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SPECIAL MACROSCOPIC MODES AND
HYPOCOERCIVITY

KLEBER CARRAPATOSO, JEAN DOLBEAULT, FREDERIC HERAU,
STEPHANE MISCHLER, CLEMENT MOUHOT, AND CHRISTIAN SCHMEISER

ABSTRACT. We study linear inhomogeneous kinetic equations with an
external confining potential and a collision operator admitting several lo-
cal conservation laws (local density, momentum and energy). We classify
all special macroscopic modes (stationary solutions and time-periodic so-
lutions). We also prove the convergence of all solutions of the evolution
equation to such non-trivial modes, with a quantitative exponential rate.
This is the first hypocoercivity result with multiple special macroscopic
modes with constructive estimates depending on the geometry of the

potential.
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1. INTRODUCTION

Since the publication of Boltzmann’s paper [5] in 1876, the existence of
time-periodic steady states of the inhomogeneous Boltzmann equation in the
whole Euclidean space is known, in presence of an external harmonic poten-
tial. As explained in [10, p. 147], “equilibrium is not necessarily achieved
in an harmonic field. [...] [D]ensity, velocity and temperature oscillate with
the natural frequency of the field or with twice such a frequency.” Beyond
such remarks, the classification of the steady states according to the sym-
metries of the domain or the symmetries of the external potential remained
untouched for more than a century, although some special solutions were
known [43, 10]. When symmetry partially or completely breaks, this turns
out to be a difficult issue. With symmetry, special modes have to be taken
into account in some configurations and local collision laws of the collision
operator add significant difficulties to the understanding of the convergence
in asymptotic regimes in all cases, even if there is no particular symmetry.

Without external potential and for a bounded domain, the problem has
been studied in [12]. In presence of a given external potential, the question
was so far open and our first result is to classify all steady solutions for linear
kinetic equations with collision operators satisfying the local conservation
laws of physics. Even more difficult is the problem of the stability of the
(possibly time-periodic) steady states and the proof of the convergence to
such states, with an exponential rate, for inhomogeneous kinetic equations.
The question goes back to the celebrated H-theorem of Boltzmann, but
became quantitative only recently with the theory of hypocoercivity. All
results involving an external potential deal with collision operators admit-
ting only one collision invariant, up to a few attempts like [15, 16] which
discard special modes, with non-constructive methods. Our second result
gives the very first answer to the question of the convergence rate in the
whole space for an external potential without any a priori symmetry, using
an entirely new scheme made of a cascade of several hypocoercive estimates.
Alternatively we also propose a commutator method in the spirit of [27, 45].

Even when the potential has no specific symmetry, which forbids the
existence of any special mode other than the standard stationary solution,
the fact that the collision operator admits several collision invariants is a
source of difficulties: when the potential is almost symmetric, convergence
rates get deteriorated and the geometric properties of the potential have
therefore to be taken into account. The notion of steady states, defined as
the set of attractors in large time asymptotics, is widely used in physics, and
corresponds in our case to minimizers of the mathematical entropy (that is,
the physical entropy, up to the sign). In this paper we shall speak of special
macroscopic modes in relation with special symmetries of the potential.
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1.1. Equation and assumptions. Consider the kinetic equation
(1.1) Wf=ZLf=Tf+Cf, fui=o=lo,

for the unknown distribution function f = f(¢,z,v) depending on the time
variable t > 0, the position variable z € R%, and the velocity variable v € R¢,
where d > 1 is an arbitrary dimension. The transport operator 7 is given by

Tfi==v-Vof + Ve -V, f

with a stationary, position dependent potential ¢ : R? — R. We assume
that the linear collision operator € is acting only along the velocity variable
v € R, is self-adjoint in L2(u~!), with weight given by the local Mazwellian
function

J e—Iv?/2
(1.2) VoeRY, pu(v):= @i
and has the (d 4 2)-dimensional kernel of collision invariants given by
(HO) Ker%:Span{,u,vl,u,...,vd,u, |v|2,u} ,

corresponding to the local conservation of mass, momentum and energy.
Here L2(u™1) is the subspace of L2 (R? dv) of the functions f such that

loc

2 1/2
s = ( [, 15 a0)

We assume that ¢ satisfies the following spectral gap property (which is
a quantitative version of the spatially homogeneous linearized H -theorem,)

(H1) B / (1) f() p(0) ™" dv > e [|f =T |F2 (1)

for some constant cy > 0 and all f in the domain of %, where II denotes
the L2?(u~!)-orthogonal projection onto Ker 4. Moreover, we suppose that
for any polynomial function p(v) : R* — R of degree at most 4, the function
pp is in the domain of € and

(H2) C(p) = € (p w21y < oo.

We provide examples of collision operators satisfying these conditions in
Appendix B.1, including the linearized Boltzmann and Landau operators.

is finite.

Throughout the paper, we assume that the potential ¢ : R* — R is such
that p(z) := e~ ?®) is a centred probability density, i.e.,

(H3) /de(x)daszl and /Rda:p(x)dx:().

We also assume that ¢ is of class C? (Rd; R), and for all € > 0, there exists
a constant C; such that

(H4) Ve eR?,  [Vid(z)| < e|Voo(a) + O,
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where V2¢ denotes the Hessian matrix of ¢. We further assume that the
measure p(z)dz satisfies the Poincaré inequality with a constant cp > 0,

(H5) CP/ lo — (@) p dwé/ Vel p dz,
R4 R4

for all ¢ € L?(p), where

() = /Rdw dz

is the average of ¢. Here L%(p) is the subspace of L2 _(R?, dz) of the func-
tions ¢ such that ||g0Hi2(p) = [ga l®|* pda is finite.

We assume moment bounds on p, namely

(Ho) L (lalt +162 +19.01%) p de <

for some constant C, > 0. We also introduce the normalization

(17) (V26) = / V26 p do = Idasa
Rd

where Idgxg the identity matrix of size d. The assumption that (V2¢) is
diagonal is not a restriction since it can be obtained through a rotation
in position space. Note that the same rotation in velocity space leaves the
kinetic equation invariant and all assumptions made so far remain valid. The
stronger assumption (H7) is made for notational simplicity, and a discussion
of the general case is given in Appendix B.3.

The potential ¢(z) := (1 + |a, z|>)7/? — Z,, with v > 1 and real normal-
ization constants a., Z, satisfies (H3)—(H4)—(H5)-(H6)-(HT7). See Appen-
dix B.2 for other examples. No sign is assumed on f: one should think of f
as a real valued fluctuation around the equilibrium in the nonlinear Boltz-
mann or Landau equation (see Appendix B.1). Throughout this article we
shall refer to (H1) and (H5) as spectral gap properties, and to (H2) and (H6)
as bounded moment properties. These are the structural assumptions on %
and ¢ for our theory.

Finally, since we are concerned with large time asymptotic behaviour, we
require that the evolution equation (1.1) is well-posed, a condition which is
satisfied by our standard examples of application, and assume that

(H8) t s e is a strongly continuous semi-group on the space L2(M™1),

where M is the global Mazwellian equilibrium function given by

e_%lv‘2_¢($)

(1.3) V(z,v) €ERIxRY, M(z,v) := p(z) p(v) = TeniE
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and the space L2(M™!) is the subspace of L2 (R? x R, dz dv) of the func-
tions f such that

e = (] dedv>1/z
( ) Rd x R4 M

1.2. The main result. From here on, we assume the normalization con-
ditions (H3)—(H7). The function M defined by (1.3) is a stationary solu-
tion of (1.1) but it is not the unique attractor of the time-dependent solu-
tions of (1.1), even up to a mass normalization. Let us introduce a larger
class of steady states. Special macroscopic modes of (1.1) are the solutions
F = F(t,x,v) to the system

(1.4) CF=0, ,F=JF.

is finite.

Of course we read from (HO) that F' = o M, o € R, is a special macroscopic
mode but we also look for solutions to (1.4) that can be written as

(1.5) F = (r(t,z) + m(t,z) - v+e(t,z) Ev)) M,
for some functions 7, m and e with values respectively in R, R? and R, with
_ P -d

v2d

The energy mode F = S H M, 5 € R, is another stationary solution to (1.4)
where H defined by

(1.7) H(a,v) =5 (Jo]* —d) + ¢(z) — (¢)

is the Hamiltonian energy associated with the characteristics of the trans-
port equation 0;f = 7 f. As we shall see in Section 2.1, it turns out that
the linear combination of global Maxwellian equilibrium functions and en-
ergy modes are the only special macroscopic modes for “generic potentials”.
Other special macroscopic modes are available under additional symmetry
properties of ¢ as observed by L. Boltzmann in [5]. These modes deserve
some explanations.

(1.6) E(v) :

The set of infinitesimal rotations compatible with ¢ defined as
(1.8) Ry := {ac = Az Ae MEY(R) s.t. Vo e RY, Vop(z) - Az = 0}
is identified with a subset of the space of skew-symmetric matrices
M (R) := { A € Msa(R) - A= -4}

In other words, we write A € R if and only if ¢ is invariant by the rotation

group 6 — 4 i.e.,

V(0,z) € R x RY, ¢(69Ax) = ¢(x).
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The set Ry gives rise to the corresponding set of rotation modes compatible
with ¢ defined by

Ry = {(m,v) = (Az-v) M(z,v) : A €R¢}.

Functions in Py are stationary solutions of (1.4) associated to all invariances
of ¢ under rotation.

There are also some time-periodic special macroscopic modes when ¢ has
harmonic directions. Let us define

(1.9) E4 := Spanga <{qu§(x) - ﬂf}xeRd> , dg:=dimFEg.

Notice that Fy is a subspace of R? and dy < d. Alternatively, we can
characterize dg by

dCf’ = dim Spaan(p) ( {8-Ti¢}i=1,‘..,d U {xi}z’:l,...,d) —d

and choose cartesian coordinates (z1,z2,...,xq) such that 0,,¢ = x; if and
only if i € Iy :={dg +1,...,d}. We face three different cases.

> The case dy = d is called fully non-harmonic: E4 = R? and ¢ has no
harmonic direction and it that case, as we shall see below, there are no time-
periodic solutions.

> In the case 1 < dy < d — 1, the potential is called partially harmonic.
In the harmonic coordinates zg,1,...,Zq4, we have 0,,¢ = z; and define
harmonic directional modes by

(1.10) ®4 = Span{(aci cost—wv;sint) M, (x;sint+wv;cost) M : i€ I¢}.

Harmonic directional modes are also defined if dy = 0. By convention,
we set Dy = {0} if dy = d. All functions in ®, are solutions to (1.4)
which correspond to an inertia-driven oscillation of period 1 of particles in
a potential well along a direction in E(j; These modes are independent of
each other.

> In the case dy = 0, the potential is called fully harmonic and ¢(x) =
% |z|? + g log(2 7). In addition to the harmonic directional modes, the set
of harmonic pulsating modes

(1.11) Py := Span{ (2 (|2 = |v]?) cos(2t) — x - vsin(2t)) M,

(3 P = 0P)sn(2)+ 2 v cos(z0)) M |

is also made of solutions to (1.4). By convention, we set Py = {0} if dy > 1.
These macroscopic modes correspond to a radially symmetric pulsation of
period 1/2 of particles in the potential well.

Summing up the above observations, we have obtained special macro-
scopic modes of the form

(1.12) F=aM+BHM+Ax - v M+ Fgiy + Fpu
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where o, f € R, (x — Az) € Ry, Fair € Dy and Fyy € Pp. With these
definitions at hand, we can now state the main result of this paper.

Theorem 1.1 (Special macroscopic modes and hypocoercivity). Assume
that the potential ¢ and the collision operator € satisfy the assump-
tions (HO)—(H1)—(H2)—(H3)—~(H4)—~(H5)—~(H6)—~(H7)—-(H8). Then

(1) All special macroscopic modes of (1.4) are given by (1.12), i.e.,
are linear combinations of the Mazxwellian, the energy mode, rota-
tion modes compatible with ¢, and harmonic directional or pulsating
modes if allowed by ¢.

(2) There are explicit constants C > 0 and £ > 0 such that, for any solu-
tion f € C(RT;L2(M™1)) to (1.1) with initial datum fy € L2(M™1),
there exists a unique special macroscopic mode F such that

Vt>0, [If(t) = F)lla-1) < Ce " [l fo = FO)ll2 1) -
The constants in the decay estimate being explicit means that the proof is

constructive and provides a finite algorithm for computing C' and x.

In the following, the norm and scalar product without subscript, |- || and
(-,-), refer to the space L%(M), so that

HhH2:// B2 Mdzdv = (h, h).
R xR4

With h := f/M, hg := fo/M and hll := F/M, Part (2) of Theorem 1.1

amounts to

Vt>0), Hh(t) _ h”(t)H < Cort

‘ho - h“(o)H .

Note that when considering functions of 2 only, the L2(p)-norm coincides
with the L?(M)-norm. (-) stands for the average with respect to pdz.

In Theorem 1.1, the constants C' and x depend only on bounded moments
constants, spectral gap constants or explicitly computable quantities asso-
ciated to ¢ such as the rigidity constant (to be defined later) which admits
a quantitative estimate. Moreover, the special macroscopic mode F' can be
explicitly computed in terms of the initial data fy (see Section 2.2).

1.3. Framework, comments and methods. During the last two decades,
new hypocoercive methods were developed for the study of spatially inhomo-
geneous kinetic equations. Many linear or nonlinear models were tackled,
including Fokker-Planck, Boltzmann and Landau equations in various ge-
ometries, ranging from bounded domains to the whole Euclidean space, with
or without confining potentials. The central issue is the trend to equilibrium
for these equations, in the spirit of the celebrated H-Theorem by Boltzmann
on the decay of the entropy, but with constructive estimates which measure
the rate of convergence towards asymptotic regimes described by steady
states. The set of steady states is not fully characterized by the entropy
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dissipation, but also depends on the transport operator and the geometric
setting governed either by boundary conditions or by properties of the po-
tential. The goal of this paper is to make the notion of steady states explicit
by classifying all special macroscopic modes, and to derive quantitative es-
timates on the rate of convergence, with explicit constants.

Let us give a brief account of the literature. In a series of pa-
pers [20, 21, 22] on Landau, Boltzmann and Vlasov-Boltzmann equations
in a periodic box, Y. Guo used micro-macro methods inspired from Grad’s
13 moments method introduced in [17]. The approach of [12] relies on the
derivation of a suitable set of ordinary differential inequalities and provides
an algebraic rate of convergence to equilibrium under strong smoothness as-
sumptions on the solution. The study of linear inhomogeneous kinetic equa-
tions with single conservation laws, such as the linear Boltzmann or Fokker-
Planck equations, and nonlinear equations in a nonlinear but perturbative
regime, took advantage of various ideas of the theory of hypoellipticity, for
instance of [29], and gave rise to robust Hilbertian hypocoercive methods.
T. Gallay coined the word hypocoercivity, by analogy with hypoellipticity,
when coercivity is degenerate in the ambient space but recovered using com-
mutators, in the context of convergence to steady states. Hypocoercivity is
well adapted to kinetic equations with general collision operators. We refer
to the memoir [45] by C. Villani for an overview of the initial developments
of this theory and to [27, 35, 26, 13, 14] for various other contributions in
exponentially weighted spaces. The theory of enlargement of spaces of [18]
allows to extend convergence rates to larger, and physically more relevant,
polynomially weighted spaces.

Usually, explicit and constructive estimates cannot be obtained via com-
pactness arguments. Such estimates are essential for applications in physics
(typical time-scale for relaxation) but also for a wide array of mathemat-
ical questions: range of validity of perturbation methods applied to non-
linear kinetic equations, conditions of convergence in the study of diffusive
or macroscopic limits, control of the limiting processes leading to hydrody-
namical equations when the Knudsen number tends to zero, control of the
range of parameters, time and length scales in the corresponding asymptotic
regimes, etc. Among a huge literature, we can refer for instance to [3, 44]
and to [23, 28, 7] in polynomially weighted spaces.

In this article, we focus on an important and old problem. We study
kinetic equations involving an external confining potential as well as sev-
eral local conservation laws in the collision process. The linear problem was
solved for a fully harmonic potential in [15] and under full asymmetry as-
sumptions on the potential in [16], both with non-constructive arguments
and for well-prepared initial data so that, in particular, there are no spe-
cial macroscopic modes beyond the Maxwellian stationary solution. Such
an assumption destroys the rich structure of special macroscopic modes and
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bypasses the non-trivial consequences of the geometric properties of the po-
tential on convergence rates. Our contribution is precisely the study of these
consequences, which requires new methods, by classifying all special macro-
scopic modes and proving hypocoercivity results with constructive conver-
gence rates in a natural Hilbertian structure. As in [15, 16], we restrict
our analysis to the linear framework and, for simplicity, to exponentially
weighted spaces, but cover rather general confining potentials and discuss
the consequences of their geometric properties in terms of symmetry, par-
tial symmetry or lack of symmetry under rotations. On the one hand, the
extension of our results to polynomially weighted spaces in the spirit of [18]
is probably doable. On the other hand, nonlinear stability for Boltzmann
and Landau equations with confining potentials, close to special macroscopic
modes, presents additional difficulties.

The special macroscopic modes other than the global Maxwellian station-
ary solutions and the energy modes are consequences of the symmetries of
the potential. Some of these modes are known in the literature, although
no systematic study seems to have been done. From the point of view of
mechanics, any function F(z,v) = G(H(z,v), Az-v) is a stationary solution
of the transport equation where Az - v is known as the angular momentum
generated by A € Myx4(R). The property that there is no other stationary
solution, under appropriate conditions, is known in astrophysics as Jeans’
theorem (usually considered with a potential induced by a mean field cou-
pling) and has to do with Noether’s theorem: see [4] and references therein.
Of course the only profile G compatible with (H0) is G(h,a) = p(h,a)e™"
where p is a polynomial of order at most two. Proving that any stationary
solution of (1.1) has to solve (1.4) is also known as a factorization result.

The existence of time-periodic steady states for the fully harmonic po-
tential was shown by L. Boltzmann in [5] and is mentioned in some ref-
erences: see for instance [10, 43, 6, 19]. In [19], time-periodic modes are
called breathing modes. The consideration of partially harmonic potentials
and their corresponding harmonic directional modes seems to be new. The
fact that special macroscopic modes also exist for the nonlinear Boltzmann
equation is discussed in Appendix B.5.

Now let us review some of the tools which are used in our paper. To
estimate the convergence rate, a major difficulty is to quantify “how far” the
potential ¢ is from having certain partial symmetries. Inspired by [11, 12],
we use some Korn inequalities for bounded domains which go back to [32, 33]
and adapt them to the Euclidean space, in presence of a confining potential:
see [9]. A typical quantity involved in our approach is the rigidity constant

(1.13) ¢k :=min {/]Rd IVé(z) - Ax|? p(x)de -

AGRdL) such that / \Apr(x)dx:1}>O,
R4
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where Ri; is the orthogonal complement in L?(p) of the set R, defined
n (1.8). The time-periodic special macroscopic modes in © 4 and B, defined
in (1.10) and (1.11) respectively, are related to the (partial) harmonicity of ¢
and another difficulty is to quantify “how far” the potential ¢ is from being
(partially) harmonic. As for Korn type inequalities, the analysis relies on
the finite dimension of the space E, defined in (1.9).

The spectral gap assumptions (H1) in v and (H5) in « reflect the cor-
responding confining properties respectively in velocity and space. The
Poincaré inequality introduced in (H5) is linked with the natural Hodge
Laplacian associated to the geometry, sometimes called the Witten Lapla-
cian. Denote by Vi the adjoint of V, in L?(p) acting on vector fields
¢ : RY — R? according to V% - ¢ = (=V, + V.¢) - . The Witten-Laplace
operator V7 - V, is self-adjoint in L2(p), with kernel spanned by constant
functions and its first non-zero eigenvalue determines the optimal Poincaré
constant cp. The operator

(1.14) Q:=Vi - Vo+1=—-A, +V,0-V,+1

is used in the Oth-order Poincaré inequality

cr1lle — ()2 < || Q72 Vaoo|

which holds for some constant c¢p; > 0 under assumptions (H5) and (H4),
in the spirit of Poincaré-Lions inequalities studied in [9].

We provide two proofs of Theorem 1.1. The first proof follows a micro-
macro decomposition as in [20, 21, 22] and [16]. Due to the lack of a priori
symmetry assumptions and the delicate interaction of local conservation laws
corresponding to the collision invariants with the potential, the complexity
is significantly increased. There are also deep similarities with the analysis of
hyperbolic equations with damping studied in [24, 38, 39] after the seminal
paper [30] by S. Kawashima and Y. Shizuta. The second proof is given under
slightly more restrictive hypotheses, namely that the collision operator 4
is bounded and ¢ has bounded derivatives of order two and more. The
method is based on commutator estimates as in [27, 35, 45] in the spirit of
the hypoellipticity theory of [29]. In practice, an elegant triple cascade of
commutators based on the equality [V,,v - V;] = V, is needed to control
all macroscopic quantities.

The plan of the article is the following. In Section 2, we review all possible
conservation laws and their relations with the special macroscopic modes.
Then we present the so-called macroscopic equations associated to the evo-
lution equation (1.1) and perform a change of unknown in order to work in
a simplified Hilbertian framework. In Section 3, we classify all steady states
of (1.1) and prove that they correspond to the special macroscopic modes.
At this stage, we already use entropy-dissipation arguments in order to prove
that factorization occurs and reduce the problem to (1.4). In Section 4, we
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prove the remaining part of Theorem 1.1, that is, the hypocoercivity re-
sult, using the micro-macro method. In Section 5 we expose the second
proof based on the commutator’s method. A number of technical results
are collected in two appendices. Appendix A collects some computations
and intermediate lemmata needed in the proofs. Appendix B is devoted to
examples and remarks, for instance on the normalization, including a spec-
tral interpretation of Theorem 1.1, the extension of our special macroscopic
modes to the fully nonlinear Boltzmann equation, and various examples of
collision operators and potentials.

2. CONSERVATION LAWS AND MACROSCOPIC EQUATIONS

In this section we characterize the special macroscopic modes, as defined
by (1.4), for generic potentials. We also identify the global conservation laws
and the macroscopic equations associated to (1.1). From here on, we assume
that (H6) holds. This assumption is needed to justify the computations,
which are given below only at formal level, for sake of simplicity.

2.1. The equations for the special macroscopic modes. We recall that
by (1.5), any special macroscopic mode F' can be written as
F=hMm, W =r+m-v+ee).

By (1.4), we know that O,F = JF. By integrating in v the evolution
equation against 1, v, v ® v and v &, we obtain macroscopic equations on
the macroscopic quantities r = r(t,x), m = m(t,z) and e = e(t, x):

(2.1a) or =V, -m,

(2.1b) Oym = — Vr + \/%e Vo
(2.1c) de=—1/2V, -m,

(21d) \/% (8756) Iddxd = — Viym m.,
(2.1e) 0=Vze,

where the symmetric gradient is defined by
1
(22) Vi, j=1,...,d, (V?’m m)ij = B} (8]m1 + 8zm]) .

From (2.1e), we deduce that e does not depend on the space variable, and
therefore

(2.3) e=(e)=:c

is a function t +— ¢(t) depending on t only. We recall that the average is
defined as () := [pa ¢ p dz. Then we read from (2.1d) that

(2.4) \/Cﬁ Iddxd = — V;,ym m.
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By the Schwarz Lemma applied to m = (mk)gzl, we have

(2.5)

(Va?mk)m = 8:%¢:rjmk = O, (vsymm)j,k + Oq, (vsymm)i,k — O (Vsymm)i,j

for any i, j, k =1,...,d. By differentiating (2.4) with respect to z;, ; and
Tk, we get that V2m = 0, so that in particular the skew-symmetric gradient,
defined by

i 1
(2.6) Vi, j = 1, e ,d, (V;kewm)ij = 5 (ajmz — &mj) s
is constant in the z-variable and equal to its average. Together with (2.4),
using V,m = ViVm 4+ V¥ m, we deduce that
(2.7) m(t,x) = (Vm)x + (m) = A(t) x + b(t) — \/% )z,

with A(t) := (VE5¥m) and b(t) := (m). Taking (2.3) and (2.7) into account
in (2.1b) implies

Vor = —0m+/2eVap = —Aa -1+ v+ /3evp.

Taking the skew-symmetric gradient of this equation gives 0 = —A’.
Hence A is a skew-symmetric matrix which does not depend on ¢ and

- 1
(2.8) m(t,z) = Az + b(t) 753 ¢ (t)x.

Taking (2.3) and (2.8) into account, we can then take the primitive in space
of (2.1b) and we immediately deduce that the macroscopic density satisfies

(29)  r(t.x) =10~ H(1) - v+ 7 (1) @) + /3 elt) E(a)

where r( is an integration constant,

(2.10) Eo(x) = [z — (|2[?)
and
(2.11) (@) =0 — (9).

An integration against p shows that ro = (r(¢,-)) is in fact independent of ¢.
Inserting the expressions of r and m given by (2.8) and (2.9) into (2.1a)
yields a differential equation satisfied by A, b(t) and c(t):

Proposition 2.1. Assume that v, m and e solve (2.1). With the above
notations, A(t) :== (VF“m), b(t) := (m) and c(t) := (e) solve
2 z)+Ved-z—d x
(2.12) ZlHHrd oy 80 G,gb— b~ Ve Az =0,
Equation (2.12) suggests, on the one hand, that (partial) harmonicity of

the potential ¢ allows for non-trivial choices of b and ¢, as we shall indeed
see later. On the other hand, for a generic potential ¢ in the sense that the
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functions 1, z, ¢, V,¢ - 2, V¢, |z|> and V,¢ - Az (if A # 0) are linearly
independent, equation (2.12) implies that

d=0, b=0 and A=0,

sothat r=rg+c \/2@5, m = 0 and e = ¢, for two constants rg and ¢ € R.
In other words, we have

W=rot\[2em—\[3c

if ¢ is not a (partially) harmonic potential: any special macroscopic mode
is then a linear combination of a Maxwellian function and an energy mode.

2.2. Global conservation laws. Consider a solution f € C(RT;L2(M™1))
to (1.1) with initial datum fo € L2(M™1!). Associated with the symmetries
of the equation, there are local conservations which, after integration on the
phase space R% x R?, give rise to global conservation laws. These laws allow
us to identify the special macroscopic modes compatible with ¢ which, as
we shall see later, attract the solutions to the Cauchy problem.

The conservation of mass writes

d
// ft,z,v)dedv=0.
dt R4 xRd

Hence aw M is a solution to (1.4) with same mass

(2.13) = //Rded fodazdo

as f. With H defined by (1.7), the conservation of energy amounts to

// (z,v)f(t,z,v)dedv =0.
Rded

The distribution function 8 H M, with

ffRd RdH M dl‘dU

(2.14) 8=

is a solution to (1.4) with same energy as the conserved energy of f. With
fi := M and fy := HM/ ||H M| 2(pq-1), we have that

aM = (fo,f)rzm-)fiand  BHM = (fo, fu)r2(m-1) -

Moreover, the global conservations of mass and energy write

Yt >0, // (f(t,x,v)—a/\/l(:x,v))d:z:dvzo,
R4 x R4

vVt >0, //Rded H(z,v) (f(t, @,0) — BH(z,v) M(z,v)) dzdv =0.
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The transport operator can be written as 7 f = X -V, ,f =V, - (X f),
where X = (—v,V,¢) = (=V,H, V. H) is a divergence free vector field, in
the sense that

(2.15) Vew-X=0.

As a consequence, the volume conservation in the phase space under the ac-
tion of the flow induces the local mass conservation and the (2.15) symmetry
gives rise to the global mass conservation. Another symmetry is associated
with the fact that H is conserved along the characteristics of Newton’s equa-

tions © = v and © = — V;¢. This is reflected by the Poisson brackets: a
stationary solution F' satisfies
(2.16) 0={F,H}:=V,H -V, F -V, H-V,F,

but by replacing F' by H F, it is also clear that
{HFEH}=H{F,H}+{H,H}H=0.

The underlying reason is that the transport dynamics involving a time-inde-
pendent potential is invariant under a translation in time, which gives rise to
the global conservation of energy. These considerations can be generalized.
To any continuous group of transformations which leaves .7 invariant, we
can associate an infinitesimal transformation G(z,v) such that {G,H} = 0
and as a consequence, if f solves the transport equation d;f = 7 f, then

d
(2.17) dt//Rded G(z,v) f(t,z,v)dedv =0.

Additionally, if v — G(z,v) u(v) is in the kernel of the collision operator ¢
for any = € R%, then vG M is a solution of (1.4), i.e., a special macroscopic
mode, for any v € R. Then (2.17) holds for any solution f of (1.1) with
initial datum fy and there is a unique v € R such that

// G(z,v) (fg(:c,v)—’yg(:v,v)./\/l(x,v)) dzdv=0.
R xRd

More considerations on symmetries, local and global conservation laws, and
Noether’s theorem can be found in textbooks on classical mechanics like, for
instance, [31, 41]. The case of rotational symmetries enters this framework:

When ¢ is invariant under a rotation, stationary rotation modes appear.
Let A € Ry as defined in (1.8) and consider the rotation group (Rp)pecr
defined by Ry := ¢4 and a point 2y € R? so that qb(Rg (z—xp) +x0) = ¢(x)
for any 6 € R. By differentiation with respect to €, we get

Ve eRY, (Az+u)-Veo(x) =0

with u = —Auzp. Integrating the above identity against (u - x)p yields
u = 0 after an integration by parts because p(x)dz is centred according to
Assumption (H3). Rotation modes compatible with ¢ are therefore restricted
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to xg = 0: see [9] for similar computations. As a consequence, if we compute
the Poisson bracket as defined in (2.16), we find that

{G,H} =0 if G(xz,v)=(Ax-v)

and the conservation of the total angular momentum associated with this

rotation writes
d// (Az-v) f(t,z,v)dedv =0.
dt RdxRd

Given fy, let us identify the corresponding special macroscopic mode.

Associated with fy, we introduce the initial momentum mg(x) :=
(Jga v fo(z,v)dv) ¢?@ and the infinitesimal rotation z +— Az := Pymg(z),
where P is the orthogonal projection onto the vector space R in L?(p). We
can then check that x — A x belongs to R4 and thus the function (rotational
mode compatible with ¢)

(2.18) Fiot(z,v) := (Ax-v) M

belongs to MRy, so that Fio is a solution to (1.4) with same conserved total
angular momentum as f. Denoting

mf(t,x) = </Rdvf(t’x’v) dv> e¢(:c)

the momentum of f, the associated conservation law then reads

(2.19) Pymys(t) =Pgmo  or equivalently P(my—mg) € Rj, ;
where P is the orthogonal projection onto the vector space of all infinitesimal
rotations R := {z — Az : A € MY (R)}, identified with DY (R), in
L%(p), and qu is the orthogonal of Ry, seen as a subspace of R, for the
scalar product induced by L?(p). We refer to Lemma A.1 in Appendix A.1
for a precise statement and a short proof.

If we denote by (Aj)jes, = (z = Ajx)jes, a basis of Ry normalized
by the condition Hfrot,jHLz(M—l) = 1 for any j € Jy, where fio j(x,v) =
(Ajx-v) M(z,v), then the conservation of the total angular momentum
implies for all j € Jy:

Vit >0, // [f(t,;r, v) = {fo, frot,j) L2 (A1) Frot 5 (7, U)] drdv =0.
R xRd

Now let us turn our attention to the time-periodic special macroscopic
modes and start with the harmonic directional modes, which appear when
dy < d—1. We choose a coordinate system such that 0,,¢ = x; for i €
I, ={dg+1,...,d}. In that case, the potential ¢ is such that x — ¢(z) —
%Zieg z? depends only on (1,... ;Zd,) and for any i € Iy the harmonic
directional modes, defined for all (t,z,v) € RT x R? x R? by

+
fdir,i

(t,z,v) := (x; cost + v; sint) M(z,v),
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fe i (6@, 0) := (v; cost — x; sint) M(z,v),

dir,i

solve (1.4). A direct computation of the solution of (1.1) with initial datum
fo € L2(M1) shows that

d// xiqu:dv:// v; fdxdv,
dt J Jraxra Rdx R4

d

// vifd:z:dv:—// x; fdxdv,
dt J Jraxra Rd xRd

which implies that these two global quantities evolve as an harmonic oscil-
lator with period equal to 1. For any ¢ € Iy, let us define

v = // z; fodedv, 7;:= // v; fodzdv.
R4 xR4 R xR4

The function
d

(2.20) Fir= 3 (9 +%f)
i=dg+1

solves (1.4) and belongs to ©4 as defined by (1.10). Moreover (f — Fuir)
satisfies the following two global conservation laws: for any t > 0,

[, i)~ Fa ) dsdo =0,
RIxR4
// Uy (f(t’x7v)_Fdir(t,x,’U)) dﬂjd’UIO
RIxR4
When all coordinates are harmonic (dy = 0), then ¢(x) = %|$‘2 +

41og(27) due to the normalization (H7) and the harmonic pulsating modes,
defined for all (¢,z,v) € RT x R? x R? by

f;ul(t,x, v) = ﬁ (:L' ~vecos(2t) + % (|:17|2 — |v\2) sin(2 t)) M(z,v),
fou(t z,v) == ﬁ (3 (Jz]* = |[v]?) cos(2t) — z - vsin(2t)) M(z,v),

solve (1.4). A direct computation of the solution of (1.1) with initial datum
fo € L2(M™1) shows that

d 1
— ) fdrdy = —2 — (Jz* = |v|*) fdzd
dt//Rded(x v) f dzdv //Rded2(|$| vf?) f dado,
d 1, ; //

— - — dzdv =2 -v) fdxd

T //RdedQ(\x! [0f*) fdzdv Rded(w v) fdzdv,

which implies that these two global quantities evolve as an harmonic oscil-
lator with period equal to 1/2. With

1 B 1 1
5::// . dx dv, 55:// - 2 2 da dv,
Vd Rded(a: v) fodz dv Nz RdedQ(‘:U' v]?) fodz dv
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the function
(2.21) Foul == 5fp+ul +0f

solves (1.4) and belongs to ‘B, as defined by (1.11). Moreover (f — Fyu)
satisfies the following two global conservation laws: for any t > 0,

// (z-v) (f(t,x,v)prul(t,x,v)) dxdv =0,
Rd xRd

//Rd R % (|:L“|2 — |U\2) (f(t,x,v) - Fpul(t,x,v)) drdv=0.

Let us consider the set of the generators of all above special macroscopic
modes

S = {f1, fa} U {frot bjes, U{Fai, bier, = U {fo b+
We have the following orthogonality property.

Lemma 2.2. The functions of 8 are orthonormal in L2(M).

Proof of Lemma 2.2. This follows from direct computation using standard
properties of Hermite functions. O

As a straightforward consequence of Lemma 2.2, we obtain

Corollary 2.3. Assume that f € C(RT;L*(M™1)) is a solution to (1.1)

with initial datum fo € L2(M™1). With the above notations, for any f € S
and any t > 0, we have

//RW (F() ~ @M — BHM ~ Py — Fat) - Fpul(t)>/\f/l dzdv = 0.

2.3. A micro-macro decomposition. Let us consider a solution f €
C(RT;L2(M™1)) to (1.1). We get rid of the special macroscopic modes built
in (2.13)-(2.14)—(2.18)—(2.20)—(2.21) and rewrite the evolution problem in
L2(M) in terms of

f_aM_ﬂHM_Frot_Fdir_Fpul

2.22 h:=

(222) -
for all (¢,z,v), where only h, f, Fgir and Fpy depend on ¢. Then h satisfies
(2.23) 8th =Lh:=Th + Ch, h‘t:() = h()

with 7 defined as before by 7h = V,¢-V,h—v- Vi h and the new collision
operator

(2.24) Ch:=pu '€ (uh)
where p is defined in (1.2).

The operator C acts only on the velocity variable, is self-adjoint in L2(M)
(when integrating in z, v) and L?(u) (when integrating in v) and

KerC = Span{l,vl, e, U, |v[2} )
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Let us consider the micro-macro decomposition
h=hl+nt bl =r+m-v+ee),
where Al is the L2(u)-orthogonal projection of h on KerC and & defined

by (1.6) is a normalized Hermite polynomial of degree 2. In other words,

r(t,x) = h(t,x,v) p(v) dv
Rd

(2.25) m(t,x) == /Rd vh(t,z,v) p(v)dv

e(t,z) = /Rd E(v) h(t,z,v) p(v) dv

are the macroscopic quantities corresponding to the spatial density, the lo-
cal flux and thermal energy, while h* is the microscopic part of the decom-
position. The definition (2.25) coincides with the definition (1.5) used in
Section 2.1 to define the special macroscopic modes.

With these notations (H1) reads
—(Ch,h) > e D]
According to Corollary 2.3, h has multiple global conservation laws.

Corollary 2.4. Assume that f € C(RT;L2(M™1)) is a solution to (1.1)
with initial datum fo € L2(M™1). With h and (r,m,e) respectively defined
by (2.22)—(2.23) and (2.25), we have the following properties.

> Conservation of total mass and total energy

(2.26) () =0 and \/4(e)+(67)=0.

> Global conservation laws associated to rotational symmetries of ¢
(2.27) Pym =0.

This also means P(m) € Ri; as in (2.19).

> Global conservation laws corresponding to the harmonic directional modes

(2.28) Viely, (rz;)=0 and (m;) =0.

> In the fully harmonic case dg = 0, global conservation laws corresponding
to the harmonic pulsating modes

(2.29) (m-a)=0 and \/4(e)— (¢7) = 0.

2.4. The equations for the macroscopic modes. We write the evolu-
tion equations for r, m and e defined in (2.25). In the mathematical litera-
ture, such equations are sometimes called local conservation laws but as this
might introduce confusions with the local conservation law of the collision
operator, which we call here collision invariants, and the global conservation
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laws studied in Section 2.2, we shall simply refer to these equations as the
equations for the macroscopic modes or simply the macroscopic equations.

Assume that h solves (2.23). For any Hermite polynomial p : R* — R con-
sidered as a function of the velocity variable, we compute Jp[h] = fRd phudo
using standard properties of Hermite functions:

Jp[h]:r/ pudv—l—m-/ vpudv—l—e/ Eppudo+ Jplht]
R4 Rd Rd
and, using (2.23), we also get
&ng[h]:—Vwr-/ vp,udv—Vzm:/ v®vp,udv+m-vxd>/ pudv
Rd R4 Rd
— Ve v@pudv—i—\/geV(b-/ vp,udv—f—/ (LAY pudo.
Rd Rd Rd

Plugging successively p =1, v, €, v ® v — Idgxq and v(E — %) we get

(2.30a) Or =V -m,

(2.30b) om = — Vr + \/%V;e + V- E[hY],
(2.30¢) dhe = — /2 Ve m+ VIO,
(2.30d) HE[R] = —2V¥"m + E[LhY],
(2.30e) O[] = — (1 + 2) Ve + O[L R,

where V™ m is defined by (2.2) and the matrix valued function E[h] and
the vector valued function O[h] are higher-order moments of h defined by

@310) B = [ (0® 0T hysdo = \fFeldgea + B0,
Rd

(231b) O[] = /Rdv (e) - @) hpdo = O[h].

If f is a special macroscopic mode, then (2.30) is reduced to (2.1) because,
in that case, h™ = 0 and O[hll] = 0.

3. CLASSIFICATION OF THE SPECIAL MACROSCOPIC MODES

~

there is some positive constant ¢ such that a < bc and a ~ b if and only if
a S b < a. Throughout this section, we assume that (HO)—(H1)-(H2)—(H3)-
(H4)—(H5)—(H6)—(HT7)-(HS8) hold, without further notice.

In this section, we prove Part (1) of Theorem 1.1. We write a < b if
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3.1. Statement and preliminary results. Theorem 1.1—-(1) writes:

Proposition 3.1 (Special macroscopic modes). If f is a solution of (1.4),
then h given by (2.22) is such that h = 0.

We recall that f is a special macroscopic mode if and only if, by defini-
tion (1.4), €f = 0 and O,f = .7 f. With the definitions of (2.13)—(2.14)—
(2.18)—(2.20)—(2.21), the function

FIZf_aM_,BHM_Frot_Fdir_Fpul

is also a special macroscopic mode and (1.5) implies that h defined in (2.22)
satisfies h = Al = r + m - v + e &(v). According to (2.23), h solves the
transport equation dsh = Jh because Ch = 0 (with C defined by (2.24))
and Section 2.1 proved that r, m and e solve (2.1). Proposition 3.1 means
that » = 0, m = 0, and e = 0. We split the proof into several steps. To start
with, since 1, v and &(v) are orthonormal Hermite polynomials, we have

(3.1) 1R = 1l + flml® + el

Lemma 3.2. With the above notations, the function h as in Proposition 3.1
satisfies

d
—|Ih|*=0.
b2 =0
Proof of Lemma 3.2. The result follows from Ch = 0, 9% = —.7 and
L|n|? =2 (h, T7h) =0. O
Collecting the results of Section 2.1 and using ro = (r) = 0, we get:

Lemma 3.3. Consider the function h as in Proposition 3.1. With the above
notations, let A := (Vi¥m) b(t) := (m) and c(t) := (€). Then we have

(3.2a) r(ta) = —a V(1) + 2 () 26 et),
(3.2b) m(t,z) = Az +b(t) — = (t),

2

(3.2¢) e(t,x) = c(t),

where A is a constant skew-symmetric matriz, while b and c are respectively
vector valued and scalar functions of t related by (2.12).

We recall that the functions &, and £, are defined respectively by (2.10)
and (2.11). Equation (2.12) in Proposition (2.1) provides us with various
estimates on A, b and ¢ which are collected in Sections 3.2, 3.3 and 3.4 in
order to prove Proposition 3.1 in Section 3.5.
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3.2. Control of A. For any A € MY (R), let us define

|A? ::/ |Az|? p(z)dz .
R4
skew

The vector space MY (R) is of finite dimension: all norms are equivalent
to | - |. This is also why the rigidity constant cx given by (1.13) is positive,
which implies the Korn-type inequality

(3.3) VAERS, |Vid-Az|®>ck|AP.
By multiplying (2.12) by x, for k = 1,...,d, then integrating against p(x)

and performing some integrations by part, using that p(z) dz is centred and
that the terms involving V¢ vanish, we obtain

(3.4) \/%<2¢)§U>Cl+ 2\/1ﬁ<|9:|2x> I —(z@x)b =0.
With the notation of (3.2), let us define X and Y by
(3.5) X::\/%(2§¢+de)'x—d)c+2\5/2%0”—56-()/
and
(3.6) Vi= 3o et s el e) — o a)b.
Identities (2.12) and (3.4) yield

d

a(X—Yqub):quﬁAa:

where, according to Lemma 3.3, the r.h.s. is independent of ¢. As a conse-
quence, we have the following estimate.

Lemma 3.4. Consider the function h as in Proposition 3.1. The infinites-
imal rotation matriz A of Lemma 3.3 satisfies

d

e (X =Y Vy0), Vi Az) = —|Vuo- Az|®> < —cx |A].

Proof. By the conservation law (2.27), we know that Az = P(m) € T\’,(Jz;, S0
that (3.3) applies. O

3.3. Control of b, V', ¢ and .

Lemma 3.5. Consider the function h as in Proposition 3.1. The functions b
and c as defined in Lemma 5.3 are such that

(3.7) bl + "]+ 1| + 1| S Al

Proof of Lemma 3.5. Multiplying (2.12) by V,¢ and integrating against
p(x), after integration by parts, using that p is centred and observing that
the terms involving 24 — d and ¢ vanish, it follows that

(33) V' = (V20) b+ = (V3ow)d + Ry = —b+ Ao (Vioa) d + Ry
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with Ry := — V¢ - Az and Ry := (RyV,¢) = O(A). By inserting (3.8)
into (2.12), one gets

(3.9) Uy (z)d + Uy(z) " — ®(x) - b= Ry
with
®(x) := Vup — (Vi) x = Voo — 1,
2 v:c -x—d 2 x x
Wy (x) o= HelelTetand _y (V500) () = S0
and Ry := R -x — Ry. Let
(3.10) My = (®® ®) € M (R), a; = (T; ) € R

with ¢ = 1, 2. A multiplication of (3.9) by ® and an integration against p
yields

(3.11) M¢b = C/—i-ag C/,/+R3

where Rz := — (Ry ®) = O(A) thanks to the moment bounds on ¢ deduced
from (H6). Inverting the matrix My allows to control b by ¢ and ¢’, and
rewrite (3.9) as an ordinary differential equation on ¢, up to an error term
of the order of O(A). If My is not invertible, a similar estimate can still be
done after taking into account the global conservation laws of Corollary 2.4.

We recall that Ej is defined by (1.9). We distinguish three cases.

> Fully non-harmonic case (dy = d). The matrix My is invertible (see
Lemma A.2 in Appendix A) and (3.11) yields

(3.12) b:]\qu1 (1 + as " + Rs)

and hence, together with (3.9), it follows that

(3.13) Uy (z) d + Wa(z) " = Ry,

with Ry := Ry + ®(z) - M, ' R3 and

(3.14) Wy(z) := Wy (2) —O(x)- My o, Wa(x) := WUa(w) —D(x)- M, " .

From Lemma A.3 we know that Rank(¥y, Uy) = 2 and deduce from (3.13)
that ¢ = O(A) and ¢ = O(A). Using then (3.12) and (3.8), we also deduce
b= 0O(A) and b”" = O(A), and the proof is complete in this case.

> Partially harmonic case (1 <dg < d—1). Let {e1,...,e4,,€d,41,---,€d}
be a basis of R% such that {e1,... ,ed¢} generates Fy. For any vector x € R,
we shall write x = (2, 4) with # € R% and & € R%"%. Similarly, we use the
notation &(z) = (£(z),&(x)) for a vector-field & : R — RY. In particular one
has ® = (®,0) and also b = 0 so that b = (b,0) as a consequence of (2.28).
Hence (3.9) becomes

~

(3.15) Ui+ 0y —D-b=R,.
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The matrix My defined in (3.10) is given by
My 0
My= ("¢
=% 0)
where

(3.16) My = (32 ®) e My, (R).

Following the same procedure as in the fully non-harmonic case, we obtain
after multiplication by ® and integration in L?(p) that

(3.17) ]/W\qgi) = d+ e ) "+ fzg ,

with Rs := — (Ry ®) = O(A), 41 := (¥; ®) and Gy := (V3 ®). The matrix
M, is invertible (see Lemma A.2 in Appendix A) and (3.17) yields

(3.18) b=M;" (G1¢ +Gad” + Rs) .

Hence, together with (3.15), it follows that
Uy () ¢+ Wy(x) " = Ry
with Ry := Ry + ®(z) - ]\/Zd)_1 R3 = O(A) and
(3.19) Uy (2) i= Uy (2)—B(2)- My Gn,  Ty(w) := Ua(a) —D(x)- M, o

As in the full rank case, Rank(\fll, \flg) = 2 according to Lemma A.3 and we
deduce that ¢ = O(A) and ¢’ = O(A). From (3.18) and (3.8), we also get
b= O(A) and V" = O(A), and since b = 0 we eventually get b = O(A) and
b = O(A), which completes the proof of the case partially harmonic case.

> Fully harmonic case (dg = 0). We read from (3.2¢) and (2.29) that (e) =
c=0=c =" and from (3.2b), (2.28) and (H3) that (m) =b=0=0 =",
which completes the proof of the case fully harmonic case. O

3.4. Control of ¥/, ¢’ and c.

Lemma 3.6. Consider the function h as in Proposition 3.1. The functions b
and c as defined in Lemma 5.3 obey the two differential inequalities

d d
SbY) S — R+ O(AP) and (=) < — |+ O(1AP).

Proof of Lemma 5.6. We write

d d

a(—b, vy = (=V,b') + (=b,b") and a(—c’,c") = (=", ")+ (=, ")
and notice that (—b,b") = O(|A|?) and (-, ") = O(|A|?) by (3.7). O

Lemma 3.7. The function ¢ as defined in Lemma 5.3 is such that

(3.20) el S W[+ and "] S+ el
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Proof of Lemma 3.7. Multiplying (3.2a) by {4 and integrating against p, we

obtain
(V&) + Vi) = e v -
using (r ¢) = —\/%c and (r) = 0 by (2.26), which completes the proof. [

3.5. A Lyapunov function method. We define the Lyapunov function
Flh] = ||h||* —ea (X =Y -V30), Vo Ax) — ey (b,V) —ec(d, "),
for some positive constants €4, €, and €. to be chosen later.

Lemma 3.8. With the above notations, if h is defined as in Proposition 3.1,
then

(3.21) Flh] = ||n®

for ea, ey and . small enough.

Proof of Lemma 5.8. From (3.1), we know that ||h||? = ||7]|? + ||m]|? + ||e/|?
and it follows from (3.2a), (3.2b) and (3.2¢) that

(3.22)
Il S P+ [el? + 1P, (lml® = b + [APP +[¢]? and  le]|* = |¢*.

By Lemma 3.5, we obtain

Iml* S AP, [B,0) S TAP+ V7, [, S AP+ 1"
By Lemma 3.7, we know that |c[? < |¥|? + |¢”|?> and obtain

Il S P+ 1P, el S 12+ 1P llel® S 1612+ 172,

(X =Y - Vi0), Vao - Ax)| S AP+ [V + |7
Altogether we have the upper estimate
(3.23) FIR] STAP + V)P + |")?
and, using (3.20),
FIh] S AP+ 817 + el

Using (2.1b), we notice that
(3.24) b = (Om) = — (Vaor) = — (r Vad) < [|r|| [Vad|| < [I7]]

performing one integration by parts and using Cauchy-Schwarz inequality.
It is then clear that |A|? < ||m|? and |c|? = |le||?, so that by (3.1),

FIR S el + llmll? + llel® = A7
Then, using (3.22) again, we have the lower bound estimate
2FR] = [IR1* 2 rll* + (1o + AP + [€]%) + e®
—2¢e4 (JAP+V)2+|"?) =2e (JAP+|V ) —2c (JAP+|"?) .



SPECIAL MACROSCOPIC MODES AND HYPOCOERCIVITY 25

We know from (3.24) that |[¥/|> < ||r||? and, using (3.20), we also have that
|12 < |02 + [ef?> < ||7)|1? + |A]2. As a consequence, we have that

2 F[h] — ||h]* >0
if €4, €p and e, are chosen small enough, which completes the proof. O

Lemma 3.9. With the above notations, if h is defined as in Proposition 3.1,
then for some € 4, €, and €. small enough, there is a positive constant A such

that
d

&f[h] < —AFIh].

Proof of Lemma 3.9. Using Lemma 3.4, Lemma 3.6 and (3.3), we have

d
— g =—eallVad- Az|? +ep o' +ec|"I* — (b + c) O(IAP)

> |AP +ep |7 +ec|d'? 2 Flh],

by choosing &, and e, small enough compared to €4 and using (3.23) in the
last inequality. O

Proof of Proposition 3.1. Let hg = h(t = 0). Thanks to Gronwall’s lemma
and the equivalence (3.21), we deduce

VE>0,  [A®))* < FIh(®) < e Flho) S e [|hol*.
By Lemma 3.3, we know that A is constant in time. Using for instance (3.22),

we deduce from

2 < : 2 —
AP < T [[h(H]? =0

that A = 0. By Lemma 3.5, we get that b = 0 and ¢ = 0 for any t > 0
so that ¢ is independent of t. Taking for instance (3.23) into account, we
conclude that h = 0. ([

Completing the proof of Proposition 3.1 means that Part (1) of Theo-
rem 1.1 is established.

4. PROOF OF HYPOCOERCIVITY BY THE MICRO-MACRO METHOD

In this section we prove Part (2) of Theorem 1.1 on hypocoercivity using
the micro-macro decomposition of the solution as in Section 2.3. The proof
of Proposition 3.1 is our a guideline for a new cascade of estimates, but the
analysis is however more complex due to the presence of microscopic terms.



26 CARRAPATOSO, DOLBEAULT, HERAU, MISCHLER, MOUHOT, AND SCHMEISER

4.1. Statement. Theorem 1.1, Part (2) can be rewritten as follows.

Proposition 4.1. Consider a solution h to (2.22)—(2.23) in L2(M) with
initial datum hg. There exist two positive constants C' and k such that

Vt>0, [A)] < Ce ™ |hol -

Here C' and k depend only on bounded moments constants, spectral gap
constants or explicitly computable quantities associated to ¢ such as the
rigidity constant defined in (1.13). We split h into a microscopic part ht
and a macroscopic part Al such that

h=hl+ht =r4+m-v+e€w)+ht

where r, m and e defined by (2.25) evolve according to the macroscopic equa-~
tions (2.30) involving the matrix valued function E[h] and the vector valued
function ©Ih] defined by (2.31a) and (2.31b). By construction, we have
(4.1) 1R]1? = llrll® + [lmlf* + llell* + (A1

Let deviations from averages, or space inhomogeneous, terms be defined by
(4.2a) rs =1 —(Vyr) x — %i (Agr) &2,

(4.2b) ms:=m — (Vim)z — 3 (V, -m)z — (m),

(4.2¢) es :=e— (e),
(

4.2d) wi=T— %<€>¢a

(4.2¢) Wy 1= T4 — \/%<€> ¢s with ¢g =&y — ﬁ (Azg) &a .

We recall that & (z) == |z]? —(|z|?) and £4(x) := ¢— () were already defined
in (2.10) and (2.11) while V%¥m refers to (2.6). In particular

(4.3) we = w— (Vow)x — o (Aw) &+ /3 {e) (6).

After introducing some geometric tools in Section 4.2, we split the proof of
Proposition 4.1 by considering infinite-dimensional quantities in Section 4.3
and finite-dimensional quantities in Section 4.4; in the latter the analysis
closely follows the strategy of Section 3. From now on, we assume that h is
as in Proposition 4.1.

4.2. Witten-Hodge operator and Korn inequality: a toolbox. Here
we collect several classical and less classical estimates that will be used
to control the macroscopic quantities. We refer to [9] for references and
details of constructive proofs. Assumptions (H3)—(H4)—(H5) coincide with
the hypotheses of [9, Section 1.2]. Let

Vol :=V1+[Vel.
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> The strong Poincaré inequality
(4.4) Vo eH(p / lo — ()2 | Vo] p dz < / Vel p da

is proven in [9, Proposition 5].

> In order to work in L2(p), we shall use the operator € introduced in (1.14)
and considered as an operator acting either on scalar or vector-valued func-
tions. As a consequence of (4.4), we have the zeroth-order strong Poincaré
inequality (see [9, Proposition 8]) according to which, for any ¢ € L2(p),

45) Q7 Vel + Q7 ([Va0] Va) || + (|27 (IV201° 9) || S lleell -

> The following zeroth order Poincaré inequality, sometimes called the
Poincaré-Lions inequality,

46)  Voel(p), lo— (@S2 Vae| Sl — @I

is proven in [9, Proposition 5].
> The (—1)"" order Poincaré-Lions inequality
(4.7) ) 1
YoeH ' (p), [[Q7F (e — ()| S 197 Vgl S 11072 (0 = (o)l

is proven in [9, Lemma 10] as well as its variant
(48) Yo e L2(p), o — (o) S [Va @2 ¢l + [ 272 Vaol| S o - ()]

> Another key estimate is the zeroth-order Korn-Poincaré inequality: for
any vector field u : R? — R? such that (u) = 0 and (Vk"u) = 0,

(4.9) lull S || Q2

which is established in [9, Theorem 4] using (2.5).

4.3. Control of infinite-dimensional quantities. We build an entropy
function by assembling dissipative functionals for A1 and the space inhomo-
geneous terms defined in (4.2).

4.3.1. Control of h*-. We first control the dissipation of the microscopic part.
Lemma 4.2. If h is a solution to (2.23) in L2(M), then

d
4.10 —n|? < 2,
(4.10) dtH © < [

Proof of Lemma J.2. Since C* =C and 7* = — .7, there holds

2
S < InIP = (Ch,h).

We conclude that (4.10) holds by the spectral gap assumption (H1) on . O
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4.3.2. Control of es. Let us consider e, as defined in (4.2¢).

Lemma 4.3. There are some positive constants k1 and C such that

d _
(4.11) {0716 00R) < — s fles |2+ C I 1]

Proof of Lemma /.53. Recall that ©[h] = ©[h*] from (2.31b). We compute

d 1
T <Q Ve, @[h]>

= <Q*1 Vee,— (1+2) Vee+O[L hL]> + {71V, (0e) , O[R])

< L1+ 2)[|Q 2 Vel  +C|| Q2 0L AN+ C || Q7 Va(re)|| 5]

by using Cauchy-Schwarz and Young inequalities. We read from (4.6) that
|22V e||? = |les||?. According to (4.6), (H2) and (H6), we have

lo= elent) < n)
It follows from (2.30c) that
Q7 Va(Bhe) = — /307 VoV -m) + 07V, (V5 - O[Y)).
so that H Q! Vm(ate)H < ||R]] by (4.5). This completes the proof of (4.11).
]
4.3.3. Control of ms. Let us consider V¥™my as defined by (2.6) and (4.2b).

Lemma 4.4. There are some positive constants ko and C such that

(4.12)

d - sym,
(@ T, Bl = /2 (€ Tdaa) < — sz [mal2+C (lleol|+ A1) I

Proof of Lemma 4./. Let us remark that from (4.2b) one has
VTt m = VY ms + 2 (Ve -m) Idgxa,
and from (2.31a),
E[h] - \/g@ Idgxa = \/%65 Idgwa + E[h"].

Moreover, from (2.30c), one gets

Cle) = —/2 (Ve m).

As a consequence, from (2.30d), one obtains

{079, Bl = /30 i)

- <Q—1 V¥ mg, 2V m + E[L R + 2(V, - m) Iddxd>

(7 O @ma). Bl /% (6) Idaxa)
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—1 Ssym 2 —1 Ssym _1 1
=—2(|Q 2 VY m||” + (72 VY™ m,, Q2 E[Lh

(v (@am,). V2 esTdaa + Elt).
Using the Cauchy-Schwarz inequality, we deduce

§t<9 V3™ ms, BB~ /2 (€)Tdaxa)

< — oz vmm|® + o 9z Bleat)|?
+ ot vam@mol| | y/3 edda + B
Using Korn’s inequality (4.9) and observing by (2.30b) that
Q71 vy™(@my)|| = O(|h]) and || Q77 E[LAY]|| = O(hY])
from (4.5) and (4.8) as in the proof of Lemma 4.3, we prove (4.12). O

4.3.4. Control of ws. Let us consider w; as defined in (4.2¢).
Lemma 4.5. There are some positive constants k3 and C' such that
d, _
(4.13) (7 Vaws, ms) < — g [Jws||* + C fles||* + C |12+ C [|ms|| 1]
and

d
(4.14) 3~ g ws) < | Q2 dpws||” + C w2 -

Proof of Lemma /.5. Observe that (2.30b), (4.2¢) and (4.3) imply
om = — Vaw + \/gv;,es + V. E[ht]

=~ Vow, — (Vow) =} (Agw)a + /2 Vi, + V5 - Bl
Integrating (2.30b) and using (4.2d), one gets

d

5 (m) == (Var) = = (Vo)

and

%(v m) = — (A7) +\[ Tr(E[h*] V29))

—— (Aw) + \/% (s Do) + <T¥<E[hil V29)).
Finally, by differentiating (2.30b), one has
OV = — V2r /2 Vi Ve (/2 V26 e+ V5 (Vo @ B[ + Eh ] V20

and the integration of the skew-symmetric part yields

S (gem) = (Bl V2.

(4.15) 5
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As a consequence of these identities and (4.2b), one gets
Oyms = — Vyws + \/g (Vzes - é (es Azd) :1:) +mg
where mp = Vi-E[h*]—((E[ht] V§¢)Skew> z—1 (Tr(E[h'] V2¢)) z. Hence
(07 Vw8 = — [0 T+ 07 Vo0

+ 397 Vo[ |07} (Vies — & {es Aug) )|

Using the zeroth order Poincaré inequality (4.6) and (4.2¢), we can estimate
19712V e, by |les||. Up to a few integrations by parts, using (H4), (F6)
and (HT7), we end up for some constant C' > 0 with

1
(416) (27 Vs, 0my) < — 5 | 07F Vo |* + € (Jlesl® + |1H17) -
From the definitions (4.2a) and (4.2¢), we have

Ows = Oyr — (Vz0r) - & — ﬁ (ALOT) &2, —\/% (Oe) ¢s ,
so that, by (2.30a) and (2.30c),
(4.17) Ows =V,m — (V;V:-m) - x — ﬁ (AZVE-m) & — %(Vz -m) ¢ .

Using (4.5) in order to estimate the first term, and performing several inte-
gration by parts and using the boundedness assumption (H6) on ¢ in order
to estimate the three last terms, we obtain

(4.18) 1974 Vo dpws || S llmll < |15
Inserting (4.16) and (4.18) in
d

! <Q_1 Vaws, ms> = <Q_1 Vi Opws, ms> + <Q_1 Vi ws, 8tm8>

completes the proof of (4.13).

In order to control the time-derivative of wg, we write

(19) S0 aw,wy) = — [ 078 P — (@7 B ).

Differentiating (4.17) with respect to t, we have
Ows = Vi (0m) = (Vo V3-(0m)) -2 — 53 (8a V- (0rm) &= F{(Va (9m)) s,

where the first term is obtained by differentiating (2.30b) and amounts to
Vi(0ym) = — Vi - Vew + \/gv; -Vies+ Vi.-Vi-E[ht],

using (4.2¢) and (4.2d). Similar expressions hold for the three next terms.
Arguing similarly as for (4.18), we have

Q7! Ojws = O(||])) -
Together with (4.19) this proves (4.14). O
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4.3.5. First Lyapunov functional. We end this section by introducing a first,
partial Lyapunov functional

(4.20)
Fulh) = |2 4e1 (7 Ve, O[] o2 (7 V™ my, [ /3 (€) Tdaxa)
+ &3 (Q7 ! Vowgs, my) + 4 (—Q 7" Qywg, wy)
where

(4.21) g1 =¢, gy = £3/2 53:57/4, g4 = e15/8

)

Let us define the dissipation functional
1 2
(4.22) Di[h] = [|h 12 4 fles ] + s | + ws || + [ 272 B~
Lemma 4.6. There are some positive constants kg, Co and k such that for
any € > 0 small enough, we have
d

Tk < —rollnt|* =& kDi[h] + € Co [I1]]

Proof of Lemma 4.0. By collecting the results of Lemmata 4.2, 4.3, 4.4
and 4.5, we obtain

d
M = —2ce W12 = ex ki lles]|? + e C 0| (1R

— ez ia [[ms]|* + 2O (IR + lles ) 171

—eanig [[wsll* +e3 O ([les® + |17 + [lms]| [12]])
1

— 41272 Bws||* + €4 C [lws]| [11]

for any ¢; € (0,1), i = 1,2,3,4, up to a renaming of the generic constant
C > 0. Using repeatedly Young’s inequality, we have

et C IR 1Al < 5 ew Ih1° +ef 5 1A%,

€1 2Cg
e2C W 1Al < 5 ew Ih11° + €3 5o 1AII7,

QCg

2 2
e2C [les|| |l < g errn fles]? + 2 5 1A,

€1 2K1
2 2
e3 C |lmgl| ||R]| < § &2 k2 [Ims|1* + 2 S [|A]]?
2 2
ea C |lws|l Rl < § €3 k3 lws|® + 22 5 [[B]]?
and therefore
d
afl[h] —(cg —e30) |hH]1* —ermr (3 — 225 O)llesl® — § e2 12 [Jms||®

— 3eansflws|? —ea| Q2 atwsHQ

2
10 (S + S+ 2+ 2+ ) I,

Cg K1 E1 K2 €2
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Thechoice;@ozic%/{:min{%,%,@ s 1}and00:102( + = —I—

20 2
,%2 + ,%3) with g;, i =1,...,4, given by (4.21) and
~ 4C\-4/3 (2C\—4/7
0 <& <min {1, (48) 743, (20)=/7}
completes the proof. O

4.4. Control of finite-dimensional quantities. After estimating the de-
cay of the deviations from averages terms defined by (4.2), let us consider
the time-dependent global scalar quantities (e), (VZ¥m), (V, -m), (m),
(Vr), (Azr). We proceed as in the proof of Proposition 3.1. Let

(4.23a)  A(t) == (VVm), b(t) = (m), e(t) = (e),
(4.230)  =(t,2) = r(t) + () x — (1) 2L o) /2 64(a).

By comparison with (3.2a), we know that z = 0 if h corresponds to a special
macroscopic mode. We observe here that there is no reason for A(t) to be
neither the orthogonal projection of m onto infinitesimal rotation matrices
nor independent of t. We shall have to take this fact into account later and
remember that, according to (4.15)

(4.24) = ((E[hH] V2g)™ ™).
4.4.1. The macroscopic equations. As defined by (2.25), the functions r, m
and e can be rewritten in the new variables as follows.

Lemma 4.7. With previous notations, if h solves (2.22)—(2.23) in L*(M),
then

(4.25a)  r(t,x) = —b(t) -z + (D) r+c (1) /2 €(a) + =(t, )
(4.25b) m(t,z) = A(t) x + b(t) — ' (t) \/ﬁ x4+ mg(t,x),

(4.25¢) e(t,z) = c(t) +es(t,x),
where z obeys the bounds

(4.26a) 12117 < Nlwsll + lles |l + 1A 117,
(4.26b) 1972 8,z|]” S [| Q2 s || + [[ms])> + B2

Proof of Lemma 4.7. The expression (4.25a) follows from the definition of z
n (4.23b), while (4.25¢) is no more than a rewriting of (4.2c). From (2.30c)
one observes that

(4.27) ¢ = %(e) =29, m),

so that (4.25b) follows from the definition (4.2b) of ms.
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From (2.30b) we have

,_d _
(4.28) V= (m) =

Using (4.2a) and (4.2e), we write

—(Vgr).

=ws + /3¢ (& — 55 (Dad) &) =V -2+ 55 (Apr) & .
From (4.25a), we deduce
(4.29) Z=ws + F <W<A r) — %cﬂ_ $<Az¢> c) IS
Finally, thanks to (4.27) and (2.30b), we compute
= 2 (Ve am) = /3 (Aar) - 2V, Vie)— /3 (V- (V- EINY)),
and thus obtain
(430) "= \[2ar) — B e Ag) — /3 (Te (B[R] V20)) .
By inserting (4.30) in (4.29), we obtain
2= ws + g (B[R] Vi) o+ 5= (es Aud) &2,

from which (4.26a) follows. By differentiating z with respect to ¢, we get

Oz = Qyws + 3 (O E[h*] : V2¢) & + d%/ﬁ (Ores DNgh) &
By (2.30d) and (2.31a), we know that

OB = —2V¥™ m + E[Lh] = \/3 dheTdgeq + O[],
Besides, we learn from (4.2b) and (4.27) that

VI m = VY™ ms + 3 (V- m) Idgug = V3™ m, — ore) Idgxa

_1 (
V2d
and, as a consequence,
HE[hY]) = —2V¥™m, + E[Lh1] — \/g Ores Idgxa -
Hence
Oz = Opws — 5 (V™ ms : Vio) &o + 59 (EILI] : Vig) &
and Estimate (4.26b) follows using an integration by parts and (HG6). O

Using (4.25a) on the one hand, and (2.30a) combined with (4.25b) on the
other hand, we write

or = \/EQ, d—x-b + 2\5} " + 0,z
=V, -ms+Vyo- Aac——( 2b-x—d)d +Vup-b.
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We deduce a differential equation which is very similar to (2.12) up to ad-
ditional terms involving mg and z, namely

Proposition 4.8. The functions A, b, ¢, z and ms defined by (4.23)
and (4.2b) solve

(431) ZelPFebod ) & g g bz b~ Ve Ax
=V, -ms— 0iz.

4.4.2. Control of A. The counterpart of Section 3.2 goes as follows.

Lemma 4.9. There are some positive constants kg and C such that

(4.32)

d
— Z((X =Y Vi0), Va6 - Ax) < =g |AP + C (Dal] + C |0 ]

where X = X(b,¢,c"), Y =Y (V,c,c") and D1[h] are defined respectively
n (3.5), (3.6) and (4.22).

Proof of Lemma 4.9. We argue as for Lemma 3.4. We multiply (4.31) by x
for k=1,...,d and after integration, we get

(4.33) \/g<§¢ z)d + 2\}ﬁ (Gax) " —b—{x@x)b" = (ms) — (x0;2) .
Using the definitions of X and Y, (4.31) and (4.33) yield

d
dt
Using (4.23a) and (4.24), we obtain

d

= = [[Vatp - Axl* = (V} - me, Vad - Az) + ((ma) - Vad, Vagp - Ax)

+ (042, V- Az) — <<a: Oz) Vi,V Ax>

— (X =Y V.9), Vaop- (B[R] V20) ™) z)
For the first term and thanks to the conservation law (2.27), we note that

Ry 3 P(m) = Az +P(my),
so that we can apply inequality (3.3) to z — Az + P(ms) to get
ek |Az + P(ms)|* < [|Vad - Az + Vo - P(ms)||

which yields
(4.34) ek [A]? = ek [|[Az]? < 4[|Vad - Ax]? + C Jms|?

for any C' > 4 4 ck. In order to estimate the other terms, we use

(X =Y - Va0), Voo - (Bl V20)™) )

—(X =Y Vy0) =V - Az + Vi -ms— (ms) - Ve — Oz + (£ 0z) - Voo
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S (X =Y Ve[| Q (Ve o) | (] V2E)™)]
S (16 + el + 1<) IIp ]
and
((ms) - Vad, Vo Az) < |m| [|Vad - Ax|| S [lms] [A]
Thanks to the zeroth order Poincaré inequality (4.6), we also have
(Vi-my, Ved- Ax) = (272 (Vi-m,), Q2 (Voo - Ax)) S lms] A

as well as similar estimates for the terms in 0yz and (x 9;z) - V,¢. Collecting
these estimates with (4.34), we get

d

r — (X =Y -V10),Veo- Ax)

< - ek IAI2 +C (Imall +[|272 9z ) 1A+ (161 + lel + ["]) 15,
for some k4 < 3 CK and C' > 0 large enough. Young’s inequality and (4.26b)
conclude the proof of (4.32). O
4.4.3. Control of b, V', b" andc, ¢, " and . 1t follows from three lemmata.
Lemma 4.10. The following estimate holds
(4.35) Bl V' + €]+ (7] S AL+ [| 272 Qs || + [lmasl| + 5]

Proof. Using (4.31), we can write

280+ Vada—d 4 _ b B —
T +2F Vep-b—x-0" =Ry

with Ry := V¢ - Ax+ Vi -mg— 0;z. Arguing as in the proof of Lemma 3.5
with this new definition of Ry, we obtain that (3.11) holds with

Ry:=—(Ry®), ®:=V¢—z—((Vo—1)R2)V.
Observing that

Ry == (V.- Az ®) = (T(D®)my) + (22 8,072 9;2)
= O(|A + |m + | 2 % 8,2

and using (4.26b), the proof of (4.35) follows for the same reasons as in the
proof of Lemma, 3.5. (I

With D [h] defined in (4.22), we obtain the counterpart of Lemma 3.6.

Lemma 4.11. There exists a constant C > 0 so that
d
d¢

d
it "y < —|"P 4+ C AP+ CDylh).

—(=b, by < — V| + C|A]?> + CDy[n],
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Lemma 4.12. The following estimates hold
(4.36) el S 1|+ 1]+ [lwsl® + [les]* + (1R )12,
(4.37) )l S 18+ 17+ flwsl? + llesll* + 1R

Proof. According to (4.25a), we can write r as

(4.38) r= \/§§¢c + Rs
where Rs :=z—x - b + fﬁ d"=O(|V'| + |"| + D1]h]) because of (4.26a).

Using this expression in (2.26) and recalling that (e) = ¢ yields

Ve (4 3(e) =~ (&)
from which (4.36) follows. Coming back to (4.38), we establish (4.37). O

4.4.4. Second Lyapunov functional. Let us introduce the Lyapunov function
(4.39) Folh] :== Filh] —e5 (X =Y -V40), Vet - Ax) — g6 (b, V') —eg (¢, ")

for some additional small parameters €5 and €g, and the associated dissipa-
tion functional

Ds[h] = Du[h] + [A]* + [V'[* + |2

Lemma 4.13. For any 0 < g6 < €5 < €4 < €3 < €9 < €1 with €1 small
enough, there holds

(4.40) Ihl* S Folh] S Dolh] S [IA]17-

Proof of Lemma 4.13. We can control all quantities involved in the defini-
tions of F and Dy by ||h]|?. Indeed, from (4.1) and (4.23a), we have

(4.41) lrll =+ lm ) =+ el + 121+ 18]+ [el S 1R

and thus also |les]] < |le]| + |e| < ||h]| from (4.25¢). Next, we observe
from (4.27) that

¢ = /3 1m - V)| < m]l < IInll,
from (4.23a) that
4] = [(mVE )] S Iml| < IIAl],

and thus also ||[ms|| < ||m| + |A] + [0] + || < [|k|| from (4.25b). Similarly,
we observe from (4.28) that

V'] =1(rVad)| < lIrll < |I2I]-
Coming back to the definition of ws and using (4.28), we get

wo=r—f3e (6= 4 (8ed) &) +¥ -5 =y (r (V6P - 20)) &,
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and deduce [|ws|| < [|r]] + |e| + || < ||h||. Similarly, from (4.30), we also
have || < |7 + |lell + |21 < ||| Summing up, we have proved

(4.42) llesll + lmsll + llwsll + [A] + [T+ [V'] + "] < [|A]] -

We finally have to control the terms || Q12 dyw;||. From (4.2¢), (4.2a)
and (2.30), we have

By = Vs -m — (VoV5-m) - — g (A5 -m) & — /26,
and, after performing several integration by parts,

(4.43) |72 duws | S llml + 11 S 1Al

As a consequence of the estimates (4.41), (4.42), (4.43) and of the defini-
tion (4.39) of F» (also see (4.20)), we have

|IAlI* = Falh]| < Cer [IAlf*.
This completes the proof of the first equivalence in (4.40). For the same rea-
son, we have Dy [h] < ||h|?. On the other way round, from (4.25a) and (4.36),
we have
(] S 101 el = lfews |+ les |+ IS 18] e = lws |+ s+ 12

and similarly, from (4.25b) and (4.35), we have

_1
lmll S JAL+ 6] + €] + Imsll S TA]+ 1€/ + Il + | 272 pws | + 1R -

Combining the last two estimates, (4.1), (4.25¢) and the definition (4.22)
of Dy, we deduce the reverse inequality ||h]|?> < Do[h], which completes the
proof of the second equivalence in (4.40). O

4.5. Proof of Proposition 4.1.

Proof of Proposition /.1. We differentiate with respect to ¢t the Lyapunov
function F2[h] and use Lemmata 4.6, 4.9 and 4.11 to get
d

G Felhl < = rolln|* =¥ K Di[h] + € Co |11

— kg5 | A2 + Ces (Daln] + C IRt |1l
+ e (V)P = |")P+2C|A? +2C D1 [h]).
Using Young’s inequality we have
e C ||RH|[ IRl < mo |1 + €3 kgt C* |1A]>

and we deduce for some new constants Cq, Co, C3 > 0 that

d
Falh] < e kDi[h] +£2Cy ||h|)?

— K4€5 ‘A|2 + (85 + 86) Dl[h] + Cy 8% HhH2
— € (’b/‘Q + ‘C’/|2) + Cs¢e6 |A’2.
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As in the proof of Lemma 4.6, we choose appropriately the small parame-
ters ¢; such that the quantities €5, €6, £5/€4 and €g/e5 are small enough in
terms of e. With e5 := £51/32 and g4 := 562/32, we obtain

d
SFalh] < = £ (i = 2% 0y ) Duln] — M2 (g — £ Cy ) A
_ 62/32 (182 + |"[?) + £ (Co + 629/16) A2

Choosing € > 0 small enough, the differential inequality simplifies into

d
2] < =2 Dyln + 5 CE n)7.
Because of the equivalences established in Lemma 4.13, there are two con-

stants K; > 0, such that

d
SFalh] £ = (K — Ko ) Fafh].
Choosing € > 0 smaller if necessary, we obtain

d

—Folh] < — h

g2l = —wFfh],

for some x > 0, which implies Fa[h(t)] < e "' Fylhg]. This completes the
proof of Proposition 4.1, that is, of Part (2) of Theorem 1.1, by using once
again the equivalences of Lemma 4.13. ([

5. PROOF OF HYPOCOERCIVITY BY THE COMMUTATOR METHOD

In this section we give an alternative proof of our main result in Theo-
rem 1.1 using a commutator method, under the additional hypotheses that

(H9) The linear collision operator € is bounded in L?(u~1),
(H10) IVZ @ll1,0 (ray < 00 and / zd(z)e @ dz =0.
Rd

Assumption (H9) means that the operator C as defined in (2.24) is bounded
on L?(y) while (H10) means that the potential ¢ has bounded second deriva-
tives and is superlinear at infinity. These assumptions are added merely in
order to simplify the computations but the bound (H9) on the collision op-
erator can be relaxed into just (H2) by using A; := IT*A;II instead of the
A;’s defined in (5.2) in Proposition 5.2 (where ITh = hll is the orthogonal
projection on the macroscopic part), and the bound in (H10) can be relaxed
into simply |V2¢| < 1+ |V,¢| thanks to the additional weight |V,¢] in
the Poincaré inequality (H5). We include the commutator method because
of its interesting algebraic properties and potential applications to a larger
class of equations. Then part (2) of Theorem 1.1 writes:
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Proposition 5.1. Assume that (HO)—(H10) hold and consider a solution h
to (2.22)~(2.23) in L2(M). Then there are explicit constants C > 0 and
Kk > 0 such that

IR(®)]| < Ce™" [|ho
where C' and k depend only on bounded moments constants, spectral gap con-

stants or explicitly computable quantities associated to ¢ such as the rigidity
constant defined in (1.13).

While V, and V, map scalar functions to vector-valued functions, their
L?(M)-adjoints are Vi = —V, - +V,¢ and V) = —V, - +v- and map
vector-valued functions back to scalar functions. The operators V, and V,,
commute but each does not commute with its adjoint. We have

5.1 [V’Uvg]:_vxa [Vzay]:quvva
> Vi, T ==V, Vi, 7]=(ViV.),

where [A, B] = AB — B A is the commutator and H := (8%1,%, ®)ij-
In addition to Q = V% - V, + 1 defined in (1.14), we also introduce
r=v;-vV,+1, A=V, -V,+V. -V,+1.
These scalar operators also act, coordinate by coordinate, on tensors.

From, e.g., [9] (see Sections 4.4-4.5) or [25, 27], these operators are self-
adjoint in L?(M). As in Section 4, we construct a cascade of estimates.

5.1. Cascade of infinite-dimensional correctors. The three following
operators play the role of correctors:

Ay =ViaVieViA 3 :A 2V, ®V,®V,,
(5.2) A =VieVigVil 2 A A T2V, 0V, V,,

Ay =VioVieoVil A 2 A2V, 0V, ® V,.

From [25, 27] or by standard pseudo-differential calculus arguments (see
Lemma A.4), Ag, A1, Ay are bounded operators in L2(M). Let R,[V] be
the space of real polynomials of v with degree less or equal than n € N, then

Vi? (Re[V]) = {0}, Vi*(Ri[V]) = {0}, V. (Ro[V])= {0},
Az (Ro[V]) = {0}, A1 (Re[V]) = {0}, Ao (Ro[V]) = {0}

This means for instance that As can access the local energy without seeing
the local density and local momentum, in a descending cascade. Note that
the simplest “order 1”7 corrector Ay is inspired by the corrector V} AT1/2
A~1/2V, introduced in [27] for Fokker-Planck type equations. We define
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macroscopic deviations from averages quantities that are slighlty different
from (4.2a)—(4.2¢):

é

m:=m— (Vym)x — (m),

Fi=r— = (V). (z@z—(z@x)) — (Vor) -z —(r).
The core commutator estimates are:

Proposition 5.2. For all i € {0,1,2}, we have

(5.3) %(A,- hoh) = — (A by Y + (Bih, h)

where the B;’s are bounded operators that satisfy
(Boh, by < [0l (I + 2]+ )
(Bih by < 0| (IR + 1]
(Bzh, h) < |kl A1

and where the A;’s are nonnegative self-adjoint operators that satisfy, for
some Cy, C1, Cy >0 and Ay, A\, Ay >0

— (Boh, ) < =Xo 7+ Co (Il + 12l + 1141) JA,
— (Ah By < =X @l + Cr (1l + I1B1) 1]
— (Bah,h) < =Xo [lEl® + Co 1 1]

Proof of Proposition 5.2. Since C is self-adjoint and .7 is skew-adjoint,

%(Aih,}w:<([Ai,<7]+AiC+CAi)h,h> for i€ {0,1,2}.

We can therefore write [A;, 7]+ A;C+C A; =: B;— A; where, by using (5.1),
we have the following explicit formulas

By = AgC +C Ay
FVIRVERQVEA2,T] ATV, 0V, 0V,
FVIRVEQVEA2:[AT2, 7|V, 0V, 0V,
FVIRVI®VIA2:A 2V, 8V, ® (HsV,)
FVEQVERVIATZ : A2V, ® (HyV,) ® V,
4+ (HyV) @ Vi@ VEA 2 : A 2V, 8V, 0V,
F VIR VIR (HyV) A2 i A 2V, 8V, V,
_3 _3
+ VIR (HyVy) @ VIA 2 : A2V, 0V, ® V,,
By :=A;C+CA;
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FVIRVIQVIATIT2, 7] A2V, 8V, VY,
FVIRVIQVIAT2: AT 2, 7]V, 8V, V,
FVIOVIQVIT 2 A AT TTEV, 0V, ® (HyV,)
F VIR VIR (HyV,) T 2A A T2V, @V, 8V,
S VIRVIQVIIT 2 AT ATV, 9V, 0V,
+ (HyV ) @ VEQ VAT 2A T A T2V, 0V, ® V,,
By := A3C + CAy
FVIOVIQVEIA T L 7] T A2V, 0V, VY,
FVIQVEQVEATIT T T A72, 7]V, 0V, 8V,
FVERVE® (HyV,) T A2 : A 2TV, 0V, 8V,
VI VEeVITTIATZ A IV, 9V, 8 V,,
—VERVIQVITIA 2 ATV, 0V, 8 V,,
and
A =Vi@ViaVIA2:A 3V, @V, ®V,,
A =ViaVieVil 2A AT 2V, 9V, V,
FVEOVIeVID EAT AT IV, 9V, ® V,,
Ay =V:@VioViI A 2: A2V, 8V,®V,
FVIRVIeVIDTIATZ ATV, 0V, 0V,
FVIRVIeVIDT A2 AV, 0V, 9V, .

The A;’s operators are nonnegative, self-adjoint (see Appendix A.3) and
bounded (see Lemma A.4 again).

Note that for all 7 € {0,1,2}:
(ACh 1)) = [{A;C i, mY| < WS 1Al
(C Ai b, h)| = [(Ai h,Ch)| = [(Ai h,CR)| < ||R] [R],
because C is self-adjoint and bounded by (H9).

Now we deal with Bs. Let us denote by By, the /-th line. Since
AY2T[A=Y2171 7] is bounded by standard pseudo-differential calculus
(see [25]), beo =V @ Vi ® VE [A_% I'-1, 7] is bounded and

[(Ba h, h)| = ’<bz,2 T'A 2V, ®V,® V,yh, h>)

= {baz s T ATV @ V@ Vol )| S I I
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since the three derivatives in velocity on the right hand side cancel all macro-
scopic quantities. The other lines are dealt with similarly, using the bound-
edness of Hy, and we deduce |(Bah, h)| < ||h|| ||h]).

Now we deal with B;. We consider the second line Bjs. Then
ATY2[A='T=Y2 7] is bounded by standard pseudo-differential calculus
and s0 by o :=V;®@ Vi@ Vi [A™? I‘_%, 7] is bounded. Thus

(Byoh, h)| = Kbm T 3A'V,®V,® V,h, h>‘

< ‘<BL2 T 3AIV, 0V, ® V(e + hL),h>‘ .

The macroscopic quantities r and m are canceled since two derivatives in
velocity are involved. We then use V, ® V, ® Ve € = V,e ® Idgxq and
Appendix A.4 shows (using 2 > 1 for the first inequality)

197 Vae| < [ Q73 Vael| S Ul so [(Buah, )] S Ikl (JlEl + I5H)) -

The other lines are similar and yield the same estimate.

We then deal with By, and focus on the second line Byo again. The
operator by := V; @ Vi @ V7, [Afg, 9] is bounded arguing as before, and
(5.4)

[(Boh ) =|(boz : A3 Vo @ Vo @ Vah, )| S IRI(J12] + il + 1B41])

Indeed a direct computation gives
I A 2V, 0V, ®Veh =02V, @ Vem+Q 2V, @V, ® (ve)
with Q := (V% V, 4 2). The factor 2 comes from the fact that for all & € R,
A¥ve)=(ViVe+V,Vy+1)*(we)= (Vo Ve +14+1)%(ve)

since v is an eigenfunction of V} V, with eigenvalue 1. To complete the
proof of (5.4), it is sufficient to notice that ||Qfg Vze| < Q71 V2e| < €]
and, by Appendix A4, Q72 V2m| < |1 V2m| < ||||. The other lines
in By are treated similarly again.

Now we deal with the main nonnegative terms (A; h, h) in (5.3). We first
compute the contribution of Ag, A; and Ay acting respectively on r, m and e.
Due to the number of derivatives in velocity in the right hand side of the
expressions giving the A;’s, we have A;(R,—1[V]) = {0} for i € {1,2} and
Az(RZ[V]) C RZ[V] for i € {0, 1,2} and

(5.5) <A0r,r>://RdXRd M dxdv:/

R4

2
Q2 Vir 02 Vir‘ pdz,
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(A m(a) o) mla) o)) = [ (@702 0my) (271 8 m)
+(Q laixk )(Q 192 ))dedv

x]wk

!Q_lsznym m‘ pdx,
d

(5.7) (A2 (e(2) €(v)), (e(x) €(v)) )
//Rded (978 0e) (2,
+ (07 0ye) (0L, @ (974 Oe) (20 €)
+(Q*%axie)(wk )( )(82 ))dedv
:/Rd (2 (@ ane) + 3(9—*% ) —f—fl(Q_;&rje)Z)pdx
(L

Next we use the cascade of Poincaré inequalities of Lemma A.G. For the
density r, this implies that there isa constant Ag > 0 such that
(5.8)

(Aor,T) :/Rd

> 2% |7 — (r) = (Vor) -z — 3 (V2r) : (z @z — (z @ 2))|]” = 2% |7

) 000 (#.,9

1 2
Q72V,e| pdzx.

Q2 V3

Regarding the momentum m, one first observes that
. 1 e
Q7L VT mI® > 5107 Vimf?
thanks to the Schwarz lemma written as

Vi, g ke {l,...,d}, 02 s = 0; (V™m) 405 (V3™ m) — O, (V3™ m),;

Applied to (5.5)— (5.7), the cascade of Poincaré inequalities at order 2 stated
in Lemma A.6 implies that there exists a constant A1 such that

2 -1 72 2
gy Ar(mew)me)) 2 5107 Vim

> 27 [lm — (m) — (Vom) z[|* = 2|,

Regarding the energy e, we use the standard Poincaré inequality in L2(p)
(the order 1 inequality of Lemma A.6) to get A2 > 0 such that
(5.10)

(A (e €(v)), (e €(v))) = (3 +2) |22 Vae|® = 23 [le — (e = 23 [l¢]>.
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With the above estimates in hand, we can investigate all terms appearing
in (A; h,h). According to the number of velocity and space gradients in As,
we get that

(Ao hyh) = <A2 (e e(v)),eez(v)> + <A2 (e e(u)),fﬁ> + <A2 ht, h> ,
from which one obtains with (5.10) that
~(Bzh, By < = RelEl? + O (IR 1A]) -
Similarly for m, using in addition that A; is self-adjoint and A; (e €(v)) =
A (6 €&(v)), one has
(Arh,hY = (Ay (m-v),m - v) + <A1 (m-v), (e — {e)) €(v) + hL>

+ (A1 ((e = (e) ew) + %) ,n) |
which implies using (5.9) that
—(Arh, h) < = A llml* + O(llel] 1)) + Ol 1Al]) -
Finally, regarding the local density r, we get similarly
(Ao hyh)y = (Ao r,r)

+ <A0 Py v+ 6€(v) + hL> + <A0 (172 - v + E€(v) + hi),h>

and it follows from (5.8) that
—{Aoh, by < =Xo||I7)* +O(lal [Iall) +O(llell [Ill) +O(Ih] [Il]) -

The proof of the proposition is complete. O

We collect the previous estimates into a first partial Lyapunov inequality:

Lemma 5.3. Define the following norm
1732, = IRl + 20 (Ao b, ) + €1 (A1 b, h) + €2 (Ag h, )

for eo, €1, €2 > 0, then for cy > 9 > €1 > ¢¢, we have
1d 2 CE L2 €25 =2 €1y 142 a2 2
5 Selbl < = S22 = 2 %0 1812 = S X 12 — o Ro 71 + m P
for some 0 < n K gp.
Proof of Lemma 5.5. Propositions 5.2 combined with Lemma 4.2 imply

1d

5&%”%{1 < — ¢y

| 1? = g2 Ao [|El|* — ex A [l — 20 Ao |17
+ Cey R IR+ Cer [0l (1011 + 1)

+ Ceo bl (I + 7] + 1))

for some constant C' > 0. The statement then follows from repeated uses of
Young’s inequality for products. O
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In fact the time derivatives of the local density, momentum and energy
can also be controlled as follows:

d — o~ 1 ~

3 (077 %) = Q72 o ||* — o(lInl 117

d . — ~ ~
(5.11) 3 (0m, Q7 ) > 1272 aun|” — O(|Ia| )

Loz 012y = | aboe ) - ol 121)

This leads to second improved partial Lyapunov inequality:
Lemma 5.4. Given 1> ey > e > ¢e1 > &) > 9> ¢ > 1, the norm
[ll3, == 1All%, — =5 (0E, Q71 &) —e1(Am, Q7 m ) — e (97, Q7 F) .

satisfies

1d
5=l <

Ce .12 €25 =2 €15 ~n2 €0vx ;42
— —||h — = ——A —— A

It - 22 Sa )2 — 22 % I — 2 I

!/ N _l ~ 2 /] N _l ~ 2 /I N _l ~ 2
Nt ae|’ - h || Al — e Ro|| 2 F 67|
+ 2 ||
for some 0 < 1y < €.
Proof of Lemma 5.4. This follows from (5.11) and

(0, Q71 e)| + [(oem , 7 )| + |0, 7' F)| S ()P

and the fact that second order time derivatives of the macroscopic quantities
can be controlled by 2 (as in Section 4). (]

5.2. Cascade of finite-dimensional correctors. In view of Lemma 5.3,
what remains to be controlled are the finite dimensional terms

1
(ry, (Vam)z+(m) and 3 (V) : (z@a— (z @) — (Var) -o— ().
5.2.1. Control of moments of the local momentum. We compute

d —(viv; h) = <(V§ym m)ij> + <(9(Ui vj) + Clviv;)) hL> ’

dt
which yields
d d
T <<v1 vj h) a(vz vj h))
sym 2 1\2 2
2<(vxy m)i,j> - ‘((9(%@]») +C(vivj)) h) ‘+<vz‘ vj h) g (vivj )

and

d
(vivy h) - (viv; h) S IRILIP

d2
(7 @wivg) + o) 1) + (wrvy ) o borvs ) S ) ().
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Define for all i € {1,...,d}

Gilv) = 1+ /% (14 4) €)= /4 i €v)

which is orthogonal to 1, v, |v|%2. We then compute

iy =4 (5 Vs m— D) + (17 () +C ()] A

which yields

i (e grwm)

d2

EER: (¥i h)

> 84 Voo m — 0uymi)” — (17 (3(0) + CE@NI )+ (i)
and
d 2
(i) o Wih) SR,

d2

5 i) S ]I

2
(17 W) + C@iNIa* )|+ (wih)
We finally introduce the third norm
9 9 d d
Bl = IRl — €3> (vivy h) qp\vivi ) —es (Yih) (Wi h)
i#
d sym sym
— & Z <& (V& m)i,j >< (V& m)i,j >
i#]
d
—&3(; (G Ve m = 0nmi) ) (3 Va - m = i)
for 1> e3 > e >e9 > e > e > €] > 9> ¢). Therefore, defining as
in (4.2b) and (4.2¢) the space inhomogeneous terms
ms :=m — <V§kewm)x—$<vx'm>x— (m) and es:=é=-e— (e),

we obtain

| &

CE 11,1 €2 1 2
Rl < = < IR = = Ra e

1 — -~ €1 — E0 ~ 1~
—3 A | — 3 A [ms® — 0} o [|71?

| =
oL

gh — 1
- Z%|lotae?

el — 1 el — 1
~ SN o2 g P - DX | 0 o, |
— et o || Q72 0F || + s 1)

for another 0 < n3 < .
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5.2.2. Control of moments of the local density and energy. We now control
the difference between the finite dimensional quantities

P L) o e o) ~ (Vo) o — ()

and

1
W =1 — 24 (Agr) (|ZE|2 — <|x|2) —(Vyry -z

240 [0 0 oy (200 (1 — )]

defined in (4.2¢) in Section 4, which is made of the two terms (using that

=0
fim =y ¥ (@) - 8y (i~ ()

1<i,j<d

2 1

B2 [6- ) 55 (8 (o~ (617)]

The first term is controlled by using

& (w2 = Lo my s,

=— ((82_ Yy — 1 (Amr)éij) + controlled terms

Tij d

since the left hand side is already under control, and the second term is
controlled by observing that (e) = (r ¢) due to the energy conservation, and

N 1
(ro) =(r¢)+5 (Vir) :((z@z— (z @) ¢)
provided that fRd rpe ?dr =0, and V2r = V27, so finally

&) = Kro)| S -
This allows to define the final and fourth norm
P13, == 1IPl13,
d veym L v ) 92 Liarys
tew g (V3 m)ij>*g< M) 0ij | { (O, 7) = 5 (Bar) 0y

o (2 L N2 oy L )
e (102,11 = (8 8 ) 5 (@2 = 5 (0,
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for 1> e3 >eh >ep >eh >ep >el >eg>ep> e, > e, with

1d C% €2 < Ew
A oy
~ 80— ~
- *Al Im|* - *Al I 5)\0\\7“|!2
82* _ 1 ~ 1 ~ _l ~ 2
_EAQHQ QatQH —5)\1”&’2 26th

/
= I o, ||* g ho || 272 0|
— &l H Q2 dyw, ||2 + 14 || A2
for 0 < my < €),. Denote by C4[h] the semi-norm of the controlled quantities

~ ~ ~ _1 2
Calh] == (HhLII2 + el + mll” + s l* + 171 + flws | + [| 272 Oges ||

st om |+ [lo o, [P+ @7 o P+ | 273 o )
and adjust the constants to get, for some 0 < n K ¢ < 1,

1d

12
(512) 2 dt

—hlF, < —eCalhl +n A

5.3. Control of the remaining finite-dimensional quantities related
to the special macroscopic modes. Estimate (5.12) controls the same
microscopic and macroscopic parts of the solution as in Lemma 4.6 in the
micro-macro method. The remaining finite-dimensional quantities related to
the special macroscopic modes can then be treated exactly as in Sections 4.4
and 4.5. This completes the proof of Proposition 5.1.

APPENDIX A. SOME TECHNICAL COMPUTATIONS

A.1. Momentum conservation versus infinitesimal rotations. Here
we prove (2.19) for a solution f € C(RT;L*(M™1)) to (1.1) with initial
datum fo € L2 M™Y. With 2 — Az := Pymo(x),

mo(z) := e¢(z)/ v fo(z,v)dv, my(t,x) = e¢($)/ v f(t,z,v)dv,
R4 R4
r(t,x) == @ f(t,z,v)dv, ef(t,x) == e(b(x)/ E(v) f(t,z,v)dv,
R4

R4
let us define h' such that f =7 M +ms-v M +ep EM+ htM.

Lemma A.1. With the above notations, we have have P(my —mg) € Ré

Proof of Lemma A.1. At t = 0, we have Pms(0) —Pmo =0. Let B € Ry.
To prove that P(m; —myg) is orthogonal to x — Bz, it is sufficient to prove
that

Vt>0, (mg(t)—mo,Bx)=0.
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By direct computation, we have
dimy =~ Vary +/3 Ve + V5 - Bl
where E[h*] = [pa (v ® v —Idgxq) b pdo, and use it to compute

d
&<mf—m0,B:c)

= (Oymy, Bx)
= (= Vars + \/gv;ef+v;.E(hi),Bx>

=—(r;,Vy-Bz) + \/g<ef,vx.Ba:> + <E[hL] :V®Bux)
where the last line follows from an integration by parts. The first term in the
right hand side vanishes because V}-Bx = —V,-Bx+V¢-Bz = 0 since B
is skew-symmetric and (z — Bx) € Ry. The second term vanishes as well
because V, - Bx = 0. Since E[ht] : V® Bz = — E[h*] : B = 0 because
E[h*] is symmetric and B is skew-symmetric, the third term also vanishes.
This proves that %(m(t) — myg, Bx) =0 and completes the proof. O

A.2. Special macroscopic modes: the invertibility and rank. We
state and prove two results used in Section 3.3 and implicitely in Section 4/{)
The first result deals with the invertibility of the matrices My and My
defined respectively in (3.10) and (3.16).

Lemma A.2. Ifdy = d, the matriz My is invertible. If 1 < dy < d—1, the
matriz My is invertible.

Proof of Lemma A.2. Assume that d, = d in (1.9). Let u € R? be such that
Myu = 0. Then Myu-u = (|® - ul?) = 0, which implies that ®(z) - u = 0 for
any = € R? hence v = 0. This means that Ker My = {0}. The proof in the
case dy < d — 1 follows exactly the same scheme. O

__ The second result deals with the linear independence of the two functions
Uy and ¥y defined in (3.14), and similarly for U; and ¥y defined in (3.19).

Lemma A.3. Ifdy = d, we have Rank(@l,\flg) =2 If1<dy<d—1, we
have Rank(¥y, W) = 2.

Proof of Lemma A.5. Let us assume that dy = d and argue by contradiction.

Assume that \Ill = A\Ilz for some A\ € R*, that is, there are constants «,
f € R? and v € R such that

(A1) P+iVed -z +a Vep=31zP+B z+7.

We first look for quadratic solutions to (A.1) of the form ¢9 = = - Myx +

bo - = + co with My € Myxa(R), by € R? and ¢y € R. Plugging ¢ into (A.1),

one obtains My = %Iddxd, by = %(6—26@ and cg :'y—%a‘ (B—%oz).
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Now let ¢ be a solution to (A.1). Define ¥y(x) = ¢(z) — ¢o(z) and then
¥(y) = Yo(y — 2 a), which hence verifies

U(y) — L Vy(y) -y =0.

Let ((y) = y1>9(y) so that Vy((y) -y = 2 |yl* (¥(y) — 3 Vy¥(y) -y) = 0 for
any y € R% In polar coordinates (r,#), this implies that ¢(y) = ¢() and

hence p

Vr>0, ()= Q

r

But 1) is by assumption continuous at the origin, therefore lim,_, ¢ (r, 6) is fi-
nite, which in turn implies that ¥ (r, ) = 0. Finally one gets ¢ = ¢9. Thanks
to the normalizations (H3) and (H7), one gets ¢(z) = & |z[>+ ¢ log(27) and,
by definition (1.9), Ey = {O}, which contradicts the hypothesis dy = d. This
completes the proof when dy = d. When dy < d — 1, we argue similarly on
\I/l and \IJQ. O

A.3. Some computations for the commutator method. Here we prove
technical claims used in Section 5. The first result is concerned with bound-
edness of the operators defined in Section 5.1 under Assumptions (H9)
and (H10).

Lemma A.4. Assume (HO)—(H1)-(H2)—-(H3)-(H4)-(H5)—~(H6)—~(HT7)-(HS8)
plus (H9)—~(H10). The operators A;, A; and B;, i € {1,...,3}, are bounded.

Proof of Lemma A./J. As a typical example, we focus on Ay for which it is
sufficient to show that A= T—1/2 Oz, 0y; 0y, is bounded in L2(M). Adopting
the point of view of [25, Proposition A.7], we first conjugate with M'/2 and
only have to check that T=1/2(8,, +vj./2) and A~ (9, + x;/2) (O, +v5/2)
are bounded in L2(R¢, dzdv), where

B3 (0 ) (5 (e ) (04 ),
o5 (0 2) (04 ),

For T=1/2(9,, + wv;,/2) this is due to the fact that T~1/2 is of order —1
and 0,, + vi/2 of order 1 in the pseudo-differential calculus associated to
the metric (dv? + dn?)/(1 + |[v|? + |n|?), 1 being the dual variable of v.
The composition is then of order 0 and the Calderén-Vaillancourt Theorem
(see [8]) implies the boundedness. For A~'(d,, + 77/2)(0y; + v;/2), the
result is also true because A™! is of order —2 and (9, + :/2)(0y, + v;/2)
is of order 2 in the pseudo-differential calculus associated to the metric
(da? + dv® +d€% + dn?) /(1 + [n* + [v]* + |[Vo[* + [€]%), € being the dual
variable of v. This implies the desired boundedness. Such calculus with two
levels (involving A in all variable and I" only in velocity variables) is also at
the core of the boundedness of terms like A T'1/2 [A‘l r-1/2, 9] where we use
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that A and T" commute and that the commutation decrease the order by 1,
so that this operator is of order 0 and therefore bounded by the Calderén-
Vaillancourt Theorem. Note in addition that H, (which appears, e.g., in
the B;’s) is of order 0 which greatly simplifies the proofs. For all other terms
A;, A; and B;, similar computations give the result. O

The second result deals with the symmetry and nonnegativity of Aj.

Lemma A.5. The operator Ay is symmetric and nonnegative.

Proof of Lemma A.5. First we check that
VIVEVIT AL ATIDTEVY, V, VY,
is symmetric, since for the other part of A; this is obvious:
(VEVEVAIT 2 A AT T3V, V, V. f,9)
= (05,0505 T2 A AT T 20, 0.0, , g)

1,5,k

= Z <A71 Pi% 8’% 830]‘ 8:131 f7 Ail Pi% 8xk avj 8901 g>
1,5,k

=S (AT T30y, 00, B, f, AT T30, 85, O, )
4,5,k

=S (f, 05,05, 05 T2 A2T 720, 85, O, 9)
4,7,k

— ([, VEVIVET AT AT T2V, V, Vag)
Next check that A; is indeed a nonnegative operator:
M F) = (VieVieViT A LA T 2 Via Vi Vi f, f)
F(VEQVERVIT A A T 2 ViR ViR Vi, f)
= (ATIT7E 0, Oy, O, £, ATITTE By, Oy, Os, f)

1,3,k
+ (AIT720,, 0y, Oy, f, AT T2 0y, 00, O, f)

=> = HA T2 (Dyy Dy + Oy On,) O, f
3,9,k
This completes the proof. U

A.4. A cascade of Poincaré-Lions inequalities. Under Assumptions
(H9) and (H10), we prove several inequalities used in Section 5.1. Let ¢
a smooth function in L?(p) with compact support and

Po(p) = (p),

Pi(p) == (p) +(Vap) -,
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1
§<(Vx®vx)cp) (z@r—(z®@)).

Lemma A.6. Let n € {1,2,3}. Then there exists a constant cpy > 0 such
that for all smooth @ with compact support we have

Py(p) == () + (Vap) -z +

w1 ()7 < || Q2 vER |7,

Proof of Lemma A.6. For n = 1 this is exactly the Poincaré-Lions Theorem
as stated in [9, Proposition 5] and recalled in (4.6). Let us prove the result
for n = 2. Let ¢ be smooth and with compact support. We have

(o — Pi(p)) = (p) — (p) = (Vap) - (z) =0

because (x) = 0. We therefore apply the Poincaré-Lions inequality (i.e., the
case n = 1) to ¢ — Pi(p), which gives

I = PUOIP < el | 275 T (0 = Pule))|[* = el | 273 (Vao— (T2 |-

We then apply the “—1-order” Poincaré-Lions inequality in [9, Lemma 10]
recalled in (4.7) to V¢ to get, for some Crpr, > 0 depending only on ¢,

1074 (Tug — (V) < Cune | 07 W26
This proves the case n = 2 with ¢p2 = cp,1/CLpL.
In the case n = 3, we define ¢ := ¢ — 3 (V?¢) :  ® z and we compute
V= Pi() =¢ — () = (Vo)) - @
=p—3(Vip)iz®@z—(p)
+3(V2) i (@) = (Vap) -2+ (Vi) : (2) @
= ¢ — Pa(p)

since (x) = 0. We apply the inequality for n = 2 and obtain

(A2) o —P(@)|* = llv — P(y)|?
<y |07V || = b | (V20 — (V2e)) |17

43

Arguing as for the proof of the “—1 order” Poincaré-Lions inequality in [9,
Lemma 10], we prove the “—2 order” Poincaré-Lions inequality with con-
stant CLpL > 0:

[ (= MIF < Cum |72 Vat |
for any f € C°. Applying this estimate in (A.2) to V2 gives
le = Pa(@)I* < ey Crr | 272 Vi ||

and concludes for n = 3 with ¢p 3 = ¢p 2/Crpr, and completes the proof. [
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APPENDIX B. EXAMPLES AND REMARKS

B.1. Examples of collision operators. We list some examples of linear
collision operators % satisfying the hypotheses of Theorem 1.1, in particular
the spectral gap property (H1) and the bounded moment property (H2).

Example B.1 (The full linear Boltzmann operator). Consider
Cf=—(f—-rfM—-—mp-vM—es EM)
where vy, my and ey are defined by

r(t,x) == ( f(t,xz,v) dv) e?®@) (local) density ,
R4

my(t,x) = </ v f(t,z,v) dv) e?®) | (local) momentum,
Rd

ef(t,x) == (/Rd E(v) f(t,z,v) dv) @ (local) thermal energy .

By construction, € satisfies the spectral gap condition (H1) and since it is
bounded, it satisfies also the bounded moment property (H2).

Example B.2 (The linearized Boltzmann collision operator). Consider

%f—:ém/ (f e+ fopd = [ o = fopp) [v—va]7 b(0) do du,
with the notation f" = f(v'), fi = f(vs) and f. = f(v),) and

;o Ut |v — vy p_ vt v — vy
(B.1) V= — +o 5 UeiE g o

and 0 is the deviation angle defined by cosf := %Z:Z?

€ (—d,+o0). We assume that b is positive, smooth away from 6 =0 and
bounded by b(#) < O~@=D=s with s € [0,2), and the constraint v + s > 0
between the two parts of the collision kernel. This framework includes the
short-range so-called hard spheres interactions, as well as the long-range
so-called hard potentials and moderately soft potentials interactions. This
operator satisfies the spectral gap property (H1) (see [2, 34, 36] for quanti-
tative estimates) but it is not bounded on L?(u=1). Polynomials multiplied
by p are however in the domain of € and it satisfies the boundedness prop-
erty (H2).

- o, and where

Example B.3 (The linearized Landau collision operator). With same con-
vention as in Example B.2, consider € f = pCh with h = f/u and

Ch:=V,- (/ B (v, v4) (Vh — Vh*) Ty dv*)
Ra

where the cross-section is defined by

B, (v, vs) i= |0 — v, (Id— VU g DU >

o= v o —ws
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with parameter v € [—2,1]. This operator is non-local, of order 2 in ve-
locity (of diffusive type) and therefore not bounded. It satisfies the spectral
gap condition (H1) when v € [—2,1] (see, e.g., [2, 36] for constructive es-
timates) and again all polynomials in velocity multiplied by p are in its
domain and it satisfies the boundedness property (H2). Note that the most
important physical case, the linearisation of the so-called Landau-Coulomb
collision operator (describing statistically collisions for a gas of electrons
with Coulomb interactions) corresponds to v = —3 in dimension d = 3 and
is not covered by our assumption. It is however likely that our method could
be extended for weakened versions of the condition (H1), leading also to a
weaker conclusion, with a stretched exponential relaxation rate, rather than
an exponential one, in the spirit of [12].

Remark B.4. Ezamples B.2 and B.3 are obtained after a linearization
of the bilinear form associated with the original nonlinear collision kernel
around the Gaussian p and not around the Mazwellian M: when linearizing
the full nonlinear inhomogeneous kinetic models around a Maxwellian M,
one gets an additional term p(x) in front of the collision operator that goes to
zero at infinity. We have not considered this degeneracy in the present paper:
it is likely to create significant difficulties since there is then no uniform-in-x
spectral gap for p% .

B.2. Examples of potentials. Let us discuss and illustrate the hypothe-
ses (H5) and (H6) on the potential ¢. The bounded moment hypothesis (H6)
is not restrictive. Functions like ¢(z) = 452 In(1+ |z|2) — Z4 which are very
slowly increasing at infinity satisfy this hypothesis, as well as fast-increasing
ones like ¢(x) = elel* — Z4 (here Zy is the constant of normalization of =%
in L'). Regarding the Poincaré inequality (H5), many works have been de-
voted to the study of sufficient conditions in order to guarantee the existence
of a spectral gap. Here are some examples.

Example B.5. The harmonic potential ¢(x) = L |z|> + 2log(27) satisfies
the Poincaré inequality with constant cp = 1. The inequality is equivalent
to the spectral gap inequality for the operator ) defined in (1.14). In the
flat L? space, the change of unknown u = ve */% shows that the Poincaré
inequality is also equivalent to the spectral gap inequality for the quantum
harmonic oscillator operator —Ay + i |z|? — g.

Example B.6. For a general ¢, the change of unknown v = ve~%? yields
the following Schrodinger-type operator

1 1
Py= A, + = |Voo|2 — = Ao
% +4|V¢\ 5 Aud

According to the so-called Bakry-Emery theory (see for instance to [1]), there
is a spectral gap as soon as the Hessian V2¢ is uniformly strictly positive
at infinity. When it is uniformly strictly positive everywhere the following
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estimate is available on the spectral gap cp:
1
cp> = inf A\ (V2
P= 2 zeRrd 1( I¢)
where \1(V2¢) > 0 is the lowest eigenvalue of V2¢.

Example B.7. All potentials ¢ such that Py has compact resolvent satisfy
the Poincaré inequality (H5). This happens in particular when

Jim (5 [Vadl = 5 Aag) = +oo,

x

—00

which is implied for instance by the stronger assumption

(B.2) lim |Vy¢| =400, and lim Bzf(z)

Balias Ny

This is a standard result on Schrédinger operators, see for instance [37,
Theorem XIII.67 p. 249], and 0 is then a simple discrete eigenvalue. The
argument in the latter reference is not constructive, and for a simpler con-
structive argument we refer for instance to [45, Theorem A.1] or the IMS
truncation method in [40].

Example B.8. Here is an exotic example of potential that does not sat-
isfy (B.2) nor the Bakry-Emery criterion (uniform convezity of ¢) and for
which the Poincaré inequality holds. Consider on R?

2
ola,y) =2 (1+y%)" — 2y
where Zy is the normalization constant so that p = e~? is a probability

density. One can check that Py has a spectral gap, although ¢ is constant
on the unbounded set {x = 0}.

B.3. Change of coordinates. Let us discuss the reduction to the normal-
ization (H7). Note that the formulas for Ker ¢ are invariant by orthonormal
change of coordinates in the velocity variable. By orthonormal change of
coordinates in both the velocity and space variables, we can then reduce to
the case when ¢ satisfies

pi 0 0 0
2
p; 0 0
(B.3) (v20) = | . |
0 0 0 ... p3

where we suppose without loss of generality that all p;’s are positive. The
analysis of the present paper can be adapted to this case, including the
main Theorem 1.1, with the following changes. We define the set of adapted
centred rotational modes compatible with ¢ as in (1.8):

(B.4) Ry = {(z,v) = (Az-v) M : A€ Ry} .

We then choose orthonormal coordinates © = (1, z2,...,24) such that
Oz, = p?xj for some p; > 0 if and only if j € I = {dy + 1,...,d},
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and x; = 0 for any j € Iy if v € E, (the linear subspace defined in (1.9)).
We define the set of harmonic directional modes by

(B.5) D4 = Span {f;(t,x,v) , fj(t,aj,v)}ﬁ% ,
where
[ @t z,0) := (pjxj cos(p;t) —vj sin(p; t)) M(z,v),
fi (¢ 2,0) = (pj @ sin(p; t) + vj cos(p; t)) M(z,v).

If dy = 0 and for some p > 0, p; = p for all j € {1,...,d}, we define the set
of harmonic pulsating modes by

c’B(ﬁ = Span {f_(tvx’v) ’ f+(ta 1:72})}

where

ftz,v) = (2 (lpz|* = |v[*) cos(2pt) — pz - v sin(2pt)) M(z,v),
[tz v) = (% (|px|2 — |v|2) sin(2pt) +px-v Cos(2pt)) M(z,v).

The functions in Ry, Dy and Py are special macroscopic modes of (1.1).
With these definitions, the proof of Theorem 1.1 can be adapted to prove a
hypocoercivity result taking into account all special macroscopic modes.

B.4. Spectral interpretation. We have focused so far on real solutions
to (1.1), which is natural since physical solutions (densities of probability)
are real valued. By considering complex solutions, we can interpret the
results in terms of the complexr spectrum of the nonnegative operator

P =0V =V Vy—F

in LA(M™1), the complexification of L*(M™!). We consider ¢ as in (B.3).
We can then describe precisely the spectrum of —% and obtain resolvent
estimates in a half-plane that includes the imaginary axis. Notice first that 0
is in the spectrum of —.% with associated eigenspace

Span(M) @ Span(H M) © Ry c
C C

where 9y ¢ is the set of rotation modes as defined in (B.4) but extended to
the corresponding C-vector space. This set is then of (complex) dimension
2 +dim(9y). Depending on the harmonicity of ¢ we have three cases which
are summarized in Figure 1.

(a) Case with no harmonic modes (dy, = d). In this case ¢ has no
harmonic directions and there no non-zero eigenvalue on the imaginary axis.

(b) Case with harmonic directional modes but no pulsating modes
1 <dy <d—1). In this case, the real vector space of functions D4 in (B.5
¢ ¢
yields the complex set

Dyc = SI?Can {(pja; —ivy) e P M(z,v), (pjx; +iv;) P Mz, v)}jew



SPECIAL MACROSCOPIC MODES AND HYPOCOERCIVITY 57

(a) No harmonic modes
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7/ 7/
+" Spectrum ,”
7 7 7

—ip

—2ip

(¢) Harmonic directional and pul-

sating modes

F1cUure 1. Complex spectrum of —.%.

where I := {dy +1,...,d}, to which we can associate the eigenfunctions
of (—.Z) corresponding to the eigenvalues F i p; and given by

(x,v) — fji(:z‘,v) = (pjxj £ivj))M(z,v).

(c) Case with harmonic directional and pulsating modes (d, = 0).
In this last case necessarily all p;’s are equal to a common value p > 0
and ¢(z) = S|px|* + £ log(2 ) — dlog(p). All possible harmonic directional
modes exist, as well as all possible infinitesimal rotational modes Ry ¢ with
Ry = MY (C). The complexification of the set Py defined in (B.5) is

Po.c = Span {*P! [T (z,0) ,e” 2P [ (z,0)}
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where fE(z,v) = [pz-v+L(|pz|*>—|v|*)] M(z,v) are eigenfunctions of
(—%) with eigenvalues + 21 p.

The analysis of the paper can be extended to the complex Hilbertian
space L%(M‘l) with a set of special macroscopic modes defined by

S = Sl?can(./\/l) ® Sl?can(H M) ® Ry c D Span {fji}je.% @ Span { f*}

where the f;’s and the f*’s are defined above (when ¢ has the relevant
harmonicity). Let St be the orthogonal of S in LZ(M™1). We note that
since .Z is a real operator, both S and St are stable by conjugation and
therefore stable by £ and £*. Using the Laplace transform, we obtain
from Theorem 1.1 the following resolvent estimate for —%|g.:

C

v2eC with R <w, |G+ L) s < 5

where C is an explicit constant depending on x and C in Theorem 1.1 and
| - llg(s+y stands for the operator norm on S*. The provides the resolvent
estimates in the left half-planes in Figure 1.

B.5. Special macroscopic modes for the full nonlinear Boltzmann
equation. The special macroscopic modes which minimize the entropy for
the full nonlinear Boltzmann equation are the nonlinear counterparts to the
linearized special macroscopic modes studied in the present paper. They
appear for the first time in the literature in Boltzmann’s paper [5] as men-
tioned in the introduction. The full nonlinear inhomogeneous Boltzmann
equation is

(B.6) OF +v-VoF —Va-VoF =, F + TF = 9(F,F)

where, with the classical notations F' = F(v'), F, = F(v,) and F, = F(v})
associated to elastic collisions (v, vy) +— (v/,v)), such that the microscopic
conservation of momentum v’ + v, = v + v, and energy [v'|* + |[vi|? =
|v]? 4 |v«|? hold, the Boltzmann collision operator writes

Q@j%:/‘/ B(v — vy, 0) (F'F, — FF,) dodv,.
Rd JS§d—1

Here B > 0 is the cross-section. We refer to [10] for more details. Let
us assume the normalization (H7) on ¢. We consider the functions in the
space S of special macroscopic modes generated by

> the set 2Ry of rotation modes compatible with ¢ if ¢ admits any,

> the set D4 of harmonic directional modes if ¢ has harmonic directions,
> the set P, of harmonic pulsating modes if ¢ is fully harmonic.

For any f € S, the function F(t,z,v) := M) M(z,v) with h = f/M is
a time-periodic solution to (B.6). Indeed h(t,z,-) is a linear combination
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of 1, v, i € {1,...,d} and |v|? for each t,z, and therefore the microscopic
conservation of momentum and energy imply

Vi, x,v,0, h(t,z,v')+ h(t,z,v)) = h(t,z,v) + h(t, z,vs)

where the four velocities v, vy, v/, v, satisfy (B.1). This proves the identity
e M'eMs M, = el Mel* M, and thus 2(e" M, e M) = 0. Finally we obtain
T(E"M) = T( WM+ e T (M) = " [T (WM + T (M)] = 0, where we
have used that 7 is a first order operator and 7 (M) = J(h) = 0 as
calculated before.

(© 2022 by the authors. This paper may be reproduced, in its entirety, for non-commercial pur-

poses.
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