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NADARAYA-WATSON ESTIMATOR FOR 1.I.D. PATHS OF DIFFUSION
PROCESSES

NICOLAS MARIET AND AMELIE ROSIER®

ABsTrACT. This paper deals with a nonparametric Nadaraya-Watson estimator b of the drift function
computed from independent continuous observations of a diffusion process. Risk bounds on b and its
discrete-time approximation are established. The paper also deals with extensions of the PCO and
leave-one-out cross validation bandwidth selection methods for b. Finally, some numerical experiments
are provided.
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1. INTRODUCTION

Consider the stochastic differential equation

(1)

¢ ¢
Xt:o:0+/ b(XS)d5+/ o(Xs)dWs,
0 0

where b,0 : R — R are two continuous functions and W = (W)c[o,7] is a Brownian motion.

Since the 1980’s, the statistical inference for stochastic differential equations (SDE) has been widely
investigated by many authors in the parametric and in the nonparametric frameworks. Classically (see

Key words and phrases. Diffusion processes ; Nonparametric drift estimation ; Nadaraya-Watson estimator ; PCO
method ; Cross validation.
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Hoffman [20], Kessler [22], Kutoyants [24], Dalalyan [9], Comte et al. [6], etc.), the estimators of the
drift function are computed from one path of the solution to Equation (1) and converge when T goes to
infinity. The existence and the uniqueness of the stationary solution to Equation (1) are then required,
and obtained thanks to restrictive conditions on b.

Let Z : (z,w) = Z(z,w) be the It6 map for Equation (1) and, for N € N* copies W',..., W¥ of
W, consider X = Z(zg, W?) for every i € {1,...,N}. The estimation of the drift function b from
continuous-time and discrete-time observations of (X!,..., X*) is a functional data analysis problem al-
ready investigated in the parametric framework (see Ditlevsen and De Gaetano [16], Overgaard et al. [26],
Picchini, De Gaetano and Ditlevsen [27], Picchini and Ditlevsen [28], Comte, Genon-Catalot and Samson
[7], Delattre and Lavielle [12], Delattre, Genon-Catalot and Samson [11], Dion and Genon-Catalot [15],
Delattre, Genon-Catalot and Larédo [10], etc.) and more recently in the nonparametric framework (see
Comte and Genon-Catalot [4, 5], Della Maestra and Hoffmann [13] and Denis et al. [14]). In [13], the
authors also study a Nadaraya-Watson type estimator, presented bellow, of the drift function in McKean-
Vlasov models.

Under the appropriate conditions on b and o recalled at Section 2, the distribution of X; has a den-
sity pt(xo,.) for every t € (0,T], and then one can define

1

T
= dt ; R
f(z) g /to pe(zo, x)dt 5 x €

for any tg > 0. Clearly, f is a density function:

0 T oo
/ flz)dx = ! / / pe(xo, x)dxdt = 1.
—o0 T —tg tg J—oo

Let K : R — R be a kernel (i.e. an integrable function such that [K = 1) and consider Kj(z) :=
h='K(h~lx) with h € (0,1]. In the spirit of Comte and Genon-Catalot [4, 5|, our paper deals first with
the continuous-time Nadaraya-Watson estimator

~ bf (
fx, h( )
of the drift function b, where
]?N,h(x) = _tO / Kh Xzfl’d

is an estimator of f and

BfNyh(q;): /Kh (Xi — z)dX!

_to

is an estimator of bf. From independent copies of X continuously observed on [0, T, 3N7}L is a natural
extension of the Nadaraya-Watson estimator already well-studied in the regression framework (see Comte
[2], Chapter 4 or Gyorfi et al. [18], Chapter 5). The paper also deals with a discrete-time approximate
of the previous Nadaraya-Watson estimator:

/l;n,N,h<x) : bffnj\]]\]hh(( ))7

where
N n—1

Fovn(z LNZZ n(Xi, — )
i=1 j=0
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is an estimator of f,

N
_ 1 _ . _
=S S KW(X] —a)(X[, — Xi
() N(T —t0) = = W m D = )

is an estimator of bf, and (to,t1,...,t,) is the dissection of [to,T] such that t; = to + (T' — to)j/n for
every j € {1,...,n}. Finally, our paper deals with a risk bound on the adaptive double bandwidths
Nadaraya-Watson’s estimator

- bf i (@
b — Yna)

R a fN’B,(.%‘)

N ()

where h (resp. n ) is selected via a penalized comparison to overfitting (PCO) type criterion for its
numerator (resp. denominator). However, in the nonparametric regression framework, it is established
in Comte and Marie [8] that the leave-one-out cross-validation (looCV) bandwidth selection method for
Nadaraya-Watson’s estimator is numerically more satisfactory than two alternative procedures based on
Goldenshluger-Lepski’s method and on the PCO method. For this reason, an extension of the looCV
method to En ~,n is also provided, with numerical experiments, even if it seems difficult to establish a
risk bound on the associated adaptive estimator.

)

Now, let us compare EN,h with the estimator of Della Maestra and Hoffmann [13] restricted to our
framework:

~

N T
Z/ th (T — t)Kh2 (X; - Ji)dXtZ
i=1"0

bNyh(ﬁ) = 1

b

N .
S KX~ )
=1

where L : R — R is another kernel, hq, ho,hs € (0,1], h = (hy, he,hs) and 7 € (0,T). In [13], the
authors provide a nice risk bound on the adaptive estimator obtained by selecting (hq, ha) (resp. hs) via
a Goldenshluger-Lepski type procedure on the numerator (resp. the denominator) of BN,h. As mentioned
above, in Comte and Marie [§], it has been established that in the nonparametric regression framework,
this approach is numerically less satisfactory than the 1ooCV method. However, the looCV method pro-
vided in our paper doesn’t extend to ENyh because it cannot be written easily as a linear combination.
Note also that even if it is numerically less satisfactory than the looCV method provided at Subsection
5.2, the PCO type method provided in our paper at Subsection 5.1 is easier to implement and numerically
faster than a Goldenshluger-Lepski type method because, as in the nonparametric regression framework,
the criterion to minimize depends on one variable instead of two, and because there is no constant to
calibrate. For technical reasons explained at Section 6, the condition (Nh3)~! < 1 is required on the
bandwidths collection to establish a risk bound on our PCO based adaptive estimator of bf, when Della
Maestra and Hoffmann only need the condition log(N)?(Nh)~! < 1 to establish a risk bound on their
Goldenshluger-Lepski based adaptive estimator of bp,(zg,.) in [13]. However, Remark 5.4 explains why
the condition (Nh3)~! < 1 on the bandwidths collection is not that uncomfortable. Finally, under similar
conditions on b, 0 and K, the rate of convergence of our continuous-time Nadaraya-Watson estimator is
of same order than the rate of convergence of the estimator of Della Maestra and Hoffmann [13] in the

nonadaptive case. There is no discrete-time approximate of ENﬁh studied in [13].

Finally, even if they deal with a different type of nonparametric estimators, let us say few words on
the recent papers of Comte and Genon-Catalot [4] and Denis et al. [14]. On the one hand, in [4], the
authors extend to the diffusion processes framework, for continuous-time observations, the least squares
projection estimator already well studied in the regression framework (see Cohen et al. [1], Comte and
Genon-Catalot [3], etc.). In particular, they provide a model selection procedure and establish a risk
bound on the associated adaptive estimator. As explained at Section 3, in the nonadaptive case, the
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variance term of their estimator is comparable with the variance term of ENJ“ but as in the nonparamet-
ric regression framework, the rate of convergence of the least squares projection estimator depends on
the regularity space associated to the projection basis. On the other hand, in [14], the authors focus on
a projection least squares estimator computed from discrete-time observations and on a B-spline space.
They provide a model selection procedure and prove both upper and lower bounds on the associated
adaptive estimator.

Section 2 deals with the existence and the regularity of the density p;(zo,.) of X; for every ¢ € (0,T], and
with a Nikol’skii type condition fulfilled by f. Section 3 deals with a risk bound on the continuous-time
Nadaraya-Watson estimator and Section 4 with a risk bound on its discrete-time approximate. Finally,
Section 5 provides extensions of the PCO and looCV methods for the Nadaraya-Watson estimator studied
in this paper. Some numerical experiments on the looCV based adaptive Nadaraya-Watson estimator are
also provided. The proofs are postponed to Section 7.

Notations and basic definitions:

e For every A, B € R such that A < B, CY([A, B];R) is equipped with the uniform norm ||.|| s, 4.5,
and C°(R) is equipped with the uniform (semi-)norm ||.| -

e For every p € N, CY(R) :=N_y{p € C*(R) : ¢ is bounded}.

e For every p > 1, LP(R, dx) is equipped with its usual norm ||.||, such that

— 00

00 1/p
lellp = (/ w(m)de) Vo € LP(R, dz).

e H? is the space of the processes (Yi)tejo, 7], adapted to the filtration generated by W, such that

T
/ E(Y?)dt < co.
0

e For a given kernel 4, the usual scalar product on L%(R,§(z)dx) is denoted by (.,.)2 s and the
associated norm by ||.||2,s.

2. PRELIMINARIES: REGULARITY OF THE DENSITY AND ESTIMATES

This section deals with the existence and the regularity of the density p;(zo,.) of X for every ¢t € (0,T],
with the Kusuoka-Stroock bounds on (¢,z) — p¢(xo,z) and its derivatives, and then with a Nikol’skii
type condition fulfilled by f.

In the sequel, in order to ensure the existence and the uniqueness of the (strong) solution to Equation
(1), b and o fulfill the following regularity assumption.

Assumption 2.1. The functions b and o are Lipschitz continuous.
Now, assume that the solution X to Equation (1) fulfills the following assumption.

Assumption 2.2. There exists § € N* such that, for any t € (0,T], the distribution of X; has a B times
continuously derivable density pi(xo,.). Moreover, for every x € R,

(z— 500)2]

t

€221

)

pt(20, ) < /2 P [—m2.2,1

and

Y 14 x — x0)?
|05 (w0, )| < %QXP {mz.z,z(@(to)] s Vee{l,...,B0},

where all the constants are positive, depend on T, but not on t and x.

At Section 4, the following assumption on X is also required.
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Assumption 2.3. For any x € R, the functiont € (0,T] — p:(z0,x) is continuously derivable. Moreover,

2
C xr — X
|0ipe (0, 2)| < 233 oxp —m2.3,3%

; vt e (0,77,
tas

where ¢33, Mo 33 and g3 are three positive constants depending on T' but not on t and x.

Let us provide some examples of diffusion processes categories satisfying Assumptions 2.2 and/or 2.3.

Examples:
(1) Assume that the functions b and o belong to C2°(R), and that there exists o > 0 such that

(2) lo(z)| > a ; Vo € R.

Then, by Kusuoka and Stroock [23], Corollary 3.25, X fulfills Assumptions 2.2 and 2.3.

(2) Assume that b is Lipschitz continuous (but not bounded) and that o € C{(R). Assume also that
o satisfies the non-degeneracy condition (2) and that ¢’ is Holder continuous. Then, by Menozzi
et al. [25], Theorem 1.2, X fulfills Assumption 2.2 with 8 = 1 (but not necessarily Assumption
2.3). Note that the conditions required to apply Menozzi et al. [25], Theorem 1.2 are fulfilled by
the so-called Ornstein-Uhlenbeck process, that is the solution to the Langevin equation:

t
(3) Xt:.fofa/ Xsd8+0'Wt;t€R+,
0

where 0,0 > 0 and g € Ry. In this special case, since it is well-known that the solution to
Equation (3) is a Gaussian process such that

o
26
one can show that X also fulfills Assumption 2.3.

E(Xy) = zoe " and var(Xy) = o (1—e %) ; vt € [0, 7],

Remark 2.4. Under Assumptions 2.1 and 2.2, for any p > 1 and any continuous function ¢ : R — R
having polynomial growth, t € [0,T] — E(Jp(X¢)[?) is bounded. Indeed, for anyt € [0,T],

oo

E(lp(Xo)IP) < eo(1 +E(1X:[)) = tl/ (1 + |2[P)pi (o, x)d

— 00

00
< c162.2,1 / (1 + |t1/2$ + w0|pq)e—m2,2,1x2dx < C2(1 V TPQ/Q)
—o0

where
> 2
€ = C1€2.2,1/ 1+ (Jz| + |xo|)P]e”M221% dx
—00

and the constants ¢1,q > 0 only depend on p. Moreover,

Il = [ el se)is

—0o0

1 T
- / E(Jo(X:)|P)dt < ca(1V qu/2)'
T —to Jy,

Then, ¢ € LP(R, f(x)dz) and ||¢l|p.s is bounded by a constant which doesn’t depend on ty. In particular,
the remark applies to b and o with ¢ =1 by Assumption 2.1.

Finally, let us show that f fulfills a Nikol’skii type condition.

Corollary 2.5. Under Assumptions 2.1 and 2.2, there exists ca.5 > 0, depending on T but not on tg,
such that for every £ € {0,...,5 — 1} and 6 € R,

T r® O (P < — 25 (g2 4 9P
| U +0) - 0@ o < i 0+ )
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Remark 2.6. Assumption 2.2, Assumption 2.3 and Corollary 2.5 are crucial in the sequel, but ty has to
be chosen carefully to get reasonable risk bounds on the estimators BN,;L and ZH,N’h. Indeed, the behavior
of the Kusuoka-Stroock bounds on (t,x) — p:(o,x) and its derivatives is singular at point (0, x). This is
due to the fact that the distribution of X at time 0 is a Dirac measure while that it has a smooth density
with respect to Lebesque’s measure for every t € (0,T]. Moreover, since X is not a stationary process
in general, the Kusuoka-Stroock bounds on (t,x) — pi(xo,x) and its derivatives explode when T — oo.
The same difficulty appears with the estimators studied in Comte and Genon-Catalot [4] and in Della
Maestra and Hoffmann [13]. So, it is recommended to take T as small as possible in practice. In the
sequel, only the dependence in tg is tracked in the risk bounds derived from Assumption 2.2, Assumption
2.8 and Corollary 2.5 because it is specific to our approach. Finally, these risk bounds only depend on tg
through a multiplicative constant of order 1/ min{t§,T —to} (o > 0). So, to take ty € [1,T — 1] when
T > 1 gives constants not depending on tg.

3. RISK BOUND ON THE CONTINUOUS-TIME NADARAYA- WATSON ESTIMATOR

This section deals with risk bounds on fN, h 5} N.hs and then on the Nadaraya-Watson estimator BN, h-

In the sequel, the kernel K fulfills the following usual assumptions.
Assumption 3.1. The kernel K is symmetric, continuous and belongs to L*(R, dx).

Assumption 3.2. There exists v € N* such that

o0 (o)

/ |2V K (2)|dz < 0o and / 2K (2)dz=0;V0e{l,...,v}.

—c0 —o0

About the construction of kernels fulfilling both Assumptions 3.1 and 3.2, the reader can refer to Comte

[2], Proposition 2.10. The following proposition provides a risk bound on ,]?N,h-

Proposition 3.3. Under Assumptions 2.1, 2.2, 8.1 and 3.2 with v = j3,

E(|| fan — F112) < caa(to)h?® + IIE13
’ ' Nh

with

o] 2
€2.5

Note that thanks to Proposition 3.3, the bias-variance tradeoff is reached by (the risk bound on) fN’h
when A is of order N=/ (2841 'leading to a rate of order N—28/(28+1) Moreover, by Remark 2.6, to take
to > 1 when T > 1 gives

2 [e%s} 2
n 2 28 K13 . _ €25 8 1/2
E(”f]\/,h — f||2) < 53.3}1 + Nh with (3.3 = W . ‘Z| (1 + |Z| / )|K(Z)|d2’ .
Note also that only the control of the bias term depends on T in this risk bound. The variance term
doesn’t depend on time at all.

In the sequel, L?(R, f(z)dz) is equipped with the f-weighted norm ||.||2,; defined at the end of the
introduction section. Let us recall that by Remark 2.4, for every ¢ € L3(R, f(x)dz), |¢l|2,s is bounded
by a constant which doesn’t depend on tg.

The following proposition provides a risk bound on g]\” N.h-

Proposition 3.4. Under Assumptions 2.1 and 3.1,

¢3.4(to)
Nh

E(|bf x5 — bfI13) < (0f)n — b3 +
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).

Assume that bf is v € N* times continuously derivable and that there exists ¢ € LY(R, |z]7"1K(2)dz)
such that, for every § € R and h € (0, 1],

with (bf)n == Kp * (bf) and

1
caatto) =201 (8.5 + 7=

W /_Oo (6507 @+ h0) — (o) 07V (@) dr < p(O)h*.

If in addition K fulfills Assumption 3.2 with v =, then ||(bf), —bf||3 is of order h?7, and by Proposition
3.4, the bias-variance tradeoff is reached by b f ~.» When h is of order N~ 1/(2v+1) leading to the rate
N—2v/@v+1)  Moreover, by Remark 2.6, to take to <7 — 1 when T' > 1 gives

E(([of §n — bfl13) < I(bf)n — bf I3 + = with ¢34 = 2||K]|35(

Note also that the variance term in this risk bound doesn’t depend on T

2’ )

Finally, Propositions 3.3 and 3.4 allow to provide a risk bound on a truncated version of the Nadaraya-
Watson estimator by .

Proposition 3.5. Consider the 2 bandwidths (truncated) Nadaraya- Watson (20NW) estimator

=~ . E}N,h(gj)

. N . /
b () = fN,hf(x) Inop (@) >m/2 with  h, h" >0,

and assume that f(x) > m > 0 for every x € [A,B] (m € (0,1] and A, B € R such that A < B). Under
Assumptions 2.1, 2.2, 8.1 and 3.2 with v = 3,

2
#2200 g (canry?” + 18]

with ¢35 := 8(|| flloo V [|0* flloo) and |||l f.4.5 == llelia,mll2,z for every ¢ € L?(R, f(z)dx).

BB = bllF4,5) < =25 |16)n = bfI5 +

Proposition 3.5 says that the risk of BN,h,h’ can be controlled by the sum of those of gJ\wah and fN_,h/ up to
a multiplicative constant. However, the limitation of this result is that m is unknown in general and must
be replaced by an estimator as well. Most of the time, as stated in Comte [2], Chapter 4, the minimum of
an estimator of f is taken to choose m in practice. Now, if K fulfills Assumption 3.2 with v = 8V, and
if bf satisfies Condition (4), then the risk bound on EN’h,h/ is of order h?Y + (h/)2% +1/(Nh) + 1/(NR'),
and the bias-variance tradeoff is reached when h (resp. h’) is of order N~=V/27+1) (resp. N—1/(26+1)),
leading to the rate

N2 )] = Nfz(zzgify;’lg

which is of same order than the rate of the nonadaptive version of the estimator of Della Maestra and
Hoffmann [13] (see their Theorem 15). Note also that to consider the 2bNW estimator is crucial to extend
the PCO method to our framework in the spirit of Comte and Marie [8] (see Subsection 5.1). However,
by taking h = R’ of order N~V (R(BAM+Y) " the bias-variance tradeoff is reached by the 1 bandwidth
(truncated) Nadaraya-Watson estimator with the same rate. Finally, if h = b’ and o is bounded, then
the variance term in the risk bound of Proposition 3.5 is comparable to the variance term in the risk
bound obtained by Comte and Genon-Catalot in [4] for their least squares projection estimator (see
[4], Propositions 2.1 and 2.2). Indeed, for a m-dimensional projection space, the variance term in the
risk bound of Comte and Genon-Catalot [4], Proposition 2.1 is of order m/N which is comparable to
1/(Nh). The rate of convergence of their least squares projection estimator depends on the regularity
space associated to the projection basis but, as in the nonparametric regression framework, not on the
regularity of f.
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4. RISK BOUND ON THE DISCRETE-TIME APPROXIMATE NADARAYA-WATSON ESTIMATOR
This section deals with risk bounds on fn N,hs EJ\‘n ~,h» @nd then on the approximate Nadaraya-Watson
estimator b, np.
In the sequel, in addition to Assumptions 3.1 and 3.2, K fulfills the following one.
Assumption 4.1. The kernel K is two times continuously derivable on R and K', K" € L*(R, dz).
Compactly supported kernels belonging to C?(R) or Gaussian kernels fulfill Assumption 4.1.

Proposition 4.2. Under Assumptions 2.1, 2.2, 2.8, 3.1, 3.2 with v = 3, and 4.1, if
1
W X 4
then there exists a constant ¢4.0 > 0, not depending on h, N, n and ty, such that

-~ C4.2 1 1 1
E(| Fonn — FI12) < WP — 4 — )
(Mo = Fl12) < 0oy < TNE T R2) T N

Assume that 3 = 1 (extreme case) and h is of order N~'/3. As mentioned at Section 3, under this

condition, the bias-variance tradeoff is reached by the continuous-time estimator of f. Then, the ap-
proximation error of ]?n ~.n is of order 1/n, which is the order of the variance of the Brownian motion
increments along the dissection (¢o,t1,...,t,) of [tg,T]. For this reason, the risk bound established in
Proposition 4.2 is satisfactory. Moreover, by Remark 2.6, to take ty > 1 when T > 1 gives

£ 1 1 1
E(| faxn = £113) < c42<h2ﬂ++ )+

Nh Nnh3’
Proposition 4.3. Consider € € (0,1). Under Assumptions 2.1, 2.2, 2.3, 8.1 and 4.1, if
1
= S b

the kernel K belongs to LY(R,dx) and z +— zK'(z) belongs to L?(R,dx), then there exist a constant
ca.3 > 0, not depending on €, h, N, n and to, and a constant ¢4 3(¢) > 0, depending on € but not on h,
N, n and ty, such that

_ ¢ 1
BB v b1 € e e (1050 0113+ 577+ 7

C4_3(E) ) 1
min{1, t(()l_a)/Q} Nnh3te

Remark 4.4. Note that if b and o are bounded, Proposition 4.3 can be improved. Precisely, with € =0
and without the additional conditions K € L*(R, dx) and z — 2K'(z) belongs to L?(R, dz), the risk bound

on gfn,N,h is of same order than in Proposition 4.2 (see Remark 7.3 for details).

Assume that bf fulfills Condition (4) with v =1 (extreme case), and that h is of order N~'/3. Then, for
€ > 0 as close as possible to 0, the approximation error of bf fn.vp 18 of order N ¢/3 /n. If in addition b and
o are bounded, thanks to Remark 4.4, with e = 0 and without the additional conditions K € L*(R, dz)
and z — zK'(z) belongs to L?(R, dz), then the approximation error of 3]\"”,]\,7,5 is of order 1/n as the
error of ﬁhN,h Moreover, by Remark 2.6, to take to € [1,T — 1] when T > 1 gives

C4_3(E)

E([6F 5w — bI13) < a5 (|<bf>h b+ 5+ 1) el

Finally, Propositions 4.2 and 4.3 allow to provide a risk bound on a truncated version the approximate
Nadaraya-Watson estimator b, v .
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Proposition 4.5. Consider e > 0, m € (0,1], and assume that f(xz) > m > 0 for every x € [A, B]
(A, B € R such that A < B). Under the assumptions of Proposition 4.8 and, in addition, Assumptions
2.8 and 4.1, there exist a constant c45 > 0, not depending on €, A, B, h, N, n and tyg, and a constant
c15(g) > 0, depending on € but not on A, B, h, N, n and ty, such that

€3.5

E([bn.v.n — b3 45) < -
N, LA, —8)/2 ,1/2 ,2¢2(8) .2q:
(me)/z yl/2 y2a28) y2as p oy

m?2 min{1,¢

1 1 c15(e)
Cpp2 526 4+ L 45\
x {c4,5 <”(bf)h bFllz + R+ Nh n) + Nnh3+5]

with bn,N,h<~> = bn’N’h('>1fn,N,h(~)>m/2'

The proof of Proposition 4.5 given Propositions 4.2 and 4.3 is almost the same than the proof of Propo-
sition 3.5 given Propositions 3.3 and 3.4. Of course one can establish a risk bound on the discrete-time
approximate 2bNW estimator, but to focus on the 1 bandwidth estimator is clearer and sufficient to
introduce the looCV selection method based on discrete-time observations of X*',..., X~ at Subsection
5.2. Now, assume that bf satisfies Condition (4) with v = 3, and that K fulfills Assumption 3.2 with
v = 3. Then, ||(bf)n — bf]||3 is of order h?#. For the sake of simplicity, assume also that b is bounded,
and then let’s take € = 0 in Proposition 4.5. First, note that the minimization problem
. 25 1 1 1
he%l,rio) {h * Nh + n * Nnh3}

has unfortunately no explicit solutions. However, let us provide an upper-bound on the rate of our
discrete-time estimator. Since (nhz)*1 < 1, Proposition 4.5 says that the risk of ’Z;nyN,h is at most of

order h?# +1/(Nh) + 1/n. So, the optimal bandwidth for this bound is of order N~/(28+1) 'leading to
the rate

N gL
n

Moreover, by taking a bandwidth of order N~/(28+1) since (nh?)~! < 1, N is at most of order n2B+1)/2,
So, clearly, the more f and bf are regular, the more N can be chosen freely with respect to n, and if N
is of order n(2f*t1)/2 then the risk of bn,N,h 18 at most of order 1/n.

5. BANDWIDTH SELECTION AND NUMERICAL EXPERIMENTS

This section deals with extensions of the PCO and looCV methods to the Nadaraya-Watson estimator
studied in this paper (see Subsections 5.2 and 5.1). Subsection 5.3 deals with some numerical experiments
on the looCV based adaptive Nadaraya-Watson estimator which is, as explained in Comte and Marie [8]
in the nonparametric regression framework, numerically more satisfactory than the PCO based one.
However, and this is its main advantage, the PCO based adaptive Nadaraya-Watson estimator offers
theoretical guarantees: an oracle inequality is established in Subsection 5.1. Note also that the PCO
method is easier to implement and numerically faster than the Goldenshluger-Lepski method which has
been extended by Della Maestra and Hoffmann in [13] for their estimator of the drift function in McKean-
Vlasov models.

5.1. An extension of the Penalized Comparison to Overfitting method. Let Hy (resp. Hy) be
a finite subset of [hg, 1] (vesp. [h{,1]), where hg > 0 and (Nh3)~ < 1 (resp. hf > 0 and (Nhj)~1 < 1).
Consider an additional kernel 6,

(5) I arg xoin {|[bf . — bfw.nlI3.5 + pen(h)}

with

N T T
2 i i i i
pen(h) = (T _ t0)2N2 § : </t Kh(Xs - ')dXs7[ Kho (Xs - )dXs> ; Vh € Hn,
i=1 0 0

2,6
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and

(6) h' € arg min {||fN,h - fN,h{)Hg + pen’(h)}
heH

with

N T T
2 . )
en'(h) = e > / K X;—-ds,/ Kp (X1 —)ds ) 3 VheHy.
p () (T—t0)2N2 z-_1< ' h( ) " }0( ) > N

2
This subsection deals with risk bounds on the adaptive estimators bf Nl fr () and

N,R/
- bf o (x
b _ fN,h( )

N (@) = ) Fan@>my2 % €[4, B

with the notations of Proposition 3.5. In the sequel, K, § and o fulfill the following technical assumption.

Assumption 5.1. The kernels K and § are continuously derivable on R, the derivative of K belongs to
L2(R, dx), 6 is positive and its derivative is bounded, and o is bounded.

Moreover, recall that under Assumptions 2.1 and 2.2, b* and o2 belong to L'(R, f(z)dx) (see Remark
2.4).
Theorem 5.2. Under Assumptions 2.1, 2.2, 3.1 and 5.1,

(1) There exist two deterministic constants ¢s.21,¢5.2.2 > 0, not depending on N, such that for every
¥ € (0,1) and X > 0, with probability larger than 1 — c5.2.1|Hn|?e™,

— — Cs. 1+ 2)3
15 x5 — bfl3s < (L 0) min [BF s — b7 I35 + 222 .

1 N

(2) There exist two deterministic constants C5.21,¢5.2.2 > 0, not depending on N, such that for every
¥ € (0,1) and X > 0, with probability larger than 1 — 521 |Hy|?e™?,

(0 )ny = 0f 135 +

min
heHn

> 2 (14 min I 2, 522 [ o (T4 N)3
Ifvm —fla<(+ )h,ITEI%lN 1 = Fll2 + =5 _Hfhg, —flle+—x—|"
Corollary 5.3. Under Assumptions 2.1, 2.2, 3.1 and 5.1, if f(x),0(x) > m > 0 for every x € [A, B]
(m € (0,1] and A,B € R such that A < B), then there exists a deterministic constant ¢5.3 > 0, not
depending on N, A and B, such that for every 9 € (0,1),

~ 2C3_5(1 \ H(SHOO) . 7 N
E(l[by 5 = blFa8) < —F——= [(1+7) (h,h,)é%?,x%;v{E(Hbe,h = bf13) +E(fxn — f13)}

m3

(5.3 1
+5 (of)n, 0118+ g~ A3+ 7 )]
Corollary 5.3 says that the risk of the adaptive estimator AN 7 7, is controlled by the sum of the minimal
risks of
be,h and fN,h’ ; (h7h/) € Hy,
up to a multiplicative constant and a negligible additive term.

Remark 5.4. The condition (Nh3)~™! < 1 on the bandwidths collection Hy is quite uncomfortable but
not that much because if bf satisfies Condition (4) with v = > 2, then the (unknown) bandwidth h* of
order N~V (B+Y) such that our estimator of bf reaches the bias-variance tradeoff (see Section 3) possibly
belongs to Hy. Indeed, there exists an unknown constant ¢* > 0 such that h* = ¢* N~/ 284D " and then

1
NP () PN <
for N large enough. Moreover, the proof of Proposition 5.2 remains true by replacing the condition
<K Y T <mwithm > 0. So, even for =1, < (¢*)72 and then possibly
NR3)=L1 <1 by (NhY) ! ith 0. S for B=1, (N(h*)?)~! *)~3 and then h* bl
belongs to Hy when m is large enough.
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Remark 5.5. A nice choice for § is the standard normal density:

e—w2/2
6(x) i= —— ; Vx e R.
() ors
First, 6 obviously fulfills Assumption 5.1. Moreover, ||0|lcc < 1. Finally, by assuming that f(x) > my
for every x € [A,B] (m1 € (0,1] and A, B € R such that A < B), since § is continuous and positive
on R (supp(d) = R), necessarily there exists ma > 0 such that 6(x) > mg for every x € [A, B]. So,
f(x),0(z) >m =mq Amz >0 for every x € [A, B]. Therefore, under Assumptions 2.1, 2.2, 3.1 and 5.1,
by Corollary 5.3,
2¢3.5

By~ Wian) < ot |+0), min BB w0~ bF3) + (v — £1))

+5 (107 00 — 011 + g =SB+ 7 )

for every ¥ € (0,1).

5.2. An extension of the leave-one-out cross-validation method. First of all, note that

N n—1
”Nh ZZW J+1_Xt§-)
=1 57=0
with ‘
s Kh(th] —LU) L.
wj(w) = ~ V(5,4 €{0,...,n—1} x {1,...,N},
SN K(XE = @) (tegr — te)
k=1 ¢=0
and that

|
—

n

Wi () (te1 — ;) = L.

This nice (weighted) representation of bn, ~,1(z) allows us to consider the following extension of the
well-known looCV criterion in our framework:

cv Z anm X )Pt — 1) f2Zb;NhXZ><XzH Xi)

=1 [ =0 7=0

J‘:M

with

n—1

byiva@) = > > wha)(Xf, - XF);vie{l,..., N}
ke{l,...,N}\{i} j=0
Let us explain heuristically this extension of the looCV criterion. By assuming that dX; = Y;dt, Equation
(1) leads to the regression model

Y, =b(Xy,) +e, with / eods = / (X, )dW,.
0 0

Then, a natural extension of the looCV criterion is

N n—1
OV (h) = ZZ bty (X8 )2 (41 — 1)
o N n—1 )
~ CV(R)+ > (V) (e —ty)
i=1 j=0

because Yy, (tj11 — t;) = Xi,,, — Xy, thanks to the assumption dX; = Y;dt. Of course CV*(h) is not
satisfactory because the last term of its previous decomposition doesn’t exist, but since this term doesn’t
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depend on h, to minimize CV*(.) is almost equivalent to minimize CV(.) which only involves quantities
existing without the condition dX; = Y;dt.

5.3. Numerical experiments. Some numerical experiments on our estimation method are presented
in this subsection. The discrete-time approximate Nadaraya-Watson (NW) estimator is computed on 4
datasets generated by SDEs with various types of vector fields. In each case, the bandwidth of the NW
estimator is selected via the looCV method introduced at Subsection 5.2. On the one hand, two models
with the same linear drift function are considered, but with an additive noise for the first one and a
multiplicative noise for the second one:

1. The so-called Langevin equation, that is
t
Xy =29 — / Xeds+0.1-W;.
0

2. The hyperbolic diffusion process, that is

t t
Xt:xof/ XsderO.l/ V14 X2dWs.
0 0

On the other hand, two models having the same non-linear drift function involving sin(.) are considered,
but here again with an additive noise for the first one and a multiplicative noise for the second one:

3. The third model is defined by
t
X =z — / (X5 +sin(4X,))ds + 0.1 - W.
0
4. The fourth model is defined by

t ¢
X =x0 — / (Xs +sin(4X;))ds + 0.1/ (2 + cos(X))dWs.
0 0

The models and the estimator are implemented by taking N = 200, n =50, T =5, zg = 2, to = 1 and
K the Gaussian kernel z — (27‘(')_1/26_22/2. For Models 1 and 2, the estimator of the drift function is
computed for the bandwidths set

Hy:={0.02k ; k=1,...,10},
and for Models 3 and 4, it is computed for the bandwidths set
Ho :={0.01k ; k=1,...,10}.

Each set of bandwidths has been chosen after testing different values of h, to see with which ones the
estimation performs better. To choose smaller values in the second set of bandwidths allows to check
that the looCV method does not systematically select the smallest bandwidth for Models 3 and 4.

For each of the previous models, on Figures 1, 2, 3 and 4 respectively, the true drift function (in red) and
the looCV adaptive NW estimator (in blue) are plotted on the left-hand side, and the beam of proposals
is plotted in green on the right-hand side. On Figures 1 and 2, one can see that the drift function is
well estimated by the looCV adaptive NW estimator, with a MSE equal to 2.95 - 10~* for the Langevin
equation and to 8.31-10~* for the hyperbolic diffusion process. As presumed, the multiplicative noise in
Model 2 slightly degrades the MSE. Note that when the bandwidth is too small, the estimation degrades,
but the looCV method selects a higher value of h which performs better on the estimation. This means
that, as expected, the looCV method selects a reasonable approximation of the bandwidth for which the
NW estimator reaches the bias-variance tradeoff. On Figures 3 and 4, one can see that the drift function
of Models 3 and 4 is still well estimated by our looCV adaptive NW estimator. However, note that there
is a significant degradation of the MSE, which is equal to 2.89 - 103 for Model 3 and to 9.26 - 10~3 for
Model 4. This is probably related to the nonlinearity of the drift function to estimate. Once again, to
consider a multiplicative noise in Model 4 degrades the estimation quality with respect to Model 3. As
for Models 1 and 2, note that the looCV does not systematically select the smallest bandwidth.
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FIGURE 2. LooCV NW estimation for Model 2 (hyperbolic diffusion process), h = 0.04.

For Model 1, at levels n = 10,20,...,100, Figure 5 shows the evolution of the MSE of the looCV
adaptive NW estimator as a function of N. For this study, the value of N ranges from 20 to 200. Figure
5 shows that the MSE of our adaptive estimator remains low regardless to the value of (n, N) (from
4.50 - 107° t0 9.01 - 10~3), decreases when N increases (for each n), and decreases when n increases (for
a fixed N). This is consistent with the risk bounds of Section 4. Note also that for N > 70, there is no
significant gain to take n larger than 30. For Model 3, Figure 6 shows the evolution of the MSE of the
looCV adaptive NW estimator as a function of N and leads to the same conclusions than for Model 1.
Note anyway that due to the nonlinearity of b, the MSE of our adaptive estimator reaches higher values
(from 2.67-107% to 4.49-1072) than for Model 1. Again, there is no significant gain to take n larger than
30, and above all larger than 70.
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FIGURE 4. LooCV NW estimation for Model 4, h = 0.06.

Finally, for each model, Table 1 gathers the mean MSE of 100 looCV NW estimations of the drift
function as well as the mean MSE of the corresponding 100 oracle estimations. The mean MSEs are
globally low, but significantly higher for the models with a nonlinear drift function (Models 3 and 4)
than for the models with a linear one (Models 1 and 2). Moreover, for each drift function, the mean
MSE is slightly degraded for the models with a multiplicative noise (Models 2 and 4) with respect to
the models with an additive one (Models 1 and 3). Note also that for each model, the mean MSE of the
looCV estimations is close to the mean MSE of the corresponding oracle estimations. This means that
our looCV method performs well in practice.
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FIGURE 5. MSE of the looCV estimator with respect to N and n for Model 1.
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FIGURE 6. MSE of the looCV estimator with respect to N and n for Model 3.

Remark 5.6. Note that to take to > 1 (here to = 1) is recommended even in numerical experiments.
Indeed, for instance, the mean MSE of 10 looCV estimations for Model 1 is significantly lower with tg = 1
(2.49 - 10~%) than with to = 0 (3.82-1073).
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] | looCV | Oracle |
Model 1 | 0.000303 | 0.000267
Model 2 | 0.000652 | 0.000496
Model 3 | 0.002453 | 0.001993
Model 4 | 0.009153 | 0.006023

TABLE 1. Mean MSEs for 100 LooCV NW estimations compared to the oracle estimator.

6. CONCLUDING REMARKS

In this paper, first, a risk bound on our continuous-time Nadaraya-Watson estimator of b has been
established. This bound is satisfactory because it leads to a rate of same order than in the classic non-
parametric regression framework (see Comte [2], Chapter 4), and of same order than in Della Maestra
and Hoffmann [13] for their estimator of the drift function in McKean-Vlasov models. Then, a risk bound
on a discrete-time approximate estimator of b has been established too. The bound is satisfactory when b
and ¢ are bounded, but a bit degraded when b is unbounded. To improve this bound will be the subject
of future investigations.

In a second part, two bandwidth selection methods are provided. The first one is an extension of the
PCO method to the 2bNW estimator of b in the spirit of Comte and Marie [8]. An oracle inequality is
established but under the condition (Nh3)~! < 1 (instead of (Nh)~! < 1) on the bandwidths collection.
Unfortunately, it seems difficult to bypass this condition because of some constants involved in Bernstein’s
inequality and in the concentration inequality for U-statistics of Giné and Nickl [17] (see Subsection 7.7),
but as explained at Remark 5.4 this condition is not so bad. The second bandwidth selection method is
an extension of the looCV procedure for the discrete-time approximate estimator written has a convex
combination. As in the nonparametric regression framework, this method is numerically satisfactory but
it seems difficult to establish a theoretical risk bound on the associated adaptive estimator.

Finally, the estimation of b has been only investigated in the case of one-dimensional diffusion pro-
cesses because of its simplicity, but by following the same ideas than Halconruy and Marie used in the
nonparametric regression framework in [19], the major part of the results of the present paper should be
extendable to multidimensional diffusion processes.
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7. PROOFS

7.1. Proof of Corollary 2.5. Consider ¢ € {0,...,8 — 1} and § € R;. Thanks to the bound on
(t,2) = 0 (20, x) given in Assumption 2.2,

IFOC+6) = 913 = / O+ w0 +0) - O @ + o) 2o

T o0
< t / / (95pi(z0, @ + 20 + 0) — Ospi (w0, T + w0))*ddt
— o 0
<7 / / sup 105" pe(0, 2 + wo) [Pdudt
R R S :
<c222(5+1)2 / / sup exp f2m222(€+1)i dxdt
.2, T 1, ‘o $292(£+1) — o0 z€[z,z+0] o t

9 92 T 1
222(f+1) T—to/t Pairn
0

—0 2 o] 2
0
V exp <—2m2,2,2(e + 1)(””;)> da + 0 +/ exp (—2m2_272(€ + 1)”’%) dx] dt
oo 0

|:C192 + 93 max C2_2’2(k + 1)2:|
ke{0,....6—1}

1
< t2q2 (f+1)
0

with

[e%s) 2
— 2 k+1)2 —2 k+1)=)d
0 ke{é,r_lfa,}éfl} {czgg( +1) /0 exp ( mo22(k+ 1) T) x} )

and the same way,

IFOC—6) = FOI5 <

/ sup |05 p(wo, 2 + mo) | Pdxdt

_tO —o00 zE€[x— 91]
2

9 T
<cz22(€+1) T — 1 /to t2q2(£+1)

[/0 exp( 2my 02 (f + 1) )dm—l—@—i—/eocexp <_2m2.2’2(g+ 1)(95_te>2) dw} dt

— 00

|:C192 + 93 max C2.2,2(1€ + 1)2:| .

1
< .
= tng(erl) ke{0,...,6—1}

This concludes the proof.

7.2. Proof of Proposition 3.3. First of all, the bias of fNyh(x) is denoted by b(x) and its variance by
o(x). Moreover, let us recall the bias-variance decomposition of the L2-risk of fy :

Bl — S = [ v@Pdet [ o

— 00 — 00
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On the one hand, let us find a suitable bound on the integrated variance of fN,h. Since X1, ..., X" are
i.i.d. copies of X, and thanks to Jensen’s inequality,

1 T _
U(m) = var (]\/M ’LZ:; " Kh(XtZ - x)dt)
2
dt
:N —to (/ (X —2)d >\ (/ En(X —t0>
1
g ]\/M/to E(Kh(Xf*I / Kh Z*l’ (Z)dZ

Thus, since K is symmetric,

/_O;n(x)dx < le/_o; £(2) /oo Kn(z — )2dudz
([ 52

On the other hand, let us find a suitable bound on the integrated squared-bias of J/”\N,h(x). Since
X' ..., XN areii.d. copies of X,

T
b(e) = 7 | BUKH(X )it = S (2)

_ 2/ZK<2hx)f(Z)de(x)

= [ KEf e +0) - f@)i

First, assume that 8 = 1. By Assumption 3.2, the generalized Minkowski inequality and Corollary 2.5,

/_Z b(z)2dz < /_O; (/: K(2)(f(h + ) — f(x))dz>2dx
< l LI ACCEEE f<x>>2dx)1/2 dz] et

with

e} 2
C2.
cl(to):ﬁ;f’l) (/ |z|(1+|z|1/2)|K(z)|dz> :
0 — 0o

Now, assume that g > 2. By the Taylor formula with integral remainder, for every z € R,

f(hz + ) - 523 Z

— 1
FO (g EZZ)ﬁQ)II / (1—7)2fB=V(rhz 4 2)dr.
—1 /,
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Then, by Assumption 3.2, the generalized Minkowski inequality (two times) and Corollary 2.5,

[ v dm_/ (/ K hzm)f(x))dzfdx

— oo 2
2% J_ o \UJ_ oo 0
_ h2(8-1)
NICEDIE

[/_O; |2 K (2)] /01(1 —r)f2 (/_O:o[f(ﬁ—l)(Thz +z) — f(ﬁ’—l)(:v)]Qdm> v deZ} 2

2

Co thB S 51 1 5o 52 »
L — 2|PTH K (2 / 1—71)"7%7|2| + (]2 dez> < c2(to)h

with

@5 A 2|12 z 2.
) = ([ 1ras ki)

This concludes the proof.

7.3. Proof of Proposition 3.4. First of all,

o o0 (o)
B3 s~ oA = [ b@Pdot [ o)z
where b(z) (resp. v(z)) is the bias (resp. the variance) term of E?Mh(m) for any 2 € R. On the one hand,

let us find a suitable bound on the integrated variance of BJ\CNJL. Since X',..., X" are ii.d. copies of X,

N T

v(xz) = var (N(Tl—to) ; Kn(X} — x)de) < ME ( Ky (X: — x)dXt>

to to

2 r i\’ 1 r ’
é NE < " Kh(Xt —x)b(Xt)T t0> + (T—t0)2 ( " Kh(Xt —ZL’)O'(Xt)th>

In the right-hand side of the previous inequality, Jensen’s inequality on the first term and the isometry
property for Itd’s integral on the second one give

2

r 2 2 T 2 2
o(z) < 77150)/ E[Kp(X¢ — )*b(X,)?]dt + N(Tto)z/to E[Kp (X — z)°0(X)"]dt

N/ Kn(z —x)%b(z )2f(z)dz+M/ZKh(zx)QU(z)Qf(z)dz.

Moreover, K is symmetric and K € L?(R,dx) by Assumption 3.1, and b, o € L*(R, f(x)dz) by Remark
9.4. Then,

/OO o(z)dr < 2 Kn(z — 2)%b(2)* f(2)dzdx + Kn(z —2)%0(2)? f(2)dzdx

0o N R2 N(T—to) R2

_ NQh/Z b(2)2f(2) /O; K(@%MHM/ / K (z)2dadz

< 2||N7Kh||§ (/_Z b(2)?f(2)dz + T i i /_Z U(z)zf(z)dz> .
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On the other hand, let us find a suitable bound on the integrated squared-bias of E? ~.n(2). Again, since
X, ..., X" areii.d. copies of X, and since It&’s integral restricted to H? is a martingale-valued map,

b(z) = E NT iy

/ Kn(Xi — dXZ] — b(z)f(z)

- i B ( / K (X, - @dXt) - b(a)f (@)

T T
=7 i i E ( ) Kn(X¢ — a:)b(Xt)dt> +E ( t Kn(X; — x)a(Xt)thﬂ —b(z) f(z)
T
- Tito/t E(Kn(Xy — 2)b(X))dt — b(z / Kn(z = 2)b(2) f(2)dt = b(x) f(x).

Then,
b(z)? = ((bf)n —bf)(x)*> with (bf)n = Ky = (bf).
Therefore, since f is bounded and b belongs to L?(R, f(z)dz) by Remark 2.4,
| vlardo = os ~ el
This concludes the proof.

7.4. Proof of Proposition 3.5. First of all,

=~ EJ}N,h —bf 1
et [ T\ T 7)Y e mme T P gm
Then,
— 2
> bf nw — bf 1 1
1o, h = Bl[F, 4,5 < 2 = == )b 1r e +2b1,
! Inw INw / Py ()>m/2 FAB I (DS
Moreover, for any z € [A, B], since f(x) > m, for every w € {fN,h/(.) <m/2},
= = m m
(@) = fauw (@, 0)| 2 f(2) = fuw(@,w) >m = o = o

Thus,
N 8 8 N
[bnnp = bllFa < W”be,h —bfl3 s+ ﬁ”(f — fnp)bllFas + QHb]‘\f(,)—fNyh/(.)\>m/2||3c7A7B

< o5 [ OFn bR

B o~
42 / (F(@) — Fo (2))?b(2)? f (x)de
A

m2
B
2
+2 /A D@ @ )y @)1 5m 2T

Since f has a sub-Gaussian tail by Assumption 2.2, and since b has at most linear growth because it is
Lipschitz continuous from R into itself (see Assumption 2.1), b2 f is bounded on R. So,

W 57, 12

8||b2f||oo -
AT o = PR+ 20 e [ 25007y

b hn = bllF a5 <
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Therefore, thanks to Markov’s inequality,

By s —b3am) < 2Ty, — b )
b2 flloo b2 fll oo N
+8”mf" B~ 119+ L2 [ 810 - Fuse@)Paa
oo V162 fllse — —~
S e v VT )[E<||be,h—be%>+2E<||fN,h,—f||%>].

Propositions 3.4 and 3.3 allow to conclude.

7.5. Proof of Proposition 4.2. First of all, note that

E(|| fa,nn — FII3) < 2E(| fan — FII3) + 2E(|| fan — Fannll?)

[ee]

<2 enat)t® + 5+ [ BFuale) - Favalo)de

+ /Oo V&I‘(fN,h(-r) - ﬁL,N,h(x))dx

by Proposition 3.3, and note also that

N n—1 2

Fyn(@) = Fann(z) = _to NT i 2o 2 ) (nalXD) = Kna (X))t

1=1 57=0 tj

with Kj, ,(.) := Kj(- — ). On the one hand, for every s,u € [tg,T] such that s < u, by Ito’s formula,
Jensen’s inequality, the isometry property for Itd’s integral and Remark 2.4,

(/ K (X0)dX, + / Ky, >>de

(/ Khm Xt)b(Xt)d> ]

s (f o) |

< / ' K;m(xt)a(xt)dwt)QH da

<o {(u—s)/j]E( (X)) / K}, (X)) dx)dt

+(u—s)/ < (X)) / Kl )dt
+/S E( (X)) / K} (X)) dx)dt}

o (u—s5)?% (u—138)?2 u—s
< € 3 + W + 3

/OO E[(Kna(Xu) = Kna(X:))*)de = /

—00 —

oo
<C1/
— 00
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where ¢; and ¢, are two positive constants not depending on s, u, h, N, n and to. Then,

/Oo var(fonn(x) — frn(z))de

— 00

1

e’} n—1 tit1
- m/ var Z/t (Kho(Xt) — Kh,m(th))dt dz

ti+1 c
[(Kp.o(Xe) — Kpo(Xe )] dadt < ——
o Z/t [ Bla () ~ Kial06,)Pldndt < 52

where the constant ¢ > 0 is not depending on h, N, n and tg. On the other hand, by Assumption 2.3,

tj+1

IE(f,n(x) = fann(@)) E(Kno(Xt)) — E(Kno(Xe,))|dt

tit1
< |Kn(z — )| - [pe(wo, 2) — pt, (w0, 2)|dzdt
j J -0
n—1 t.
1 /]+1
< t—t)dt
T—t jz—:o l tj ) ]

X / |Kp(z — )| sup |Oupu(zo,2)|dz
—o0 u€(to,T)

T—ty [~ hz + 2 — x0)?
< c2-3v3Tan/ |K(z)|exp {m2.3,3(T0)} dz.
0

— 00

Then, by Jensen’s inequality,

o N ,\ [oe] oo _ 2
/ E(fn,n(x) — fn,N,h(l'))de < e / \K(z)|/ exp [_2m2.3,3(h2+$f£0):| dxdz

o n2t(2)q3 oo T
— ‘6
B thgQ?’
where - )
x—x
6 = C5HKH1/ exp [—21'“2.3,3(]10)} dx
—00

and the constant ¢5 > 0 is not depending on h, N, n and ty. This concludes the proof.

7.6. Proof of Proposition 4.3. The proof of Proposition 4.3 relies on the two following technical
lemmas.

Lemma 7.1. Consider a symmetric and continuous function p1 : R — R such that 9, : z — z¢1(2)
belongs to L2(R,dz). Consider also @2, € C°(R) having polynomial growth. Under Assumptions 2.1
and 2.2, for every p > 0, there exists a constant cz.1(p) > 0, not depending on @1 and to, such that for
every s,t € [to, T] satisfying s < t,

/_O; " (/t pr(e - Xu)soz(Xu)qu>

1 oo 1/17
< i)t 9) [nwﬁmng o ([ o) ]
O — 00

Lemma 7.2. Consider ¢ € C°(R). Under Assumptions 2.1 and 2.2, for every s,t € [to,T] such that
s <t,

2

w(Xt)Q] dx

| B et X <%E[ (X X7

— 00



NADARAYA-WATSON ESTIMATOR FOR LI.D. PATHS OF DIFFUSION PROCESSES 23

The proof of Lemma 7.1 (resp. Lemma 7.2) is postponed to Subsubection 7.6.1 (resp. Subsubsection
7.6.2).

First of all, note that
E([[0f,n0 = bF113) < 2E([bf n . = bF113) + 2E([bf np = bF o vonl3)

2 1070~ 013+ 0 4 [~ BT wae) = 5o

N

+ / var (6 y (@) — b ())de

— 00

=: 2 {H(bf)h —bf3+ % +BnNh+VnNh]

by Proposition 3.4, and note also that

N n—1 t;
—~ — ]. it 7 7 7
bf nn(@) =bf p nn(z) = NT —t) Z Z / (Kno(X}) — Kno(X{)))dX5.
i=1 j=0"ti

The proof is dissected in two steps. The term V;, 5, is controlled in the first step, and then B, n is
controlled in the second one.

Step 1. First of all, by Jensen’s inequality,

1 0o noloetin
n = =/ Ky »(Xy) — Kp (Xy,)dXe | d
Vo, Nk N(T —to)? [mVaT ]z_(:)/t (Kh 2 (Xt) ha(Xt,))dXy | do

2 ~ 5 R 25(X,)21dt | d

< ——— Kp . (Xy) — Kp o (X, X t Ve
v/ ;/ (B (X0) — K (X )PBX0 Pl Vi
with
2

9 0o n—1 41

V,ZN,h = 7N(T—t0)2 [ME Z/ K}LL Xt Khz(Xt ))O'(Xt)th dx.

In order to control V,, n, as in the proof of Proposition 4.2, a preliminary bound on V7, has to be

established via the isometry property of It6’s integral:
2

- 2 o9} T n—1
Ving = m/_OOE /to ;(Kh,z(Xt)_Kh,m(th))J(Xt)l[tj,tj+1](t) AW, dx

2 e’} T n—1
_ m/_w /t E | { S (a(X0) = Kna(Xe )0 (X 1p, 0, o(®) | | dtde

2 ~ (b 2 2
= N(T —to) /m Jz_:o/t E[(Kha(Xt) = Kno(X,)) 0 (Xe)TJdt | da.
Then,
Vb S N(T2— to) JZ:% /tjj+1 /Oo E[(Kn,a(Xp) = Kno(X0,))*b(X))ddt
+ —to /7+1/ [(Kho(Xe) — Kno(Xe,))?0(Xe)?)dadt.
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For ¢ = b or ¢ = o, by Itd’s formula,

Z/ m/ (Ko (Xe) = Kna(Xe,))0(X:)?|ddt

/tfj+1 / ( K (X )b(Xu)du>2¢(Xt)2

{E ( th;;,z<Xu>a<Xu>2du> P (X)?

t;

2
t
+E ( K,;’I(Xu)o(Xu)qu> o(X)?| | dedt

where the constant ¢; > 0 is not depending on ¢, h, N, n and tg. Moreover, for every j € {0,...,n — 1}
and t € [t;,tj41], by Lemma 7.1 with p = 1/(1 — ¢),

/ (/ K} o (Xy)o(Xy)dW,y >2<p(Xt)2 dr < er1(p)(t — tj)/_o; K} (2)%dz

rera(p)(t— 1)) / T 2K (2)dz

cr1( K 2Pd 1/p
+ 1/<2p n(2)Pdz

p-(1=e)/2

0

< o) (t — 1)

where the constant ca(¢) > 0 depends on e, but not on ¢, j, t, h, N, n and to. Thus, by Jensen’s
inequality and Remark 2.4,

/”1/ (Kno(X0) — Ko (X0))20(X,) | dndt

< o5(e) Z / [(t ;) / ® (@<Xt>2b<xu>2 / Z K;L,I<Xu>2das) du

J=0 7

+(t—tj)/:E< / K] )du+( _t))

ca(e) 3 1 1
———— T -1t
min{1, t{'~ 5)/2}( ) <n2h3 N n2h5 YRR

1 to(l €)/2
1+E+W dt

where ¢3(e) and ¢4(g) are two positive constants depending on &, but not on ¢, h, N, n and tyg. Therefore,

¢5(€) 1
Va,Np < :
n min{l,tgl_g)/z} Nnh3+e

where the constant ¢5(e) > 0 depends on €, but not on h, N, n and tg.

Step 2. First of all, since Ito’s integral restricted to H? is a martingale-valued map, since Kp, . is a
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kernel, by Lemma 7.2, by Assumptions 2.2 and 2.3, and since b is Lipschitz continuous,

/ E(] x p(2) — D ()%

— 00

oo n—1 t.:
1 j+1
= E((Kp 2 (Xe) — Kpo( Xy, X
[m T —t, jz_(:)/tj (Ko (Xe) hae(Xe;))b(Xy))dt
2
1 n—1 tit1
+ > E (K o(Xy) = Kno(X)o(X0)dW, | | da
Tt & s,
2 n! tit1 0 )
T -t ZO /tj /—oo E(Ena(Xe)b(Xe) = Kna(Xe; )b(Xy, ) dudt
2 n—1 tit1 00
R Z/ / E(|Kno(X,)| - [b(Xe) = b(Xy,)])*dadt
B =07t —00

<27','K”IZ L (7 teras ) e o ) = o) s

20001 || K[| = / )
Y E[(b(X¢) — b(Xy,))?dt
t(l)/Q (T - t()) ]go t; '

ANKN2 "= [ i >
< ||_||1 / (t—t;)%dt / b(2)*> sup |Oupu(wo,2)[*dz
T to = ¢ — o w€[to,T]
n—1
2C221||K||1 b2 S 2
< 6 + / t t; t
tgq3n2 téﬂ(T —to) =0/t

where the constant ¢g > 0 is not depending on h, N, n and tg. Moreover, for any j € {0,...,n — 1} and
t € [t),tj+1l,

t t
X — Xy, :/ b(Xu)du—i—/ o(Xy)dW,
t; t
and then, by Jensen’s inequality, the isometry property of [t6’s integral and Remark 2.4,
t t
E[(X; — Xy,)%] < (t—tj)/ E(b(Xu)Q)du+/ E(o(Xu)?)du
tj tj

< (t— 1 sup EGX)) 4 (- 15) swp E(o(X.)?) < erlt — 1)
UG[to,T] uG[tg,T]

where the constant ¢; > 0 is not depending on j, t, h, N, n and ty. Therefore,

—0 min{¢," ", t5

where the constant ¢g > 0 is not depending on n, N, h and t;.
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Remark 7.3. Assume that b and o are bounded. Then, in Step 1, for ¢ =b or ¢ = 0,

j—ZO /tjj+1 /C:; E[(Kn,o(Xt) — Khvf(th))zSﬁ(Xt)Q]dxdt
< n— tit1 o E t K’ 7Z()(Vu)b()(u)du> (Xt>2
C1 jgo /tj /_OO (/t, h %)

+E < K;[,m(Xu)a(Xu)zdu> p(X)?

tj

2
t
+E ( KgI(Xu)a(Xu)qu> o(X)?| | dadt

,
tj

n—1 tj+1 oo t 2
<alelzy [ | [ Kience)de
j:O tj — o0 tj

t 2 t 2
+E < K;;yx(Xu)a(Xu)Qdu> +E ( K,’Z}E(Xu)a(Xu)qu> dxdt.
tj tj

So, in this special case, the bound on Vi, np is established by using the exact same arguments than in
the proof of Proposition 4.2. In particular, one can take ¢ = 0, the additional conditions K € L*(R, dx)
and z — 2K (z) belongs to L?(R,dx) are not required, and the bound on Vy, ., is of order 1/(Nnh3) and
doesn’t depend on tg.

7.6.1. Proof of Lemma 7.1. Consider ¢(x,z) = @1(z — 2)p2(z) for every z € R, ¢ > 0 such that
1/p+1/q = 1, and s,t € [0,T] such that s < ¢. First of all, by the isometry property of Ito’s inte-
gral, Burkholder-Davis-Gundy’s inequality, Holder’s inequality, Markov’s inequality, Remark 2.4, and the
generalized Minkowski inequality,

( / iz, Xu)qu>
(/St o(z, Xu)qu)

t 2p 1/p
(/ so(x,Xu)qu) ] E(1h( X))V COP(yh(X;)? > 22)1/ (0)

1/p

(/: Sﬁ(x,Xu)2du>p] E((X,)4)1/2)

y {E(W@)W E(i(X,)*)!/ 0

2
E

1/J(Xt)2]

2
< 2°E

1¢(Xt)2<$2‘|

+E

t
< / Elo(z, X.)2)du + 01 (0)E

21/ 11 (z) +

> Lp\[—1,1] (l‘)]

<a? /: Elp(x, Xu)?|du + ca(p) (/:E[w(wy Xu)Qp]”de> (5611/,11[—1,11 (z) + %LR\[—M] (x))



NADARAYA-WATSON ESTIMATOR FOR LI.D. PATHS OF DIFFUSION PROCESSES 27

where ¢1(p) and c¢o(p) are two positive constants depending on p, but not on z, s, t, ¢ and t5. On the
one hand, since ¢y has polynomial growth, by Remark 2.4, for every u € [s, ],

/ " B[, Xo)2ds = /_ Z /_ O; 2200 (7 — 2)% 02 ()2 pu (0, 2)dzd>

— 00

= /:’0 /j’o (I‘ + Z)Qcpl(x)QwQ(Z)zpu(ﬂfo,Z)d:z?dz

2 (/o:o x2<p1(1')2d9:) </O:O ©2(2)*pu(@o, z)dz>
+2 </O; <p1(:c)2dx) </O:O 22 02(2)*pu (o, z)dz>

es([@1ll3 + len )

N

N

where the constant ¢ > 0 is not depending on u, ¢1 and tg. Then,

/ / 2\dudz < cs(t — ) (8113 + 21 3)-

On the other hand, since s has polynomial growth, by Assumption 2.2, for every x € R,

t t o 1/p
/ E[cp(x,Xu)Qp]l/”du = / </ <p1(z)2p<p2(z + x)zppu(xo,z + x)dz) du

—0o0

< Se-9 ([ am) "

— 00

where the constant ¢4(p) > 0 depends on p, but not on z, s, ¢, ¢1 and t. Then,

0o t ) .
/;oo (/s Ew(x,Xﬂ)Qp]l/pdu) (331/‘11[—1,1] (z) + IR (93)) dx

< tfl)s/glz);z) (t—s) </°° @1(3)2%2)1/1)

—00

5(p) = ca(p) /1 dx +/ dx _
P) = ca(p 7 - 0.
° ! _y xt/e R\[-1,1] T2

7.6.2. Proof of Lemma 7.2. Consider s,t € [to, T] such that s < ¢, and let ps; (resp. pys) be the density
of (X5, X¢) (resp. the conditional density of X; with respect to X). Moreover, for the sake of readability,
ps(zg, .) is denoted by ps(.) in this proof. By Assumption 2.2,

with

E(Knq(Xs)p(Xs, X1))* = [|K]7 UOO E0(0) (/oo w(y7z)pt|s(zy)d2> ps(y)dy}2

—00 ”Kh,I”l —00

<Kl [ 1K) ( | so(y,z)pﬂs(zw)dz)st(y)?dy

— 00 —0o0

<K sup {supps@)} / Ky >|( [ et PGl ) i

s€[to,T] —00

c2.2.1]| K1
< 71/2 | 2)%psi(y, 2)dzdy.
0
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Therefore,
| B (X)p X0 e < ﬂ [ ( / nalde) ([ ot 2Poestn 21z )
= 62211\/|2KH1/ / 2)*ps.i(y, 2)dzdy
A7 Bl X0

7.7. Proof of Theorem 5.2. Throughout this subsection, I is a primitive function of the kernel K. The
proof of Theorem 5.2.(1) relies on the following technical lemmas proved at the end of this subsection.
The proof of Theorem 5.2.(2) is left to the reader because it is similar but simpler than the proof of
Theorem 5.2.(1) detailed in this subsection.

Lemma 7.4. Under Assumptions 2.1, 2.2, 8.1 and 5.1,

t/KhXt—x)dXt O, (X,z) ; Vo € R, Vh > 0,
_O

where (z,h, o) — @ (p, ) is the map from R x (0,00) x C([tg, T];R) into R defined by

B(pya) = 7 [fc (B0=2) e (=) - o [ e (2022 0(¢(t))2dt]

for every x € R, h > 0 and ¢ € C°([ty, T);R). Moreover,
(1) For every x € R, h >0 and ¢ € C°([to, T]; R),

2/[Klloo , Nloll5o K" llow
T —t 2h2

|Pn(p,z)| <

(2) For every h >0 and ¢ € C°([to, T];R),

6IKI% . I9llssllolls & 113
(e, )55 < .
|| h(<)07 )”2,5 (T _ t0)2 + h3

(8) There exists a deterministic constant ¢z 41 > 0 such that, for every h,h' > 0,
E((®n(X",.), ®n(X?,.))35) < craam(h)
with
m(h') = E(| @ (X, )15 5)-
(4) There exists a deterministic constant ¢7.45 > 0 such that, for every h >0 and ¢ € L*(R,dz),
E(<q>h(X7 ')7 <)0>§,6) =

(5) There exists a deterministic constant ¢z 4,3 > 0 such that, for every h,h' € Hn,

(Pn(X,.), (0f )nr)o.s| < a3  as.

Lemma 7.5. Consider
(7) U (N) := > (@n(X",.) = (bf ), @nr (X7 ,.) = (bf)nr)2is ; Vho ' € Ha.
i#]j
Under Assumptions 2.1, 2.2, 8.1 and 5.1, there exists a deterministic constant ¢75 > 0, not depending
on N, such that for every 6 € (0,1) and X > 0, with probability larger than 1 — 5.4|Hx|?e™?,

{ ‘Uhﬁ/(N)‘ B em(h’)} < crs(l+ )\)3.

sup

hoW €My N? N | 6N
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Lemma 7.6. Consider
X
i 2
Va(N) = S I®n(X7,) = (bf)nl3s 5 Vh € M.

Under Assumptions 2.1, 2.2, 3.1 and 5.1, there exists a deterministic constant ¢7.¢ > 0, not depending
on N, such that for every 6 € (0,1) and X > 0, with probability larger than 1 — 2|Hy|e™*

1 Om(h) C7_6(1 + )\)
- - - < .
}1}3{ LV) - m(m) - }\ e

7

Lemma 7.7. Consider

(®) Win (N) := (0f o = (b Fns (bf)ne = bf)a,s 5 ¥h, ' € H
Under Assumptions 2.1, 2.2, 3.1 and 5.1, there exists a deterministic constant ¢7.7 > 0, not depending
on N, such that for every 6 € (0,1) and A > 0, with probability larger than 1 — 2|H |2,

cr7(14+N)?
sup ([ Wi (V)] — 016 — bf|25) < UL
hhEHN ON

7.7.1. Steps of the proof. The proof of Theorem 5.2.(1) is dissected in four steps.

Step 1. This first step provides a suitable decomposition of ||gf N7 —bf H% 5. First,

16F 7 — bf13s5 = IS g7 — BF wono s + 1B wono — S35
~2(0f 5 py — OF w7 OF wopy — b )25
Then, by (5), for any h € Hy,
16F 57 = bF 3.5 < 16f n — bF nono I35 + pen(h) — pen(h)
HIDF oy — b 13,5 — 2008 noo = 0F w7 bF wong — )25
< 16f n s — bfII3,5 + pen(h) — pen(h)
HI0F oy — b I35 — 2(0F o — By s b nog — bF 2
9) = [bf o — I35 — Un (R) + U ()

where . .
YN (h) == 2(bf §p —bf,0f Ny — 0f)2.5 — pen(h).
Let’s complete the decomposition of ||5}N P bf||§7§ by writing

Yn(h) =241, n(h) + 2,5 (R) + s N (Rh)),

where
i i i ; Unpo(N) 1
Y1n(h) = —to T 10N Z </ Kp(X!—)dX: / Kp, (X! — )dX! >25 + =~ ppen(h)
_ Unno(N)
= e,
Yo (h) = Z< —to/ Ko (X! —)dX! (bf)h> -
i=1 2,6

+Z<

P3N (h) = Wino(N) + Who n(N) 4+ {(0f ) = 0f, (bf)ny — 0 )2.5-
Step 2. This step deals with bounds on E(¢; n(h)) and E(’(/Jj,N(/f\L)) for j =1,2,3.

— / K (X — )X <bf>ho> + 0y, ()2 and

2,6
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e By Lemma 7.5, for any A > 0 and @ € (0, 1), with probability larger than 1 — 5.4|H |?e™*,
om(h) | ers(l+))° om(h) MGEICERYE

< DIES
W17N(h>| = N 0N a'nd |’(/)1,N(h)| ~ N GN
e On the one hand, for any h,h’ € Hy, consider
Uy n(hy h) Z (X1 .), (bf)n)as

By Lemma 7.4,

N
1
/!
[ ()] < 5

On the other hand,
(O ns (0 V) 2.5] < N18]loo 1R * (0F) oo | Ko * (011 < [10lloo [ KTN0F oo [[0F]]1-

Then, there exists a deterministic constant ¢; > 0, not depending on N and h, such that

C ~ C
Won(h)] < = and [gan(R)| < sup o n(R)| < = as.
N h'eHN N

/OO Oy (X", 2)(bf ) (2)(2)dz| <743 as.

e By Lemma 7.7 and Cauchy-Schwarz’s inequality, with probability larger that 1 — |H |2,

9 )\ 2
s (B < SIS~ F B+ 165)n, — bF3) + T UFAS

1 /6\Y? 1 2\"?
v2x 507 () 00—ttt 517 (3) 107, 051

0 8cr7(1 4 A)2
< S0 =715+ (345 ) Norn, — b1, + S2TEN

and
~ 6 ¢ )’
an B < G100~ 0718 + (4 5 ) 107, — 05185+ STTG LA,

Step 3. Let us establish that there exist two deterministic constants cs, ¢ > 0, not depending on N and
6, such that with probability larger than 1 — ¢;|Hy|?e ™,

_ h A)?
sup {157 0518~ (1+) (10— b1, + ) | < N

heH N

and
m(h)

1 —~
su bf ) = bfl5s+ —~ — —Ibfxn—b
sup {100 = 01185+ " = 50T

2 < M
2L T o1 -0)N'
On the one hand, note that
bf m(h
16f n, — bFII35 — (1+6) (||<bf)h —bf2 s+ ]<V>>

can be written

(14 60)m(h)

10F 5 = Bnl3.s — =+ 2Wa(N) = 01l (0 — bS5,
where W, (N) := Wj, 1, (N) (see (8)). Moreover, for any h € Hy,
= U V(N
(10) 67w~ ol = L)y Vi)

with Up(N) = Uy n(N) (see (7)). So, with probability larger than 1 — ¢|Hy|?e™?,

_m(h) ‘ ~ fm(h) } o 2ers + o)1+ A)?
N N = ON

sup {’IIbeh (bf)

heH N
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by Lemmas 7.5 and 7.6, and then

C2(1 + )\)3
ON

sup {10115~ (140 (1060 o185+ ") ] <

heHN

by Lemma 7.7. On the other hand, for any h € Hy,

1F)n = 0135 = 10w —bF 135 = II6F s — (OF)nlI25 — Wi (IV).

Then,
(1-0) <|<bf>h ~0fl35+ "}(Vh)) —(0F xgy = b 135 < IWR(N)| = 0 (bf)n — bF (135 + An(N) — 9“‘7]&)
where
bf h
M) =160 0I5~ P52

By Equality (10),

() ‘th) L V) () ’ |

N2 N N

By Lemmas 7.6 and 7.5, there exist two deterministic constants c¢g,¢3 > 0, not depending N and 6, such
that with probability larger than 1 — ¢3|H y|?e™?,

m(h) } (1 +N)3
su AL(N) -0 < .
heﬁ’N{ =07y oN

By Lemma 7.7, with probability larger than 1 — 2|Hx|e™?,

cr7(14+X)?
sup {IWH(N)| — 06 — bf 35} < TN
heHN
Therefore, with probability larger than 1 — to|H y|2e ™,
2 m(h) I 2 ca(1+N)°
- —_ - <212
s 1000~ 0718 + T = g1 - 1} <

Step 4. By step 2, there exist two deterministic constants ¢4, ¢4 > 0, not depending on N, 6, h and hg,
such that with probability larger than 1 — t4|Hx|?e ™,

3
o1 <0 (100~ 07135+ 00 ) (54 2) W0, — o718+ SOEA

N 2 ON
and
~ h 9 2 1+ )3
on (B)] < 0 (nwm —bfl3s+ ‘“}Q) + (2 + 9> (b, — b3+ LEEA

Then, by step 3, there exist two deterministic constants ¢5,¢5 > 0, not depending on N, 6, h and hy,
such that with probability larger than 1 — t5|H|?e ™,

0 6 2 1 1 (14 N)?
o] < T2 15w =07 B+ (5 + 5 ) 100 = 011 55 (5 + 125 )
and
. 0 0 2 1 1\ 1+ )3
vl < T lIbf v 7 = bfII3,5 + (2 + 9) [®5)no = bS 1135 + 5 (9 Tz 9) N
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By the decomposition (9), there exist two deterministic constants cg, ¢ > 0, not depending on N, 6, h
and hg, such that with probability larger than 1 — tg|Hy|?e ™,

25 < |bfnn —bfI3.s + [on(R)| + [on (R)]

0 0
(1+ 1= > ”beh be%,é‘Fm”be,ﬁ_be%,(s

C6 (1 + /\)3
61—6) N

||be,}7

C6
+§H(bf)ho - bf||§,5 +

This concludes the proof.

7.7.2. Proof of Lemma 7.4. First of all, for any x € R and h > 0, by 1t6’s formula,

Xr—=z Xy — 1 X —x
T XT—J,‘ Xto—l‘
/Kh(Xt—x)dXt:IC ) -k T
to

_i K’ (X*h ) o(X)2dt = (T — to)®p(X, z).

So,

2h?

Lemma 7.4.(1) is a straightforward consequence of the previous equality and Lemma 7.4.(2) is easy to
establish: for every h > 0 and ¢ € C%([ty, T]; R),

=P lono s <2 [ K (“‘T,)L”)Qa(x)dacw | x (W)Qawx

— 00 — 0o

+% /_O; /tTK (‘P(t)h_g”> a(<p(t))2dtr<5(x)dx

_ T 00 — 2
< 6)IK)% + Th4t0/t U(Lp(t))4/_ K’ ((p(t)h> §(z)dzdt
T —ty)
h3

2 K} o 4 K’ 2
<6”,C”§0+( I8l llo IS I3

Let us prove Lemma 7.4.(3,4,5). First, for any h, h’ > 0,

]E(<‘I)h(X1a ')a Dy (X27 )>%,6)

1 0 T T 2
- mﬂi (/ ( t Kn(X} —:r)dX,}) ( t K (X? —x)dX,?) 5(x)dx>

< 2
S (T —to)?

App 7/ </ Kn(X} —2)o(X )th></ Kn (X z)dX2) §(z)dr and
Bw ;:/ (/ Kn(X} — 2)b(X}) dt) (/ K (X —a:dX2> §(x)dz.

(E(Ai,h/) + 2E(Bi21,h’))

with
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Bound on E(4j ;). Since (X', W') and X? are independent,

Bt = [ [ K K(X] )<X§>dws>< TKh(th—y)a(Xi)dWJﬂ
( / K (X dX2>< TKh/(XtQy)de)]é(x)é(y)dmdy.

On the one hand, for every x,y € R, by the isometry property of Itd’s integral and the definition of f,

E

( " R x>a<xs>dw:> ( " (i y>o<xz>dw:ﬂ

T oo
- / (K (X} — 2)Kn (X} - y)o(XD2)dt = (T — to) / K (z - 2)Kn(z — 9)o(2)2f(2)dz.

to

Then,

B ) = (7 —to) [ Z / Z / Z Kn(z - 2)Kn(= — 9)o(2)(2)

< [( ' K (X? - x)dX3> ( TKh/ (X2 - y)dxfﬂ §(z)6(y)dxdydz

= (T—to)/_o:oa z)? (/_O;Kh(z—x / Kp (X dXde>2] dz.

On the other hand, for every z € R, z — |Kx(z — z)|/||K||1 is a density function. Then, by Jensen’s
inequality,

o0

2
E(42,) < (T — to)|[ K| / o(2)f(2) / Kz — 2)]8(2) E{(/ K (X >dx2>]dxdz

< (T = to)llo* fll 1 K13 H5||oo/ o(x [(/ Kn (X} —x dX) ]dg;

(T — t0)* (|0 flloo [HE [ F16]|cm(R).

Bound on E(B}%’h,). Since x — | Kp (X (w) —2)|/|| K1 is a density function for every (¢,w) € [tg, T] X £,
by Jensen’s inequality,

(

T 2
T — to)||K]s / / E(|Kn(X} — 2)[b(X >>6<x>2E[<t Kh«X,?—x)dXs)

T %)
E(BZ,) = E / / K (X2 — 2)b(X1)o(x)

t to

2
Kh/( - at)dXdedt)

dzdt

@l [ ([ G- ) s "

— 00 —00

T 2
< K (X% - :c)dX3>
to

T 2
( K (X% - x)dX§>
to
< (T = o) 10° flloo | K [IF]18 ]| com(R).

dzx

R M I HE N e
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Now, for any h > 0 and ¢ € L3(R, dz),

E(®n(X,.),9)35) = ﬁE
c 2
S (T —t9)?

( [ O:O o(z)8(z) /t T Kn(X, — x)dXtdx> 2]

(E(C}) +E(Dj))
with

e} T
Cp = / o(2)6(x) | Kn(X; — 2)o(X,)dW,dz and
— 0o t()

%) T
Dy = /_ o(2)5() /t Kn(X, — 2)b(X,)dtd.

Bound on E(C?). By the isometry property of 1t6’s integral and the definition of f,
o e’} T
B(cE) = [ [ e@eb@it) [ BELX: - ) KX~ y)o(X0))drdody
—o0 J —0o0 to
—-t0) [ [ e@ewd@iw) [ Kule - o) - ol f(dzdady

= (T—to)/i (Kn * (90))(2)*0(2)* f(2)dz < (T = to) |0 flloc | K13 10l l0113 -

Bound on E(D?). By the definition of f,

T 0o 2 T
E(D?) = E ( / b(X) / m(xt—x)so(x)a(x)dmt) < (T~ to) / E(b(X0)2(K) * (08)) (X,)%)dt

< (T*7f0)2/oo (Kn * (90))(2)*b(2)* f (2)dz < (T = t0)? (6 fll oo 1K [ 16]| oo |0113 -

Finally, since X is a semi-martingale and since the map (¢t,w,z) — Kp(Xi(w) — z)(bf)p (2)d(x) is
measurable and bounded for any h, h’ € Hy, by the stochastic Fubini theorem and It6’s formula,

o0

(T = to)(Pn(X,.), (0f )nr)2.5 = (T—to)/ 5 (X, 2)(bf ) ()0 (x)d

— 0o

T )
_ /t [ Kn(Xi — 2)(bf ) (2)5(2)dzdX;  as.

T
= [ 1 (DX,
to
1 (7
= U (X1) = U (Xeo) = 5 Ghwr (Xe)o (Xe)?dt
to
where
wh,h’ = Kh * ((bf)h/6)7 and \Ilh,h’ = K:(/h) * ((bf)h/(s)
is a primitive function of vy, 5. On the one hand,
Vi = K x ((0f)nd)
= Kp * ((0f )nd') + Kp * (Kn * (bf)')0)
K+ ((0f)nrd") + Kp o (K * (bf"))8) + K+ (Kpr * (V' f))6).
Then, since bf, bf’ and ¥’ f are bounded under Assumption 2.2,
[Vhnllos < (1 ERILIER * ) loolld [loo + 1 BRI IE R * (0 Voo ll0lloc + 1ERII1 I KR * (0" f)) oo 6]
< KRN0 oo 16" lloo + IENZN0F oo 10]loc + IETFNY fllocll8]l oo < 00
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On the other hand,

1Wh.wlloo < IC/ ) [0l (Kh + (0F))0]l1 < 1K ]lso [16]]oo I [0l < 00
This concludes the proof because

(T = to) (Pn (X, ), (Bf 1) 2.6
7.7.3. Proof of Lemma 7.5. For any h,h' € Hy,

U (N) =D g (X7, X7)
i#j

T -t
2

<2 Whnlloo + o3 19h lle aus.

with, for every ¢1,p2 € E = C°([0,T]; R),

ghw (@1, 02) = (Pn(p1,.) = (0f )n, P (02,.) = (b )nr)2,6-

On the one hand, since E(gp, 1/ (p, X)) = 0 for every ¢ € E, by Giné and Nickl [17], Theorem 3.4.8, there
exists a universal constant m > 1 such that for any A > 0, with probability larger than 1 — 5.4e™*,

Up p (N m

e N0 0 (e s (NON2 4 0 (NN -+ b (VX2 a1 (N)X2)
where the constants ay, p/(N), b p/(N), ¢pp(N) and 0y, 5 (N) are defined and controlled later. First,
note that
(11) U (N) =Y (@ (X5 X7) = G (X)) = G n(X7) + B 0 (X7, X))

i#]
where, for every 0,7’ € Hy and o1, 92,9 € E,
?n,n’(sph 902) = <(D77(801u ')7 q)n’ (S027 -)>2,(5 and 577,"7’ (w) = <¢’I7(w7 ')7 (bf)n'>2,5 = E(gn’fr]’ (¢7 X))
Let us now control ap_p/(N), by (INV), ¢pp (N) and 0y 5 (IV):
e The constant ay, ,/(N). Consider

app (N) == sup |gnn (1, 02)l
p1,p2€E

By (11), Cauchy-Schwarz’s inequality and Lemma 7.4,

app(N) <4 sup [ ®u(p1,.), Pu(p2,.))2sl < 4 ( sup [|®n (1)
Q1,268 pr1EE

|2,5) (sup ||¢>h/<soz7.>||z,5)
p2€E

1/2 1/2
61113, |5IIWIIUII§OIIK’II§}/ [GICI?XD o Iollsollolls IE 13 / . a
(

<4 <a
T —t)? T E T —ty)? (h')3 3

with

61113 4| 2]
=4 2= A+ 0]l ||| 5 |1 K .
L oo

So, since (Nh3)™! <1,
Clh7h/(N))\2 < C1/\2 < Cl)\Q.
N2 N2h} N
e The constant by, ,/(N). Consider

br,n (N)? := N sup E(gn (0, X)?).
pelE

By (11), Cauchy-Schwarz’s inequality and Lemma 7.4,
bh,h’ (N)2 < 16N SU%E«@h(% ')7 Dy (X, )>%,6)
pe

com(h' )N

e with ¢ = 4¢;q.

< 16NE([[®n (X, )13,5) sup 124 (0, )35 <
©
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So, for any @ € (0,1), since (Nh3)~ < 1

)

1/2 1/2 1/2
by (N)A3/2 < 0 / m(R)1/? y 3m / c2/ 23/2
N2 3m Nh3/2 0 N1/2
Om(h')  3comA3 - Om(h') N 3comA3
= 3mN2h3 ON ~ 3mN ON -

e The constant ¢y, ;s (N). Consider

ch,h' (N)2 = N2]E(gh,h/ (le X2)2)'

By (11) and Lemma 7.4,

e (N)? < 16NZE((®y (X, .), Bpr (X2,))3 )

<
< eam(W)N?  with 3 = 16¢7.41.

So, as previously,
Ch,h/(]V)/\l/2 < Hm(h') 3c;3m)\
N2 = 3mN ON -
e The constant 9,/ (N). Consider

O (N) = sup E | ai(X)b;(X7)gnw (X', X7) |,
(a,b)e A i<j

where
N-1
Z E(a <1 and ZE <1
=1

By (11), Cauchy-Schwarz’s inequality, Jensen’s 1nequahty and Lemma 7.4,

O (N) <4 sup E Z Z |ai (X )b (X7)gpp (X, X7)|
(a;b)eA =1 j=14+1

< ANE((®5(X1,.), @ (X2,0)2 )2 < o *m(R') V2 N.

So, as previously,
O (IN)A < fm(h')  3camA?
N2 = 3mN ON

Therefore, there exists a deterministic constant ¢4 > 0, not depending on N, h and h’, such that with
probability larger than 1 — 5.4e~?,

U (V)| _ bm(h) | ca(1 4 )
N2 SN ON
2 7)\

In conclusion, with probability larger than 1 — 5.4|H y|%e

Unn (N Om(h/ 1+ X)°
sup {|h,h§ )| fm( )}<C4(+ )
hh EH N N N ON

7.7.4. Proof of Lemma 7.6. First, the two following results are used several times in the sequel:

2
1625 < 15 / ( / Knly — ) ()f(y)dy> da
2 2
(12) < 116 / / Ky — 2)2dudy < HéllooHK}ILIsz flh




NADARAYA-WATSON ESTIMATOR FOR LI.D. PATHS OF DIFFUSION PROCESSES 37

and
E(Vi(N)) = E(||[®n(X,.) — 0)nll35)
= E([@n(X,)II5.5) + [1(6f)nll3,5 — 2[ (bf)n(2)E(Ph (X, 2))d(z)dx

(13) = E(||®n(X, )[l5.5) = | (0F)nl35-

Consider

1 Y , .
on(N) i= Va(N) = B(Va(N)) = 5 D_(9n(X") — E(gn (X))
with

gn() = [Pn(p,.) = (0f)nll35 s Vo € E.

By Bernstein’s inequality, for any A > 0, with probability larger than 1 — 2e~?,

QUh/\ " Ch>\

< -

where

Ch = % and v, = E(gn(X)?).

Moreover, by Inequality (12) and Lemma 7.4,

1 2
th = L sup [ @n(p,) — (bF)nl2s < 2 (sup 1@ (00 )2 5 + ||<bf>h||§,5)
3 3 weEE

pEE
€1 . 2 6||’C||<2>o 4 2 21112
S vith a=3 [(T_to)z 118l A 1B + 18] 1K 13162 1

and, by Inequality (12), Equality (13) and Lemma 7.4,

on < lgnllcE(VA(V) < T3 (B(>1@1 (X, )13,5) = 1(Bf)nll3 5)

sz(h)

with  ¢g = 3¢;.
Then, for any 6 € (0, 1), since (Nh3)~! < 1, with probability larger than 1 — 2e~*,

com(h)A oA

< -
on (NI < 2\ =+ s
(Cl + C2)>\ (C1 + CQ))\
< — K
< Om(h) + TTEER Om(h) 7

So, with probability larger than 1 — 2|H y|e™?,

{Ivh(N)l N 9m(h)} <t e)r

sup

netin L N N ON

Therefore, by Equality (13), with probability larger that 1 — 2|Hx|e™?,

2 3/ 9m(h)}

2,6 —

sup { IVA(Y) ~ Bl X, &

heH N

[on(N)] _ Om(h) (1 + ¢2 + [|0]loc [ KNIFIDAZ) (1 + )

< - Ky (bf)|55 < :
sup {20 B )1 I
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7.7.5. Proof of Lemma 7.7. For any h,h' € ’HN,

Wh, e ( = Z Gh, n (gh h’(XZ)))

with, for every ¢ € FE,
G (@) = (Pn(p,.), (bf ) — bf)2,s
By Bernstein’s inequality, for any A > 0, with probability larger than 1 — 2e~?,

2Uh,h’)\ ch,h’)\
N + N

[Whn (N)| <

where

h,h'
Ch,n' = u and Opp = E(gh,h/(X)Z).

Moreover, by Lemma 7.4,

1 1
Ch = 3 SUD {®r(w,.), (0f ) —bf)as| < §||(bf)h' = bfll2,6 sup [|Pn(e, )25
pekE pelE
. 1 6||/<||2 V2
h3/2||(bf n —bfllz,s with ¢ = 3T —to)? + (16| oo || 117 (13

and
o < E(@n(X,.), (0 )n — bf)3.6) < crazl|(0f)n — bfII3s-
Then, for any 6 € (0,1), with probability larger than 1 — 2e=*,

C7.4,2A A
Wi )] € 20/ 22 b b3+ oo | — s

2(7,472)\ 2C2/\2
< OI®Hw =bfl3s + =53 + gy

So, with probability larger than 1 — 2|Hy|%e™?,

2(c7.40+2)(1+N)?
ON

<Ol ) = bfl35 +

2(c7.a2 + )1+ A)?
sup  {|Whn (N)| = 0||(bf ) _be%,é} < (c7.4,2 9&)( )
h,h'eH N

7.8. Proof of Corollary 5.3. On the one hand, as in the proof of Proposition 3.5 and since §(z) > m
for every = € [A, B,

~ [ ~
Bz — bl a8) < ~5BUBS v 5 — bF13.4,5) + 2B Fy 7 — F13)

2C3 5

< 5 [E (I6f 5 = bF13,5) + B Fy o — FIB)]
On the other hand, by Theorem 5.2 and union bounds,

E(Ibf y 5 = bfl3,5) < (1+9) Join E(([bf n — bfl3.6) +

1
22 (1070, ~ 0115+ 7 )

(1650, 013+ 3 )|
(1535 - 118+ 5 ) -

[(1 ©0) min (BB~ bF12) + Bl Fwa — FID)}

(h,h!YEH N xHly

. - C
< V) [(1+) iy BT s~ b7 + 222

and

-~ . ~ €5.2,2
E(lfy5 — FI3) < (1 +9)  in B(]| fv e — f13) +
) EHN

Therefore,

-~ 2¢35(1V [|0]]00)
E(By 550 — bl3ap) < 2220V 1ll)

m3

+5 (op)n, 0118+ 125 A3+ )
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