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FLEXIBILITY AND ANALYTIC SMOOTHING
IN AVERAGING THEORY

SANTIAGO BARBIERI, JEAN-PIERRE MARCO, AND JESSICA ELISA MASSETTI

ABSTRACT. Using a new strategy, we extend the classical Nekhoroshev’s estimates to the case of Holder regular
steep near-integrable hamiltonian systems, the stability times being polynomially long in the inverse of the size
of the perturbation. We prove that the stability exponents can be taken to be (¢ —1)/(2na...an—2) for the
time of stability and 1/(2nau...an—1) for the radius of stability, £ > n + 1 being the regularity and the a;’s
being the indices of steepness. Our strategy consists in deriving a perturbation theory which exploits a sharp
analytic smoothing theorem to approximate any Holder function by an analytic one. In addition, an appropriate
choice of the free parameters in the problem enables us to have a first grasp on the relation connecting the time
and radius of stability to the threshold that the size of the perturbation must satisfy in order for the theorem
to apply. Particular attention is payed to a geometric presentation of the construction of the so-called resonant
blocks, in order to shed a definitive light on the nature of the steepness condition. We also investigate the convex
setting, using a similar approach.
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1. INTRODUCTION AND MAIN RESULTS

1. The main goal of this work is to introduce a unified way for proving “long time stability” of the action
variables for perturbations of completely integrable Hamiltonian systems which belong to a large class of function
spaces. We will limit ourselves here to Holder perturbations of analytic systems, but our method is flexible
enough to be adapted to many other settingsﬂ

The effective stability theory for near-integrable hamiltonian systems was initiated by the pioneering work of
J.E. Littlewood and reached a first main achievement in the seventies with the work of N.N. Nekhoroshev
[31]; it was then developed by many authors. The usual setting is that of Hamiltonian systems of the form

(1.1) H(I,0) =h(I)+ f(1,0),

where (I,0) € R™ x T" are the action-angle variables. In Nekhoroshev’s work the Hamiltonian H is analytic
and h satisfies a steepness condition (see the definition below). The theory has been then developed in various

! Assuming that the unperturbed system is analytic is just a matter of simplification.
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settings: H can be assumed to be Gevrey (which includes the analytic case) or C*¥ with k > 2 and integer,
while h can be assumed to be convex or quasi-convex.

The norm of f, relative to the function space at hand, is denoted by €. For systems as , the previous
results assert that the action variables are confined in a ball of radius R(e) centered at the initial action during
a time T(g), provided that e is smaller that some threshold E. We say that R(e) is the confinement radius,
T(e) is the stability time and E is the applicability threshold. The remarkable fact is that — h being given —
the results depend only on the norm of f and not on its particular form. In this setting, most papers on long
time stability focus on the problem of finding the largest possible stability time T(e) allowed by the geometric
and regularity constraints, together with a relevant radius R(e), while a precise derivation of the threshold E
is seldom investigated.

However, several works have been dedicated to obtain physically relevant thresholds for problems of Celestial
Mechanics (see e.g. |15], [21], [33], [14], |4]). In these problems the specific form of the perturbation plays a
crucial role. In addition to our main goal, the method introduced in the present paper enables us to investigate
in an abstract setting the various relations between R(¢), T(e) and E, which we see as parameters of the stability
theory. We expect this approach to be a first step to take advantage of the specific form of the perturbation.

2. The classical results. Let us briefly describe the classical abstract results. In the 70’s Nekhoroshev
proved his seminal theorem [31], which asserts that for a steep real-analytic function h and for any real-analytic
perturbation f with analytic extension to a complex domain D, all solutions are stable at least over exponentially
long time intervals. Namely, there exist positive exponents a, b and a positive threshold E, depending only on
h, such that if | f|;, < E, then any initial condition (Iy, ) gives rise to a solution (I(£), (t)) which is defined at
least for |t| < exp (c(1/€)*) and satisfies |I(t) — Io| < Ce” in that range. Here |f| is the C° sup-norm on the
domain D and ¢, C' are positive constants which also depend only on h. With our notation, for such systems:

(1.2) T(e) = exp(c(1/e)?), R(e) = Ce°,

while the expression of the threshold E is quite involved, see [31]. Since the constants ¢ and C' are less significant
than the exponents we will get rid of them in our subsequent description.

Nekhoroshev’s proof is based on the construction of a partition (a “patchwork”) of the phase space into
zones of approximate resonances of different multiplicities, over which one can construct adapted normal forms.
The global stability result necessitates a very delicate control of the size and disposition of the elements of
the patchwork in order to produce a “dynamical confinement” preventing the orbits from fast motions along
distances larger than the confinement radius (see below for a discussion).

In the convex case, as noticed in 20| and [5], a shrewd use of energy conservation leads to a much simpler
and “physical” way to confine the orbits. This gave rise to two distinct series of works, originating in the
articles of Lochak [26] - where the simultaneous approximation method were introduced - and Pdschel [39] -
where the construction of Nekhoroshev’s patchwork was made much easier - both relying on the convexity or
quasi-convexity of the integrable Hamiltonian.

The simplicity of these methods made it possible to prove that the Nekhoroshev Theorem in the analytic
case holds with

(1.3) T(e) = exp(c(1/e)Y/?), R(e) = Ce'/?",

if h is assumed to be quasi-convex (see [|26}/29,/39]). Moreover, besides the global result, one can state local
results for neighborhoods of resonant surfaces. For m € {1,...,n — 1}, consider a sublattice A € Z% = {k €
Z" : |k|; < K} of rank m and the resonant subset My := {I € R" | Vh(I) € At}. Then, for all trajectories
starting at a distance of order £'/2 of My, one gets larger stability exponents, namely a = b = 1/(2(n — m)).
Moreover, in the resonant block Dy (which is obtained by eliminating from M all the intersections with other
resonant subsets My, with rank A’ = m + 1, see section [5)) one can even take a = 1/(2(n —m)), b=1/2.
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As alluded to above, long time stability does not require a priori the analyticity of the Hamiltonian at hand.
For general Gevrey quasi-convex systemsEl7 the fast decay of the Fourier coefficients also yields exponentially
long stability times. Namely, for 5-Gevrey systems (where 3 is the Gevrey exponent) it is proved in [30] that

T(g) = exp (0/81/(2%@))7 R(e) = Cel/(2nB)

The proof is based on a direct construction of normal forms for Gevrey systems. This study was initiated by M.
Herman for proving the optimality of the stability exponents by constructing explicit examples taking advantage
of the flexibility of the Gevrey category, see below.

Soon after, finitely differentiable systems have been investigated in [7] using a direct implementation of
Lochak’s scheme in this setting, which yields the estimates

T(e) = ¢/e=2/Cn) R(e) = Ot/

for quasi-convex C* systems with ¢ > 2 and integer. On the other hand, the stability of C* systems, with ¢ an
integer such that ¢ > ¢*n + 1 for some ¢* € N*, satisfying a property known as Diophantine-Morse conditiorﬂ
was investigated in [8], where the values

T(e) = C/ge*/[3(4(n+1))"] R(c) = Cel/(An+1)"

were found.
The case ¢ = oo has been studied in [2], where the authors find that, in the case h(I) = I?/2 and for fixed
be (0,1/2), for any M > 0 there exists Cp; > 0 such that

_CM

T(e) = o R(e) = Cpre’

and E decreases with M. The result is achieved by implementing an innovative global normal form in P&schel’s
framework.

Finally, we also refer to the recent work [11] and references therein for much more information about stability
in various functional classes.

3. Purpose of the work. The objective of this paper is twofold. Our first goal is to make a systematic use of
sharp analytic smoothing methods to derive normal forms in a very simple way - whatever the regularity of the
Hamiltonians at hand - from the usual anaytic ones. This way we get maximal flexibility to adapt the different
long-time stability proofs to a large class of function spaces. We will investigate here only the case of Holder
differentiable Hamiltonians, but our method extends to any steep functions belonging to any regularity class
which admits an analytic smoothing. More precisely, the proposed strategy (see Section allows us to prove,
in a very simple way, the first Nekoroshev-type result of stability for Holder steep Hamiltonians with presumed
sharp exponentﬁ Since in this case one cannot expect to get more than polynomial stability times relative to
the size € of the perturbation [7], in the course of the proof we need to adjust in a rather unusual way the size
of the various parameters (ultraviolet cutoff, analyticity widths) as a function of the size € of the perturbation.

Our second goal is to take advantage of this freedom in the choice of the previous parameters to analyze
the mutual dependence of the quantities E, T(e), R(g), which amounts to fixing one of them and finding the
best possible values for the other two. Thereby, we get more flexibility also in the applicability of our results,
choosing for instance the best possible threshold at the cost of reducing the time of stability, if necessary. This
is indeed a challenging problem in the abovementioned practical applications, which we investigate here from a
purely abstract point of view.

2See [30| for the definition.

3The Diophantine-Morse property is a special case of the Diophantine-steep condition introduced in [37] which, in turn, is
a prevalent condition on integrable systems that ensures long time stability once these are perturbed. All steep functions are
Diophantine-steep.

4Sharpness has the same meaning as in [23], i.e. it is the best values of the exponents for T(e) and R(e) that one can obtain
with these techniques.
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4. Main results. Let us fix the main definitions and assumptions. In the following, given v € {1,..., 00}, we
denote by | - |, the corresponding ¢“-norm in R™ or C"”. We use the same symbol for the norm in L” function
spaces when there is no risk of confusion. We denote by B, (Iy, R) the open ball centered at I of radius R for
the norm |-|, in R™.

Consider a Hamiltonian of the form , where

(1.4) h € C¥(Bso(0,R) ), f e CBs(0,R) x T"),

where B (0, R),, is the complex extension of analyticity width pg > 1 of Boo(0, R), and ¢ € (1,400) (meaning
that f is Holder differentiable when ¢ is not an integer, see section |3| for a brief overview on this class of
functions). The small parameter is

(1.5) e = |flet(Be (0,R) x>
(see ) We denote by w = VA : R™ — R™ the frequency map attached to h.
We will assume that the Hessian of h is uniformly bounded from above:
(1.6) M = sup ||D2h(I)||Op < 00,
1€B(0,R)
where || [|,,, stands for the operator norm induced by the Hermitian norm on C".

We will also assume that the Hamiltonian h is either steep or uniformly strictly convex, according to the
following definitions.

Definition 1.1 (Steepness). Fix § > 0. A C! function h : Bo(0, R + &) — R is steep with steepness indices
aq,...,a,_1 > 1 and steepness coefficients C1,...,Cph_1,0 if:

(1) infp_(0,r) [w(I)]y > 0;

(2) for any I € B5(0, R) and any m-dimensional subspace I' orthogonal to w(I), with 1 <m < n:

(1.7) ax min |mrw(l +u)|y > Cr&*m,  VE € (0,4],

m
0<n<€ werl,|ul,=n

where 7 stands for the orthogonal projection on I'.

Definition 1.2 (Uniform strict convexity). We say that h is uniformly strictly convex on By (0, R) when there
is a > 0 such that the spectrum of D?h(I) is contained in [, +00) for all I € B, (0, R).

Note that a uniformly strictly convex function is steep with steepness indices equal to 1.
The following main Theorems [1.]] will be proved by adapting to our framework the two usual methods

designed to prove exponentially long stability times: the “patchwork method” initiated by Nekhoroshev [31],
lately improved by Péschel [39] and Guzzo-Chierchia-Benettin [23], and the “periodic orbits method” introduced
by Lochak [25] and then developed by Niederman [13].

We state our three results separately.

The first one extends the usual statements in the steep case to Holder perturbations of analytic integrable
Hamiltonians. The case where h is Holder is only slightly more complicated and would yield the same estimates.

Theorem 1.1 (Stability estimates in the steep case). Consider a near-integrable Hamiltonian system
satisfying and assume £ > n + 1. Suppose, moreover, that h is steep in Boo (0, R) with steepness indices
a:=(a,...,0,_1) and set:

_ 1 _ 1

T 2nay Qg C 2nay Q@
Then, there exist positive constants E = E(n, ¢, &), Cy{ := C{(n, {, &), Cit := C'L(n, £, o) such that, for ¢ <E the
radius and time of confinement relative to any initial condition in the set B (0, R/2) satisfy:

(1.8) R(e) < cyeb



E—a((—l)
1.9 T(e) <CH—m——— .
(1.9) (e) < T1(1+ al) Inelt—1

The form of the other two results is more unusual since tuning parameters are introduced in order to analyze
the mutual dependence of the main quantities E, T(e) and R(e).

Theorem 1.2 (Tuned stability estimates in the convex case with the patchwork method).

Consider a near-integrable Hamiltonian system satisfying and assume { > n+1. Suppose, moreover,
that h is uniformly strictly conver in By (0, R) and fix a tuning parameter a € (0, 1/2n), Then, there exist
positive constants Cg := Cg(n,{), Ct := Ct(n,£), Cr := Cr(n, £), C, such that, relative to any initial action I in
the set Boo(0, R/2) such that |w(I)|2 < C,, the applicability threshold and the time and radius of confinement
satisfy:

Ce
InE 2n E1—2an <
| InE| =1+ a2
Cr
T(e) < Ve <E
(1.10) (e) < [(1+ al) [Ing|]2n elta(t-1)~2an S
6&
Re) < Ct——~r—— Ve < E.
) < O ) g £=
When |w(I)|a < Cy,, one has the estimate
(1.11) R(c) < C

over an infinite time, for the same threshold E.

Theorem 1.3 (Tuned stability estimates in the convex case with the periodic averaging method).

Consider the near-integrable Hamiltonian system which satisfies and assume £ > n + 1. Suppose,
moreover, that h is uniformly strictly conver in B (0, R), that for some constant C., > 0 the norm of the
frequency satisfies infrep o ry |w(I)|2 > C, and set two tuning parameters a,c € (0,1/2n), with a < c. Then
there exist positive constants Cg := Cg(n,{), Cp := CL(n, ), Cf := Ci(n, ) such that, relative to any initial
action I in the set Boo(0, R/2) such that |w(I)|2 < C.,, the applicability threshold and the time and radius of
confinement satisfy:

C/
nE ZnEl—an < __“E
|In B = U+ a7
C/
1.12 T(e) < T Ve < E
(1.12) © < (14 al)?|Ing|?n gl+alt=1)=2en =
R(e) < c Ve < E.

<c—°
=T +al) |Ing|

Remark 1.1. As is well known (see [7]), when ¢ is an integer, the exponents for the time and for the radius
of confinement in the convex case can be taken equal to e2—72 and ﬁ respectively. By slighting modifying the
dependence on ¢ of the parameters in the proofs of Theorem and Theorem (see expressions in
and ), we could reach the same exponents of stability. However, due to technical issues discussed later in
Remark this would result in losing the mutual dependence between T, R and E and we will not consider
this case in Theorem and Theorem The exponents of [7] can be recovered - and slightly improved for
the stability time - by applying Theorem taking into account the fact that a convex function is steep with

steepness indices all equal to one.

5. Prospects. We believe that the framework of analytic smoothing could be used in order to give a rigorous
setting to deal with the long time stability of concrete physical systems — this issue will be investigated in
another work. For example, it is common when studying problems in Celestial Mechanics to consider suitable
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truncations of the perturbation, obtained by selecting only a certain number of physically relevant harmonics.
This way, one usually obtains realistic thresholds on the size of the perturbation, at the expense of a lack of
control on the dynamics generated by the neglected remainder (see e.g. [15], [21] for some examples, and [4] for
a comparison on thresholds in two examples with a complete and with a truncated perturbation respectively).
Our main remark is that our analytic smoothing amounts to producing a precisely controlled truncation of the
perturbatiorﬂ which allows us to expect a better understanding on the shift in dynamics between truncated
and non-truncated systems.

In a more abstract setting, the sharpness of the exponents in Theorem should be proved in the same way
as in the case of convex system. The first attempt to tackle this problem led to work in the Gevrey category
instead of the analytic one and construct examples with unstable orbits, which experience a drift in action of
the same order as the confinement radius within a time of the same order as the stability time, see [30]. It
has then be realized that the initial conjecture (a ~ 1/2n, see |17] and Lochak [26]) was in fact incorrect: as
proved in [12] using a purely topological argument together with the previous remark on the local exponents
near simple resonances, one can choose a = 1/(2(n — 1)) as a global stability exponent for T(g) in quasi-convex
analytic systems. This result was improved soon after with a ~ 1/(2(n — 2)) (see [43]). The construction of
unstable system proving the optimality of these latter exponents was achieved in 30|, [27], [43]. A remarkable
fact is that the unstable mechanism introduced by Arnold in the 60’s, with its subsequent improvements, is
exactly what is needed to produce the unstable examples in the quasi-convex case.

As for the steep case, a careful construction of the geography of resonances leads with strong evidence to
the conjecture that the exponents a = 1/(2nay...c,—2) and b = 1/(2nay ..., —1) are sharp (see ref. [23]). The
question of constructing explicit examples with unstable orbits proving this sharpness is still open nowadays and
is maybe the last challenging problem in the general long time stability theory, relying more on approximation
on non-steep examples exhibiting superconductivity channels than on the use of Arnold diffusion ideas.

Continuing along these lines, a natural question raised by our work is that of the optimality of the simultaneous
choice of E, T(g), R(g). This problem necessitates a much better understanding of the instability mechanisms
at work in perturbations of integrable systems, such as for instance the splitting of separatrices of partially
hyperbolic tori, which admit upper bounds directly related to the stability times and the construction of
unstable orbits (see [28]).

2. GENERAL SETTING AND CLASSICAL METHODS: A GEOMETRIC FRAMEWORK

In this section we give a short overview of the classical methods on which the present work strongly relies.

1. Resonances, resonant normal forms and the steepness condition. Consider a Hamiltonian system of
the form defined on O x T™, where O is an open subset of R™. The main feature underlying Hamiltonian
perturbation theory is that one can modify the form of the perturbation f by composing H with properly
chosen local Hamiltonian diffeomorphisms, in order to remove a large number of “nonessential harmonics”. The
result of this process - a local normal form - strongly depends on the location of the domain of the normalizing
diffeomorphism w.r.t the resonances of the unperturbed part h, and enables one to discriminate between fast
drift and extremely slow drift directions in the action space, according to this location.

Let us first make this idea more precise. Given an integer lattice A C R™ of dimension m € {1,...,n — 1} —
a resonance lattice — one associates with A the resonance vector subspace A+ C R™ in the frequency space R™,
together with the corresponding resonance subset in the action space

My i=w AN ={I €O |w(l) € AT},

5Which is not simply a truncation on its Fourier series, but is optimal in some sense.
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(where w = Vh is the frequency map). The dimension m of A is said to be the multiplicity of the resonance M.
Of course, given a resonance module A’ D A with dim A’ > dim A, the resonance M/ is contained in My, so
that a resonance subset contains in general infinitely many resonances of higher multiplicity. The complement
M C O of the union of all resonance subsets is the non-resonant subset. In general, a resonance subset My
has no particular structure, however, one can think of M, as a submanifold of R™ of the same dimension as
A+ (with perharps singular loci).

As a rule, when ¢ is small enoug}ﬂ for a small enough e-depending neighborhood Wy of the parts of the
resonance subset My located far enough from resonances of higher multiplicit@ﬂ one can iteratively construct
a symplectic diffeomorphism W, , whose image contains Wy x T™, such that the pull-back Hy = H o ¥, takes
the following form

(2.1) Hyx =h+ Np+ Ry.

Here Rp is a remainder whose C? norm is (very) smalﬂ with respect to € and the resonant part Nj contains
only harmonics belonging to A, that is:

Na(I,0) = Z ay(I) ™,
keA, [kl <K (e)

where K () is an ultraviolet cutoff which has to be properly choselﬂ Both terms N and Ry of course depend
on £. A subset W, for which such a normal form is proved to exist will be called a resonant neighborhood
associated with A, with multiplicity dim A.

The iterative process to construct the normalizing diffeomorphism involves the control of small denominators
which appear during the resolution of the so-called homological equation, and which depend on the location of
the normalization domain with respect to the resonances (see for instance [39] and Section . This can be seen
as a drawback of the method which could be greatly simplified by an idea due to Lochak (see below), however
the general method presented here give precise dynamical informations which would not be reachable otherwise.

The Hamilton equations generated by (2.1]) yield the following form for the evolution of the action variables:

I(t) — 1(0)

/Ot DoNa(1(s),0(s)) + 0o R (I(s),0(s)) ds

Z k- (/Ot iagp(I(s)) e ds) + R(1).

k€A, k|, <K(e)

(2.2)

The variation of I is therefore the sum of the main part

(2.3) D(t) := Z k ~N(k)(t), N(k)(t) - /tiak(l(s)) e 00) g,
0

ke, [k, <K(e)

and the very small remainder term R(¢).

To simplify the presentation in the following, we will forget about the angles and consider only the action
part of the solutions of our system (which is legitimized by the fact that the angles play no role in the various
estimates).

The whole theory relies firstly on the obvious fact that the main drift term D(¢) in (2.3)) belongs to the vector
space Vect A spanned by A (which is often called “plane” of fast drift), and secondly on the smallness of the

6As it is habit, € represents the size of the norm of the perturbation

"In fact, only a finite e-depending subset (related to the cutoff K (¢) introduced below) of these resonances has to be taken into
account.

8The smallness depends on the regularity of the system.

9This choice is indeed a main issue in the theory.
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remainder term R. A solution starting from some initial condition I(0) € W, will therefore remain very close
to the fast drift space

1(0) 4 Vect A
during a very long time —governed by the smallness of R— as long as it is contained inside the neighborhood W .
This makes it necessary to understand first the intersections of the fast drift planes I + Vect A and the neigh-
borhoods Wy to which they are attached.

As an extreme example, let us consider the Hamiltonian
1
M) = 5 (1 - )

on A2, with (invertible) frequency map w(I, Is) = (I3, —I2). We focus on the resonance module A = Z(1, —1),
so that AL = R(1,1) and Vect A = M,. Hence, given an initial action I(0) € My, the entire fast drift affine
subspace I(0)+ Vect A coincides with My, so that nothing prevents the fast drift to take place during the whole
motion provided the perturbation is well-chosen: the resonance My is called a superconductivity channel. No
long time stability result can be expected in this case: indeed, when f(I,0) = sin(f; — 62), the initial condition
I =0, 0 =0 yields the fast evolution (I(t), I2(t)) = (—et,t) for the action variables El

In constrast with the previous example, for the Hamiltonian
Lo 2
H(1,0) = 5|13 +2£(6)

on A", for any A C Z%, the the resonant set M, coincides with AL, so that the affine planes of fast drift
are always orthogonal to M. In this case a fast drift - if it happens - makes the orbits move away from the
resonance in a very short time.

These extreme examples illustrate the role of the Nekhoroshev condition: steepness is an intermediate quan-
titative property, which prevents from the existence of the superconductivity channels by ensuring a certain
amount of transversality between the fast drift planes and the corresponding resonances in action. Starting
from an action I = I(0) located at some resonance M, so that its associated frequency w(I) is orthogonal to
I" := Vect A, the condition

2.4 i I > Cp &%, V€ € (0,0],
(2.4) Jnax, ueg}m:nmw( +u)l, 3 €€ (0,9]

(where 71 stands for the orthogonal projection on T') imposes that a drift of length ¢ starting from I and
occuring along the fast drift plane I 4+ I" makes the projection nr(w) change by an amount of C,,é*™ during
the way.

This admits an easy geometric interpretation (see Figure 1). Assume dim A = m and consider the vector
space I' spanned by A, together with its orthogonal space A+ - of dimension n — m. Then one can define a
family of tubular neighborhoods of A+ of width § > 0 by

(2.5) Ts(A+) = {w e R" | 7p(w) < 8}, 6> 0.
Each such neighborhood gives rise to a neighborhood of the resonance My in action, namely:
(2.6) Wis(My) =w ' (Ts(AY)).

Therefore, condition just says that any orbit starting from I and drifting to a distance & from I along the
plane of fast drift I' must exit the neighborhood Ws(Mjy) with § = C,,,£*.

Note finally that given disjoint subsets T, T/ of tubular neighborhoods of the form , the associated
neighborhoods w=!(T) and w™!(T’) are disjoint too, whatever the geometric assumptions on the frequency
map w.

2. Nekhoroshev’s hierarchy. This section is inspired by Nekhoroshev’s ideas as presented in the very nice
paper [23]. We also refer to [22] for further details and to [37] for a different approach. Nekhoroshev’s strategy

10Here a proper choice of the initial angles is needed.
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to prove long-time stability results for perturbations of steep Hamiltonians is based on the previous description
of resonance neighborhoods, and relies on the following key observation.

Given ¢ small enough, there exist T'(), R(g) and a covering of the action space O by resonant “blocks”
(Dinp)o<p<pms for 0 <m < n —1 which satisfy the following properties:
(1) T(e) = 400 and R(e) — 0 when € — 0;
(2) each block Dy, ,, is contained in a resonance neighborhood of multiplicity m and admits an enlargement
ﬁm@ D Bp,p contained in the same resonance neighborhood;
(3) any solution starting from an initial condition in D, , either stays inside lA)m,p for0 <t <T(e) or
admits a first exit time t1 such that I(t1) belongs to a block Dy, v with m’ < m;
(4) for any initial condition I(0) inside a block Dy, p, and for any interval I such that I(t) € ﬁm’p for all
t e, then
|I(t) —I1(0)], < R(e), Vtel.

We say that m is the multiplicity of the block D,, p. Taking the previous observation for granted, the stability
of the action variable over a timescale T'(¢) is easy to prove by finite induction. Given an initial condition I(0)
located in some block Dy, o, either I(t) € Dy p, for 0 < ¢ < T(e), or there is a t; such that I(£) € Dyng po
for 0 <t < ¢; and I(t1) belongs to a block D,y,, ,, with m; < mg. Consequently, there is a finite sequence
(mo,po), ..., (mj,pj) such that mg > my > --- > m; (with maybe m; = 0) and a finite sequence of times
to=0<1t <---<t, =T(e) such that for 0 < i < j:

I(t) € Dimyprys Yt € [tistira).

In words, any orbits crosses a finite number of enlarged blocks during the interval [0,7(¢)] and get trapped
inside the last one. To conclude, one just has to use (4), which proves that the distance between I(0) and I(t)
is at most nR(e) for t € [0,T(¢)].

One should be aware that the covering by the blocks is mot a partition of O: two distinct blocks may have
a nonempty intersection. However, one can choose the blocks visited by the orbits according to a hierarchical
order, in such a way that their multiplicity decreases as t increases El We say that a covering of O by blocks
satisfying the previous properties is a Nekhoroshev patchwork.

3. Construction of Nekhoroshev patchworks. Let us now describe how the blocks are constructed so as
to possess their covering and confinement propertieﬂ

HThis raises the question of the existence of local finite time Lyapunov functions on the phase space, a still unclear issue.
12A source of inspiration for nowadays governments.
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Given € > 0, we first fix an ultraviolet cutoff K (¢) and consider only the set M, of resonance modules which
are spanned by vectors of length smaller than K(g). Given a resonance module A € M, of multiplicity m, we
start with the resonant zone of “width”

Zp = W5, (Mp) = W_l{w € R" | |rr(@)|y < 5/\}’

where d5 has to be properly chosen as a function of € and the various geometric invariants of the module (see
section [7). We then define the (e-dependent) resonant zone 2, of multiplicity m as

D = U 7.
AeEM,,dim A=m

Given A € M., dim A = m, the block attached to A is obtained by removing from Z, its intersection with the
complete resonant zone of multiplicity m + 1:

Dy = Za\ Zmas1.

The blocks D,, ;, are the connected components of Z,,. With no great loss of generality, one can think of
(the closure of) a block as a submanifold with boundary and corners —even if it is not necessary.

The following figure shows the construction of the blocks in the case n = 3 (and in a transverse section). The
resonance zone of multiplicity 2 if the disjoint union of the blue blocks, the resonance zone of multiplicity 1 is
the union on the strips with red boundaries, while the 0-multiplicity zone is the complement of the 1-multiplicity
zone.

In any case, the blocks satisfy two main properties.
— The closures of two different blocks can intersect only when their multiplicities are distinct.

This comes from a very careful choice of the widths of the various resonance zones (see [23] and Section
E[), which in fact ensures a more stringent (and crucial) property: the enlargement of a block contained in
some Dj cannot intersect any other block contained in the zone Dy, neither any other neighborhood My, with
dim A’ = dim A (see below for precisions on the construction of the enlargement).

Fast devegr X

st Tz ey
dim A= Jim Az wn

LINWN
%m\'fg -

/

/%#\\

Yoxn

Aent Vé /M%U NAM{M’LCFD,

Ton pp ol m@(mﬂ&»mwt % @m/h-

%

FIGURE 2.

We state the second property in the spirit of Conley’s isolating blocks theory.
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— The frontier 0D, ;, of D, , is the union of two subsets
ODpmp =0 Dy p+ 0 Doy
where 9D, ,, (resp. O~ Dy, ;) is contained in blocks D,/ ,» with m’ > m (resp. m’ < m).

This raises new questions which could be the starting point of a better understanding of the relations between
diffusion along invariant subsets and long-time stability theory. Indeed, given a block B,, ., a description of the
(generic) features of the Hamiltonian vector field Xz at the frontier 08, , has never been done. In particular,
nothing is known on the locus where Xp_ “enters the block” and the locus where Xp, “exits the block”. These
two subsets are crucial for the understanding of the homology of the invariant sets contained into the blocks,
following Conley’s theory, and could provide one with a new tool for constructing diffusing orbits in the steep
setting.

‘3.554%,44

ot Kmple

FI1GURE 3.

//

IM&%OSS(K’([LV) ds QMAAMQAMHM.S e LS

FI1GURE 4.

Going back to the construction of a Nekhoroshev patchwork, we have to make precise the process conducting
to the enlargement of a block and its stability property. Here we will again make a crucial use of the fact that
an orbit starting from an initial condition I := I(0) located in B,, ; will remain extremely close to the fast drift
space I + Vect A for 0 < t < T'(e), as long as it stays inside the resonant neighborhood Mp and far enough
to the higher multiplicity resonance zones. Hence, to enlarge the block B,, 1, we just have to add to it the
collection of all the parts of the disks centered at points I € B,, ; which are contained in the intersection of
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the fast drift spaces I + Vect A with the resonance neighborhood M, (the resulting added subset is the green
part in the previous two figures). We have in fact to add a very small neighborhood of these union of disks,
in order to prevent the solutions to exit the extended block under the influence of the remainder part R of
the dynamics during the time T'(g), but this would not change our description significantly. Finally, one has
to make sure that the extension will not intersect any other block of the same neighborhood By or any other
resonance neighborhood, which can be done by a careful tuning of the width of the zone (see Section .

This concludes our description of Nekhoroshev’s method.

4. Geometric confinement in the convex case. As proved by Nekhoroshev in [32], steeepness is a generic
property in the C category (see also [36] and [42], [3] for an explanation of the algebraic properties that
are fulfilled by steep functions). However, lots of physical examples of Hamiltonian systems are perturbations
of convex or quasi-convex integrable Hamiltonians. This makes this class of perturbed systems particularly
relevant from the point of view of long-time stability theory, even if it is far from being the generic situation.
In addition, as noted first by Gallavotti [20], the convexity of the integrable part confers the perturbed system
much more efficient confinement properties in the neighborhood of a block, which yields a simpler scheme than
the original Nekhoroshev’s one to prove long-time stability. Indeed, the convexity (or quasi convexity) property
of the integrable part allows one to confine the orbits by using only the energy conservation.

!

wE)e A ‘EL‘Q*’\@ a Nab A

Dol ¥
b dwn i AL

[
Lantc dri g A (8D
FIGURE 5.

In the same way as for our description of the Nekhoroshev mechanism, we find it useful to neglect the slow
drift due to the remainder term, in a first approximation (see |39] for a complete description). Given an initial
action I located on some unperturbed energy level h=!(e), with frequency w(I) orthogonal to some resonant
module A, the main remark is that the fast drift space Vect A is contained in w(I), which is nothing but the
tangent space to h=!(e) at I. By energy preservation, the motion of the actions starting at I(0) along the fast
drift space is constrained to stay inside the intersection of this space with the projection of the initial energy
level of H. on the action space, which is small when ¢ is small (see Figure |5, which also shows the kind of
tangency that Vect A and h~1(e) can have since h is convex). As a consequence, an orbit starting from a block
contained inside a neighborhood of the form is constrained to stay in a very small neighborhood of the
block, which is itself a block of the same multiplicity, with slightly larger width. This way, one no longer needs
to invoke the Nekhoroshev hierarchical scheme since one and the same block is enough to confine an orbit.

Let us give a more quantitative argument for the “enlarged block” inside which the orbit will stay. The
variation of the integrable part of the Hamiltonian starting from an initial action I(0) and ending at I(T') reads

Ah =wy - AT + /1(1 —8)(D*h(I(s))AI - AI)ds
0

where wy = w(I(0)), AI = I(T) — 1(0) and I(s) = I(0) + sAI, so that if & is p-uniformly strictly convex
EIALZ < AR + |wg - AL
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Assuming that the projection 7r(w) is bounded by § in the block yields
(wo - AT| < |mp (o)l m (AD), < 6] (AT)],,
so that, forgetting about the slow drift term and replacing 7 (AI) by AI:

1 /262
lwo - AI| < §|AT, < 5(7 + gm@).

By the first and last inequalities:

46>

2 62
< — ) < —_—
N ﬂ) <Oet g

4
I
The length of the fast drift is therefore uniformly bounded, which easily yields the conclusion that an orbit
starting inside a block will stay in a slightly larger one as long as the small drift due to the remainder term in

[2.2] can be bounded from above by a controlled quantity, which in turn yields the long-time stability.

5. Lochak’s method. As alluded to above, an alternative proof of the long-time stability of the actions which
completely avoids the small divisors problems appeared at the beginning of the 90’s with Lochak’s work [25],
where a new method based on single frequency averaging was also introduced. The main idea is to “stick to
the dynamics” from the very beginning and consider only the neighborhood of the periodic tori of h (that
is, those Lagrangian tori which are foliated by periodic orbits) to derive normal forms. To determine those
neighborhoods, one is therefore led to analyze the approximation of frequency vectors by periodic ones (that is,
vectors w € R™ such that there exists T' > 0 with Tw € Z™), while in the previous scheme the main constraint
consists in controlling the small denominators k£ - w — this is the classical opposition between simultaneous
approximation and classical Diophantine approximation. Besides its simplicity, a major conceptual advantage
of simultaneous approximation is that is has an obvious dynamical interpretation: the closeness of a frequency
vector to a periodic one has an immediate translation in terms of the recurrence properties of the associated
linear flow, while the dynamical interpretation of the small denominators is much more intricatﬂ However,
the patchwork methods yield more information about the local motions and geometric features of the invariant
subsets (splitting of separatrices for instance) since they carefully analyze the dynamical data close to resonances
of any multiplicity, while the periodic orbits method considers only resonances of “maximal” multiplicity.

So Lochak’s method is based on a simpler patchwork than Nekhoroshev’s one, — in this case all the blocks
are neighborhoods of periodic tori — over which normalizing symplectic diffeomorphisms are proved to exist. In
the same way as for the construction mentioned above, in any of such blocks the associated normal form for
the initial Hamiltonian is the sum of h, a resonant part N and a “small remainder” Z. Using this strategy,
stability theorems can be obtained both in the convex and in the generic steep or Diophantine-steep E| cases
(see e.g. |29, 8], |13]) but sharp estimates of stability under the two latter constraints seem to be reached only
by Nekhoroshev’s original constructiorﬂ (see [23] and [35], [38]). On the other hand, the Lochak method turns
out to be more adapted when trying to extend Nekhoroshev results to other contexts (for example to elliptic
points [19], [34], [9], [10] or to infinite-dimensional systems [1], [40]) since it involves much easier computations.

3. FUNCTIONAL SETTING

For n > 1, we denote the standard n-dimensional torus by T™ = R"/27xZ™ and the standard 2n-dimensional
annulus by A™ = R"™ x T".

1. Holder differentiable functions. Given an integer ¢ > 0 and an open subset D of R™, we denote
by C9(D) the set of g-times continuously differentiable maps f : D — R (C°(D) being the set of continuous

L35ce |6L{18] for an interpretation in terms of ergodization rates.

14See note
15The authors conjecture that, in order to obtain sharp estimates of stability in the steep case with the Lochak method, one
should use refined theorems on diophantine approximations.
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functions on D). We identify C'?(T™) with the subset of C4(R™) formed by the functions that are 2nZ™-periodic
and C7(D x T™) with the subset of C?(D x R™) formed by the functions which are 27Z"-periodic with respect
to their last n variables.

We use the conventional notation for partial derivatives: given f € C?(D) and « € N, we set for « € D:

olelf

o° =" (2),
f(z) Ozt ... 0z *
with o] = a1 + -+ + ay,.

We denote by C}(D) the set of f € C(D) such that
(3.1) [fllga(py == sup sup [0 f(x)] < +oo,

lo|<q z€D

so that (C{(D), Il capy ) is a Banach space with multiplicative nornﬂ It is understood that, for a function
defined on a compex domain D, the ||-[|co(py is the usual sup-norm.

If £ > 0 is a non-integer real number, we write ¢ := |£] for its integer part and u = ¢ — ¢ € (0,1) for its
fractional part. Given a non-negative integer ¢ and p € (0,1), we denote by C"*(D) the space formed by those
functions f € C'(D) such that

0% f(x) = 0% f (y)|

fleanoy = Il £l +  sup sup < 4o0.
(32) ‘ | “(D) H | ce(D) aeN":|a|=q z,y€D: |{E - y‘ﬂ
0<|z—y|<1

It is well-known that (C’g (D), |- |can D)) is also a Banach space with multiplicative norm. Functions belonging
to such spaces are called Holder-differentiable functions.

Given a non-integer real number ¢ > 0, together with its integer part ¢ := |¢| and its fractional part
p=L—q e (0,1), we also write Cy(D) instead of C{"*(D) and |- |ce(py instead of | - |can(p). Clearly
C{(D) c Cf' (D) when £ > ¢ and if f € C{(D)

(
3.3

—~
~~—

\f|ce’(D) < |fleepy-
2. Domains and their complex extensions.

Let us define the complex n-dimensional torus T¢ and the complex 2n-dimensional annulus AZ as
(3.4) T¢ = C* /277" and AZ =C" x T¢.

We use angle coordinates § on Tg (with the usual abuse § € C™ when there is no ambiguity) and action-angle
coordinates (I,0) on AZ. We see T as a real n-dimensional vector bundle over T". Consequently, we write

(3.5) 01 := max ([Im6;]) . I :=max|;],  [(L,0)] = max (|I],[0])

For integer vectors k € Z", we use the “dual” ¢!-norm, which we write |k| only when there is no risk of confusion.
We need to introduce specific domains in AZ. First, given 7 > 0, for a domain D C R", we set

(3.6) D,:={2€C":F*€D:|z—z2"a<r}.

As for the torus, given s > 0, we introduce the global complex neighborhood

(3.7) T? :={6 € T¢ : |6] < s}.

We will essentially deal with complex domains of the form

(3.8) D,s =D, x Ty C AZ.

We finally write DX and Dﬂf’s for the projections of D, and D, , on R™ and A" respectively.

16T hat is, satisfying an inequality of the form |fg| < C|f||g| for a suitable constant C.
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3. Analytic functions and norms. If g is a bounded holomorphic function defined on T%, D, or D, ; we
denote the corresponding classical sup-norms by

(3.9) lgls = sup [g(0)], |gl, = sup |g(1)|, g, = sup [g(L,0)].

9eT I€D, (1,0)€D, .,
Fix a bounded holomorphic function g : D, 512, — C, where o > 0, and let g(1,0) = >, s Gr(D)e*? be its
Fourier expansion, where k - 0 = k161 + - - - + k,,0,,. We then introduce the weighted Fourier norm

(3.10) lgll,.e := sup > |ge(D)]e*?,
I€D, o7

which is finite and satisfies

(311) ‘g|7-,s S ||g|| < COthn a |g|r,s+o'

r,s —

We denote by A, s the space of holomorphic functions on D, ; with finite Fourier norm. Endowed with this
norm, A, s is a Banach algebra.
Finally, the norm of a vector valued function will be the maximum of the norms of its components.

4. ANALYTIC SMOOTHING

We state in this section the key ingredient of the present work. We first recall the analytic smoothing method
as developed by Jackson-Moser-Zehnder for Holder functions on R™: given a Holder function f € C*(R"™) and
a positive number s < 1, this yields an analytic function on the complex neighborhood R} whose restriction to
R" is close to f in the C* topology, for 1 < k < /.

We then adapt their method to our specific setting of functions defined on A™ (see Section and, in
addition, we derive the new estimate for the weighted Fourier norm of the smoothed function.

4.1. Analytic smoothing in R”. We recall here the result by Jackson, Moser and Zehnder, following the
presentation by [16] and [41].

Proposition 4.1 (Jackson-Moser-Zehnder). Fiz an integer n > 1 and a real number £ > 0. Fiz f € C{(R™).
Then there is a constant C; = C3(€,n) such that for every 0 < s <1 there exists a function £4, analytic on RY,
which satisfies

I B
(4.1) 0°F () — 3 97 f(Re). “;f) < Cys" 1| flgegnys Wz € R,

BeEN™:|BI< 4] -]l

for all multi-integer o € N™ such that |a| < |£]. More precisely, given any even C*° function ® with compact
support in R™ and setting

(4.2) K(¢§) = ﬁ /R d(z)e®Sdx, ¢ ecRY,

the function
(1.3 t0) = [ K (2-€) sis) e

satisfies the previous requirements (where the constant C3(¢,n) depends on the choice of ®).

Observe that £, takes real values when its argument is in R™.



16 SANTIAGO BARBIERI, JEAN-PIERRE MARCO, AND JESSICA ELISA MASSETTI

4.2. Analytic smoothing in A™. In the following, the Holder regularity ¢ is assumed to satisfy [£] > n + 1
as in the hypothesis of Theorems 1.2
We now specialize the previous result to our setting and give a more detailed description of the method in
the case of functions on A™. In that case, the analytic smoothing is a truncation of the Fourier series of the
initial Holder function with suitably modified Fourier coefficients (the so-called Jackson polynomials). Our
main concern here is to derive an estimate on the weighted Fourier norm of an s-smoothed C* function over a
complex strip of width s.

To make the whole presentation more explicit and take the anisotropy of the weighted Fourier norm into
account, we first separately consider functions defined on R™ and T". This then yields an easy statement for
functions on A™.

e The non-periodic case. Fix an even function ® : R" — [0, 1], of class C°°, with support in the ball B5(0, 1)
and let K : C" — C be its Fourier-Laplace transform:
1 / ;
D(n)e ""dn.
(2m)™ Jrn

Since @ is compactly supported, then K is an entire function . Moreover its restriction to R™ is in the Schwartz
class S(R™) since @ is, and this is also the case for the translates y — K(y — z) for y € R™ and fixed z € C™.

(4.4) K(y) =

Let f:R™ — R be a Cf function with [£] > n + 1, with compact support contained in the ball By (0, Ry)
for some Ry > 0. Given s €]0, 1], set for x € R™:

@) ot = [ k(D)= [ k(5 -y) iy = [ K@) sy

on
S R™

By Fourier reciprocity:
(o) = [ @)@ sy)mdn

with:

— 1

flx—sy)(n) = @)

Therefore, since ® is even:

(et — )
s™ S

/ fl@ — sy)e=vdy =
R’n

(27(')”8” Rn

o~

(46)  fi(2) = Sin /n o(n)f (=) e/ dn = / ®(s) f(—m)e"dn = /n ©(sn) f (n)e' " dn.

)

Hence f; is the inverse Fourier-Laplace transform of the “truncation’

1 ®(sn) f(1).

The first term of (4.5) shows that f; extends to C™ and is an entire function. To get our final estimate we go
back to the second term in (4.5)), which yields

(4.7 (O < Wleoy [ |K (E=0)]an zecn

By the Schwartz estimate of Lemma [A1] there exists a constant C), such that
Im(z/5-1)

L+ |z/s = yl)™

S (
so that, for y € R™, z € C" and |Imz|2 < s:

EIE P —

(14 [Re(z/s = y)l2)" 1

(1) O < W lewgeny Coe | i
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since z/s is fixed and can be eliminated by a simple translation. We finally get the following estimate:

(4.9) IEsll, =" sup < Ci(n) Ifllgomny »

z€Cm:|Im z|,<s

with J
Ci(n) := Cne/ % < 00.

re (14 [yl2)"+!

e The periodic case. Fix now an even function ¥ : R™ — [0, 1], of class C°°, with support in the ball B1(0, 1)
and define the associate kernel K as in (4.4).
Fix a 27Z"-periodic function f € C*(R™) with £ > n + 1. Then the Fourier expansion
P N 1 o
F0)= " fe™ o= [ fp)e ™ dy,

bezn (2’/7')” Tn

converges normally since, by Lemma in Appendix for k € Z™ \ {0}, there exists a universal constant
Cr(n, ¢) satisfying

(4.10) ] < ce(n.0) ”fk':@j”

and |[£] > n+ 1 by hypothesis. For s €]0, 1], the function

£:(0) = i/nf((e_ <p)f(<p)d<p

s S

is well-defined and, by the Fubini interversion theorem:

BO)= D fu | K@ Ddp= 3" fie®? | K(p)e " edyp.
kezn R kezn R"

Hence, since K is the inverse Fourier transform of ¥, by the Fourier inversion theorem:
(4.11) £,(0) =Y fu¥(sk)e™? 0eR"
kezn

As in the non-periodic case, this makes apparent that f; is a continuous truncation of the Fourier expansion of
f with a ¥-dependent modification of its Fourier coefficients (the so-called Jackson polynomial):

(4.12) (£), = U(sk) i -

Consequently, the Fourier norm
180, = > [E)iferth

kezm
depends only on the harmonics such that |k|; < 1/s and satisfies

It < Y [E]etth <e S [E] e S |A|
kezn

|kl <1/s |kl <1/s
Hence, by (4.10):
(4.13) Ifslls < Ca2(O)]flre
with
1
(4.14) Cy(¥) := e(l + Cr(n, £) Z W)
kezmop 1Floo

e Functions on A™. We finally gather together the previous two cases. Let ® ® U : R™ x R™ — [0, 1] be
defined by

R U(x,0) =0(x)T(0),
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and define the kernel

Ko) = [ 9@ W(@.0)e @00 duds = Kaly)Kole) = Ko © Kul)
where K¢ and Ky are defined as above.

Fix a function f : R® x R" — C, 27xZ"-periodic with respect to its last n variables, with support in
B2(0, Ry) x R™ for some Ry > 0, belonging to C*(R?") with |£] > n+1. For s €]0,1] and (,6) € R™ x R", set

fo(x,0) = . K(y, o) f(x — sy,0 — sp)dydp
= Ke) Y fule—sye™ O Ddydp
R2n kezn
with
~ 1 ,
4.1 - _ - —zk:-vd .
(415) o) = oy [ Flw)e o

Note that f is C*, with support in Bo(0, Ro), so that the previous study applies to fp.

By Fubini interversion

E(2.0) = > @) fi(a — sy)e™ O dydyp
kezn Rz"
(4.16) =3 ( K@(wfk(x—sy)dy)( Ky(g)e™ = dg)
kezn /R" R
= > (B)(@)W(sk)e™”
kezn

where (?k)s stands for the analytic smoothing of the Fourier coefficient ﬁc This proves that the Fourier coefficient
(fs)k () relative to the periodic variable 6 reads

(417) (/f\s)k('r) = \I’(Sk)(?k)s(x)7 keZz".

Expressions (4.16)) and (4.17) make clear that the whole smoothing procedure of a function depending both
on action and angle variables consists in constructing a Jackson trigonometric polynomial by smoothing the
Fourier coefficients and by suitably truncating the Fourier series.

Using the definition of ¥, (£,); = 0 when k|, > 1/s and, by (£.17) and (4.9): f«

(4.18) (E)i() < 1Ea(2) < ) By, scmn)cF(n,aW, k#0, [kl <1/5,
and
(4.19) (Eo) < ) || ol 0, < O ooy

As for the weighted Fourier norm of fy, we finally get:

£, SUP |1 2], <0 Lpezn | (E)i(2)] e
flote @
< )l + Y. eCrn)Ce(n, )= < Ca(mn,O)|flercen
kez™\{0}: |kl
[k[1<1/s
where
1
(4.20) Cp(n,f) == Ci(n) (1 + eCg(n, ¢) kzz: W) < 400.
E n o0

4.3. The main result with an application to normal forms.
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4.3.1. Main result. Gathering together the elements of the previous section, we get the following result.

Lemma 4.1 (Analytic smoothing). Fiz an integer n > 1, R > 0 and s €]0,1]. Let f be a C* function on
B (0,2R) x T™. Then, for any integer p < |£] there exist two constants Co(R,£¢,n),Cp(R,{,n) and an analytic
function £5 on the set AT satisfying

(4.21) If— fsncp(Bm(o,R)xTn) < Ca(R,l,n) sé_p|f|Cf(Bm(0,R)><'ﬂ‘")
and
(4.22) 1£:lly < Ca(R, €,n)|floe (B (0,R)xT™)-

Moreover, £ is a trigonometric polynomial in the angular variables.

Proof. Fix a function x € C*°(R™), with values in [0, 1], equal to 1 on the ball B (0, R) and with support in
Boo(0,2R). Then the product f := xf is C°° on A", has compact support in Bu.(0,2R) x T" and coincides
with f on B (0, R) x T™. Moreover

|flet(Bo 0,r)xT) < CBIflct (B (0,R)xT)

where Cp = C|x|ct(B..(0,r)xTr) and C is a universal constant. By the Jackson-Moser-Zehnder theorem applied
to f, there is an analytic function £, on A" satisfying

- - Im(I,0))? lal 7
(4.23) °F(1,0)— > 9P f(Re(I,G))% < Cyst 71| fleeany,s
BeNQn: -
181<1¢]—lal

so that for any p < |¢]:
(120 17~ 2ullongany < ©55#1Flcrany
As a consequence, taking the form of y into account, one gets

(4.25) 1f = £s ller (B (0,R) <) CBCJ3€7p|f|CZ(BOO(O,R)><’1T")~

Setting C4 := CpC; and, since the analyticity width p of the integrable part h is greater than s, the bound
(4.21)) follows. The proof of (4.22)) is an immediate consequence of the previous paragraphs. a

4.3.2. An easy way to derive normal forms for Holder functions from analytic ones. Let
(4.26) H(1,0):=h(I)+ f(1,0)

be C* on By, (0,2R) x T™. Given s €]0,1], let H, be the s-smoothed analytic function given by Lemma
applied to the function H. By classical constructions (alluded to in the introduction and which will be recalled
in the following), there exist (close to identity) symplectic analytic local diffeomorphisms ® defined on domains
D C A™ which bring H; = h, + f; to the normal forms Hyo® : D — R:

(4.27) Hyo®=hs+g+ f"

where h; is nothing else than the smoothed initial integrable Hamiltonian, ¢ is a resonant part which controls
the fast drift in certain directions and f* is a very small remainder — all these functions being analytic on D.
The keypoint in our subsequent constructions is the following very simple equality

(4.28) Hoq):Hsoq)—&—(H—Hs)o(I):hs—i—g—i—[f*—i—(H—HS)o(I)].

This is a normal form for H, obtained by composition of H with an analytic diffeomorphism, in which the first
two terms are analytic on D and only the last one is C*. So H o ® has the same structure and dynamical
interpretation as H, o ®, provided that the C* size of the additional remainder (H —H,) o ® is of the same order
as the size of the initial remainder f*. This issue strongly depends on the analytic smoothing method in use,
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we will show in the sequel that the Jackson-Moser-Zehnder method is relevant for our purposes. Our study will
be even easier since we assume from the beginning that the integrable part h is analytic.

It turns out that the same smoothing method - and the same simple way to get a normal form from an
analytical one - are also relevant in many other functional classes, the main ones being the Gevrey classes
already used in [30], but also other ultradifferentiable ones. This will be developed in a further work.

5. STABILITY ESTIMATES IN THE CONVEX CASE WITH THE PATCHWORK METHOD

We prove here the tuned estimates of stability of Theorem In order to obtain a global result, we
shall proceed by steps and analyze stability both in the completely non-resonant and in the resonant blocks
respectively.

To our purpose, we will make use of Poschel’s resonant normal form and resonant patchwork for analytic
Hamiltonians (see for convenience Appendix and we will suitably choose the dipendence of the involved
quantities on the perturbative parameter €. This allows for a flexible framework in which the role of thresholds
of applicability, time of stability and radius of confinement appears clearly. In the following section, we start
by introducing and deduce some necessary conditions that the tuning parameters must satisfy.

5.1. Initializing the tuning parameters. We start by see that, by monotonicity of the Fourier norm w.r.t.
the action variables and (4.22)) we immediately get

(5.1) ||£5]

r,s < CB(R,& n)|f‘cz(3m(0’R)XTn) = CB(R7£,TL)E =€,

which will be the ”analytic perturbative” parameter of Poschel’s normal form.
Let Hs := h(I) + £ be the analytic hamiltonian defined on B, s which was introduced in Lemma and let
A be sublattice of Z%. By Pdschel’s Lemma applied in this framework, with ¢’ ~ r,0 ~> 5,0 ~ s, given
a domain Dy which is («, K)-nonresonant modulo A, with E| Dp,r x T? C B? , if for some constant £ > 1 the
conditions
1 apr Qp
€< — :
— 256 ¢K 2MK

are satisfied, then Hy is transformed into the following resonant normal form

(5.2) , 7 < min (

8) , Ks>6

(53) HSO‘IJAZh(I)—i-g-i-f: R {h,g}:O, qu:IDA,T/z,S/ﬁ —>DA,7‘,S

where W, is a symplectic diffeomorphism. In particular the resonant and non-resonant part satisfy, respectively,
€ _Ks
(5.4) llg — gollr/2,5/6 < 1 [£511r/2,506 < €770 €

where gg := Py Pk fs.
Moreover, by Poschel’s Covering Lemma each resonant block Dy is (ap, K)-nonresonant modulo A, with
Kd7n+1

Al
where p, 7o are free parameters, A is a constant satisfying some appropriate lower bound and |A| denotes the
fundamental volume of the resonant lattice.

(5.5) apn = pM'yoAd*”

Let us now introduce the e-dependence of the analyticity widths and of the ultraviolet cut-off K; we shall
carefully analyze the constraints and bounds given by Poschel’s normal form in terms of such choices.
Given positive parameters a, b, c and r, we set

€C‘ ln(56+b) |d7n

5.6 Ti= T,
(5.6) A

, s:=e% K :=ec Y n(h)).

I7recall notations (3.6)
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Remark 5.1. In order to have a polynomial remainder, the quantity K's must be of logarithmic order, which
explains the presence of |In(e5+%)] in the definition of K. On the other hand s must be of order epsilon to have
a good control on the analytically smoothed remainder (see expression (4.21])). Of course one could define

(5.7) ri= r*ﬁ, 5:=¢e% ()], K:=e¢°.
instead. This would result in achieving the typical exponents 1/2n, (¢—1)/2n for the radius and time of stability,
at the cost of losing the mutual dependence of time, threshold and radius through a.

QA

- Condition over r and Ks. Since by (5.2) r must satisfy r < MK’

(5.6) we have

o PATT KT pATTR (e In(e )T pro AT
2 Al 2 A 204

which together with the definition of r gives

by (5.5) and the definition of K in

(58) €a(n—d)| ln(€6+b)‘d—n,

p70Ad_n Ea(n—d)

5.9 €9 < )
(5.9) r,ef < 5
which is automatically satisfied if we set
d—n
5.10 c>aln—d r, < min ulg
( ) ( ) 2 ) ) 2 )

where the condition r, < R/2 will be used in the sequel. Moreover, since |[A| > 1, if
(5.11) e<e,

by the choices in ([5.6)) together with (5.10]), we have automatically that r <s, s <1 and Ks > 6.
- Condition over ¢. By (5.6) and the bound in (5.2))

Cre 1 apr
€= —
B" = 956 ¢K
which together with the form of r and ap gives
(5'12) |A|2€17a(n7d)7c| ln(€6+b)|2(n7d) <Csg,
where we set

pM A "yr,
5.13 Cs =Cg(d,n, R, ¢ =
( ) S S( y Ty L1, ap7€) 256 CBg

and we write Cg = Cp(R,¥¢,n) not to burden notations.
The exponent of € in (5.12) must be positive if we want such expression to make sense, so we must have

(5.14) l—a(n—d)—c>0
which, together with the first constraint in (5.10]), yields
(5.15) 0<a< -

' =S 9m—a) "

- Diffeomorphisms and remainders. Finally, the size of the transformation ¥, is given by Lemma and
reads

Ke B2 r , 1, &ln(eb*0)|dn
5.16 MUy Iy <4— < — L > =1+ J1
(5.16) 1y < 46 & 2z SMEDITT
while (5.4]) yields

ag—al] 6+b - 1 6+b
GA7) IEllry2,506 < exp (—666“(6)') ¢ = Cp(R, £,n) exp (n(€6 )> e = Cp(R, £,n)e>+"/5,

ﬁ
=
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which is in fact polynomial in € and
£
4€

In conclusion, for the applicability of Péschel’s result, a, b, ¢ and € must meet the following conditions

€
(5.18) llg — gollr/2,s/6 < i =Cp

1
0§G<m, a(n—d)§c<1—a(n—d), b>0
(5.19)
d—n
|A[Zetmaln=d)=e| 1 (6+0)2(n=d) < ¢ e<e? T, < min {pAQ%, 1, 5} .

Remark 5.2. We observe that, if d = n and A = Z7,, condition (5.19)) yields a > 0 and ¢ € [0, 1).

With the setup of this section, we are ready to state local results of stability, both in the resonant blocks and
in the completely non-resonant one.

5.2. Stability in the completely non-resonant domain. In this framework we consider A = {0} and the
block Dy := DaN B (0, %) corresponding to completely non-resonant actions for the unperturbed hamiltonian.

1

Theorem 5.1 (Non-resonant Stability Estimates). Let a € <O, 2), ¢ € [an,1 — an) and b = 6al. If the
n

following thresholds hold

(5.20) gl=an=¢|In 02" < cg(0,n, R, (), e<e !

where Cg is the constant defined in (5.13), then, there exist two constants C; = Cj(n,f),Ch = C4(n) such that,
for any time t satisfying

Ci(n, £, h)
14 a(¢+n)] |Ing|}m gltalt-1)—c”’

(5.21) It < ;

any initial condition 1(0) € Dy drifts as

EC

{1 +a(t+mn)] [ne[}m
Proof. We consider the setup of the previous section with |A| = 1, d = 0 and

(5.23) g v

where such choice for parameter b in the ultra-violet cut-off K (remember formula (5.6))) shall be justified in the
sequel. By the smallness conditions in (5.20)) (which correspond to (5.11)) and (5.12)) for d = 0) the smoothed
hamiltonian Hs := h + £ can be put into normal form (5.3)), which in this completely non-resonant case reads

(5.22) [1(t) = 1(0)]2 < C(n, h)

(524) HSO\I/():h-l-fz 5 \I/() = \I/A.
For the Holder Hamiltonian H = h + f + Hy — Hy, we therefore get
(525) HO‘I’OZHSO\I/0—|—(H—HS)O\I/0:h—‘rfz—l-(f—fs)o\lfo.

Let D(ﬂir be the real extension of width r around Dy, which is contained in By (0, R) since r < R/2. The Faa Di
Bruno formula, together with and , insures that there exist constants C4 = C4(n,¢),Cxr = Cx(n, )
such that

(5.26)

I(F = £2) 0 Wolloapg ey < CF I = Fller (g wrny < CFCas ™ flor (B0 myxrn) = CFCac’ ToT1
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Now, any initial condition (I(0),0(0)) € Do x T™ is mapped by ¥q in (I(0),9(0)) € DR’ﬁ x T™ by (5.16]).
For any time ¢ such that the normalized flow ®%; g : (1(0),9(0)) — (I(t),9(t)) starting at Dﬂﬁﬁ x T" does

not exit from D?f /2 % T, the evolution of the normalized variables reads

t
10 - 10 [ s (|<aﬁf:> oy | + | {00l(f s>ow}o%o%|)dt

0 (I,ﬂ)GDEYﬁXT"
t

< / sup e+ sup [9s[(f — 2.) oWl | dt

(5.27) 0 \(@9eDE, ,xT" (1.0)EDE o xT"
itz
<1 |o FIO = £ 0 Bollorpre

6C
< |t| |:eBEQ—a+b/6 + C]:CAEI-HI(Z_I)] ’

where the factor e at the denominator of the first term at the third row is an improvement of the standard
Cauchy estimates which is proven in Lemma B.3 of ref. [39], whereas in the last inequality we used (5.17)) and
1_' By the appropriate choice (|5.23] oﬁ the parameter b (recall the definitions in ) and from inequality

we finally get
(5.28) |1(t) — 1(0)], < [H|2c5e" T

6C
where C; = C5(n, £) = /n X max {BB,CAC}-}.
Hence, for any time ¢ satisfying

1] < 31r 1 3lr. 1
— 128¢Ch eltall=1) T 128¢C) ’1n€6(1+a€)|"€1+a(€—1)—c

(5.29)

the variation of the normalized actions is bounded by

31
. I(f)—1I < —1.
(5.30) )~ 100k < ger
Then, since I(0) € DRyﬁ and ¢ > 1 by hypothesis, one has I(t) € D§ /2> S0 that I(t) is still in the domain of

U, and, using also ([5.16)), the maximal variation of the original action I(0) € Dy reads

r 31 T 33
31 I(t)—1 < |I(t) —I(t I(t) — I I -1 —t —r 4+ — < —
631 0= IO < 10 =10k +[20) = 1O+ [10) = 1O = g + 572 + 577 < "
From the expression of r and setting

, 3lr. ;33
L 6n128ecy 27 6neae’
we get the claimed bound.
a

5.3. Stability in resonant domains. Let us now consider a domain D, corresponding to a non-trivial reso-
nant maximal lattice A of dimension d € {1,...,n — 1}. The setup is the one of Péschel’s Normal form and
Covering Lemma with

< r, A" 1+ \/i)M

£>

5.32 ;
(5:52) = 6dyopug Ap

180ne might wonder why we did not choose 1+ b/6 = a¥, since with such choice the two summands in the r.h.s of (5.27)) would
have been of the same order in €. Actually, since b must be positive, 1+ b/6 = af implies the spurious condition a > 1/¢, which we
do not want.
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Let @ :=supp_ (o, p) |w({)|o and Co = Co(d, n, £, §)

4EQr, 0CAC « CrC
Cozmin{cs(dﬂl,faf)» §0r,  noCaCrér. Cr A}

Cp(4£+1)"6C%(4€ + 1) 6Cp

1
Theorem 5.2 (Resonant Stability Estimates). Assume that Dj N Boo (0, g) #+ @. For any a € (O, 2(d)>
n—

and for any couple of parameters b, ¢ satisfying b/6 = a({ +n) and ¢ = a(n —d), if
(533) |A|251—a(n—d)—c| ln(€6+b)|2(n—d) < Co , € < 6_1
then there exists two positive explicit constants C; = Cy1(n,d,f) and Co = Ca(n,d) such that any initial datum

I(0) € Dx N By (0, &) waries as

ac

(5.34) [1(t) = 1(0)]2 < CQW

for any time t satisfying

C
(5.35) <t = — 1 |
|A]"|In g6+b|2(n—d) gl+a(t—1)—2c

Proof. By (B-11) and (5.12), if
(536) |A|2617a(n7d)76|1n(€6+b)|2(n7d) < Cg , € < 671

the smoothed hamiltonian Hy is brought into resonant normal form (5.3) and estimates (5.4) hold. As in the
completely non-resonant case, we write

(5.37) HoWy=HoWp+ (H-—Hs)oWUpy=h+g+1fi+(f—=1s)oWy

and we have

(5.38)
I(F =£s) 0 Pllor(pz  xrmy S CFIf = Lsllor(py xrm) < CrCas | flet(Bo (0.R)xTn) = CFCag' T

for some positive constants C4,Cr. By (5.16)), the image I(0) of any initial condition I(0) € Dj by ¥, does not
exit from D .. Let t. be the time of escape of the normalized flow ®%; : (I(0),9(0)) — (I(£)¥(t)) from
> GAE

D%T /4 % T™. For any time t < t. the Taylor formula and the uniform strict convexity of & (recall definition
yield

(5.39) [B(L(2) = AEO)] +[w(1(0) - (1) = O] = 57= 1) 102"

Set now R:=f% + (f — f5) o Uy, by and energy conservation we have
[h(1(t)) — h(1(0))] <[g(I(2),0(t)) — &(1(0),6(0))| + [R(I(2),0(t)) — R(I(0),6(0))|

bl d bl d
< [ |eaeom) ar+ [ | Zaaeom)

d
dr T
t t
(5.40) - / {HoWa. g} 0 Bfpoy, |dr + / {(H oWy B} 0 &y, | dr
0 0

t t
32/0 !{R,g}o%m\dw/o [{h,R} 0 @10y, | dr

<2|{R, g}||CO(D”/R;’T/4><']I‘") It + ||{th}HCO(D“§J,/4xTn) It] -
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The standard Cauchy estimates, together with expressions (5.1)), (5.17) and (5.38]), yield the following estimates
on the first summand at the r.h.s.:

I{R, g}HCO(D%TMX’JI‘") < ||{f:,g}HCO(D}RwMXTn) + [{(f — £5) 0 Wy, g}”cO(DR xT™)

Ar/a

1£5]lr/2.5/6 |18l1r/2,5/6 llellr/2,s/6
. . 2nC — £ ny ——————
/4 % 5/6 +2Cr | =Ll oy xrm =g
24 CrCa all—
(5.41) < <TSCB€2+W6 + 8”7T ghtatl 1)> (||g — 8ollr/2,s/6 + Hg0||r/2,s/6)
< %CBEQH’/(} +8n%€1+a(£—1) C£€+CBE
rs r 4¢
=Cp A+l <240353+b/6 + 8n7C'FCA €2+a(£1)> .
4 rs T
Substititung the dependence (5.6) of r and s on ¢ in the above expression finally yields
46+ 1
(5.42) I{R, &}l co(px Lox1m) S0 f;; | Al[In(e+0) "= (2403537(1%/676+8anCA€2+a(£71)fc) :

On the other hand, setting & := supg__(9,g/2), |w(I)|co, the second Poisson bracket in (5.40) can be estimated
as

ot}

IS O(f —£5)0 W
H{haR}||cc>(D§)T/4qun) <n@ (H 90 ATl

oY

4

CO(D%TMXT“) CD(D}T/ALXT"))

5.43 (6151 17/2,s/6
(5.43) <ni (es +CxIIf = £allor oz )

<ni (60352a+b/6 +C;CA51+“(’31)> .
e

By the hypothesis on a,b,c and (5.33)), the summands at the r.h.s. of (5.42)-(5.43) are in fact bounded by
nwCxC et to=1) and, setting

Cs(n, ) = 8nwCrCa ,
we obtain

C

(5.44) Ih(1(t)) — h(1(0))] < 33“‘61%(471) :
Concerning the second term of (5.39)), if I* denotes the resonant action closest to I(0) we have
(5.45) w(T(0)) - (1() = 1(0))[ <lew(I™) - (1(¢) = T(0))] + [(w(T(0)) — w(I7)) - (I(£) — 1(0))] -

By Poschel’s Covering Lemma and estimate ([5.16)) on the size of the normal form transformation we also
have

100) = Il < 20) = 10)l2 +110) = I'ls < e 64 .

so that, by Taylor’s formula, taking the dependences on ¢ into account and the bound (1.6 together with the
definition of d, the second summand at the r.h.s of (5.45)) reads

(5.46)
. r*gc dn Ea(nfd)
X0) = (")) (26) = 0D < M ( g e + oA ot omorms ) 100 = 10

M T Ad n €a(n_d) : 0
- e TP ) e |I(t) — I ]
(64{ + buvyo ) |A||ln(€6+b)|”*d| ( ) ( >|2

where the last equality comes from the choice ¢ = a(n — d).
By definition of Hamiltonian vector field and the fundamental theorem of Calculus one has

(5.47) w(I) - (1(t) = TO)] < [l{~,RHlco(pz |, xrm) I¢]
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and the same estimate as in applies

Plugging (|5.44)) and ( into (| we finally obtain
1)~ 1(0))s — M ( oA’ ) T 10~ 1) — 6 S <0
2V 61¢ [A] (267"
which gives
ca(n—d)
|T(t) = I(0)]2 SC(&b)W

(5.48) 2

1/2
a(n—d) 3C \/’
€ 3V 14a(e-1)
b)—mm———— E— .
*{[C“’ AT) e 't'}

where we have set

(5.49) c(€,b) == % <M§ + buyg A% ">

Hence, over a time

(6,52 g2 y

5.50 t] <
(5:50) 1= 3Csyv/n |A[*|In(e6+0)[2(n—d) gl+a(t=1)

the variation of the action variables is bounded by []
8a(n—d)

(5.51) II(t) — I(0)]2 <(1 + vV2)c(&, )W

r
= (1+V2)c(¢,b)—
Ty
where we have exploited the definition of r in (5.8)) together with the choice ¢ = a(n — d).
Note that a posteriori any time satisfying (5.50]) is in fact less than the time of escape from the domain
D%,r/él x T™, as we supposed at the beginning of this reasonment.
In fact, since the parameter b, representing the tuning on the width of the resonant blocks in Covering Lemma

and & satisfy the constraint in (5.32)), estimate (5.51)) finally reads

(5:52) 1) — 1(0) SW’" <l

so that the bootstrap argument is self-consistent and the normalized actions starting from D%ﬁ x T™ stay

inside the domain D%T 4 X T™ up to a time t* < .. The variation of the initial action coordinates is obtained
by summing to the size of the normal form. By the second relation in , moreover, the initial
actions do not get out of the ball B, (0, R) where the initial hamiltonian is defined. The claim is therefore
proven with

553) Cl e C2
( Jz

(&, b ! (( + VDM +>
3Csvn T 32¢ '

O

5.4. Stability in the completely resonant domain. As it was already remarked by Pdschel (see Theorems
1 and 1* of ref. [39]), the behaviour in the resonant domain corresponding to A = Z% is rather different from
that in the other blocks, in the sense that, as we shall see, one can only insure a drift of order one in the action
variables, still over an infinite time. Confinement of the actions (i.e. a drift of order € for some a > 0) can be
obtained only at the expense of worse exponents of stability in the remaining blocks.

BSince z + /z2 + y[t] < (1 + v2)z for any |t| < 22/y with z,y > 0.
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Theorem 5.3. Assume that Dz» N Buo (0, &Byto If

(Mb’}/())Q
5.54 < M0
then, for any initial condition 1(0) € Dzz N B (0, &), one has
(5.55) I(t) — 1(0)]2 < (1+ v2)Mbyq

over an infinite time.

Proof. Let I(0) belong to Dz» . Exploiting the convexity of the integrable part we have, as in ,

(5.56) [h(I(#)) = h(I(0)] + |w(I(0)) - (I(t) = 1(0))] = ﬁ\f(t) —1(0)lx* .

By the conservation of energy we have |h(I(t)) —h(I(0))| < 2e and, by making use of the same arguments as in
the proof of Lemma [5.2) and Lemma [B.2] with d = n, we get

(5.57) 1) = 102 < Mo + { (Mbro)? + 4}

Observe that such expression does not depend on time since in the completely resonant domain corresponding
to A = Z% one has w(I*) = qﬂ By threshold (5.54]) we finally obtain

(5.58) 1(t) = 1(0)]2 < (1 + V2)Mbyg
over any time t. O

Remark 5.3. One could impose vy ~ €’ in order to confine the action variables even in the completely resonant

case, but this would worsen the estimates of stability (thresholds, times and radii) in the other blocks.

Remark 5.4. Taking Lemma into account, for any initial condition I(0) in Dz» the frequency is bounded as
(5.59) w(1(0))]2 = |w(I(0)) —w(I")[2 < M|I(0) — I"|]2 < Mbpuyo -

5.5. Proof of Theorem Fixing b, c as in the hypotheses of Lemma [5.2] we see that Theorem is a
consequence of Theorems and By and we see that the worst thresholds in € are obtained
in the non-resonant case, whereas comparing and the largest variation in the action variables is
obtained in resonant blocks corresponding to resonance lattices of maximal order d = n — 1 and fundamental
volume |A| ~ 1. Finally, by closely looking at expression and , one easily sees that the worst time of
stability is obtained for resonances of maximal volume |A| ~ K¢ = ¢%¢|{[1 4+ a(¢ +n)]|Ine|}¢. Finally, Theorem
[[:2]is proven once we set

(Mbyo)?

T } , Cpr=min{C;,C}}, Cr=max {cz,cg, (1+ \@)Mb*yo} .
"

1
Cp — mi in Co(d,n, ¢ -
E mln{lslglglg_l 0( y 1y 7p7£)ae )

6. STABILITY ESTIMATES IN THE CONVEX CASE WITH THE PERIODIC AVERAGING METHOD

The goal of this section is to prove Theorem While in the previous section the stability around each
possible resonance was carefully analyzed, here one only focuses on resonances corresponding to lattices A of
dimension n — 1, corresponding to periodic actions. In this way, one insures stability in the vicinity of these
resonances with the help of perturbation theory and then obtains a global result of stabiliy with the help of
Dirichlet’s Theorem on simultaneous approximations. We refer to appendix |[B| for the statement of a Normal
Form Lemma in the vicinity of periodic actions due to Lochak-Neishtadt-Niederman [29] and for a statement
of Dirichlet’s Theorem. A more complete description of this strategy of proof can be found in [25] and [26].

We proceed as in the previous case: we tune the parameters, we get local extimates of stability and then we
analyze stability in the whole phase space.

20Indeed, at the exact resonance I* there exist n relations of the kind k; - w(I*) = 0, where ¢ € {1,...,n} and the k;’s are
independent vectors of Z?. This implies immediately that w(I*) = 0.
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6.1. Initializing the tuning parameters. By the definition of f, in the proof of Lemma we have for
(I,0) € Bx(0,R) x T
(6.1)

1£.(1,0)] = [£.(1,0)] < /

since, as it is shown in Lemma there exists a uniform constant Cr, = Cr,(n,¢), such that

1 0 _ _
K (s =&, i 77) f(SfaSﬁ)’ dédn < Cr|flcoBo0,R)xT) < CLIflot (B (0,R) x>

n

[ 1K ldsay < c,
hence

(6.2) [£s(1,0)] < Cre.

Let now Iy € Bso(0, g) be an action correspondig to a T-periodic frequency w := Vh(lp). Let r < s. We
remark that BY,(Io,r) = By(lo,2r) and, following notations in [(-3), we set B, s(Io,7) := Ba,(Iy,r) x T7.
Without loss of generality and following the notations in , we can assume that |h|,. = 1, since this amounts
to rescaling time. Then, by Theorem with g ~» r, 0 ~ s, and E ~~ 1 if the following bounds are satisfied

s eT S M
6.3 T<3x1073—~—, —<_— " < 42
(6:3) S N T S e e, f) ) S S 20 Ca(ny )

there exists a symplectic map V¥ : B, 6 s/6(lo,7) — By s(lo, 1) of size

S

[=p}

r
V-1 < —, [P -0, <
M~ I < g g% 0] <
taking Hy into
HyoU =h+g+£:,

where

% MTr
(6.4) €] 6,076 < Calns€) (324

S

MT
) 27"e, |glr/6,s/6 < Ca(n,£) (1 + 324 . r) €.
As we did in the patchwork method, we now set the dependence of the different parameters on the size of the

perturbation. For € > 0 and a, b, r, > 0, we set

|Inelt?) &€
6.5 =&t =— =T .
(6:5) e m m2 T T|Inel+?|
- Condition on the thresholds in (6.3) The choices in (6.5]), once injected in the thresholds (6.3), immediately
give out the following implications:

(6.6) r<s, = a<c,
(6.7)
3 8 [Ine] e g _3 In2
T <3x107%= 1+b . T<3x1073— L <3x1073x — <1
mrT < 3x10 M:>(+)ln2r(1—|—b)T|lna| <3x10 M:>r73><0 ><M,a<c757 ,
eT s 72€ Cy(n,¥) o 1—ee
6.8 — < — (1 +b)T7|1 A | 1
(6.8) S T NCY) — - (1+0)T?%1ne| e <1, ct+a<1l,
20 C l 1
(6.9) 2 M(1+b)2T2|1n5|2 gl <1, c<3

< — —t
©=90 C4(n,€)r Mr2
We set r, =3 x 1073 x In2 and
o M

9% 1076 x In?2
1 C Hi=""—"_ """ =
(6.10) n (. 0) 20MCy(n, L)
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so that from ——— we obtain the following conditions

CN (n, f)
£

- Diffeomorphisms and remainders. If is satisfied, Normal Form Lemma can be applied and

one has

(6.12) (h+ floV=(h+f)oV+ (f—f)oW=h+g+fi+(f—fs)o¥:=h+g+R.

By the first threshold in (6.3)), expression ([6.4)) and the definition of m in (6.5)), the estimates on the resonant
and non-resonant remainders read

1
(6.11) (1+b)2T? Inel?e' 72 < O<a<e<; cfa<l.

(6.13) lgllcos, 6. (r0my < 2Ca(n,0e s £5llcos, 6., 6(r0m) < Ca(n, )+ .

In order not to burden notations, since the analyticity width of domain does not change, we set

gl == llgllcows, g . o0y NEI=1Elcogs, 6 00 -
On the other hand, the Holder remainder is estimated in the usual way as in (5.38))
(6.14)

I(f = £5)o \IIHCl(BR/G Jo(lom)) < Crlf — £sllor(Batro,2r)xtm) < CFCAS Y floe(o (0,R) xTny < CFCae™ Y

6.2. Stability in the neighborhood of a periodic torus. With the settings of the previous section, we are
now able to prove the following result of stability around an action corresponding to a periodic frequency, i.e.
around a periodic torus for the unperturbed system. In the sequel we denote

CrCa CxC
(6.15) Cy := min {CN,ncD ]c:: A 2FA LD} :

) )

4 Cyq

Theorem 6.1 (Stability in the neighborhood of a periodic torus). Let Iy be an action corresponding to a T-
periodic torus for the unperturbed hamiltonian h. Suppose that for three positive numbers a,c,p the following
relations are fulfilled

- H 11 1 H
6.16 1+ al)?T?|Ine|?e? 20§6<—p)c , 0<a<e<=, p< ———+r
(6.16) ( VT el M(1+/2) 0 2 M(1+/2)
Then for any initial condition 1(0) satisfying
C

(I14+af) T|lne|

there exist explicit constants C{(n,£) and Cy(n,£) such that one has

(6.17) 11(0) — Iolz < p

(6.18) [1(t) — 1(0)]2 < C5 (M)Wcmnd

over a time

Ci(n, 0)
[(1+al) T)?|Ing|? eltalt=1)—2¢
Proof. The first threshold in (6.16)) is equivalent to (6.11]) with

1 1 -1

6.20 b=al, E=-|———+ - ,
(6:20) ¢ 6<M(1+ﬁ) p)
so that the normal form in Lemma can be applied for this choice of parameters. Let now 1(0) € Ba([o, pr).

By W(1(0)) =: 1(0) € Ba(lo, pr + g¢) C Ba(lo,r), where the inclusion comes from the choice of £ in (6.20)
and from the fact that p < 1 since 4 < M by construction. Since h is convex, for any time ¢ inferior to the

(6.19) It <

(possibly infinite) time of escape t. of the normalized actions starting at Bs (IO, pr+ é) from the domain

By (1o, ), we have

(6.21) [h(T1(2)) — A(T(0)] + [VA(T(0))(T() — T(0) > gll(t) —1(0)]" -
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The first term in the previous expression is estimated in the standard way thanks to the conservation of energy

(6.22) |h(I(t)) — h(T(0))] < 2|{R,g}lco(Bs(1o,r) 1) [t + [[{Ps R o By (10, 1) [ -
We have
(6.23) I{R, g}HCO Ba(Io.r )xﬂr") < \|{f§7g}||c° (Ba(Ioyr)xTn) T I{(f = £5) o U, g}lco By (1o,r) xTm) >
so that, exploiting (6.5), (6.13) and (6.14), we have
. 1£31 gl
£ y < s ILISTL
(6 24) ||{ s7g}HCO(Bz(Ioﬂ”)><'JT ) = 7‘/6 < 8/6
' MCi(n f) 3 g—
<12—2 27 (14 0)T|1 th—a—c
S 129073 g (L H 0T [Inele
and
(= £2) 0 W o ryemny <2005 X CrCpET o0
(6.25)

MC4(’H, €)C;CA
103 xIn2
As for the estimate of the second Poisson bracket in (6.22)), we take into account, and write

<8n (14 b)T|Ingle?talt-t—e

(6.26) MhH@@mmm<WMﬂmmwmm<mﬂJ<WMWWM”
and, by (6.14)), also
(6.27) [{h, (f = £5) 0 U}||co(By (1o,r)xTny < NWCFCae T

Since b = af and ¢ < 1/2, by comparing (6.24), (6.25)), (6.26) and (6.27) and by the thresholds in (6.16) and
the definition of Cjj, we have that the larger of such terms is (6.27). Therefore, if we set

(6.28) C4 := 8nwCxCy

we finally get

(6.29) Ih(1(t)) — W(T(0))] < %g gl .

The linear term in is also estimated in the usual manner:

(6.30) IVA(T(0)) - (1(t) = T(0))| < w - (T(#) = T(0)] + [(VA(1(0)) — w) - (T(2) — 1(0))]

and the two terms on the r.h.s. of the inequality are bounded in as in Section namely, as in , we have
(6.31) lw- (1(t) — 1(0))] < 02 Lra(t=1)||

and, as in ,
[(VA(L(0)) — w) - (I(t) — 1(0))] < M|L(0) — Lo|2|I(t) — T(0)l2

(6.32) < ( 65) Mr|T(t) —1(0)]
EC

Q+%)WWW$WMW4@W

Plugging all of the above estimates into (6.21)) yields

EC

% 2 1 1 _1+a(b—1)
6.33 —|I(t) — I(0 - — | Mr,———|1(t) — I(0)|] — C <0,
(6:33) 200~ 100" = (4 g ) M. o E0) — 10 = G+l <
whose solution is

c 50

2
e
erm&ni{%G@@”Wmm&ﬂ !

1 1/2
(6.34) 1(t) — 1(0) 2 < Ca(p, €) 203(””5)61*“““>“|}



31

where we have set v
Ca(p,§) == ( 65)

] < e :
= QC/’(TL,K) T2| 1n€1+b|2 glta(f—1)—2c ’

If

(6.35)
then the actions are bounded by

(6.36) 11(t) — 1(0)|2 < (1 + V2)Cqr.

C
T|In e+
By the choices of p and ¢ in (6.15) one has Cg < 1/(1 4 v/2), so that, by a bootstrap argument identical to the
one of the patchwork method, the normalized actions stay in the domain Ba(Iy,r). The total variation of the
action variables is obtained by coming back in the initial coordinates, so that we finally find

(6.37) 10 - 1002 = [+ (54 ¢ ) o + g | 7 e

=(1+V2)Cor.

The claim is therefore proven with
CZr? 1 M 1
o — HLGT ¢ =1 B =
O

6.3. Proof of Theorem[1.3] We are now able to prove Theorem[I.3]with the help of Corollary [B.I]of Dirichlet’s
Theorem on simultaneous approximations, whose notations shall henceforth be adopted.

Q represents the ”velocity” at which rational frequencies of unperturbed periodic tori are approached. Take
two real numbers Qg > p? and g > 0, set

n—1
Qo|Ineltt|e—a
(6.38) Q= <u2 > 1
so that, for any action I(0) € Beo(0, &) corresponding to a frequency € := 9;h(1(0)) there exists a T-periodic
frequency w fulfilling

q
10— wls < Vi — He

Q [Ingi+o|T ~
Hence, since the frequency map is invertible, there exists an action Iy such that
(6.39) W) — Tola < V=T 125
Qo|Ingttd|T -
1

We apply the local stability Lemma [6.1| with p = and we impose that I(0) is contained in the

2M(1+v/2)
”influence zone” of the periodic torus corresponding to action Iy that is Ba(Ig, pr), hence by (6.5)-(6.39),
ued vn—1p W _3 _In2 o
6.40 vn—1———< = 1< X3IX1077 X — ———7—~ .
(6.40) " Qo|lneltd|T = QO|111€1“’|TE T 2M(1++/2) M T|lnglt?|
Setting
M?(1 2
(6.41) Qo = 2000 x v/n — M1+ v2) . gi=c

3In2
such condition yields, trivially, ¢ < 1 . Now, Lemma applies everywhere in the phase space provided that
condition is satisfied uniformly for all T > 1. In order to insure this, we observe that, by Corollary
we have T' = u/|Q|w and 1 < u < Q, since by hypothesis we have w := infyep_(o,r) [0rh(I")] > 0 we can
impose the stronger condition

6.42 1+ af)Q?| Inel2~2¢ < 6 (“— )c”
(642) (+ o) @ mefe > < 6w (b =) o
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which is equivalent to

n—1

_ 3pw I 1
6.43 1+ al)?|Inel?met=2mc < C”( , 0<a<e< —.
(643) (14 a0 Inc] Skt <c<s
By expression (6.37) we see that the worst radius of confinement is obtained for T' = 1, that is

¢ 1

6.44 I(t) = 1(0)] < CY(n, ) ——————, 0 —
( ) |(> ()l— 2(n’)(1+aﬂ)\ln€|7 <C<2TL

and by (6.35)) we see that the worst time of confinement is obtained when T' = ¢/|Q| is maximal, namely when
T = Q/w, so that by taking expression (6.38) into account we get

ci(n,l)w 2\ 1
6.45 t| < [ == ¢ (n, ¢ :
( ) | | - [(1 + aﬁ) Q]2| In €|2 elta(l—1)—2c (QO Wy (TL, )(1 + aé)Zn‘ 1n6|2n glta(f—1)—2cn

This proves Theorem once we set

3#@ ,[L2>n_1 <’u2 >n—1
C/ — 7(:// =~ C/ — =~ C// 7£ Cl — C// .
E M(l—i—ﬁ) 0 <Q0 T Qo wCi (n,£) 1 5(n)

7. STABILITY ESTIMATES IN THE STEEP CASE

The aim of this section is to prove Theorem

7.1. Construction of the resonant patchwork. The first step in order to obtain stability estimates in the
steep case consists in building an appropriate resonant covering of the phase space for the integrable hamiltonian
h, exactly as it was done for the convex case with the patchwork method. In the sequel, we perform this task
by following closely ref. |[23]. The construction is more complicated than in the convex case and the dependence
of the involved quantities on the ultraviolet cut-off K is substantially different. We refer to [23] for a heuristic
explanation of the choice of such dependences. All the notations of the previous sections are assumed hereafter
but, for the sake of simplicity, when possible we shall avoid the explicit computation of constants, which will
simply be indicated with a dot ” - ” in the sequel.

Now we set some parameters, depending on the steepness indices ag,..,a,_1 of h, that will be useful
throughout this section

(7.1)
pj = ’ o s gi=npi—j, JE{Lun}; ¢i=¢q—qj+1, JE{L,...,n—1}
1 , ifje{n—1,n}
and recall that
1 1 1 a
7.2 = = b= = R(e)=-e°.
(7.2) 2no...0_o  2npy 2noy..0y—1  Otp_i () ©

With this setting, we fix an action Iy € By (0, R/2) and we consider its neighborhood Bz (Ip,R(¢)).

Since h is steep in B (0, R), the norm of the frequency w := drh(I) at any point of this set admits a uniform
lower positive bound, that is inf;cp_(0,r) ||w(I)|| > - 1. Hence, when studying the geography of resonances for
h, for sufficiently small ¢ and without any loss of generality we can just consider maximal lattices A C ZY} of
dimension j € {0,...,n— 1}, with K > 1 the ultraviolet cut-off. For a given A, we define its associated resonant
zone as

1
(73) ZA = {IeBg(Io,R(@)) : Vk’EAone has ‘kW(I” <6A} y 5/\ :W .
J
The resonant block Dp is defined as that part of the resonant zone Z, which does not contain any other
resonances other than the one associated to A, namely

(7.4) Dy = Z)\ U Zn .
A:dim A'=j+1



33

In particular, this implies that for the completely non-resonant block associated to A = {0} and for any block
A corresponding to a maximal resonance of dimension j = n — 1 one has, respectively

(7.5) Do:=B(I,R(e)\ |J Zn and Dy=2,.
A’: dim A’=1

For any j € {0,...,n — 1} we set

(7.6) D= |J Dn . Z= |J 2
A: dim A=j A: dim A=j

and it is easy to see from (7.4]) that
(7.7) Dj = Zj\Zj1

so that one has the decomposition

n—1 j—1
(7.8) B(Io,R(e)) = |JDi ,  B(R(e) = (U Di> UZ; Vi=1,.,n—1.
i=0 1=0

Since, as we have explained in the introduction, a large drift over a short time of any action variable I belonging
to the resonant block Dy associated to a maximal lattice A # {0} is only possible along the plane of fast
drift T + (A) spanned by the vectors belonging to A, we are naturally taken to consider the intersection of
a neighborhood of I + (A) with Z,. Indeed, as we have heuristically explained in the introduction, the fast
motion of the orbit starting at I along I + (A) can take the actions out of the block Dj. So, we are interested
in understanding what happens when the actions leave Dj but keep staying in Z,. In this spirit, we fix

(7.9) pe) o= B

and, for any 0 < 1 < p(e) and for any action I € Dj with A # {0}, we define the disc associated to I as

(7.10) Dy (1) = ( < U 32(1/,77)) N Zx N B(Io,R(g) — p(e)) )
)

I'eI+(A I

where the subscript I denotes the connected component of the set containing the action I. Since we are going
to study the fate of all orbits starting at a fixed block Dy, with dim A = j € {1,...,n — 1}, that exit such block
in a short time along the plane of fast drift, we are also led to define the extended resonant block

1
(7.11) Df,, = ( U DKT,A(I)) C ZaNB(Io,R(e) — p(e)) A= RTRD
IeDANB(Ip,R(e)—p(e))

In the same way, the extended non-resonant block is defined as
(7.12) D} := Do N B(Iy,R(g) — p(e)) -

7.2. The resonant blocks. In this paragraph we shall give a rigorous framework to some of the heuristics of
the introduction. As we have explained there, Nekhoroshev proved in [32] that, if h is steep, when any action
I € Dy, with A # {0}, moves along the plane of fast drift, it must exit the resonant zone Z,. Indeed, if h is
steep with steepness indices a1, ..., ¢, 1 one can prove that the diameter of the intersection of a neighborhood
of the fast drift plane with the resonant zone is small in the sense given by the following

Lemma 7.1. For any A # 0, dimA = j € {1,...,n — 1}, for any I € Dy N B(ly,R(e) — p(€)) and for any
I' € DY, (1) one has

1

(7.13) I-Il,<r; , where  1j = TaTa
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By this lemma, we see that a smaller value of ¢, i.e. a higher value of K since the ultraviolet cut-off is always
a decreasing function of ¢, leads to a closer maximal distance between any action I belonging to a resonant
block and any action belonging to its disc. For a proof of this result we refer to Lemma 2.1 of ref. [23].

Clearly, in order to perform normal forms in the (extended) resonant blocks, we also need an estimate of the
small divisors in these sets, namely we have

Lemma 7.2. For any mazimal lattice A € Z7, of dimension j € {0,...,n — 1}, for any k € Z%\A and for any
I €Dy, onehas

1

(7.14) k(D) 2 - e

whereas for any action I in the completely non-resonant block Dy and for any k € Z% one has
1

(7.15) k(I 2 -

We refer again to [23, Lemma 2.2] for a proof of this result.

Finally, a key ingredient in order to insure stability in the steep case is the fact that, when possibly exiting a
resonant zone along the plane of fast drift, the actions must enter another resonant zone associated to a lattice
of lower dimension. This is the content of

Lemma 7.3. Let A, A’ two mazimal lattices of Z7, having the same dimension j € {1,...,n—1}. Then one has

Ayra

(7.16) closure (Dp ) NZyn =@ .

Once again, the proof of this Lemma can be found in [23| (Lemma 2.3).
With the ingredients of this paragraph, we are able to prove stability in the steep case.

7.3. Proof of Theorem Theorem whose proof is at the end of the section, is a consequence of the
following Theorem and Lemmal[7.4] We start by giving the standard estimates of stability in the completely
non-resonant extended block Dfj. As we have already seen in the proof of Theorem such estimates do not
require any geometric assumption on the integrable part h.

Theorem 7.1 (Non-resonant Stability Estimates). For any sufficiently small e, there exist implicit constants
such that for any time t satisfying

1
Ve |(1+al)Inglt—1 galé=1)

any initial condition I(0) € Df drifts at most as

(7.18) [1(t) = I(0)]y < - &'/?,
where a was defined in (7.2)).

Proof. The proof is essentially the same as the one of Theorem One only needs to consider a different
dependence on K of the small divisors (see ([7.15)) and implement a slightly different dependence on ¢ of the
parameters, namely

—a a a 1
(7.19) K:=-e%, 5:=.¢%Inebl+ed)| r::~m:~51/2.

Then, for sufficiently small €, it is a matter of standard computations analogous to those in the proof of Theorem
to show that Pdschel’s normal form applies in D] and that the Fundamental Theorem of calculus yields the
result. ]

As for the dynamics in the resonant blocks, we have the following
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Lemma 7.4. Consider a mazimal lattice A C Z7, of dimension j € {1,...,n — 1}. For any sufficiently small €
and for any initial condition (1(0),6(0)) € (DA N B(Io,R(e) — (j + 1)p(5))) x T™, set

1 . 1

(7.20) Tj:=- | In £6(1+60) [(=1 g8(t=1+npsia) 0= n(pj + pj+1)

and consider the time of escape of the flow generated by H from the extended resonant block
(7.21) T :=inf {t ER: ®Y (DA N B(Io,R(e) — (j + 1)p(e)) x ’JI‘”) ¢ DX, % T”} ,
Then

— If |rc| > T; one has
(7.22) [I(t) = I1(0)[2 < p(e)
over a time [t| < Tj;
— If |1.| < Tj there exists i € {0, ...,j — 1} such that

I(.) € D; N (B(IO,R(s) —jp(e))) .

Proof. We start by considering the case || > T};. By exploiting the same arguments of paragraph it is easy
to see that, for sufficiently small € and by suitably adjusting the implicit constants, Pschel’s Normal Form (see
Lemma [B.1) applies in D} , ~with parameters

1
(7.23) K=, 5:=.&neb+0| | p\ = AR
and with a small divisor estimate given by formula (7.14) in Lemma namely
1
(7.24) A= TAKv—e

Therefore, by taking into account the notations for the analytic smoothing introduced in the previous sections,
there exists a symplectic transformation Wy : (DY . )y, /2 X TSs — (DX )ra X T, (I,9) 7+ (I,0) taking
H into resonant normal form

(7.25) HoWUp =HsoWUp+ (H—Hy)oUp=h+g+=fi+(f—=fs)oU,u

with {h,g} =0, [|£5]|;/2,s/6 < - e K5/6 ¢ and |I — I|; < - ra, where the implicit constant in the estimate can
be taken suitably small without loss of generality (see Lemma and the role that the constant & plays in it;
for a smaller threshold the normalized actions stay closer to the original ones).

Now, for any time ¢ such that |¢t| < |7.|, the dynamics on the subspace orthogonal to (A) can be controlled
in the usual way by exploiting the smallness of the non-resonant remainder £* as well as that of (f — f,) o .
Namely, for any initial position in the actions I(0) € DZ,M one has that the normalized coordinate satisfies
1(0) € (D/p\m\).rA and

e Ks/6 -1 g2tot—1) 6(1+460) [£—1 _1+5(6—1)
(7 26) ‘H<A>L(I(t)_1(0))‘2 < < s +s >€|t| < <|lngﬁ(1+6€)|+|1n5 | ) ) |t|

<. <| 1n€6(1+5[)|€—1€1+6(£—1)) 1t] .
Then, if for a suitably small implicit constant we set

(7.27) Ty = A

’ | In £6(1+00) [(=1 g1+5(¢~1)

with the choice of 7 in (7.23), by considering that |A| < K7 and thanks to the choice of d, it is straightforward
to show that T; < Ty and, for any time ¢ satisfying |t| < T; < T estimate (7.26] implies

(7.28) |Tp = (1) — 1(0))], < % .
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Since for any [t| < |7.| the dynamics of the action variables can be decomposed as
I(t) —1(0) =I(t) — I(t)+ I(t) — I(0) + I(0) —1(0)
=I(t) — I(t) + Ipye (I() — 1(0)) + py (I(t) — (0)) + I(0) — 1(0) ,

inequality ((7.28]), together with the estimate on the size of the normal form, implies that, for any time ¢ fulfilling
|t| < T; the motion in the direction perpendicular to the fast drift plane is bounded by

[1(t) = 1(0) = Tay (I(t) = 1(0)) 2 <[ (#) = T(B)]2 + [ays (T(t) = 1(0)) |2 + [1(0) — I(0)]2

<+,
A+ — -7 —-r
>~ A 4 A_4A;

where we have used the fact that, as we said above, the implicit constant for the size of the change of variables can

(7.29)

(7.30)

be taken suitably small without any loss of generality. Since I(t) € D}, for all [t| < 7|, I(0) is connected to
1(t) in such set and, by and the definition of disc in (7.10]), we also have I(t) € DX%M (1(0)) c D} ., (1(0))
and this, together with Lemma[7.1] yields

1
S K/
As it is shown in [23] (formula (38)), a careful choice of the implicit constants leads to

(7.31) [I(t) —I(0)]2 <wr; where rj =

ma r; < ple
jeimm—1y P

which concludes the proof of the first claim of this Lemma.
We now consider the second claim. In this case, for any time ¢ such that [t| < || < T; < Th we can repeat
the same arguments above and find I(t) € ’Djp\ 30, (I(0)). Then, by construction, the escape time satisfies
s

(7.32) I(r.) € closure(DK%TA (1(0))).

Again, by Lemma this implies |I(7.) — I(0)|2 < p(¢), so that, since 1(0) € B2(I(0),R(¢) — (j + 1)p(€)) one
has

(7.33) I(1.) € By (I(O),R(E) — jp(e)) .

Now, we shall prove that I(7.) & Zx. By definition we have I(7.) ¢ D ,, and, thanks to (7.11), this means
that there does not exist any action I* € Dy N B(Io,R(e) — p(€)) such that I(7.) belongs to its disc Dy . (1)
Hence, by (7.10)), I(7.) must satisfy at least one of the three following conditions:

(1) AI* € Dy N By(Io,R(e) — p(e)) = I(7e) € UI/€I*+<A> Bo(I',rp);

(2) I(7e) & Za;

(3) I(7e) & Ba(lo,R(e) — p(e)).
By taking and into account, we see that the first and the third possibility cannot occur. Therefore,
there must exist a maximal lattice A’ # A and a resonant zone Z,/ such that I(7.) € Zx,. Moreover, Lemma
insures that dim A’ # dim A so that, by taking the second decomposition in as well as into
account, the second claim is proven. O

Remark 7.1. The decompositions in are a covering of B(Ip,R(g)) but they are not a partition since, in
general, D; N D; # @& for j > i+ 1. Hence, nothing prevents I(7.) from belonging to a resonant block of strictly
higher multiplicity than the starting one. If this happens, however, thanks to the construction in , one is
insured that I(7.) will also belong to another block associated to a lower order resonance. One therefore chooses
the block in which to study the evolution of the actions once they leave the resonant zone they started at. This
is at the core of the resonant trap argument we discuss in the sequel.

Proof of Theorem[1.1 Theorem [L.I]follows from Theorem [7.1]and Lemmal[7.4 Indeed, for any initial condition
in the action variables Iy € B (0, R/2), we consider the ball By(Iy,R(¢)) and the following dichotomy holds:

(1) either I belongs to the completely non-resonant domain Df, in which case the proof ends here thanks
to Theorem [7.1}
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(2) or for some j € {1,...,n — 1} and some maximal A C Z% of rank j, Iy € Dy N B(Iy,R(e) — (j + 1)p(e)).
In the second case, Lemma |7.4] applies and one has another dichotomy:

(1) either one has |I(t) — I(0)|2 < - p(e) := -€® over a time Tj; in such case the Theorem is proven since,
with the choice of a in (7.2)), one has

1
<Ty

(7.34) T(e) :=- | In £6(1+af) [(=Tga(t=1) =

if € is sufficiently small ;
(2) or the actions enter a resonant block D; N <B (Io,R(e) — jp(s))) corresponding to a resonant lattice

of dimension i < j after having travelled a distance p(¢) over a time inferior to 7). In such block, the
above arguments can be repeated so that, after having possibly visited at most n — 1 blocks, overall
the actions can travel at most a distance (n — 1)p(e) before entering the completely non-resonant block,
in which they are trapped for a time Ty given by Lemma and they travel for another length p(e).
Thanks to (7.9), by construction one has |I(t) — I(0)| < np(e) = R(e) = - £".

This is called the resonant trap argument and concludes the proof of Theorem [1.1

APPENDIX A. SMOOTHING ESTIMATES

Lemma A.1. The derivatives of K satisfy

[ Im z|
€

For the proof see [16, Lemma 9.

Lemma A.2. Let f € Cj(A™), with { > 1, and let Y, cyn Fu(D)e™™? be its Fourier series. Then, for any fized
k € Z"\{0}, there exists a uniform constant Cg(n,£) satisfying

i < co(m, o) T llosean

Al
(A1) co®n) kla 7

where q := |£].

Proof. Fix a multi-index j = (j1,...,Jn) € N™ such that |j|; < g := [¢], one obviously has

(A~2) ﬁgf([’ 0) — Z (i)‘j‘k{i...k%"fk(f)eik'e )
kezn
From
(A.3) 8gf(I, 6‘) = Z (537)19(])6"’“"9 7
kezZn

and by the unicity of Fourier’s coefficients one also has

N CING)
A4 1) =—"—"—-
(A.4) fotry = (DA
As in expression (A.4]) the multi-index j € Z™ is arbitrary, for each value of k € Z™\{0} we can choose j so that
: i )i (T
(A5) fut = (DD

(maxizl ..... n{ki})‘jl ’
Moreover, for any k € Z™\{0} one has the trivial inequality

k|
> 2
igﬁﬁn{lkzl}f n
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This, together with (A.5) and the choice |j| = ¢ yields

@D _ 1@ S0 0] 9 f(L6)

which, once the supremum over the actions is taken, implies the result. O

APPENDIX B. ANALYTIC AND ARITHMETIC TOOLS FOR THE CONVEX CASE

B.1. Tools of the patchwork method. Given a function F' in D, 4, the notations Py and Py stand for the
projections

PAF(I,0):= Y F(De*?, PF(1,0):= Y  F(I)e*’

kEZn:kEA keZn:|k|, <K

Accordingly with our notations, we state here the results of Poschel [39].
Lemma B.1 (Poschel’s normal form). Let o,0 > 0 and H(I,0) = h(I) + £(I,0) be analytic on
Dpgo i ={(1,0) €C":|I = Dply, <0, 0Ty}

where Dy is («, K)-nonresonant modulo A with respect to the integrable hamiltonian h. Also, let M denote the
hermitian norm of the hessian of h over Dy , ..
If, for some ¢’ > 0, one is insured

1 ao o
B.1 fl,, <e< o 9C /<
( ) || H.Q7 S€ex 2565 F: ) 0 = <Q7 )

for some € > 1 and
(B.2) Ko > 6,

then there exists a real-analytic, symplectic transformation W : Dy o1 /2 5/6 — D o0 taking H into resonant
normal form, that is

(B.3) HoV=h+g+f", {hg}=0.

Moreover, denoting by go := Px Pk f the resonant part of £, we have the estimates

K * —Ko
(B.4) |lg — 8ollg /2,076 < 64070,62 s Ny 2,06 < €75 5.
Furthermore, W is close to the identity, in the sense that, for any I € Dy /2 56, One has
K
(B.5) ;0 —1I|, <4—e,
@

where I} denotes the projection on the action variables.

Lemma B.2 (Poschel’s Covering Lemma). Given positive parameters p,b,yo and K > 1, fir a real constant
A > I;—M + V2, with M and w the convexity constants defined in and definision . Moreover, denote
7y = ?k € Z" : k| < K} and, for each mazimal lattice A € ZT, with dim A =d € {0,...,n}, set

Ad—an—n
T ,
where |A| denotes the fundamental volume of the mazimal sub-lattice A (which is set to be equal to one for the

trivial lattice).
Then, there exists a covering of B (0, R) by resonance blocks Dy such that each block Dy is (ap, K) non-

(B.6) A =0 Op :=bury , ap:=pMKry

resonant modulo A and, in case A is non-trivial, Dy is also dp-close in euclidean norm to eract A-resonances
in frequency space.
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B.2. Tools of the periodic averaging method. Let now Iy be the action corresponding to a T-periodic
frequency vector w € R™ \ {0}, that is

oh
= —(] T : T 7"
w a],<0) s >0 w € s

and for p,o > 0 let
89,0(1079) = {(17 6) eC": ‘I - B2(IO7IQ)‘2 <o, 0 e TZ} P
and

(B.7) M:= sup [|0°h(])]

E = |[h[|co(B,,,(1o.0)) -
Ba,,(Io,p)

op’

Lemma B.3 (Lochak’s normal form [29]). Let H(I,0) = h(I)+£(1,0) be analytic in the complex neighborhomﬂ
Bo.o(Io, 0). If for some &€ > 1 and m € N

1 o0 M 2} mgT<3x10*3

(B5) I8llos, 1y < B < min{ %2 S0 LS L

then there exists a real-analytic, symplectic transformation

U 89/6,0/6(10; 0) — Bo,o (1o, 0)
taking H into resonant normal form, that is
(B.9) HoU=h+g+{", {hg}=0.

Moreover, we have the estimates

MTo

X MTo
(B.10) lglloo s, o0 < (1 n 324) B, | loos, .10 < 324

g

27Mek.

g

Furthermore, U is close to the identity, in the sense that, for any (I,0) € U,/6,5/6(1o, 0), one has

a

(B.11) M0 Iy <2 [0 -0, < c

66’
where II; and 11y denote the projectors on the action and angle variables respectively.

Theorem B.1 (Dirichlet). For any real number @ > 1 and any vector a € R™ there exist an integer 1 < u < Q
and ¢ € Z™ such that

<
2 u@w
Corollary B.1. Take Q > 1 and Q € R", with |Q|oc = w > 0. Then there exist an integer 1 < u < Q and a
vector w € Q™ of period T = u/w such that

u

(B.12) ‘a _¢

i

B.13 Q- < .
( ) ‘ w|2 = TQﬁ

A proof of such Corollary can be found in [29], p.30.

21Notice that in such framework the radius around the action Iy is chosen to be equal to the analyticity width. Such choice is
arbitrary but helpful in simplifying expressions.



40

(1]

[7]
(8]
[9]
(10]
(11]
(12]
(13]

(14]
(15]
[16]
(17]
(18]
19]

20]
21]

(22]
23]
24]
[25]
(26]
27]
(28]
[29]
(30]
(31]

(32]

(33]

SANTIAGO BARBIERI, JEAN-PIERRE MARCO, AND JESSICA ELISA MASSETTI

REFERENCES

D. Bambusi. Nekhoroshev theorem for small amplitude solutions in nonlinear Schrédinger equations. Math. Z., 230:345-387,
1999.

D. Bambusi and B. Langella. A ¢® nekhoroshev theorem. Mathematics in Engineering, 3(2):1-17, 2020.

S. Barbieri. On the algebraic properties of exponentially stable integrable hamiltonian systems. Annales de la Faculté des

Sciences de Toulouse, Accepted.

S. Barbieri and L. Niederman. Sharp Nekhoroshev estimates for the three-body problem around periodic orbits. Journal of
Differential Equations, 268(7):3749-3780, 2020.

G. Benettin and G. Gallavotti. Stability of motions near resonances in quasi-integrable Hamiltonian systems. Journal of
statistical physics, (44):293-338, 1986.

M. Berti, L. Biasco, and P. Bolle. Drift in phase space: a new variational mechanism with optimal diffusion time. J. Math.
Pures Appl. (9), 82(6):613-664, 2003.

A. Bounemoura. Nekhoroshev estimates for finitely differentiable, quasi-convex hamiltonian systems. Journal of Differential
Equations, 249(11):2905-2920, 2010.

A. Bounemoura. Effective Stability for Gevrey and Finitely Differentiable Prevalent Hamiltonians. Communications in
Mathematical Physics, 307:157-183, 2011.

A. Bounemoura, B. Fayad, and L. Niederman. Nekhoroshev estimates for steep real-analytic elliptic equilibrium points.
Nonlinearity, (33):1-33, 2020.

A. Bounemoura, B. Fayad, and L. Niederman. Super-exponential stability for generic real-analytic elliptic equilibrium points.
Advances in Mathematics, 366:1-30, 2020.

A. Bounemoura and J. Féjoz. Hamiltonian perturbation theory for ultra-differentiable functions. Memoirs of the American
Mathematical Society, 2018.

A. Bounemoura and J.-P. Marco. Improved exponential stability for near-integrable quasi-convex Hamiltonians. Nonlinearity,
24(1):97-112, 2011.

A. Bounemoura and L. Niederman. Generic Nekhoroshev theory without small divisors. Annales de I'Institut Fourier, (62):277—
324, 2012.

T. Castan. Stability in the plane, planetary three-body problem. PhD Thesis, Université Paris VI, 2017.

A. Celletti and L. Chierchia. KAM stability and Celestial Mechanics. Memoirs of the American Mathematical Society, 187(878),
2007.

L. Chierchia. Kam lectures. Pubbl. Cent. Ric. Mat. Ennio De Giorgi, pages 1-55, 2003.

B. Chirikov. A universal instability of many-dimensional oscillator systems. Phys. Rep., 52(5):264-379, 1979.

H. S. Dumas. Ergodization rates for linear flow on the torus. J. Dynam. Differential Equations, 3(4):593-610, 1991.

F. Fasso, M. Guzzo, and G. Benettin. Nekhoroshev-Stability of Elliptic Equilibria ofHamiltonian Systems. Communications in
Mathematical Physics, 197:347-360, 1998.

G. Gallavotti. Stability near resonances in classical mechanics. Helv. Phys. Acta, 59(2):278-291, 1986.

A. Giorgilli, U. Locatelli, and M. Sansottera. Kolmogorov and Nekhoroshev theory for the problem of three bodies. Cel. Mech
and Dyn. Astr., 104:159-175, 2009.

M. Guzzo. The Nekhoroshev theorem and long term stabilities in the Solar System. Serbian Astronomical Journal, 190:1-10,
2015.

M. Guzzo, L. Chierchia, and G. Benettin. The Steep Nekhoroshev’s Theorem. Commun. Math. Phys., 342:569-601, 2016.

J. E. Littlewood. The Lagrange Configuration in Celestial Mechanics. Proc. London Math. Soc. (3), 9(4):525-543, 1959.

P. Lochak. Canonical perturbation theory via simultaneous approximation. Russian Mathematical Surveys, 47(6):57-133, 1992.

P. Lochak. Hamiltonian perturbation theory: periodic orbits, resonances and intermittency. Nonlinearity, (6):885-904, 1993.
P. Lochak and J.-P. Marco. Diffusion times and stability exponents for nearly integrable analytic systems. Cent. Eur. J. Math.,
3(3):342-397, 2005.

P. Lochak, J.-P. Marco, and D. Sauzin. On the splitting of invariant manifolds in multidimensional near-integrable Hamiltonian
systems. (163):viii+145, 2003.

P. Lochak, A. Neishtadt, and L. Niederman. Stability of nearly integrable hamiltonian systems over exponentially long times.

Proceedings of the 1991 Euler institute conference on dynamical systems. Birkhduser Basel, 1994.

J-P. Marco and D. Sauzin. Stability and instability for gevrey quasi-convex near-integrable hamiltonian systems. Publ. Math.
Inst. Hautes Etudes Sci., 96:199-275, 2003.

N. N. Nekhoroshev. An exponential estimate of the time of stability of nearly-integrable Hamiltonian systems. Russian
Mathematical Surveys, 32(6):1-65, 1977.

N. N. Nekhorosev. Stable lower estimates for smooth mappings and for the gradients of smooth functions. Mat. Sb. (N.S.),
90(132):432-478, 480, 1973.

L. Niederman. Stability over exponentially long times in the planetary problem. Nonlinearity, 9:1703-1751, 1996.




41

[34] L. Niederman. Nonlinear stability around an elliptic equilibrium point in a Hamiltonian system. Nonlinearity, 11(6):1465-1479,
1998.

[35] L. Niederman. Exponential stability for small perturbations of steep integrable Hamiltonian systems. Ergodic Theory and
Dynamical Systems, 24:593-608, 2004.

[36] L. Niederman. Hamiltonian stability and subanalytic geometry. Annales de I'Institut Fourier, 56(3):795-813, 2006.

[37] L. Niederman. Prevalence of exponential stability among nearly-integrable hamiltonian systems. Ergodic Theory and Dynamical
Systems, 27:905-928, 2007.

[38] L. Niederman. Corrigendum on the article: exponential stability for small perturbations of steep integrable Hamiltonian
systems. Ergodic Theory and Dynamical Systems, 3:1055—-1056, 2014.

[39] J. Pdschel. Nekhoroshev estimates for quasi-convex hamiltonian systems. Math Z., (213):187-216, 1993.

[40] J. Poschel. On Nekhoroshev estimates for a nonlinear Schrodinger equation and a theorem by Bambusi. Nonlinearity,
12(6):1587-1600, 1999.

[41] D. A. Salamon. The Kolmogorov-Arnold-Moser theorem. Math. Phys. Electron. J., 10:Paper 3, 37, 2004.

[42] G. Schirinzi and M. Guzzo. On the formulation of new explicit conditions for steepness from a former result of N.N. Nekhoroshev.
Journal of Mathematical Physics, 54(7):1-23, 2013.

[43] J. Zhang and K. Zhang. Improved stability for analytic quasi-convex nearly integrable systems and optimal speed of Arnold
diffusion. Nonlinearity, 30(7):2918-2929, 2017.

UNIVERSITE PARIS-SACLAY AND UNIVERSITA DEGLI STUDI ROMA TRE
Email address: santiago.barbieri@universite-paris-saclay.fr

SORBONNE UNIVERSITE
Email address: jean-pierre.marco@imj-prg.fr

UNIVERSITA DEGLI STUDI ROMA TRE
Email address: jmassetti@mat.uniroma3.it



	1. Introduction and main results
	2. General setting and classical methods: a geometric framework
	3. Functional setting
	4. Analytic smoothing
	5. Stability estimates in the convex case with the patchwork method
	6. Stability estimates in the convex case with the periodic averaging method
	7. Stability estimates in the steep case
	Appendix A. Smoothing estimates
	Appendix B. Analytic and arithmetic tools for the convex case
	References

