% (((xQxQ) x) x) x —22% + 25,

zex) )t —22° + 2 — x° + 27

(( 2 2) ) 2 5 4 3 2,

— of degree (8):

ztat — 225 + 22 (((z2 2) 332) :c)a:—2x6—|—:c4;
4

T
(m?’x?’) x2 —2x5+x2; (x xS)m—xG —x5—|—x3;
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((x2x2) x2) x? — 225 + xz; ((;v3m2) x) 22— —a® 42t — 23+ xz'
((xza:Q)x) a3 — 225 + 22, (((a:QxQ)x)x) 2% — 228 + 2% — 2% + 22,
(:c?’;vz) ® —a® — 22* + 23 + 22 (((zzxz) :c) x2) x — 228 + 25 — 2t + 23,
(($2$2) m3)x—3m5+x4+m3; (:105352)90—:107 —x4+x37

(xsz) at — o =2zt + 2%+ 332; ((xSxQ) xz) x—a8 — %423

(:czxz) (x2x2) —da* + 228 + 22, (((zzxz) :c) x2) x — 228 + 25 — 2t + 23,
x5x3—x6—x4—|—x2' x6x2—x7—m3—|—x2;

((232®) ) & — 22° + 2% ((z%2?) 2) v — 27 — 2% + 2

(x4ac2) 2% — 28 — 2* —l—x ((($3x2) x) x)x—x7—x6+x5.

4.2.2. Evanescent homogeneous identities of type [n].

Proposition 43. There is no evanescent homogeneous identity of type [n] for alln < 5.
For n > 6, the vector space of evanescent homogeneous identities of type [n] is generated
by at least Wi, — n + 2 evanescent homogeneous polynomials.

Proof. The result is immediate for types [2] and [3] because according to proposition
38 there are no evanescent polynomials. For the type [4] there is only a unique evanes-
cent polynomial that is not homogeneous. Let be n > 5, to simplify the notation we
put N = W,], we note wy,...,wy the elements of im(m)[n}. Say that there exists an
evanescent homogeneous polynomial of type [n] is equivalent to saying that there ex-
ists non-zero elements aq,...,ay in K such that 22;1 apwg = 0, Ziv=1 ar = 0 and
Eszl a0y (w) = 0. However, with result ¢) of corollary 26 we have |0,w| < n — 1
for any w € My, (x), thus for all 1 < k& < N we have 0, (wy) = Z?:_ll Agit" with
Aki = 0 for ¢ > |0,wy| and Z,ivzl a0y (wg) = Z;:ll (ZkN:1 /\Wozk) t*, which amounts
to solving the n — 1 linear equations S : Zgzl Akiogp =0,(1 <i<n-—1) of unknowns
ai,...,ay. Considering the fact Zszl ap = 0, the rank of the linear system (.5) is
< n — 2 and its solutions form a vector space of dimension > N — (n —2). If n = 5,
we have 9, (x5) =2+ 3+ t2+ ¢, 0, ((xsz) :c) =43 + t, O, (x3x2) = 213 + 3t2, the
system (9) is of rank 3 and it has (0,0, 0) for unique solution. O

Using the method described in the proof we obtain the generators of evanescent ho-
mogeneous identities:

— of type [6]
227 + ((2%2?) ) & — 2%2? — (2%22)

(x2x2) T° + (( 2 2) x) x—zte? — ( 3332) .

— of type [7]
a? — (2%22) 2%,
(x2x2) 2+ ((222?) 2) 2 — 2042,

P+ () o = (a0%) 7)o — (%) o
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4.3. Evanescent train identities of degree (n,1) and evanescent homogeneous

identities of type [n,1].

< n — 1 we immediately deduce that

Let Wi, 17 be the cardinality of 90 (z, y)[n)l] the set of monomials of type [n, 1], because
where 0 <3

we can write any w € im(a:,y)[n}l] in the form w = wywy with wy € im(a:,y)[nii] and

wz € M(2,9)}; )

n—1

1.

Z m—qgWii,, Wy

W[n,l]

0

i

[0]1]2[3|4][5 |6 7|89 |10
Wi | 1] 1[2]4]9]20]46]106 | 248 | 582 | 1376

And the first values of W}, 1) are:
n
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4.3.1. Evanescent train identities of degree (n,1).

For any integer r > 1, we define z{™y = z (2{"=1}y) where 2{%y = y, we put
F = {x”‘“y, zyin > 0} and Q (%) denote the vector space over Q generated by the
set F.

Lemma 44. For any integer p > 2 and r > 0 we have:

—

(42) 0 (aPy) = 27+t 9y (z%y) = t;

(4.3) 690(30{7’}3/) = Zti, 8y(a:{r}y) = t".
i=1

Proof. We have 0,, (zPy) =t (0, (2P) + 0y (y)) = t0; (2P) and using the relation (4.1) we
deduce the result, we also have 0y (aPy) (Oy (2?)+ 0y (y)) = t. For r > 1 we get
Oy (;v{r} ) =1 (1 + Oy (CU{T 1} )) and 0, (m{r y) = 10, (x{T’l}y), we deduce the results

by recursivity. O

Proposition 45. There is no evanescent train identity of degree (2,1).

For any n > 3 and any w € Dﬁ(m,y)[n’u verifying w # «™y and w # x\"y, there is
an unique polynomial P, € Q (F) with |P,|, < n such that the polynomial w— P, is an
evanescent train identity of degree (n,1).

Proof. We have 9, (z%y) = 2t%, 9, (z%y) = t, 0, (z (zy)) = t* + t and 9, (z (zy)) = t?,
but 9, (zy) = 9, (zy) =t, 0, (y) = 0 and 9, (y) = 1, with this we easily show that we can
not find (o, 3,7,68) # (0,0,0,0) such as the polynomial f = az?y + Bz (zy) + vy + Sy
verify 0, f = 0y f = 0.

Given w € im(x,y)[n’l] such that w # 2™y and w # ="'y with n > 3. Let be
p = |0,w| and g = |0, w|, with result ¢) of corollary 26 it comes p,q < n. From result d)
of corollary 26 we deduce that 9,w (0) = dyw (0) = 0 and thus the valuations of 9,w and
d,w are greater than 1, we put d,w = > _, axt® and dyw = >, _ | Bxt* with oy, = 0 if
k > pand By = 0 assoon as k > ¢q. We are locking for P, = 3" 1_, MexFy+3" 1, upa{Fly
verifying 0, P,, = O,w, 0y P, = 0,w and P, (1,1) = 1. Using lemma 44 we get

9y Py = (2\n + f1n) t"+Z(2/\ + Z A;ﬁ—Zuk)tl

k=i+1 k=i

Oy Py, = Zﬂiti + (Z Ak + H1)t-
i=2 k=1

From the equation 9, P,, = d,w it results p; = B; for 2 <i <mnand >, _; \e+p1 = Bi.
From the equation 9,P, = d,w we deduce 2\, + pin = o, and 2X\; + >, A +
Yope; ik = a; for 1 <4 < n—1, so we have \,, = % (, — Br) and for any 2 < i < n—1we
find A = § (a; — Bi)+ D p_; 1 5=r (o + Bi), finally by writing g = 22X+, A+
> h—1 bk i the form ay = A+ (305_q Ak + p1) + D25y Br, we get My = a1 — >, B =
aq — 1, all this makes it possible to determine py = 31 — 22:1 Ak- And we can verify

that Py (1,1) = 350 A+ 3000 i = 320 M+ 3000 Bi+ (B — Loy Mk) = 200 i =
Oyw (1) = 1 according to the result d) of corollary 26. It has been shown that the system
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of equations 0, P, = O,w, OyP, = Oyw, P, (1,1) = 1 admits an unique solution P,
moreover according to corollary 26 we have ay, S € N and the above makes it possible
to affirm that Ag, up € Q for any 1 < k < n and therefore P, € Q (F). d

Corollary 46. For anyn > 3, the vector space of evanescent train polynomials lof degree
(n,1) has dimension Wi, 1) — 2.

Proof. According to the previous proposition the space of the evanescent polynomials
of type [n,1] is generated by polynomials w — P, for any w € 9)?(3:7y)[n71] such that
w ¢ F. O

Theorem 47. For any integers p,q > 2 and r > 0 we put:

Epq(x) aPrd — Pt — et 4 g2
Fypq(,y) = aP(a%y) —x (vy) — 2Py — 29"y + 2%y + 2y,
Foiy (@y) = 2?(athy) — Py — 0y 4 oy,
Fyp(my) = ot (apy) — a4y — gptry 4 am+ly,

Let .9 be the ideal generated by the family of polynomials (Ep.q, Fp.q, Fy (v} Firyp)pig>2
r>0

and © : K (z) — K@)/ 4 the canonical surjection. Then for any n > 3 and c;ny
monomial w € M (z,y), 1) such that w ¢ F we have m(w) = Py, and for any f €

@nz?)K(x,y)[mH, the polynomial f — 7 (f) is an evanescent train identity of degree

(n,1).

Proof. We saw for theorem 40 that polynomials £, ;, are evanescent, let us show that the
same is true for polynomials F, , F, -y and Fy,y 4.

For p,q > 2, we have 9, (zP (z9y)) = t (0, (zP) + 0, (2%y)) = 0, (zP) + 120, (x9) and
Oy (2P (29y)) = t0, (x%y), with relation (4.1) and lemma 44 we get:

(4.4) O (2 (x%y)) = 207 + 267 4> "t + zq:t By (P (x%y)) = t2.

For any p > 2 and » > 0 we have 0, (mp (:E{T}y)) = 15(8@c (zP) 4 O, (x{”}y)) and
9y (zP (217y)) = t9, (z{"y), from relation (4.1) and lemma 44 we deduce

1) o) =S S (e () =

For any r > 1 we have 9, (.IZ{T} (zPy)) =t (1 + 0, (x{r_l} (zPy))) therefore we deduce
that 9, (21" (zPy)) = S7_, t1+170, (2Py) and from 9, (21"} (2Py)) = t0, (21"~} (zPy))
it results 9, (a:{r} (zPy)) = "9y (xPy), and with lemma 44 we have

r+p—1

4.6) O, (x{r} (zPy )) =2 3 h Zﬁ a, (x{r} (xpy)) — L,

i=r+1

A simple calculation using the relations obtained above and those of the lemma 44
shows that polynomials F), 4, F}, (1 and F(, , are evanescent.
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Let us show that for any w € M (z,y), ; such that w ¢ .7, polynomial w — 7 (w)
is evanescent. According to the relation (4.4), it is immediate for any w € M (z,y)

such that w # 23y and w # 2}y, Assume the property true for all monomials of
M (2, 9)g 1 \ {x”y,l‘{p}y} where 3 < p < n, let be w € M (2,y) 44,4y verifying w #
2"ty and w # 21"y, We have two cases:

— there are u € M (z,y), and v € M(x,y);,,; such that w = wv with u # z,
1 < p,qgand p+q = n+ 1, then we have 0, (w —7(w)) = O (uv — 7w (u)w(v)) =
t(0z (u—m(u)) 4+ 0z (v—7(v))) =0 and likewise 9y (w — 7 (w)) = 0;

— there are u € M (z,y);, and v € M (z,y);, such that w = (uwv)y with uv #
a1 < pgand ptg=mn+1, 50 dp(w—m(w) = 0 ((w) —7(u)7(v))y), it
results 9, (w — 7 (w)) = t? (9; (u — 7 (u)) + 0, (v — 7 (v))) = 0, in a similar way we have
Oy (w—7(w)) = 0.

It is easy to show by induction that for all w € 90t (m,y)[n’ll such that w # z"™y and

—-

w # 2{™y we have |7 (w)|, < nand 7 (w) € Z (F), then by uniqueness of the polynomial
P, such that w — P, is evanescent, we get 7 (w) = P,,. O

This theorem gives an efficient algorithm for constructing evanescent train identities
train of degree (n,1), as illustrated by an example.
Example 48. Let be w = 2° (x (m (ac (x4 ((m2m3) y))))), in the algebra K($)/g we find
modulo Ej, 4: (m2x3) y = 2%y + 23y — 22y, next modulo F, , we have: z? ((m2x3) y) =
z (zy) + 2%y + 22ty — 23y — 2%y — xy. Modulo Fypy p we get 3} (a;4 ((x2x3) y)) =
2y + 28y + 227y — 25y — 2%y — 2y, at last modulo F), (,y and F),, we get 7 (w) =
28y + 29y 4 228y — 27y — 2%y — xy, we can therefore say that the polynomial of type
[17,1]:
2 (z (z (z (2" ((z°2%) y))))) — 2 (z (z (z (z (2y))))) — 2%y — 223y + 2"y + 2Oy + 2y
is an evanescent identity.
By applying this algorithm we easily obtain the generators of evanescent train identi-
ties
— of degree (3,1):

z? (zvy) — z (vy) — 2’y + 2y; z (2%y) — z (zy) — 2y + 2%y

— of degree (4,1):

(z%2?) y — 22°y + 2”y; 2? (z (zvy)) — = (z (2vy)) — 2%y + 2y;
2? (2y) — z (zvy) — 2y + y; z (2 (zy)) — z (x (zy)) — 2%y + 2°y;
z? (zy) — @ (vy) — 2y + 2y; z (z (z%y)) — z (x (zy)) — z'y + 2°y.

z (2%y) — x (zy) — 2ty + 2%y;

— of degree (5,1):
a? (2% (zy)) — @ (z (zy)) — 2°y + zy; 2® (a%y) — x (zy) — 2%y + 2%y + 2y;
z (z (2%y)) — z (x (zy)) — 2y + 2°y; z (2® (%)) — z (z (zy)) — 'y + 2°y;
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a® (z (zy)) — x ( (zy)) — 2y + zy; (z%2?) (zy) — x (zy) — 22°y + 2y + zy;

z (2% (zy)) — z (x (zy)) — a'y + 2y; z ((2%2?) y) — @ (zy) — 22ty + 2y + 2°y;
a? (2%y) — x (vy) — 2y + 2y; a? (z (z (zy))) — « (z (z (zy))) — 2%y + zy;
(2%2®) y — 2ty — 2%y + 2”y; z (2% (x (zy))) — x (z (z (zy))) — 2’y + 2%y;
o' (ay) — o (aoy) = a'y + 2y, v (2 (o (29)) — 2 (@ (« (20))) — 2y + 27;
#(@ty) —a (o) — oty +ay; v (@ (v (%)) ~ 2 (o (2 (2)) — 2%y + '
((2%a%) 2) y — 2%y + 2y; a? (z (2%y)) — x (2 (zy)) — 2y + 2y — 2’y + ay.

4.3.2. Evanescent homogeneous identities of type [n,1].

Proposition 49. There is no evanescent homogeneous identity of type [n,1] for n < 3.
For any n > 4, the vector space of evanescent homogeneous identities of type [n,1] is
generated by at least Wi, 1) — 2 (n — 1) evanescent homogeneous identities.

Proof. Let be M (2,y), ; = {wk;1 <k < N} where N = W, ;) and f = Zfil o, Ww;,
we search (ai)1<i<N € KV such that 9,f = 9,f = 0. with 9,f = vazl o;0,w; and
Oyf = Z _, @;0yw;. For any 1 < i < N we have d,w;, dyw; € K [t] with |0, w;| < n
and |0yw;| < n therefore equations 0, f = 0 and 9, f = 0 give two linear systems of n
equations with N unknowns.

So if n = 2, with f(z,y) = az’y + Bz (xy), from 9, (f) = at + Bt* we deduce
a = =0, so there is no evanescent homogeneous identity of type [2,2].

If n = 3, taking f (z,y) = azdy + B2? (zy) + vz (:czy) + dz (z (zy)), we get 0y (f) =
at+ Bt2 +~t? + 63, from 9, f = 0 we deduce @ = § = 0 and S+v = 0, with this 9, f =0
gives 9, (B2? (zy) +va (2%y)) = B (3t%) + v (2t* + t) = 0 therefore = v = 0, there is
no evanescent homogeneous identity of type [3,2].

Suppose n > 4, from f(1,1) = 0 we deduce Z —, o = 0, therefore the rank of the
linear system 0, f = 0 is < n — 1, the same is true for d, f = 0, so the rank of the linear

system O, f = 0yf = 01is < 2 (n — 1) therefore the dimension of the solution space is
> W[n,l} -2 (n - 1). O

The method used in the proof allows to give the generators of evanescent homogeneous
identities:
— of type [4,1]
(z%2%)y —2° (zy);
b 02 ) () e (e ()
z (¢%y) + 2% (z (zy)) — 2° (zy) — x (z (2°y)) -

— of type [5,1]

x (x2 (ac2y)) - (x3 (;vy)) ;

(x3x2) y+x (x (a:3y)) —2y—x (x3 (J:y)) :
((w2x2) x) y+x (;E4y) — Py —z ((x2x2) y) :
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2 (%) + @ ((#%2%) y) + 22 (@ (2%y)) — 2* (v (27y)
23 (x (zy)) + 2 ((x2z2) y) +z(z (xSy)) — x ;
T m2332) y) +a(x (x3y)) + 22 (xQ(asy) - (334y) —x (a:3 (zy)) — 2° (z (ny)
(:c 51:2) (zy) +x ((xzQO) y) + 2z (:17 (msy)) — a2 (:17 (IQy)) — 2z (
2 (z (2%y)) + z (2'y) + = (2 (2% (zy))) — 2° (z (z (zy))) — = ((2?

4.4. Evanescent train identities of degree (n,2) and evanescent homogeneous
identities of type [n,2].

Let Wi, o) be the cardinality of I (x, y)[mQ] the set of monomials of type [n,2]. For
w e M (z, y)[ng] there are two ways to decompose w as a product of two monomials w =
wiwq. Either by taking wq € Sﬁ(x,y)[n_ﬂ and wy € M (I,y)[m] for0<i<n-—1andin
this case we have Z:l:_ol Win—i)W}i,2) possible writings. Either with w; € 90 (x, y)[m] and
wy € M (z, y)[j’l] for 0 <14 < j < nsuch that i+j = n, hence 2i < n and according to the
parity of n we have two cases. If n is odd, n = 2p+ 1, for all 0 < i < p words w; and wo
have different degrees in x so there are Zf:o Wi2p+1—i,yWii,1) possible decompositions
for w in product of two monomials. If n is even, n = 2p, for all 0 < i < p monomials
w1 and ws have different degrees in x so there are Ef;ol Wiap—i,1)W[i,1) decompositions
for w, and for ¢ = p monomials w; and ws are in M (x, y)[p’ll hence we have (W[P§]+l)
decompositions of w.

In summary, we obtained:

Wi =1,

n—1 (/2] 0 if n odd
Wino = Z Wiop+1—qWhi2) + Z Win—i yWiiay + (W[n/z,u . ,(n>1).
i=0 i=0

First values of W, 5) are
n \0\ [2]3[4]

2 6 | 7] 8 | 9 | 10
Wi [1]2]6[15 [41]1

6 | 280 | 726 | 1891 | 4886 | 12622

)
0

4.4.1. Evanescent train identities of degree (n,2).
For any f € K (x,y) and any integer r > 1, we define 2" f = « (x{rfl}f) where
210 f = f.
Lemma 50. For any integer r > 0 we have:
r+1

(4.7) 9 ((z1y Ztl 3y ((zy)y) = "+ ¢
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(4.8) am(a:{T}yQ) = Zti, 8y(ac{T}y2) = 2t"t
i=1

Proof. Starting from &v((x{’"}y)y) =10, (x{7'}y) =t (1 + Oy (x{’"_l}y)) and 0, ((q:{’"}y)y) =
t (3y (x{r}y) + 1) =129, (x{rfl}y) +t, and from 0, (z{r}yz) =t (1 + 0y (x{rfl}yz)) and
Oy (m{"} y2) =10y (sc{"_l}y2) the stated results are obtained recursively. O

We note & = {(ac{’"}y) y, a2 e > 0} and Q (F) the vector space over Q generated
by the set .Z.

Proposition 51. There is no evanescent train identity of type (1,2).

For anyn > 2 and any w € SUI(x,y)[n,Q] where w # (aj{”}y) y and w # 1" y?, there
is an unique polynomial P, € Q(F) with |P,|, < n such that polynomial w — P,, is an
evanescent train identity of degree (n,2).

Proof. We have seen that there is no train evanescent identity of degree (2,1) so by
permutation of z and y there is no train evanescent identity of degree (1,2).

Let be n > 2. For any w € M (z,y)(, 5 we have [0yw| < n+ 1 with, in particular,
‘875 (J:{"_k} ((m{k}y) y))‘ =n-+1 for every 1 < k < n.

Let be w € m(x,y)[n’Q] verifying w ¢ .Z, we look for P, = Y "_ «a, (x{T}y) Y+
S0 Bsatsty? such that f = w — P, verify 0,f = 9,f = 0 and f(1,1) = 0. Let be
dpw = Y7 Nit? and 9w = Y7 pit?, we have:

Onf = (gt — ) "7+ an(A (> e+ i&))f (-8
=2 s=1 s=1

r=i—1

Oyf = ”i:l (Mz‘ - (ai—l + 251'—1)) t+ <M1 - (Zn: a, + 25o>>t~
=2 r=1

And the solution of the linear system 9, f =9, f =0and Y _ o, + > 0o Bs =1 1s

n+1 1
=i — Y F(Mﬁ')\k), (1<i<n)
k=i+2
1 n+1 1
Bi = 5 (iv1 = Aiva) + Z =i (B + A (I<i<n)
k=1+2
n+1 1
Bo=1=3 g0 G+ M)
k=2

However, according to the result a) of corollary 26 we have A;, yu; € N for any 1 < i < n,
therefore we have oy, 8; € Q, which completes the proof. O

We can deduce from this that

Corollary 52. For any n > 2, the vector space of evanescent train polynomials of degree
(n,2) has dimension Wi, o — 2.

The following result provides a procedure for quickly constructing evanescent identities
from elements taken from M (z,y)}, 5
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Theorem 53. For all integers p,q > 2 and r > 0 we put:

E;[;T,L(]] (z) = aPa?—gPtl — g+l 4 42,
E(zy) = af (@%) — 2 (zy) — 2"y — 29Ty + 2Py + ay;
By ) = o (@y) =ty — 2ty ay,
EEZ}lL (r,y) =z (aPy) — a{T1hy — gpry 4 o +1y,
@y = 2 ((@y)y) -2 Hy)y — (2l y)y 2ttty
+(zy)y) — 2y’ + 9%

By (@) = o ((@y)y) = @)y + (2 y)y -2y
F{E"{f% (x,y) = aP(a(y?) —2(alrDy)y + 2l 1y2 — g lredy2 42,
Grl(wy) = (%) (a%y) = 2(aWy)y — 2( Dy)y + 2 WPhy? 4 2l

+2 (zy)y — 22y° + 7
I () = (afy) (21hy) —2(2hy)y — (2 Hy)y + 2 hy?
+(2y) y — ay® + %

Gty @y) = (@) () — @)y — (@ y)y + o2

Let & be the ideal generated by the family of polynomials

[n] [n,1] [n,1] [n,1] [n,2] [n,2] [n,2] [n,2] [n,2] [n,2] [n,2]
(B B B B B B By P OF va,{r}’G{r},{s}%q;g
and 7 : K (z) — K@)/gy the canonical surjection.
So for any integer n > 2 and any monomial w € M (z, y)[n’Z] such that w # (x{”}y) Y
and w # 23" y? we have © (w) = P, and for any f € D,.>2 K (, l/)[n,z]; the polynomial
f—m(f) is an evanescent train identity of degree (n,2).

Proof. We have shown in theorems 40 and 47 that polynomials B, E'', EL"#}, E?;}l]p

and Eg’lﬁ]} are evanescent, let us show that this is also the case for the other polynomials
of the statement.

For p > 2 and » > 0 we have 0, (xp((x{’"}y)y)) =t (895 (zP) + 0, (x{r}y)) and
9y (z?((zty)y)) = to, ((z1"}y)y), with relations (4.2), (4.3) and (4.7) we get:

r42 r4+2

Ox (xp((x{r}y)y)) = 2tP +1§ti + Zti, Oy (a:p((x{r}y)y» = Ztl

For any r,s > 0 we have 9, (x{r}((m{s}y)y)) =t (1 + Oy (x{Tfl}((x{S}y)y))) we de-
duce that 0, (21" ((z{%y)y)) = S0, ¢ + 79, ((z1*}y)y) and 9, (21"} ((2}y)y)) =
10, (;U{T’l} ((x{s}y)y)) hence 0, (ac{T} ((x{s}y)y)) =10, ((x{s}y)y), using relations (4.7)
we have:

r+s+1

O (¢ ((@Wh)y)) = 30 =t gy (a1 hy)y) ) = e et
i=1
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For any p > 2 and r > 0 we have 0, (o#(2(7132)) = ¢ (2, () +0, (+073?)) and
9y (zP (z1y?)) = t9, (z1"}y?) with relations (4.8) we deduce:
r+s+1

Oy (xp((x{T}y)y)) = Z th— L Oy (xp((x{r}y)y)) = ¢rfstl gt
i=1

For p, q > 2 we have 9, ((2Py) (z9y)) = t (0 (¢Py) + 0 (z9y)) =t (95 (2”) + 0 (2))
and 9, ((zPy) (z%y)) =t (9, (zPy) + 9, (xy)) = 2t%9,, (y) from this and relation (4.1) we
deduce

p q
0, (%) (a1y)) = 207 12004 £ SO0 130 0, (ay) (7)) = 2.
=3 i=3
Let be p > 2 and r > 0, we have 9, ((zPy) (m{r}y)) =1 (0y (zPy) + Ox (Jc{r}y)) and
9y ((zPy) (z1y)) =t (9, (2Py) + 9, (z1"}y)), using relations (4.2) and (4.3) we get

Oz ((xpy) (ac{T}y)) =2tPt ¢ iti + gti, Oy ((gcpy) (x{T}y)) ="t 442,
i=3 =2

For any integers r, s > 0, from 0, ((m{r}y) (:z:{s}y)) =1t (0, (I{T}y) + 0z (I{T}y)) and
Oy ((x{T}y) (x{s}y)) =t (0, (m{r}y) + 0y (x{r}y)) and from relation (4.5) we deduce

0. ((+) (#90)) =0 4 300, 8, ((a0y) (509)) =41 4 401,
=2 =2

Using these results and the relations of lemma 50 we establish that polynomials EI[)n{f,]},

EEZ}%}{S}, FIE"{?}, Gl ngi]} and G[{ﬁ-’}%]{s} are evanescent.

Let be w € Em(x,y)[nyz] such that w # (x{”}y)y and w # z{"}y?. Let us show
by induction on the degree n in z of w, that polynomial w — 7 (w) is evanescent.
This is true for n = 2, as can be seen on generators of evanescent train identity of
degree (2,2) given below. Suppose the result true for any v € M (z,y), 5 and any
2 < p < n. There are u,v € M (z,y) such that w = wv with v € W(x,y)[nfk’ll,
v € M(2,y) 1) or u € M(2,Y)(,_y) and v € M (2, ), 5 With 1 < k < n. We have
O (w—m(w)) = Oy (uwv —w(u)w(W)) = t (0 (u—7(u))+ 0 (v—m(v))), in the same
way we have 0y (w — m (w)) = t0, (v — 7 (u)) + 0y (v — 7 (v)).

Therefore, if u € M (z, y)[n_k,u, v E S)J"((ac,y)[hl], it results from theorem 47 that the
polynomial w — 7 (w) is evanescent.

In the case of u € M (z,y)(,_4 and v € M (z,y)};, 5, with theorem 40 we have that
u — 7 (u) is evanescent and by induction hypothesis it is the same of the polynomial
v—m(v).

It ié 2lear that for all w € M (z,y), o) we have m (w) € Z (F) then by uniqueness of
polynomial P, we have 7 (w) = P,,. O

Applying this theorem we obtain the generators of evanescent train identities:
— of degree (2,2)
2’y =2 (zy)y +y*
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(zy)* = 2 (zy) y + v*;
z((zy)y) — (z (zy) y + (zy) y — 2y°;
(#%y) y = 2 (@ (2y)) y + (2y)y + @ (29°) —ay”.

— of degree (3,2)
2* ((zy) y) — (@ (xy) y — (2y)y + %

z(zy)? =2 (z (xy) y + 2 (zy) y — 29>

z (2y?) = 2(x (2y)) y + 2 (xy) y — 2y
(z (zy)) (zy) — (x (xv) y — (xy) y + y*

By =2 (x (2y) y + x (2y°) — 2y® + 7

2 (zy®) — 2 (2y)y — = (z9°) + 2y” + v
z((x (zy) y) — z (x (xy)) y + (xy) y — 2y’
(wy)( y) —2(z (zy) y + z (zy°) — 2y + v

(2% (zy)) y — 3 (x (xy)) y + 2 (zy) y + = (xy®) — zy>;
z(x (( Y) )) (z(z(zy)y + (z (zy))y — = (2y?) ;
(z%y) y — ( @)y + (zy) y + 2 (z (2?)) — 9%

x (¢ )) (x (x (2y) y + (x (2y) y + 2 (2 (2°)) — = (2y?) ;
z ((2?y) )—290 @)y + (@ (2y)y + (3y) y + z (2 (v9°)) —  (2y®) — 2y,

— of degree (4,2)
2 (xy)” =2 (2 (vy)) y + v
2 (xy?) — 2 (a (2y)) y +y*
(@ (2y))® = 2 (z (29)) y + v
a? (%Y%) = 2 (z (zy) y + y*;

2?((x (xy) y) — (@ (@ (29)) y — (2y) y + v

aty® — 2 (x (z (x )))y+z( (zy?)) — 2y® +*;

x (93(90 2))—2 (zy)y — @ (2 (2?)) + 2y* + v
(z%y) (zy) = 2 (z (z (zy)) y + = (2 (2y?)) — 2y + %

w3((wy)y) 3(( Y)Y+ (@) y + z (2y®) — 2y + %

(z%y)" - )y +2(xy)y + 22 (zy?) — 209° + v

(1:2332) 2 )) y+ 2z (zy) + 2z (a:y ) — 2z + %
(=%y) (z (a (z (zy)) y + (xy) y + = (2y°) — 2y + %
(2* (xy)) *3( (zy)y + (xy) y + = (xy°) — 2y + %
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(z'y)y =2 (x (x (x (2) y + 2 (x (z (29))) + (xv) y — 2%

(z (z (zy))) (zy) — (x (x (zy)) y — (xy) y + v*;

z (y (z (z (zy))) — (z (z (v (2 ))))y+(wy)y—xy2;

2 (2 (@y)?) = 2(@ (@ (o) y + 2 (@ (@y) y — = (2?)

z (x (2y?)) = 2 (x (x (2y) y + 2 (x (xy) y — 2 (vy?) ;

z(z (y(z(zy)))) — (z (z (z (zy )))) + (z (zy) y — = (2°) ;

z (2® ((2y)y)) — (z (z (2y)) y — (z (2y)) y + 2 (2y) y — xy*;

z ((zy) (z (zy))) — (2 (z (2y)) y — (2 (2y)) y + 2 (zy) y — 2y°;

z(z (x ((2y) ) — (x (@ (@ (2y) y + (z (@ (29)) y — 2 (z (257)) ;

z (2°y) = 2 (2 (x (2y))) y + 2 (xy>y+x< (2y?)) — = (2y?) — 2y’

@ (22 (2y?)) = 2(x (zm)) y + 2 (2y) y — @ (2 (23%)) + = (29?) — 2y

(z (2° (xy))) y =3 (x (= (fﬂy)))y+2( (@y)y +a (z (29?)) — = (zy°) ;

(2* (zy)) y — 2 (@ (z (2y)) y — (x (29)) y + 2 (xy) y + @ (2 (29?)) — 2y;

(2% (z (zy))) y — (2 (z (2)) y — 2 (z (2y)) y + 2 (zy) y + x (2y°) — 2y®;

((@*2*) y) y — 2 (x (z (zy))) y — (= (xy))y+2(wy)y+x( (wy )) =y’

(z (%)) y — 2 (z (z (z (2y)) y + z (z (z (z¢*))) + Yy —x (zy°);

z ((zy) (z%y)) — 2 (z (x (2y) y + 2 (zy) y + = (2 (zy )) (wa)—ny;

(@*2*)y)y —2(z (z (zy)) y — (z (z ))y+2(xy)y+:v( (z9?)) — zy?;

2 (z ((xy)y) — (z (2 (zy) y + (@ (2y)) y — 2 (2y) y — = (2®) + 29° + %

2? ((2%y) y) — 2 (z (x (29)) y + (z (zy)) y (fvy)y+w( (z?)) — = (2°) + v

(zy) (z (2%y)) = 2 (@ (x (zy) y + (& (2y)) y — (@y) y + = (z (2y?)) — z (z®) +v*;

(z (z (2®y))) y — 2 (x (z (2 (2y)) y + (x (2 (zy))) y + = (z (2 (2°))) — @ (2 (2?)) ;

z ((«® (zy)) y) = 3 (x (x (2y) y + 2 (x (x9) y + (2y) y + = (= (2°)) — = (zy?) — 2”;

z ((«%y) y) = 2 (x (z (x (29) y + (x (29) y + (2y) y + 2 (¢ (2 (207))) — 2 (29®) — 2%

z (y (z (2%y))) — 2 (x (x (x (29)) y + (¢ (z (29)) y + (2y) y + 2 (z (z (xy°)))

z (x((z%y) v)) =2 (x (@ (z (2y) y + (x (z (29) y + (z (2y) y + 2 (« (z (x5°)))
—z (z (zy? )—x(wy2)

4.4.2. Evanescent homogeneous identities of type [n,2].

Proposition 54. For any n > 2, the vector space of evanescent homogeneous identities
of type [n,2] is generated by at least Wi, o) — 2n evanescent homogeneous identities.

Proof. Let be n > 2, we note N = Wi, . Let be M (z,y);, 5 = {wr;1 <k <N}
and f = Zz 1 @iw;g, we look for (a;);c,cy € K such that f(1,1) = 1 and 9, f =
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Oyf =0 where 0, f = Zivzl a;0,w; and Oy f = vazl a;0yw;. For all 1 <i < N we have
Oz w;, Oyw; € K [t] with [0,w;| < n+1 and |0yw;| < n+1, moreover, thereis 1 <i,j < N
such that |0, w;| = n+1 and |0yw;| = n+1, therefore the solutions («;), ., of equations
dxf = 0 and 9, f = 0 are solutions of two linear systems with n + 1 équations and N
unknowns. From f(1,1) = 1 we deduce that Zf\il a; = 0, therefore the rank of the
linear system 0, f = 0 is < n, the same is true for the system 0, f = 0, thus the rank of

linear system 0, f = 0, f = 0 is < 2n therefore the space of the solutions is of dimension
> Wip2 — 2n. ]

With the method used in the proof we obtain the following generators of the evanescent
homogeneous polynomials:

— of type [2,2]
a?y? — (zy)*;
(z%y) y + = (2y%) — 2 ((xy) y) — (x (2y)) s

70ftype [32]

2’y — (zy) (2%y) ;

(wy)—x xy) :

2? ((zy) y) — (zy) (z (zy)) ;

2y? +2? (vy?) — 2 (ay) (x (2y));

voy? — (27 y)y+(x(x2y)) (2y) (x (xy));

(@) y — (2* (1)) y + 2 (27y ) z ((=*y) y) ;

(zy)wx(( ) =z ((x (2y) y) — (x (@ (xy))) y;

(2® (zy)) y — (2 (z (2y))) y — w( y?) +z(x((xy)y));

*y? +a (2%y?) — (2% (2y)) y — (2 (zy)) (zy) — 2 (y (z (zy))) + (2 (2 (2))) y;

(zy)y) — (zy) (z (z (zy)));
 (2* ((zy) y)) — = ((zy) (x (xy)));
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(2°y*) +a ((= (fﬂzy)) ( (xy)))
 (2%y®) +a® (2 (2y?)) — 2® (z ((2y) y)) — (( y) (z (2y))) ;
a? (2%y?) — a? (IQZI) y) —z ((zy) (z fvy)) ((fv (xy)) v);

—
&
@
v
8
<
A
/\
l\)
<
~— Q@
~—
\

) z ((zy) (= (zy ( (2% (zy ),
( ( )) z ((«° ) y) + ((x(w(:cy)))y)—( (z (z (2)))) y;
aty? + 20 (a%y?) — 22% (2y?) — 22 ((2* (2y)) y) +2° (z (29%)) 5
 ((=%y) y) + (x( (zy )))— (x (y ( (zy)))) — = (y ( (z (zy))));
(2%y) (zy) + 22 (2°y*) +2? (2 (29?)) — 22° (2 ) 22 ((2* (2y)) ) :
z (2%y7) + (¢ (z (zy))) v + = ((«* (zw)) v) — ((22®) y) y — 22 ((zy) (z (2y))) ;
z (2°y?) +2* (z (29%)) + 2 ((2°y) y) — 2® (2°y®) — 2 (2 ((=*y) v)) — 2 ((2* (21)) ¥) 5
o? (2%y) + (2 (2% (2))) y + 2 (27 (2y) ) — @ (2%y%) — 2® (x (2y?)) — ((=72°) ) 5
2z (2%y?) + 2° ((zy) y) + 2° (x (2y°)) — 222 (2%9°) — 2 ((2® (zy)) y) — = ((2y) (2(2y));
(x2y)2 + 4x ( 3y2) + 222 (x (:Cy2)) 322 ( ) — 2z ((:52 (xy)) y) =2z ((zy) (z (zy))) ;
z? ($2y2)+x(($2( ) y) +z(z(x((zy)y) — = (z%y°) — 2° (z (z9?)) — 2 ((z (x (zy))) v)
z?2?) y? + dx (x y )+2$ ( ( Ty )) 32 ( )72x((:r2 (xy))y)fo((xy) (z (zy)));
2z (2°y°) + 2* (z (29?)) + (2%y) (z (zy)) — 22% (2%y?) — 2 ((2? (2y)) y) — 2 ((zy) (z (zy)))
o® (2%y?) + (2 («%y)) y + 22 ((2* (2)) y) — @ (2°y°) —2® (2 (21%)) = ((+%2%) y) y

—z((=°y) y)

2? (2%y°) + 2 ((¢* (zy)) y) + = ((2y) (2 (zy))) + 2 (z (y (z (2y)))) — 22 (2%°)

—a? (z (2y?)) — 2 (y (x (z (2y))));

4.5. Evanescent train identities of degree (n,1,1) and evanescent homogeneous
identities of type [n,1,1].

We can write all w € M (2,y,2),;, in the form w = wywy where (w1, wz) €
M (@), — ) XM (2, Y, 2) ;1 ) for 0 < i < n—1, or (wi,w2) € M (@, y) ;11 * M (2,9, 2) ;015
with 0 <4 <n, as 10 (z,y, 2)}; o 1) = B9 (2, 2); ; We have

n—1

W[n 1,1] = Z W[n 1) W[z 1,1] + an 4,1 W[z 1]» W[O,l,l] =1

1=0 1=0
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The first values of Wy, 1 1] are
n_ |o]1|2|3 |45 |6 | 7 | 8] 9 | 10
Wina1 | 1]3]9]25]69 186 [ 497 | 1314 | 3453 | 9019 | 23454

4.5.1. Evanescent train identities of degree (n,1,1).

For all f € K (z,y,2) and all integer r > 1, we define 2" f = x (m{r’l}f) where
Orr =y
x .

Lemma 55. For any integer r > 0 we have:

w 9z () Oy (w) | 9z (w)

x{r} ((xy) Z) ZT:tl + tT’-‘,—Q7 t’r‘+2, t'r‘—‘rl;
i=1

T .
2{r} ((xz) y) Ztl + t?”JrQ7 trJrl’ tr+2;
i=1

1} (y2) St gL | gL

Proof. Indeed, we have 9, (z{"} ((zy) z)) =t (1 + 9, (z1""% ((zy) 2))), from this we de-
duce recursively that 9, (z{™} ((zy)z)) = SoI_, ' + 79, ((zy) 2) with 0, ((zy) z) = ¢
Next, 9, (x{r} ((zy) 2)) = td, (211 ((zy) z)) and 9, (21} ((zy) 2)) = t0. (217~ ((zy) z))
from which we deduce that 9, (z{"} ((zy)z)) = t70,((zy) z) and 9. (z{" ((2y) 2)) =
70, ((zy) z) with 9y ((zy)z) = t* and 9.((zy)z) = t. From witch, by exchanging
the roles of y and z, we deduce the results concerning monomials "} ((zz)y). From
9 (21 (y2)) = t (1+ 9, (21" (y2))) it results 9, (21 (yz)) = YI_, ', next with
9y (z1} (y2)) = t9, (2171 (y2)) we get 9, (21"} (yz)) = 79, (y2) = ¢+, we deduce
from this after exchanging y and z that 0, (ac{r} (yz)) =L O

We consider the set .# = {z{"} ((zy) 2) , 21"} ((z2) y) , 2"} (y2) ;r > 0} and we note
Q (&) the vector space over Q generated by Z.

Proposition 56. There is no evanescent train identity of degree (1,1,1).

For any n > 2 and any w € W(x,y,z)[n)Ll] such that w ¢ F, there is an unique
polynomial P, € Q (F) with |P,|, < n such that the polynomial w— P, is an evanescent
train identity of degree (1,1,1).

Proof. Let be f = Mz (yz) + Mo (zy) z + A3 (x2)y + piay + poxz + pgyz, we have
Orf = Q2+ X)) 2+ (M +p1+p2)t, Oyf = M+ A)t2+ (As+p1 +p3)t and 9, f =
(A1 + X3) 2+ (A2 + p2 + p3) t, it is easy to deduce that 0, f = 0, f = 9, f = 0 if and only
if we have f = 0, therefore there is no evanescent train polynomial of degree (1,1,1).
We take n > 2, let be w € M (x,y, Z)[n,l,l] such that w ¢ %, according to result ¢) of
corollary 26, polynomials d,w, yw and 0,w are of degrees in z less than n + 1, let be



n+1
Ogw =73 ;7] axth,

Z )\kx{k} ((zy) 2

by applying the relatlons of lemma 55 we get

asz - ()\n—l + ,Ufn—l) tn+1 + (>\n—2 + Hn—2 + Vn) "

n—1
+Z (Z Ak + e+ Vi) + (Nim2 + pi—2) +l/n> t+ (
=2 \k=t

= Qo1 +v) "+ g + k1 + v 1) 1 + (10 + 10) 1
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Ayw = 1 Btk and 9w = 7] Atk We put

+Zukx

+ Z l/ka yz

k=

n

(A + pre +vi) + Vn> t,
1

Oy Py
k=2
0:Pu = (b1 + V)" ) (et + pr—z + ve1) 1 + (Mo +10) t.
k=2
So we have d,w = 9, P, if and only if
/\n—l + fhp—1 = Op+1
An—2 + Un—2 + Vn = Qp
(Ak—2 + pir—2) + Z?;kl Ni+pi+v)+v, =a, (2<k<n-1)
SN ) v =
and we have 9,w = 0, P,,, 0,w = 0, P, if and only if we have respectively
/\n—l + v = 671—&-1
Moz + -1 + V-1 =P, (2<k<n),
po + Vo = fi,
and
Up—1+ Vp = Yn+1
M1+ ph—2+ve—1 =, (2<k<n)
Ao+ 1o =M-

According to result d) of corollary 26, we can note that in these two systems we have

()\k + 1) + D opo Vk = Zn+1 Br = Oy Py (1) = 1, therefore P, (1,1,1) = 1.
The solution of these systems of linear equations are:
n+1 1
M= D gy (it Bi— (@75 = 1)m), (0<k<n-1)
i=k+2
n+1 1
i—k—1
Mk:'z W(Oﬁ—@ —1)@“1‘%‘)7 (0<k<n-1)
i=k+2
1
Vi = 5 (—aky1 + Br1 + Yrr1)
n+1 . )
+ Z (=3 + (27F =3) B+ (2% = 3)y), (1<k<n-1)

1= k+2
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We can deduce the following.

Corollary 57. Forn > 2, the vector space of evanescent train identities of degree (n,1,1)
has dimension Wiy, 11 — 3.

As before we can give a procedure for quickly constructing evanescent identities from
elements taken in M(z,y, 2)[n,1,1-

Theorem 58. For all integers p,q > 2, r > 0 and for any t,t1,t2 € {y, 2}, t1 # ta, we
put

Ez[)ng (x) = aPa? — gP T — g0t 4 g2,
i () = ( t) —x (at) — 2Pt — 2%t + 2?t + at;
1 . )

EET;}l (x,t) = (.rpt) plr by — pptry 4 Z‘TJrlt;

-1

B (2,y,2) = (a%y) (92) + 2 (y2) +219 (y2) Zx{}(:vy)z+(scz) - 2y2)
=0

q—1
=2 ((ey) = + (22)y — 292) — 4@ (y2) — v

i=1

s—1
Eg;{u} (z,y,2) = (x{T} :c{s} Zx{ }( xy)z — yz) — Zx{i} ((xy) z— yz) —yz;

E}[jn,l,l] (l‘, t1, f,g) = (.’L‘ptl) to — Z x{l} ((l‘tl) to + (l‘tg) t1 — 2t1t2) + l‘{p} (tltg)
i=1
— (Jitl) tg — X (tltg) 3

By (@t t2) = (a¥h) (x{rﬂ}t?) - ((-Ttl) to + (wts)t) — 2t1t2>
=0

=y ot ((l‘tg) t — tltg) + 2P} (t1ty) — 2 (t1ta) — tits;

i=1

-2
FI (o,.2) = 22 (2 (42)) — 009 (@) 2 + (02)y — 20)
=0

+ 2P (yz) — 2T (yz2) -z
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p—2
GLTL{T} ({E,thtz) = l’p <(E{T} ((l'tl) tQ)) - ZOSU{Z} ((l'tl) t2 + (l’tg) tl — Qtltg)

21T ((2ty) ta) + 2P (t1ta) — ot

Let A be the ideal generated by the family of polynomials

[n] [n,1] [n,1] [n,1] [n,1,1] [n,1,1] [n,1,1] [n,1,1] [n,1,1] [n,1,1]
(qu’qu By ey By Bvd T By op Bo T By By G )p,q>2

r,s>0

and 7 : K (x) — K@)/, the canonical surjection.

So for any n > 2 and any monomial w € M, 1 ) (z,y,2) such that w ¢ F we
have T (w) = Py, and for any f € @, >, K(ac,y,z)[nyl’l], the polynomial f — 7 (f) is an
evanescent train identity of degree (n,1,1).

Proof. We have already shown to the theorems 40 and 47 that polynomials EZ[,T,L(},, E,[f[}l],
E [n{i} and EE } are evanescent, let us show it for the other polynomials of the statement.

For any p,q > 2 and any r,s > 0, we have J, ((zPy) (292)) = t (0, (2Py) + 05 (x72)),
then 9, ((zPy) (272)) = t9, (zPy) = 12, likewise 9, ((2Py) (z%2)) = t* and with relation
(4.2) we get:

P
0; ((aPy) (22)) = 2) ' + 2P 420971 9, ((aPy) (92)) = 12, 0. ((aPy) (a%2)) = £*.
i=3
We have 0, ((a:{’“}y) (I’{S}Z)) =t (8_qc (x{r}y) + 0y (m{s}z)), next dy ((:z:{s}y) (x{s}z)) =
10y (gc{T}y) =129, (x{r_l}y) and likewise 0, ((x{s}y) (gc{s}z)) =120, (x{s_l}z), with re-
lation (4.3) we deduce recursively that

c'?m((ac{T} :c{ } g:ltl + il tZ
5y((${T}y)(w{‘}Z))=tr+1a 0:((x"y) (@1)2)) = 41,

From 9, ((zPy) (z{"2)) = t (0, (aPy) + 8, (2172)), 9, ((aPy) (z{72)) = t9, (zPy),
9. ((zPy) (z{m2)) = t0, (JZ{T} ) and with (4.2) and (4.3) we get
r+1

0, ((amy) (172) ) = 2071 4 Ztz + Ztl
(e o) (e e09) -
y )

We have 0, (xp (x{’"}( z))) = ( (@P) 4 O, (JU{T} (ZUZ))) =10, (2P)+1%0, ( tr= 1}
Oy (xp (33{’"} (yz )) =10, (a:{r} (yz ) = t28 (x{r 1} (yz)) and likewise 9, (xP (x{T )) =
20, (x{’" 1} (yz)) .

)=
)=

Slmllarly, we have 9, (2P (21} ((z )) =1 (0 (2P) + 9, (21} ((zy) 2))) = 10, (2P)+
20, (z{r=1( ) y (2 (21 ((2y) 2))) = tO, (:C{T} (zy) 2)) = 20, (21"~ ((zy) 2))
and 0, (2 (x{r )) = 20, (1:{” 1} ((zy) z)). Applying relation (4.1) we deduce
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recursively that

r+1

0, (x” (x{’”} (yz )) — P th + Zt’
Oy <:Cp (x{T} (yz))) =12, 0, (:I:p (x{T} (yz))) =12,

r+1

O (x” (:c{’”} ((zy) ))) = 2P "3 ¢ Ztl + Ztl
Dy (xp (:c{"} ((zy) z))) =13, 0, (:Cp (x{"} ((zy) z))) =2,

With these results and the relations of lemma 55 we show by simple calculations that
polynomials E Y EEZ’;’{U}, gt El[jnii’f], Flgn{’if] and Gpn}kl’}l I'are evanescent.

Let be w € M (z,y,2);,, ) such that w ¢ F, let us show by induction on the
degree n in x of w that the polynomial w — 7 (w) is evanescent. The result is true
for n = 2 as can be verified on the generators of train polynomial of degree (2,1,1)
given below. Suppose the result true for all monomials of type [p,1,1] with 2 < p < n.
There are u,v € M (x,y,2) , v’z < m so we have either
u € M(z, y)[n pap U E M (@, 2), 1), or else u € M (z),_p, v € M(2,y,2),1,1- We
have 9, (w — m (w)) = O (wv — m (u) ™ (v)) = 10y (u — 7 (u))+td, (v — 7 (v)) and likewise
Oy (w—m(w)) =ty (u—7r( ) +t0y (v—m(v)) and 0, (w — 7 (w)) = td, (u — 7 (u)) +
t0, (v — 7 (v)).

In the case of u € M (z, y)[n_pvl], v EM(x,z) 1] according to theorem 55 polynomi-
als u — 7 (u) and v — 7 (v) are evanescent, so we have 0, (w — 7 (w)) = 0y (w — 7 (w)) =
0, (w—m(w)) =0.

When u € M (z),, 1, v € M (2, Y, 2)(, 1 1)» according to theorem 40 and by induction
hypothesis, polynomials u — 7 (u) and v — 7 (v) are evanescent.

It is clear that for all w € M (z,y,2)(, 1 ) such that w ¢ F we have 7 (w) € Z[F]
and therefore by uniqueness of the polynomial P, we have 7 (w) = P,,. O

and

Using this theorem we can give the generators of evanescent train identities:
— of degree (2,1,1)
? (y2) — (xy) 2 — (x2) y + y,
zy) (xz) — (zy) 2 — (#2) y + yz,
(zy)) z =z ((xy) 2) — (zy) 2 + = (y2),
(z2))y — = ((x2) y) — (z2) y + = (yz),
2%y) 2+ (2 (y2) — w((2y) 2) — 2 ((22) y) — (2y) 2 + 2 (y2),
) ) - z (

’ z(yz)) -z ((zy) z) — 2 ((22) y) — (22) y + = (y2).

z (
x°z)y+x(x

(
(
(x
(
(

— of degree (3,1,1)
@ (2% (y2)) = ((zy) 2) = ((z2)y) + 2 (y2),
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z ((zy) (22)) —z ((zvy) 2) — o ((v2) y) + = (y2),

z ((z (zy)) 2) — x (z ((zy) 2)) — = ((zy) 2) + = (z (y2))

z((z(22))y) —z (2 ((22)y)) —z ((z2) y) + = (z (y2))

a? (x(yz)) — = (x (y2)) — (22)y — (2y) z + 2 (y2) + y=

2? ((xy) z) —x ((xy) 2) — (x2)y — (xy) 2 + 2 (y2) + vz,

2? (y (22)) =z (y (22)) — (22)y — (zy) z + = (y2) + ¥z,

(z (zy)) (z2) — 2 ((zy) 2) + = (y2) — (2y) 2 — y (22) + y2

(z (z2)) (vy) — z ((x2) y) + 7 (y2) — (zy) 2 —y (v2) + yz

(2% (xy)) z + = (2 (y2)) — 22 ((xy) 2) — 2 (y (2)) + 22 (y2) — (2y) 2,

(2% (22)) y + @ (x (y2)) — 22 ((x2) y) — = ((zy) 2) + 22 (y2) — (x2) y,

(z (z (zy))) z — z (z ((zy) 2)) + 2 (x (y2)) — z ((xy) 2) — (2y) 2z + @ (y=2)
(z(z(22))y — 2 (x (y (22))) + 2 (x (y2)) — z (y (z2)) — y (2) + z (y2),

2 (yz) + x (x (y2) — x ((zy) 2) — 2 (y (22)) + 2 (y2) — y (v2) — 2 (vy) + yz,

(2%y) (x2) + & (x (y2)) — 2z ((2y) 2) — 2 (y (22)) + 2 (y2) — y (x2) — (zy) 2 + y2,
(2%2) (zy) + @ (x (y2)) —z ((xy) 2) — z (y (22)) + 2 (y2) — y (x2) — (zy) 2 + v,

z ((2%y) 2) + z (z (2 (y2) — x (@ (y (22))) — @ (x ((xy) 2)) + 2 (x (y2)) — = ((2y) 2),
z((2%2) y) + = (z (2 (y2) — x (x (y (22))) — x (z ((xy) 2)) + 2 (x (y2)) — z (y (22)),
(z (¢%y)) z + z (z (x (y2)) — x (x ((2y) 2)) — @ (x (y (z2))) + 2 (¢ (y2)) — 2 ((2y) 2)

—y(2z) + 2 (y2),

(@%) z + 2 (2 (2 (y2))) — 2 (2 (y (22))) — @ (2 ((2y) 2)) + 22 (2 (y2)) — z ((2y) )
-z (y (22)) = (zy) 2 + x (y2),

(2°2) y + @ (x (2 (y2) — @ (@ (y (22))) — = (v ((2y) ) + 22 (2 (y2)) — @ ((2y) 2)

—z(y(z2)) — (x2)y + z (y2).
4.5.2. Evanescent homogeneous identities of type [n,1,1].

Proposition 59. For any n > 2, the vector space of evanescent homogeneous identities
of type [n,1,1] is generated by at least Wi, 11) — 3n evanescent homogeneous identities

of type [n,1,1] .

Proof. In what follows we put N = W}, ; 1) and I (z, y,z)[m1 = {wg;1 <k < N}. Let
be f = Zivzl agwy, we look for (ag), <)<y such that f(1,1,1) =0, 0,f =0, f = 0.f =
0. Because for all w € 9y, 1) we have [O,wl,[9yw],[0.w| < n 4+ 1 and according to
lemma, 55 there is a monomial w € Dﬂ?(x,y7z)[n71’1] such that 0,w, Oyw or O,w is of
degree n + 1, we deduce that the polynomials d,f, 0, f and 0,f are of degree n + 1.
Therefore relations 0, f =0, d,f = 0 and 0, f = 0 are equivalent to three linear systems
of n + 1 equations of unknowns (o), <4<y condition f(1,1,1) = 0 implies that each
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of these systems is of rank < n, it follows that the rank of system of linear equations
Oxf = Oyf = 0.f = 0is < 3n and therefore the space of solutions is of dimension
Z W[n,l,l] — 3n. [l

By using the method followed in the above proof, we explain the generators of evanes-
cent homogeneous identities:

— of type [2,1,1]

? (yz) — (zy) (2),

(2%y) 2 — (z (2y)) 2 — 2 (y (22)) + 2z (2 (y2)),
(2%2) y — (z (z2)) y — 2 ((xy) 2) + z (x (y2)) -

x?’y) z+x ((zy) (z2)) — z ((2%2) y) — (3:2 (zy)) =,
(2°y) z = ((¢%2) y) — (z (x (2y))) 2 + 2 (2 (2 (xy))),
(msy) z—(z (ny)) z—a((x(z2))y) + x (z (y (x2))),
(°y) 2 — (2 (x (zy))) 2 — z ((x (22)) y) + = (z (2 (y2))),
x ((ny z) — (z (mQy)) z—x((z(zy)) 2) + (x (z (zy))) 2,
23y) = — (552) y+ 2 (2 (29)) 2) — (@ (2 (a9) = + (& (522)) y — & (4a?p)
2® (yz) — (¢y) 2 + (z (x (2y))) 2 — 2 ((z (2y)) 2) + @ ((2%2) y) — 2° ((22) y) ,
2 (y2) — (5%9) 2 + 2 ((522) ) — o (& (o)) 2) + (& (2 (o)) 7 — (o) (@ (22),
By) 2 - (5%2) g+ 2 (@ (ay)) 2) — (0 (0 (o9) 2 + (2 2 (@2))) g — @ (0 (02) ),
252) g — (2% (09)) y + 2 (o) (22)) — 2 (@ (o)) 2) + (& (2 (29))) 2 — (2 (29) 2,
P (y2) = 2 (%) 2 + (0 (0 (o) 2 — 2 (& o)) 2) 7 ((522) 1) + (& (29)) 2 — o2 (2 (2))
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