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ABOUT PLANE PERIODIC WAVES

OF THE NONLINEAR SCHRÖDINGER EQUATIONS

CORENTIN AUDIARD AND L. MIGUEL RODRIGUES

Abstract. The present contribution contains a quite extensive theory for the stability anal-
ysis of plane periodic waves of general Schrödinger equations. On one hand, we put the one-
dimensional theory, or in other words the stability theory for longitudinal perturbations, on
a par with the one available for systems of Korteweg type, including results on co-periodic
spectral instability, nonlinear co-periodic orbital stability, side-band spectral instability and
linearized large-time dynamics in relation with modulation theory, and resolutions of all the in-
volved assumptions in both the small-amplitude and large-period regimes. On the other hand,
we provide extensions of the spectral part of the latter to the multi-dimensional context. No-
tably, we provide suitable multi-dimensional modulation formal asymptotics, validate those at
the spectral level and use them to prove that waves are always spectrally unstable in both the
small-amplitude and the large-period regimes.
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1. Introduction

We consider Schrödinger equations in the form

(1.1) i Btf “ ´ divx

`

κp|f |2q∇xf
˘

` κ1p|f |2q }∇xf}
2 f ` 2W 1p|f |2q f,

(or some anisotropic generalizations) with W real-valued and κ positive-valued, bounded away
from zero, where the unknown f is complex-valued, fpt,xq P C, pt,xq P Rd. Note that the sign
assumption on κ may be replaced with the assumption that κ is real-valued and far from zero
since one may change the sign of κ by replacing pf, κ,W q with pf,´κ,´W q.

Since the nonlinearity is not holomorphic in f , it is convenient to adopt a real point of view

and introduce real and imaginary parts f “ a ` i b, U “

ˆ

a
b

˙

. Multiplication by ´ i is thus

encoded in

(1.2) J “

ˆ

0 1
´1 0

˙

,

and Equation (1.1) takes the form

(1.3) BtU “ J
`

´divx

`

κp}U}2q∇xU
˘

` κ1p}U}2q }∇xU}
2 U ` 2W 1p}U}2qU

˘

.

The problem has a Hamiltonian structure

BtU “ J δH0rUs with H0 rUs “
1
2κp}U}

2q}∇xU}
2 `W p}U}2q,

with δ denoting variational gradient1. Indeed our interest in (1.1) originates in the fact that we
regard the class of equations (1.1) as the most natural class of isotropic quasilinear dispersive
Hamiltonian equations including most classical semilinear Schrödinger equations. See [SS99] for
a comprehensive introduction to the latter. In Appendix C, we also show how to treat some
anisotropic versions of the equations.

Note that in the above form are embedded invariances with respect to rotations, time trans-

lations and space translations: if f is a solution so is rf when

rfpt,xq “ e´ iφ0 fpt,xq , φ0 P R , rotational invariance ,

rfpt,xq “ fpt´ t0,xq , t0 P R , time translation invariance ,

rfpt,xq “ fpt,x´ x0q , x0 P R
d , space translation invariance .

1See the notational section at the end of the present introduction for a definition.
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Actually rotations and time and space translations leave the Hamiltonian H0 essentially un-
changed, in a sense made explicit in Appendix A. Thus, through a suitable version of Noether’s
principle, they are associated with conservation laws, respectively on mass MrUs “ 1

2}U}
2,

Hamiltonian H0rUs and momentum QQQrUs “ pQjrUsqj , with QjrUs “
1
2JU ¨ BjU, j “ 1, ¨ ¨ ¨ , d.

Namely invariance by rotation implies that any solution U to (1.3) satisfies mass conservation
law

(1.4) BtMpUq “
ÿ

j

Bj

´

JδMrUs ¨∇Uxj
H0rUs

¯

.

Likewise invariance by time translation implies that (1.3) contains the conservation law

(1.5) BtH0rUs “
ÿ

j

Bj

´

∇Uxj
H0rUs ¨ JδH0rUs

¯

.

At last, invariance by spatial translation implies that from (1.3) stems

(1.6) Bt pQQQrUsq “ ∇x

ˆ

1

2
JU ¨ JδH0rUs ´H0rUs

˙

`
ÿ

`

B`pJδQQQrUs ¨∇Ux`
H0rUsq .

The reader is referred to Appendix A for a derivation of the latter.
We are interested in the analysis of the dynamics near plane periodic uniformly traveling

waves of (1.1). Let us first recall that a (uniformly traveling) wave is a solution whose time
evolution occurs through the action of symmetries. We say that the wave is a plane wave when
in a suitable frame it is constant in all but one direction and that it is periodic if it is periodic up
to symmetries. Given the foregoing set of symmetries, after choosing for sakes of concreteness
the direction of propagation as e1 and normalizing period to be 1 through the introduction of
wavenumbers, we are interested in solutions to (1.1) of the form

fpt,xq “ e´ ipkφ px´cx tq`ωφ tq fpkx px´ cx tqq “ e´ ipkφ x`pωφ´kφ cxq tq fpkx x` ωx tq ,

with profile f 1-periodic, wavenumbers pkφ, kxq P R2, kx ą 0, time-frequencies pωφ, ωxq P R2,
spatial speed cx P R, where

x “ px,yq ωx “ ´kx cx .

In other terms we consider solutions to (1.3) in the form

(1.7) Upt,xq “ epkφ px´cx tq`ωφ tqJ Upkx px´ cx tqq ,

with U 1-periodic (and non-constant). More general periodic plane waves are also considered
in Appendix D. Beyond references to results involved in our analysis given along the text and
comparison to the literature provided near each main statement, in order to place our contribu-
tion in a bigger picture, we refer the reader to [KP13] for general background on nonlinear wave
dynamics and to [AP09, HK08, DBRN19] for material more specific to Hamiltonian systems.

To set the frame for linearization, we observe that going to a frame adapted to the background
wave in (1.7) by

Upt,xq “ epkφ px´cx tq`ωφ tqJ Vpt, kx px´ cx tq,yq ,

changes (1.3) into

BtV “ JδHrVs ,(1.8)

HrVs :“ H0pV, pkxBx ` kφJqV,∇yVq ´ ωφMrVs ` cxQ1pV, pkxBx ` kφJqVq

“ H0pV, pkxBx ` kφJqV,∇yVq ´
`

ωφ ´ kφ cx
˘

MrVs ´ ωxQ1rVs ,

and that pt, x,yq ÞÑ Upxq is a stationary solution to (1.8). Direct linearization of (1.8) near this
solution provides the linear equation BtV “ LV with L defined by

(1.9) LV “ JHess HrUspVq
3



where Hess denotes the variational Hessian, that is, Hess “ Lδ with L denoting linearization.
Incidentally we point out that the natural splitting

H0 “ Hx
0 `Hy , Hy rUs “ 1

2κp}U}
2q}∇yU}

2 ,

may be followed all the way through frame change and linearization

H“ Hx `Hy ,

L “ JHess HxrUs ` JHess HyrUs “: Lx ` Ly ,

with Ly “ ´κp}U}2qJ∆y.
As made explicit in Section 3.1 at the spectral and linear level, to make the most of the spatial

structure of periodic plane waves, it is convenient to introduce a suitable Bloch-Fourier integral
transform. As a result one may analyze the action of L defined on L2pRq through2 the actions
of Lξ,η defined on L2pp0, 1qq with periodic boundary conditions, where pξ,ηq P r´π, πs ˆRd´1,
ξ being a longitudinal Floquet exponent, η a transverse Fourier frequency. The operator Lξ,η
encodes the action of JHess HrUs on functions of the form

x “ px,yq ÞÑ ei ξx`iη¨y Wpxq , Wp¨ ` 1q “ W ,

through

JHess HrUs
´

px,yq ÞÑ ei ξx`iη¨y Wpxq
¯

pxq “ ei ξx`iη¨y pLξ,ηWqpxq .

In particular, the spectrum of L coincides with the union over pξ,ηq of the spectra of Lξ,η. In
turn, as recalled in Section 3.3, generalizing the analysis of Gardner [Gar93], the spectrum of
each Lξ,η may be conveniently analyzed with the help of an Evans’ function Dξp¨,ηq, an analytic
function whose zeroes agree in location and algebraic multiplicity with the spectrum of Lξ,η. A
large part of our spectral analysis hinges on the derivation of an expansion of Dξpλ,ηq when
pλ, ξ,ηq is small (Theorem 3.2).

As derived in Section 2, families of plane periodic profiles in a fixed direction — here taken
to be e1 — form four-dimensional manifolds when identified up to rotational and spatial trans-
lations, parametrized by pµx, cx, ωφ, µφq where pµx, µφq are constants of integration of profile
equations associated with conservation laws (1.4) and (1.6) (or more precisely its first component
since we consider waves propagating along e1). The averages along wave profiles of quantities of
interest are expressed in terms of an action integral Θpµx, cx, ωφ, µφq and its derivatives. This
action integral plays a prominent role in our analysis. A significant part of our analysis indeed
aims at reducing properties of operators acting on infinite-dimensional spaces to properties of
this finite-dimensional function.

After these preliminary observations, we give here a brief account of each of our main re-
sults and provide only later in the text more specialized comments around precise statements.
Our main achievements are essentially two-fold. On one hand, we provide counterparts to the
main upshots of [BGNR13, BGNR14, BGMR16, BGMR20, BGMR21, Rod18] — derived for
one-dimensional Hamiltonian equations of Korteweg type — for one-dimensional Hamiltonian
equations of Schrödinger type. On the other hand we extend parts of this analysis to the present
multi-dimensional framework.

1.1. Longitudinal perturbations. To describe the former, we temporarily restrict to longi-
tudinal perturbations or somewhat equivalently restrict to the case d “ 1. At the linear level,
this amounts to setting η “ 0.

The first set of results we prove concerns perturbations that in the above adapted mov-
ing frame are spatially periodic with the same period as the background waves, so-called co-
periodic perturbations. At the linear level, this amounts to restricting to pξ,ηq “ p0, 0q. In

2As, by using Fourier transforms on constant-coefficient operators one reduces their action on functions over the
whole space to finite-dimensonial operators parametrized by Fourier frequencies.

4



Theorem 4.1, as in [BGMR16], we prove that a wave of parameters pµ
x
, cx, ωφ, µφq such that

HesspΘqpµ
x
, cx, ωφ, µφq is invertible is

(1) H1 (conditionnally) nonlinearly (orbitally) stable under co-periodic longitudinal pertur-
bations if HesspΘqpµ

x
, cx, ωφ, µφq has negative signature 2 and B2

µxΘpµ
x
, cx, ωφ, µφq ‰ 0;

(2) spectrally (exponentially) unstable under co-periodic longitudinal perturbations if this
negative signature is either 1 or 3, or equivalently if HesspΘqpµ

x
, cx, ωφ, µφq has negative

determinant.

The main upshot here is that instead of the rather long list of assumptions that would be
required by directly applying the abstract general theory [GSS90, DBRN19], assumptions are
both simple and expressed in terms of the finite-dimensional Θ.

Then, as in [BGMR20], we elucidate these criteria in two limits of interest, the solitary-wave
limit when the spatial period tends to infinity and the harmonic limit when the amplitude of
the wave tends to zero. To describe the solitary-wave regime, let us point out that solitary
wave profiles under consideration are naturally parametrized by pcx, ρ, kφq where ρ ą 0 is the
limiting value at spatial infinities of its mass and that families of solitary waves also come with an
action integral Θpsqpcx, ρ, kφq, known as the Boussinesq momentum of stability [Bou72, Ben72,
Ben84] and associated for Schrödinger-like equations with the famous Vakhitov-Kolokolov slope
condition [VK73]. The reader may consult [Zhi01, Lin02, DBRN19] as entering gates in the
quite extensive mathematical literature on the latter. In Theorem 4.3, we prove that

(1) in non-degenerate small-amplitude regimes, waves are nonlinearly stable to co-periodic
perturbations;

(2) in the large-period regime near a solitary wave of parameters pc
p0q
x , ρp0q, k

p0q
φ q, co-periodic

spectral instability occurs when B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ă 0 whereas co-periodic nonlinear

orbital stability holds when B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ą 0.

Both results appear to be new in this context. Note in particular that our small-amplitude
regime is disjoint from the cubic semilinear one considered in [GH07] since there the constant
asymptotic mass is taken to be zero. Yet, in the large-period regime, the spectral instability
result could also be partly recovered by combining a spectral instability result for solitary waves
available in the above-mentioned literature for some semilinear equations, with a non-trivial
spectral perturbation argument from [Gar97, SS01, YZ19].

The rest of our results on longitudinal perturbations concerns side-band longitudinal pertur-
bations, that is, perturbations corresponding to pξ,ηq “ pξ, 0q with ξ small (but non-zero), and
geometrical optics à la Whitham [Whi74].

The latter is derived by inserting in (1.3) the two-phases slow/fastly-oscillatory ansatz

(1.10) Upεqpt, xq “ e
1
ε
ϕ
pεq
φ pε t,ε xqJ U pεq

˜

ε t, ε x;
ϕ
pεq
x pε t, ε xq

ε

¸

with, for any pT,Xq, ζ ÞÑ U pεqpT,X; ζq periodic of period 1 and, as εÑ 0,

U pεqpT,X; ζq “ U0pT,X; ζq ` εU1pT,X; ζq ` opεq ,

ϕ
pεq
φ pT,Xq “ pϕφq0pT,Xq ` ε pϕφq1pT,Xq ` opεq ,

ϕpεqx pT,Xq “ pϕxq0pT,Xq ` ε pϕxq1pT,Xq ` opεq .

Arguing heuristically and identifying orders of ε as detailed in Section 4.2, one obtains that the
foregoing ansatz may describe behavior of solutions to (1.3) provided that the leading profile U0

stems from a slow modulation of wave parameters

(1.11) U0pT,X; ζq “ U pµx,cx,ωφ,µφqpT,Xqpζq
5



where here U pµx,cx,ωφ,µφq denotes a wave profile of parameters pµx, cx, ωφ, µφq, with local wavenum-
bers pkφ, kxq “ pBXpϕφq0, BXpϕxq0q and the slow evolution of local parameters obeys

(1.12) kxA0 Hess Θ pBT ` cxBXq

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

“ B0 BX

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

where

A0 :“

¨

˚

˚

˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹

‹

‚

, B0 :“

¨

˚

˚

˝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

˛

‹

‹

‚

.

Let us point out that actually, in the derivation sketched above, System (1.12) is firstly obtained
in the equivalent form

(1.13)

$

’

’

&

’

’

%

BTkx “ BXωx
BTq “ BX pµx ´ cxqq
BTm “ BX pµφ ´ cxmq
BTkφ “ BX pωφ ´ cx kφq

with m and q denoting averages over one period of respectively MpUq and Q1pU , pkφ J` kxBζqUq
with U “ U pµx,cx,ωφ,µφq. Note that two of the equations of (1.13) are so-called conservations of
waves, whereas the two others arise as averaged equations. For a thorougher introduction to
modulation systems such as (1.13) in the context of Hamiltonian systems, we refer the reader
to the introduction of [BGMR20] and references therein.

Our second set of results concerns spectral validation of the foregoing formal arguments in
the slow/side-band regime. More explicitly, as in [BGNR14], we obtain in the specialization of
Theorem 3.2 to η “ 0 that

Dξpλ, 0q
pλ,ξqÑp0,0q

“ det
´

λA0 Hess Θpµ
x
, cx, ωφ, µφq ´ i ξB0

¯

`O
`

p|λ|4 ` |ξ|4q |λ|
˘

,(1.14)

for a wave of parameter pµ
x
, cx, ωφ, µφq. This connects slow/side-band Bloch spectral dispersion

relation for the wave profile U as a stationary solution to (1.8) with slow/slow Fourier dispersion
relation for pµ

x
, cx, ωφ, µφq as a solution to (1.12). Among direct consequences of (1.14) derived

in Corollary 4.5, we point out that this implies that if HesspΘqpµ
x
, cx, ωφ, µφq is invertible and

(1.12) fails to be weakly hyperbolic at pµ
x
, cx, ωφ, µφq, then the wave is spectrally exponentially

unstable to side-band perturbations. Afterwards, as in [BGMR21], in Theorem 4.6 we combine
asymptotics for (1.12) with the foregoing instability criterion to derive that waves are spectrally
exponentially unstable to longitudinal side-band perturbations

(1) in non-degenerate small-amplitude regimes near an harmonic wavetrain such that δhyp ă
0 or δBF ă 0, with indices pδhyp, δBF q defined explicitly in (4.10) and (4.11) ;

(2) in the large-period regime near a solitary wave of parameters pc
p0q
x , ρp0q, k

p0q
φ q such that

B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ă 0.

Again, these results are new in this context, except for the corollary about weak hyperbolicity
that overlaps with the recent preprint [CM20] — based on the recent [LBJM21] —, appeared
during the preparation of the present contribution. Note however that our proof of the corollary
is different and our assumptions are considerably weaker.

Our third set of results concerning longitudinal perturbations shows that for spectrally stable
waves in a suitable dispersive sense, by including higher-order corrections in (1.12) one obtains
a version of (1.11)-(1.12) that captures at any arbitrary order the large-time asymptotics for
the slow/side-band part of the linearized dynamics. Besides the oscillatory-integral analysis
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directly borrowed from [Rod18], this hinges on a spectral validation of the formal asymptotics
— obtained in Theorem 4.7 — as predictors for expansions of spectral projectors (and not only
of spectral curves) in the slow/side-band regime. The identified decay is inherently of dispersive
type and we refer the curious reader to [LP15, ET16] for comparisons with the well-known theory
for constant-coefficient operators. Let us stress that deriving global-in-time dispersive estimates
for non-constant non-normal operators is a considerably harder task and that the analysis in
[Rod18] has provided the first-ever dispersive estimates for the linearized dynamics about a
periodic wave. We also point out that a large-time dynamical validation of modulation systems
for general data — as opposed to a spectral validation or a validation for well-prepared data —
requires the identification of effective initial data for modulation systems, a highly non trivial
task that cannot be guessed from the formal arguments sketched above.

At this stage the reader could wonder how in a not-so-large number of pages could be obtained
Schrödinger-like counterparts to Korteweg-like results originally requiring a quite massive body
of literature [BGNR13, BGNR14, BGMR16, BGMR20, BGMR21, Rod18]. There are at least
two phenomena at work. On one hand, we have actually left without counterparts a significant
part of [BGMR21, Rod18]. Results in [BGMR21] are mainly motivated by the study of dispersive
shocks and the few stability results adapted here from [BGMR21] were obtained there almost in
passing. The analysis in [Rod18] studies the full linearized dynamics for the Korteweg-de Vries
equation. Yet, the underlying arguments being technically demanding, we have chosen to adapt
here only the part of the analysis directly related to modulation behavior, for the sake of both
consistency and brevity. On the other hand, some of the results proved here are actually deduced
from the results derived for some Korteweg-like systems rather than proved from scratch.

The key to these deductions is a suitable study of Madelung’s transformation [Mad27]. As we
develop in Section 2.3, even at the level of generality considered here, Madelung’s transformation
provides a convenient hydrodynamic formulation of (1.1) of Korteweg type. A solution U to
(1.3) is related to a solution pρ,vq, with curl-free velocity v, of a Euler–Korteweg system through

U “
a

2 ρ eθ J
ˆ

1
0

˙

, v “ ∇xθ .

We refer the reader to [CDS12] for some background on the transformation and its mathematical
use. Let us stress that the transformation dramatically changes the geometric structure of the
equations, in both its group of symmetries and its conservation laws. A basic observation that
makes the Madelung’s transformation particularly efficient here is that non-constant periodic
wave profiles stay away from zero. Consistently, the asymptotic regimes we consider also lie in the
far-from-zero zone. Our co-periodic nonlinear orbital stability result is in particular proved here
by studying in Lemma 4.2 correspondences through the Madelung’s transformation. Even more
efficiently, identification of respective action integrals also reduces the asymptotic expansions
of Hess Θ required here to those already obtained in [BGMR20, BGMR21]. For the sake of
completeness, in Section 3.2 we also carry out a detailed study of spectral correspondences. Yet
those fail to fully elucidate spectral behavior near pλ, ξ,ηq “ p0, 0, 0q and, thus, they play no
role in our spectral and linear analyses.

1.2. General perturbations. In the second part of our analysis we extend to genuinely multi-
dimensional perturbations the spectral results of the longitudinal part.

To begin with, we provide an instability criterion for perturbations that are longitudinally
co-periodic, that is, that corresponds to ξ “ 0. The corresponding result, Corollary 5.1-(1),
is made somewhat more explicit in Lemma 5.2. Yet we do not investigate the corresponding
asymptotics because in the multi-dimensional context we are more interested in determining
whether waves may be stable against any perturbation and the present co-periodic instability
criterion turns out to be weaker than the slow/side-band one contained in Corollary 5.1-(2) and
that we describe now.

7



The second, and main, set of results of this second part focuses on slow/side-band perturba-
tions, corresponding to the regime pλ, ξ,ηq small. In the latter regime, generalizing the longi-
tudinal analysis, we derive an instability criterion, interpret it in terms of formal geometrical
optics and elucidate it in both the small-amplitude and large-period asymptotics.

Concerning geometrical optics, a key observation is that even if one is merely interested on
the stability of waves in the specific form (1.7), the relevant modulation theory involves more
general waves in the form

(1.15) Upt,xq “ epkφ¨px´cx ex tq`ωφ tqJ Upkx ¨ px´ cx ex tqq ,

with U 1-periodic, kx non-zero of unitary direction ex. The main departure in (1.15) from (1.7)
is that kx and kφ are non longer assumed to be colinear. To stress comparisons with (1.7), let
us decompose pkx,kφq as

kx “ kx ex , kφ “ kφ ex `
rkφ ,

with rkφ orthogonal to ex. In Section 2.6, we show that this more general set of plane waves may

be conveniently parametrized by pµx, cx, ωφ, µφ, ex, rkφq, with pex, rkφq varying in the 2pd ´ 1q-

dimensional manifold of vectors such that ex is unitary and rkφ is orthogonal to ex.
With this in hands, adding possible slow dependence on y in (1.10) through

(1.16) Upεqpt,xq “ e
1
ε
ϕ
pεq
φ pε t,εxqJ U pεq

˜

ε t, εx;
ϕ
pεq
x pε t, εxq

ε

¸

and arguing as before leads to the modulation behavior

(1.17) U0pT,X; ζq “ U pµx,cx,ωφ,µφ,ex,rkφqpT,Xqpζq

with local wavevectors pkφ,kxq “ p∇Xpϕφq0,∇Xpϕxq0q and the slow evolution of local parame-
ters obeys

(1.18)

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

BTkx “ ∇Xωx

BTqqq “ ∇X

´

µx ´ cxq`
1
2 τ0 }rkφ}

2
¯

`divX

´

τ1
rkφ b rkφ ` τ2 prkφ b ex` exbrkφq ` τ3 pexb ex´Idq

¯

BTm “ divX

´

pµφ ´ cxmq ex` τ1
rkφ

¯

BTkφ “ ∇X pωφ ´ cx kφq

with extra constraints (propagated by the time-evolution) that kx and kφ are curl-free. In
System (1.18), a b b denotes the matrix of pj, `q-coordinate a` bj , divX acts on matrix-valued
maps row-wise and qqq, τ0, τ1, τ2 and τ3 denote the averages over one period of respectively

QQQpU , pkφ J` kxBζqUq, κ1p}U}2q }U}2, κp}U}2q }U}2,
κp}U}2qJU ¨ pkφ J` kxBζqU and κp}U}2q }pkφ J` kxBζqU}2 ,

with U “ U pµx,cx,ωφ,µφ,ex,rkφq. Linearizing System (1.18) about the constant pµ
x
, cx, ωφ, µφ, e1, 0q

yields after a few manipulations

(1.19)

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

kxA0 Hess Θ pBT ` cxBXq

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

“ B0 BX

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

`

¨

˚

˚

˝

0 0
τ3 τ2

τ2 τ1

0 0

˛

‹

‹

‚

ˆ

divXpexq

divXp
rkφq

˙

pBT ` cxBXq ex “ ´p∇X ´ e1 BXq cx
pBT ` cxBXq

rkφ “ p∇X ´ e1 BXqωφ
8



with extra constraints that rkφ and ex are orthogonal to ex “ e1 and that kxex ` kx ex and

kφex ` kφ ex`
rkφ are curl-free, where pkx, kφq are deviations given explicitly as

kx “ ´k
2
x d pBµxΘqpµx, cx, ωφ, µφq , kφ “

kx
kx

kφ ´ kx d pBµφΘqpµx, cx, ωφ, µφq ,

where total derivatives are taken with respect to pµx, cx, ωφ, µφq and evaluation is at pµ
x
, cx, ωφ, µφ, e1, 0q.

In System 1.19, likewise Hess Θ “ Hesspµx,cx,ωφ,µφqΘ is evaluated at pµ
x
, cx, ωφ, µφ, e1, 0q, and

A0 and B0 are as in System (1.12).
As made explicit in Section 5.1, our Theorem 3.2 provides a spectral validation of (1.18) in

the form

λ2pd´1q ˆDξpλ,ηq
pλ,ξ,ηqÑp0,0,0q

“

det

¨

˚

˚

˚

˚

˚

˚

˚

˝

λ

ˆ

I2pd´1q 0
0 A0 Hess Θ

˙

´ i ξ

ˆ

0 0
0 B0

˙

`

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 ´ iη 0 0
0 0 0 0 iη 0
0 0 0 0 0 0

τ3
kx

iηT
τ2
kx

iηT 0 0 0 0
τ2
kx

iηT
τ1
kx

iηT 0 0 0 0

0 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‚

`O
´

|λ|2pd´1q p|λ| ` |ξ| ` }η}q5
¯

,

or equivalently in the form

Dξpλ,ηq
pλ,ξ,ηqÑp0,0,0q

“ det

ˆ

λA0 Hess Θ´ i ξB0 `
}η}2

λ
C0

˙

`O
`

p|λ| ` |ξ| ` }η}q5
˘

,(1.20)

with

C0 :“

¨

˚

˚

˝

0 0 0 0
0 ´σ3 σ2 0
0 ´σ2 σ1 0
0 0 0 0

˛

‹

‹

‚

, σj “
τ j
kx

, j P t1, 2, 3u .

In the foregoing, again Hess Θ “ Hesspµx,cx,ωφ,µφqΘpµ
x
, cx, ωφ, µφ, e1, 0q. Note that, consistently

with the equality, the structure of B0 and C0 implies that the apparent singularity in λ of the
left-hand side of (1.20) is indeed spurious, each factor }η}2{λ being necessarily paired with a
factor λ in the expansion of the determinant. We stress that we are not aware of any other
rigorous spectral validation of a multi-dimensional modulation system, even for other classes of
equations.

It follows directly from (1.20) that if (1.19) fails to be weakly hyperbolic at pµ
x
, cx, ωφ, µφ, e1, 0q

then the corresponding wave is spectrally exponentially unstable. In Section 5.2, besides this
most general instability criterion, we provide two instability criteria, more specific but easier to
check, corresponding to the breaking of multiple roots near η “ 0 (Proposition 5.4) and near
ξ “ 0 (Proposition 5.5) respectively.

Afterwards we turn to the elucidation of the full instability criterion in the asymptotic regimes
already studied in the longitudinal part. Our striking conclusion is that, when d ě 2, in non
degenerate cases plane waves of the form (1.7) are spectrally exponentially unstable in both the
small-amplitude (Theorem 5.8) and the large-period (Theorem 5.6) regimes. More explicitly we
prove that such waves are spectrally exponentially unstable to slow/side-band perturbations

(1) in non-degenerate small-amplitude regimes near an harmonic wavetrain such that δhyp ‰
0 and δBF ‰ 0, with indices defined explicitly in (4.10) and (4.11) ;

(2) in the large-period regime near a solitary wave of parameters pc
p0q
x , ρp0q, k

p0q
φ q such that

B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ‰ 0.
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Let us stress that to obtain the latter we derive various instability scenarios — all hinging
on expansion (1.20) thus occurring in the region pλ, ξ,ηq small — corresponding to different
instability criteria. The point is that the union of these criteria covers all possibilities. In
particular, in the harmonic limit, the argument requires the full strength of the joint expansion
in pλ, ξ,ηq and it is relatively elementary — see Appendix B — to check that the instability
is non trivial in the sense that it occurs even in cases when the limiting constant states is
spectrally stable. We also stress that both asymptotic results are derived by extending to the
multidimensional context some of the finest properties of longitudinal modulated systems proved
in [BGMR21] from asymptotic expansions of Hess Θ obtained in [BGMR20].

All the results about general perturbations are new, including this form of the formal deriva-
tion of a modulation system. The only small overlap we are aware of is with [LBJM21] appeared
during the preparation of the present contribution and studying to leading order the spectrum
of Lp0,ηq near λ “ 0, when η is small. Even for this partial result, our proof is different and
our assumptions are considerably weaker. Let us also stress that [LBJM21] discusses neither
modulation systems nor asymptotic regimes. At last, we point out that the operator Lp0,ηq
depends on η only through the scalar parameter }η}2 so that the problem studied in [LBJM21]
fits the frame of spectral analysis of analytic one-parameter perturbations, a subpart of general
spectral perturbation theory that is considerably more regular and simpler, even compared to
two-parameters perturbations as we consider here. Concerning the latter, we refer the reader to
[Kat76, Dav07] for general background on spectral theory. Besides [LBJM21], in the large-period
regime, we expect again that the spectral instability result could be partly recovered by com-
bining a spectral instability result for solitary waves available in the literature for some specific
semilinear equations [RT10], with a non-trivial spectral perturbation argument as mentioned
above [Gar97, SS01, YZ19].

Extensions and open problems. Since such plane waves play a role in the nearby modulation
theory, the reader may wonder whether our main results extend to more general plane waves
in the form (1.15). As pointed out in Section 2.6, it is straightforward to check that it is
so for all results concerning longitudinal perturbations. Concerning instability under general
perturbations, a first obvious answer is that instabilities persist under perturbations and thus

extends to waves associated with small rkφ. In Appendix D, we show how to extend the results
to all waves in the semilinear case, that is, when κ is constant, and in the high dimensional case,
that is, when d ě 3.

At last, in Appendix C, we show how to extend our results to anisotropic equations, even
with dispersion of mixed signature, for waves propagating in a principal direction.

Though our results strongly hints at the multi-dimensional spectral instability of any periodic
plane wave, it does leave this question unanswered, even for semilinear versions of (1.1). In the
reverse direction of leaving some hope for stability, we stress that there are known natural ex-
amples of classes of one-dimensional equations for which both small-amplitude and large-period
waves are unstable but there are bands of stable periodic waves. The reader is referred to
[BJN`13, JNRZ15, Bar14] for examples on the Korteweg-de Vries/Kuramoto-Sivashinsky equa-
tion and to [BJN`17b, BJN`17a] for examples on shallow-water Saint-Venant equations. We
regard the elucidation of this possibility, even numerically, as an important open question. We
point out as an intermediate issue whose resolution would already be interesting, and probably
more tractable, the determination of whether there exist periodic waves of (1.1) associated with
wave parameters at which the modulation system (1.18) is weakly hyperbolic.

Let us conclude the global presentation of our main results by recalling that more specialized
discussions, including more technical comparison to the literature, are provided along the text.

Outline. Next two sections contain general preliminary material, the first one on the structure
of wave profile manifolds, the following one on adapted spectral theory. The latter contains
however two highly non trivial results: spectral conjugations through linearized Madelung’s
transform (Section 3.2), and the slow/side-band expansion of the Evans’ function (Theorem 3.2)

10



— a key block of our spectral analysis. After these two sections follow two sections devoted
respectively to longitudinal perturbations and to general perturbations. Appendices contain
key algebraic relations stemming from invariances and symmetries used throughout the text
(Appendix A), the examination of constant-state spectral stability (Appendix B), extensions to
more general equations (Appendix C) and more general profiles (Appendix D) and a table of
symbols (Appendix E).

Subsections of the two main sections are in clear correspondence with various sets of results
described in the introduction so that the reader interested in some specific class of results may
use the table of contents to jump at the relevant part of the analysis and meanwhile refer to the
table of symbols to seek for involved definitions.

Notation. Before engaging ourselves in more concrete analysis, we make explicit here our
conventions for vectorial, differential and variational notation.

Throughout we identify vectors with columns. The partial derivative with respect to a variable
a is denoted Ba, or Bj when variables are numbered and a is the jth one. The piece of notation d
stands for differentiation so that d gpxqphq denotes the derivative of g at x in the direction h. The
Jacobian matrix Jac gpxq is the matrix associated with the linear map d gpxq in the canonical
basis. The gradient ∇gpxq is the adjoint matrix of Jac gpxq and we sometimes use suffix a to
denote the gradient with respect to a. The Hessian operator Hess is given as the Jacobian of the
gradient, Hess g “ Jacp∇gq. The divergence operator div is the opposite of the dual of the ∇
operator. We say that a vector-field is curl-free if its Jacobian is valued in symmetric matrices.

For any two vectors V and W in Rd0 , thought of as column vectors, V bW stands for the
rank-one, square matrix of size d0

V bW “ VWT

whatever d0, where T stands for matrix transposition. Acting on square-valued maps, div acts
row-wise. Dot ¨ denotes the standard scalar product. Since, as a consequence of invariance
by rotational changes, our differential operators act mostly component-wise, we believe that
no confusion is possible and do not mark differences of meaning of ¨ even when two vectorial
structures coexist. The convention is that summation in scalar products is taken over compatible
dimensions. For instance,

V ¨∇UH0pU,∇xUq “
2
ÿ

j“1

Vj BUjH0pU,∇xUq ,

ex ¨∇∇xUH0pU,∇xUq “
d
ÿ

j“1

pexqj ∇BjUH0pU,∇xUq ,

∇xU ¨∇∇xUH0pU,∇xUq “
d
ÿ

j“1

2
ÿ

`“1

BjU`∇BjU`H0pU,∇xUq .

We also use notation for differential calculus on functional spaces (thus in infinite dimensions),
mostly in variational form. We use L to denote linearization, analogously to d, so that LpFqrUsV
denotes the linearization of F at U in the direction V. Notation δ stands for variational
derivative and plays a role analogous to gradient except that we use it on functional densities
instead of functionals. With suitable boundary conditions, this would be the gradient for the
L2 structure of the functional associated with the given functional density at hand. We only
consider functional densities depending of derivatives up to order 1, so that this is explicitly
given as

δArUs “ ∇UApU,∇xUq ´ divx p∇∇xUApU,∇Uqq .
11



In this context, Hess denotes the linearization of the variational derivative, Hess “ Lδ, explicitly
here

HessArUsV “ dpU,∇xUqp∇UAqpU,∇xUqpV,∇xVq

´ divx

`

dpU,∇xUqp∇∇xUAqpU,∇xUqpV,∇xVq
˘

.

Even when one is interested in a single wave, nearby waves enter in stability considerations.
We use almost systematically underlining to denote quantities associated with the particular
given background wave under study. In particular, when a wave parametrization is available,
underlining denotes evaluation at the parameters of the wave under particular study.

2. Structure of periodic wave profiles

To begin with, we gather some facts about plane traveling wave manifolds. Until Section 2.6,
we restrict to waves in the form (1.7). Consistently, here, for concision, we may set Q “ Q1.

2.1. Radius equation. To analyze the structure of the wave profiles, we step back from (1.7)
and look for profiles in the form

(2.1) Upt,xq “ eωφ tJ Vpx´ cx tq ,

without normalizing to enforce 1-periodicity. Profile equation becomes

(2.2) 0 “ δHurVs , with HurVs “ H0rVs ´ ωφMrVs ` cxQrVs .

Moreover note that (2.2) also contains as a consequence of the rotational and spatial translation
invariances of Hu the following form of mass and momentum conservations

0 “ ´
d

dx
pV ¨ J∇UxHurVsq ,(2.3)

0 “
d

dx
p´HurVs ` BxV ¨∇UxHurVsq ,(2.4)

and introduce µφ and µx corresponding constants of integration so that

µφ “ JV ¨∇UxHurVs ,(2.5)

µx “
dV
dx

¨∇UxHurVs ´HurVs .(2.6)

Observe that reciprocally by differentiating (2.5)-(2.6) one obtains

JV ¨ δHurVs “ 0 and

ˆ

V ¨ dV
dx

˙

V ¨ δHurVs “ 0 ,

which yields (2.2) provided the set where V ¨ dV
dx vanishes has empty interior.

We check now that the above-mentioned condition on V ¨ dV
dx excludes only solutions under the

form (2.1) that have constant modulus and travel uniformly in phase. Since (2.2) is a differential
equation, it is already clear that if V vanishes on some nontrivial interval then V ” 0 and from
now on we exclude this case from our analysis. Then if V ¨ dV

dx vanishes on some nontrivial
interval it follows that on this interval }V} is constant equal to some r0 ą 0 and from (2.5) that

Vpxq “ e

2µφ´cx r
2
0

2κpr20q r
2
0
xJ `

r0 eϕφJ e1

˘

,

for some ϕφ P R. Since the formula provides a solution to (2.2) everywhere this holds everywhere
and henceforth we also exclude this case. However these constant solutions are discussed further
in Appendix B.
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Now to analyze (2.2) further we first recast (2.5)-(2.6) in a more explicit form,

µφ “ κp}V}2qJV ¨ dV
dx

`
cx
2
}V}2 ,

µx “
1

2
κp}V}2q

›

›

›

›

dV
dx

›

›

›

›

2

´W p}V}2q `
ωφ
2
}V}2 .

Then we set α “ }V}2 and observe that

α
dV
dx

“
1

2

dα

dx
V ` JV ¨ dV

dx
JV ,

α

›

›

›

›

dV
dx

›

›

›

›

2

“
1

4

ˆ

dα

dx

˙2

`

ˆ

JV ¨ dV
dx

˙2

.

In particular from (2.5)-(2.6) stems

(2.7)
1

8
κpαq

ˆ

dα

dx

˙2

`Wαpα; cx, ωφ, µφq “ µx α ,

with

(2.8) Wαpα; cx, ωφ, µφq :“ ´W pαqα`
ωφ
2
α2 `

1

8

p2µφ ´ cx αq
2

κpαq
.

Consistently going back to (2.2), one derives

(2.9)
1

4
κpαq

d2 α

dx2
`
κ1pαq

κpαq
pµx α´Wαpαqq ` BαWαpαq “ µx .

As a consequence, since α ě 0, if α vanishes at some point then its derivative also vanishes
there and µφ “ 0. From this we deduce near the same point

dα

dx
“ Opαq and JV ¨ dV

dx
“ Opαq hence

dV
dx

“ Op
?
αq ,

This implies µx “ ´W p0q and corresponds to the trivial solution to (2.2) given by V ” 0 that
we have already ruled out. Note that this exclusion may be enforced by requiring pµx, µφq ‰
p´W p0q, 0q.

The foregoing discussion ensures that actually V does not vanish so that in particular r “
?
α “ }V} is a smooth function solving

(2.10)
1

2
κpr2q

ˆ

d r

dx

˙2

`Wrpr; cx, ωφ, µφq “ µx,

where Wr is defined by

Wrpr; cx, ωφ, µφq :“
1

r2
Wαpr

2; cx, ωφ, µφq(2.11)

“ ´W pr2q `
ωφ
2
r2 `

1

8

p2µφ ´ cx r
2q2

κpr2q r2
,

and

(2.12) κpr2q
d2 r

dx2
` 2r

κ1pr2q

κpr2q
pµx ´Wrprqq ` BrWrprq “ 0 .

Note that the excluded case where r is constant equal to some r0 happens only when

µx “ ´Wrpr0; cx, ωφ, µφq and 0 “ BrWrpr0; cx, ωφ, µφq .

When coming back from (2.10) to (2.2), some care is needed when µφ is zero since then Wr may
be extended to R but solutions to (2.10) taking negative values must still be discarded. Except
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for that point, one readily obtains from (2.5) that with any solution r to (2.10) is associated the
family of solutions to (2.2)-(2.5)-(2.6)

Vpxq “ e

ˆ
ż x`ϕx

0

2µφ ´ cx rpyq

2κprpyq2q rpyq2
d y

˙

J
`

rpx` ϕxq eϕφJ e1

˘

,

parametrized by rotational and spatial shifts pϕφ, ϕxq P R
2.

Classical arguments show that if parameters are such that (2.10) defines3 a non-trivial closed
curve in phase-space that is included in the half-plane r ą 0, then the above construction yields
a wave of the sought form, unique up to translations in rotational and spatial positions.

2.2. Jump map. Rather than on the existence of periodic waves, we now turn our focus on
their parametrization, assuming the existence of a given reference wave V. As announced,
parameters associated with V are underlined, and, more generally, any functional F evaluated
at the reference wave is denoted F .

In the unscaled framework, instead of wavenumbers pkx, kφq, we rather manipulate the spatial

period Xx :“ 1{kx, and the rotational shift4 ξφ :“ kφ{kx that satisfy

Vp¨ `Xxq “ eξφ J Vp¨q.

Our goal is to show the existence of nearby waves and to determine which parameters are suitable
for wave parametrization among

ωφ , rotational pulsation

cx , spatial speed

Vp0q, dV
dx
p0q, initial data for the wave profile ODE

µφ, µx, constants of integration associated with conservation laws

Xx, spatial period

ξφ, rotational shift after a period

ϕφ, ϕx, rotational and spatial translations.

It follows from the Cauchy-Lipschitz theory that functions V satisfying equation (2.2) are
uniquely and smoothly determined by initial data pVp0q, dV

dx p0qq “ pV0,V1q, and parameters of
the equation pωφ, cxq, on some common neighborhood of r0, Xxs provided that pV0,V1, ωφ, cxq

is sufficiently close to pVp0q, dV
dx p0q, ωφ, cxq. Note that the point 0 plays no particular role

and we may use a spatial translation to replace it with another nearby point so as to ensure

suitable conditions on pVp0q, dV
dx p0qq. In particular, there is no loss in generality in assuming

that Vp0q ¨ dV
dx p0q ‰ 0.

At this stage, to carry out algebraic manipulations it is convenient to introduce notation

SφrUs :“ JU ¨∇UxH0rUs ,

SxrUs :“ ´H0rUs `Ux ¨∇UxH0rUs .

so that (2.5)-(2.6) is written as

µφ “ SφrVs ` cxMrVs ,(2.13)

µx “ SxrVs ` ωφMrVs .(2.14)

3The relation could define many connected components but implicitly we discuss them one by one. See Figures 1
and 2.
4We refrain from using the word Floquet exponent for ξφ to avoid confusion with Floquet exponents involved in
integral transforms.
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Now we observe that dUxpSφ,SxqpVp0q,
dV
dx p0qq has determinant pκp}Vp0q}2qq2 Vp0q ¨ dV

dx p0q ‰ 0.
In particular, as a consequence of the Implicit Function Theorem, for pV0,V1, cx, ωφ, µφ, µxq near

pVp0q, dV
dx p0q, cx, ωφ, µφ, µxq,

µφ “ SφpV0,V1q ` cxMpV0q ,

µx “ SxpV0,V1q ` ωφMpV0q ,

is smoothly (and equivalently) solved as

V1 “ V1pV0; cx, ωφ, µφ, µxq .

The same is true near pVpXxq,
dV
dx pXxq, cx, ωφ, µφ, µxq. This implies that, on one hand, one may

replace pV0,V1, ωφ, cxq with pV0, ωφ, cx, µφ, µxq in the parametrization of solutions to (2.2) and,
on the other hand, since values of pSφrVs ` cxMrVs,SxrVs ` ωφMrVsq are invariant under the
flow of (2.2), that, as a consequence of the Cauchy-Lipschitz theory, solutions to (2.2) defined
on a neighborhood of r0, Xxs extend as solutions on R such that Vp¨ ` Xxq “ eξφ JVp¨q if and
only if VpXxq “ eξφ JVp0q.

We now show that we may replace pV0, ωφ, cx, µφ, µxq with pϕφ, ϕx, ωφ, cx, µφ, µxq by taking
the solution corresponding to V0 “ Vp0q and acting with rotational and spatial translations.
The action of rotational and spatial translations is Vp¨q ÞÑ Vϕφ,ϕx :“ eϕφJ Vp¨ ` ϕxq. Obviously
it leaves the set of periodic-wave profiles invariant and, among parameters, interacts only with
initial data, thus, after the elimination of V1, only with V0. Let us denote by Vpµx,cx,ωφ,µφq the
solution to (2.2) such that

Vpµx,cx,ωφ,µφqp0q “ Vp0q , d

dx
Vpµx,cx,ωφ,µφqp0q “ V1pVp0q; cx, ωφ, µφ, µxq .

At background parameters the map pϕφ, ϕx, µx, cx, ωφ, µφq ÞÑ pVpµx,cx,ωφ,µφqqϕφ,ϕxp0q has Jaco-

bian determinant with respect to variations in pϕφ, ϕxq equal to Vp0q ¨ dV
dx p0q ‰ 0. Thus, as

claimed, as a consequence of the Implicit Function Theorem, one may smoothly and invertibly
replace pV0, ωφ, cx, µφ, µxq with pϕφ, ϕx, ωφ, cx, µφ, µxq to parametrize solutions to (2.2) near the
background profile.

As a conclusion, when identified up to rotational and spatial translations, periodic-wave pro-
files are smoothly identified as the zero level set of the map

pµx, cx, ωφ, µφ, Xx, ξφq ÞÑ Vpµx,cx,ωφ,µφqpXxq ´ eξφJ Vpµx,cx,ωφ,µφqp0q .

Now, at background parameters, the foregoing map has Jacobian determinant with respect to

variations in pXx, ξφq equal to Vp0q ¨ dV
dx p0q ‰ 0. Therefore a third application of the Implicit

Function Theorem achieves the proof of the following proposition.

Proposition 2.1. Near a periodic-wave profile with non constant mass, periodic wave profiles
form a six-dimensional manifold smoothly parametrized as

pϕφ, ϕx, ωφ, cx, µφ, µxq ÞÑ pVpωφ,cx,µφ,µxqϕφ,ϕx , Xxpωφ, cx, µφ, µxq, ξφpωφ, cx, µφ, µxqq

with for any pϕφ, ϕxq,

Vpωφ,cx,µφ,µxqϕφ,ϕx p¨q “ eϕφJ Vpωφ,cx,µφ,µxq0,0 p¨ ` ϕxq .

2.3. Madelung’s transformation. To ease comparisons with the analyses in [BGNR13, BGNR14,
BGMR16, BGMR20, BGMR21] for dispersive systems of Korteweg type, including Euler–
Korteweg systems and quasilinear Korteweg–de Vries equations, we now provide hydrodynamic
formulations of (1.1)/(1.3) and correspondences between respective periodic waves. The reader
is referred to [BG13] for similar discussions concerning other kinds of traveling waves.

In the present section, we temporarily go back to the general multi-dimensional framework.
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On one hand, we consider for f “ a ` i b, U “

ˆ

a
b

˙

, a system in the form

(2.15) BtU “ J δH#rUs with H# rUs “ Heff

ˆ

MrUs,QQQrUs,
1

2
}∇xU}

2

˙

.

Then we introduce

Upρ, θq :“
a

2 ρ eθ Jpe1q , pρ, θq P R` ˆR ,

and

H#rpρ,vqs :“ Heff

ˆ

ρ, ρv,
1

4ρ
}∇xρ}

2 ` ρ }v}2
˙

and observe that

ρ “MrUpρp¨q, θp¨qqs , ∇xθ “
QQQrUpρp¨q, θp¨qqs
MrUpρp¨q, θp¨qqs

, H#rpρ,∇xθqs “ H# rUpρp¨q, θp¨qqs .

We also point out that

Upρ, θq ¨ J δH# rUpρp¨q, θp¨qqs “ divx pδvH#rpρ,∇xθqsq(2.16)

1

2ρ
JUpρ, θq ¨ J δH# rUpρp¨q, θp¨qqs “ δρH#rpρ,∇xθqs(2.17)

so that if U solves (2.15) and is bounded away from zero then

(2.18) pρ,vq :“

ˆ

MrUs,
QQQrUs

MrUs

˙

solves

(2.19) Bt

ˆ

ρ
v

˙

“ J δH#rpρ,vqs

with the constraint that v is curl-free, where J denotes the skew-symmetric operator

J :“

ˆ

0 divx

∇x 0

˙

.

Note that the curl-free constraint is preserved by the time-evolution so that it is sufficient to
prescribe it on the initial data.

Reciprocally if pρ,vq solves (2.19) and ρ is bounded below away from zero, then for any θ
such that

(2.20) Btθ “ δρH#rpρ,vqs

we have ∇vθ “ v and U :“ Upρp¨q, θp¨qq solves (2.15). Note moreover that under such conditions,
for any pt0,x0, θ0q, (2.20) possesses a unique solution such that θpt0,x0q “ θ0 and that, for any
x0, (2.20) could alternatively be replaced by : for any t, Btθpt,x0q “ δρH#rpρ,vqspt,x0q and
∇vθpt, ¨q “ vpt, ¨q.

We point out that whereas the Madelung transformation U ÞÑ pρ,vq quotients the rotational
invariance, it preserves the time and space translation invariances. With respect to the latter,
we consider

Qjrρ,vs :“ ρv ¨ ej , j “ 1, ¨ ¨ ¨ , d,

and observe that on one hand Qj generates spatial translations along the direction ej in the
sense that if v is curl-free then

ej ¨∇
ˆ

ρ
v

˙

“ J δQjrpρ,vqs

and that on the other hand

Qjrpρ,∇θqs “ Qj rUpρp¨q, θp¨qqs .
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We also note that (2.19) implies

Bt pQjpρ,vqq “ Bj pρ BρH#rpρ,vqs ´H#rpρ,vqsq` divx

`

vj ∇vH#rpρ,vqs ` ρxj ∇∇xρH#rpρ,vqs
˘

and, for comparison with (1.6), that when U “ Upρp¨q, θp¨qq, v “ ∇xθ,

∇Uxj
QjrUs ¨ JδH#rUs “ ρ BρH#rpρ,vqs ,

JδQjrUs ¨∇Ux`
H#rUs “ vj Bv`H#rpρ,vqs ` ρxj Bρx`H#rpρ,vqs .

Concerning the time translation invariance, we note that (2.19) implies

Bt pH#pρ,vqq “ divx

´

δρH#rpρ,vqs∇vH#rpρ,vqs ` divxp∇vH#rpρ,vqsq∇∇xρH#rpρ,vqs
¯

and, for comparison with (1.5), that when U “ Upρp¨q, θp¨qq, v “ ∇xθ,

∇Uxj
H#rUs ¨ JδH#rUs “ δρH#rpρ,vqs BvjH#rpρ,vqs ` divxp∇vH#rpρ,vqsq BρxjH#rpρ,vqs

In the hydrodynamic formulation, what replace to some extent the rotational invariance and
its accompanying conservation law for MrUs are the fact that the time evolution in (2.19) obeys
a system of d ` 1 conservation laws and that one may add to H# any affine function of pρ,vq
without changing (2.19). With this respect, to compare (1.4) with the equation on Btρ, note
that when U “ Upρp¨q, θp¨qq, v “ ∇xθ,

JδMrUs ¨∇Uxj
H#rUs “ BvjH#rpρ,vqs .

To make the discussion slightly more concrete, we compute that when H# “ H0 one receives

(2.21) H0rpρ,vqs :“ H#rpρ,vqs “ κp2 ρq ρ }v}2 `
κp2 ρq

4 ρ
}∇ρ}2 `W p2 ρq

and that when H# “ Hu one receives

Hurpρ,vqs :“ H#rpρ,vqs “ H0rpρ,vqs ´ ωφρ` cxQ1pρ,vq .

Turning to the identification of periodic traveling waves moving in the direction e1, we now
restrict spatial variable to dimension 1 and consider functions independent of time. We point
out that V is a solution to

0 “ δHurVs , µφ “ JV ¨∇UxHurVs ,
bounded away from zero if and only if V “ Upρp¨q, θp¨qq, with ρ bounded below away from zero,
v “ d θ

dx , and 0 “ δHEKrpρ, vqs where

HEKrpρ, vqs :“ Hurpρ, vqs ´ µφ v “ H0rpρ, vqs ´ ωφρ´ µφ v ` cxQpρ, vq .(2.22)

Moreover then with µx as in (2.6),

µx “ ´Hurpρ, vqs ` v µφ ` ρx BρxHurpρ, vqs

“ ρx BρxHEKrpρ, vqs ´HEKrpρ, vqs ,

and

(2.23) v “ νpρ; cx, µφq :“
µφ ´ cx ρ

2 ρ κp2 ρq
.

Furthermore we stress that under these circumstances there exists kφ such that x ÞÑ e´kφ xJ Vpxq
is periodic of period Xx if and only pρ, vq is periodic of period Xx, and when this happens kφ is
the average of v over one period.

With notation5 from [BGMR21], we have untangled the correspondences in parameters

cx “ c , µx “ µ , Xx “ Ξ ,

ωφ “ ´λρ , µφ “ ´λv , kφ “ xvy ,

besides the pointwise correspondences of mass, momentum and Hamiltonian.

5Except that pρ, vq plays the role of pv, uq in [BGMR21].
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We also point out that we have recovered the reduction of profile equations to a two-dimensional
Hamiltonian system associated with

(2.24)
κp2 ρq

4 ρ

ˆ

d ρ

dx

˙2

`Wρpρ; cx, ωφ, µφq “ µx ,

where

(2.25) Wρpρ; cx, ωφ, µφq :“ ´W p2 ρq ´ κp2 ρq ρ pνpρqq2 ` ωφ ρ` µφ νpρq ´ cxQpρ, νpρqq ,

with νpρq “ νpρ; cx, µφq.

2.4. Action integral. Motivated by the foregoing subsections we introduce

(2.26) Θpµx, cx, ωφ, µφq :“

ż Xx

0

ˆ

H0rVs ` cxQrVs ´ ωφMrVs ´ µφ
QrVs
MrVs

` µx

˙

dx ,

with pXx,Vq associated with pµx, cx, ωφ, µφq as in Section 2.2. Note that Θ is indeed independent
of pϕφ, ϕxq, and since

kφXx “ ξφ “

ż Xx

0

QrVs
MrVs

dx

we also have

Θpµx, cx, ωφ, µφq “

ż Xx

0
pH0rVs ` cxQrVs ´ ωφMrVs ´ µφ kφ ` µxq dx ,

with pXx, kφ,Vq associated with pµx, cx, ωφ, µφq as in Section 2.2.
Based on (2.24) we stress the following basic alternative formula

Θpµx, cx, ωφ, µφq “ 2

ż ρmax

ρmin

b

µx ´Wρpρ; cx, ωφ, µφqq

d

κp2 ρq

ρ
d ρ

where ρmin “ ρminpµx, cx, µφ, ωφq and ρmax “ ρmaxpµx, cx, µφ, ωφq are respectively the minimum
and the maximum values of MrVs. Note that ρmin and ρmax are (locally) characterized by

µx “Wρpρmin; cx, ωφ, µφq , µx “Wρpρmax; cx, ωφ, µφq .

A fundamental observation, intensively used in [BGNR13, BGNR14, BGMR16, BGMR20,
BGMR21], is that

(2.27)

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

BµxΘpµx, cx, ωφ, µφq “ Xx ,

BcxΘpµx, cx, ωφ, µφq “

ż Xx

0
QrVs dx ,

BωφΘpµx, cx, ωφ, µφq “ ´

ż Xx

0
MrVs dx ,

BµφΘpµx, cx, ωφ, µφq “ ´

ż Xx

0

QrVs
MrVs

dx .

See for instance [BGNR13, Proposition 1] for a proof6 of this elementary fact. For each of those
we also have

B#Θpµx, cx, ωφ, µφq “

ż ρmax

ρmin

B#pµx ´Wρqpρ; cx, ωφ, µφq
a

µx ´Wρpρ; cx, ωφ, µφqq

d

2κp2 ρq

2 ρ
d ρ .

6Let us recall that in this reference, the role of pρ, vq is played by pv, uq. Note that the proof given there uses
V ¨ Vxp0q “ 0, but this may be assumed up to an harmless spatial translation.
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2.5. Asymptotic regimes. As in [BGMR20, BGMR21], we shall specialize most of the general
results to two asymptotic regimes, small amplitude and large period asymptotics.

We make explicit here the descriptions of both regimes in terms of parameters. Let pρp0q, k
p0q
φ q P

p0,8q ˆR. Then for any φp0q P R,

Vp0qpxq “
b

2ρp0q epφ
p0q`k

p0q
φ xqJ

pe1q

defines an unscaled profile with parameters pµp0q
x
, c
p0q
x , ω

p0q
φ , µ

p0q
φ q determined by (see (2.5),(2.6))

µp0q
φ
“ cp0qx ρp0q ` κp2ρp0qq 2 ρp0q k

p0q
φ ,

ω
p0q
φ “ cp0qx k

p0q
φ `

´

κ1p2ρp0qq 2 ρp0q ` κp2ρp0qq
¯

pk
p0q
φ q

2 ` 2W 1p2ρp0qq

µp0q
x
“ ´

1

2
κp2ρp0qq 2ρp0q pk

p0q
φ q

2 ´W p2ρp0qq ´ cp0qx ρp0qk
p0q
φ ` ω

p0q
φ ρp0q ` µp0q

φ
k
p0q
φ

except for c
p0q
x P R, which may be chosen arbitrarily. Using ν, and Wρ introduced in (2.23)-

(2.25), the determination of parameters is equivalently written as

k
p0q
φ “ νpρp0q; cp0qx , µp0q

φ
q ,

0 “ BρWρpρ
p0q; cp0qx , ω

p0q
φ , µp0q

φ
q ,

µp0q
x
“Wρpρ

p0q; cp0qx , ω
p0q
φ , µp0q

φ
q .

On this alternate formulation, it is clear that we could instead fix pρp0q, µ
p0q
φ , c

p0q
x q P p0,8q ˆR2

and determine pk
p0q
φ , ω

p0q
φ , µp0q

x
q correspondingly.

We are only interested in non-degenerate constant solutions, and thus assume

B2
ρWρpρ

p0q; cp0qx , ω
p0q
φ , µp0q

φ
q ‰ 0.

Under this condition, for any pc
p0q
x , ω

p0q
φ , µ

p0q
φ q in some neighborhood of pc

p0q
x , ω

p0q
φ , µ

p0q
φ q there is

a unique corresponding

pρp0q, k
p0q
φ , µp0qx q :“ pρp0q, k

p0q
φ , µp0qx qpc

p0q
x , ω

p0q
φ , µ

p0q
φ q

in some neighborhood of pρp0q, k
p0q
φ , µp0q

x
q.

When
B2
ρWρpρ

p0q; cp0qx , ω
p0q
φ , µp0q

φ
q ą 0 ,

to any pcx, ωφ, µφ, µxq sufficiently close to pc
p0q
x , ω

p0q
φ , µ

p0q
φ , µp0q

x
q and satisfying

µx ą µp0qx pcx, ωφ, µφq

corresponds a unique — up to rotational and spatial translations invariances — periodic traveling
wave with mass close7 to ρp0qpcx, ωφ, µφq. The small amplitude limit denotes the asymptotics

µx´µ
p0q
x pcx, ωφ, µφq Ñ 0 and the small amplitude regime is the zone where µx´µ

p0q
x pcx, ωφ, µφq

is small but positive. Incidentally we point that the limiting small amplitude period is given by

(2.28) Xp0qx pcx, ωφ, µφq :“ 2π

d

κp2 ρp0qq

2ρp0qB2
ρWρpρp0q; cx, ωφ, µφq

.

with ρp0q “ ρp0qpcx, ωφ, µφq.
When

B2
ρWρpρ

p0q; cp0qx , ω
p0q
φ , µp0q

φ
q ă 0 ,

7Recall that there could be various branches corresponding to the same parameters. We give this precision to
exclude other branches; see Figure 1.
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Figure 1. Small-amplitude limit with two branches with same parameters.
The upper graph is the graph of µx´Wρ as a function of ρ. The lower graph is,

in the pρ, d ρ
dxq phase plane, the level set defined by (2.24). The two closed curves

correspond to two periodic waves, the curve of interest being the one circling ρp0q.

there are at most two solitary wave profiles with parameters pc
p0q
x , ω

p0q
φ , µ

p0q
φ q, namely at most

one with ρp0q as both an infimum and an endstate for its mass and at most one with ρp0q as both
a supremum and an endstate for its mass; see Figure 2. Concerning the large-period regime
we restrict to the case when the periodic-wave profile asymptotes a single solitary-wave profile
and leave aside the case8 when the periodic wave profile is asymptotically obtained by gluing
two pieces of distinct solitary wave profiles sharing the same endstate. From now on we focus
on the case where ρp0q is an infimum. Note that when there are two solitary waves with the
same endstate/parameters they generate distinct branches of (single-bump) periodic waves thus
they may be analyzed independently. Moreover we point out that the related analysis of the
supremum case is completely analogous. The existence of a solitary wave of such a type is
equivalent to the existence of ρpsq ą ρp0q such that

Wρpρ
psq; cp0qx , ω

p0q
φ , µp0q

φ
q “ µp0q

x
, BρWρpρ

psq; cp0qx , ω
p0q
φ , µp0q

φ
q ą 0 ,

and
@ρ P pρp0q, ρpsqq, Wρpρ; cp0qx , ω

p0q
φ , µp0q

φ
q ‰ µp0q

x
,

where pρp0q, µp0q
x
q “ pρp0q, µ

p0q
x qpc

p0q
x , ω

p0q
φ , µ

p0q
φ q. The situation is stable by perturbation of param-

eters pc
p0q
x , ω

p0q
φ , µ

p0q
φ q. Assuming the latter, one deduces that to any pµx, cx, ωφ, µφq sufficiently

8There are yet more possibilities (involving fronts/kinks besides solitary-waves) but they may be thought as
degenerate in the sense that they form a manifold of a smaller dimension. The two-bumps case is non-degenerate
but was left aside in [BGMR20] as a priori significantly different from the single-bump case dealt with here and
there.
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close to pµp0q
x
, c
p0q
x , ω

p0q
φ , µ

p0q
φ q and satisfying

µx ă µp0qx pcx, ωφ, µφq,

corresponds a unique — up to rotational and spatial translations invariances — periodic traveling
wave with mass average and mass minimum close to ρp0qpcx, ωφ, µφq. The large period limit

denotes the asymptotics µx´ µ
p0q
x pcx, ωφ, µφq Ñ 0 and the large period regime is the zone where

µx ´ µ
p0q
x pcx, ωφ, µφq is sufficiently small but negative.

From the point of view of solitary waves themselves, it is actually both more natural and

Figure 2. Solitary-wave limit with two branches with same parameters. The
upper graph is the graph of µx ´Wρ as a function of ρ. The lower graph is,

in the pρ, d ρ
dxq phase plane, the level set defined by (2.24). In both graphs we

superimpose images corresponding to parameters of the solitary-wave limit and
nearby parameters corresponding to periodic waves of a large period. The curves
of interest are the right-hand ones.

more convenient to keep a parametrization by pcx, ρp0q, kφq rather than by pcx, ωφ, µφq, with ρp0q
the endstate. This is consistent with the fact that variations in the endstate (thus in pρ, kφq)
play no role in the classical stability analysis of solitary waves (under localized perturbations).

Assuming as above that there is a ρpsq associated with pc
p0q
x , ρ

p0q
, k
p0q
φ q, one deduces that for any

pcx, ρp0q, kφq sufficently close to pc
p0q
x , ρp0q, k

p0q
φ q there exists ρpsq “ ρpsqpcx, ρp0q, kφq close to ρpsq

such that

Wρpρ
psq; cx, ω

p0q
φ , µ

p0q
φ q “ pµxqp0q , BρWρpρ

psq; cx, ω
p0q
φ , µ

p0q
φ q ą 0 ,
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and

@ρ P pρp0q, ρ
psqq, Wρpρ; cx, ω

p0q
φ , µ

p0q
φ q ‰ pµxqp0q ,

where pω
p0q
φ , µ

p0q
φ q “ pω

p0q
φ , µ

p0q
φ qpcx, ρ

p0q, kφq is defined implicitly by

pρp0q, kφq “ pρ
p0q, k

p0q
φ qpcx, ω

p0q
φ , µ

p0q
φ q

and pµxqp0q “ pµxqp0qpcx, ρp0q, kφq :“ µ
p0q
x pcx, ω

p0q
φ pcx, ρp0q, kφq, µ

p0q
φ pcx, ρp0q, kφqq. The mass of the

corresponding solitary-wave profile ρpsq “ ρpsqp ¨ ; cx, ρp0q, kφq is then obtained by solving

κp2 ρpsqq

2 ρpsq

d2 ρpsq

dx 2
“ ´

˜

κ1p2 ρpsqq

2 ρpsq
´
κp2 ρpsqq

4 ρ2
psq

¸

ˆ

d ρpsq

dx

˙2

´ BρWρpρpsq; cx, ω
p0q
φ , µ

p0q
φ q ,

with ρpsqp 0 ; cx, ρp0q, kφq “ ρpsqpcx, ρp0q, kφq. Then the unscaled profile Vpsq “ Vpsqp ¨ ; cx, ρp0q, kφq
is obtained through9

Vpsq “
b

2 ρpsq eθpsq Jpe1q , θpsqpxq “

ż x

0
νpρpsqp ¨ ; cx, ρp0q, kφq; cx, µ

p0q
φ pcx, ρ, kφqq .

Stability conditions are expressed in terms of

(2.29) Θpsqpcx, ρ, kφq :“

ż 8

´8

ˆ

H0rVpsqs ` cxQrVpsqs ´ ω
p0q
φ MrVpsqs ´ µ

p0q
φ

QrVpsqs
MrVpsqs

` pµxqp0q

˙

.

Concerning the small amplitude limit, though this is less crucial, at some point it will also be
convenient to adopt a parametrization of limiting harmonic wavetrains by pkx, ρp0q, kφq (rather
than by pcx, ωφ, µφq). Our starting point was a parametrization by pcx, ρp0q, kφq so that we only

need to examine the invertibility of the relation cx ÞÑ 1{X
p0q
x at fixed pρ, kφq. The equation to

invert is

B2
ρWρpρ; cx, ωφ, µφq “

1

2

κp2 ρq

2ρ
p2π kxq

2 .

with pωφ, µφq associated with pcx, ρ, kφq through

kφ “ νpρ; cx, µφq , 0 “ BρWρpρ; cx, ωφ, µφq .(2.30)

Straightforward computations detailed in [BGMR21, Appendix A] show that

B2
ρWρpρ; cx, ωφ, µφq “

1

κp2 ρq 2ρ
detpBHessHp0qpρ, kφq ` cx I2q

´2κp2 ρq 2ρ Bρνpρ; cx, µφq “ 2cx ` TrpBHessHp0qpρ, kφqq

where

B :“

ˆ

0 1
1 0

˙

, Hp0qpρ, vq :“ κp2 ρqρ v2 `W p2 ρq .(2.31)

Let us stress incidentally that Hp0q is the zero dispersion limit of the Hamiltonian H0 of the hy-
drodynamic formulation of the Schrödinger equation and B is the self-adjoint matrix involved in

this formulation. As a result, if Bρνpρ
p0q; c

p0q
x , µ

p0q
φ q ‰ 0 then locally one may indeed parametrize

waves by pkx, ρ, kφq and we shall denote

cx “ cp0qx pkx, ρ, kφq , ωp0qx pkx, ρ, kφq :“ ´kx c
p0q
x pkx, ρ, kφq ,

the corresponding harmonic phase speed and associated spatial time frequency.

9The choice of the point where the value ρpsqpcx, ρ, kφq is achieved (resp. of θpsqp0; cx, ρ, kφq), quotients the
invariance by spatial (resp. rotational) translation.
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2.6. General plane waves. We now explain how to extend the foregoing analysis to more
general plane waves in the form (1.15). So far, we have discussed explicitly the case when kφ
and kx point in the direction of e1. The main task is to show how to reduce to the case when

kφ and kx are colinear, that is, when rkφ “ 0.

Let us first observe that for any vector rkφ, the frame change

Upt,xq “ e
rkφ¨xJ

rUpt,xq ,

changes (1.3) into

Bt rU “ JδH
rkφ
rrUs ,

H
rkφ
rrUs :“ H0prU, p∇x ` rkφJqrUq(2.32)

“ H0prU,∇x
rUq `

1

2
}rU}2 κp}rU}2q }rkφ}

2 ` κp}rU}2q rkφ ¨ QQQrrUs .

As a consequence, if one is simply interested in analyzing the structure of waves or the be-
havior of solutions arising from longitudinal perturbations or more generally from perturbations

depending only on directions orthogonal to rkφ, it is sufficient to fix ex and rkφ (orthogonal to
each other) and replace H0 with H

0,rkφ
defined by

H
0,rkφ

rrUs :“ H0prU,∇x
rUq `

1

2
}rU}2 κp}rU}2q }rkφ}

2

or equivalently to replace W with W
rkφ

defined through

W
rkφ
pαq :“W pαq `

1

2
ακpαq }rkφ}

2 .

With this point of view, all quantities manipulated in previous subsections of the present

section should be thought as implicitly depending on ex and rkφ. Note however that actually

they do not depend on ex and depend on rkφ only through }rkφ}
2. In particular their first-order

derivatives with respect to rkφ vanish at rkφ “ 0.
To prepare the analysis of stability under general perturbations, let us make explicit the

relations defining constants of integration and averaged quantities for general plane waves taken
in the form

Upt,xq “ ep
rkφ¨px´cx ex tq`ωφ tqJ Vpex ¨px´ cx ex tqq ,

generalizing (2.1). We still have
µφ “ SφrVs ` cxMrVs

but Sφ should be taken as

SφrVs “ JV ¨ pex ¨∇UxqH0,rkφ
pV, ex BζVq .

Likewise
µx “ SxrVs ` ωφMrVs

with
SxrVs “ ´H

0,rkφ
pV, ex BζVq ` BζV ¨ pex ¨∇UxqH0,rkφ

pV, ex BζVq .
This implies that

QQQrUs “ ex ¨QQQpV, ex BζVq ex`MrVs rkφ ,

JU ¨∇UxH0rUs “ ex pµφ ´ cxMrVsq ` rkφ κp}V}2q 2MrVs ,
1

2
JU ¨ JδH0rUs ´H0rUs “ µx ´ cx ex ¨QQQpV, ex BζVq ´ κp}V}2q }BζV}2 ` κ1p}V}2qMrVs }rkφ}2 ,

Jδ QjrUs ¨∇Ux`
H0rUs “ κp}V}2q

´

pexqj BζV ` prkφqj JV
¯

¨

´

pexq` BζV ` prkφq` JV
¯

,

with right-hand terms evaluated at pex ¨px´ cx ex tqq.
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3. Structure of the spectrum

Now we turn to gathering key facts about the spectrum of operators arising from linearization,
in suitable frames, about periodic plane waves.

3.1. The Bloch transform. Our first observation is that, thanks to a suitable integral trans-
form, the spectrum of the linearized operator L defined in (1.9) may be studied through normal-
mode analysis.

To begin with, we introduce a suitable Fourier-Bloch transform, as a mix of a Floquet/Bloch
transform in the x variable and the Fourier transform in the y variable:

(3.1) Bpgqpξ, x,ηq “ ǧpξ, x,ηq :“
ÿ

jPZ

ei 2jπx
pgpξ ` 2jπ,ηq,

where pg is the usual Fourier transform normalized so that for x “ px,yq

Fpgqpξ,ηq “ ĝpξ,ηq :“
1

p2πqd

ż

R
e´ i ξx´iη¨y gpxq dx,

gpxq “

ż

R
ei ξx`iη¨y ĝpξ,ηq d ξ dη.

Obviously, ǧpξ, ¨,ηq is periodic of period one for any pξ, ηq, that is,

@x P R, ǧpξ, x` 1,ηq “ ǧpξ, x,ηq.

As follows readily from (3.1) and basic Fourier theory, p2πqd{2 B is a total isometry from L2pRdq

to L2pp´π, πq ˆ p0, 1q ˆRd´1q, and it satisfies the inversion formula

(3.2) gpxq “

ż π

´π

ż

Rd´1

ei ξx`iη¨y ǧpξ, x,ηq d ξ dη .

The Poisson summation formula provides an alternative equivalent formula for (3.1)

ǧpξ, x,ηq “
1

2π

ÿ

`PZ

e´ i ξpx``qFypgqpx` `,ηq

where Fy denotes the Fourier transform in the y-variable only.
The key feature of the transform B is that in some sense it diagonalizes differential operators

whose coefficients do not depend on y and are 1-periodic in x. For large classes of such operators
P “ P px, Bx,∇yq, stands

BpPuqpξ, x,ηq “ P px, Bx ` i ξ, iηqBpuqpξ, x,ηq

so that the action of such operators on functions defined on Rd is reduced to the action of
Pξ,η “ P px, Bx ` i ξ, iηq on 1-periodic functions, parametrized by pξ,ηq.

In particular, for L as in (1.9) we do have

pLgqpxq “
ż π

´π

ż

Rd´1

ei ξx`iη¨y pLξ,η ǧpξ, ¨,ηqqpxq d ξ dη,

where Lξ,η acts on 1-periodic functions and inherits from H“ Hx `Hy the splitting

Lξ,η :“ Lxξ ` Ly
η , with Ly

η :“ }η}2 κp}U}2qJ ,

and Lxξ given by

LxξV “ J
´

dpU,Uxqp∇UHqpU,∇xUqpV, pBx ` i ξqVq

´ pBx ` i ξq
`

dpU,Uxqp∇UxHqpU,∇xUqpV, pBx ` i ξqVq
˘

¯

.
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On10 L2
perpp0, 1qq each Lξ,η has compact resolvent and depends analytically on pξ,ηq in the

strong resolvent sense.
It is both classical and relatively straightforward to derive from the latter and the isometry of

p2πqd{2 B that the spectrum of L on L2pRq coincides with the union over pξ,ηq P r´π, πsˆRd´1

of the spectrum of each Lξ,η on L2
perpp0, 1qq. For some more details see for instance [Rod13,

p.30-31].

3.2. Linearizing Madelung’s transformation. We would like to point out here how the
analysis of Section 2.3 may be extended to the spectral level. We stress that working with
Bloch-Fourier symbols Lξ,η provides crucial simplifications in the arguments.

Firstly we observe that linearizing (2.16)-(2.17) provides all the necessary algebraic identities.
Secondly we note that applying a Bloch-Fourier transform to both sides of the foregoing identities
yields the required algebraic conjugations between respective Bloch-Fourier symbols.

To go beyond algebraic relations, we start with a few notational or elementary considerations.

(1) From elementary elliptic regularity arguments it follows that the L2
per-spectrum of each

Lξ,η coincides with its H1
per-spectrum.

(2) With L2
curlξ,η

pp0, 1qq denoting the space of L2pp0, 1q;Cqd-functions v such that11

ˆ

pBx ` i ξq
iη

˙

^ v “ 0 ,

we observe that when pξ,ηq P r´π, πs ˆRd´1ztp0, 0qu,

Iξ,η : H1
perpp0, 1qq ÝÑ L2

curlξ,η
pp0, 1qq , θ ÞÑ

ˆ

pBx ` i ξq
iη

˙

θ,

is a bounded invertible operator.
(3) The linearization of the relation

U “ e´
kφ
kx
p¨qJ Upρp¨q, θp¨qq,

at U , pρ, θq, is given by

m : H1
perpp0, 1q;C

2q ÝÑ H1
perpp0, 1q;Cq

2 , V ÞÑ

ˆ

U ¨V, JU
2ρ

¨V

˙

,

and is bounded and invertible with inverse

m´1 : H1
perpp0, 1q;Cq

2 ÝÑ H1
perpp0, 1q;C

2q , pρ, θq ÞÑ ρ
U
2 ρ

` θ JU .

Considering Lξ,η as an operator on H1
per, and denoting Lξ,η the corresponding Bloch-Fourier

symbol for the associated Euler–Korteweg system (2.19), we deduce when pξ,ηq P r´π, πs ˆ
Rd´1ztp0, 0qu, the conjugation

Lξ,η “ m´1

ˆ

I 0
0 I´1

ξ,η

˙

Lξ,η

ˆ

I 0
0 Iξ,η

˙

m .

Of course, the conjugation yields identity of spectra including algebraic multiplicities but
also identity of detailed algebraic structure of each eigenvalue. When d “ 1, by continuity of
the eigenvalues with respect to ξ, one also concludes that L0 and L0 share the same spectrum
including algebraic multiplicities, but algebraic structures may differ (and as stressed below in

10We insist on the substrict per to emphasize that corresponding domains involve Hs
perpp0, 1qq spaces, thus ef-

fectively encoding periodic boundary conditions when s ą 1{2. Notation ”Lper
ξ,η acts on L2

pp0, 1qq” would be
mathematically more accurate but more cumbersome.
11The condition means: pBx ` i ξqvj “ i ηj´1v1 for 2 ď j ď d and ηjv` “ η`vj for 1 ď j, ` ď d´ 1. When d “ 1,
L2

curlξ,η
pp0, 1qq “ L2

pp0, 1q;Cq.
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general they do). Note that to go from spectral to linear stability it is actually crucial to examine
semi-simplicity of eigenvalues.

For this reason, we focus now a bit more on the case pξ,ηq “ p0, 0q. To begin with, denoting
L2

0pp0, 1qq the space of L2pp0, 1q;Cqd-functions v of the form
ˆ

v
0

˙

, with

ż 1

0
v “ 0 ,

we observe that

Ip0q : H1
perpp0, 1qq ÝÑ L2

0pp0, 1qq , θ ÞÑ

ˆ

Bx
0

˙

θ,

is a bounded invertible operator. Moreover we point that L0,0 leaves H1
perpp0, 1qq ˆ L2

0pp0, 1qq

invariant12 and its restriction is conjugated to L0,0 through

L0,0 “ m´1

ˆ

I 0

0 pIp0qq´1

˙

pL0,0q|H1
perpp0,1qqˆL

2
0pp0,1qq

ˆ

I 0

0 Ip0q
˙

m .

Denoting π0 the orthogonal projector of H1
perpp0, 1qqˆL

2
curl0,0

pp0, 1qq on H1
perpp0, 1qqˆL

2
0pp0, 1qq,

we also note that pI ´ π0qL0,0 pI ´ π0q is identically zero and π0 L0,0 pI ´ π0q is bounded. As
a conclusion, one derives when λ is non zero and does not belong to the spectrum of Lp0,0q or
equivalently, when λ is non zero and does not belong to the spectrum of Lp0,0q

pλI´ Lp0,0qq
´1 “

1

λ
pI´ π0q

`

ˆ

I 0

0 Ip0q
˙

m´1pλI´ Lp0,0qq´1 m

ˆ

I 0

0 pIp0qq´1

˙ˆ

π0 `
1

λ
π0 L0,0 pI´ π0q

˙

,

so that for nonzero eigenvalues the algebraic structures13 of Lp0,0q and L0,0 are the same.
As we comment further below, in general 0 is an eigenvalue of Lp0,0q of algebraic multiplicity

4 with two Jordan blocks of height 2, whereas, when d “ 1, 0 is an eigenvalue of L0 of algebraic
multiplicity 4 with geometric multiplicity 3 and one Jordan block of height 2.

3.3. The Evans function. Since each Lξ,η acts on functions of a scalar variable, it is convenient
to analyze their spectra by focusing on spatial dynamics, rewriting spectral problems in terms
of ODEs of the spatial variable. Adapting the construction of Gardner [Gar93] to the situation
at hand, this leads to the introduction of a suitable Evans function.

To keep spectral ODEs as simple as possible, it is expedient to work with unscaled equations
as in Section 2. Explicitly, with notation from Section 2, for λ P C and η P Rd´1, we consider
Rp¨, x0;λ,ηq the solution operator of the first-order 4-dimensional differential operator canoni-
cally associated with the second-order 2-dimensional operator JHess HurVs`}η}2 κp}V}2qJ´λ.
Note that Rpx0, x0;λ,ηq “ I4. Accordingly we introduce the Evans function

(3.3) Dx0
ξ pλ,ηq “ det

´

Rpx0 `Xx, x0;λ,ηq ´ ei ξ diagpe
ξ
φ
J
, e
ξ
φ
J
q

¯

.

The choice of x0 is immaterial, we shall set x0 “ 0 and drop the corresponding superscript in
the following.

The backbone of the Evans function theory is that λ0 belongs to the spectrum of Lξ,η if and
only if λ0 is a root of Dξp¨,ηq and that its (algebraic) multiplicity as an eigenvalue of Lξ,η agrees
with its multiplicity as a root of Dξp¨,ηq. The first part of the claim is a simple reformulation
of the fact that the spectrum of Lξ,η contains only eigenvalues, whereas the second part may be
derived from the expression of resolvents of Lξ,η at λ in terms of solution operators Rp¨, ¨;λ,ηq

12For an unbounded operator A defined on X with domain D, we say that Y , a subspace of X, is left invariant
by A if ApD X Y q Ă Y and in this case A|Y is defined on Y with domain D X Y .
13Recall that the algebraic structure of an eigenvalue λ0 of an operator A is read on the singular part of λ ÞÑ
pλI´Aq´1 at λ “ λ0.
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and the characterization/definition of algebraic multiplicity at λ0 as the rank of the residue at
λ0 of the resolvent map.

To a large extent, the benefits from using an Evans function instead of directly studying
spectra are the same as those arising from the consideration of characteristic polynomials to
study finite-dimensional spectra.

3.4. High-frequency analysis. It is quite straightforward to check that when |<pλq| is suffi-
ciently large, λ does not belong to the spectrum of any Lξ,η. When λ is real and ξ P t0, πu,
Dξpλ,ηq is real-valued and we would like to go further and determine its sign when pλ,ηq is
sufficiently large with λ real. This is useful in order to derive instability criteria based on the
Intermediate Value Theorem.

Since the principle part of Lξ,η has non-constant coefficients, this is not completely trivial
but one may reduce the computation to the constant-coefficient case by a homotopy argument
similar to the one in [BGMR16].

Proposition 3.1. Let V be an unscaled wave profile (in the sense of (2.2)). There exists
R0 ą 0 such that for any pλ,ηq P R ˆRd´1 satisfying |λ| ` }η}2 ě R0 we have D0pλ,ηq ą 0
and Dπpλ,ηq ą 0.

Proof. An elementary Lax-Milgram type argument shows that when pλ,ηq is sufficiently large
(with λ real) independently of θ P r0, 1s, λ does not belong to the spectrum of

Lpθq0,η :“ p1´ θqL0,η ` θ Jp´pkx Bx ` kφJq
2 ` }η}2q

on L2
perpp0, 1qq, for any θ P r0, 1s. The needed estimates stem from the form

Lpθq0,η “ Jppθ ` p1´ θqκp}U}2qq p´k2
xB

2
x ` }η}

2qq ` lower order terms independent of λ and η

and the fact that minpκp}U}2qq ą 0. Indeed, for some positive constants c, C independent of
pλ,η, θq P RˆRd´1 ˆ r0, 1s

xpJV ´ sgnpλqV, pLpθq0,η ´ λqVqyL2 ě c p}V}2H1 ` p}η}
2 ` |λ|q}V}2q ´ C }V}H1 }V}L2

ě
c

2
p}V}2H1 ` p}η}

2 ` |λ|q}V}2q

provided that pλ,ηq is sufficiently large and V P H2
perpp0, 1qq. A similar bound holds for the

adjoint problem.

For corresponding Evans functions, this implies that pλ,η, θq ÞÑ D
pθq
0 pλ,ηq has a constant

sign on
!

pλ,η, θq P RˆRd´1 ˆ r0, 1s ; |λ| ` }η} ě R0

)

for some R0 ą 0. This sign is easily evaluated by considering either D
p1q
0 pλ, 0q when λ is large

or14 D
p1q
0 p0,ηq when }η} is large. The foregoing computations can be made even more explicit

running first another homotopy argument moving Jp´pkx Bx`kφJq
2`}η}2q to Jp´k2

x B
2
x`}η}

2q

thus reducing to ξ
φ
“ 0, in this case we have D

p1q
0 p0,ηq “ pe}η}Xx ´1q2 pe´}η}Xx ´1q2.

The study of Dπpλ,ηq is nearly identical and thus omitted. �

3.5. Low-frequency analysis. Now we turn to the derivation of an expansion of Dξpλ,ηq
when pλ, ξ,ηq is small. We begin with a few preliminary remarks to prepare such an expansion.

For the sake of brevity in algebraic manipulations, we introduce notation

rAs0 :“ ApXxq ´ e
ξ
φ
J
Ap0q .

14When d “ 1, this requires first to embed artificially the spectral problem at hand in a corresponding higher-
dimensional problem.

27



Let us observe that if ArUs “ ApU, Uxq is rotationally invariant,

LArUsV “ LAreϕφJUs eϕφJV

for any ϕφ P R, hence if Vp¨ `Xxq “ e
ξ
φ
J Vp¨q

pLArVsψqp0q “ dpU,UxqApVpXxq,VxpXxqqpe
ξ
φ
J
ψp0q, e

ξ
φ
J
ψxp0qq ,

pLArVsψqpXxq ´ pLArVsψqp0q “ dpU,UxqApVpXxq,VxpXxqqprψs0, rψxs0q .

All relevant quantities depend on η only through }η}2 and a wealth of information on the
regime pλ, ξ,ηq small — used repeatedly below without mention — is obtained by differentiating
(2.2), (2.13) and (2.14); for a “ ωφ, cx, µφ, µx,

rBaVs0 “ Baξφ e
ξ
φ
J
JVp0q ´ BaXx e

ξ
φ
J Vxp0q ,(3.4)

pLpSφ ` cxMqrVsBaVqp0q “ Baµφ ´ BacxMrVsp0q ,(3.5)

pLpSx ` ωφMqrVsBaVqp0q “ Baµx ´ BaωφMrVsp0q .(3.6)

At last, we derive from Appendix A that if

λψ “ JHess HurVsψ ` }η}2 κp}V}2qJψ

then

λLMrVsψ “ Bx pLpSφ ` cxMqrVsψq ´ }η}2 κp}V}2qJV ¨ψ ,(3.7)

λLQ1rVsψ “ Bx
`

LpSx ` ωφMqrVsψ
˘

´ }η}2 κp}V}2qVx ¨ψ(3.8)

` Bx

ˆ

1

2
JV ¨

`

λψ ´ }η}2 κp}V}2qJψ
˘

˙

,

Moreover, as already mentioned in section 2.2

detpdUxpSφ,SxqpVpXxq,VxpXxqq “ pκp}Vp0q}2qq2 Vp0q ¨ Vxp0q .

Theorem 3.2. With notation from Section 2, consider an unscaled wave profile V such that
V ¨ Vx ı 0. Then the corresponding Evans function expands uniformly in ξ P r´π, πs as

Dξpλ,ηq “ det
´

λΣt ´ pe
i ξ ´1qI4 `

}η}2

λ Σy

¯

(3.9)

`O
`

p|λ| ` |ξ| ` }η}2q p|λ|2 ` |ξ|2 ` }η}2q p|λ|p|λ| ` |ξ|q ` }η}2q
˘

when pλ,ηq Ñ p0, 0q, with

Σt “

¨

˚

˚

˚

˚

˝

Baξφ
BaXx

şXx
0 LMrVsBaV `MrVsp0q BaXx
şXx
0 LQ1rVsBaV ` Q1rVsp0q BaXx

˛

‹

‹

‹

‹

‚

a“ωφ,cx,µφ,µx

,

Σy “

¨

˚

˚

˚

˝

0 0 0 0
0 0 0 0

şXx
0 κp}V}2q }V}2 ´

şXx
0 κp}V}2qJV ¨ Vx 0 0

şXx
0 κp}V}2qVx ¨ JV ´

şXx
0 κp}V}2q }Vx}2 0 0

˛

‹

‹

‹

‚

.

Note that the structure of Σy is consistent with the fact that there is actually no singularity
in the low-frequency expansion of the Evans function, every power of }η}2{λ is balanced by a
corresponding power of λ.
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Proof. By a density argument on the point where the Evans function is considered, we may
reduce the analysis to the case when Vp0q ¨ Vxp0q ‰ 0.

Guided by rotation and translation invariance, we introduce

Ψ1p¨;λ,ηq “ Rp¨, 0;λ,ηq

ˆ

JVp0q
JVxp0q

˙

Ψ2p¨;λ,ηq “ Rp¨, 0;λ,ηq

ˆ

Vxp0q
Vxxp0q

˙

,

Ψ3p¨;λ,ηq “ Rp¨, 0;λ,ηq

ˆ

BµφVp0q
BµφVxp0q

˙

Ψ4p¨;λ,ηq “ Rp¨, 0;λ,ηq

ˆ

BµxVp0q
BµxVxp0q

˙

,

so that in particular

Ψ1p¨ ; 0, 0q “

ˆ

JV
JVx

˙

, Ψ2p¨ ; 0, 0q “

ˆ

Vx
Vxx

˙

Ψ3p¨ ; 0, 0q “

ˆ

BµφV
BµφVx

˙

, Ψ4p¨ ; 0, 0q “

ˆ

BµxV
BµxVx

˙

.

Then we set Ψ “
`

Ψ1 Ψ2 Ψ3 Ψ4

˘

and observe that from the computations in Section 2.2
stems

Dξpλ,ηq “ pκp}Vp0q}2qq2 det
´

rΨp¨;λ,ηqs0 ´ pe
i ξ ´1q diagpe

ξ
φ
J
, e
ξ
φ
J
qΨp0;λ,ηq

¯

.

Note that each Ψ`p¨;λ,ηq splits as pψ`p¨;λ,ηq, pψ`qxp¨;λ,ηqq for some ψ`p¨;λ,ηq and that

λψ` “ JHess HurVsψ` ` }η}2 κp}V}2qJψ` .

We may now use the identities (3.7) (3.8)) and perform line combinations so as to obtain that
pVp0q ¨ Vxp0qq ˆDξpλ,ηq coincides with the determinant of a matrix of the form
¨

˚

˚

˚

˚

˝

rψ`s0 ´ pe
i ξ ´1q e

ξ
φ
J
ψ`p0q

λ
şXx
0 LMrVspψ`q ` }η}2

şXx
0 κp}V}2qJV ¨ψ` ´ pei ξ ´1q pLpSφ ` cxMqrVsψ`qp0q

λ
şXx
0 LQ1rVspψ`q ` }η}2

şXx
0 κp}V}2qVx ¨ψ`

´pei ξ ´1q
``

LpSx ` ωφMqrVs `
`

λ
2JV ´ }η}

2 κp}V}2qV
˘

¨
˘

ψ`
˘

p0q

˛

‹

‹

‹

‹

‚

`

in the limit pλ,ηq Ñ p0, 0q (where we have left implicit the dependence of ψ` on pλ,ηq for
concision’s sake). Then we observe that it follows from invariances by rotational and spatial
translations that the first two columns of the foregoing matrix are of the form

¨

˚

˚

˚

˚

˝

Op|λ| ` |ξ| ` }η}2q
Op|λ| ` |ξ| ` }η}2q

Op|λ| p|λ| ` |ξ|q ` }η}2q
Op|λ| p|λ| ` |ξ|q ` }η}2q

˛

‹

‹

‹

‹

‚

when pλ,ηq Ñ p0, 0q and that, as follows by comparing respective equations, both Bλψ1p¨; 0, 0q
and BωφV on one hand and Bλψ2p¨; 0, 0q and ´BcxV on another hand differ only by a linear
combination of ψ1p¨; 0, 0q, ψ2p¨; 0, 0q, ψ3p¨; 0, 0q and ψ4p¨; 0, 0q.

Therefore from a direct expansion and a column manipulation one derives that

p´Vp0q ¨ Vxp0qq ˆDξpλ,ηq “ det
`

C1 C2 C3 C4

˘

with

C1 “

¨

˚

˝

λ rBωφVs0 ´ pei ξ ´1q e
ξ
φ
J
JVp0q

λ2
şXx
0 LMrVsBωφV ` }η}2

şXx
0 κp}V}2q }V}2

λ2
şXx
0 LQ1rVsBωφV ` }η}2

şXx
0 κp}V}2qVx ¨ JV

˛

‹

‚

`

¨

˝

Op|λ|p|λ| ` |ξ|q ` }η}2q
Opp|λ|2 ` }η}2qp|λ| ` |ξ|q ` }η}4q
Opp|λ|2 ` }η}2qp|λ| ` |ξ|q ` }η}4q

˛

‚ ,
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C2 “

¨

˚

˝

λ rBcxVs0 ` pei ξ ´1q e
ξ
φ
J Vxp0q

λ2
şXx
0 LMrVsBcxV ` λ pei ξ ´1qMrVsp0q ´ }η}2

şXx
0 κp}V}2qJV ¨ Vx

λ2
şXx
0 LQ1rVsBcxV ` λ pei ξ ´1qQ1rVsp0q ´ }η}2

şXx
0 κp}V}2q }Vx}2

˛

‹

‚

`

¨

˝

Op|λ|p|λ| ` |ξ|q ` }η}2q
Opp|λ|2 ` }η}2qp|λ| ` |ξ|q ` }η}4q
Opp|λ|2 ` }η}2qp|λ| ` |ξ|q ` }η}4q

˛

‚ ,

C3 “

¨

˚

˝

rBµφVs0 ´ pei ξ ´1q e
ξ
φ
J
BµφVp0q

λ
şXx
0 LMrVsBµφV ` }η}2

şXx
0 κp}V}2qJV ¨ BµφV ´ pei ξ ´1q

λ
şXx
0 LQ1rVsBµφV ` }η}2

şXx
0 κp}V}2qVx ¨ BµφV

˛

‹

‚

`

¨

˝

Op|λ| ` }η}2q
Opp|λ| ` }η}2qp|λ| ` |ξ| ` }η}2qq
Opp|λ| ` }η}2qp|λ| ` |ξ| ` }η}2qq

˛

‚ ,

and

C4 “

¨

˚

˝

rBµxVs0 ´ pei ξ ´1q e
ξ
φ
J
BµxVp0q

λ
şXx
0 LMrVsBµxV ` }η}2

şXx
0 κp}V}2qJV ¨ BµxV

λ
şXx
0 LQ1rVsBµxV ` }η}2

şXx
0 κp}V}2qVx ¨ BµxV ´ pei ξ ´1q

˛

‹

‚

`

¨

˝

Op|λ| ` }η}2q
Opp|λ| ` }η}2qp|λ| ` |ξ| ` }η}2qq
Opp|λ| ` }η}2qp|λ| ` |ξ| ` }η}2qq

˛

‚ .

Then the result follows steadily from an expansion of the determinant and a few manipulations
on the first two lines based on Formula (3.4) for rBaVs0. �

4. Longitudinal perturbations

We begin by completing and discussing consequences of the latter sections on the stability
analysis for longitudinal perturbations. For results derived — via Madelung’s transformation —
from corresponding known results for larger classes of Euler–Korteweg systems, we also provide
some hints about direct proofs.

4.1. Co-periodic perturbations. As in [BGNR13, BGMR16], we connect stability with re-
spect to co-periodic longitudinal perturbations with properties of the Hessian of the action
integral Θ. We remind that Θ is considered as a function of pµx, cx, ωφ, µφq, in that order.

At the spectral level, restricting to co-periodic longitudinal perturbations corresponds to
focusing on L0,0, the Bloch-Fourier symbol at pξ,ηq “ p0, 0q. It is thus worth pointing out that
it follows from identities in (2.27) that the matrix Σt in Theorem 3.2 is such that

(4.1) Σt “

¨

˚

˚

˝

0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

˛

‹

‹

‚

ˆ

I2 0
0 ´I2

˙

Hess Θ

¨

˚

˚

˝

0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

˛

‹

‹

‚

so that

(4.2) D0pλ, 0q “ λ4 det pHess Θq `O
`

|λ|5
˘

as |λ| Ñ 0. Combining it with Proposition 3.1 provides the first half of the following theorem.

Theorem 4.1. Let U be a wave profile of parameter pµ
x
, cx, ωφ, µφq such that Hess Θpµ

x
, cx, ωφ, µφq

is non-singular.

(1) The number of eigenvalues of L0,0 in p0,`8q, counted with algebraic multiplicity, is
‚ even if det pHess Θq pµ

x
, cx, ωφ, µφq ą 0 ;

‚ odd if det pHess Θq pµ
x
, cx, ωφ, µφq ă 0.

In particular, in the latter case the wave is spectrally exponentially unstable to co-periodic
longitudinal perturbations.

(2) Assume that B2
µxΘpµ

x
, cx, ωφ, µφq ‰ 0 and that the negative signature of Hess Θpµ

x
, cx, ωφ, µφq

equals two. Then the wave is conditionally orbitally stable in H1
perpp0, Xxqq.
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By conditional orbital stability in H1
perpp0, Xxqq, we mean that for any δ0 ą 0 there exists

ε0 ą 0 such that for any U0 satisfying

inf
pϕφ,ϕxqPR2

›

›U0 ´ eϕφJ Up ¨ ` ϕx q
›

›

H1
perpp0,1qq

ď ε0

and any solution15 U to (1.8) defined on an interval I containing 0, starting from Up0, ¨q “ U0

and sufficiently smooth to guarantee

‚ U P C0pI;H1
perpp0, 1qqq;

‚ t ÞÑ
şXx
0 MrUpt, ¨qs, t ÞÑ

şXx
0 Q1rUpt, ¨qs and t ÞÑ

şXx
0 HrUpt, ¨qs are constant on I;

then for any t P I,

inf
pϕφ,ϕxqPR2

›

›Upt, ¨q ´ eϕφJ Up ¨ ` ϕx q
›

›

H1
perpp0,1qq

ď δ0 .

To go from conditional orbital stability to orbital stability, one needs to know that for the
notion of solution at hand controlling the H1-norm is sufficient to prevent finite-time blow-up.
This is in particular the case when κ is constant; see e.g. [Caz03, Section 3.5]).

Proof. The first point is a direct consequence of identity (4.2) and D0pλ, 0q ą 0 for λ real and
large (proposition 3.1).

The second part is deduced from a corresponding result for the Euler-Korteweg system
(2.19): pρ, uq is conditionnally orbitally stable in H1

per ˆ L
2
perpp0, 1qq if the negative signature of

Hess Θpµ
x
, cx, ωφ, µφq equals two. See Theorem 3 and its accompanying remarks in [BGMR16,

Section 4.2] (conveniently summarized as [BGMR20, Theorem 1]). The conversion to our setting
stems from the following lemma and the fact that System (2.19) preserves the integral of v1. �

Lemma 4.2. (1) For any c0 ą 0, there exist ε ą 0 and C such that if U P H1
perpp0, 1qq

satisfies }U} ě c0 then for any pϕφ, ϕxq P R
2 and any U P H1

perpp0, 1qq satisfying
›

›U ´ eϕφJ Up ¨ ` ϕx q
›

›

H1
perpp0,1qq

ď ε ,

with

pρ, rvq “

ˆ

MrUs,
Q1rUs

MrUs

˙

, pρ, rvq “

ˆ

MrUs, Q1rUs
MrUs

˙

,

there holds pρ, rvq, pρ, rvq P H1
perpp0, 1qq ˆ L

2pp0, 1qq,
ş1
0 rv “

ş1
0 rv “ 0, and

›

›pρ, rvq ´ pρ, rvqp ¨ ` ϕx q
›

›

H1
perˆL

2
per
ď C

´

1` }U}3H1
per

¯

›

›U ´ eϕφJ Up ¨ ` ϕx q
›

›

H1
per
.

(2) There exists C such that if

U “
b

2ρ eθJpe1q , U “
a

2ρ eθJpe1q ,

with pρ, Bxθq, pρ, Bxθq P H
1
perpp0, 1qq ˆ L

2pp0, 1qq,
ş1
0 Bxθ “

ş1
0 Bxθ “ 0,

then U P H1
perpp0, 1qq, U P H1

perpp0, 1qq and, for any ϕx P R,
›

›U ´ eϕφJ Up ¨ ` ϕx q
›

›

H1
per

ď C
´

1` }pρ, Bxθq}
2
H1

perˆL
2
per
`
›

›pρ, Bxθq
›

›

2

H1
perˆL

2
per

¯

›

›pρ, Bxθq ´ pρ, Bxθqp ¨ ` ϕx q
›

›

H1
perˆL

2
per

where

ϕφ “

ż 1

0
pθpζq ´ θp ζ ` ϕx qqdζ .

15Knowing in which precise sense does not matter since only conservations are used in the stability argument.
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Proof. The proof of the lemma is quite straightforward, using the continuous embedding

H1
perpp0, 1qq ãÑ L8pp0, 1qq

and the Poincaré inequality. We use the latter in the following form. There exists C such that

for any θ such that Bxθ P L
2pp0, 1qq,

ş1
0 Bxθ “ 0, we have θ P H1

perpp0, 1qq and if
ş1
0 θ “ 0,

}θ}L2pp0,1qq ď C }Bxθ}L2pp0,1qq .

�

The first part of the foregoing theorem could also be deduced from [BGNR13, BGMR16]
through Section 3.2. In the reverse direction, we expect that the second part could be deduced
from abstract results directly concerning equations of the same type as the nonlinear Schrödinger
equation — see [GSS90, DBRN19] — essentially as the conclusions in [BGMR16] used here were
deduced there by combining an abstract result — [BGMR16, Theorem 3] — with a result proving
connections with the action integral — [BGMR16, Theorem 7].

As in [BGMR20] for systems of Korteweg type, we now specialize Theorem 4.1 to two as-
ymptotic regimes, small amplitude and large period. To state our result, in the small amplitude
regime, we need one more non-degeneracy index

a0pcx, ρ, kφq :“
1

8pB2
ρWρq

3

” 5

3
pB3
ρWρq

2 ´ B2
ρWρ B

4
ρWρ(4.3)

´ 4 B2
ρWρ B

3
ρWρ

ˆ

κ1p2ρq

κpρq
´

1

2 ρ

˙

` 16 pB2
ρWρq

2

ˆ

κ2p2ρq

κpρq
´

1

2 ρ

κ1p2ρq

κpρq
`

1

2 pρq2

˙

ı

with derivatives of Wρ evaluated at pρ; cx, ωφ, µφq, pωφ, µφq being associated with pcx, ρ, kφq
through (2.30). The following theorem is then merely a translation of Corollaries 1 and 2 in
[BGMR20].

Theorem 4.3. (1) In the small amplitude regime near a pc
p0q
x , ρp0q, k

p0q
φ q such that16

Bρνpρ
p0q; cp0qx , µp0q

φ
q ‰ 0 , a0pc

p0q
x , ρp0q, k

p0q
φ q ‰ 0 ,

we have that B2
µxΘ ‰ 0 and that the negative signature of Hess Θ equals two so that

waves are conditionally orbitally stable in H1
perpp0, Xxqq.

(2) In the large period regime, B2
µxΘ ‰ 0 and

‚ if B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ą 0 then in the large period regime near pc

p0q
x , ρp0q, k

p0q
φ q,

the negative signature of Hess Θ equals two so that waves are conditionally orbitally
stable in H1

perpp0, Xxqq;

‚ if B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ă 0 then in the large period regime near pc

p0q
x , ρp0q, k

p0q
φ q, the

negative signature of Hess Θ equals three so that waves are spectrally exponentially
unstable to co-periodic longitudinal perturbations.

A few comments are in order.

(1) The condition a0 ‰ 0 is directly connected to the condition B2
µxΘ ‰ 0 since a0X

p0q
x is the

limiting value of B2
µxΘ ‰ 0 in the small-amplitude regime; see [BGMR20, Theorem 4].

(2) The small-amplitude regime considered here is disjoint from the one analyzed for the
semilinear cubic Schrödinger equations in [GH07] since here the constant asymptotic

mass is nonzero, namely ρp0q ą 0.

(3) The condition on B2
cxΘpsq agrees with the usual criterion for stability of solitary waves,

known as the Vakhitov-Kolokolov slope condition; see e.g. [GSS90].

16With µp0q
φ

associated with pcp0qx , ρp0q, k
p0q
φ q through (2.30).
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4.2. Side-band perturbations. Side-band perturbations are perturbations corresponding to
Floquet exponents ξ arbitrarily small but non zero. As in [BGNR13, BGNR14, BGMR21], we
analyse the spectrum of Lξ,0 near 0 when ξ is small. Some instability criteria associated with
this part of the spectrum could be deduced readily from Theorem 3.2. Yet we postpone slightly
these conclusions since we are more interested in proving that such rigorous conclusions agree
with those guessed from formal geometrical optics considerations.

Thus let us consider the two-phases slow/fastly-oscillatory ansatz

(4.4) Upεqpt, xq “ e
1
ε
ϕ
pεq
φ pε t,ε xqJ U pεq

˜

ε t, ε x;
ϕ
pεq
x pε t, ε xq

ε

¸

with, for any pT,Xq, ζ ÞÑ U pεqpT,X; ζq periodic of period 1 and, as εÑ 0,

U pεqpT,X; ζq “ U0pT,X; ζq ` εU1pT,X; ζq ` opεq ,

ϕ
pεq
φ pT,Xq “ pϕφq0pT,Xq ` ε pϕφq1pT,Xq ` opεq ,

ϕpεqx pT,Xq “ pϕxq0pT,Xq ` ε pϕxq1pT,Xq ` opεq .

Requiring (4.4) to solve (1.3) up to a remainder of size op1q is equivalent to ζ ÞÑ U0pT,X; ζq
being a scaled profile of a periodic traveling wave of (2.2). Explicitly,

(4.5) JδH0pU0, e1 pkφJ` kxBζqU0q “ ωφJU0 ´ cx pkφJ` kxBζqU0.

with local parameters (depending on slow variables pT,Xq) related to phases by

BT pϕφq0 “ ωφ ´ kφ cx , BXpϕφq0 “ kφ , BT pϕxq0 “ ωx , BXpϕxq0 “ kx .

Symmetry of derivatives already constrains the slow evolution of wave parameters with

BTkφ “ BX pωφ ´ kφ cxq , BTkx “ BXωx .

Since periodic profiles form a 4-dimensional manifold (after discarding translation and rotation
parameters), in order to determine the leading-order dynamics of (4.4), we need two more
equations. The fastest way to obtain such equations is to also require (4.4) to solve (1.4)
and (1.6) up to remainders of size opεq. Observing that all quantities in (1.4) and (1.6) are
independent of phases,

BT pMpU0qq “ BXpSφpU0, e1 pkxBζ ` kφJqU0qq ` Bζ p˚q ,

BT pQ1pU0, e1 pkxBζ ` kφJqU0qq “ BX
``

∇UxQ1 ¨ JδH0 ` Sx
˘

pU0, e1 pkxBζ ` kφJqU0q
˘

` Bζ p˚˚q ,

with omitted terms ˚ and ˚˚ 1-periodic in ζ. Averaging in ζ (using (4.5)) provides two more
equations, completing the modulation system

(4.6)

$

’

’

&

’

’

%

BTkx “ BXωx
BT pxQp1U0, e1 pkxBζ ` kφJqU0qyq “ BXpxpωφM´ cxQ1 ` SxqpU0, e1 pkxBζ ` kφJqU0qyq

BT pxMpU0qyq “ BXpxSφpU0, e1 pkxBζ ` kφJqU0qyq

BTkφ “ BX pωφ ´ kφ cxq

where x ¨ y “

ż 1

0
¨ dζ is the average over a periodic cell.

The reader may wonder why in the foregoing formal derivation we have asked for (1.3) to be
satisfied at order 1 and for (1.4) and (1.6) to be satisfied at order ε. Alternatively, one may
ask for (1.3) to be satisfied at order ε and check that requirements on (1.4) and (1.6) come as
necessary conditions. One may also check that when (1.3) is satisfied at order 1 so are (1.4) and
(1.6).

System (4.6) should be thought as a system for functions defined on the manifold of periodic
traveling waves (identified when coinciding up to rotational and spatial translations). To make

33



this more concrete, we now rewrite it in terms of parameters pµx, cx, ωφ, µφq. To do so, with
notation from Section 2, we introduce

(4.7)

$

’

’

&

’

’

%

mpµx, cx, ωφ, µφq :“ xMrVsy “ 1

Xx

ż Xx

0
MrVsdx ,

qpµx, cx, ωφ, µφq :“ xQrVsy “ 1

Xx

ż Xx

0
Q1rVsdx ,

where V is the unscaled profile associated with pµx, cx, ωφ, µφq and Xx is the corresponding
period. By making use of (2.13) and (2.14), one obtains

(4.8)

$

’

’

&

’

’

%

BTkx “ BXωx
BTq “ BX pµx ´ cxqq
BTm “ BX pµφ ´ cxmq
BTkφ “ BX pωφ ´ cx kφq

as an alternative form of (4.6). To connect with the analysis of other sections in terms of the
action integral Θ, we recall (2.27)

kx “
1

BµxΘ
,

¨

˚

˚

˝

1
q

m

kφ

˛

‹

‹

‚

“
A0 ∇Θ

BµxΘ
, with A0 :“

¨

˚

˚

˝

1 0 0 0
0 1 0 0
0 0 ´1 0
0 0 0 ´1

˛

‹

‹

‚

.

Thus (for smooth solutions) System (4.8) takes the alternative form

(4.9) kxA0 Hess Θ pBT ` cxBXq

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

“ B0 BX

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

with

B0 “

¨

˚

˚

˝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

˛

‹

‹

‚

.

Remark 4.4. One may check that the modulated system (4.8), also often called Whitham’s
system, agrees with the one derived for the associated Euler–Korteweg system (2.19) by injecting
a one-phase slow/fastly-oscillatory ansatz. See [Rod13, BGNR14, BGMR21] for a discussion of
the latter. This may be achieved by direct comparisons of either formal ansatz, averaged forms
or more concrete parameterized forms.

We now specialize the use of System (4.8) to the discussion of the dynamics near a particular
periodic traveling wave. Note that traveling-wave solutions fit the ansatz (4.4) and correspond
to the case when phases ϕφ and ϕx are affine functions of the slow variables and wave parameters
are constant. Thus, when U is a wave profile of parameters pµ

x
, cx, ωφ, µφq, one may expect

that the stability17 of pµ
x
, cx, ωφ, µφq as a solution to (4.8) is necessary to the stability of U as a

solution to (1.8). The literature proving such a claim at the spectral level is now quite extensive
and we refer the reader to [Ser05, NR13], [BGNR14, BHJ16], [KR16], [JNR`19] for results
respectively on parabolic systems, Hamiltonian systems of Korteweg type, lattice dynamical
systems and some hyperbolic systems with discontinuous waves. Yet this is the first time18 that
a result for a class of systems with symmetry group of dimension higher than one is established.

17Incidentally we point out that from the homogeneity of first-order systems it follows that ill-posedness and
stability are essentially the same for systems such as (4.8).
18Except for the almost simultaneous [CM20]. See detailed comparison in Section 4.3.
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In the present case, the spectral validation of (4.8) is a simple corollary of Theorem 3.2 based
on a counting root argument for analytic functions, since

λΣt ´ pe
i ξ ´1qI4 “

¨

˚

˚

˝

0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

˛

‹

‹

‚

´

λA0 Hess Θ´ pei ξ ´1qB0

¯

¨

˚

˚

˝

0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

˛

‹

‹

‚

.

Corollary 4.5. Consider an unscaled wave profile V such that V ¨ Vx ı 0, with associated
parameters pµ

x
, cx, ωφ, µφq.

(1) The following three statements are equivalent.
‚ 0 is an eigenvalue of algebraic multiplicity 4 of L0,0.
‚ The map pµx, cx, ωφ, µφq ÞÑ pkx,q,m, kφq is a local diffeomorphism near pµ

x
, cx, ωφ, µφq.

‚ Hess Θpµ
x
, cx, ωφ, µφq is non-singular.

(2) Assume that Hess Θpµ
x
, cx, ωφ, µφq is non-singular. Then there exist λ0 ą 0, ξ0 ą 0 and

C0 such that
‚ for any ξ P r´ξ0, ξ0s, Lξ,0 possesses 4 eigenvalues (counted with algebraic multiplic-

ity) in the disk Bp0, λ0q;
‚ if a ´ cx is a characteristic speed of (4.8) at pµ

x
, cx, ωφ, µφq of algebraic multiplic-

ity r, that is, if a is an eigenvalue of pkxA0 Hess Θpµ
x
, cx, ωφ, µφqq

´1B0 of algebraic

multiplicity r, then for any ξ P r´ξ0, ξ0s, Lξ,0 possesses r eigenvalues (counted with

algebraic multiplicity) in the disk Bpi kxξ a , C0|ξ|
1` 1

r q.
In particular if System (4.8) is not weakly hyperbolic at pµ

x
, cx, ωφ, µφq, that is, if

pkxA0 Hess Θpµ
x
, cx, ωφ, µφqq

´1B0 possesses a non-real eigenvalue, then the wave is spec-

trally unstable to longitudinal side-band perturbations.

A few comments are in order.

(1) Note that the subtraction of cx in the second part of the corollary accounts for the fact
that System 4.8 is not expressed in a co-moving frame.

(2) The second part of the foregoing corollary could also be deduced from results in [BGNR14]
through Madelung’s transformation.

We now turn to the small-amplitude and large-period regimes. To describe the small-amplitude
regime, we need to introduce two instability indices

δhyppcx, ωφ, µφq :“ W 2p2 ρp0qq `
´

κ2p2 ρp0qq ρp0q ` κ1p2 ρp0qq
¯

pk
p0q
φ q

2(4.10)
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and

δBF pcx, ωφ, µφq

(4.11)

:“

¨

˝

1

2

κp2 ρp0qq

2 ρp0q

˜

2π

X
p0q
x

¸2
˛

‚

3 ¨

˝´3

˜

κ1p2 ρp0qq

κp2 ρp0qq

¸2

´ 2
κ1p2 ρp0qq

κp2 ρp0qq

1

2 ρp0q
`
κ2p2 ρp0qq

κp2 ρp0qq

˛

‚

`

¨

˝

1

2

κp2 ρp0qq

2 ρp0q

˜

2π

X
p0q
x

¸2
˛

‚

2

ˆ

˜

W 2p2 ρp0qq

¨

˝´12

˜

κ1p2 ρp0qq

κp2 ρp0qq

¸2

´ 6
κ1p2 ρp0qq

κp2 ρp0qq

1

2 ρp0q
` 4

ˆ

1

2 ρp0q

˙2

` 3
κ2p2 ρp0qq

κp2 ρp0qq

˛

‚

` 4W3p2 ρp0qq

˜

κ1p2 ρp0qq

κp2 ρp0qq
` 2

1

2 ρp0q

¸

` 2W4p2 ρp0qq

¸

`

¨

˝

1

2

κp2 ρp0qq

2 ρp0q

˜

2π

X
p0q
x

¸2
˛

‚

ˆ

˜

12 pW 2p2 ρp0qqq2

¨

˝

˜

κ1p2 ρp0qq

κp2 ρp0qq

¸2

` 4
κ1p2 ρp0qq

κp2 ρp0qq

1

2 ρp0q
` 3

ˆ

1

2 ρp0q

˙2
˛

‚

` 8W 2p2 ρp0qqW3p2 ρp0qq

˜

4
κ1p2 ρp0qq

κp2 ρp0qq
` 5

1

2 ρp0q

¸

`
4

3

´

W3p2 ρp0qq
¯2
` 6W 2p2 ρp0qqW4p2 ρp0qq

¸

` 8W 2p2 ρp0qq

˜

W3p2 ρp0qq ` 3W 2p2 ρp0qq

˜

κ1p2 ρp0qq

κp2 ρp0qq
`

1

2 ρp0q

¸¸2

.

where pρp0q, k
p0q
φ q are the associated limiting mass and rotational shift and X

p0q
x is the associated

period.
The following theorem is a consequence of Corollary 4.5 and results in [BGMR21] for the

Euler–Korteweg systems, namely Theorems 7 and 8 respectively for the first and second points19.

Theorem 4.6. (1) In the small amplitude regime near a pc
p0q
x , ρp0q, k

p0q
φ q such that

Bρνpρ
p0q; cp0qx , µp0q

φ
q ‰ 0 ,

Hess Θ is non singular and if

δhyppc
p0q
x , ω

p0q
φ , µp0q

φ
q ă 0 or δBF pc

p0q
x , ω

p0q
φ , µp0q

φ
q ă 0,

then waves are spectrally exponentially unstable to longitudinal side-band perturbations.

(2) If B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ‰ 0 then, in the large period regime near pc

p0q
x , ρp0q, k

p0q
φ q, Hess Θ

is non singular and if

B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ă 0,

19In notation of [BGMR21], δBF is ∆MI .
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then in the large period regime near pc
p0q
x , ρp0q, k

p0q
φ q, waves are spectrally exponentially

unstable to longitudinal side-band perturbations.

A few comments are worth stating. In particular, we borrow here some of the upshots of the
much more comprehensive analysis in [BGMR21].

(1) Again we point out that the small-amplitude regime considered here is disjoint from the
one analyzed for the semilinear cubic Schrödinger equations in [GH07]. Let us however
stress that for the semilinear cubic Schrödinger equations our instability criterion pro-
vides instability if and only if the potential is focusing, independently of the particular
limit value under consideration. This is consistent with the conclusions for the case
ρp0q “ 0 derived in [GH07].

(2) In the small amplitude limit, the characteristic velocities split in two groups of two. One
of these groups converges to the linear group velocity at the limiting constant value and
the sign of δBF precisely determines how this double root splits. The corresponding
instability is often referred to as the Benjamin–Feir instability. The other group con-
verges to the characteristic velocities of a dispersionless hydrodynamic system at the
limiting constant value; see [BGMR21, Theorem 7]. The sign of δhyp decides the weak
hyperbolicity of the latter system. When κ is constant, it is directly related to the
focusing/defocusing nature of the potential W (namely W 2 negative/positive).

(3) A similar scenario takes place in the large period limit, with the phase velocity of the
solitary wave replacing the linear group velocity. The sign of B2

cxΘpsq determines how
the double root splits. However, due to the nature of endstates of solitary waves, the
dispersionless system is always hyperbolic, hence the reduction to a single instability
index. See Appendix B for some related details.

4.3. Large-time dynamics. Our interest in modulated systems also hinges on the belief that
they play a deep role in the description of the large-time dynamics. In other words, one expects
that near stable waves the large-time dynamics is well-approximated by simply varying wave
parameters in a space-time dependent way and that the dynamics of these parameters is itself
well-captured by some (higher-order version of a) modulated system.

The latter scenario has been proved to occur at the nonlinear level for a large class of parabolic
systems [JNRZ13, JNRZ14] and at the linearized level for the Korteweg–de Vries equation
[Rod18]. The reader is also referred to [Rod13, Rod15] for some more intuitive arguments
supporting the general claim.

We would like to extend here a small part of the analysis in [Rod18] to the class of equations
under consideration. We begin by revisiting the second part of Corollary 4.5 from the point of
view of Floquet symbols rather than Evans’ functions. The goal is to provide a description of
how eigenfunctions and spectral projectors behave near the quadruple eigenvalue at the origin.
Once this is done, the arguments of [Rod18] may be directly imported and provide different
results (adapted to the presence of a two-dimensional group of symmetries) but with nearly
identical — thus omitted — proofs.

In a certain way, we leave the point of view convenient for spatial dynamics to focus on
time dynamics. To do so, it is expedient to use scaled variables so as to normalize period
and to parameter waves not by phase-portrait parameters pµx, cx, ωφ, µφq but by modulation
parameters pkx, kφ,q,mq. The first part of Corollary 4.5 proves that the latter is possible when
the eigenvalue at the origin is indeed of multiplicity 4. Therefore in the present subsection, we
consider scaled profiles U as in (1.8),and parameters pµx, cx, ωφ, µφq as functions of pkx, kφ,q,mq.
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In scaled variables, the averaged mass and impulse from (4.7) take the form

m “ xMpUqy “
ż 1

0

1

2
}U}2 ,

q “ xQ1pU , e1pkxBx ` kφJqUqy “
ż 1

0

1

2
JU ¨ pkxBx ` kφJqU .

Our focus is on the operator Lξ,0 “ Lxξ . Correspondingly we consider the Whitham matrix-
valued map

(4.12) Wpµx, cx, ωφ, µφq :“ Jac

¨

˚

˚

˝

ωx
ωφ ´ cx kφ
µx ´ cxq
µφ ´ cxm

˛

‹

‹

‚

.

To connect both objects, we shall use various algebraic relations obtained from profile equations
and conservation laws that we first derive.

Differentiating profile equation δHurUs “ 0 with respect to rotational and spatial translation
parameters (left implicit here) and to pq,mq yields

L0,0 Ux “ 0 , L0,0 BqU “
`

Bqωφ ´ kφ Bqcx
˘

JU ´ kxBqcx Ux ,(4.13)

L0,0 JU “ 0 , L0,0 BmU “
`

Bmωφ ´ kφ Bmcx
˘

JU ´ kx Bmcx Ux .(4.14)

To highlight the role of BkxU and BkφU , we expand

Lξ,0 “ L0,0 ` i kxξ Lp1q ` pi kxξq2 Lp2q .

Differentiating profile equations with respect to pkx, kφq leaves

(4.15)

"

L0,0 BkxU “
`

Bkxωφ ´ kφ Bkxcx
˘

JU ´ kx Bkxcx Ux ´ Lp1q Ux ,
L0,0 BkφU “

`

Bkφωφ ´ kφ Bkφcx
˘

JU ´ kx Bkφcx Ux ´ Lp1q JU .

By differentiating the definitions of mass and impulse averages, we also obtain that

ż 1

0
δQ1pU , e1pkxBx ` kφJqUqUx “ 0 ,

ż 1

0
δQ1pU , e1pkxBx ` kφJqUqJU “ 0 ,(4.16)

ż 1

0
δQ1pU , e1pkxBx ` kφJqUq BqU “ 1 ,

ż 1

0
δQ1pU , e1pkxBx ` kφJqUq BmU “ 0 ,(4.17)

ż 1

0
δQ1pU , e1pkxBx ` kφJqUq BkxU “ ´

ż 1

0
dUx Q1pU , e1pkxBx ` kφJqUqUx(4.18)

“ ´
1

kx
pq´ kφmq ,

ż 1

0
δQ1pU , e1pkxBx ` kφJqUq BkφU “ ´

ż 1

0
dUx QpU , e1pkxBx ` kφJqUqJU(4.19)

“ ´m ,

and
ż 1

0
δMrUsUx “ 0 ,

ż 1

0
δMrUs BqU “ 0 ,

ż 1

0
δMrUs Bkx U “ 0 ,(4.20)

ż 1

0
δMrUsJU “ 0 ,

ż 1

0
δMrUs BmU “ 1 ,

ż 1

0
δMrUs Bkφ U “ 0 , .(4.21)
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At last, linearizing conservation laws for mass and impulse provides for any smooth V

δMrUs ¨ Lξ,0V

“ kxpBx ` i ξq

˜

∇UpSφ ` cxMqpU , e1pkxBx ` kφJqUq ¨V

`∇UxpSφ ` cxMqpU , e1pkxBx ` kφJqUq ¨ pkxpBx ` i ξq ` kφJqV

¸

and

∇UQ1pU , e1pkxBx ` kφJqUq ¨ Lξ,0V `∇UxQ1pU , e1pkxBx ` kφJqUq ¨ pkxpBx ` i ξq ` kφJqLξ,0V

“ kxpBx ` i ξq

˜

∇UxQ1pU , e1pkxBx ` kφJqUq ¨ Lξ,0V

`∇UpSx ` ωφMqpU , e1pkxBx ` kφJqUq ¨V

`∇UxpSx ` ωφMqpU , e1pkxBx ` kφJqUq ¨ pkxpBx ` i ξq ` kφJqV

¸

.

Evaluating at ξ “ 0 and integrating show

L˚0,0 δQ1pU , pkxBx ` kφJqUq “ 0, L˚0,0 δMrUs “ 0,(4.22)

where L˚0,0 denotes the adjoint of L0,0. Alternatively the latter may be checked by using explicit

expressions of δQ1pU , e1pkxBx ` kφJqUq and δMrUs in terms of JU and Ux and Hamiltonian

duality L˚0,0 “ ´J´1 L0,0 J. At next orders, for V smooth and periodic we also deduce

xδMrUs;Lp1qVyL2 “ xδpSφ ` cxMqpU , e1pkxBx ` kφJqUq;VyL2 ,(4.23)

xδMrUs;Lp2qVyL2 “ x∇UxpSφ ` cxMqpU , e1pkxBx ` kφJqUq;VyL2 ,(4.24)

and

xδQ1pU , e1pkxBx ` kφJqUq;Lp1qVyL2 “ xδpSx ` ωφMqpU , e1pkxBx ` kφJqUq;VyL2 ,(4.25)

xδQ1pU , e1pkxBx ` kφJqUq;Lp2qVyL2 “ x∇UxpSx ` ωφMqpU , e1pkxBx ` kφJqUq;VyL2 ,(4.26)

In the foregoing relations, x¨; ¨yL2 denotes the canonical Hermitian scalar product on L2pp0, 1q;C2q,
C-linear on the right20.

These are the key algebraic relations to prove the following proposition.

Theorem 4.7. Let U be a wave profile such that U ¨Ux ı 0 and that 0 has algebraic multiplicity
exactly 4 as an eigenvalue of L0,0. Assume that eigenvalues of W are distinct.
There exist λ0 ą 0, ξ0 P p0, πq, analytic curves λj : r´ξ0, ξ0s Ñ Bp0, λ0q, j “ 1, 2, 3, 4, such that
for ξ P r´ξ0, ξ0s

σpLξ,0q XBp0, λ0q “ t λjpξq | j P t1, 2, 3, 4u u

and associated left and right eigenfunctions rψjpξ, ¨q and ψjpξ, ¨q, j “ 1, 2, 3, 4, satisfying pairing
relations21

x rψjpξ, ¨q, ψ`pξ, ¨qyL2 “ i kxξ δ
j
` , 1 ď j, ` ď 4,

obtained as

ψjpξ, ¨q “

2
ÿ

`“1

β
pjq
` pξq q`pξ, ¨q ` pi kxξq

4
ÿ

`“3

β
pjq
` pξq q`pξ, ¨q

rψjpξ, ¨q “ ´pi kxξq
2
ÿ

`“1

rβ
pjq
` pξq rq`pξ, ¨q `

4
ÿ

`“3

rβ
pjq
` pξ, ¨q rq`pξ, ¨q

20That is, xf ; gyL2 “
ş1

0
f̄ ¨ g.

21With δj` “ 1 if j “ `, and δj` “ 0 otherwise.
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where

‚ pqjpξ, ¨qq1ďjď4 and prqjpξ, ¨qq1ďjď4 are dual bases of spaces associated with the spectrum
in Bp0, λ0q of respectively Lξ,0 and its adjoint L˚ξ,0, that are analytic in ξ and such that

pq1p0, ¨q, q2p0, ¨q, q3p0, ¨q, q4p0, ¨qq “ pUx,JU , BqU , BmUq ,
prq3p0, ¨q, rq4p0, ¨qq “ pδQ1pU , e1pkxBx ` kφJqUq, δMrUsq

“ p´kx JUx ` kφ U , Uq ,
pBξq1p0, ¨q, Bξq2p0, ¨qq “ i kx pBkxU , BkφUq ;

‚ pβpjqpξqq1ďjď4 and prβpjqpξqq1ďjď4 are dual bases of C4 that are analytic in ξ and such

that pβpjqp0qq1ďjď4 and prβpjqp0qq1ďjď4 are dual right and left eigenbases of cx I4 `W

associated with eigenvalues pa
pjq
0 q1ďjď4 labeled so that

λjpξq
ξÑ0
“ i kxξa

pjq
0 `Op|ξ|3q , 1 ď j ď 4 .

The way in which the eigenvalue 0 of multiplicity 4 breaks is highly non-generic from the
point of view of abstract spectral theory. Indeed we already know from Corollary 4.5 that the
four arising eigenvalues are differentiable at ξ “ 0 and we obtain that when eigenvalues of W
are distinct, the four eigenvalues of Lξ,0 are analytic in ξ. This should be contrasted with the

fact that eigenvalues arising from generic Jordan blocks of height 2 are no better than 1
2 -Hölder

(and in particular are not Lipschitz).

Proof. We make extensive use of standard spectral perturbation theory as expounded at length
in [Kat76]. To begin with, we introduce λ0 ą 0 and ξ0 ą 0 such that for |ξ| ď ξ0 the spectrum of
Lξ,0 in Bp0, λ0q has multiplicity 4 and denote by Πξ the corresponding Riesz spectral projector.
From (4.13) the range of Π0 is spanned by pUx,JU , BqU , BmUq and from (4.16),(4.20), we may
choose a dual basis of the range of Π˚0 in the form p˚, ˚˚, δQ1pU , e1pkxBx ` kφJqUq, δMrUsq. By
Kato’s perturbation method, we may extend these dual bases as dual bases pqjpξ, ¨qq1ďjď4 and
prqjpξ, ¨qq1ďjď4 of respectively the ranges of Πξ and Π˚ξ .

One may use the corresponding coordinates to reduce the study of the spectrum of Lξ,0 to
the consideration of the matrix

Λξ :“
`

xrqjpξ, ¨q;Lξ,0 q`pξ, ¨qyL2

˘

pj,`qPt1,2,3,4u2
.

From relations expounded above stems

Λ0 “

¨

˚

˚

˝

0 0 ´kx Bqcx ´kx Bmcx
0 0 Bqωφ ´ kφ Bqcx Bmωφ ´ kφ Bmcx
0 0 0 0
0 0 0 0

˛

‹

‹

‚

.

Note in particular that Λ2
0 is zero. From (4.15) we also derive

xrqjp0, ¨q;Lp1q q`p0, ¨qyL2 “ 0 , 3 ď j ď 4 , 1 ď ` ď 2 .

Thus

rΛξ :“
1

i kx ξ
P´1
ξ Λξ Pξ , Pξ :“

ˆ

I2 0
0 i kx ξ I2

˙

, ξ ‰ 0,(4.27)

defines a matrix rΛξ extending analytically to ξ “ 0.

Our main intermediate goal is to compute rΛ0. We first show that we may enforce

Bξq1p0, ¨q “ i kx BkxU , Bξq2p0, ¨q “ BkφU .(4.28)

To do so, for ` “ 1, 2, by expanding ΠξpLξ,0q`pξ, ¨qq “ Lξ,0q`pξ, ¨q, we derive that L0,0Bξq`p0, ¨q `
i kxLp1qq`p0, ¨q belongs to the range of Π0. Comparing with equations for BkxU and BkφU , we
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deduce that L0,0pBξq1p0, ¨q´i kxBkxUq and L0,0pBξq2p0, ¨q´i kxBkφUq thus also Bξq1p0, ¨q´i kxBkxU
and Bξq2p0, ¨q ´ i kxBkφU belong to the range of Π0. Let pα

p`q
j q1ďjď4, 1ď`ď2 be such that

Bξq1p0, ¨q ´ i kxBkxU “
4
ÿ

j“1

α
p1q
j qjp0, ¨q , Bξq2p0, ¨q ´ i kxBkφU “

4
ÿ

j“1

α
p2q
j qjp0, ¨q .

Lessening ξ0 if necessary, one may then replace pqjpξ, ¨qq1ďjď4 with

q1pξ, ¨q ´ ξ
4
ÿ

j“1

α
p1q
j qjpξ, ¨q , q2pξ, ¨q ´ ξ

4
ÿ

j“1

α
p2q
j qjpξ, ¨q , q3pξ, ¨q , q4pξ, ¨q ,

and prqjpξ, ¨qq1ďjď4 with

rqjpξ, ¨q ` ξ
2
ÿ

`“1

rα
p`q
j pξqrq`pξ, ¨q , j “ 1, 2, 3, 4 ,

with prα
p`q
j pξqq1ďjď4, 1ď`ď2 tuned to preserve duality relations and have (4.28), that we assume

from now on. To make the most of associated relations, we observe that from duality stems

xBξrqjp0, ¨q; q`p0, ¨qyL2 “ ´xrqjp0, ¨q; Bξq`p0, ¨qyL2 , 1 ď j , ` ď 4 .

Since

prΛ0qj,` “ xrqjp0, ¨q;
1

i kx
L0,0 Bξ q`p0, ¨q ` Lp1q q`p0, ¨qyL2 , 1 ď j ď 2 , 1 ď ` ď 2 ,

prΛ0qj,` “ pΛ0qj,` , 1 ď j ď 2 , 3 ď ` ď 4 ,

this gives readily from (4.15)

`

prΛ0qj,`

˘

1ďjď2, 1ď`ď4
“

ˆ

´kx Bkxcx ´kx Bkφcx ´kx Bqcx ´kx Bmcx
Bkxωφ ´ kφ Bkxcx Bkφωφ ´ kφ Bkφcx Bqωφ ´ kφ Bqcx Bmωφ ´ kφ Bmcx

˙

.

The extra relations also carry

prΛ0qj,` “ xrqjp0, ¨q;
1

i kx
Lp1q Bξ q`p0, ¨q ` Lp2q q`p0, ¨qyL2

` pmBkp`qωφ ´ qBkp`qcxq δ
3
j , 3 ď j ď 4 , 1 ď ` ď 2 ,

prΛ0qj,` “ xrqjp0, ¨q;Lp1q q`p0, ¨qyL2

` pmBmp`qωφ ´ qBmp`qcxq δ
3
j , 3 ď j ď 4 , 3 ď ` ď 4 ,

with kp1q “ kx, kp2q “ kφ, mp3q “ q, mp4q “ m. Using (4.23), (4.25) to evaluate the foregoing
expressions leads to the final identification

rΛ0 “ cx I4 `W .

The proof is then completed by diagonalizing matrices rΛξ, that have simple eigenvalues pro-
vided that ξ0 is taken sufficiently small, and undoing the various transformations. �

We would like to make a few comments on the foregoing proof.

(1) Though this is useless for our purposes, one may also compute explicitly rq1p0, ¨q and
rq2p0, ¨q as combinations of JUx, U , JBqU and JBmU . Indeed it follows from Hamiltonian
duality that the four vectors form a basis of the range of Π˚0 and their scalar products
with Ux, JU , BqU and BmU are explicitly known.

(2) The assumption that the eigenvalues of W are distinct is only used at the very end of
the proof. Removing it, the arguments still give an alternative proof of the second part
of Corollary 4.5. For semilinear equations, to some extent this has already been carried
out in the recent [LBJM21] with a few variations that we point now.
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(a) The authors of [LBJM21] further assume that L0,0 exhibits two Jordan blocks of
height 2 at 0, in other words they assume that the above matrix Λ0 has rank 2.

(b) In [LBJM21] no formal interpretation is provided for the underlying instability cri-
terion. In particular no connection with geometrical optics and modulated systems

is offered for the matrix rΛ0. This connection is established in a recent preprint
[CM20], building upon [LBJM21]. Hence the next remarks also apply to [CM20].

(c) The structure of eigenfunctions is left out of the discussion in [LBJM21], whereas
this is our main motivation for reproving in a different way the second part of
Corollary 4.5. In turn, the main focus of [LBJM21] is on spectral stability and the
authors supplement their analysis with numerical experiments for cubic and quintic
semilinear equations.

(d) We have taken advantage of the fact that we have already proven the first part of
Corollary 4.5 to use modulation coordinates pkx, kφ,q,mq whereas the analysis in
[LBJM21] is carried out with phase-portrait parameters pµx, cx, ωφ, µφq.

In the remaining part of this section, since we are only discussing longitudinal perturbations,
we assume d “ 1 for the sake of readability. Then, denoting by pSptqqtPR the group associated
with the operator L on L2pRq and, for ξ P r´π, πs, by pSξptqqtPR the group associated with the
operator Lξ on L2

perpp0, 1qq, we note that from Bloch inversion (3.2) stems

pSptqgqpxq “

ż π

´π
ei ξx pSξptqǧpξ, ¨qqpxq d ξ .

Our main concern here is to analyze the large-time dynamics for the slow side-band part of the
evolution

pSpptqgqpxq :“

ż π

´π
ei ξx χpξq pSξptqΠξ ǧpξ, ¨qqpxq d ξ .

where χ is a smooth cut-off function equal to 1 on r´ξ0{2, ξ0{2s and to 0 outside of r´ξ0, ξ0s

with ξ0 ą 0 as in the statement of Theorem 4.7 and Πξ the associated spectral projector, as in
the proof of Theorem 4.7.

Let us explain in which sense this is expected to be the principal part of the linearized evolution
for suitably spectrally stable waves. As a first remark we point out that when considering
general perturbations on R (as opposed to co-periodic perturbations) we have to abandon not
only stability in its strongest sense that would require a control of }U´U}X (in some functional
space X of functions defined on R) but also orbital stability that here requires a control of

inf
pϕφ,ϕxqPR2

›

›e´ϕφJUp ¨ ´ ϕx q ´ U
›

›

X
,

and instead to adopt the notion of space-modulated stability that is encoded by bounds on

inf
pϕφ,ϕxq functions on R

´
›

›

›
e´ϕφp¨qJUp ¨ ´ ϕxp¨q q ´ U

›

›

›

X
` }Bxϕφ}X ` }Bxϕx}X

¯

.

Rather than bounding }V}X or

inf
pϕφ,ϕxqPR2

V“ϕφ JU`ϕx Ux` rV

}rV}X ,

at the linearized level this consists in trying to bound

NXpVq :“ inf
pϕφ,ϕxq functions on R

V“ϕφ JU`ϕx Ux` rV

´

}rV}X ` }Bxϕφ}X ` }Bxϕx}X

¯

,

Note that NX precisely quotients “locally” the unstable directions highlighted in (the proof of)
Theorem 4.7, so that ϕφ, ϕx should be thought of as local parameters. We adapt here to the
case with a two-dimensional symmetry group the nonlinear notion formalized in [JNRZ14] and
its linearized counterpart introduced in [Rod18]. Both notions have been proved to be sharp,
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respectively for a large class of parabolic systems in [JNRZ14] and for the linearized Korteweg–de
Vries equation in [Rod18]. The reader is also referred to [Rod13, Rod15] for some more intuitive
descriptions of the notions at hand.

Remark 4.8. An incorrect choice of stability type would lead to a claim of instability in situations
where the global shape is preserved but positions need to be resynchronized either uniformly in
space in the orbitally stable case or in a slowly varying way in the space-modulated stable case.
In the latter case, the underlying spurious growth is due to the presence of Jordan blocks in
the spectrum and it results in departures from the background profile that are algebraic in time
(when no space-dependent synchronization is allowed). Thus concluding to a genuine instability
either at the linear or nonlinear requires extra care in the analysis. See for instance [DR20] for
an example of the latter. Unfortunately, though it seems clear that some extra analysis could be
carried out to fill this gap, the only general nonlinear instability result available so far [JLL19]
is expressed as an instability for the strongest sense of stability.

Following the lines of [Rod18], one expects that for suitably spectrally stable waves the fol-
lowing bounds hold

}pSptq ´ SpptqqV0}HspRq ď CsNHspRqpV0q , t P R , s P N ,

}pSptq ´ SpptqqV0}L8pRq ď
C

|t|
1
2

NL1pRqpV0q , t P R ,

(with constants independent of pt,V0q). We shall not try to prove or even formulate more

precisely the latter but the reader should keep in mind the claimed |t|´1{2 decay so as to compare
it with bounds below. In particular the conclusions of the next theorem contains that

NL8pRqpSpptqV0q ď
C

p1` |t|q
1
3

NL1pRqpV0q , t P R .

Theorem 4.9. Slow modulation behavior. Under the assumptions of Theorem 4.7 and with its
set of notation, assume moreover that

(1) for any ξ P r´ξ0, ξ0s, for j P t1, 2, 3, 4u, λjpξq P iR;
(2) for j P t1, 2, 3, 4u, B3

ξλjp0q ‰ 0.

There exists C such that for any V0 such that NL1pRqpV0q ă 8, there exists local parameter
functions ϕx, ϕφ, q and m such that for any time t P R

›

›Spptq pV0q ´ ϕxpt, ¨qUx ´ ϕφpt, ¨qJU
´ dkx,kφ,q,mU ¨ pkxBxϕxpt, ¨q, kxBxϕφpt, ¨q,qpt, ¨q,mpt, ¨qq

›

›

L8pRq

ď
C

p1` |t|q
1
2

NL1pRqpV0q

where ϕxpt, ¨q and ϕφpt, ¨q are centered, ϕxpt, ¨q, ϕφpt, ¨q, qpt, ¨q, and mpt, ¨q are low-frequency22,
and

}pkxBxϕxpt, ¨q, kxBxϕφpt, ¨q,qpt, ¨q,mpt, ¨qq}L8pRq ď
C

p1` |t|q
1
3

NL1pRqpV0q .

We omit the proof of Theorem 4.9 since with Theorem 4.7 in hands, the proof is identical
to the one of the corresponding result in [Rod18]. Theorem 4.7 is the counterpart of [Rod18,
Proposition 2.1], while Theorem 4.9 is a low frequency version of [Rod18, Theorem 1.3] (which
is why the decay factor is bounded at t “ 0); see in particular [Rod18, Propositions 3.2 & 4.2].
Yet we would like to add some comments.

22In the sense that their (distributional) Fourier transform has compact support that could be taken arbitrarily
close to the origin.
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(1) A choice of local parameters can be given explicitly :
¨

˚

˚

˝

kxBxϕxpt, ¨q
kxBxϕφpt, ¨q

qpt, ¨q
mpt, ¨q

˛

‹

‹

‚

pxq “ spptqpV0qpxq

:“
4
ÿ

j“1

ż π

´π
ei ξx`λjpξq t χpξqβpjqpξq x rψjpξ, ¨q, |V0 pξ, ¨qyL2 d ξ ,

This is motivated by the explicit diagonalization of LξΠξ from Theorem 4.7 which implies

SξptqΠξ g “
1

i kxξ

˜

4
ÿ

j“1

eλjpξq t β
pjq
1 pξq x rψjpξ, ¨q, gyL2

¸

q1pξ, ¨q

`
1

i kxξ

˜

4
ÿ

j“1

eλjpξq t β
pjq
2 pξq x rψjpξ, ¨q, gyL2

¸

q2pξ, ¨q

`

˜

4
ÿ

j“1

eλjpξq t β
pjq
3 pξq x rψjpξ, ¨q, gyL2

¸

q3pξ, ¨q

`

˜

4
ÿ

j“1

eλjpξq t β
pjq
4 pξq x rψjpξ, ¨q, gyL2

¸

q4pξ, ¨q

the choice of local parameters is then dictated by analyzing the various expressions
(including remainders) arising from expansions with respect to ξ of q1pξ, ¨q, q2pξ, ¨q at
order 2 and q3pξ, ¨q, q4pξ, ¨q, at order 1. One may also replace χ with a cut-off function
with support closer to the origin if required.

(2) Note that, since pBξλjp0qqjPt1,2,3,4u are two-by-two distinct, assuming that for any ξ P
r´ξ0, ξ0s and any j, λjpξq P iR, from the Hamiltonian symmetry of the spectrum one

derives that for |ξ| ď ξ0 (ξ0 sufficiently small) and any j P t1, 2, 3, 4u λjpξq “ λjp´ξq “
´λjp´ξq. In particular, for any j P t1, 2, 3, 4u, λjp¨q is an odd function and thus B2

ξλjp0q “

0. Therefore the assumption that for j P t1, 2, 3, 4u, B3
ξλjp0q ‰ 0, expresses that the

dispersive effects on local parameters are as strong as possible. In contrast the |t|´1{2

decay claimed for the leftover part Sptq ´ Spptq is expected to be derivable from the
assumption that outside the origin pλ, ξq “ p0, 0q second-order derivatives with respect
to ξ of spectral curves do not vanish.

(3) For the semilinear defocusing cubic Schrödinger equation full spectral stability under
longitudinal perturbations is known for all the waves and we expect that the remaining
assumptions may be checked by reliable elementary numerics by using explicit formula
for spectra obtained in [BDN11].

Theorem 4.9 essentially proves that SpptqpV0q fits well with a large-time linearized version of
the ansatz (4.4) with U0pT,X; ¨q being a periodic wave profile of parameters such that kx “ BXϕx
and kφ “ BXϕφ. We now prove that some version of (4.6) drives the evolution of local parameters
pkxBxϕx, kxBxϕφ,q,mq of Theorem 4.9. We need to modify (4.6) so as to account for dispersive
effects.

Let P0 diagonalize W so that P0 “
`

βp1qp0q βp2qp0q βp3qp0q βp4qp0q
˘

P´1
0 “

¨

˚

˚

˚

˝

rβp1qp0q
rβp2qp0q
rβp3qp0q
rβp4qp0q

˛

‹

‹

‹

‚

, P´1
0 WP0 “ diagpa

p1q
0 ´ cx, a

p2q
0 ´ cx, a

p3q
0 ´ cx, a

p4q
0 ´ cxq ,
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and define for q an integer

Dqpξq :“ P0 diagpλ
rqs
1 pξq´ a

p1q
0 i kxξ, λ

rqs
2 pξq´ a

p2q
0 i kxξ, λ

rqs
3 pξq´ a

p3q
0 i kxξ, λ

rqs
4 pξq´ a

p4q
0 i kxξqP

´1
0

where λ
rqs
j pξq is the qth order Taylor expansion of λjpξq near 0. By convention we also include

the pseudo-differential case where q “ 8 by choosing λ
p8q

j as a smooth purely imaginary-valued
function that coincides with λj in a neighborhood of zero. Then consider the higher-order
linearized modulation system

(4.29) Bt

¨

˚

˚

˝

kx
kφ
q

m

˛

‹

‹

‚

“ kx pW ` cxI4q Bx

¨

˚

˚

˝

kx
kφ
q

m

˛

‹

‹

‚

`Dqpi
´1 Bxq

¨

˚

˚

˝

kx
kφ
q

m

˛

‹

‹

‚

.

Note that when q “ 3, Dqpi
´1 Bxq takes the form D3pkxBxq

3 where D3 is a real-valued matrix.

Theorem 4.10. Averaged dynamics. Let q be an odd integer larger than 1, or q “ 8. Under
the assumptions of Theorem 4.9, there exist C and a cut-off function rχ such that for any V0

such that NL1pRqpV0q ă 8 there exist pϕ
p0q
x , ϕ

p0q
φ q centered and low-frequency such that with

rV0 :“ V0 ´ ϕ
p0q
x Ux ´ ϕ

p0q
φ JU

}rV0}L1pRq ` }Bxϕ
p0q
x }L1pRq ` }Bxϕ

p0q
φ }L1pRq ď 2NL1pRqpV0q

and for any such pϕ
p0q
x , ϕ

p0q
φ q the local parameters pkxBxϕx, kxBxϕφ,q,mq of Theorem 4.9 may

be chosen in such a way that with
¨

˚

˚

˚

˝

k
p0q
x

k
p0q
φ

qp0q

mp0q

˛

‹

‹

‹

‚

:“ rχpi´1 Bxq

¨

˚

˚

˚

˝

kxBxϕ
p0q
x

kxBxϕ
p0q
φ

δQpU , kxBxU ` kφJUq rV0

δMrUs rV0

˛

‹

‹

‹

‚

for any time t P R
›

›pkxBxϕxpt, ¨q, kxBxϕφpt, ¨q,qpt, ¨q,mpt, ¨qq ´ ΣW
q ptqpk

p0q
x , k

p0q
φ ,qp0q,mp0qq

›

›

L8pRq

ď
C

p1` |t|q
q`1

2pq`2q

NL1pRqpV0q

and

}pϕxpt, ¨q, ϕφpt, ¨qq ´

ˆ

e1

e2

˙

¨ pkxBxq
´1ΣW

q ptqpk
p0q
x , k

p0q
φ ,qp0q,mp0qq}L8pRq

ď C NL1pRqpV0q

$

’

’

&

’

’

%

1

p1` |t|q
1
3

if q ě 5

1

p1` |t|q
1
5

if q “ 3

where ΣW
q is the solution operator to System (4.29).

Again we omit the proof as nearly identical to the one of the corresponding result in [Rod18],
namely Theorems 1.4 (q “ 3) and 1.5 (q ą 3), but provide a few comments.

(1) In the case q “ 3, one may drop the low-frequency cut-off rχpi´1 Bxq (provided one
restricts to times |t| ě 1) since it is here only to compensate for the fact that when
q ě 5 one cannot infer good dispersive properties of the Taylor expansions globally in
frequency. This is somehow analogous to the fact that slow expansions of well-behaved
parabolic systems may produce ill-posed systems. Similar estimates hold for q “ 1 but
are somewhat pointless since the decay rate is then the same as in Theorem 4.9.
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(2) If one is willing to use less explicit and pleasant formula for pk
p0q
x , k

p0q
φ ,qp0q,mp0qq then

the description of pϕxpt, ¨q, ϕφpt, ¨qq may actually be achieved up to an error of size

p1` |t|q
´

q`1
2pq`2q ; see [Rod18, Theorem 1.6].

(3) If one removes the assumption that pϕ
p0q
x , ϕ

p0q
φ q is low-frequency then the formula for

pk
p0q
x , k

p0q
φ ,qp0q,mp0qq should be modified as

¨

˚

˚

˚

˝

k
p0q
x

k
p0q
φ

qp0q

mp0q

˛

‹

‹

‹

‚

:“ rχpi´1 Bxq

¨

˚

˚

˚

˚

˝

kxBxϕ
p0q
x

kxBxϕ
p0q
φ

δQpU , kxBxU ` kφJUq rV0 ´ pMrUs ´mq
´

kφBxϕ
p0q
x ´ kxBxϕ

p0q
φ

¯

δMrUs rV0 ´ pMrUs ´mq Bxϕ
p0q
x

˛

‹

‹

‹

‹

‚

.

To illustrate how the high-frequency corrections arise, let us point out that

xδMrUs; ­ϕp0qx Uxpξ, ¨qyL2 “ ´r
{

pMrUs ´mq Bxϕ
p0q
x spξq ` i ξ xMrUs; }ϕp0qx pξ, ¨q ´

y

ϕ
p0q
x pξqyL2

and that extra ξ-factors bring extra decay.
(4) We expect that in the case q “ 3 System (4.29) could be derived from higher-order

versions of geometrical optics as in [NR13]. In contrast, the formal derivation of either

System (4.29) in the general case or of effective data pk
p0q
x , k

p0q
φ ,qp0q,mp0qq (in particular

when pϕ
p0q
x , ϕ

p0q
φ q is not low-frequency) seems out of reach.

(5) The foregoing construction of Dq follows closely the classical construction of artificial
viscosity systems as large-time asymptotic equivalents to systems that are only parabolic
in the hypocoercive sense of Kawashima. We refer the reader for instance to [HZ95, Sec-
tion 6], [Rod09], [JNRZ14, Appendix B] or [Rod13, Appendix A] for a description of
the latter. A notable difference however is that in the diffusive context higher-order
expansions of dispersion relations beyond the second-order necessary to capture some
dissipation does not provide any sharper description since the second-order expansion
already provides the maximal rate compatible with a first-order expansion of eigenvec-
tors. Here one needs to use the full pseudo-differential dispersion relations so as to reach
a description up to Op|t|´1{2q error terms.

(6) We infer from Theorems 4.9 and 4.10 that at leading order the behavior of SpptqpV0q is
captured by a linear modulation of phases ϕxpt, ¨qUx ` ϕφpt, ¨qJU and the phase shifts
pϕx, ϕφq are the antiderivative of the two first components of a four-dimensional vector
pkxBxϕx, kxBxϕφ,q,mq that itself is at leading-order a sum of four linear dispersive waves
of Airy type, each one traveling with its own velocity. In particular, three scales coexist:
the oscillation of the background wave at scale 1 in Ux and JU , spatial separation of the
four dispersive waves at linear hyperbolic scale t, width of Airy waves of size t1{3. We
refer the reader to [BJN`13, Rod18] for enlightening illustration by direct simulations
of similar multi-scale large-time dynamics.

5. General perturbations

We now come back to the general spectral stability problem. We begin with a corollary to
Theorem 3.2, from which we recall the following key formula. The Evans function Dξpλ,ηq
expands as

Dξpλ,ηq
pλ,ηqÑp0,0q

“ det
´

λΣt ´ pe
i ξ ´1qI4 `

}η}2

λ Σy

¯

`O
`

p|λ| ` |ξ| ` }η}2q p|λ|2 ` |ξ|2 ` }η}2q p|λ|p|λ| ` |ξ|q ` }η}2q
˘

.
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For later use, we introduce the homogeneous fourth-order polynomial with real coefficients23

(5.1) ∆0pλ, z, ζq :“ det
´

λΣt ´ z I4 `
ζ2

λ Σy

¯

.

That the coefficients of ∆0 are real may be seen directly or related to the fact that D0pλ,ηq is
real when λ and η are real. Likewise, note that for any pε, λ, z, ζq P C4

∆0pλ, z,´ζq “ ∆0pλ, z, ζq , ∆0p´λ,´z, ζq “ ∆0pλ, z, ζq ,

∆0pελ, εz, εζq “ ε4∆0pλ, z, ζq , ∆0pλ, z, ζq “ ∆0pλ, z, ζq .

The second and the fourth relations are inherited from original real and Hamiltonian symmetries.
Since the longitudinal perturbations have already been analyzed at length, the following

corollary focuses on perturbations that do have a transverse component.

Corollary 5.1. Consider an unscaled wave profile V such that V ¨ Vx ı 0.

(1) Assume that there exists pλ0, ζ0q P R2, such that ζ0 ‰ 0 and ∆0pλ0, 0, ζ0q ă 0. Then
the wave is spectrally exponentially unstable to perturbations that are longitudinally co-
periodic and transversally arbitrarily slow, that is, L0,η has eigenvalues of positive real
part for η arbitrarily small but nonzero.

(2) Assume that there exists pλ0, ξ0, ζ0q P C ˆ R2, such that ζ0 ‰ 0 and λ0 is a root of
∆0p¨, i ξ0, ζ0q of algebraic multiplicity r. Then there exist C0 and η0 ą 0 such that for
any η such that 0 ă }η} ď η0,

L }η}
|ζ0|

ξ0,η

possesses r eigenvalues (counted with algebraic multiplicity) in the disk

B

ˆ

}η}

|ζ0|
λ0 , C0}η}

1` 1
r

˙

.

In particular if <pλ0q ‰ 0 then the wave is spectrally unstable.

Proof. By using symmetries of ∆0 we may assume that λ0 ě 0 and r0 “ 1. Then since Theo-
rem 3.2 ensures

D0p}η}λ0,ηq
}η}Ñ0
“ }η}4 ∆0pλ0, 1q `Op}η}5q

we deduce that there exists η0 ą 0 such that for any 0 ă }η} ď η0, D0p}η}λ0,ηq ă 0. Comparing
with Proposition 3.1 this yields that when 0 ă }η} ď η0, the spectrum of L0,η intersects p0,`8q.

The second part stems from a counting root argument based directly on Theorem 3.2 and the
symmetries of ∆0 . �

At this stage, two more comments are worth stating.

(1) Since both Theorem 3.2 and Proposition 3.1 include the case ξ “ π besides the case ξ “ 0,
one may obtain a ξ “ π counterpart to the first parts of Theorem 4.1 and Corollary 5.1.
Yet the corresponding instability criteria are never met since ∆0p0,´2, 0q ą 0. For a
similar reason, though Theorem 3.2 deals with arbitrary Floquet exponents ξ, the second
parts of Corollaries 4.5 and 5.1 involve Floquet exponents converging to ξ “ 0. This is
due to the fact that ∆0p0, pe

i ξ ´1q, 0q “ 0 if and only if ξ P 2πZ.
(2) We point out that to some extent the restriction to ξ0 “ 0 of the second part of the

corollary has already been derived in the recent [LBJM21] with a few variations that we
point now.
(a) The authors restrict to semilinear equations, a fact that comes with quite a few

algebraic simplifications in computations.
(b) They further assume that L0,0 exhibits two Jordan blocks of height 2 at 0.
(c) Their proof goes by direct spectral perturbation of L0,0 rather than Evans functions

computations.

23The formula being extended by continuity to incorporate the cases when λ “ 0.
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5.1. Geometrical optics. Prior to studying at length properties of ∆0, we show that the latter
may be derived from a suitable version of geometrical optics à la Whitham. To start bridging
the gap, we first recall (4.1) and observe that

(5.2) λΣt ´ zI4 `
ζ2

λ
Σy “

¨

˚

˚

˝

0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

˛

‹

‹

‚

ˆ

λA0 Hess Θ´ zB0 `
ζ2

λ
C0

˙

¨

˚

˚

˝

0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0

˛

‹

‹

‚

,

with

A0 “

ˆ

I2 0
0 ´I2

˙

, B0 “

¨

˚

˚

˝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

˛

‹

‹

‚

, C0 :“

¨

˚

˚

˝

0 0 0 0
0 ´σ3 σ2 0
0 ´σ2 σ1 0
0 0 0 0

˛

‹

‹

‚

,

where

σ1 :“

ż Xx

0
κp}V}2q }V}2 , σ2 :“

ż Xx

0
κp}V}2qJV ¨ Vx , σ3 :“

ż Xx

0
κp}V}2q }Vx}2 .(5.3)

In particular

(5.4) ∆0pλ, z, ζq “ det

ˆ

λA0 Hess Θ´ zB0 `
ζ2

λ
C0

˙

.

Now let us start formal asymptotics with a multi-dimensional ansatz similar to (4.4)

(5.5) Upεqpt,xq “ e
1
ε
ϕ
pεq
φ pε t,εxqJ U pεq

˜

ε t, εx;
ϕ
pεq
x pε t, εxq

ε

¸

with

U pεqpT,X; ζq “ U0pT,X; ζq ` εU1pT,X; ζq ` opεq ,

ϕ
pεq
φ pT,Xq “ pϕφq0pT,Xq ` ε pϕφq1pT,Xq ` opεq ,

ϕpεqx pT,Xq “ pϕxq0pT,Xq ` ε pϕxq1pT,Xq ` opεq ,

with U0pT,X; ¨q and U1pT,X; ¨q 1-periodic. Inserting (5.5) in (1.3) yields at leading order

pBT pϕφq0J` BT pϕxq0BζqU0 “ JδH0 pU0, p∇Xpϕφq0J`∇Xpϕxq0BζqU0q ,

so that for each pT,Xq, U0pT,X; ¨q must be a wave profile as in (1.15) such that

BT pϕφq0 “ ωφ ´ cxkφ , ∇Xpϕφq0 “ kφ , BT pϕxq0 “ ωx , ∇Xpϕxq0 “ kx .

As a consequence kx and kφ are curl-free and

BTkφ “ ∇X pωφ ´ kφ cxq , BTkx “ ∇Xωx .(5.6)

Moreover, inserting (5.5) in (1.4) and (1.6) yields at leading order respectively

BT pMpU0qq “ divX

´

JU0 ¨∇UxH0 pU0, pkφJ` kxBζqU0q

¯

` Bζp˚q

and

BT

´

QQQpU0, pkφJ` kxBζqU0q

¯

“ ∇X

ˆ

1

2
JU0 ¨ JδH0pU0, pkφJ` kxBζqU0q ´H0pU0, pkφJ` kxBζqU0q

˙

`
ÿ

`

BX`

´

JδQQQpU0, pkφJ` kxBζqU0q ¨∇UX`
H0pU0, pkφJ` kxBζqU0q

¯

` Bζp˚˚q
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with ˚ and ˚˚ 1-periodic in ζ. Averaging the foregoing equations using formulas in Section 2.6
provides equations that combined with (5.6) yield

(5.7)

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

BTkx “ ∇Xωx

BTqqq “ ∇X

´

µx ´ cxq`
1
2 τ0 }rkφ}

2
¯

`divX

´

τ1
rkφ b rkφ ` τ2 prkφ b ex` exbrkφq ` τ3 pexb ex´Idq

¯

BTm “ divX

´

pµφ ´ cxmq ex` τ1
rkφ

¯

BTkφ “ ∇X pωφ ´ cx kφq

with curl-free kx and kφ, where

τ0 :“ xκ1p}U0}
2q }U0}

2y , τ1 :“ xκp}U0}
2q }U0}

2y ,

τ2 :“ xκp}U0}
2qJU0 ¨ pkφ J` kxBζqU0y , τ3 :“ xκp}U0}

2q }pkφ J` kxBζqU0}
2y .

Before linearizing, in order to prepare System 5.7 for comparison, we recall that kx “ kx ex,

kφ “ kφ ex`rkφ and qqq “ q ex`mrkφ, with ex unitary and rkφ orthogonal to ex and write (5.7)

in terms of pkx, kφ,m,q, ex, rkφq. By using that, for any derivative B7,

ex ¨B7 ex “ 0 , ex ¨B7rkφ “ ´rkφ ¨ B7 ex ,(5.8)

this yields

(5.9)

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

BT ex “
1

kx
p∇X ´ ex ex ¨∇Xqωx

BT
rkφ “p∇X ´ ex ex ¨∇Xq pωφ ´ cx kφq ´

kφ
kx
p∇X ´ ex ex ¨∇Xqωx ´ ex

rkφ
kx
¨∇Xωx

BTkx “ ex ¨∇Xωx

BTq “ ex ¨∇X

´

µx ´ cxq`
1
2 τ0 }rkφ}

2
¯

` m
rkφ
kx
¨∇Xωx

` ex ¨ divX

´

τ1
rkφ b rkφ ` τ2 prkφ b ex` exbrkφq ` τ3 pexb ex´Idq

¯

BTm “ divX

´

pµφ ´ cxmq ex` τ1
rkφ

¯

BTkφ “ ex ¨∇X pωφ ´ cx kφq `
rkφ
kx
¨∇Xωx

with ex unitary, rkφ orthogonal to ex and kx ex and kφ ex`rkφ curl-free. System (5.9) may be
simplified further by noticing that from curl-free conditions (and (5.8)) stem

p∇X ´ ex ex ¨∇Xqkx “ kx pex ¨∇Xq ex ,

p∇X ´ ex ex ¨∇Xqkφ “ pex ¨∇Xq
rkφ `∇X

´

ex
T
¯

rkφ ` kφ pex ¨∇Xq ex .

This leaves as equivalent system

(5.10)

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

pBT ` cxpex ¨∇Xqq ex“ ´p∇X ´ ex ex ¨∇Xqcx

pBT ` cxpex ¨∇Xqq
rkφ“ p∇X ´ ex ex ¨∇Xqωφ ´ ex

rkφ
kx
¨∇Xωx ´ cx∇X

`

ex
T
˘

rkφ

BTkx “ ex ¨∇Xωx

BTq “ ex ¨∇X

´

µx ´ cxq`
1
2 τ0 }rkφ}

2
¯

` m
rkφ
kx
¨∇Xωx

` ex ¨ divX

´

τ1
rkφ b rkφ ` τ2 prkφ b ex` exbrkφq ` τ3 pexb ex´Idq

¯

BTm “ divX

´

pµφ ´ cxmq ex` τ1
rkφ

¯

BTkφ “ ex ¨∇X pωφ ´ cx kφq `
rkφ
kx
¨∇Xωx

49



with ex unitary, rkφ orthogonal to ex and kx ex and kφ ex`rkφ curl-free.
Linearizing System (5.10) about the constant pµ

x
, cx, ωφ, µφ, e1, 0q yields

(5.11)

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

pBT ` cxBXq ex “ ´p∇X ´ e1 BXq cx
pBT ` cxBXq

rkφ “ p∇X ´ e1 BXqωφ

kxA0 Hess Θ pBT ` cxBXq

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

“ B0 BX

¨

˚

˚

˝

µx
cx
ωφ
µφ

˛

‹

‹

‚

`

¨

˚

˚

˝

0 0
τ3 τ2

τ2 τ1

0 0

˛

‹

‹

‚

ˆ

divXpexq

divXp
rkφq

˙

with extra constraints that rkφ and ex are orthogonal to ex “ e1 and that kxex ` kx ex and

kφex ` kφ ex`
rkφ are curl-free, where pkx, kφq are given explicitly as

kx “ ´k
2
x d pBµxΘqpµx, cx, ωφ, µφq , kφ “

kx
kx

kφ ´ kx d pBµφΘqpµx, cx, ωφ, µφq ,(5.12)

where total derivatives are taken with respect to pµx, cx, ωφ, µφq and evaluation is at pµ
x
, cx, ωφ, µφ, e1, 0q.

In System 5.11, likewise Hess Θ “ Hesspµx,cx,ωφ,µφqΘ is evaluated at pµ
x
, cx, ωφ, µφ, e1, 0q. For

the convenience of the reader, we detail some of the observations and manipulations used to go
from (5.10) to (5.11):

(1) As in going from (4.8) to (4.9), derivatives of Θ arise in (5.11) and (5.12) from (2.27).
(2) As pointed out in Section 2.6, d

pex,rkφq
p∇pµx,cx,ωφ,µφqΘq vanish at pµ

x
, cx, ωφ, µφ, e1, 0q.

(3) For any scalar-valued function a,

ex ¨ divX pa pex b ex ´ Idqq “ 0 .

(4) From orthogonality constraints stem that for any derivative B7,

ex ¨ B7 ex “ 0 , ex ¨ B7
rkφ “ 0 ,

so that

ex ¨ divX pex b ex` exbexq “ divXpexq ,

ex ¨ divX

´

ex b
rkφ ` rkφ b ex

¯

“ divXp
rkφq .

At this stage, noting that for j P t1, 2, 3u, σj “ τ j{kx, a few line manipulations achieve to
prove the claimed relation between ∆0 and modulated systems in the form

λ2pd´1q ˆ∆0pλ, i ξ, }η}q

“ det

¨

˚

˚

˚

˚

˚

˚

˚

˝

λ

ˆ

I2pd´1q 0
0 A0 Hess Θ

˙

´ i ξ

ˆ

0 0
0 B0

˙

`

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 ´ iη 0 0
0 0 0 0 iη 0
0 0 0 0 0 0

τ3
kx

iηT
τ2
kx

iηT 0 0 0 0
τ2
kx

iηT
τ1
kx

iηT 0 0 0 0

0 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

5.2. Instability criteria. The rest of the section is devoted to the study of instability criteria
contained in Corollary 5.1 and its longitudinal counterparts.

We begin by rephrasing the main consequence of Corollary 5.1. A stable wave must satisfy

(1) for any pλ, ζq P R2, ∆0pλ, 0, ζq ě 0;
(2) for any pξ, ζq P R2, the roots of the (real) polynomial ω ÞÑ ∆0piω, i ξ, ζq are real.

Note that the latter condition may be expressed explicitly as inequality constraints on some
polynomial expressions in pξ, ζq P R2 but the involved expressions are rather cumbersome.
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The restriction to ξ “ 0 is much simpler to analyze. To do so, let us introduce notation for
coefficients of ∆0

(5.13) ∆0pλ, z, ζq “
ÿ

0ďm,n,pď4
m`n`p“4

pďm

δpm,n,pqλ
m´p zn ζ2p ,

and note that

∆0pλ, 0, ζq “ λ4 δp4,0,0q ` ζ
2λ2 δp3,0,1q ` ζ

4 δp2,0,2q .

A straightforward consequence is the following stability condition.

Lemma 5.2. If the wave is stable, then for any ζ P R2, the roots of the polynomial ω ÞÑ

∆0piω, 0, ζq are real and

δ4,0,0 ě 0 , δ3,0,1 ě 2
b

|δ4,0,0 δ2,0,2| , δ2,0,2 ě 0 .(5.14)

Moreover if all the signs of the three inequalities in (5.14) are strict then ∆0pλ, 0, ζq ą 0 when
pλ, ζq P R2zt0u and the roots of ω ÞÑ ∆0piω, 0, ζq are distinct when ζ ‰ 0.

Note that the mere combination of the cases η “ 0 — corresponding to longitudinal perturba-
tions — (studied in Corollary 4.5 and in [LBJM21]) and ξ “ 0 — corresponding to longitudinally
co-periodic perturbations — (studied in Lemma 5.2 and in [LBJM21]) is a priori insufficient to
capture the full strength of Corollary 5.1. Indeed note that the associated instability criteria do
not involve coefficients δp1,2,1q and δp2,1,1q. To illustrate why we expect that these coefficients do
matter, let us consider an abstract real polynomial π0 of the form (5.13) then

‚ fixing all coefficients except δp2,1,1q with δ4,0,0 ‰ 0 and choosing some pξ0, ζ0q P pR
˚q2,

it follows that if |δp2,1,1q| is sufficiently large then either ω ÞÑ π0piω, i ξ0, ζ0q or ω ÞÑ

π0piω,´ i ξ0, ζ0q possesses a non-real root;
‚ fixing all coefficients except δp1,2,1q with δ4,0,0 ‰ 0 and choosing some pξ0, ζ0q P pR

˚q2,
it follows that if |δp1,2,1q| is sufficiently large with δp1,2,1q ă 0 then ω ÞÑ π0piω, i ξ0, ζ0q

possesses a non-real root.

A less pessimistic guess could be that the inspection of the regimes |ξ| ! |ζ| and |ζ| ! |ξ| (that
are perturbations of ξ “ 0 and ζ “ 0) could involve the missing coefficients and be sufficient
to decide the instability criteria encoded by Corollary 5.1. For an example of a closely related
situation where such a scenario does occur, the reader is referred to [NR13, JNRZ15]. Yet
the following lemma suggests that even this weaker claim can be expected only in degenerate
situations. Let us also anticipate a bit and stress that the coefficient δp1,2,1q plays a deep role in
our analysis of the small-amplitude regime.

Lemma 5.3. (1) Assume that Σt is non singular and that the eigenvalues of Σt are real and
distinct, or equivalently that Hess Θ is non singular and that the characteric values of the
modulation system are real and distinct. Then there exists ε0 ą 0 such that when pξ, ζq P
R2ztp0, 0qu is such that |ζ| ď ε0 |ξ|, the fourth-order real polynomial ω ÞÑ ∆0piω, i ξ, ζq
possesses four distinct real roots.

(2) Assume that Σt is non singular and that the eigenvalues of pΣtq
´1Σy are positive and

distinct. Then there exists ε0 ą 0 such that when pξ, ζq P R2ztp0, 0qu is such that
|ξ| ď ε0 |ζ|, the fourth-order real polynomial ω ÞÑ ∆0piω, i ξ, ζq possesses four distinct
real roots.

Recall that if Σt is non singular and either Σt possesses a non real eigenvalue or pΣtq
´1Σy

posesses an eigenvalue in Czr0,`8q then the associated wave is unstable.

Proof. The distinct character follows from continuity of polynomial roots (applied respectively
at ζ “ 0 and ξ “ 0). Then their reality is deduced from the stability by complex conjugation of
the root set of real polynomials. �

51



More generally the transition to non real roots of ω ÞÑ ∆0piω, i ξ, ζq may only occur near a
pξ0, ζ0q where the polynomial possesses a multiple root. With this in mind, we now elucidate
how the breaking of a multiple root occurs near ξ “ 0 and near ζ “ 0.

Proposition 5.4 (Breaking of a multiple root near η “ 0). Assume that Σt is non singular and
that ω0 is a real eigenvalue of pΣtq

´1 of algebraic multiplicity r0. If

either p r0 ě 3 and δp1,2,1q ` δp2,1,1qω0 ` δp3,0,1qω
2
0 ‰ 0 q,

or
´

r0 “ 2 and
δp1,2,1q ` δp2,1,1qω0 ` δp3,0,1qω

2
0

1
r0!B

r0
λ ∆0pω0, 1, 0q

ă 0
¯

,

then the corresponding wave is spectrally unstable.

Proof. This follows from the the Taylor expansion of ∆0

∆0pλ, i ξ, }η}q “ pλ´ i ξω0q
r0
ξ4´r0B

r0
λ ∆0piω0, i, 0q

r0!
` }η}2

ˆ

δ1,2,1pi ξq
2 ` δ2,1,1λ i ξ ` δ3,0,1λ

2

˙

`O
`

|λ´ i ξω0|
r0`1 ` }η}4

˘

.

Hence from Theorem 3.2 and a continuity argument there are r0 roots of Dξp¨, }η}q near i ξω0

that expand as

i ξ ω0`i ξZ
ˆ

}η}

|ξ|

˙
2
r0

˜

δp1,2,1q ` δp2,1,1qω0 ` δp3,0,1qω
2
0

1
r0!B

r0
λ ∆0pω0, 1, 0q

¸
1
r0

`O

˜

|ξ|

ˆ

}η}

|ξ|

˙
2
r0

˜

ˆ

}η}

|ξ|

˙
2
r0

`
|ξ|3

}η}2

¸¸

,

in the limit
ˆ

|ξ|,
}η}

|ξ|
,
|ξ|3

}η}2

˙

Ñ p0, 0, 0q ,

where Z runs over the r0th roots of unity. �

Proposition 5.5 (Breaking of a multiple root near ξ “ 0). Assume that δp4,0,0q ‰ 0 and

δ2
p3,0,1q “ 4 δp4,0,0q δp2,0,2q. If

δp2,1,1q δp4,0,0q ´
1

2
δp3,1,0q δp3,0,1q ‰ 0

then the corresponding wave is spectrally unstable.

Proof. From Lemma 5.2 stability requires δp4,0,0q ą 0, δp2,0,2q ě 0 and δp3,0,1q “ 2
a

δp4,0,0q δp2,0,2q
and we assume this from now on. The polynomial ∆0 is then

∆0pλ, i ξ, ζq “ δp4,0,0q

˜

λ2 `

d

δp2,0,2q

δp4,0,0q
ζ2

¸2

` i ξpδp2,1,1qλζ
2 ` δp3,1,0qλ

3q `O
`

ξ2pλ2 ` ζ2qq.
˘

We begin with the case δp2,0,2q ‰ 0. To analyze it we introduce

ω0 :“

ˆ

δp2,0,2q

δp4,0,0q

˙1{4

“

d

δp3,0,1q

2δp4,0,0q
.

Then for each σ P t´1, 1u, when p}η}, |ξ|{}η}, }η}3{|ξ|2q is sufficiently small, there are 2 roots of
Dξp¨, }η}q near iσ}η}ω0 that expand as

iσ}η}ω0

˜

1˘
1

2δp4,0,0q

d

σξ

}η}

ˆ

δp2,1,1qδp4,0,0q ´
1

2
δp3,1,0qδp3,0,1q

˙

`O

˜

}η}

d

|ξ|

}η}

ˆ

|ξ|

}η}
`
}η}2

|ξ|

˙

¸¸

,
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in the limit

ˆ

}η},
|ξ|

}η}
,
}η}2

|ξ|

˙

Ñ 0.

When δp2,0,2q “ 0 — thus also δp3,0,1q “ 0 — and p}η}, |ξ|{}η}, }η}2{|ξ|q is sufficiently small, 3 of
the 4 roots of Dξp¨, }η}q near 0 expand as

i }η}
2
3 ξ

1
3 Z

ˆ

δp2,1,1q

δp4,0,0q

˙
1
3

`O

˜

}η}
2
3 |ξ|

1
3

˜

ˆ

|ξ|

}η}

˙
2
3

`
}η}2

|ξ|

¸¸

where Z runs over the 3rd roots of unity, in the limit
ˆ

}η},
|ξ|

}η}
,
}η}2

|ξ|

˙

Ñ p0, 0, 0q ,

�

5.3. Large-period regime. We now examine consequences of Corollary 5.1 in asymptotic
regimes described in from Section 2.5. Since the large-period regime turns out to be signifi-
cantly simpler to analyze, we begin the solitary-wave limit.

We prove the following theorem.

Theorem 5.6. When d ě 2, if B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ‰ 0 then, in the large period regime near

pc
p0q
x , ρp0q, k

p0q
φ q, System 5.7 fails to be weakly hyperbolic and waves are spectrally exponentially

unstable to transversally-slow longitudinally-co-periodic perturbations.

Before turning to the proof of Theorem 5.6, we would like to add one comment. It is natural
to wonder whether the proved instability correspond to an instability of the limiting solitary-
wave and even to expect that one could argue the other way around by proving the instability
of solitary waves and deduce periodic-wave instability in the large-period regime by a spectral

perturbation argument. When B2
cxΘpsqpc

p0q
x , ρp0q, k

p0q
φ q ă 0, this is a well-known fact. We expect

this to be true under the assumptions of Theorem 5.6. Yet so far general results for solitary-
wave instabilities [BG10, RT10] have been proven only for semilinear cases. More precisely, it
has been proven for very specific forms of Schrödinger equations and for larger classes of Euler–
Korteweg systems, sufficiently general to include all our semilinear cases. In the semilinear case,
a different proof of Theorem 5.6 could thus be obtained by applying results from [BG10, RT10]
to solitary waves of the associated Euler–Korteweg systems, transferring those to large-period
periodic waves of the same Euler–Korteweg systems through a suitable spectral perturbation
theorem in the spirit of [Gar97, SS01, YZ19] and passing the latter to the Schrödinger systems
by the results of Section 3.2.

Let us stress that instead our proof goes by examining the large-period limit of a periodic-
wave criterion. Incidentally we point out that our periodic-wave criterion is orthogonal to the
arguments in [RT10] but share some similarities with those in [BG10]. For the adaptation as a
periodic-wave criterion of the arguments of the former the reader is referred to [HSS12].

One of the advantages in the way we have chosen is that it offers a symmetric treatment of
both limits of interest, whereas the spectral perturbation argument fails in the harmonic limit.
Another one is that we prove that the instability is of modulation type, being associated with
failure of weak hyperbolicity of System 5.7.

The rest of the present section is devoted to the proof of Theorem 5.6. This section and
the next one about the harmonic regime use formulation (5.4) and builds upon intermediate24

results from [BGMR20] and [BGMR21] on systems of Korteweg type. Indeed, in the solitary-
wave limit, once relevant asymptotic expansions have been recalled, the proof shall be quite
straightforward.

24As opposed to main results.
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To ease notational translations, it is useful to recall that in Section 2.3 we have derived for
(1.3) the hydrodynamic formulation (2.19)

(5.15) Bt

ˆ

ρ
v

˙

“ J δH0rpρ,vqs ,

with v curl-free, where

J “

ˆ

0 div
∇ 0

˙

and

H0rpρ,vqs “ κp2 ρq ρ }v}2 `
κp2 ρq

4 ρ
}∇xρ}

2 .

In turn, the Hamiltonian problems studied in [BGMR20, BGMR21] include systems25 in the
form (5.15) but with a larger class of Hamiltonian densities, given in original notation from
[BGMR20, BGMR21] as

Hrpρ,uqqs “ 1

2
τpvq}u}2 `

1

2
κpvq}∇xv}

2 ` fpvq.

Thus, when importing results from [BGMR20, BGMR21], we shall keep in mind the notational
correspondence

pv, uq Ñ pρ, vq , κpvq Ñ
1

2ρ
κp2ρq , τpvq Ñ 2ρ κp2ρq , fpvq ÑW p2ρq .

To derive expansions for σ1, σ2 and σ3, it is convenient to use the profile equation (2.24) so
as to write them as

σ1 “

ż ρmaxpµxq

ρminpµxq

f1pρq
a

µx ´Wρpρqq

d

2κp2 ρq

2 ρ
d ρ ,

σ2 “

ż ρmaxpµxq

ρminpµxq

f2pρq
a

µx ´Wρpρqq

d

2κp2 ρq

2 ρ
d ρ ,

σ3 “

ż ρmaxpµxq

ρminpµxq

f3pρq
a

µx ´Wρpρqq

d

2κp2 ρq

2 ρ
d ρ`

ż ρmaxpµxq

ρminpµxq

b

µx ´Wρpρqq

d

2κp2 ρq

2 ρ
d ρ ,

with

f1pρq :“ κp2 ρq 2 ρ ,

f2pρ; cx, µφq :“ κp2 ρq 2 ρ νpρ; cx, µφq ,

f3pρ; cx, µφq :“ κp2 ρq 2 ρ pνpρ; cx, µφqq
2 .

In this form, [BGMR20, Proposition C.3] is directly applicable and yields required expansions.
In the above and from now on, we mostly keep the dependence on pcx, ωφ, µφq implicit for

the sake of readability. This is consistent with the fact that the limit is reached by holding

pcx, ωφ, µφq fixed and taking µx sufficiently close to µ
p0q
x pcx, ωφ, µφq (uniformly for pcx, ωφ, µφq in

a compact neighborhood of pc
p0q
x , ω

p0q
φ , µ

p0q
φ q).

The solitary-wave expansions naturally involve a mass conjugated to the minimal26 mass of
periodic waves. Explicitly, in the large-period regime there exists ρdual “ ρdualpµx; cx, ωφ, µφq
such that

µx “Wρpρdualq ,

with ρdual ă ρp0q and µx ´Wρp¨q does not vanish on pρdual, ρminq. In other words, ρdual is the

first cancellation point of µx ´Wρp¨q at the left of ρp0q; see Figure 2.

25Restricted to the one-dimensional case.
26Recall that we have decided to focus only on the case when the endstate of the mass of the limiting solitary
wave is also its infimum.
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The following theorem gathers the relevant pieces of asymptotic expansions. Up to a slight
extension to incorporate expansions of σ1, σ2, σ3, it is the translation in our setting of results
from [BGMR20, Theorem 3.16 & Lemma 4.1]. We borrow the statement and notation27 from
[BGMR21, Proposition 4 & Theorem 2] where relevant results from [BGMR20] are compactly
summarized.

Theorem 5.7 ([BGMR20]). In the large-period regime there exist real numbers as, bs, a positive
number hs, a vector Xs and a symmetric matrix Os — depending smoothly on the parameters
pcx, ωφ, µφq — such that, with28

εpµxq :“
ρminpµxq ´ ρdualpµxq

ρmaxpµxq ´ ρminpµxq
, cs :“ ´

1

2B2
ρWρpρp0qq

,

(5.16)
π

X
psq
x

∇Θ “ ´V0 ln ε ´ Xs `
ε

2
V0 ´

1

2hs
pasV0 ` bsW0 ` cs Z0q ε

2 ln ε ` O
`

ε2
˘

(5.17)
π

X
psq
x

Hess Θ “ hs
1` ε

ε2
V0 b V0 ` pasV0 b V0 ` bs pV0 bW0 ` W0 bV0qq ln ε

`pT0 bT0 ` 2csW0 bW0 ` cs pZ0 bV0 ` V0 b Z0qq ln ε

` Os ` O
`

ε ln ε
˘

and, for j “ 1, 2, 3,

π

X
psq
x

σj “ ´ fjpρ
p0qq ln ε ` Op1q ,

where

Xpsqx :“

d

´κpρp0qq

B2
ρWρpρp0qq

,

V0 :“

¨

˚

˚

˝

1

qpρp0qq

ρp0q

νpρp0qq

˛

‹

‹

‚

, W0 :“

¨

˚

˚

˝

0

Bρqpρ
p0qq

1

Bρνpρ
p0qq

˛

‹

‹

‚

,

Z0 :“

¨

˚

˚

˝

0

B2
ρqpρ

p0qq

0

B2
ρνpρ

p0qq

˛

‹

‹

‚

, T0 :“
1

a

κp2 ρp0qq 2 ρp0q

¨

˚

˚

˝

0

ρp0q

0
1

˛

‹

‹

‚

,

with q defined by

qpρq :“ ρ νpρq .

Moreover the vectors are such that

V0 ¨B
´1
0 A0 V0 “ 0 , V0 ¨B

´1
0 A0 W0 “ 0 , V0 ¨B

´1
0 A0 T0 “ 0 ,

V0 ¨B
´1
0 A0 Z0 “ ´W0 ¨B

´1
0 A0 W0 , T0 ¨B

´1
0 A0 T0 “ 0 , T0 ¨B

´1
0 A0 Z0 “ 0 ,

e1 ¨V0 “ 1 , e1 ¨W0 “ 0 , e1 ¨Z0 “ 0 , e1 ¨T0 “ 0 ,

27Except for a few variations. We use pX
psq
x , εq instead of pΞs, ρq and pρdual, ρmin, ρmaxq instead of pv1, v2, v3q.

The subscript 0 was originally s.

28The parameter ε goes to zero as

b

µ
p0q
x pcx, ωφ, µφq ´ µx.
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and

X
psq
x

π
pB´1

0 A0V0q ¨Xs “ ´BcxΘpsqpc
p0q
x , ρp0q, k

p0q
φ q ,

X
psq
x

π
pB´1

0 A0V0q ¨OsB
´1
0 A0V0 “ B2

cxΘpsqpc
p0q
x , ρp0q, k

p0q
φ q .

As a consequence, after a few straightforward but tedious computations omitted here but
detailed in the discussion preceding29 [BGMR21, Theorem 8] stems that

π

X
psq
x

¨

˝

1 0 0

0
?

1`ε
ε 0

0 0 I2

˛

‚P0p´B
´1
0 A0qHess ΘP´1

0

¨

˝

1 0 0
0 ε?

1`ε
0

0 0 I2

˛

‚

“

¨

˚

˚

˝

´csw0 lnpεq `Op1q
?

1`ε
ε hs `Opε lnpεqq Oplnpεqq

?
1`ε
ε

X
psq
x

π
B2
cxΘpsq `Oplnpεqq ´csw0 lnpεq `Op1q

?
1`ε
ε ys

T `Oplnpεqq
Op1q Opε lnpεqq Σ´1

0 lnpεq `Op1q

˛

‹

‹

‚

with ys some two-dimensional vector and

P0 :“
`

´ e2 V0 T0 W0

˘T

Σ0 :“

ˆ

σ0 0
w0
2 1

˙

pBHessHp0qpρp0q, k
p0q
φ q ` cx I2q

ˆ

σ0 0
w0
2 1

˙´1

(5.18)

where

σ0 :“ ´T0 ¨B
´1
0 A0W0 “

1
a

κp2 ρp0qq 2 ρp0q

w0 :“ ´W0 ¨B
´1
0 A0W0 “ 2Bρνpρ

p0qq .

Moreover

Σ´1
0 “

ˆ

0 2csσ0

σ0 2csw0

˙

.

We recall that Hp0q is the zero dispersion limit of the Hamiltonian H0 of the hydrodynamic
formulation of the Schrödinger equation and B is the self-adjoint matrix involved in this formu-
lation; see (2.31).

Observe also that from the foregoing follows

δp4,0,0q “ detpHess Θq “ ´
plnpεqq2

ε2

pX
psq
x q

5

π5

hs B
2
cxΘpsq

detpBHessHp0q ` cx I2q
`O

ˆ

lnpεq

ε2

˙

“
plnpεqq2

ε2

pX
psq
x q

5

π5
2cs σ

2
0 hs B

2
cxΘpsq `O

ˆ

lnpεq

ε2

˙

“ ´
plnpεqq2

ε2

pX
psq
x q

5

π5

hs B
2
cxΘpsq

κp2 ρp0qq 2 ρp0q B2
ρWρpρp0qq

`O
ˆ

lnpεq

ε2

˙

.

Likewise

δp0,4,0q “ 1 , δp1,3,0q “ Op1q ,

δp2,2,0q “ ´
1

ε2

pX
psq
x q

3

π3
hs B

2
cxΘpsq `O

ˆ

lnpεq

ε

˙

,

29In notation of [BGMR21], P0 “ PsTS, ´B´1
0 A0 “ S´1, ys “ pD

´1
s q

T
ys, Σ´1

0 “ ΣsD
´1
s and

ˆ

σs 0
ws
2

1

˙

“ AsB
´1 .
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δp3,1,0q “ ´
lnpεq

ε2

pX
psq
x q

4

π4
2csw0 hs B

2
cxΘpsq `O

ˆ

1

ε2

˙

.

To go on we need to compute a similar expansion for
¨

˝

1 0 0

0
?

1`ε
ε 0

0 0 I2

˛

‚P0p´B
´1
0 C0qP

´1
0

¨

˝

1 0 0
0 ε?

1`ε
0

0 0 I2

˛

‚ .

A direct computation yields

´P0B
´1
0 C0 “

¨

˚

˚

˝

0 0 0 0

0 σ3 ` νpρ
p0qqσ2 ´pσ2 ` νpρ

p0qqσ1q 0
0 σ0σ2 ´σ0σ1 0
0 w0

2 σ2 ´w0
2 σ1 0

˛

‹

‹

‚

and

P´1
0 “

¨

˚

˚

˝

˚ ˚ ˚ ˚

´1 0 0 0

νpρp0qq 0 ´ w0
2σ0

1

˚ ˚ ˚ ˚

˛

‹

‹

‚

so that

´P0B
´1
0 C0P

´1
0 “

¨

˚

˚

˚

˝

0 0 0 0

´pσ3 ` 2νpρp0qqσ2 ` νpρ
p0qq2σ1q 0 w0

2σ0
pσ2 ` νpρ

p0qqσ1q ´pσ2 ` νpρ
p0qqσ1q

´σ0pσ2 ` νpρ
p0qqσ1q 0 w0

2 σ1 ´σ0σ1

´w0
2 pσ2 ` νpρ

p0qqσ1q 0
w2

0
4σ0

σ1 ´w0
2 σ1

˛

‹

‹

‹

‚

.

To ease computations and materialize both symmetry and size we introduce

δ
psq
1 :“

σ1

´ lnpεqX
psq
x {π

, δ
psq
2 :“

σ2 ` νpρ
p0qqσ1

´ lnpεqX
psq
x {π

, δ
psq
3 :“

σ3 ` 2νpρp0qqσ2 ` νpρ
p0qq2σ1

´ lnpεqX
psq
x {π

.

Thus

´

¨

˝

1 0 0

0
?

1`ε
ε 0

0 0 I2

˛

‚P0B
´1
0 C0P

´1
0

¨

˝

1 0 0
0 ε?

1`ε
0

0 0 I2

˛

‚

“
X
psq
x

π

¨

˚

˚

˚

˝

0 0 0 0

δ
psq
3

?
1`ε
ε lnpεq 0 ´ w0

2σ0
δ
psq
2

?
1`ε
ε lnpεq δ

psq
2

?
1`ε
ε lnpεq

σ0δ
psq
2 lnpεq 0 ´w0

2 δ
psq
1 lnpεq σ0δ

psq
1 lnpεq

w0
2 δ

psq
2 lnpεq 0 ´

w2
0

4σ0
δ
psq
1 lnpεq w0

2 δ
psq
1 lnpεq

˛

‹

‹

‹

‚

with

δ
psq
1 “ f1pρ

p0qq `O
ˆ

1

lnpεq

˙

,

δ
psq
2 “ 2 νpρp0qq f1pρ

p0qq `O
ˆ

1

lnpεq

˙

,

δ
psq
3 “ 4 νpρp0qq2 f1pρ

p0qq `O
ˆ

1

lnpεq

˙

.

At main order the matrix has rank one, with this observation we find

δp2,0,2q “ O
ˆ

plnpεqq2

ε2

˙

,
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δp3,0,1q “
plnpεqq3

ε2

pX
psq
x q

4

π4
2 cs σ

2
0 hsδ

psq
3 `O

ˆ

plnpεqq2

ε2

˙

.

Note that this already yields the instability condition in the large period regime:

B2
cxΘpsq ą 0 ,

This may be derived, for instance, by examining the limit εÑ 0 of the rescaled

∆0

˜ ?
ε λ

a

| lnpεq|
, 0,

?
ε ζ

lnpεq

¸

“

˜

´
pX

psq
x q

5

π5

hs B
2
cxΘpsq

κp0q 2 ρp0q B2
ρW

p0q
ρ

`O
ˆ

1

ln ε

˙

¸

λ4 `O
ˆ

ζ4

ln2 ε

˙

`

˜

pX
psq
x q

4

π4
2 cs σ

2
0 hs4pν

p0qq22ρp0qκp0q `O
ˆ

1

ln ε

˙

¸

λ2ζ2 .

According to both Theorem 4.3 and Theorem 4.6, B2
cxΘpsq ă 0 also yields instability. Ap-

plying Theorem 4.3 shows that the instability may be obtained with ξ “ 0, whereas applying
Theorem 4.6 shows that it also corresponds to a failure of weak hyperbolicity of the modulated
system.

This achieves the proof of Theorem 5.6.

5.4. Small-amplitude regime. We now turn to the small-amplitude limit. Our goal is to
prove the following theorem.

Theorem 5.8. In the small amplitude regime near a pc
p0q
x , ρp0q, k

p0q
φ q such that

Bρνpρ
p0q; cp0qx , µp0q

φ
q ‰ 0 ,

and30

δhyp ˆ δBF pc
p0q
x , ω

p0q
φ , µp0q

φ
q ‰ 0,

waves are spectrally exponentially unstable to transversally-slow longitudinally-side-band pertur-
bations.

Let us stress that, as proved in Appendix B, the limiting constant state is spectrally stable
if and only if δhyp ă 0 so that, when δhyp ą 0, the result is nontrivial from the point of view
of spectral perturbation. The overall proof strategy is the same than in the large-period regime
but the final argument is significantly more cumbersome. In particular it involves essentially all
coefficients of ∆0.

To begin with, we gather relevant expansions. The following is a straightforward extension
of [BGMR20, Theorem 3.14 & Lemma 4.1] with notation taken from [BGMR21, Theorem 2 &
Proposition 4].

Theorem 5.9 ([BGMR20]). In the small-amplitude regime there exist a real number b0 and a
positive number c0 — depending smoothly on the parameters pcx, ωφ, µφq — such that, with a0

given by (4.3) and31

εpµxq :“
ρmaxpµxq ´ ρminpµxq

2

ρminpµxq ´ ρdualpµxq

ρmaxpµxq ´ ρminpµxq
, c0 :“

1

2B2
ρWρpρp0qq

,

we have

(5.19)
4c0

X
p0q
x

∇Θ “ 4c0 V0 ` pa0 V0 ` b0 W0 ` c0 Z0q ε
2 ` Opε4q ,

30Where δhyp, δBF are as in (4.10)-(4.11).

31The parameter ε goes to zero as

b

µx ´ µ
p0q
x pcx, ωφ, µφq.
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(5.20)
1

X
p0q
x

Hess Θ “ a0 V0 bV0 ` b0 pV0 bW0 ` W0 bV0q ´ T0 bT0

` 2 c0 W0 bW0 ` c0 pV0 b Z0 ` Z0 bV0q ` Opε2q ,

and, for j “ 1, 2, 3,

4c0

X
p0q
x

σj “ 4c0 fjpρ
p0qq ` Opε2q ,

where X
p0q
x denotes the harmonic period (2.28) and the other quantities are as in Theorem 5.7.

Our starting point is

1

X
p0q
x

¨

˝

1 0 0
0 1

ε 0
0 0 I2

˛

‚
rP´1

0 P0p´B
´1
0 A0qHess ΘP´1

0
rP0

¨

˝

1 0 0
0 ε 0
0 0 I2

˛

‚

“

¨

˝

1
λε

d0 ε`Opε3q Opε2q

e0 ε`Opε2q 1
λε

Opεq
Opε2q Opε3q Σ´1

ε

˛

‚

with

λε “ ´
1

c0w0
`Opε2q , Σε “ Σ0 `Opε2q ,

d0 and e0 having the sign32 respectively of δBF and of 2ρp0q κp2ρp0qqw2
0 ` 8δhyp,

rP0 “

¨

˝

1 0 `T

0 1 0
0 r I2

˛

‚ , rP´1
0 “

¨

˝

1 `Tr ´`T

0 1 0
0 ´r I2

˛

‚ ,

where

r “ ´pΣ´1
0 ` c0w0q

´1

ˆ

b0 σ0

b0w0 ` c0 ζ0

˙

, ` “ ´

ˆ

0 σ0

σ0 w0

˙´1

r .

Note that

Σ´1
0 “

ˆ

0 ´2c0σ0

σ0 ´2c0w0

˙

, δhyp “
1

4

ˆ

w2
0

4σ2
0

´
1

2c0

˙

,

detpΣ´1
0 ` c0w0q “ ´16 c20 σ

2
0 δhyp , pTrpΣ´1

0 qq2 ´ 4 detpΣ´1
0 q “ 64 c20 σ

2
0 δhyp .

32In notation of [BGMR21], with pb, gq Ñ p1, νq,

δBF “
1

16

4τpBvgq
5

b3k0

B
2
vW ` 3τ pBvgq

2

´B2vW ` 3τ pBvgq2
ˆ∆MI , δhyp “

1

4
B
2
vH “

1

4
pτ pBvgq

2
´ B

2
vWq ,

2ρp0q κp2ρp0qqw2
0 ` 8δhyp “ 2p´B2vW ` 3τ pBvgq

2
q , w0 “ w0 “

2Bvg

b
,

d0 “
τpBvgq

5

b3 k0 pB2vWq3
p´B

2
vW ` 3τ pBvgq

2
q∆MI , d0 e0 “

c30 w
5
0

4 k0
∆MI .
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This yields δp0,4,0q “ 1,

δp4,0,0q “ detpHess Θq “ pXp0qx q4
ˆ

1

λ2
ε

´ ε2 d0 e0

˙

detpΣ´1
ε q `O

`

ε4
˘

,

δp3,1,0q “ pX
p0q
x q3

ˆ

2

λε
detpΣ´1

ε q `

ˆ

1

λ2
ε

´ ε2 d0 e0

˙

TrpΣ´1
ε q

˙

`O
`

ε4
˘

,

δp2,2,0q “ pX
p0q
x q2

ˆ

detpΣ´1
ε q `

ˆ

1

λ2
ε

´ ε2 d0 e0

˙

`
2

λε
TrpΣ´1

ε q

˙

`O
`

ε4
˘

,

δp1,3,0q “ Xp0qx

ˆ

2

λε
` TrpΣ´1

ε q

˙

,

which is equivalent to

∆0

˜

λ

X
p0q
x

, z, 0

¸

“

˜

ˆ

λ

λε
` z

˙2

´ λ2ε2d0 ε0

¸

detpλΣ´1
ε ` z I2q ` Opε4 λ2 p|λ|2 ` |z|2qq ,

∆0

˜

λ

X
p0q
x

, z ´
λ

λε
, 0

¸

“
`

z2 ´ λ2ε2d0 ε0
˘

det

ˆ

λ

ˆ

Σ´1
ε ´

1

λε
I2

˙

` z I2

˙

` Opε4 λ2 p|λ|2 ` |z|2qq ,

One recovers the instability criteria on δBF and δhyp in the form that both from d0 ε0 ă 0 and

from
`

TrpΣ´1
0 q

˘2
´ 4 detpΣ´1

0 q ă 0 stems instability.
This motivates a first shift to

∆̃0pλ, z, ζq :“ ∆0

˜

λ

X
p0q
x

, z ´
λ

λε
,
ζ

X
p0q
x

¸

.

Note that we still have an expansion in the form

∆̃0pλ, z, ζq “
ÿ

0ďm,n,pď4
m`n`p“4

pďm

δ̃pm,n,pqλ
m´p zn ζ2p ,

but that expressing instability criteria in terms of ∆̃0 is not obvious and will require some care.
We already know that δ̃p0,4,0q “ 1, then

δ̃p4,0,0q “ ´ε
2 d0 e0 det

ˆ

Σ´1
ε ´

1

λε
I2

˙

`O
`

ε4
˘

,

δ̃p3,1,0q “ ´ε
2 d0 e0 Tr

ˆ

Σ´1
ε ´

1

λε
I2

˙

`O
`

ε4
˘

,

δ̃p2,2,0q “ det

ˆ

Σ´1
ε ´

1

λε
I2

˙

´ ε2 d0 e0 `O
`

ε4
˘

,

δ̃p1,3,0q “ Tr

ˆ

Σ´1
ε ´

1

λε
I2

˙

“ Opε2q .

Now, as in the solitary wave limit, we introduce

δ
p0q
1 :“

σ1

X
p0q
x

, δ
p0q
2 :“

σ2 ` νpρ
p0qqσ1

X
p0q
x

, δ
p0q
3 :“

σ3 ` 2νpρp0qqσ2 ` νpρ
p0qq2σ1

X
p0q
x

,

so that

´P0B
´1
0 C0P

´1
0 “ ´Xp0qx

¨

˚

˚

˚

˚

˝

0 0 0 0

δ
p0q
3 0 ´ w0

2σ0
δ
p0q
2 δ

p0q
2

σ0δ
p0q
2 0 ´w0

2 δ
p0q
1 σ0δ

p0q
1

w0
2 δ

p0q
2 0 ´

w2
0

4σ0
δ
p0q
1

w0
2 δ

p0q
1

˛

‹

‹

‹

‹

‚
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with

δ
p0q
1 “ f1pρ

p0qq `O
`

ε2
˘

,

δ
p0q
2 “ 2 νpρp0qq f1pρ

p0qq `O
`

ε2
˘

,

δ
p0q
3 “ 4 νpρp0qq2 f1pρ

p0qq `O
`

ε2
˘

.

Then we compute that

´
1

X
p0q
x

¨

˝

1 0 0
0 1

ε 0
0 0 I2

˛

‚
rP´1

0 P0B
´1
0 C0 P

´1
0

rP0

¨

˝

1 0 0
0 ε 0
0 0 I2

˛

‚

“

¨

˚

˚

˝

Op1q Opεq Op1q Op1q
δ
p0q
3
ε Op1q O

`

ε´1
˘

O
`

ε´1
˘

Op1q Opεq Op1q Op1q
Op1q Opεq Op1q Op1q

˛

‹

‹

‚

and observe that the latter matrix takes the form

matrix of rank 1 ˆ p I4 `Opε2q q .

As a result

δ̃p2,0,2q “ Opε2q , δ̃p3,0,1q “ ´δ
p0q
3 d0 det

ˆ

Σ´1
ε ´

1

λε
I2

˙

` Opε2q ,

δ̃p2,1,1q “ Op1q , δ̃p1,2,1q “ Op1q .

Taking the limit εÑ 0 in

∆0

˜

λε

X
p0q
x

´

´ε´
1
4Z ` ε

1
4 Λ

¯

, ε´
1
4Z, ε

1
4

Γ

X
p0q
x

¸

yields the limiting

Λ2 Z2 det

ˆ

Σ´1
0 ´

1

λ0
I2

˙

´ δ
p0q
3 d0 det

ˆ

Σ´1
0 ´

1

λ0
I2

˙

λ2
0 Z

2 Γ2 “ 0 ,

where we recall det
´

Σ´1
0 ´ 1

λ0
I2

¯

“ ´16c20σ
2
0δhyp. From this, one deduces that when δhyp ‰ 0,

δBF ą 0 gives instability since d0 has the sign of δBF .
Since Theorem 4.6 already concludes instability from δBF ą 0, this concludes the proof of

Theorem 5.8.

Appendix A. Symmetries and conservation laws

In the present paper, including the current section we only consider functional densities de-
pending of derivatives up to order 1. In particular

LArU spJδBrU sq “ ´LBrU spJδArU sq `
ÿ

`

B`

´

∇Ux`
ArU s ¨ JδBrU s `∇Ux`

BrU s ¨ JδArU s
¯

.

As a consequence, if Ut “ JδHrU s then

(A.1) pGrU sqt “ ´LHrU spJδGrU sq `
ÿ

`

B`

´

∇Ux`
GrU s ¨ JδHrU s `∇Ux`

HrU s ¨ JδGrU s
¯

.

The main point in concrete uses of the latter equality is that U ÞÑ LHrU spJδGrU sq encodes
the variation of H under the action of the group generated by G. Here we consider two kinds of
invariance by the action of a group generated by a functional density:
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‚ stationarity of the density functional H under the action of the group generated by G
encoded by

LHrU spJδGrU sq ” 0

in which case (A.1) reduces to

pGrU sqt “
ÿ

`

B`

´

∇Ux`
GrU s ¨ JδHrU s `∇Ux`

HrU s ¨ JδGrU s
¯

;

‚ commutation of the density functional H with the action of the group generated by G
encoded by

LHrU spJδGrU sq “ JδGrHrU ss
in which case (A.1) reduces to

pGrU sqt “ ´JδGrHrU ss `
ÿ

`

B`

´

∇Ux`
GrU s ¨ JδHrU s `∇Ux`

HrU s ¨ JδGrU s
¯

.

Note that in the latter case if the group is a group of translations then the latter equation is
still a conservation law.

Specializing the first case to G “M gives

pMrU sqt “
ÿ

`

B`

´

∇Ux`
HrU s ¨ JU

¯

whereas a specialization of the second case respectively to G “ Qj and to G “ H gives respectively

pQjrU sqt “ Bjp∇Uxj
QjrU s ¨ JδHrU s ´HrU sq `

ÿ

`

B`

´

∇Ux`
HrU s ¨ Uxj

¯

and

pHrU sqt “
ÿ

`

B`

´

∇Ux`
HrU s ¨ JδHrU s

¯

.

To compute how these conservation laws are transformed when going to uniformly moving
frames, we also record the following simple but useful relations

LMrU spJδMrU sq “ 0 , LMrU spJδQ`rU sq “ B`pMrU sq ,

LQjrU spJδMrU sq “ ´BjpMrU sq , LQjrU spJδQ`rU sq “ B`pQjrU sq ,

LHrU spJδMrU sq “ 0 , LHrU spJδQ`rU sq “ B`pHrU sq .

Among the foregoing identities only the third one is not a simple expression of invariances of
M, Qj and H but it may be deduced from the second one.

For our purposes, it is also crucial to derive linearized versions of the algebraic relations
expounded above. Let us define FG,H by FG,HrU s “ LGrU spJδHrU sq so that Ut “ JδHrU s
implies pGpUqqt “ FG,HrU s. Now note that if U is such that δHrU s “ 0 then LFG,HrU spV q “
LGrU spJLδHrU spV qq. In particular if U t “ 0 and δHrU s “ 0 then Vt “ JLδHrU spV q implies

pLGrU sV qt “ LFG,HrU spV q .

The latter computations also provide similar conclusions for the associated spectral problems.

Appendix B. Spectral stability of constant states

In the present section we study the spectral stability of constant solutions to (1.3). By
constant solutions we mean solutions that are constant up to the symmetries, thus solutions in
the form33

(B.1) Upt,xq “ epkφ¨x`ωφ tqJUp0q ,

33The action of spatial translations is redundant with the action of rotations for this class of solutions.
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with Up0q a constant vector of R2, kφ P Rd and ωφ P R. Since it is almost costless and will be
useful in Appendix C, we consider a yet more general class of Hamiltonian equations

BtU “ J δH0rUs , with H0 rUs “
1
2∇xU ¨Dp}U}2q∇xU`W p}U}2q ,(B.2)

where D is valued in real symmetric dˆ d-matrices. That U from (B.1) solves (B.2) reduces to

either Up0q is zero or

(B.3) ωφ “ 2W 1p}Up0q}2q ` kφ ¨Dp}U
p0q}2qkφ ` }U

p0q}2 kφ ¨D
1p}Up0q}2qkφ .

For the sake of concision and comparison, it is expedient to introduce the dispersionless
hydrodynamic Hamiltonian

Hp0qpρ,vq :“ ρv ¨Dp2 ρqv `W p2 ρq .

As a first instance, note that with ρp0q :“MpUp0qq, (B.3) takes the concise form ωφ “ BρH
p0qpρp0q,kφq.

Changing frame through Upt,xq “ epkφ¨x`ωφ tqJVpt,xq, linearizing and using the Fourier
transform bring the spectral stability question under consideration to the question of knowing
whether for any ξ P Rd, the linear operator on C2

V ÞÑ

”

Up0q ¨V ˆ B2
ρH

p0qpρp0q,kφq ` 2JUp0q ¨V ˆ kφ ¨D
1p2 ρp0qq i ξ

ı

JUp0q

`

”

2Up0q ¨V ˆ kφ ¨D
1p2 ρp0qq i ξ

ı

Up0q `

”

ξ ¨Dp2 ρp0qqξ
ı

JV `

”

2kφ ¨Dp2 ρ
p0qq i ξ

ı

V

has purely imaginary spectrum. If Up0q “ 0 then, by diagonalizing J, one gets that the latter
spectrum is

i
´

˘ξ ¨Dp2 ρp0qqξ ` 2kφ ¨Dp2 ρ
p0qqξ

¯

P i R

hence spectral stability holds. When Up0q ‰ 0, we may use V ÞÑ pUp0q ¨ V,JUp0q ¨ Vq as a
coordinate map in which the above operator’s matrix is

ˆ

2 Bρ∇vH
p0qpρp0q,kφq ¨ i ξ ´ξ ¨Dp2 ρp0qqξ

2 ρp0q B2
ρH

p0qpρp0q,kφq ` ξ ¨Dp2 ρ
p0qqξ 2 Bρ∇vH

p0qpρp0q,kφq ¨ i ξ

˙

.

Thus, when Up0q ‰ 0, spectral stability holds if and only if for any ξ P Rd, the solutions in λ of
´

λ´ 2 i Bρ∇vH
p0qpρp0q,kφq ¨ ξ

¯2
` ξ ¨Dp2 ρp0qqξ

´

2 ρp0q B2
ρH

p0qpρp0q,kφq ` ξ ¨Dp2 ρ
p0qqξ

¯

“ 0

are purely imaginary, that is, if and only if, for any ξ P Rd,

ξ ¨Dp2 ρp0qqξ
´

2 ρp0q B2
ρH

p0qpρp0q,kφq ` ξ ¨Dp2 ρ
p0qqξ

¯

ě 0 .

As a conclusion, spectral stability holds if and only if, for any unitary e P Rd,

e ¨Dp2 ρp0qq eˆ ρp0q B2
ρH

p0qpρp0q,kφq ě 0 .

For comparison, let us point out that B2
ρH

p0qpρp0q,kφq “ 4 δhyp.

Lemma B.1. Let Up0q be a constant profile for a solution to (B.2) in the sense of (B.1). Then,

with ρp0q :“MpUp0qq, the corresponding solution is spectrally exponentially unstable if and only

if Dp2 ρp0qq is not the zero matrix, ρp0q δhyp ‰ 0 and one of two following possibilities hold

(1) there exists e` such that e` ¨Dp2 ρ
p0qq e` ą 0 and e´ such that e´ ¨Dp2 ρ

p0qq e´ ă 0;

(2) Dp2 ρp0qq is nonnegative (respectively nonpositive) and δhyp ă 0 (resp. δhyp ą 0).

Remark B.2. In the present contribution we are interested in constant solutions only as far as
they are reachable either as the constant limit in the small-amplitude regime or as the limiting
solitary-wave endstate in the large-period regime. Extending [BGMR20, Appendix A], let us
point out that when D has a sign (either nonnegative or nonpositive), constant states associated
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with a large-period regime are always spectrally stable. We prove here this claim for equations
of type (1.3). Let us recall that with ν and Wρ defined through

Wρpρq “ ´H
p0qpρ, νpρq ex`rkφq ` ωφ ρ` µφ νpρq ´ cxρ νpρq ,

0 “ ´ ex ¨∇vH
p0qpρ, νpρq ex`rkφq ` µφ ´ cx ρ ,

this means that we focus on the case when B2
ρWρpρ

p0qq ă 0. By differentiating the foregoing
identities, one deduces that

BρWρpρq “ ´BρH
p0qpρ, νpρq ex`rkφq ` ωφ ´ cxνpρq ,

2 ρ κp2 ρq ν 1pρq “ ´ ex ¨ Bρ∇vH
p0qpρ, νpρq ex`rkφq ´ cx ,

B2
ρWρpρq “ ´B

2
ρH

p0qpρ, νpρq ex`rkφq `
pν 1pρqq2

2 ρ κp2 ρq
.

From this stems that, for pρp0q,kφq “ pρ
p0q, νpρp0qq ex`rkφq, the saddle condition B2

ρWρpρ
p0qq ă 0

implies B2
ρH

p0qpρ,kφq ą 0 i.e. δhyp ą 0, as claimed.

Appendix C. Anisotropic equations

In the present section, we show how to generalize most of our results from systems of the
form (1.3) to systems of the form (B.2), namely

BtU “ J δH0rUs , with H0 rUs “
1
2∇xU ¨Dp}U}2q∇xU`W p}U}2q ,

where D is valued in real symmetric dˆd-matrices. As in Appendix D, our goal is not to transfer
our methodology (with possibly different outcomes), but to point out what is readily accessible
by simple changes in notation.

Consistently with the rest of the present paper, we shall discuss explicitly only waves in the
form (1.7). Yet let us anticipate from Appendix D that even for System (B.2) as considered
here all longitudinal results apply equally well to waves of the form (1.15) and that instability
results about general perturbations also generalize when either D is constant (semilinear case)

or when d ě 3 and, for any α, rkφ is an eigenvector of Dpαq.
The restriction on generality we make here is that we consider waves of type (1.7) propagating

in a direction that is a principal direction for the dispersion of (B.2). We assume that, for any
α, ex is an eigenvector of Dpαq for a non-zero eigenvalue. This includes the case, considered in
[LBJM21], when d “ 2, waves propagate in the direction e1 and

D ”

ˆ

1 0
0 ˘1

˙

.

It follows readily from the principal-direction restriction that all longitudinal results still hold
with

(C.1) κpαq :“ ex ¨Dpαq ex .

and we recall that at this stage there is no loss in generality in assuming κ positive-valued.
Unfortunately, in genuinely anisotropic cases, the principal-direction restriction is essentially
incompatible with modulation of the direction ex and thus rules out any hope for a modulational
interpretation in the spirit of Section 5.1.

Therefore, under this assumption, we focus on extending instability results of Section 5. As
far as this goal is concerned, it is sufficient to deal with the case when d “ 2, ex “ e1 and

(C.2) H0 rUs “
1
2κp}U}

2q}BxU}
2 `W p}U}2q ` 1

2rκp}U}
2q}ByU}

2

with κ as in (C.1) and rκ ranging over all the functions rκ given by

rκpαq :“ e ¨Dpαq e
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where e is a unitary vector orthogonal to ex. Note that this reduction hinges on the obvious
facts that there is no loss in taking η under the form }η} e with e as above, and that, for any
α, the space of vectors orthogonal to ex is stable under the action of Dpαq.

Up to minor changes that we detail below, Corollary 5.1 and results of Section 5.2 extend
readily to the case (C.2) with ex “ e1. Indeed, the changes required in Theorem 3.2 and its
proof are purely notational and in the statement the only place where κ should be replaced with
rκ is in the definition of Σy, or, in other words, in the definition of σ1, σ2 and σ3. Explicitly,

σ1 :“

ż Xx

0
rκp}V}2q }V}2 , σ2 :“

ż Xx

0
rκp}V}2qJV ¨ Vx , σ3 :“

ż Xx

0
rκp}V}2q }Vx}2 .

The proof of Proposition 3.1 requires more significant changes but all of them are elementary.
The upshot is that in Proposition 3.1 the ellipticity condition |λ|`}η}2 ě R0 should be replaced
with |λ| ě R0 p1 ` }η}

2q. This weaker conclusion is still sufficient to derive Corollary 5.1.
Once the above-mentioned change in Σy has been performed, all the results of Section 5.2 hold
unchanged.

Note for instance that in Lemma 5.2, only the coefficients δpm,n,pq with p ‰ 0 depend on
the choice of the transverse coefficient rκ. This stems from the fact that the wave profiles are
independent of this coefficient. Note moreover that the dependence of δpm,n,pq on rκ has the parity
of p. Thus it follows from Lemma 5.2 that waves cannot be spectrally stable to perturbations
that are longitudinally co-periodic for both rκ and ´rκ except possibly if δ4,0,0 “ δ3,0,1 “ δ2,0,2 “ 0.
Note that in the latter degenerate case, in particular, 0 has algebraic multiplicity larger than
4 as an eigenvalue of L0,0. Moreover it follows from an inspection of the coefficients of Σt and
Σy and a Cauchy-Schwarz argument that this latter degenerate case cannot occur when rκ has
a definite sign (either positive or negative).

Now we turn to the generalization of asymptotic results in Sections 5.3 and 5.4. It is important
to track there how the replacement of κ with rκ at some places impacts the proof. In the integral
representations of σ1, σ2 and σ3, κ should be replaced with rκ in definitions of f1, f2 and f3 and
the formula for σ3 should be modified as

σ3 “

ż ρmaxpµxq

ρminpµxq

f3pρq
a

µx ´Wρpρqq

d

2κp2 ρq

2 ρ
d ρ`

ż ρmaxpµxq

ρminpµxq

rκp2 ρq

κp2 ρq

b

µx ´Wρpρqq

d

2κp2 ρq

2 ρ
d ρ .

Theses changes appear in proofs of Theorems 5.6 and 5.8 only through the value f1p2 ρ
p0qq.

When rκp2 ρp0qq ą 0, the arguments still apply so that instability still occurs.

Let us now focus on the case when rκp2 ρp0qq ă 0. Recall that we have normalized signs to

ensure κp2 ρp0qq ą 0. Thus it follows from Lemma B.1 that if δhyp ‰ 0 the limiting constant state
is spectrally unstable. Note that, as pointed out in Remark B.2, the condition δhyp ‰ 0 holds
systematically at the large-period limit. So we only need to explain how to transfer spectral
instability from limiting constant states to nearby periodic waves.

In the small-amplitude regimes, the transfer follows from a direct standard perturbation argu-
ment for isolated eigenvalues of finite multiplicity, considering the constant-coefficient operators
obtained by linearizing about the constant-state as a periodic operator. To perform this com-
parison, it is important, even at the constant limit, to choose a frame adapted to the harmonic
limit. Indeed let us observe that the choice of a frame — among those in which the reference
solution is stationary — does impact the spectrum of the linearized operator, yet without al-
tering the instable character of this spectrum. We omit details of the standard argument and
again refer the reader to [Kat76] for background on spectral perturbation theory.

The large-period regime is trickier to analyze but is covered by [YZ19].

To summarize, we have obtained that under the principal-direction assumption, when Dp2 ρp0qq

is non trivial — in the sense that there exists e orthogonal to ex such that Dp2 ρp0qq e is not
zero —, spectral instability holds

(1) in the large-period regime when at the limiting solitary wave B2
cxΘpsq ‰ 0;
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(2) in the small-amplitude regime when at the limiting constant Bρν ‰ 0 and δhyp δBF ‰ 0.

Appendix D. General plane waves

In the present section, we show how our general analysis may be applied to more general
plane waves in the form (1.15). Whereas we believe that our methodology could be applied to
all these waves (with possibly different outcomes), our aim here is merely to point out what is
readily accessible by a simple change in frame or notation.

As already highlighted in Section 2.6, all our longitudinal results apply as they are once one
has replaced W with W

rkφ
defined through

W
rkφ
pαq :“W pαq `

1

2
ακpαq }rkφ}

2 “ Hp0q
´α

2
, rkφ

¯

.

Thus we only need to discuss our results on general perturbations, focused on proving spectral
exponential instability.

Dimension larger than 2. A simple but efficient observation is that when one restricts to

perturbations that are constant in the direction of rkφ all transverse contributions due to the

fact that rkφ is non-zero do disappear. As a direct consequence, when rkφ ‰ 0 but d ě 3, all the
spectral instability results hold as they are (up to the change W Ñ W

rkφ
) and a modulational

interpretation is available for the spectral expansion of Dξpλ,ηq when pλ, ξ,ηq Ñ p0, 0, 0q under

the condition η ¨ rkφ “ 0. In particular, when d ě 3, in non-degenerate cases, spectral instability
occur in both small-amplitude and large-period regimes. Except for the generalization of the
modulational interpretation, this argument also applies to the more general form of equations

considered in Appendix C under the assumption that, for any α, rkφ is an eigenvector of Dpαq.

Semilinear case. In the semilinear case, one may go further by using a form of Galilean

invariance. Let us consider System (B.2) with D ” D0. Then for any vector rkφ if U solves
(B.2) so does

pt,xq ÞÑ ep
rkφ¨D0

rkφ t`rkφ¨xqJUpt,x` t 2D0
rkφq .

The foregoing transformation preserves (in)stability properties and brings waves of type (1.15)
into waves of type (1.7). Thus in the semilinear case there is absolutely no loss in generality in
assuming the form (1.7).

Appendix E. Table of symbols

We gather here page numbers of main definitions for symbols that are used recurrently
throughout the text. Pieces of notation specific to a subsection are not indexed here. For
groups of symbols introduced simultaneously, the definitions may run over a few pages. We
recall that underlining is used throughout to denote specialization at a specific background
wave.

δ, Hess, L, b, div , 11 J, κ ,W, H0, M, QQQ, Qj , 2 kx, kφ, cx, ωx, ωφ, H, 3

L, Lx, Ly, Hx, Hy, 3 Lξ,η, ξ, η, Lxξ , B, ,̌ F ,p, 24 Θ, ρmin, ρmax, 18

µx, µφ, Hu, 12 Dξpλ,ηq, Rpx, x0;λ,ηq, 26 A0, B0, m, q, 6

kx, ex, kφ, rkφ, qqq, 8 C0, τ0, τ1, τ2, τ3, σ1, σ2, σ3, 8 Xx, ξφ, ϕφ, ϕx, 14

Upρ, θq, J , H0, Qj , Hu, 15 HEK, ν, Wρ, 17 p0q, psq, 19

Θpsq, B , Hp0q, 22 H
rkφ
, H

0,rkφ
, W

rkφ
, 23 Σt, Σy, 28

δhyp, δBF , 35 ∆0, 47 δpm,n,pq, 51

f1, f2, f3, 54
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