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The study of the Aromatic Infrared Bands (AIBs) in astronomical environments has opened interesting spectroscopic questions on the effect of anharmonicity on the infrared (IR) spectrum of hot polycyclic aromatic hydrocarbons (PAHs) and related species in isolated conditions. The forthcoming James Webb Space Telescope will unveil unprecedented spatial and spectral details in the AIB spectrum; significant advancement is thus necessary now to model the infrared emission of PAHs, their presumed carriers, with enough detail to exploit the information content of the AIBs. This requires including anharmonicity in such models, and to do so systematically for all species included, requiring a difficult compromise between accuracy and efficiency. We performed a benchmark study to compare the performances of two methods in calculating anharmonic spectra, comparing them to available experimental data. One is a full quantum method, AnharmoniCaOs, relying on an ab initio potential, and the other relies on Molecular Dynamics simulations using a Density Functional based Tight Binding potential. The first one is found to be very accurate and detailed, but it becomes computationally very expensive for increasing temperature; the second is faster and can be used for arbitrarily high temperatures, but is less accurate. Still, its results can be used to model the evolution with temperature of isolated bands. We propose a new recipe to model anharmonic AIB emission using minimal assumptions on the general behaviour of band positions and widths with temperature, which can be defined by a small number of empirical parameters. Modelling accuracy will depend critically on these empirical parameters, allowing for an incremental improvement in model results, as better estimates become gradually available.

Introduction

Aromatic Infrared Bands (AIBs) are a set of bright and ubiquitous emission bands, observed in regions illuminated by stellar ultraviolet (UV) photons, from our galaxy all the way out to cosmological distances. Their main components fall at ∼3. 3, 6.2, 7.7, 8.6, 11.3, 12.7, and 16.4 µm. PAH * Corresponding author species constitute the most plausible candidate carriers since they have IR bands which correspond at least to first order to the AIBs and they can reach high temperatures (1000 K or more) upon the absorption of a single UV photon due to their limited number of degrees of freedom. Because of the extreme isolation in space, the hot molecules can then relax by slow infrared emission [1]. The coming James Webb Space Telescope (JWST) will provide a wealth of new data on the AIBs and their spatial variation, gathering a mine of infor-mation about the chemical identity of the emitting PAHs and their chemical evolution in various environments. However access to this mine will be conditioned by our capacity to produce relevant synthetic spectra with a model that can describe the photophysics of a given PAH molecule in a given UV-visible astrophysical radiation field [2]. For a comparison with astronomical spectra, such a model needs to take into account anharmonic effects while simulating the IR emission spectra. However the effect of anharmonicity is usually included in a simplistic way using an average band shift (typically ∼10 cm -1 ) and broadening (typically ∼10-30 cm -1 ) (cf. for instance the tool available in the AmesPAHdbIDLSuite in order to calculate an emission spectrum from a theoretical IR spectrum as available in the NASA Ames PAH IR Spectroscopic Database [3,4]). So far, only a couple of models have tried to go beyond these approximations while simulating the cooling of hot PAHs to match astronomical observations [5,6,7,8]. The first three models were based on empirical parameters that quantify the linear slopes derived from the evolution of band positions with temperature in the spectra of thermally excited PAHs [9]. The last model by Mulas et al. [8] was based only on theory and focused on the case of the small molecules, namely naphthalene (C 10 H 8 ) and anthracene (C 14 H 10 ), for which the matrix of anharmonic parameters of the Dunham expansion expressing vibrational energy could be calculated, and included in the Monte Carlo simulation. With the coming JWST, it appears very timely to consider these effects in a more systematic way. In the laboratory, several techniques were used to quantify anharmonicity. The evolution of the IR absorption spectra of neutral gas-phase PAHs at high temperatures was studied using thermal excitation in gas cells [10,9]. In the case of PAH ions, other techniques have to be used and Oomens et al. [11] discussed the potential of IR multiple photon dissociation (IRMPD) action spectroscopy of trapped ions. Although IRMPD spectra contain non-linearities and cannot be considered as representative of IR absorption or emission spectra, they carry information on the impact of anharmonicity on band positions and widths. The technique can be conveniently used for large PAH ions of astrophysical interest [12] to provide at a first order IR spectra of PAHs containing an internal energy comparable to that of astro-PAHs absorbing UV photons. Experiments recording the IR emission spec-tra of small UV-excited PAHs were performed in the early 1990s [13,14,15]. This work performed on the 3.3 µm band of small PAHs (up to pyrene in the case of Shan et al. [14]) was extended to the full mid-IR range thanks to the IR photon-counting experiment developed in the Saykally's group [16,17]. These difficult experiments demonstrated the validity of the PAH emission model in astrophysical environments. They illustrated that anharmonic effects redshift band positions and lead to broadened and asymmetric band profiles. They constitute a very valuable dataset, provided one can precisely quantify the excitation and de-excitation conditions (role of collisions?) in the experiments as discussed in Cook et al. [17]. So far, the experimental measurements performed on thermally excited gas-phase PAHs have provided the easiest way to quantify anharmonicity for astrophysical models [5,7]. This is due to the fact that the evolution with temperature of the band positions and widths was found to be linear in the studied range (∼600-900 K) allowing us to derive empirical anharmonic parameters [9]. However these measurements are limited both in the number of species that could be studied but also in the data that they can provide. A recent detailed study on pyrene in pellets covered the full 14-723 K range [18] and showed that the linear trend observed at high temperatures is not effective all the way down to low temperatures. Another disadvantage of hightemperature gas-phase measurements is that the bandwidths include a contribution from rotational broadening that was removed in the model by Pech et al. [7], considering that in astrophysical environments the vibrational and rotational temperatures are not thermalized, with a typical value of the rotation temperature of 100-150 K [19,20,[START_REF] Malloci | ESA Special Publication[END_REF]. On the theoretical/modelling side, several models were used/developed to quantify anharmonic effects in the IR spectra of PAHs. They fall in two main categories: one of the possible approaches is to use Molecular Dynamics, based on some kind of ab initio engine (e.g. DFT or DFTB) for on the fly evaluation of the potential energy and electric dipole (and/or higher electric/magnetic multipole) hypersurfaces. This method treats nuclear motion classically, thereby losing information on the discrete structure of individual quantised vibrational states. However, it does not make any a priori assumption on selection rules, merely following the time evolution of physical quantities and obtaining normal frequencies, transition energies and intensities from the numerical autocorrelation function of the appropriate function. It therefore naturally obtains also combination/overtone bands, provided one accumulates enough data through many, long enough simulations. Achieving ergodicity at relatively low energies can be challenging though, making this method better suited for T 500 K. This method was used with some success in the context of the investigation of interstellar PAHs spectral properties [START_REF] Van Oanh | [END_REF]23,24,25,26,27]. The second approach is that of a full quantum calculation, the most successful of which, for PAHs, was the Van Vleck formalism of 2 nd order perturbation theory, with explicit variational treatment of resonances, based on a 4 th order Taylor expansion of the PES at a stable geometry and a 2 nd order Taylor expansion of the electric dipole (and/or higher electric/magnetic multipole) moment [START_REF] Piccardo | International[END_REF]. The Taylor expansions are obtained via ab initio calculations, e. g. with DFT. This representation of the PES and multipole moments makes this method best suited for fairly rigid molecules and/or not too high vibrational excitation, so that these approximations remain good for the vast majority of the accessible phase space. This method is thus very well suited for PAHs at not too high temperatures. The main disadvantage is that adequately sampling phase space with this method becomes computationally very expensive at moderately high temperatures, due to the huge number of resonating states, resulting in huge effective Hamiltonians to be built and diagonalised, and in a correspondingly huge number of dipole matrix elements between their eigenvectors to be computed. This method was successfully applied to naphthalene [29,30] and, more recently to slightly larger PAHs [see e. g. 31,32,33].

We developed a quantum chemistry code, Anhar-moniCaOs, to study the detailed anharmonic spectra of PAHs with a fully quantum approach [34]. A first milestone for this code has been to model the effects of anharmonicity at 0 K, including the effect on the position of the fundamental bands but also the contribution of the overtone, combination, and difference bands to the spectra. The results of the code were compared to available experimental absorption data on pyrene (C 16 H 10 ) and coronene (C 24 H 12 ). While new experimental absorption data in the gas-phase and at low temperatures are becoming available [35,36,31], this code can support the interpretation of such experimental data and, once calibrated and validated against them, extend calculations to spectra which are more difficult to measure in the laboratory, e.g. vibrational spectra of ions and/or radicals, in absorption as well as in emission. In this article the focus is to evaluate the ability of this code in modelling absorption spectra at higher temperatures. We expect that at temperatures well above ∼500 K, the system will spend an increasingly larger part of its time in regions of the potential energy surface far from the optimised geometry, which cannot be anymore described by a quartic scheme. In order to access anharmonicity factors in such cases, we test the alternative approach given by molecular dynamics, in which the IR spectrum is extracted from a Fourier transform of the dipole autocorrelation function. As millions of energy and forces calculations are mandatory for such scheme, the potential energy will be computed from a parameterized method, namely the Density Functional based Tight Binding (DFTB), an approximated DFT scheme with a much lower computational cost. This approach has already been shown to provide reasonable qualitative and quantitative trends of anharmonicity factors for some specific bands of PAH based systems [24,25]. This article compiles the results which have been obtained on the evolution of the IR absorption band positions and widths for pyrene as derived from two different modelling approaches, the ab initio Anhar-moniCaOs code (henceforth DFT-AC) for the low temperature range (up to ∼500 K) and the DFTBbased MD simulations (henceforth DFTB-MD) for the higher temperatures. The obtained results are compared with available experimental data. This is the first study of the kind dedicated to anharmonic effects in the IR spectra of PAHs in which the performances of these two modelling methods are assessed in relation with known experimental data. We then assess which parameters can be derived from these combined techniques for simplified description of anharmonicity in astrophysical models, providing a schematic recipe. Finally we discuss some perspectives in view of the forthcoming James Webb Space Telescope.

Methodology

AnharmoniCaOs

To obtain anharmonic vibrational spectra of pyrene at non-zero temperature, we made use of the AnharmoniCaOs code, developed by some of the authors as described in Mulas et al. [34]. In brief, AnharmoniCaOs takes in input the harmonic frequencies of all normal modes, the third and fourth derivatives of the potential energy with respect to normal coordinates, as well as the first and second derivatives of the electric dipole moment, and obtains anharmonic states and electric dipolepermitted transitions. The Taylor expansions for pyrene were taken from Mulas et al. [34]. Anhar-moniCaOs then proceeds with a mixed variationalperturbative approach using the Van Vleck formalism (GVPT2): resonant terms are considered explicitly, building effective Hamiltonian matrices and numerically solving them to obtain anharmonic eigenstates, while non-resonant terms are dealt with by perturbation theory. Anharmonic eigenstates are represented as linear combinations of harmonic states. Matrix elements of the electric dipole operator are then obtained between the anharmonic eigenstates obtained from the diagonalization of the effective Hamiltonians. The set of harmonic states included in each calculation is built around a given harmonic "start state", which results in the formation of truncated polyads of states connected by resonances. For more details on the algorithms used to build and truncate polyads, see Mulas et al. [34]. As a result of the way polyads are built and truncated, one finds the anharmonic states with a significant component along the initial "starting state". States with the largest projection along the "starting state" are numerically most accurate, while accuracy degrades as anharmonic states get farther and farther "away" (in terms of projection) from the "starting state". For each of these calculations, therefore, only the anharmonic states closest to the "starting state" are considered in building the spectra, with a weight proportional to the squared modulus of their projection along the "starting state". If one were to repeat the calculation for all possible "starting states", one would obtain all anharmonic states and transitions. However, the density of harmonic states, for a polyatomic molecule, is an extremely steep function of vibrational energy, making complete sampling of harmonic states unfeasible above a relatively low energy. We therefore enumerated harmonic states, in order of harmonic energy, till we reached a predetermined maximum number. From that harmonic energy on (∼1200 cm -1 ), we resorted to statistical sampling. We used the Wang-Landau method [37,38] to perform a random walk on harmonic states, obtaining a nearly uniform sampling in harmonic energy space of the "starting states". This does not result in a completely uniform sampling in the anharmonic energy space for the states obtained by AnharmoniCaOs; still, this produces a very slowly varying sampling density in anharmonic energy space, ensuring that all energy ranges randomly explored are evenly sampled. This sampling method was successfully used, e. g., by Basire et al. [30] to estimate the anharmonic density of states of naphthalene. The collection of these AnharmoniCaOs runs produces anharmonic vibrational spectra as a function of vibrational energy: the vibrational energy is discretised in a number of bins, each covering an interval of 5 cm -1 ; individual spectra consisting of transitions from an anharmonic state in that interval are averaged, to estimate the spectrum of molecules in thermal equilibrium at the corresponding vibrational energy, in the microcanonical ensemble; these spectra can then undergo a numerical Laplace transform to finally obtain anharmonic vibrational spectra as a function of temperature in the canonical ensemble, directly comparable with laboratory experiments.

DFTB simulations

We have also computed the anharmonic spectra for pyrene from a dynamical exploration of the PES at various temperatures. Such dynamics requires the computation of millions of single point energies and gradients and could hardly be performed at the ab initio level. A good compromise relies on the use of Density Functional based Tight Binding (DFTB) [39,40], which presents a much cheaper computational cost than DFT while preserving a quantum description of the electronic system and allowing for the calculation of the molecular dipole µ(t) on the fly. In practice, we used the DFTB scheme in its second order formulation [41] implemented in deMonNano [START_REF] Heine | demonnano[END_REF] with the MAT set of parameters [START_REF] Frenzel | Semi-relativistic, self-consistent charge Slater-Koster tables for density-functional based tightbinding (DFTB) for materials science simulations[END_REF] combined with a correction for atomic charges [START_REF] Rapacioli | [END_REF] that already showed its efficiency in the context of IR spectra calculations [24,23,26,27]. The IR spectra were obtained from the Fourier transform of the auto-correlation dipole moment using the formulation presented by [45] :

α(ω) ∝ ω 2 +∞ -∞ dt µ(0) • µ(t) e iωt (1) 
where <> indicates a statistical average to remove dependency on the initial conditions. As the equation is intended to be used to compute the spectum at a given temperature, the simulations should be done in the canonical ensemble, which in practice means using a thermostat. The latter might however introduce errors as the process of energy exchange between the system and the thermostat involves frequencies which might pollute the computed spectrum. To reduce such artifacts, we first perform, for each of the 6 investigated temperatures between 600 and 1600 K, a canonical dynamics of 50 ps using a Nose Hoover chain of thermostat [46,47,48] (5 thermostats with energy exchange frequency of 800 cm -1 ). About 50 snapshots are selected along this dynamics and the corresponding geometries and velocities are used to generate the starting conditions for microcanonical simulations of 5ps each with timestep of 0.1 fs. The IR spectrum is computed and averaged from these last simulations without thermostats, the initial conditions sampling however the canonical distribution at a given temperature.

Spectra analysis

One of the aims of this work was to obtain, from more or less complete theoretical calculations, the evolution of band positions and bandwidths as a function of temperature, for use in simplified modelling of AIB emission in astronomical environments, comparing results from different theoretical methods and experimental ones. This poses a fundamental problem: how to define in an unambiguous way band positions and widths, reducing to a minimum their dependence on subjective choices of the scientist deriving them from the data. This is particularly difficult for bands that result from the blending of several components, which sometimes can be resolved only at low temperatures. We therefore decided to define the centroid νi of the band i as the mathematical average of its position, weighted by band intensity I(ν), over a fiducial interval [ν min i , ν max i ] defined by the scientist for that band, i. e. νi =

ν max i ν min i dν ν I(ν) ν max i ν min i dν I(ν) = 1 I i ν max i ν min i dν ν I(ν), (2) 
where I i is the integrated intensity of band i. Similarly, we define the bandwidth σ i as the square root of

σ 2 i = 1 I i ν max i ν min i dν (ν -νi ) 2 I(ν). (3) 
These definitions are reminiscent of the definition of the first two central momenta of a statistical distribution function. They are identically applicable to DFT-AC spectra, DFTB-MD, and experimental ones, making it possible to meaningfully compare positions and widths, thus defined, obtained from all three sets of data. It is also evident from the equations defining them that they are independent of the units the spectra are expressed in, and of their normalisation. In particular, they apply both to calibrated spectra in absolute units (e. g. km mol -1 cm) and to spectra in arbitrary units (e. g. normalised to unity peak intensity). The integration intervals [ν min i , ν max i ] for each band were defined by visual inspection of the spectra, and are the only remaining subjective choice. The ones we adopted are given in Tables S1 andS2 in the supplementary material.

Results

AnharmoniCaOs results

The raw spectra resulting from AnharmoniCaOs are "stick" spectra, each "stick" resulting from an individual anharmonic transition and arbitrarily (in principle infinitely) sharp, since Anharmoni-CaOs does not include rotational structure. For the results presented here, the resolution of the calculations yields a "stick" width of 0.2 cm -1 . Figure 1 gives an overall comparison with available experimental absorption spectra, both in solid state and in gas-phase [18,49]. For viewing convenience, and easier comparison with experimental data, in which bands are broadened either by unresolved rotational structure (in gas-phase) or by solid state effects, we convolved DFT-AC spectra with Gaussian profiles with a FWHM of ∼5 cm -1 . Figure 1 compares theoretical DFT-AC spectra with available experimental spectra at 300 and 523 K, all being normalised to the maximum peak intensity. At this large scale, the agreement between both types of spectra appears very good both for positions and relative intensities. This applies to fundamentals but also to combination and overtone bands, permitting their individual identification with fairly high accuracy. Figure 2 zooms in on the spectral region around the band at ∼1583 cm -1 and shows the DFT-AC absorption spectrum computed at temperatures ranging from 14 K to 523 K, in standard absolute molar absorption intensity units (km mol -1 cm). Beside the fundamental band near 1583 cm -1 , even at low temperature one can clearly see many additional combination bands. Relevant individual bands in this spectral range were identified in Mulas et al. [34]. They can be rather accurately predicted thanks to the inclusion in Anharmon-iCaOs of the second derivatives of the dipole moment, and to the detailed treatment of resonances. On the other hand, this detailed treatment of resonances, which in case of several terms of the dipole moment expansion contributing to the same transition causes the code to merge several polyads in a single, larger one, renders the calculation increasingly heavy at higher excitation energies, making it computationally expensive, while still feasible, at very high temperatures. With rising temperature, a huge number of additional hot bands progressively appear, corresponding to transitions arising from increasingly excited states. These cluster mostly around the individual bands already present at low T, with variable shifts around them, resulting in a clear broadening and, in some cases, shift of band centroids. Bands which are close at low T tend to blend at high T, making it difficult, or even impossible, to resolve them beyond some temperature. In addition, a multitude of very weak, resonance-activated features appear, with increasing T, even farther away from the main bands, correspondingly causing a reduction in the intensity of the latter. This results, qualitatively, in main bands losing a fraction of their intensity at high T, which goes into a featureless, broad plateau below them. In theoretical spectra, this intensity is still present in the spectrum, spread over a wider spectral range; in experimental ones, even if present (and there is no reason why it should not be), it is further spread by rotational structure or solid-state effects, it thus merges with the continuum, cannot be clearly distinguished from it, and is thus easily partially or completely subtracted away with it, being lost to measurement. Figure 3 zooms in on the band at ∼844 cm -1 , for an example of a spectral region with a well-resolved, single fundamental band. With the exception of the blending of initially resolved features, the same behaviour described above is observed, with hot bands appearing all around the fundamental, producing a shift of the centroid of the resulting band, as well as a broadening. In this case, as well, we also observe the appearance, at the highest T, of a "carpet" of very weak bands, "stealing" some of the intensity of the fundamental and spreading it over a broad plateau. Figure 4 gives another example to illustrate the remarkably large variability of bandwidths with temperature. In this case, one band remains relatively narrow with increasing T, while neighbouring ones show a much larger broadening. Figure 5 shows the evolution of the band profile for some out of plane CH bending modes, as predicted by DFT-AC for T ranging from 14 K to 523 K, compared with the gas-phase spectrum at the closest temperature, i. e. 573 K. The DFT-AC spectra in this figure were convolved with a Gaussian as for Figure 1. All absorption spectra in this figure are shown in absolute units (km mol -1 cm). The band positions predicted by DFT-AC very clearly tend to the ones in the gas-phase spectrum, which is broadened by rotational structure not included in AnharmoniCaOs. The peak intensity predicted for the band at ∼741 cm -1 clearly decreases with temperature, as it is distributed over many hot bands around it and many more, weakly resonant features further away. Figure 6 shows some more bands simulated by DFT-AC for the same temperature range. Again, these spectra were convolved with a Gaussian as for Figures 1 and5. They are shown in absolute units (km mol -1 cm). Many of the bands present significant resolved structure at low temperature, which is progressively lost as T increases. All of them show the general behaviour we described above.

DFTB Molecular dynamics results

The DFTB spectrum computed at the harmonic level at 0 K is a stick spectrum, whereas the spectra obtained at finite temperature from DFTB-MD simulations present broadenings, shifts and merging of bands. The latters appear naturally, incorporating the anharmonic effects of the full DFTB PES without truncation of the latter at a given order. Thermal effects result from MD explorations, and not from an a posteriori convolution of these spectra with gaussian or lorentzian functions. One should however remember that the frequency resolution scales as the reciprocal of the total duration of the MD segments used to numerically evaluate equation 1. In this work the frequency resolution is 1.7 cm -1 .

As an example, the spectrum computed at 523 K is shown on Figure 7 together with the highest temperature spectrum (523 K) obtained by DFT-AC. As a first look, the two spectra present the following common features: a wide band around 3000 cm 
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Figure 1: Top: theoretical infrared spectrum of pyrene from 3200 to 650 cm -1 at 300 K, simulated using DFT-AC together with the experimental [18] condensed phase spectrum at 300K; bottom: theoretical infrared spectrum of pyrene from 3200 to 650 cm -1 at 523 K, simulated using DFT-AC together with the experimental [9] gas-phase spectrum at 573 K. In all cases the spectra were normalized to unit peak intensity of the most intense band of pyrene at 844.4 cm -1 . Theoretical spectra computed by AC at 300 and 523 K have been vertically shifted compared to the solid and gas-phase experimental spectra for clarity. 
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Integration range (cm -1 ) Integrated intensities (km • mol -1 cm) Gas 570 K [49] DFT-AC 0 K [34] 300 two well defined bands below 1000 cm -1 and a forest of bands between 1000 and 2000 cm -1 . The main differences rely on the band intensities, in particular for the DFTB bands at 3000 and 720 cm -1 which have, respectively, higher and lower intensities when compared to their equivalent in the DFT-AC model. We remark here that, with respect to bands positions, relative bands intensities are much more challenging to reproduce by an approximated model and this remains true for ab initio schemes. As a consequence, it is more difficult to reproduce the spectral evolution of a specific band located in a region of high vibrational states density. In such a region, when the temperature increases, many bands will blend in a single, unresolved spectral feature. The large errors, due to DFTB, in the estimated intensities of individual, unresolved components will then severely affect the predicted evolution of the profile and position of the resulting blended feature.

DFT and DFTB spectra computed at the harmonic levels allowed us to identify the nature of the bands on the basis of vibrational modes visualisation, the DFT and DFTB normal modes being similar. Table S3 in Supplementary information lists all harmonic normal modes resulting from the DFT vs DFTB calculations, matching all of them after visual inspection of the corresponding nuclear motions. This is an intermediate step to determine which band at the DFT-AC level can be compared with which band at the DFTB-MD level, but the actual comparison hereafter is never done at this harmonic level. Since some bands, in DFTB-MD spectra, become so shallow to be hardly distinguishable from the continuum, making the measurement of their position and width unreliable, we focus here on the evolution of band position and width for four relevant bands: bands 1 and 11 which are the two most intense ones; band 14 which is a satellite of band 11 whose evolution with temperature allowed for unambiguous derivation of band position and width and, finally, band 2 as representative of a more complex spectral region. The band positions for these 4 bands at 0 K (harmonic) and 600 K are reported in table 2. When compared to experimental values and keeping in mind the level of theory, the DFTB-MD band positions at 600 K are in relatively good agreement with experimental results for bands 1, 3 and 14, presenting relative errors of 5.1 , 3.1 and 2.6 %, a larger error of 15 % being observed for band 2. It can also be seen that the differences between DFT and DFTB band positions for tem-peratures around 600 K are already present at the harmonic level: bands 1, 11 and 13 being redshifted in the DFTB spectra with respect to DFT spectra, the opposite being observed for band 2. Figure 8 shows the evolution with temperature of the most intense band, namely band 11, at the DFT-AC and DFTB-MD levels. It shows that, despite the fact that the absolute band positions differ between the two models, the trend, i.e. a redshift and broadening when increasing the temperature, seems to be consistent, encouraging the use of the DFTB-MD model to compute the bands evolution at high temperatures rather than their absolute positions.

Anharmonic parameters

Analysing the DFT-AC spectra as described in Sect. 2.3, we identified bands, or band groups, which could be followed for the whole temperature range spanned by DFT-AC calculations, and determined their T-dependent centroids and widths. The same procedure was applied for the DFTB-MD spectra.

Figure 9 reports together the DFT-AC and DFTB-MD positions for the four specific bands selected in Section 3.2. DFT-AC and DFTB-MD positions for all other bands are given in Figures S1 andS2 in the Supplementary Information, respectively. DFTB-MD positions in Figure 9 are rigidly shifted to smoothly join DFT-AC values at 523 K. Three panels in the same figure also report data from available laboratory measurements [9]. Table 3 reports the slopes χ of the evolution of band positions vs. temperature for T ranges in which they behave linearly.

Similarly, Figure 10 shows bandwidths determined from DFT-AC and DFTB-MD for the four selected bands, others being given in Figures S3 andS4 of the Supplementary Information. Laboratory measurements are included for three bands [9]. Since the latter were performed in gas-phase in thermal equilibrium, they also include a significant contribution from rotational structure, which is included neither in DFT-AC nor in DFTB-MD modelling. We therefore estimated the rotational contribution to bandwidth, computing rotational profiles for pyrene at the temperatures of the laboratory data points. For our purposes, we used a simple rigid rotor model, with rotational constants taken from Malloci et al. [50]. Indeed, from high resolution vibrational spectra, with resolved rotational structure, it appears that variations of rotational constants of pyrene with vibrational 2) simulated using DFT-AC and DFTB-MD. Intensities are given in arbitrary units, normalised to unit peak intensity, to emphasize the evolution of the spectral profile. quantum numbers, as well as due to centrifugal distortion, are negligible [51]. To estimate the rotational width, we applied Equations 2 and 3 given in Section 2.3 to the simulated rotational envelopes of a-, b-, and c-type pyrene bands (pyrene is an asymmetric rotor). The rotational contribution to bandwidth is estimated to range from ∼6.5 cm -1 at 573 K to ∼8 cm -1 at 873 K for band 11 (an out of plane vibrational mode, fully c-type), and from ∼5.4 cm -1 at 573 K to ∼6.7 cm -1 at 873 K for band 1 (in plane C-H stretches, with similar contribution from a-and b-type bands). To estimate the contribution of vibrational anharmonicity to the bandwidths measured in gas-phase, we followed the approach of Pech et al. [7], subtracting the estimated rotational contribution. The resulting "corrected" laboratory data points are reported in Figure 10. No shift was applied to DFTB-MD data points in Figure 10. Table 4 shows the slopes χ of bandwidths, similarly to Table 3 for band positions.

Discussion

The DFT-AC approach, privileging accuracy over computational costs, leads to consider larger and larger sets of resonating states, making it less practical and difficult to use on a systematic basis on many species up to very high temperatures. Moreover, the use of truncated Taylor expansions around the equilibrium position for the PES and electric dipole is expected to become less and less accurate at high temperature. The limit of its validity is difficult to estimate since it is mode dependant and complex to define, as it depends on the PES shape. In the combined scheme presented in this work, the case of high temperatures is treated by decreasing the level of theory from DFT to DFTB in order to enable the computation of IR spectra in a molecular dynamics (MD) scheme capturing all anharmonic effects, i.e. beyond the quartic expansion of the PES. In switching from a fully quantum treatment to classical MD, we lose all information about the discrete structure of hot bands. On the other hand, we gain, in principle, an efficient method that actually gets more efficient with increasing temperatures, since increasing anharmonicity helps to quickly reach ergodic redistribution of vibrational energy. On the other hand, in switching from full DFT to DFTB one loses quite some accuracy both on the PES, impacting on predicted absolute band positions, and on the dipole moment surface, resulting in much less accurate band intensities. Comparing in Fig. 7 the DFT-AC spectrum at the 523 K with the DFTB-MD one at the same temperature, we can see that the overall spectral pattern is similar but band positions given by DFTB-MD are clearly shifted with respect to DFT-AC, which is instead in very good agreement with experimental absorption spectra (see Table 2). We can see that a bit less than half of the listed bands appear to lose intensity with increasing temperature, in the calculated spectra. This is due to the effect, that we described in Section 3, of some of the intensity of main bands being "spread" over an increasingly large number of very weak bands, forming a broad plateau below them which, at 523 K, merges in a sort of featureless continuum. The weakest of these hot bands are not even recorded by the code, falling below the intensity threshold to save them. This artifact results in the total integrated intensity over the whole vibrational spectrum to decrease by almost 20% between 14 K and 523 K.

Concerning the evolution of band positions and widths with temperature, we note first that we cannot give a "rule of the thumb" in the temperature interval explored by our DFT-AC calculations which would be valid for all bands in a given energy range: there are e. g. some notable 2. For band 13 the gas-phase band positions overlaps with DFTB-MD band positions therefore we have shifted all gas-phase data by +5 cm -1 for clarity.

Table 3: Empirical anharmonicity factors (χ in 10 -2 cm -1 K -1 ) of the major IR bands of pyrene derived from the linear fitting of the band positions in different temperature ranges (Fig. 9 and Figs. S1 and S2 in supplementary material) calculated using DFT-AC and DFTB-MD methods. Experimental values are listed from the condensed-phase measurements by Chakraborty et al. [18] and the gas-phase measurements by Joblin et al. [9] No Theory Expt. Position AC MD Solid Gas µm cm -1 Fit range χ AC Fit range χ MD Fit range χ rec [18] Fit range calculations. Bandwidths from laboratory data [9] are shown as they are (filled squares), and after subtraction of the estimated contribution due to molecular rotation in thermal equilibrium (black stars, see text for details). Bands are labelled following Table 2 Table 4: Empirical anharmonicity factors (χ in 10 -2 cm -1 K -1 ) of the major IR bands of pyrene derived from the linear fitting of the bandwidths in different temperature ranges (Fig. 10 and Figs S3 and S4 in supplementary material) calculated using DFT-AC and DFTB-MD methods. For DFT-AC we also report two reference values of the bandwidth at 14 and 300 K. Experimental values of χ are listed from the condensed-phase measurements by Chakraborty et al. [18] and the gas-phase measurements by Joblin et al. [9]. "WR" and "WOR" labels the empirical anharmonicity factors respectively as derived from the gas-phase data or after subtraction of the estimated thermal rotational broadening (see text for details). cases of bands that remain much sharper (more than an order of magnitude) than neighbouring ones. One such example is apparent in Figure 4.

χ gas (K) (K) (K) (K) 1 3
No Theory Expt. Position AC MD Solid Gas µm cm -1 Bandwidth Fit range χ AC Fit range χ MD Fit range χ rec [18] Fit range χ gas 14 K 300 K (K) (K) (K) (K) WR WOR 1 3
Clearly, in these cases, none of the vibrational modes that can be populated at ∼523 K have an important anharmonic coupling with that band, at least up to 523 K.

A second observation is that the behaviour of band positions and widths (Figures 9 and10) appears not linear at low temperatures in the spectra obtained via a fully quantum anharmonic calculation, in agreement with available laboratory data [18]. This can be rationalised by considering that, at any given temperature T, vibrational states whose frequency is much larger than kT /h are not populated, and thus do not participate at all in the structure of hot bands collectively producing band broadening and shift. If a vibrational mode has significant anharmonic coupling with a given band, it will produce a rather abrupt change in the evolution of the band when the temperature becomes sufficient to populate it. In a temperature range in which all modes with large anharmonic coupling with a band are already populated, and no new important modes come into play, band position and width instead evolve linearly with temperature. This accounts for the observed behaviour in Figures 9, 10, and figures in the Supplementary Information, which appears to resemble broken lines. It also explains why, at high enough temperatures, all trends appear linear, as observed in experimental data [9,18]. Classical molecular dynamics cannot account for some modes being completely depopulated at low temperature, since they do not consider quantised states and include vibrations of arbitrarily small amplitude, forbidden by quantum mechanics. As a result, these simulations always predict a linear behaviour of band positions and widths, regardless of temperature. This behaviour is expected to approach the quantum one when vibrational energies are large enough.

The combined view for astrophysical applications

Addressing the vibrational spectral evolution over a wide temperature range, extending up to ∼1500-2000 K is a challenging task, but it is necessary to properly model PAH emission bands, including the effects of anharmonicity, in astronom-ical environments. While we benchmark our theoretical methods against absorption spectra, we emphasize that our findings are perfectly applicable to the expected behaviour of band positions and spectral profiles in emission. In fact, emission spectra at a given temperature can be obtained from absorption spectra at the same temperature using Kirchoff's law. And since Planck's blackbody function is relatively slowly varying on the scale of the width of any PAH band, band position, width, and spectral profile can be considered to be identical, for the same band, with negligible error, between absorption and emission.

Our combined view using DFT-AC and DFTB-MD is restricted to quantify the evolution with temperature of band positions and widths regardless of their absolute positions and intensities. The data reported in Figures 9 and10 (andFigures S1, S2, S3, and S4 in Supplementary Information) show that both positions and widths follow different trends in different temperature ranges. This is in agreement with what was observed in laboratory experiments [18]. Band positions are fairly stable below ∼300 K, and have an approximately linear asymptotic behaviour at high temperatures. As to bandwidths, they also have an approximately linear asymptotic behaviour at high temperatures, and some of them are relatively stable, like positions, below ∼300 K, while others keep decreasing down to very low temperatures, but with a different slope. There are no "one size fits all" simple rules that can be used to predict anharmonic band positions and widths for all bands: the behaviour of individual bands must be investigated, by theoretical and/or laboratory experiments. Current models using a fixed shift with respect to 0 K calculations, and/or fixed "standard" band widths to compute the emission of "astronomical" PAHs do not seem therefore appropriate. Their inaccuracy is masked, when comparing with astronomical observations, by the unresolved contribution of many different (unknown) individual molecules to astronomical AIBs, that does not allow one to separate the contribution of anharmonicity from those of chemical diversity and rotational broadening. On the other hand, the inaccuracy becomes apparent if one applies models to cases in which laboratory data of individual molecules are available, as we did here. Mackie et al. [52], proposed a simplified scheme for the calculation of simulated PAH emission spectra for comparison with AIBs, based on detailed theoretical modelling of cascade spectra that hinted that most bands did not show apparent shifts at different excitation energies, and suggested that in most cases only variations in bandwidths needed to be included for astronomical purposes. However, this conclusion appears difficult to reconcile with the linear shift of all band positions at high temperatures observed in laboratory spectra, and reproduced by theoretical modelling in the present work.

We therefore review our options, in view of their application to astronomical simulations, to assess the respective merits and drawbacks of the complementary theoreticals frameworks we presented. When compared to laboratory data, we found that at frequencies higher than 1300 cm -1 , the values of χ from DFTB-MD appear to be systematically a factor ∼3 times, whereas they are well in line with experimental data for the bands below 1300 cm -1 . This is consistent with the previous findings of Joalland et al. [24] and Simon et al. [25]. On the opposite, except for a couple of bands, DFT-AC somewhat underestimates the χ values. The absolute agreement of bandwidths computed by DFT-AC with corrected laboratory data points is surprising (cf. Figure 10). In the case of band 11, the slope of the experimental points is markedly larger than the slope of DFT-AC points at lower temperature, hinting that it may change just around ∼550 K. A closer examination of Figure 3, indeed, shows several strong hot bands beginning to appear around the main band at around ∼500 K. Their increased relative contribution to the band is thus likely to cause a jump in the bandwidth. The comparison in Figure 10 finally shows that DFTB-MD overestimates bandwidths at the highest frequencies. Table 4 shows that the values of χ deduced from DFTB-MD results, even if qualitatively consistent with experiment, appear less accurate than DFT-AC in the very few cases in which comparison is possible. More experimental data would be needed to draw firm conclusions on this. The overall picture is consistent with DFTB-MD behaving worse with unresolved band clusters possibly involving resonances and better with isolated bands, which is the case for pyrene at low frequencies. A tentative explanation (see Section 3.2) is that when several unresolved transitions contribute to an unresolved band, the large intensity errors due to DFTB reflects in a large error in the average position resulting from their blend.

Based on our modelling, and on available laboratory data, we therefore suggest the following rel-atively simplified recipe for fast, efficient, yet sufficiently accurate astronomical modelling of PAH emission, in the framework of the thermal approximation:

• below 300 K assume band positions to be approximately constant; interpolate linearly bandwidths between reference values at ∼300 K and very low temperature (like our 14 K data points); use as a reference the values (given in Tables 3 and4 for pyrene) obtained from either laboratory data or detailed simulation at these temperatures;

• above 300 K assume band positions and widths evolve following a linear trend, whose slopes χ and χ can be obtained by the best available data: experimental, detailed modelling (such as e. g. DFT-AC here or SPECTRO [32]), molecular dynamics based on full DFT or better, molecular dynamics based on faster approximate methods (such as DFTB used here); this choice should be an educated guess on a case-by-case basis, since e. g. DFTB-MD appears to provide fairly good results for strong, isolated bands, and conversely bad ones where band clusters merge;

• estimate the statistical thermal distribution of the given PAH as a result of the radiation field it is subjected to [see e. g. 6], and obtain the resulting spectrum as an appropriate weighted average of spectra at each temperature estimated following the two above points.

We are in the process of developing such a model, in view of the forthcoming data from the James Webb Space Telescope.

Conclusions

The difficulty to directly measure in laboratory experiments the vibrational emission of isolated PAHs excited by the absorption of UV photons, in order to study astronomical AIBs, has led to develop models to simulate the IR cooling cascades of PAHs including anharmonic effects [5,6,7]. Such modelling must be as simple as possible, to be applicable in a systematic way, yet include enough details to achieve sufficient accuracy. These details, the inputs of the models, must be as thoroughly validated against experiments as possible, testing them against all available laboratory data. Now, with the James Webb Space Telescope expected to be coming online in the near future, the concept of "sufficient accuracy" related to PAH emission models needs to be revisited, especially if we want to extract the maximum information from the unprecedented level of spectral and spatial details it will make available. This is the right time to extend models to really include anharmonicity in a systematic way. Mackie et al. [52] showed that they can perform detailed calculations, using a method similar to our AnharmoniCaOs. However, as with AnharmoniCaOs, fully modelling anharmonic PAH emission is a computationally expensive undertaking for every single molecule, which does not make it easily applicable in a systematic way to existing PAH databases [50,3], in view of using them to interpret the detailed, subtle spectral structures that JWST data will unveil. On the other hand, cruder approximations, such as disregarding the dependence of band positions on excitation, even at the very high vibrational temperatures reached by an isolated PAH after the absorption of an UV photon, appear incompatible with already available laboratory data, as we have shown here. We thus propose here a recipe for an intermediate level of detail, which would be computationally less expensive than an all-out full-quantum anharmonic calculation, and thus more suitable for systematic use. This recipe consists on assuming that we can describe band positions and widths as broken lines, with a first linear section defined by a data point at very low temperature and one at ∼300 K, and another linear trend, defined by asymptotic slopes χ and χ , at higher temperatures, in agreement with all available experimental data. We showed that we can have several ways to access χ and χ for all bands of a given species, and we can combine them to incrementally improve modelling, going from the cheapest and less accurate DFTB-MD, to the more expensive fully quantum treatment of DFT-AC or similar codes [e.g. Spectro 32], to the most accurate, but limited in number of studied species, direct gas-phase laboratory measurement. The natural development of this work will be to fill in anharmonic calculations (or suitable laboratory measurements), at least at ∼14 K and ∼300 K, of absolute band positions and widths, and of χ and χ values, in a systematic way, for species in available PAH spectral databases [50,3]. We are already in the process of developing an anharmonic PAH emission model that makes use of this information to improve the accuracy of its predictions. In parallel, with the natural increase of available computational resources, we will extend DFT-AC calculations to higher temperatures, to check whether we already achieved the asymptotic regime at ∼523 K and/or at what temperature the accuracy of the quartic expansion of the PES it employs begins to break down. The ultimate test will be to compare the simulated spectra from anharmonic AIB models with direct measurements of UV-excited PAH infrared emission. These are very complex experiments and no progress could be achieved since the pioneering experiments of the 1990s [13,14,15,16,17]. While awaiting for further experimental results, the coming JWST data is a strong motivation on its own to proceed with this modelling effort. 
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 234 Figure 2: Stick spectra of pyrene from 1620 to 1530 cm -1 at 14, 300, 423 and 523 K computed using DFT-AC.
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 56 Figure5: Temperature evolution of the band profiles for two bands of pyrene at 741.1 and 711.6 cm -1 simulated using DFT-AC method together with gas-phase data at 573 K[49].

Figure 7 :

 7 Figure7: Theoretical infrared spectrum of pyrene from 3200 to 650 cm -1 at 523 K, simulated using DFT-AC and DFTB-MD. The DFTB-MD spectrum is vertically shifted for clarity by 2 km mol -1 cm as in Figure1.

Figure 8 :

 8 Figure 8: Temperature evolution of the highest intensity band of pyrene at 844.4 cm -1 (cf. Table2) simulated using DFT-AC and DFTB-MD. Intensities are given in arbitrary units, normalised to unit peak intensity, to emphasize the evolution of the spectral profile.

Figure 9 :

 9 Figure9: Evolution of band positions with temperature obtained from DFT-AC (filled circles), DFTB-MD (empty circles) calculations and gas-phase experimental from Joblin et al.[9] (black stars). DFTB-MD data points have been rigidly shifted to smoothly join DFT-AC ones near ∼550 K. These shifts are respectively +139, -230, +34 and +17.5 cm -1 for band 1, band 2, band 11, and band 13. Bands are labelled following Table2. For band 13 the gas-phase band positions overlaps with DFTB-MD band positions therefore we have shifted all gas-phase data by +5 cm -1 for clarity.

Figure 10 :

 10 Figure10: Evolution of bandwidths with temperature obtained from DFT-AC (filled circles), DFTB-MD (empty circles) calculations. Bandwidths from laboratory data[9] are shown as they are (filled squares), and after subtraction of the estimated contribution due to molecular rotation in thermal equilibrium (black stars, see text for details). Bands are labelled following Table2
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 11S11S221S31S4 Figure S1: Evolution of band positions with temperature obtained from AnharmoniCaOs. The linear trend of the band position with temperature is applicable only for the high temperature range. Therefore only the points from and beyond 300 K have been considered for the fitting. Band position at 300 K are marked in each panel of the figure.
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 1S4 Figure S4: Evolution of bandwidths with temperature obtained from MD (demonNano) simulation. This method is dedicated to simulate the band positions at high temperature. Therefore only the points from and beyond 600 K have been considered for the fitting. Band position at 300 K are marked in each panel of the figure. (Continued from the previous page)

Table 1 :

 1 Integrated intensities of the bands computed using DFT-AC at 0, 300 and 523 K together with the gas-phase experi-

	K	523 K

Table 2 :

 2 Calculated band positions of four representative IR bands of pyrene. Experimental values are listed from the work of Chakraborty et al.[18] for the low temperature part and Joblin et al.[49] for the high temperature measurements

				Theory			Experiment
			DFT			DFTB			
		Harmonic	AnharmoniCaOs	Harmonic	MD	Solid[18] Gas[49]
	Temp	0 K	0 K	300 K	523 K	0 K	600 K	300 K	570 K
	Band1	3164.6	3040.0 3040.9 3040.5	2960.3	2897.3	-	3052.0
	Band2	1635.4	1600.0 1585.3 1585.8	1856.3	1842.2	-	1597.0
	Band11	860.5	843.0	844.4	843.9	818.4	814.1	840.0	840.0
	Band13	755.6	739.0	741.1	739.7	725.1	721.7	749.4	740.0

Table S1 :

 S1 Integration range for deriving band positions in spectra generated by

	AnharmoniCaOs package		
	No	AnharmoniCaOs
		Position at 300 K	Range
	1	3040	3060-3020
	2	1585	1605-1656
	3	1473	1493-1453
	4	1424	1444-1404
	5	1311	1331-1291
	6	1241	1261-1221
	7	1180	1200-1160
	8	1089	1109-1069
	9	996	1016-976
	10	964	984-944
	11	843	863-823
	12	816	836-796
	13	739	760-730
	14	710	730-690

Table S2 :

 S2 Integration range for deriving band positions in spectra generated by deMonNano package

	Band position				Temperature (K)				
	at 300 K	200	300	400	600	800	1000	1200	1400	1600
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