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Microscopy-image analysis provides precious information on size
and structure of colloidal aggregates and agglomerates. The struc-
ture of colloids is often characterized using the three-dimensional
mass fractal dimension d3D

f , which is different from the two-
dimensional fractal dimension d2D

f that can be computed from
microscopy-images. In this work we propose to use a recent
morphological aggregation model to find a relationship between
2D image fractal dimension and 3D mass fractal dimension of
aggregates and agglomerates. Our case study is represented by
scanning transmission electron microscopy-images of boehmite
colloidal suspensions. The behaviour of the computed d3D

f at dif-
ferent acid and base concentration shows a fair agreement with the
results of Small Angle X-Ray Scattering and with the literature,
enabling to use the d3D

f vs d2D
f relationship to study the impact

of the composition of the colloidal suspension on the density of
colloidal aggregates and agglomerates.

K E Y W O R D S

fractal dimension, morphological model, image analysis

1 | INTRODUCTION

Image-analysis is frequently used to characterize colloidal particles of silica 1, alumina 2, soot or carbon. These particles can
exist as a powder or within liquid suspensions, and they find applications in different domains like electronics, pharmaceutic and
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catalysis 3. Such applications depend on particles size and structure. For this reason the control of aggregation and agglomeration
within colloids is of high importance. The mass fractal dimension d3Df is often used to characterize the structure of aggregates
and agglomerates. Assuming that an aggregate/agglomerate consists ofN identical spheres of radius a, the fractal dimension
enables to linkN to the gyration radius Rgyr 4;5;6.

N = kf

(Rgyr
a

)d3Df (1)

where kf is the fractal pre-factor whose value varies typically between 1 and 1.2, depending on the fractal dimension itself 7. The
mass fractal dimension is close to unity for linear clusters, near to 2 for planar clusters and around 3 for isotropic 3D clusters. d3Df
can be measured by experimental scattering techniques such as Small Angle X-Ray 8 or Neutron 9 Scattering. A change in d3Df of
a colloidal aggregate/agglomerate modifies its density, involving different dispersibility and settling behaviour 10. This changes
the work-ability of a colloidal suspension, as well as the textural properties of the solid obtained after a precipitation or drying
process. In the context of -alumina catalyst carriers synthesis, the porosity of the final solid depends on the size and shape of
the aggregates (meso-porosity ≃ 10 nm) and agglomerates (macro-porosity ≃ 100 nm) resulting from inter-particle interactions
during different stages of preparation. By varying the chemical parameters of the colloidal suspension, it is possible to change the
aggregation and agglomeration processes 11, leading to different size distribution and fractal dimension. Our interest is to use
microscopy-image analysis to study this behaviour, in order to determine the physical-chemical parameters that lead to specific
structure change within boehmite suspensions.

A measurement of fractal dimension can be realized from microscopy pictures using the relationship between area and
perimeter 12. This method is widely used in literature 13;14 and enables to obtain directly a two-dimensional fractal dimension
d2Df from the slope of the graph log(P 2) vs log(A), where P and A are respectively perimeter and area of the projections. The
slope tends to 1 for circular objects and to 2 for linear objects. Since the fractal dimension of the projection d2Df is different from
the mass fractal dimension d3Df , there is the need of a relationship between these two parameters 15;16;17;18;19.

The aim of our work is to numerically provide such relationship, using a recent morphological aggregation model 20. The
model is used to build clusters with a statistical average fractal dimension, as well as their opaque projections.

2 | DETERMINATION OF 3D-FRACTAL DIMENSION FROM 2D-MISCROPY
IMAGES

In this section, we consider an usual standard Scanning transmission electron microscopy (STEM) images of agglomerates of a
boemite suspension (on the left in Fig.1) and we explain our step-by-step to extract d3Df from such images.

2.1 | Image processing and determination of d2D
f

To compute perimeter and area on STEM images, several operations are applied. The image noise is reduced 21;22 by preserving
the sharp edges of objects. Morphological TopHat operator 23 on black pixels is applied consisting on morphological opening
operator  and a threshold operator trs such that

trs(I(x)) =

⎧

⎪

⎨

⎪

⎩

1|I(x) > s

0|I(x) ≤ s
.
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F I G U R E 1 Experimental image (on the left) and its binary version (on the right).

Extracted solid suspension can be expressed for an image I as trs(I − B(I)) where s is obtained by inter-class variance
maximization on the histogram of I 24, and B is the structuring element which in our case is a disc of radius 30 pixels. Next, two
morphological operations of opening  and closing ' are applied to reduce the remaining noise, defined for the image I and the
structuring element C as C (I) = �C ("C (I)) and as 'C (I) = "C (�C (I)) where � and " are respectively morphological dilation
and erosion 23, C is a disc of diameter 6 pixels. A final step of image cleaning consists in a hole filling and in the removal of the
objects touching the edges of the image 23. The holes are not always related to the existence of a real hole but rather to variations
in thickness. While objects touching the borders would provide a misleading perimeter and area. Fig.1 reports an example of an
experimental image and of the final binary image. On the binary images it is possible to calculate the perimeter P and area A
of each object. The d2Df is estimated from the angular coefficient of the line interpolating the experimental points on the plot
log(P 2) vs log(A) 12. To estimate the d3Df corresponding to a given d2Df it is necessary to pass through a morphological model.

2.2 | Morphological aggregation model

The morphological aggregation model 20 builds clusters consisting of aN number of non-overlapping elementary objects arranged
according to a given statistical average fractal dimension d3Df . Clusters are built by sequential addition, assigning a different
sticking probability to the points on the cluster. In particular, "concave points", leading to compact clusters, are distinguished
from "non-concave" points, leading to loose structures. In addition the concave points closest to the centre of mass of the cluster
are distinguished as well, in these points the maximum compactness is reached. The model enables to obtain clusters with a
fractal dimension d3Df between 1.3 and 3. A fast scheme is available in case of spheres 20 and is used in this present work. A new
object P is stuck to the already present cluster A either in a point on the cluster dilation

XP = F (�P (A)), (2)

either on a concave point of the dilation

XCV
P = F

(

�P (A)
)

∩ F
(

'r(�P (A))
�P (A)

)

(3)
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or in the concave point closest to the center of mass of A

XM
P = x ∈ XCV

P |infd(x,M). (4)

F (X) is the set of points at the border of X, F (X) = {z ∶ Bz ∩ X̆ ≠ ∅}, with B unit ball,M is the center of mass of the cluster
A and d(x,M) is the euclidean distance between the position x of the concave point andM .

2.3 | Construction of d3D
f vs d2D

f chart

In order to compute d2Df of a cluster generated by the model, it is necessary to generate the projections of numerous clusters for a
given d3Df in the largest range for N (the number of elementary spheres). The mass fractal dimension d3Df of each cluster is
determined with Eq.(1). In the present study a fractal pre-factor kf of 1.2 is used, in order to establish reference values for d3Df
of the clusters generated 20. The model inlet parameters where chosen in order to obtain a target statistical average d 3D

f . Only the
clusters with ||

|

d3Df − d 3D
f

|

|

|

≤ 0.01 were used to compute the projection. For each cluster, one orthogonal projection is computed,
since a large number of simulations is performed it is possible to assume that area and perimeter computed on the projection
are anisotropic. Fig.2 represents three-dimensional clusters with their projection for different number of elementary spheresN .
A hole filling operation is performed to obtain projection comparable to experimental images 23. The computation of area and
perimeter enables the construction of the log(P 2) vs log(A) plot, whose slope is d2Df 12.

F I G U R E 2 Illustration of three-dimensional clusters and their projections for � = � = 0.1 andN = 20, 40, 160. � and �
are the compactness parameters of the morphological aggregation model, more details are in Ferri et al. 20.

2.4 | Relationship between d3D
f and and d3D

f

In Fig.3(a) tha aggregation morphological model is used to compute the d3Df vs d2Df chart. The higher is d3Df , the lower is the
d2Df of its projection, similar results were obtained by Ehrl et al. 19, with a linear relationship between the two parameters. In our
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case a polynomial of third degree represents more accurately the results

d3Df = 6.03 ⋅ (d2Df )3 − 25.63 ⋅ (d2Df )2 + 34.13 ⋅ d2Df − 11.55. (5)

The coefficients of the polynomial minimize least-squares fit.

1 1.2 1.4 1.6 1.8

2

2.2

2.4

2.6
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(a) d3Df vs d2Df chart (b) chart limits

F I G U R E 3 d3Df vs d2Df relationship described in Eq.(5) in (a) and its validity in terms of surface area A in (b).

2.5 | Validity region

To compare experimental and model projections, the perimeter-area plots are represented as log(P 2) vs. log(A)∕ log(A0), where
A0 is the projection of the elementary object forming the cluster. Aggregation simulations were performed with a sphere of
radius 10 pixels, corresponding to an opaque projection of area A0 of 380 pixels. This is important so that the relationship shown
in Fig.3(a) does not depend on the size scale and unit of measurement. The Eq.(5) is valid within limits, in terms of projected
log(A)∕ log(A0), for a given d3Df . The lower and the upper limit (respectively lA,min and lA,max) are reported as reachable limit
ranges by the aggregation model. The upper limit is also due to the maximum simulation volume, which in our case is of 109
voxels for time computing constraints.
The lower and the upper limits can be described as a function of d3Df fitting respectively the lowest and the highest log(A)∕ log(A0)
of the opaque projections of the simulated clusters.

lA,min = 0.26 ⋅ (d3Df )4 − 1.99 ⋅ (d3Df )3 + 5.57 ⋅ (d3Df )2 − 6.64 ⋅ d3Df + 3.90

lA,max = −2.78 ⋅ (d3Df )4 + 26.43 ⋅ (d3Df )3 − 93.46 ⋅ (d3Df )2 + 146.41 ⋅ d3Df − 84.63. (6)

The validity region and its limits are represented in Fig.3(b). A0 does not influence the results for d2Df , but only the validity
interval of the relationship in Eq.(5) on the log(P 2) vs. log(A)∕ log(A0) plot.
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3 | EXPERIMENTAL APPLICATION TO BOEHMITE SUSPENSIONS

In this section, we use the relationship between d3Df and d2Df to compute the mass fractal dimension from STEM images of
different boehmite suspensions. Results are compared to Small Angle X-Ray Scattering and literature.

3.1 | Boehmite suspensions preparation

Boehmite suspension are prepared with a highly dispersible powder from Sasol GmbH whose crystallites have the geometry
of a rectangular beam with dimensions 5.2, 8.1 and 2.4 nm. These values are obtained from the X-Ray diffractogram using
generalized Debye equation 2. The colloidal suspensions are prepared with different concentration of 1M Fisher Scientific nitric
acid (J/5550/PB15) and 1M Chem-Lab ammonia (CL05.0101.1000). The powder concentration is kept at 0.02 g/L in order to
minimize overlapping in STEM images. The composition of the samples is shown in Tab.1. The table also reports the measured
pH (Mettler-Toledo Seven2Go pH meter). A2 and B0 are the same suspension, which represents the initial conditions before
ammonia addition (samples B1-3).

3.2 | STEM Images Acquisition

A droplet of 10 µL of the suspension is deposited on copper grids with carbon membranes without holes and dried under IR lamp.
After 2 min, the excess water is drawn off with a tissue paper.

The samples are characterized with Scanning Transmission Electron Microscope (STEM), using a FEI Nova NanoSEM
microscope operating at 15keV.

The different chemical parameters of the suspensions (acid and base concentration) of the samples causes the formation of
structures ranging within a wide size range (10 nm - 10 µm). For this reason, the magnification level for a given sample is chosen
in order to visualize the largest objects in their entirety. In particular we use a magnification of X 50000 for the samples A0, A1,
A2 and A3, and a magnification of X 1500 is used for B1, B2 and B3.

3.3 | Small Angle X-Ray Scattering

The analyses were performed at the SWING beamline at synchrotron SOLEIL in Saint Aubin, France. The boehmite suspensions
are placed in a stirred reactor, from which the sample is pumped continuously through a quartz capillary of 1.5 mm, crossed by
the X-ray beam, whose incident energy is 10 keV. The experiments are realized on an initial boehmite suspension analogous
to the A2-B0 at 1g/L. The SAXS curves measured 30 min after the base injection are fit with Beaucage model 26 in order to
compute the mass fractal dimension.

3.4 | Monitoring of boehmite dispersion upon acid addition

The aggregates (observed in the samples A0, A1, A2 and A3) have an average diameter D between 20 and 40 nm (Tab.1). For
these objects A0 is the one of an elementary crystallite. The average surface of the opaque projection of the crystallite is 38.25
nm2, obtained by averaging on 1000 projections considering random 3D orientations 27 with a precision of 0.1 nm/voxels.
We report the STEM images of the aggregates at different acid concentrations and their corresponding log(P 2) vs log(A)∕ log(A0)
plots in Fig.4.

The grey regions in these graphs refer to the validity limits of the d3Df - d2Df relashionship (Fig.3).
The results of d2Df and d3Df (computed with Eq.(5)) are reported in Tab.1. The dispersion in acid leads to an increase in d2Df ,
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500 nm

(a) STEM image of A0 (b) log(P) vs log(A) plot of A0

500 nm

(c) STEM image of A1 (d) log(P) vs log(A) plot of A1

500 nm

(e) STEM image of A2-B0 (f) log(P) vs log(A) plot of A2-B0

500 nm

(g) STEM image of A3 (h) log(P) vs log(A) plot of A3

F I G U R E 4 STEM images and log(P 2) vs log(A) plots of boehmite suspensions for varying acid content
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30 µm

(a) STEM image of B1 (b) log(P) vs log(A) plot of B1

30 µm

(c) STEM image of B2 (d) log(P) vs log(A) plot of B2

30 µm

(e) STEM image of B3 (f) log(P) vs log(A) plot of B3

F I G U R E 5 STEM images and log(P 2) vs log(A) plots of boehmite suspensions for varying base content
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F I G U R E 6 d3Df computed via image analysis and Eq.(5), and measured with Small Angle X-Ray Scattering at different pH.

indicating the formation of loose structures. This is in agreement with d3Df , and quite visible from the STEM images. The objects
present in A3 are more elongated than the ones in A0-1. We observe a change of around 0.3 units of d3Df . The difference between
A3 and A2 is less noticeable, but the image processing enables to identify it. In conclusion, the acid content decreases fractal
dimension of the boehmite suspension as it has been observed in other research works 28.

3.5 | Monitoring of boehmite agglomeration upon basic addition

In a similar way, the relationship between d3Df and d2Df is used to characterize objects of a bigger scale, the agglomerates (in
samples B1-3), obtained by ammonia addition to the suspension A2-B0. The average diameter D is of several hundreds of
nanometers (Tab.1). In this case, the elementary particle is the aggregate, and A0 was taken as the average area of the dispersed
sample A2-B0, which is 453 nm2. We now focus on the STEM images in Fig.5. The effect of the base content seems to favour
the formation of more compact structures with a decrease in d2Df . Between samples B1-2 and B3, we notice an evident change in
the structure. Sample B3 presents highly compact objects Fig.5(e), for which the mass fractal dimension is 2.9. For B3 the pH is
close to the Point of Zero Charge (PZC) of the suspension 29. In these conditions the agglomeration is typically favoured 30. We
were able to observe an increase in the mass fractal dimension towards the PZC also with in-situ Small Angle X-Ray Scattering
(Fig.6).

TA B L E 1 Composition, fractal dimension and average diameter of the boehmite suspension samples
Sample Name HNO3 [mM] NH3 [mM] pH d2Df d3Df D [nm]
A0 0 0 5.6 1.21 2.91 37
A1 0.75 0 3.4 1.26 2.83 22
A2-B0 1.5 0 2.9 1.3 2.76 21
A3 37.5 0 2.6 1.39 2.57 25
B1 1.5 1.9 4 1.37 2.62 682
B2 1.5 2.2 7.5 1.35 2.66 915
B3 1.5 3.2 9.6 1.22 2.90 1122
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4 | CONCLUSION

The presented work provides a strategy to compute mass fractal dimension from two-dimensional microscopy images. A
relationship between d2Df and d3Df is numerically found using a recent morphological aggregation model. The mass fractal
dimensions we obtained are in fair agreement with a visual estimate, enabling to use STEM images to determine the impact of
different operating conditions on the structure of aggregates and agglomerated formed within a colloidal suspension. This allows
a better insight of the physical-chemical aspects that produce such structures In particular, we observed that an increase in acid
concentration, causes the formation of more loose structures, with a decrease in d3Df . While the increase of base content leads to
more compact structures, leading to higher d3Df . A complete validation of our approach is achieved by comparison of our results
for boehmite suspension at different acid and base contents, with the literature and Small Angle X-Ray Scattering experiments.
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