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Abstract

We investigate the use of combining SIMP topology optimization and phase field method to fracture
for maximizing the fracture resistance of a structure composed of two materials. The optimization
problem is formulated with respect to maximizing the external work under the constraint of inclu-
sion volume fraction. The performance and convergence of the proposed algorithm are investigated.
It is shown that the fracture resistance can be improved as compared to several guess designs with
the same volume fraction of reinforcement (inclusion material). A comparison between the present
SIMP and BESO methods is performed, showing a better convergence of the SIMP method, more
specifically when a homogeneous initial guess design is used. Applications to 2D and 3D composite
structure are presented to show the potential and robustness of the approach.

Keywords: Fracture resistance, Topology optimization, SIMP, Phase field method, two-material
structures, 3D applications

1. Introduction

Recently, design of composites with enhanced resistance to damage and fracture has emerged
as a new challenging and exciting topic in computational mechanics. With the quick development
of 3D printing and additive manufacturing techniques [46], new technological solutions which were
not possible a few years ago can now be considered, like on-demand geometries of multi-materials
structures and microstructures. More specifically, 3D printed bi-materials [7, 30–32, 63] offer new
exciting possibilities such as designing composites with non-trivial periodic microstructures and
ad-hoc functionalities. Among them, particle-matrix or skeleton-filled matrix composites able to
increase the fracture resistance as compared to existing composites is of industrial and technological
critical importance, for applications in aircraft, automotive or biomechanics, among many others.

One central ingredient for this task is the use of Topology Optimization (TO). TO has been
widely studied and employed in both academic and engineering applications since it was firstly pro-
posed by Bendsøe and Kikuchi [14]. It is generally accepted that topology optimization methods
can be mainly categorized into three kinds of families, namely the Solid Isotropic Material with
Penalization (SIMP) method [12, 13, 53], the level set method [3, 62], and the Evolutionary Struc-
tural Optimization (ESO) method [67]. Review of these methods can be found in state-of-the-art
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papers [22, 52, 61, 71]). An interesting comparison review on these techniques, with advantages
and drawbacks, can be found in [59].

Initially mainly applied to maximize the stiffness of structures under volume constraints, TO
has since then been extended and applied to a broad variety of problems like mechanical and
thermal loads of structures, fluid flow, dynamics, acoustics and biomechanics, among many others
(see a survey paper in [22]).

More recently, TO has been applied to enhance the mechanical resistance of structures and
materials subjected to damage and cracking.

One pioneering work combining TO and fracture mechanics can be traced back to Challis et al.
[19], where the level-set TO method has been used to maximize fracture resistance of structures,
defined as the elastic energy released by the crack that are in tension and was calculated using
the virtual crack extension. However, in this work, no real crack tips with stress singularity in the
context of linear fracture mechanics were modeled. Another related technique can be found in [29],
where pre-defined cracks were inserted and TO used to minimize the J-integral around crack tip
singularity as a fracture criterion.

An important progress was made by optimizing the topology while taking into account the
incremental damage response of the structure during a full load, from initiation to damaged/cracked
structures. A first series of works have been proposed where damage mechanics was considered
during the TO problem. In [8, 9], Amir and Sigmund used a gradient enhanced model to define the
truss topology and optimal cross sections of reinforcement bars, and where the external work was
maximized as an evaluation of the fracture energy. In [33], Kato and Ramm investigated optimal
placement and shape of reinforcement in composites with respect to damage criterion to optimize
the structural ductility during a full incremental procedure. In [26], Hilchenbach and Ramm
optimized the position and shapes of stiff inclusions during the nonlinear loading of a structure.
Even though not implying TO, the work shares similarities with the procedures developed in TO
in this context. In [28], James and Waisman developed TO within a nonlocal damage framework
using SIMP where TO was performed with respect to a maximum damage criterion during the
whole nonlinear load of a structure while minimizing the quantity of material within the structure
as an objective. In [38], Liu et al. investigated TO with respect to damage induced by debonding
at the interfaces between two materials in a structure during an incremental loading with Level-set
TO and XFEM description of interfaces location. In [34–36], Li et al. proposed SIMP TO using
an elastoplastic-damage model where TO was performed to find the optimal structural topologies
with high energy absorption capacity while constraining the damage indicator.

An important recent step was to include brittle fracture propagation [57, 65] within TO. In [69]
Zhang et al. used TO with XFEM and took into account full crack propagation to optimize several
indicators such as tensile stress during loading of a structure. One issue with XFEM as a crack
propagation simulation tool is its complexity in 3D and its inability to initiate the cracks, as well as
handling multiple, complex crack networks which may connect and merge during the process. The
development of the variational approach to fracture [4, 16, 17, 23, 39, 42, 47, 49, 70], also called
phase field method in the literature, offers several advantages in the context of crack propagation
simulation, like: the possibility to initiate cracks from undamaged configurations; the possibility to
handle arbitrary crack networks (including branching, merging, in both 2D and 3D) without specific
treatment and use of classical finite elements; a variational framework allowing to include many
models or mechanisms, and a mesh-independence due to an appropriate regularization process.
This point is of special interest in TO approach where the use of a fixed mesh is required.
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Figure 1: Phase field approximation of a sharp crack discontinuity. (a) A sharp crack surface Γ embedded into the
solid Ω. (b) The regularized representation of the crack by the phase field d (x).

In [56], San and Waisman combined phase field and genetic algorithms to find the optimal
location of particles in order to maximize indicators such as the peak force, maximum deformation
at failure point and maximum fracture energy during an incremental procedure. The first works to
our knowledge combining phase field and TO was introduced in Xia et al. and Da et al. in [21, 66],
where the BESO TO [27] was used to optimize the fracture resistance of two-phase structures with
respect to inclusions shapes, including cracks in both bulk and interfaces, and applied to periodic
composites and multiple loads in [20]. In [54, 55], Russ and Waisman developed a SIMP TO
combined with phase field to optimize the fracture energy in one-phase material structures, and
Wu et al. [64] developed a Level-Set TO-phase field approach to optimize the fracture resistance
of composites.

In this work, we extend our previous BESO framework [66] to a combined SIMP and phase
field for maximizing the fracture energy of two-phase composites. It is worth noting that the
present framework shares many similarities with the recent framework of [54]: phase field and
SIMP are combined for maximizing fracture resistance and the objective function used in both
of these works include the external work computed incrementally during a full crack propagation
simulation. The main contribution here is the application of the SIMP-phase field to two-material
structures, where the objective here is not to minimize the total weight as in [54] but to modify the
topology of a second phase material under the constraint of a volume fracture. Another contribution
is a comparison of the present SIMP results with BESO formulations with respect to convergence
and performance (value of objective function). Finally, the last contribution is applications of this
framework to 3D 2-material structures which show the full potential of the approach.

The present paper is organized as follows. In Section 2, we review the phase field method for
brittle fracture based on the variational framework and provide the details of the finite element
discretization. In Section 3, we propose the SIMP topology optimization approach for the design of
brittle composites to maximize the fracture resistance in two-phase composites. Section 4 provides
the overall algorithms to practically implement the present framework. Finally, a series of 2D
and 3D numerical examples are presented in Section 5 to show the efficiency and potential of the
approach.
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2. Phase field fracture formulation

In this work, we briefly review the phase field method for fracture which will serve as one main
ingredient in the present topology optimization framework.

Let Ω ⊂ RD be an open domain with D = 2, 3, describing a cracked solid as depicted in
Fig. 1. The external boundary of Ω is denoted by ∂Ω ∈ RD−1. Cracks which may propagate
within the solid are collectively denoted by Γ. In this work, we adopt the framework proposed in
[6, 39, 41, 42] for a regularized representation of discontinuities. In this regularized framework, the
crack is approximately represented by a scalar phase field 0 ≤ d (x, t) ≤ 1 (see Fig. 1(b)), such
that when d = 0 the material is undamaged, and when d = 1 the material is fully broken.

2.1. Phase field approximation of crack

The scalar phase field d (x, t) can be determined through solving the following boundary value
problem subjected to Dirichlet boundary conditions d = 1 on the crack (see [39] for more details):

d (x, t)− `2∆d (x, t) = 0 in Ω,

d (x, t) = 1 on Γ,

∇d (x, t) · n = 0 on ∂Ω,

(1)

where ∆ (·) and ∇ (·) are the Laplacian and gradient operator respectively, ` is a length scale
parameter that governs the width of the regularization zone and gives for ` → 0 the exact sharp
crack in Fig. 1(a), and n the outward normal on ∂Ω. It can be shown that (1) is the Euler-Lagrange
equation associated with the variational problem:

d = Arg

{
inf
d∈Sd

Γd (d)

}
, Γd (d) =

∫
Ω
γd (d) dΩ, Sd = {d | d (x) = 1, ∀x ∈Γ} , (2)

where Γd (d) represents the total length of the crack in 2D and the total crack surface area in 3D,
and γd (d) is the crack surface density function per unit volume defined by:

γd (d) =
d2

2`
+
`

2
∇d · ∇d, (3)

where the second term in γd (d) penalizes high values of ∇d(x) and where d varies between 0 and
1. Note that in the absence of the second right-hand term in (3), a local damage model is found,
with well-known related non-convergence issues with respect to the mesh discretization.

It must be noted that, ` does not represent physically the exact crack width, but a parameter
which is used to regularize the discontinuities. It has been shown that this parameter can be
treated as a material parameter related to the Young’s modulus, the tensile strength, and the
critical energy release rate of the material in [10, 48, 68]. In our previous work [47], an inverse
approach was developed to identify this parameter, by combining simulations and experiments.
More recently in [45], G. Molnár et al. assessed its mechanical significance with the help of the
coupled criterion.
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2.2. Variational framework

We follow the framework presented in [2] to construct the variational principle, which involves:
irreversibility condition, stability condition and energy balance. In this framework, stability con-
dition provides mechanical balance equation and damage criteria. The energy balance provides
damage consistency. The total energy for a cracked body is defined as

W (u, d) =

∫
Ω
ψe (ε (u) , d) dΩ +

∫
Ω
ψd (d) dΩ−

∫
∂ΩF

F · udS −
∫

Ω
f · udΩ, (4)

in which u is displacement field, ε (u) = 1
2

(
∇u +∇uT

)
, f and F are body forces and prescribed

traction over the boundary ∂ΩF , respectively. Above, ψd is the damage dissipative potential defined
as

ψd = gcγd (d) , (5)

where γd (d) is defined in (3), and gc is the Griffith-type critical energy release rate. ψe is the
stored elastic energy density function defined as [39]

ψe (ε, d) =
(

(1− d)2 + k
)
ψ+
e (ε) + ψ−e (ε) (6)

in which k is a small numerical parameter to prevent loss of definite posedness of the elastic tensor
in case of full damage, ψ+

e and ψ−e are the tensile and compressive energies,

ψ±e =
1

2
λ 〈tr [ε]〉2± + µtr

[
ε±
]2
, (7)

with λ and µ the standard lame parameters. Note that only tensile damage degradation is taken
into account in the elastic energy density (6) through a decomposition of the elastic strain ε into
tensile/positive and compressive/negative parts:

ε = ε+ + ε− with ε± =

3∑
i=1

〈
εi
〉
± ni ⊗ ni, (8)

where 〈x〉± = 1
2 (x± |x|), εi and ni are the eigenvalues and eigenvectors of ε.

2.2.1. Irreversibility condition

The irreversibility condition is imposed on the damage variable to avoid material regeneration.
It can be expressed as

ḋ ≥ 0, 0 ≤ d ≤ 1 (9)

which is ensured by using an appropriate history function [39].
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2.2.2. First-order stability condition

The first order stability condition (see [43, 44, 51]) is expressed by:

DδuW (u, d) +DδdW (u, d) ≥ 0, (10)

where

Dvf(u) =

[
d

dh
f(u + hv)

]
h=0

. (11)

is the directional derivative. Applied to (4), it yields:∫
Ω
σ : ε (δu) dΩ +

∫
Ω

(
∂ψe
∂d

+
∂ψd
∂d

)
δddΩ−

∫
∂ΩF

F · δudS −
∫

Ω
f · δudΩ ≥ 0 (12)

where

σ =
∂ψe
∂ε

=
(

(1− d)2 + k
) (
λ 〈tr [ε]〉+ 1 + 2µε+

)
+ λ 〈tr [ε]〉− 1 + 2µε− (13)

in which 1 is the second-order identity tensor and σ+/σ− are the undamaged tensile/compressive
stress tensors.

From (12), the following results stem out:

� For δd = 0, find u ∈ Su, Su =
{
u|u(x) = ū on ∂Ωu, u ∈ H1(Ω)

}
such that:∫

Ω
σ : ε (δu) dΩ−

∫
∂ΩF

F · δudS −
∫

Ω
f · δudΩ = 0, (14)

which is the weak form of the mechanical equilibrium equation, with δu ∈ S0
u, S0

u ={
δu|δu(x) = 0 on ∂Ωu, u ∈ H1(Ω)

}
.

� For δu = 0 we obtain:∫
Ω

(
∂ψe
∂d

+
∂ψd
∂d

)
δddΩ ≥ 0 (15)

which is the weak form of the damage criterion. In local form, it can be expressed as:

fd(d) = −
(
∂ψe
∂d

+
∂ψd
∂d

)
≤ 0 in Ω. (16)

2.2.3. Energy balance

The energy balance represents the need for the total energy to remain constant as the state
variables evolve. Following a procedure analogous to the treatment of the stability condition, this
condition leads to∫

Ω

[
−σ : ε (u̇)−

(
∂ψe
∂d

+
∂ψd
∂d

)
ḋ

]
dΩ +

∫
∂ΩF

F · u̇dS +

∫
Ω

f · u̇dΩ = 0. (17)

For u̇ = 0, and using (16), the damage consistency condition is obtained:

fd(d)ḋ = 0. (18)
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2.2.4. Alternate minimization

In this section, a staggered alternate minimization algorithm is applied, which naturally stems
out from the energetic principles. This procedure takes advantage of the fact that although the
global energy is non-convex, it is convex with respect to u and d individually [1, 37]. With the
total energy (4) at hand, the alternate minimization follows.

� Minimization with respect to the displacement field:

DδuW (u, d) = 0 (19)

which leads to

R1 =

∫
Ω
σ : ε (δu) dΩ−

∫
∂ΩF

F · δudS −
∫

Ω
f · δudΩ = 0 (20)

which corresponds to the weak form of the mechanical problem to be solved for u, given d.

� Minimization with respect to the damage field:

DδdW (u, d) =

∫
Ω

(
∂ψe
∂d

+
∂ψd
∂d

)
δddΩ = 0. (21)

which corresponds to the global problem to be solved to find the field d(x) (phase field
problem), given u.

2.2.5. Governing equations

The associated Euler-Lagrange equations to (20) are given by:
∇ · σ + f = 0 in Ω,

u = ū on ∂Ωu,

σn = F on ∂ΩF .

(22)

Using (21) and the property:

(∆d) δd = ∇ · (∇dδd)−∇d · ∇(δd) (23)

as well as the divergence theorem and ∇d · n = 0, we obtain the weak form of the phase field
problem as:∫

Ω

({
−2(1− d)ψ+

e +
gcd

`

}
δd+ gc`∇d · ∇(δd)

)
dΩ = 0. (24)

To prescribe irreversibility, we employ the technique introduced in [41] which consists in sub-
stituting the above weak form with:∫

Ω

(
{−2(1− d)H(ε) + 2ψcd} δd+ 2ψc`

2∇d · ∇(δd)
)
dΩ = 0, (25)
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Table 1: Governing equations of the phase field model.

Irreversibility ḋ ≥ 0, 0 ≤ d ≤ 1

Mechanical balance ∇ · σ + f = 0 in Ω

u = ū on ∂Ωu, σn = F on ∂ΩF

Constitutive law σ =
(

(1− d)2 + k
) (
λ 〈tr [ε]〉+ 1 + 2µε+

)
+ λ 〈tr [ε]〉− 1 + 2µε−

Damage criterion ψc
(
d− `2∆d

)
− (1− d)H(ε) ≥ 0

H (ε) = max
s∈[0,t]

[〈
ψ+
e ( ε, s)− ψc

〉
+

]
Damage consistency

(
ψc
(
d− `2∆d

)
− (1− d)H(ε)

)
ḋ = 0

in which

H (ε) = max
s∈[0,t]

[〈
ψ+
e (ε, s)− ψc

〉
+

]
(26)

and ψc is a specific fracture energy density, which can be further related to a critical fracture stress
σc by:

ψc =
1

2E
σ2
c , (27)

where E is the Young’s modulus.
The corresponding Euler-Lagrange equations to (25) are given by:

ψc
(
d− `2∆d

)
= (1− d)H (ε)

∇d · n = 0 on ∂Ω,

d = 1 on Γ.

(28)

The different equations of the model are summarized in Table 1. The FEM discretization details
are provided in Appendix.

3. SIMP Topology optimization formulation

In this section, we present a SIMP topology optimization framework for maximizing the fracture
resistance of a two-phase (composite) structure.

3.1. Optimization problem statement

The topology optimization problem is conducted with respect to a density variable ρ(x) which
is associated with the inclusion phase. In other words, ρ(x) = 1 corresponds to inclusion phase
and ρ(x) = 0 corresponds to the matrix phase.

For stability considerations, here displacement-controlled loading is adopted. For a prescribed
displacement load, the fracture resistance maximization is equivalent to the maximization of the
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mechanical work. Recalling that the fracture problem is quasi-static, we introduce a pseudo time
t associated with the external load evolution, with t ∈ [0, tmax], where tmax denotes the maximum
loading time corresponding to the maximum prescribed displacement umax at the failure step.

The optimization problem is then defined as follows:

Maximize : J(ρ,u, d) (29)

subject : R1 (ρ,u(t), d(t)) = 0, ∀t ∈ [0, tmax] (30)

R2 (ρ,u(t), d(t)) = 0, ∀t ∈ [0, tmax] (31)

f inc =
V (Ωinc)

V (Ω)
=

∫
Ω ρ(x)dΩ

V (Ω)
(32)

0 ≤ ρ(x) ≤ 1 (33)

u(t) ∈ Su (34)

d(t) ∈ Sd, (35)

where V (Ωinc) is the inclusion volume, V (Ω) is the total volume of the domain, and

J =

∫ tmax

0
Fext(t) · u(t)dt, (36)

where R1 and R2 are given by (20) and (59), Fext is the external force response at the load point
and f inc is the prescribed volume fraction of the inclusion phase.

Following [15], the material interpolations for the two-phase material are defined as E(x) = (ρ(x))pEinc + (1− (ρ(x))p)Emat,

ψc(x) = (ρ(x))p ψc,inc + (1− (ρ(x))p)ψc,mat,
(37)

where E and ψc are the Young’s modulus and the fracture energy density. (·)inc and (·)mat are the
parameters corresponding to the inclusion and the matrix phase, respectively. The Poisson’s ratios
of the two material phases are assumed identical. Above, p is the penalty coefficient to enforce
solutions close to ρ = 0 or 1. Following [58], we choose p = 3. Fig. 2 shows the difference of Young’s
modulus interpolation for SIMP and BESO [66]. The continuous material interpolations for SIMP
ensures that the optimization problem is smooth and that the objective function is differentiable.

3.2. Discrete topology optimization problem

The design domain Ω is discretized into Ne finite elements and each element e is assigned with a
topology design variable, or element density ρe, which is allowed to vary continuously in the range
[0, 1]. Here, a density of ρe = 1 corresponds to an element completely filled with the inclusion
phase, whereas ρe = 0 corresponds to an element completely filled with the matrix phase. We
define the vector {ρ} =

{
ρ1, ρ2, ..., ρNe

}
containing the discrete values of densities in elements of

the mesh.
The discrete form of (29)-(35) is then defined as:
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Figure 2: Young’s modulus interpolations for SIMP and BESO.

Maximize : J∆u(ρ,u,d) (38)

subject : Kn
uu

n − Fn
u = 0, n = 1, 2, ..., nload (39)

Ne∑
e=1

ρeve/(

Ne∑
e=1

ve) = f inc (40)

0 ≤ ρe ≤ 1, e = 1, 2, ..., Ne (41)

un ∈ Su, n = 1, 2, ..., nload (42)

dn ∈ Sd, n = 1, 2, ..., nload, (43)

and J∆u in (38) is approximated by:

J∆u =

nload∑
n=1

∆Jn ≈ 1

2

nload∑
n=1

(
Fn
ext + Fn−1

ext

)T
∆un, (44)

where ∆un denotes the prescribed load increment at load n. Above, ve is the volume (area in
2D) of the e-th element and f inc is the target inclusion volume which is prescribed during the
optimization process. The stiffness matrix Kn

u at the n-th load increment is constructed following
(67).

It should be noted that in this work the continuous topology design variable ρe ∈ [0, 1] allows
using well-proven gradient-based optimization update approaches (e.g., Optimality Criteria meth-
ods (OC) [11, 58], the Method of Moving Asymptotes (MMA) [60] and so on), in turn ensuring
algorithmic convergence within a reasonable number of topological iterations (from 10 to 1000
iterations) [59].

Another important remark is that in the present paper, we do not explicitly use the second
constraint (31) in the discrete problem (38)-(43) and in the following sensitivity analysis. In fact,
this constraint is taken into account implicitly as the regularized fracture problem is solved in a
staggered solving procedure. When the mechanical problem (20) is solved, the damage variable
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d(x) is assumed to be known from previous iteration and then the phase field problem equation R2

in (59) is supposed to be verified. This assumption considerably simplifies the sensitivity analysis
presented next.

3.3. Sensitivity analysis

In order to solve the optimization problem (38)-(43), the sensitivity of the objective function J
corresponding to change in the design variable must be determined. The derivation of the sensitivity
requires using the adjoint method (e.g., [18, 66]). Assuming that the mechanical problem (65) has
been solved, we introduce the Lagrangian:

J∆u ≈ J =
1

2

nload∑
n=1

{(
Fn
u + Fn−1

u

)T
∆un + (λn1 )T Rn + (λn2 )T Rn−1

}
(45)

in which Rn and Rn−1 are the residuals of (65) at n-th and (n−1)-th load increments, respectively.
λn1 and λn2 are Lagrange multipliers which have the same dimension with the displacement vector
u.

Notice that for displacement-controlled loading problem, displacement components at the bound-
ary nodes and force components at the free nodes are fixed, hence, they are independent of the
current value of ρ. Here we introduce a division of all degrees of freedom into essential (index E;
associated with Dirichlet boundary conditions) and free (index F) nodal values. For a vector v
and a matrix M we have

v ∼

 vE

vF

 and M ∼

 MEE MEF

MFE MFF

 . (46)

We then have these unknowns at the n-th load increment

∂un

∂ρe
=

 0

∂un
F

∂ρe

 , ∂∆un

∂ρe
=

 0

∂∆un
F

∂ρe

 , Fn
u =

 Fn
u,E

0

 , ∂Fn
u

∂ρe
=

 ∂Fn
u,E

∂ρe

0.

 (47)

Here for arbitrary load increment indices n = 1, ..., nload, m = 1, ..., nload, we have

∂

∂ρe

(
(Fm

u )T ∆un
)

=

(
∂Fm

u

∂ρe

)T
∆un + (Fm

u )T
∂∆un

∂ρe
=

(
∂Fm

u

∂ρe

)T
∆un. (48)

With the above property at hand, the derivative of the objective function J in (45) is given by

∂J

∂ρe
=

1

2

nload∑
n=1

{
∂
(
Fn
u + Fn−1

u

)T
∂ρe

∆un + (λn1 )T
∂Rn

∂ρe
+ (λn2 )T

∂Rn−1

∂ρe

}
. (49)

The derivatives of Rm at the equilibrium of the m-th load increment with respect to ρe can be
expanded as

∂Rm

∂ρe
=
∂Fm

u

∂ρe
− ∂Km

u

∂ρe
um −Km

u

∂um

∂ρe
. (50)
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Using (47) and (50), (49) can be reformulated as

∂J

∂ρe
=

1

2

nload∑
n=1

{(
∂Fn

u,E

∂ρe

)T (
∆unE + λn1,E

)
+

(
∂Fn−1

u,E

∂ρe

)T (
∆unE + λn2,E

)
− (λn1 )T

(
∂Kn

u

∂ρe
un + Kn

u

∂un

∂ρe

)
− (λn2 )T

(
∂Kn−1

u

∂ρe
un−1 + Kn−1

u

∂un−1

∂ρe

)}
.

(51)

In order to eliminate the unknowns
∂Fn

u,E

∂ρe
and

∂Fn−1
u,E

∂ρe
in (51), we choose

λn1,E = −∆unE and λn2,E = −∆unE. (52)

Then we can re-write (51) as

∂J

∂ρe
= −1

2

nload∑
n=1

{
(λn1 )T

∂Kn
u

∂ρe
un +

(
Kn
u,FEλ

n
1,E + Kn

u,FFλ
n
1,F

)T ∂unF
∂ρe

+ (λn2 )T
∂Kn−1

u

∂ρe
un−1 +

(
Kn−1
u,FEλ

n
2,E + Kn−1

u,FFλ
n
2,F

)T ∂un−1
F

∂ρe

}
.

(53)

To eliminate the unknowns
∂un

F
∂ρe

and
∂un−1

F
∂ρe

in (53), we choose

λn1,F =
(
Kn
u,FF

)−1
Kn
u,FE∆unE and λn2,F =

(
Kn−1
u,FF

)−1
Kn−1
u,FE∆unE. (54)

Using (52) and (54), we can obtain the final objective derivative

∂J

∂ρe
= −1

2

nload∑
n=1

{
(λn1 )T

∂Kn
u

∂ρe
un + (λn2 )T

∂Kn−1
u

∂ρe
un−1

}
. (55)

For each element e, (55) can be re-written as

αe =

nload∑
n=1

(∆αe)
n

= −1

2

nload∑
n=1

{(
λn1,e

)T ∂knu,e
∂ρe

une +
(
λn2,e

)T ∂kn−1
u,e

∂ρe
un−1
e

}
, e = 1, . . . , Ne,

(56)

in which (·)e is the element component of (·) and knu,e is the element stiffness matrix for element e
at the n-th load step. For the sake of simplicity, we use αe and α to represent element sensitivity
and vector of all element sensitivities. It should be noted that in this work we need to evaluate the
sensitivities of all elements, unlike our previous works [21, 66] which only compute the sensitivities
of the inclusion elements and set directly the sensitivities of the matrix elements to zeros. It
is worth noting that the present framework can easily include interfacial damage by using the
extended phase field framework proposed in [50]. Such an extension in the context of BESO can
be found in [20, 21]. Such formulation allows using a fixed regular mesh, which is advantageous for
TO algorithms. In contrast, other formulation have been proposed to include interfacial damage
within Phase Field by using cohesive elements e.g. in [24, 25], but require meshing explicitly the
interfaces. This might not be well suited to TO problems, where 3D complex inclusion geometries
can be involved, as shown in the next examples.
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4. Overall algorithm

This section present the overall algorithms of the proposed method. We first introduce the
algorithm used to simulate one crack simulation from the initial nucleation to complete failure,
which will be used within one step of the topology optimization. During this simulation, the
sensitivities are computed at the same time than the fracture evolution. Then, the overall topology
optimization is presented.

In the fracture evolution problem, a staggered scheme is employed following [39], where at each
load increment the crack phase field problem is solved for fixed displacement field which is known
from the previous time step. The displacement problem is then solved for the obtained crack phase
field. Finally the sensitivity analysis is implemented after the staggered scheme.

The flowchart for fracture evolution problem and sensitivity calculations is provided in Algo-
rithm 1.

Algorithm 1: Fracture evolution problem and sensitivity calculations.

Input: Densities
{
ρk
}

Output: the total mechanical work Jk and sensitivity vector αk

Initialize u0 = 0,H0 = 0, J0 = 0 and α0 = 0.
Loop over load increments nload

for n = 1, . . . , nload do
%% Crack phase field problem %%
Given un−1 and Hn−1,
Compute Hn by (26)
Compute Kn

d and Fn
d from (62) and (63)

Compute the crack phase field dn from (61)
%% Displacement problem %%
Given un and dn

Compute Kn
u and Fn

u from (67) and (66)
Compute the displacement field un from (65)
%% Sensitivity calculations %%
Compute Lagrange multipliers λn1 and λn2 from (52) and (54)
Compute increment of sensitivity vector ∆αn with λn1 and λn2 from (56)
Compute increment of mechanical work ∆Jn from (44)
Update αn = αn−1 + ∆αn and Jn = Jn−1 + ∆Jn

n = n+ 1
end

αk = αnload and Jk = Jnload

In order to remove instabilities such as checkerboard patterns and to avoid mesh-dependency
in topology optimization process, element sensitivities are smoothed by means of a filtering scheme
[58]

αe =

∑Ne
j=1wejαj∑Ne
j=1wej

, (57)

in which wej is a linear weight factor

wej = max (0, rmin −∆ (e, j)) (58)
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which is determined by the prescribed filter radius rmin and the element center-to-center distance
∆ (e, j) between element e and j.

The optimization problem (29)-(35) could be solved using several different approaches such as
OC method [11, 58] and the MMA [60] as illustrated in section 3.1. In this work, the OC method
is employed to update the design variables. The overall algorithm is illustrated in Algorithm 2.

Algorithm 2: Overall topology optimization algorithm

Initialize inclusion densities
{
ρ1
}

.
%% Topology optimization iteration %%
Set k = 1, Err = 1 and iterative tolerance tol
while Err > tol do

%% Regularized fracture problem and sensitivity calculations %%
Compute regularized fracture problem, obtain sensitivity vector αk and total
mechanical work Jk with ρk (x) from Algorithm 1
%% Filtering scheme %%
Obtain the smoothed αk with (57)
%% OC method %%
Update the design variable ρk+1 with smoothed αk

%% Compute convergence %%
if k ≥ 10 then

Err =
|∑k

m=k−4 J
m−

∑k−5
n=k−9 J

n|∑k−5
n=k−9 J

n

else
Err = 1

end
k = k + 1

end

5. Numerical examples

In this section we present several examples in both 2D and 3D to show the capability and
convergence of the method, and compare the results with our previous work done by BESO method
[66]. In all 2D examples uniform meshes of quadrilateral bilinear elements with the plane strain
assumption have been employed. Uniform meshes of eight-node cubic elements have been used for
the 3D examples. Both damage and displacement fields are discretized with the same finite element
meshes. The characteristic length scale parameter ` for the phase field problem in (3) and the filter
radius rmin in (58) are both set to be twice the typical finite element size ` = rmin = 2he. For the
sake of clear visualization, only the crack phase field with values higher than 0.4 in 2D examples
and values higher than 0.95 in 3D examples are plotted. The material properties are shown in
Table 2. The inclusion volume fraction f inc is defined by (32). In the different simulations, the
following features are noted.

� For SIMP topology optimization simulations, there is no initialization of the inclusion geom-
etry. The initial density ρ1

e is set to be uniform and equal to f inc.

� For BESO topology optimization simulations, an initial geometry of inclusion is required to
match f inc at the first iteration. If a homogeneous design is used, the volume fraction has
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Table 2: Material parameters used in the numerical simulations [66]

Name Notations Inclusion Matrix

Young’s modulus Einc, Emat 52 GPa 10.4 GPa

Poisson’s ratio ν 0.3 0.3

Critical fracture stress σincc , σmatc 0.03 GPa 0.01 GPa

to be reduced at each iteration by setting ρe = 0 in more elements, as ρe can only be zero or
one in each element. We refer to this initial geometry to ”initial BESO design”.

� To evaluate the improvement of the fracture resistance in the present SIMP context which
does not require an initial geometry, a ”guess” design is defined in some examples to evaluate
the improvement of the fracture resistance between optimized and guess designs.

� The volume fraction f inc is fixed during the whole optimization process.

� To avoid interfering with the topology optimization process, a region around the initial crack
is defined where the design variable are enforced to ρe = 0 (remain matrix material). This
region is defined as embedding all nodes at a distance 2` from the initial crack surface.

� The incremental loading process goes on until the reaction force is below a prescribed value,
indicating that the structure is fully broken.

50 mm

100 mm

13 mm

12.5

U-U

100

5
0

Figure 3: Plate with one pre-existing crack notch subjected to incremental traction load: geometry and boundary
conditions.
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Figure 4: Evolution of inclusion topologies and associated final crack patterns (f inc = 5%).
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Figure 5: Load-displacement curve and crack propagation for the optimized design: (a) U = 0 mm; (b) U = 0.023
mm; (c) U = 0.034 mm; (d) U = 0.038 mm; (e) U = 0.041 mm.

5.1. 2D reinforced plate with one pre-existing crack notch

In the following example, a 2D plate with one pre-existing crack notch, as described in Fig.
3, is considered. The structure is composed of a matrix material, and we seek the shape of an
inclusion which provides the maximal fracture resistance for the whole composite structure. The
dimensions of the plate are 100 × 50 mm2, and the domain is uniformly discretized into 120 × 60
square bilinear elements. The boundary conditions are as follows: on the upper and lower ends,
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the y-displacement are fixed, while the x-displacement are free. On the left and right ends, the
horizontal displacements are prescribed with incremental displacement loads with ∆U = 0.004 mm
for the first five load increments and ∆U = 0.001 mm for the following load increments. The pre-
existing crack is simulated by prescribing Dirichlet conditions on the crack phase field with d = 1
along the crack. Additionally, the optimality convergence tolerance is set at 10−5 (tol = 10−5).

Design iteration number

10

11

12

13

14

15

16

E
x
te

rn
al

 w
o
rk

 (
m

J)

J=15.7 mJ

50 100 150 200 250

0 11
dρ

inclusion 
density

damage 
phase field 

Figure 6: Evolution of inclusion topologies and associated final crack patterns (f inc = 2%).
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Figure 7: Evolution of inclusion topologies and associated final crack patterns (f inc = 10%).
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Fig. 4 shows the evolution histories of inclusion topologies and their final crack patterns. Here,
the inclusion volume fraction is set to f inc = 5%. As can be observed from Fig. 4, the fracture
resistance of the composite structure increases with accumulation of the inclusion material around
the crack paths obtained from previous design iteration and reduction of intermediate densities
(sometimes called ”grey zones” in the topology optimization studies), and then converges to an
almost constant value of 18.8 mJ. Detailed propagation of the crack phase field corresponding to
its load-displacement curve for the optimized design is shown in Fig. 5. The crack propagates
vertically into the inclusion material and two other cracks initiate around the left and right corners
of the inclusion pattern, and then continue to propagate until the structure is fully broken.

In order to illustrate the robustness of the method for other inclusion volume fractions and
investigate the influence of f inc on the numerical results, two additional simulations are conducted:
f inc = 2% and f inc = 10%. Fig. 6 and Fig. 7 show the evolution histories of inclusion topologies
and their final crack patterns for cases f inc = 2% and f inc = 10%, respectively. Fig. 8 shows
comparison of the optimized designs and corresponding final crack patterns for cases f inc = 2%,
f inc = 5% and f inc = 10%. As can be observed, with the increase of the volume fraction, significant
changes and more complex shapes of inclusions are obtained, in tandem with an increase of the
fracture resistance.

J=15.7 mJ J=18.8 mJ J=19.5 mJ

(a) (b) (c)

1

0

d

1

ρ

0

Figure 8: Comparison of optimized inclusion designs and corresponding final crack pattern at the failure load: (a)
f inc = 2%, (b) f inc = 5% and (c) f inc = 10%.

To investigate the effect of finite element mesh size on the numerical results, two additional
simulations are performed for f inc = 5% with finer meshes, involving 180 × 90 square bilinear
elements, and 240 × 120 square bilinear elements, respectively. The filter radius rmin is fixed and
is equal to 1.667 mm, and the length scale ` = 2he is changed with mesh refinement. Fig. 9
shows the comparison of optimized inclusion designs and corresponding final crack patterns for
the three different mesh models. The corresponding load-displacement curves are shown in Fig.
10. From these two figures, it can be noticed that the optimized design changes with finer meshes,
but the overall response of the structure as well as the optimized fracture energy does not change
significantly. This suggests that simulations performed with reasonably fine meshes provide usable
designs for practical applications. For this reason, in the following, we use the 120×60 mesh model.
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Figure 9: Comparison of optimized inclusion designs and corresponding final crack pattern for three different refined
meshes: (a) 120 × 60, (b) 180 × 90 and (c) 240 × 120 (f inc = 5%).
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Figure 10: Load-displacement curves for different refined meshes (f inc = 5%).

In the following, we compare the proposed SIMP approach with BESO topology optimization
solution [66]. Three additional simulations using the BESO method with the same volume fraction
f inc = 5% but different initial designs (see Fig. 11) are performed. To fully display the convergence
histories of BESO method, we do not prescribe a convergence criterion for these three BESO sim-
ulations and let the algorithm run until a maximum number of iterations equal to 500 is reached.
Fig. 12 shows the comparison of convergence histories for BESO and SIMP solutions. We can note
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that in the case of BESO, the initial designs have a strong influence on the optimized objective
function and on the convergence rate: (i) using BESO with design B, C or SIMP, the same con-
vergence value 18.8 mJ is reached, while for initial design A with BESO the convergence value is
about 19.6 mJ; (ii) solutions by BESO with initial designs B, C and SIMP solution require a similar
number of convergence steps of about 200, while for initial design A with BESO the convergence
number is about 400. From Fig. 12, we can also observe spurious oscillations for initial design A
and C with BESO after a stable convergence value, while this does not seem to occur with SIMP.
Fig. 11 shows the influence of initial design on the optimized design with BESO method. Fig. 13
shows the comparison of load-displacement curves for the 7 optimization processes.

i  Anitial design

i  Bnitial design

i  Cnitial design

optimized design crack pattern   
   J=19.6 mJ

crack pattern   
   J=18.8 mJ

crack pattern   
   J=18.8 mJ

(a)

(b)

(c)

optimized design

optimized design

Figure 11: Influence of initial design on the optimized inclusion topologies using BESO method (f inc = 5%). Crack
and inclusions are denoted by red and blue color, respectively.

From Fig. 12 and Fig. 13, we can conclude that even though SIMP has slightly better con-
vergence properties with less oscillations, the convergence of both methods is comparable when an
initial design is set such as the target volume fraction f inc is met at the first iteration. The final
results are also very close. The only difference is that starting from the target volume fraction f inc

is simpler with SIMP, as a value can be set in each element between 0 and 1, while in BESO an
initial guess design matching the target volume fraction is required, which may be not trivial to
define for more complex geometries. However, an initial homogeneous design is also possible using
BESO, but the actual volume fraction will be changed at each iteration to reach f inc as ρe in each
element can only be 0 or 1. We investigate this case in Figs 12 and 13 (solution referred to as
”homogeneous design, BESO”: we can see that the convergence curve (Fig. 12) shows much more
oscillations for BESO than SIMP for a homogeneous design, even though we can note in Fig. 13
that the optimized fracture energy is higher for BESO.
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Figure 12: Convergence of the topology optimization scheme for BESO and SIMP schemes (f inc = 5%).
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Figure 14: 3D sample with one pre-existing crack subjected to uniaxial tension: (a) geometry and boundary condi-
tions; (b) guess design (f inc = 5%) using SIMP. Crack and inclusions are denoted by red and blue color, respectively.
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Figure 15: 3D sample with one pre-existing crack: evolution of inclusion topologies and associated final crack patterns
(f inc = 5%). Crack and inclusions are denoted by red and blue color, respectively.

5.2. 3D reinforced sample with one pre-existing crack notch surface

In this example, the aim is to illustrate the applicability and convergence of the present method
for 3D problems. For this purpose, a 3D sample with one pre-existing crack notch surface, as
described in Fig. 14(a), is considered. The dimensions of the 3D sample are 20 × 20 × 60 mm3.
The domain is discretized into 40 × 40 × 120 eight-node cubic elements. The dimensions of the
pre-existing crack notch surface are 10×10 mm2. As in the 2D case of section 5.1, the pre-existing
crack is modeled by prescribing Dirichlet conditions on the crack phase field with d = 1 along the
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crack surface. On the upper and lower ends of the sample, vertical incremental displacement loads
with ∆U = 0.005 mm are prescribed for the first four load increments and ∆U = 0.002 mm for
the following load increments. Additionally, the optimality convergence tolerance is set at 10−5

(tol = 10−5).
In Fig. 14(b) we provide a guess design for the inclusion, with f inc = 5%, corresponding to a

simple parallelepipedic domain which will serve as a comparison with the SIMP optimized topology
solution. Fig. 15 shows the evolution histories of inclusion topologies and their final crack patterns
using SIMP. For 3D visualization purpose, only values of ρe ≥ ρthr are plotted in constant blue
color (ρthr is a threshold value, defined to make sure elements with volume fraction around f inc

appear). Here the SIMP solution converges in roughly 10 iterations and strictly in 77 iterations.
As a comparison, BESO with initial homogeneous design takes 150 iterations to reach f inc = 0.05,
showing the lower computational cost and better convergence of SIMP in this case. The final BESO
topologies are not shown here to avoid too many figures. Different views of the optimized design
using SIMP are shown in Fig. 16. Detailed propagation of the crack phase field corresponding to
its load-displacement curve for the optimized design is shown in Fig. 17. It can be observed that
the crack first initiates from the surface of the inclusion phase and then interacts with the pre-
existing crack. Next, it propagates along the surface of the inclusion phase until crossing the whole
domain and leading to the failure of the structure. Fig. 18 shows comparison of load-displacement
curves and final crack patterns for guess and optimized design. Here, the fracture resistance of the
optimized design is 20% higher as compared with the guess design.
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Figure 16: Different views of the optimized design of inclusion for the 3D sample with one pre-existing crack obtained
by the SIMP formulation.
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Figure 17: Load-displacement curve and crack evolution for the optimized design in the 3D sample with one pre-
existing crack obtained by the SIMP formulation: (a) U = 0.03 mm; (b) U = 0.032 mm; (c) U = 0.034 mm; (d)
U = 0.038 mm. Crack and inclusions are denoted by red and blue color, respectively.
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Figure 18: Load-displacement curves and final crack pattern for guess and optimized design in the 3D structure with
one pre-existing crack obtained by the SIMP formulation. On the right figure, crack and inclusions are denoted by
red and blue color, respectively.
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Figure 19: 3D sample with two pre-existing cracks and including parallelepipedic cavity: (a) geometry and boundary
conditions.

5.3. 3D reinforced sample with two pre-existing crack surfaces and a parallelepipedic cavity

This final example demonstrates the potential of the method in complex 3D structural problems.
The geometry and boundary conditions for this example are shown in Fig. 19. The dimensions of
the 3D sample are 50 × 50 × 60 mm3. The domain is discretized into 100 × 100 × 120 eight-node
cubic elements. As can be observed from Fig. 19, there are two pre-existing crack notch surfaces
and a parallelepipedic cavity. The first pre-existing crack notch whose geometry is 26 × 10 mm2

is embedded in the left surface of the whole sample, the second pre-existing crack notch whose
geometry is 16 × 8 mm2 is embedded in the left surface of the parallelepipedic cavity, and the
parallelepipedic cavity whose geometry is 20× 20× 7.5 mm3 is created by removing the elements
at the position of the parallelepipedic cavity. Similar to the 3D case in section 5.2, the pre-existing
cracks are simulated by prescribing Dirichlet conditions on the crack phase field with d = 1 along
the crack surfaces. On the upper and lower ends of the sample, vertical incremental displacement
loads with ∆U = 0.005 mm are prescribed with for the first four load increments and ∆U = 0.002
mm for the following load increments. Additionally, the optimality convergence tolerance is set at
10−3 (tol = 10−3).

Fig. 20 shows the evolution histories of inclusion topologies and their final crack patterns.
Here f inc is set to 5%. As can be observed from Fig. 20, the inclusion material tends to accumu-
late around the pre-existing crack notch surfaces and the parallelepipedic cavity to prevent crack
propagation and interaction in the sample. From Fig. 20, we can note that the SIMP solution is
converged in roughly 12 iterations and strictly in 23 iterations. As a comparison, BESO with initial
homogeneous design takes about 150 iterations to reach f inc = 0.05, showing again much less com-
putational costs and better convergence of SIMP in this case. Here again, BESO final designs are
not shown for avoiding too many figures. For better visualization, different views of the optimized
design are shown in Fig. 21. Detailed propagation of the crack phase field corresponding to its
load-displacement curve for the optimal design is shown in Fig. 22. It can be observed that the
cracks nucleate firstly at the two pre-existing crack notch surfaces and the corners of the cuboidal
cavity, and then propagate and interact following the surface of the inclusion phase until reaching
the fully broken state of the sample.
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Figure 20: 3D sample with two pre-existing cracks: convergence of the topology optimization process, evolution of
inclusion topologies and associated final crack patterns (f inc = 5%) obtained by the SIMP formulation. Crack and
inclusions are denoted by red and blue color, respectively.
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Figure 21: Different views of the optimized design for the 3D sample with two pre-existing cracks obtained by the
SIMP formulation. Crack and inclusions are denoted by red and blue color, respectively.
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Figure 22: Load-displacement curves and crack pattern evolution for optimized design in the 3D structure with two
pre-existing cracks obtained by the SIMP formulation: (a) U = 0.03 mm; (b) U = 0.032 mm; (c) U = 0.034 mm; (d)
U = 0.036 mm. Crack and inclusions are denoted by red and blue color, respectively.

Table 3: Computational times for the different examples

Problem No. elements No. design
iterations

Average CPU
time (s)

Total sim-
ulation
time (h)

2D reinforced plate (f inc = 5%) 7200 244 33.6 2.28

3D reinforced sample in 5.2 192, 000 77 924 19.77

3D reinforced sample in 5.3 1, 176, 000 23 5055 32.3

5.4. Computational times

Finally, a summary of the computational times for the different examples is reported in Table
3. In this work, a workstation with 4 cores, 16 Go Ram and 3.00 GHz processor was used for all
2D cases. For all 3D cases, a workstation with 24 cores, 768 Go Ram and 2.70 GHz processor was
used. The present code has been implemented in Matlabr.

6. Conclusion

In this work, we proposed a framework employing SIMP topology optimization and phase
field method to fracture to maximize the fracture resistance of composites (two-phase materials)

27



structures. The method allows taking into account the whole fracture process, from initiation to
complete failure of the specimen. The continuous density representation of density obtained by
the SIMP method allows a good convergence of the scheme and to improve the fracture resistance
of a structure embedding a reinforcement phase (inclusion) for a fixed volume fraction.

We have observed that even though SIMP has slightly better convergence properties with
less oscillations than BESO, the convergence of both SIMP and BESO is comparable when the
initial volume fraction is set by an appropriate initial design in BESO. The final results are also
very close. However, it is not always easy to define such initial design, especially in 3D. When
using a homogeneous design with BESO, the convergence can be much slower (up to 6 times in
some examples) than SIMP, as the actual volume fraction will be changed at each iteration by
removing/adding material in each element. Then, starting with an initial homogeneous design
is straightforward and leads to faster convergence with the present SIMP framework than with
BESO.

This has been illustrated by conducting 3D applications in complex configurations, where defin-
ing an initial design with a given volume fraction may be non-trivial. Then, the present SIMP-phase
field framework is a good candidate for reducing the computational times in designing materials
and structures with enhanced fracture energy. An extension to interfacial damage interacting with
bulk fracture has been proposed in [20, 21] and could be straightforwardly applied to the present
SIMP framework. Another exciting perspective for this work would be to produce such bi-materials
with optimized geometries and validate experimentally the numerical predictions.

Appendix: Finite Element discretization

The weak form of the mechanical problem can be found in (20). Using (28), we can re-write the
associated weak form for the damage problem (21) as: find d(x) ∈ Sd, Sd =

{
d|d(x) = 1 on Γ, d ∈ H1(Ω)

}
:

R2 =

∫
Ω

{
(H+ψc) dδd+ ψc`

2∇d·∇ (δd)
}
dΩ−

∫
Ω
Hδd dΩ = 0. (59)

and δd(x) ∈ S0
d , S0

d =
{
δd|δd(x) = 0 on ∂Ω, d ∈ H1(Ω)

}
. In this work, we adopt the same finite

element discretization for the approximation of the crack phase field d and the displacement field
u. We can express the discretization of the phase field problem as:

d = Ndde, ∇d = Bdde, (60)

where Nd and Bd are matrices of damage shape function and of damage shape function derivatives,
respectively, and de denote nodal damage in one element. The discretization of damage problem
(59) results into the following discrete system of equations:

Kdd = Fd (61)

in which

Kd =

∫
Ω

{
[H+ψc] N

T
dNd + ψc`

2BT
dBd

}
dΩ (62)

and

Fd =

∫
Ω

NT
dH dΩ, (63)
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where H is given in (26). The displacement problem can be discretized as:

u = Nuue, δu = Nuδue, [ε] (u) = Buue, [ε] (δu) = Buδue (64)

where ue, Nu and Bu are nodal displacement components in one element, a matrix of displacement
shape function and a matrix of displacement shape function derivatives, respectively. Using the
weak form (20), we obtain the following discrete system of equations:

Kuu = Fu (65)

with the force vector

Fu =

∫
Ω

NT
u fdΩ +

∫
∂ΩF

NT
uFdS (66)

and the stiffness matrix

Ku =

∫
Ω

BT
u

[
(1− d)2

(
λR+ [1] [1]T + 2µP+

)
+
(
λR− [1] [1]T + 2µP−

)]
︸ ︷︷ ︸

∂[σ]
∂[ε]

BudΩ (67)

where [σ] and [ε] are the vector forms corresponding to the second order tensors of stress σ
and strain ε. R± and P± are two operators for the decomposition of strain into the tensile and
compressive parts (see [49] for more details) and P± are the matrix forms corresponding to the

fourth order projection tensor P± = ∂ε±

∂ε , which can be found in [5, 40].
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