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ON THE CHOW RING OF SOME SPECIAL CALABI-YAU VARIETIES
ROBERT LATERVEER

ABSTRACT. We consider Calabi—Yau n-folds X arising from certain hyperplane arrangements.
Using Fu—Vial’s theory of distinguished cycles for varieties with motive of abelian type, we show
that the subring of the Chow ring of X generated by divisors, Chern classes and intersections of
subvarieties of positive codimension injects into cohomology. We also prove Voisin’s conjecture
for X, and Voevodsky’s smash-nilpotence conjecture for odd-dimensional X .

1. INTRODUCTION

Given a smooth projective variety Y over C, let A’(Y') := CH'(Y")g denote the Chow groups
of Y (i.e. the groups of codimension ¢ algebraic cycles on Y with Q-coefficients, modulo rational
equivalence [18]], [33], [43]]). The intersection product defines a ring structure on A*(Y) =
@, A (Y), the Chow ring of Y. In the case of K3 surfaces, this ring structure has a remarkable

property:

Theorem 1.1 (Beauville—Voisin [5]). Let S be a projective K3 surface. The Q-subalgebra
R(S) := (AY(S),¢;(5)) < A*(S)

injects into cohomology under the cycle class map.

A fancy way of rephrasing this result is as follows: for any variety Y, let
Ni(Y) = AU(Y)/ A}, (Y)

hom

denote the quotient, where A, (Y) C A’(Y') denotes the homologically trivial cycles. Then for

K3 surfaces S (which have H'(S,Q) = 0 and so A!(.S) injects into cohomology), Theorem [T.1]
says that the (Q-algebra epimorphism

A™(S) = N*(9)

admits a section, whose image contains the Chern classes of .S — that is, S has the section prop-
erty, in the language of [17].

It is then natural to ask which other varieties have the section property. An interesting partial
answer is given in [17], by extending O’Sullivan’s theory of distinguished cycles from abelian
varieties to varieties with motive of abelian type: if a variety Y verifies condition (x) of loc. cit.,
then all powers of Y have the section property (cf. subsection 2.3 below). One could say that
varieties verifying the condition (x) form a kind of “meilleur des mondes possibles”, a world
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in which Chow motives and their multiplicative behaviour are well-understood. Unfortunately,
inhabitants of this meilleur des mondes are rather scarce; some examples of varieties verifying
condition (%) are given in [17]] and [29].

The main result of the present paper exhibits special Calabi—Yau varieties of any dimension
for which the Chow ring is just as well-behaved as that of K3 surfaces:

Theorem (=Theorem[3.1). Let X be a hyperelliptic Calabi—Yau variety of dimensionn > 2. The
Q-subalgebra

RY(X) = <A1(X), ANX) - A (X), ck(X)> C ANX)  (i,5 > 0)

generated by divisors, Chern classes and by cycles that are intersections of two cycles of positive
codimension injects into cohomology. In particular, the image of the intersection product

AX)@A(X) — A™(X) (i,j>0)
injects into cohomology.

Here, a hyperelliptic Calabi—Yau variety is defined as follows: given 2n + 2 hyperplanes in
general position in P", the double cover of P" branched along the union of hyperplanes admits a
crepant resolution that is Calabi—Yau. We say that the resulting Calabi—Yau n-fold is hyperelliptic
if the hyperplanes osculate a rational normal curve (cf. subsection2.2]below). These Calabi—Yau
varieties have been studied in [31]], [19], [38]].

The behaviour exhibited by Theorem [3.1]is remarkable, in the sense that for general Calabi—
Yau varieties Y one does not expect that the image of the intersection product

AY)RAN(Y) — AT(Y) (i,7>0)

injects into cohomology; one only expects this for ¢ + 7 = dim Y (and this last expectation is
known for complete intersection Calabi—Yau varieties [16]], but wide open in general).

In proving Theorem[3.1] we rely on the “meilleur des mondes” formalism of [17]]. We actually
prove that a certain blow-up of X verifies condition (x) of loc. cit.; the result for X is then a
consequence of the nice behaviour of the formalism. This reasoning is very similar to that of
[29].

As a by-product of the argument, we also obtain some new cases where Voisin’s conjecture
[41] is verified:

Theorem (=Theorem 4.2). Let X be a hyperelliptic Calabi—Yau n-fold. Any two zero-cycles
a,a’ € Ay (X) satisfy

axad =(—1)"d xa in A*(X x X).

(Here, a x a' denotes the exterior product (p;)*(a) - (p2)*(a’) € A*™(X x X), where p; is
projection to the j-th factor.)

Another by-product concerns a conjecture of Voevodsky [40]:

Theorem (=Theoremd.7). Let X be a hyperelliptic Calabi—Yau variety of odd dimension. Then
homological equivalence and smash-equivalence coincide for all algebraic cycles on X.
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The aim of this paper is twofold: on the one hand, we want to promote the “meilleur des mon-
des” formalism of [17] (and encourage others to find new instances where this formalism can be
applied); on the other hand, we want to raise interest for questions concerning the multiplicative
structure of the Chow ring of varieties (and to this end, we have included some open questions
concerning other Calabi—Yau varieties, cf. section[3).

Conventions. In this article, the word variety will refer to a reduced irreducible scheme of finite
type over C. A subvariety is a (possibly reducible) reduced subscheme which is equidimensional.

All Chow groups are with rational coefficients: we will denote by A ;(Y') the Chow group
of j-dimensional cycles on'Y with Q-coefficients; for Y smooth of dimension n _the notations
A;(Y) and A" (Y) are used interchangeably. The notations A}, (Y) and A/, ,(Y') will be
used to indicate the subgroup of homologically trivial (resp. Abel-Jacobi trivial) cycles. For a
morphism f: X —Y, we will write I'y € A, (X x YY) for the graph of f.

The covariant category of Chow motives (i.e., pure motives with respect to rational equiva-
lence with Q-coefficients as in [1]]) will be denoted M.

2. PRELIMINARIES

2.1. Intersection theory on quotient varieties.

Lemma 2.1. Let M be a quotient variety, i.e. M = M’ /G where M’ is a smooth quasi-projective
variety and G C Aut(M') is a finite group. Then A* (M) := @; Aqim m—i(M) is a commutative
graded ring, with the usual functorial properties.

Proof. According to [18, Example 17.4.10], the natural map
AZ(M) — AdimM—i(M)

from operational Chow cohomology (with QQ-coefficients) to the usual Chow groups (with Q-
coefficients) is an isomorphism. The lemma follows from the good formal properties of opera-
tional Chow cohomology. 0

Remark 2.2. In particular, Lemma 2.1l implies that the formalism of correspondences and pure
motives (with Q-coefficients) makes sense for projective quotient varieties.

2.2. Hyperelliptic Calabi—Yau varieties. It is a well-known fact that hyperplane arrangements
give rise to Calabi—Yau varieties:

Proposition 2.3. Let Hy, ..., Hy, o be hyperplanes in P" that are in general position (i.e.
dim H;, N---NH;; = n—j for each subset {iy, . ..,i;} C{1,...,2n+2}). Let X — P" be the
double cover ramified along U?Z]LZHi. Then X is a quotient variety, and there exists a resolution
of singularities : X — X such that X is a Calabi-Yau variety. The morphism [ is a sequence
of blow-ups with smooth centers Z; that have trivial Chow groups (i.e. A}, (Z;) = 0).

hom
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Proof. As explained in [[19], the arrangement { H; } is determined by an (n+ 1) x (2n+2)-matrix
(bij), where b;; € C. Let Y C P?"*! be the complete intersection of quadrics

2 2 2 _
booxy + borwy 4 -0 o ee e +bo2nt123,41 =0,

2 2 2 —
bno®y + bpa i 4 v +bnont175,.; =0.

The non-singularity of Y is equivalent to the /{; being in general position [37, Proposition 3.1.2].
There is an isomorphism
X~Y/G

for some finite group G (this is proven for n = 3 in [19, Proposition 2.5]; the argument works
for general n), and so X is a quotient variety.

A crepant resolution X — X is constructed in [8, Section 5.1] (an alternative construction
is given in [31, Proposition 4.2]). For later use, we give a precise description of the resolution
algorithm. The resolution X — X is constructed as a cartesian diagram

X::Xm N B Xl — X(]I:X
. b
P, Im-1, Y P, o, Py =P,

where 7 is a blow-up with center the codimension 2 intersection ()y := H; N H, and each r;
is a blow-up with center (); C P;, where (); is the strict transform of an intersection H;, N H;,.
(This description is perhaps not immediately apparent from reading [[8, Section 5.1], but this
becomes crystal clear from the reinterpretation of [8] given in [20]: the arrangement {H;} is
splayed, in the sense of loc. cit. (cf. [20, Lemmas 3.24 and 3.25]), and hence the resolution
algorithm [20, Algorithm 1.5] consists of blowing-up all pairwise intersections H;, N H;,, in
arbitrary order.) U

Remark 2.4. In case n = 2, X as in Proposition is a K3 surface of the type studied in
(331, [30], [44]. In case n = 3, Calabi—Yau varieties X as in Proposition 2.3] are special cases
of so-called “double octics”; these special cases have been intensively studied, particularly their
modular properties [32], [9], [101], [11], [12], [13], [19], [38].

In order to define hyperelliptic Calabi—Yau varieties, we consider a special case of the above
construction:

Proposition 2.5. Let p, ..., panio € P! be distinct points, and let
Hi:=~(p: x (PY)") c P,
where 7y: (P1)" — P is the natural map
v (PYHY" — Sym™(PY) = PHO(P!, Opi(n)) = P .
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Then Hy, ..., Ho, 5 is a hyperplane arrangement in general position, and hence gives rise to a
Calabi-Yau n-fold X.
The hyperplanes Hy, ..., Hy,. o are tangent to a rational normal curve of degree n. Con-

versely, any hyperplane arrangement osculating a rational normal curve of degree n arises in
this way.

Proof. The hyperplane H; corresponds to degree n divisors on P! containing the point p;. The
intersection of hyperplanes H;, N- - -NH; then corresponds to degree n divisors on P! containing
r distinct points; this has dimension equal to the expected dimension n — 7.

The second statement (which is observed in [19, Remark 2.10]) follows from the fact that the
image of the diagonal embedding of P! under  is a rational normal curve tangent to the H;. [

Definition 2.6. Let {/1;} be a hyperplane arrangement as in Proposition 2.5 and let X =P
be the double cover branched along U, ;. The crepant resolution X — X constructed via the
algorithm of Proposition[2.3lis called a hyperelliptic Calabi—Yau variety.

Remark 2.7. The appellation “hyperelliptic” comes from [[19]], where the moduli space of these
Calabi—Yau varieties of dimension n = 3 is called the “hyperelliptic locus”. As observed in [19,
Remark 2.10], the Calabi—Yau n-folds of Proposition have moduli dimension n?, while the
hyperelliptic Calabi—Yau n-folds of Proposition 2.3 have moduli dimension 2n — 1.

In case n = 2, this is the well-known fact that K3 surfaces coming from double planes
branched along 6 lines form a 4-dimensional family, while imposing that the 6 lines are tangent
to a conic one obtains exactly the quartic Kummer K3 surfaces (which form a 3-dimensional
family). The moduli space of these surfaces is studied in [30].

The next result provides justification for Definition 2.6

Proposition 2.8. Let X — P be a double cover branched along a hyperplane arrangement as
in Proposition[2.3] and let X — X be the crepant resolution coming from Proposition (i.e.
X is a hyperelliptic Calabi—Yau n-fold).

(i) There is an isomorphism X = C" /G, where C'is a hyperelliptic curve of genus n, and G C
Aut(C™) is a finite group of automorphisms; in particular, X has only quotient singularities.
(ii) There exist a motive M € M., and isomorphisms of Chow motives

WX)= Mo @i,
MX)=Me@1k)  in M,
where H'(M,Q) = 0 for j # n.

Proof. (i) In case n = 3, this is contained in [19, Section 2.3]; the same argument works for
arbitrary n, as we now explain. Let ¢: C' — P! be the hyperelliptic curve branched along the
points py, . .., payre € PL. The morphism

h: cm L (phyr 2 pr

is a Galois covering of degree 2" - n!, with Galois group Gy = (i1,...,t,) X &, (here the ¢;
denotes the hyperelliptic involution of the jth copy of C). Let G C G5 be the index 2 subgroup
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G := N x &, where N is the kernel of the sum homomorphism (Z/2Z)" — 7Z/27. There is a
cartesian diagram

cr 5 ocova
dan I
PHyn 5 P

The Galois group of 7 is isomorphic to G5/G, and is generated by the image of ;. Hence, the
ramification locus of 7 is the image of the fixed locus L; C C™ of ¢; under 7w o p. This is the
same as the image of L; under v o ¢". Since

2n+2

¢"(Ly) = U pi x (PH)" 1,

it follows that the ramification locus of 7 consists of the union of the hyperplanes
Hi:=~(p x (PY"") c P".

As C"/G and X are double covers of P" with the same ramification locus, this proves (i).

As for (ii), note that X (being a double cover of P" branched along a degree 2n + 2 divisor)
is isomorphic to an ample hypersurface in weighted projective space P(1"*1 n + 1). By weak
Lefschetz, plus the fact that X is a quotient variety and hence satisfies Poincaré duality with
Q-coefficients (cf. for instance [[15 Section 4.2.2]), it follows that

Q ifj#neven,

(X, Q) = {0 if j #nodd .

Let M C h(X) be the submotive defined by the projector
"1 . _
Ag — -k xh"7 e A"(X x X
X jgo e (X x X)

(where d is the degree of X ). This gives a decomposition of h(X) as requested.
The resolution X — X is done by blowing up subvarieties with trivial Chow groups, and so
the blow-up formula gives an isomorphism

h(X) = h(X) @D 1(x) in My .
This gives the requested decomposition of h(X). O
Remark 2.9. It seems likely that in Proposition 2.8(ii), one actually has an isomorphism
M = Sym™ h'(C)
(this is stated for n = 3 in [38, Equation (1.3)] and [19, Proposition 2.9).

'More precisely, it is stated in [38] and [19] that H3(X,Q) = A3H'(C,Q) (from which the isomorphism of
motives would readily follow). However the reference [38] contains no proof, and the proof of [19, Proposition 2.9]
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2.3. The section property and distinguished cycles. The following notion was introduced by
O’Sullivan [34].

Definition 2.10 (Symmetrically distinguished cycles on abelian varieties [34]). Let B be an
abelian variety and o € A*(B). For each integer m > 0, denote by V,,,(«) the Q-vector subspace
of A*(B™) generated by elements of the form

pe(@’™ X @™ X - x a™),

where n < m, r; > 0 are integers, and p : B" — B™ is a closed immersion with each component
B"™ — B being either a projection or the composite of a projection with [—1] : B — B. Then «is
symmetrically distinguished if for every m the restriction of the projection A*(B™) — N*(B™)
to V() is injective.

The main result of [34] is :

Theorem 2.11 (O’Sullivan [34]). Let B be an abelian variety. Then DA*(B), the symmetrically
distinguished cycles in A*(B), form a graded Q-subalgebra that contains symmetric divisors and
that is stable under pull-backs and push-forwards along homomorphisms of abelian varieties.
Moreover the composition

DA*(B) — A*(B) - N*(B)
is an isomorphism of Q-algebras.

Let X be a smooth projective variety such that its Chow motive (X ) belongs to the strictly
full and thick subcategory of Chow motives generated by the motives of abelian varieties. We
say that X has motive of abelian type. A marking for X is an isomorphism of Chow motives

¢ h(X) — M in Moy

with M a direct summand of a Chow motive of the form &;h(B;)(n;) cut out by an idempotent
matrix P € End(&;h(B;)(n;)) whose entries are symmetrically distinguished cycles, where B;
is an abelian variety and n; is an integer (the Tate twist). We refer to [17, Definition 3.1] for the
precise definition.

Given a marking ¢ : h(X) — M, we define the subgroup of distinguished cycles of X,
denoted DAY (X), to be the pre-image of DA*(M) := P, @, DA™ "(B;) via the induced iso-
morphism ¢, : A*(X) — A*(M).

Given another smooth projective variety Y with a marking ¢ : h(Y') — N, the tensor product
p®@1:h(X xY)— M ® N naturally defines a marking for X x Y. A morphism f : X — Y
is said to be a distinguished morphism if its graph is distinguished with respect to the product
marking ¢ ® 1.

The composition

DAJ(X) — A*(X) - N*(X)
is clearly bijective. In other words, ¢ provides a section (as graded vector spaces) of the natural
projection A*(X) — N*(X). In [17], sufficient conditions on the marking ¢ are given such that
DA (X) defines a Q-subalgebra of A™(X):

contains a gap: it is asserted in loc. cit. that H3(Sym®(C), Q) = H?(Jac(C), Q) where C is a genus 3 curve and
Jac(C) its Jacobian. However, dim H?3(Sym®(C), Q) = 26 whereas dim H>(Jac(C), Q) = 20.
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Definition 2.12 (Definition 3.7 in [17]). We say that the marking ¢ : h(X) — M satisfies the
condition () if the following two conditions are satisfied :

(*nuit) the small diagonal Jx belongs to DA e (X 3); that is, under the induced isomorphism
P23 . A*(X3) — A*(M®?), the image of Jx is symmetrically distinguished, i.e. in
DA*(M®3).

*chern) all Chern classes ¢;(X) belong to DA’ (X).

g ¢
If in addition X is equipped with the action of a finite group G, we say that the marking ¢ :
h(X) — M satisfies (x¢) if :
() the graph gx of g : X — X belongs to DA, (X?) forall g € G.

The raison d’étre for condition (x) is its relation to the section property, as mentioned in the
introduction:

Proposition 2.13 (Proposition 3.12 in [I7]). If the marking ¢ : h(X) — M satisfies the
condition (%), then there is a section, as graded Q-algebras, for the natural surjective morphism
A*(X) — N*(X) such that all Chern classes of X are in the image of this section.

In other words, assuming (x) we have a graded Q-subalgebra DA} (X) of the Chow ring
A*(X), which contains all the Chern classes of X and is mapped isomorphically to N*(X).
Elements of DA (X)) are called distinguished cycles.

The raison d’étre for condition (*¢) is that it allows to easily treat quotients:

Proposition 2.14. Let Y be a smooth projective variety verifying (x) and (x¢), for some finite
group G C Aut(Y'). Then X /G has a marking such that X /G verifies condition (*\ra), and the
quotient morphism p: X — X/G is distinguished. If p is étale then X /G verifies condition (*).

Proof. This is [17, Proposition 4.12]. O

We refer to [[17] for examples of varieties satisfying (x) ; for our purposes here, let us mention
that these include abelian varieties, varieties with trivial Chow groupﬂ and hyperelliptic curves:

Proposition 2.15. Let C' be a hyperelliptic curve equipped with the action of the group H =
7.]27. generated by the hyperelliptic involution. Then C' has a marking that satisfies the condi-
tions (%) and (% g ), with the additional property that if P is a fixed point of H, then the embedding
P — C is distinguished.

Proof. This is [29, Proposition 3.3(i)]. ]

The property (x) has great flexibility: as shown in [17, Section 4], this property is stable
under product, projectivization of vector bundles, and (under certain conditions) blow-ups. The
relevant result for blow-ups is as follows:

Proposition 2.16 ([17]). Let X be a smooth projective variety and let i : Y — X be a closed
smooth subvariety. Let X be the blow-up of X along Y and let E be the exceptional divisor, so

2A smooth projective variety X is said to have trivial Chow groups if A;‘wm (X) =0, cf. [42], [43].
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that we have a cartesian diagram

yc'> X
If we have markings satisfying the condition () for X and Y such thati : Y — X is distin-
guished, then E and X have natural markings that satisfy (%) and are such that the morphisms
1,7, 7 and p are all distinguished.
If in addition X is equipped with the action of a finite group G such that G - Y =Y and such
that the markings of X and Y satisfy (xg), then the natural markings of E and X also satisfy
(*G)- [

Proof. This is the content of [17, Propositions 4.5 and 4.8]. [

Let us also recall the following, which will come in useful in the proof of our main result
(Theorem [3.1)):

Proposition 2.17. Let X be a smooth projective variety of dimension n > 2 with a marking ¢
satisfying the condition (%) of Definition[2.12] Assume that the cohomology of X is spanned by
algebraic classes in degree # n. Then the graded Q-subalgebra R*(X) C A*(X) generated
by divisors, Chern classes and by cycles that are the intersection of two cycles in X of positive
codimension (is contained in DA}, (X) and hence) injects into N*(X).

Proof. This is [29, Proposition 2.10]. [

3. MAIN RESULT
This section contains the proof of the main result, which is as follows:

Theorem 3.1. Let X be a hyperelliptic Calabi—Yau n-fold.

(i) There exists a sequence of blow-ups X — X such that X verifies condition (x), and hence for
each m € N the Q-algebra epimorphism A*(X™) — N*(X™) admits a section, whose image
contains the Chern classes of X,

(ii) Let n > 2. The Q-subalgebra R*(X) C A*(X) generated by divisors, Chern classes and
by cycles that are intersections of two cycles of positive codimension injects into cohomology. In
particular, the image of the intersection product

AX)@A(X) — A™(X) (i,j>0)
injects into cohomology.

Proof. To construct X, we proceed as follows: starting from the singular double cover 7: X —
P", we first blow-up all 0-dimensional loci 7 *(H,, N --- N H;,) (where the j; are pairwise
distinct), then we blow-up all strict transforms of 1-dimensional loci 7#—*(H;, N ---N H;, )
(where the j; are pairwise distinct), and so on (ending with codimension 2 loci).
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This resolution process can be encoded in a cartesian diagram

Yoi B o5y Boy=cm
\Lpn—l i/pl \LPO

€)) X=X,; 2 .. .5 X5 % X=X
4 T I b o
P, 22 o o 5 R Yy pyi=P.

Here, ry is the blow-up with center UH;, N --- N H;_, and each r; is the blow-up with center
(); being the union of strict transforms of i-dimensional intersections H;, N --- N H; , (by
construction, these strict transforms form a disjoint union). The arrows s; and ¢; are induced by
r;. Concretely, this means that ¢, is the blow-up with center

ZO::U U a(qjlqu]n> CC”,
€6, 1<41,..,in<2n+2
(where q1, . . ., g0 € C' are the Weierstrass points). Likewise, each ¢; is a blow-up with center

Zi = U U O-(lex"'Xan—i) C Y;

0€6n 1<j1,....Jn—i<2n+2

(where @ means strict transform of a). By construction, Z; is a disjoint union of smooth irre-
ducible components of dimension .

The arrows 7; are double covers. The arrow p, is the quotient morphism for the action of
Gp := N x G, and the composition 7y o py is the quotient morphism for the action of Hy =
(Z/27)™ x &,,. Each arrow p; (resp. each composition 7; o p;) is the quotient morphism for the
action of the finite group G; (resp. H;) on Y; obtained by lifting the action of GG;_; (resp. H;_1).

The idea is to prove property (x) for X inductively, moving from right to left in diagram ().
The induction base is Yj:

Lemma 3.2. Let Gy C Hy C Aut(C™) be as above. The variety Yy := C" verifies conditions
(%) and (*¢,) and (x ).

Proof. (of Lemma[3.2l) The self-product C" verifies condition (x) because hyperelliptic curves
verify (%) (Proposition 2.13), and (*) is stable under products [17, Proposition 4.1]. To check
condition (%, ) (which implies condition (x g, )), it suffices to check that the graph of ¢ is distin-
guished for any g € (Z/2Z)" and for any g € S,,. For g € N this follows from the fact that the
graph of the hyperelliptic involution is distinguished (Proposition 2.13)), plus the compatibility
of group actions and products [17, Proposition 4.1]. For g € &,,, this follows from [[17, Remark
4.2]. 0

The induction step is as follows:
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Lemma 3.3. Assume Y; verifies conditions () and (x¢,) and (). Then Y; 1 verifies conditions

(*)' and (*G¢+1> and (*Hi+1)'

Proof. (of Lemma[3.3l) This is an application of the general blow-up result Proposition2.16 Let
us check that all hypotheses of Proposition2.16lare met with. The variety Y; and the center Z; of
the blow-up verify (x): for Y; this is by assumption; for Z; this is true by induction, because Z;
is O blown-up along certain explicit centers (i.e. Z; is of the form Y; with a smaller value of n).
To see that the embedding ¢;: Z; — Y; is distinguished, we note that its graph I',; is the pullback
of the graph of the embedding 7;: (); — P; (here (); and P; are as in the proof of Proposition
2.3). The embedding 7; is distinguished (indeed, one sees inductively that P; and (Q; have trivial
Chow groups, and so A*(Q; x P;) = DA*(Q; x P,)), and the assumption (xy,) implies that the
quotient morphism 7; o p; is distinguished [[17, Proposition 4.12]. It follows that

I, =(mop; xmop)T, € DA"(Z, xY;).

All hypotheses of Proposition 2.16/being verified, this proves that Y; ; verifies condition (x).

As for the group action, this follows from the second part of Proposition Both Y; and
the center Z; verify condition (xp,) (and a fortiori (x¢,)): for Y; this is by assumption, for Z;
this is true by induction, because Z; is C* blown-up along certain explicit centers. The second
part of Proposition[2.16 then guarantees that condition (xy,) (and a fortiori (¢, )) carries over to
Yit1. 0

The induction set up by Lemmas [3.2] and 3.3 yields that Y,_, verifies conditions (%) and
(*g,_,)- Using Proposition 2.14] this implies that X =Y, / G, verifies condition (*ypu)-
Let us now check condition (*cpern) for X. For this, we view X as the double cover

X 5 Pi= P,
branched along the smooth divisor D C P (obtained as strict transform of the hyperplane ar-
rangement U?Z}LQH ; C P™ under the blow-ups 7;). The Chern classes of X can be expressed in

terms of the Chern classes of P and the Chern classes of O <(F) and O (2F), where we write
E' C X for the isomorphic pre-image of D in X (cf. [17, Proof of Proposition 4.12]). But there
is equality
E =d(po1).(pp)" 7" (D) in AYX) (de€Q),
and so (since D € A*(P) = DA*(P) and 7 and p,,_; are distinguished) one has £ € DA*(X).
Likewise, one has
7'¢(P) = d (pn-1)+(pn1)" 7 (P) in A*(X) (d€Q),

and so also w*cj(ﬁ) € DA*(X). We conclude that cj()?) € DA*(X), i.e. X verifies condition

(*Chern)- _
Since the Calabi—Yau variety X was obtained from X by only blowing-up the codimension 2

loci H;, N H;,, there is a factorization
XL x o x,

where both arrows are sequences of blow-ups with smooth centers. This proves (i).
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We record the following:

Lemma 3.4. Let ¢; denote the marking for X; constructed above. Let S; C X; denote the center
of the blow-up morphism s;: X1 — X, and let &;: S; — X, denote the inclusion morphism.
The graphs of s; and &; are distinguished (with respect to the markings ¢;).

Proof. (of Lemma[3.4l) There is a cartesian diagram

t;

Yisa — Y;
\L Pi+1 i/ Pi

Xin = X
The graph of s; o p; 11 equals the graph of p; o t;, which is distinguished by the construction
above. Since the graph of p;; is also distinguished (this is property (*¢,,,)), it follows that
1

= T ol’
deg pit1

Pi+1

i pis ©Ls;

is distinguished.
The argument for &; is similar, using the cartesian diagram

Z; 4 Y
1 4 v
s, 5 X,

O

(ii) Let us observe that f: X > Xisa sequence of blow-ups with smooth centers having trivial
Chow groups, and so

) h(X) 2 h(X)e @ 1(x) in M.
Using Proposition 2.8(ii), we find that there is a decomposition
3) WX) = Me@P1(x) in My,

where M has cohomology concentrated in degree n. It then follows from Proposition 2.17] that
the Q-subalgebra

RY(X) = <A1()~(), AUX) - A (X), ck()?)> c ANX)  (i,5 > 0)

is contained in DA*(.X) and hence injects into cohomology. Using pullback along the morphism
f: X — X, this implies at once that the QQ-subalgebra

<A1(X),Af(X).AJ‘(X)> C ANX)  (i,7 > 0)
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also injects into cohomology. However, to get a statement that includes the Chern classes of X
some extra care is needed. Remark that one has

(X) = frep(X) + Ry in A*(X),
where Ry is in the second part of the decomposition
“ ARX) =AM X) e @

induced by (2). Lemma [3.4] implies that the marking for X constructed above is induced (via
the blow-up result Proposition 2.16) from a marking for X, and so each trivial motive 1(x) in
(@) is marked by a trivial motive 1(x). A fortiori, the same is true for [2)). This implies that the

summand Q in @) is in DA*(X), and so R;, € DA*(X)[] But then one also has
fre(X) = cn(X) — Ry € DAY(X),
and hence ' ' _
[*(AN(X), AY(X) - A(X), (X)) € DA(X) (i, >0).

Since DA*(X) injects into cohomology (under the cycle class map), we conclude that the Q-
algebra

RA(X) = (A(X), A(X) - AV(X), (X)) (i, > 0)
also injects into cohomology (under the cycle class map). 0

Remark 3.5. To prove our main result (Theorem B.1Kii)), we show that for any hyperelliptic
Calabi—Yau n-fold X there exists a surjection X — X such that X verifies condition (x). This
leaves open the question whether X itself verifies condition (%) (which would provide an easier
proof of the injectivity of Theorem [3.1(ii)).

Note that the hyperelliptic Calabi—Yau variety X is a group quotient of some blow-up of C",
with centers having trivial Chow groups. However, these centers do not behave well with respect
to the group action (an irreducible codimension 2 center is not invariant under the action of G,,),
making it problematic to pass from the level of Y to the level of the quotient X ;. For this reason
we prove our main result in a slightly “round-about” way, blowing up some more in order to
make the irreducible codimension 2 centers disjoint.

4. FURTHER CONSEQUENCES

4.1. Voisin’s conjecture. Voisin [41] has formulated the following intriguing conjecture, which
is a particular instance of the Bloch—Beilinson conjectures.

Conjecture 4.1 (Voisin [41]). Let X be a smooth projective variety of dimension n, with h™°(X) =
1 and h7°(X) = 0 for 0 < j < n. Then any two zero-cycles a,a’ € A}, (X) satisfy

axad=(=1)"d xa in A*"(X x X).
(Here, a x d' is the exterior product (p,)*(a) - (p2)*(a') € A*(X x X), where p; is projection
to the j-th factor.)

3Alternatively, to see that R € DA ()? ) one could argue using Porteous’ formula as in [29] Proof of Proposition
4.4].
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For background and motivation for Conjecture 4.1} ¢f. [43] Section 4.3.5.2]. Conjecture 4.1
has been proven in some scattered special cases [41], [24], [25], [26], [27], [6], [29], [7], [28],
but is still wide open for a general K3 surface.

We now prove Voisin’s conjecture for the Calabi—Yau varieties under consideration in the
present paper :

Proposition 4.2. Let X be a hyperelliptic Calabi—Yau variety of dimension n. Then Conjecture
is true for X: any a,d’ € A}, (X) satisfy

axad=(—1)"d xa in A*(X x X).
Proof. According to Proposition 2.8 we have a decomposition

h(X)=Mo @11(*) in My,

with H7(M) = 0 for j # n, and M isomorphic to a direct summand of A(C™"/G), where C'is a
hyperelliptic curve. Since the symmetric group &,, is contained in GG, the motive M is actually
isomorphic to a direct summand of h(C™). By Kimura finite-dimensionality [23], M is then
isomorphic to a direct summand of the motive

hn(o(n)) — (C(n)’ﬂg(n)’o) € M,

where 77, is the Chow—Kiinneth projector defined by the choice of a point on C, i.e.

corresponds to
Z Z O’(T{'g X - X 772?) € A*(C" x C™)°r

i1t +in=n o€6y

n

c(n)

under the natural isomorphism A*(C(™) 2 A*(C™)S», and the ¢} are Chow—Kiinneth projectors
of C.
Let M° denote the category of birational motives [22]]. There is a functor
Bir: M - M,
sending an effective motive (X,p,0) to (X,p|an(xcy,). This functor has the property that
Ao(M) = Ay(Bir(M)) for any M € M. Looking at the image of h"(C™) under Bir,

rat*
one sees that all summands of 7/, where some i; is 0 restrict to zero, i.e. one has

Bir(h"(C™)) = Bir(Sym" h'(C)) in M°.
Writing J := Jac(C') for the Jacobian of C' and recalling that there is an isomorphism h'(C) =
h*(J), it follows that there are isomorphisms of birational motives
Bir(h"(C™)) = Bir(Sym” 1'(C)) = Bir(Sym" h'(J)) = Bir(h"(J)) in M"°,

where h*(J) refers to the Deninger—-Murre Chow—Kiinneth decomposition for abelian schemes
[14] (for the properties of Chow motives of abelian varieties that we use here, cf. [36, Section
5]). In particular, taking Chow groups we find a split injection

T Ag(M) < Ag(h"(C™) = Ay (Bir(h"(C™)))
= Ag(Bir(h"(J))) = Ag(h"(J)) = Al (J) ,
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where Az;) (J) refers to Beauville’s eigenspace decomposition [3]. By the same argument, there
is also a split injection

(O xD).: Ag(M®M) < Ag(J x J).

This fits into a commutative diagram

n n (F*’F*) n n
A™M(M) ® A"(M) (1) @ ALy ()
s s
AMoM) D AM(g ),

where ® sends (a,a’) toa x a’ — (—1)" a’ X a. We are thus reduced to a general statement about
zero-cycles on abelian varieties:

Proposition 4.3 (Voisin [43]). Let B be an abelian variety of dimension n, and a,a’ € Af,(B).
Then

axa =(=1)"d xa in A*(B x B).

Proof. This is [43, Example 4.40]. A generalization (and an alternative proof) is given in [39,
Theorem 4.1]. ]

This concludes the proof of the theorem. 0

4.2. Voevodsky’s conjecture. This subsection contains an application of our results to Voevod-
sky’s conjecture on smash-equivalence.

Definition 4.4 (Voevodsky [40]). Let X be a smooth projective variety. A cycle a € A"(X) is
called smash-nilpotent if there exists m € N such that

am = ax---xa =0in A"(X x - x X) .
—_———

(m times)

Two cycles a, a’ are called smash-equivalent if their difference a — @' is smash-nilpotent. We
will write A (X)) € A’(X) for the subgroup of smash-nilpotent cycles.

Conjecture 4.5 (Voevodsky [40]]). Let X be a smooth projective variety. Then
Ao (X) C AL(X) foralli.

hom

Remark 4.6. It is known [2, Théoreme 3.33] that Conjecture for all smooth projective vari-
eties implies (and is strictly stronger than) Kimura’s conjecture “all smooth projective varieties
have finite-dimensional motive” [23]].

Let us now verify Voevodsky’s conjecture for hyperelliptic Calabi—Yau varieties of odd di-
mension:
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Theorem 4.7. Let X be a hyperelliptic Calabi-Yau variety. Assume that n := dim X is odd.
Then

A (X) C AL(X) foralli.

Proof. According to Proposition 2.8 we have a decomposition
=MaEPL(x) in My,

with H7(M) = 0 for j # n, and M isomorphic to a direct summand of /(C™). By Kimura
finite-dimensionality, M is isomorphic to a direct summand of the motive (C", 7", 0), where 7"
is any Chow—Kiinneth projector on the degree-n cohomology. But the Chow motive (C” 7™, 0)
is oddly finite-dimensional (in the sense of [23]). Hence, together with the fact that A hom( ) =
Al (M), the theorem is implied by the fact that

AT(M) € A3(M)

for any oddly finite-dimensional Chow motive M (this is due to Kimura [23, Proposition 6.1],
and is also used in [21])). ]

5. SOME OPEN QUESTIONS

Question 5.1. Easy examples of Calabi—Yau varieties Y are given by smooth complete intersec-
tions of n + 1 quadrics in P?"*!, An interesting special case is when Y is defined by equations
of the form

ajo + x% + ......... + x%n+1 ,
)\01‘(2) + All‘% -+ )\2n+1$%n+1 =0 s
2 _
)‘0370 + A A %5, =0,
)\8370 F M@+ A28, =0,
where A\, ..., Aa,r1 € C are distinct numbers. Such varieties Y are isomorphic to a quotient

D"/G, where D is acurve and G C Aut(D") a finite group [37, Theorem 2.4.2]. Moreover, Y’
is related to the double cover X of Theorem 3.1} one has X = Y/H for some finite group H
[377, Proposition 2.4.4], [19, Section 2.2].

Can one prove condition (x) for Y ? The problem is that the curve D is not hyperelliptic; D
is a finite étale cover of a hyperelliptic curve, and it is not clear whether D verifies condition
(%) (this is closely related to the fact that as far as I am aware the only curves known to have a
multiplicative Chow—Kiinneth decomposition, in the sense of [?], are hyperelliptic curves).

Question 5.2. Let Y be a Calabi—Yau variety as in Proposition[2.3] i.e. arising from a general ar-
rangement of hyperplanes (without the condition that the hyperplanes osculate a rational normal
curve). Is it still true that the image of intersection product

A(Y)@A(Y) — A™(Y) (i,5>0)
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injects into cohomology ? The problem is that for these Y, it is not even known that they have
motive of abelian type, so that one cannot benefit from the formalism of [17]].

Acknowledgments. Thanks to the referee for very helpful comments. Thanks to Kai and Len
for enjoying Buurman en Buurman as much as I do.

REFERENCES

[1] Y. André, Une introduction aux motifs (motifs purs, motifs mixtes, périodes), Panoramas et Syntheses
[Panoramas and Syntheses], vol. 17, Société Mathématique de France, Paris 2004,
[2] Y. André, Motifs de dimension finie (d’apres S.-I. Kimura, P. O’Sullivan,...), Séminaire Bourbaki
200372004, Astérisque 299 Exp. No. 929, viii, 115—145,
[3] A. Beauville, Sur I’anneau de Chow d’une variété abélienne. Math. Ann. 273 (1986), 647—651,
[4] A.Beauville, On the splitting of the Bloch—Beilinson filtration, in: Algebraic cycles and motives (J. Nagel
and C. Peters, editors), London Math. Soc. Lecture Notes 344, Cambridge University Press 2007,
[5] A. Beauville and C. Voisin, On the Chow ring of a K3 surface, J. Alg. Geom. 13 (2004), 417—426,
[6] G. Bini, R. Laterveer and G. Pacienza, Voisin’s conjecture for zero-cycles on Calabi—Yau varieties and
their mirrors, Advances in Geometry 20 no. 1 (2020), 91—108,
[7] D. Burek, Higher-dimensional Calabi—Yau manifolds of Kummer type, Math. Nachrichten 293 no. 4
(2020), 638—0650,
[8] S.Cynk and K. Hulek, Construction and examples of higher-dimensional modular Calabi—Yau manifolds,
Can. Math. Bull. 50 no. 4 (2007), 486—503,
[9] S. Cynk and B. Kocel-Cynk, Classification of double octic Calabi—Yau threefolds with A2 < 1 defined
by an arrangement of eight planes, Commun. Contemp. Math. 22 no. 1 (2020),
[10] S. Cynk and C. Meyer, Geometry and arithmetic of certain double octic Calabi—Yau threefolds, Can.
Math. Bull. 48 no. 2 (2005), 180—194,
[11] S. Cynk and C. Meyer, Modularity of some non-rigid double octic Calabi—Yau threefolds, Rocky Moun-
tain J. Math. 38 no. 6 (2008), 1937—1958,
[12] S. Cynk, M. Schiitt and D. van Straten, Hilbert modularity of some double octic Calabi—Yau threefolds.
J. Number Theory 210 (2020), 313—332,
[13] S. Cynk and D. van Straten, Periods of rigid double octic Calabi—Yau threefolds, Ann. Pol. Math. 123
Part 1 (2019), 243—258,
[14] Ch. Deninger and J. Murre, Motivic decomposition of abelian schemes and the Fourier transform, J. Reine
Angew. Math. 422 (1991), 201—219,
[15] I. Dolgachev, Weighted projective varieties, in: Group actions and vector fields (Vancouver, B.C., 1981)
ed. J. B. Carrell, Lecture Notes in Math., vol. 956, Springer, Berlin, 1982, 34—71,
[16] L. Fu, Decomposition of small diagonals and Chow rings of hypersurfaces and Calabi—Yau complete
intersections, Advances in Mathematics 244 (2013), 894—924,
[17] L. Fu and Ch. Vial, Distinguished cycles on varieties with motive of abelian type and the section property,
J. Alg. Geom. 29 (2020), 53—107,
[18] W. Fulton, Intersection theory, Springer—Verlag Ergebnisse der Mathematik, Berlin Heidelberg New York
Tokyo 1984,
[19] R. Gerkmann, M. Sheng, D. van Straten and K. Zuo, On the monodromy of the moduli space of Calabi—
Yau threefolds coming from eight planes in P2, Math. Ann. 355 (2013), 187—214,
[20] C. Ingalls and A. Logan, On the Cynk-Hulek criterion for crepant resolutions of double covers,
arXiv:2006.14981v2,


http://arxiv.org/abs/2006.14981

18 ROBERT LATERVEER

[21] B. Kahn and R. Sebastian, Smash-nilpotent cycles on abelian 3-folds, Math. Res. Letters 16 (2009),
1007—1010,

[22] B. Kahn and R. Sujatha, Birational motives I: Pure birational motives, Ann. K-Theory 1 no. 4 (2016),
379—440,

[23] S.-I. Kimura, Chow groups are finite dimensional, in some sense, Math. Ann. 331 no 1 (2005), 173—201,

[24] R. Laterveer, Some results on a conjecture of Voisin for surfaces of geometric genus one, Boll. Unione
Mat. Italiana 9 no. 4 (2016), 435—452,

[25] R. Laterveer, Some desultory remarks concerning algebraic cycles and Calabi—Yau threefolds, Rend. Circ.
Mat. Palermo 65 (2) (2016), 333—344,

[26] R. Laterveer, Algebraic cycles and Todorov surfaces, Kyoto Journal of Mathematics 58 no. 3 (2018),
493—527,

[27] R. Laterveer, Some Calabi—Yau fourfolds verifying Voisin’s conjecture, Ricerche di Matematica 67 no. 2
(2018),401—411,

[28] R. Laterveer, Zero-cycles on self-products of varieties: some elementary examples verifying Voisin’s
conjecture, Bolletino Unione Mat. Italiana, doi: 10.1007/s40574-020-00259-0,

[29] R. Laterveer and Ch. Vial, On the Chow ring of Cynk—Hulek Calabi—Yau varieties and Schreieder vari-
eties, Canadian Journal of Math. 72 no 2 (2020), 505—536,

[30] K. Matsumoto, T. Sasaki and M. Yoshida, The monodromy of the period map of a 4-parameter family of
K3 surfaces and the hypergeometric function of type (3, 6), Int. J. Math. 3 no. 1 (1992), 1—164,

[31] K. Matsumoto and T. Terasoma, Arithmetic-geometric means for hyperelliptic curves and Calabi-Yau
varieties, Int. J. Math. 21 no. 7 (2010), 939—949,

[32] C. Meyer, Modular Calabi—Yau threefolds. Fields Institute Monographs, 22. American Mathematical
Society, Providence RI 2005,

[33] J. Murre, J. Nagel and C. Peters, Lectures on the theory of pure motives, Amer. Math. Soc. University
Lecture Series 61, Providence 2013,

[34] P. O’Sullivan, Algebraic cycles on an abelian variety, J. Reine Angew. Math. 654 (2011), 1—381,

[35] K. Paranjape, Abelian varieties associated to certain K3 surfaces, Comp. Math. 68 no. 1 (1988), 11—22,

[36] T. Scholl, Classical motives, in: Motives (U. Jannsen et alii, eds.), Proceedings of Symposia in Pure
Mathematics Vol. 55 (1994), Part 1,

[37] T. Terasoma, Complete intersections of hypersurfaces—the Fermat case and the quadric case, Japan J.
Math. (N.S.) 14 no. 2 (1988), 309—384,

[38] T. Terasoma, Algebraic correspondences between genus three curves and certain Calabi—Yau varieties,
American Journal of Mathematics 132 no. 1 (2010), 181—200,

[39] Ch. Vial, Generic cycles, Lefschetz representations and the generalized Hodge and Bloch conjectures for
abelian varieties, Annali della Scuola Normale Superiore di Pisa 21 (2020), 1389—1429,

[40] V. Voevodsky, A nilpotence theorem for cycles algebraically equivalent to zero, Internat. Math. Research
Notices 4 (1995), 187—198,

[41] C. Voisin, Remarks on zero-cycles of self-products of varieties, in: Moduli of vector bundles, Proceedings
of the Taniguchi Congress (M. Maruyama, ed.), Marcel Dekker New York Basel Hong Kong 1994,

[42] C. Voisin, The generalized Hodge and Bloch conjectures are equivalent for general complete intersections,
Ann. Sci. Ecole Norm. Sup. 46, fascicule 3 (2013), 449—475,

[43] C. Voisin, Chow Rings, Decomposition of the Diagonal, and the Topology of Families, Princeton Univer-
sity Press, Princeton and Oxford, 2014,

[44] M. Yoshida, Hypergeometric Functions, My Love: Modular Interpretations of Configuration Spaces,
Aspects of Mathematics, E32. Friedr. Vieweg & Sohn, Braunschweig 1997,

INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE, CNRS — UNIVERSITE DE STRASBOURG, 7 RUE
RENE DESCARTES, 67084 STRASBOURG CEDEX, FRANCE.
Email address: robert.laterveer@math.unistra.fr



	1. Introduction
	2. Preliminaries
	2.1. Intersection theory on quotient varieties
	2.2. Hyperelliptic Calabi–Yau varieties
	2.3. The section property and distinguished cycles

	3. Main result
	4. Further consequences
	4.1. Voisin's conjecture
	4.2. Voevodsky's conjecture

	5. Some open questions
	References

