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Nonlinear dynamic simulation of cable based

structures interacting with sliding objects

using the concept of macro element.

D. Bertrand∗, S. Grange, F. Bourrier and T. Langlade

December 14, 2020

Abstract

This paper presents the formulation of a finite element enclosing
a specific internal mechanical equilibrium in order to model cable-
based structures in dynamics conditions. It is based on the concept
of macro finite element which allows embedding complex mechanical
systems solved inside the element boundaries. A significant advantage
is to allow an easy implementation within classical commercial codes.
The proposed macro finite element describes a cable interacting with
a sliding object assimilated to a punctual mass where friction can be
accounted for. The dynamic response is described by a model devel-
oped within the framework of the DEM (Discrete Element Method)
where geometrical nonlinearity (large displacements) is considered. A
model combining the proposed macro finite element and a classical
linear truss finite element is presented in order to validate its imple-
mentation. Finally, illustrative examples are presented. First, a cable
yarning system is considered. The effect of friction and of the bending
stiffness of the posts on the overall kinematics and force within the
system are explored. Then the vulnerability of a cable-stayed bridge
to earthquake is explored accounting for guy ropes failure.
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• Macro finite element implementation and validation. Combination of
FEM and DEM

• Cable and sliding mass under large displacement connected to beam
finite elements

• Validation and application on cable based structures in dynamic con-
ditions
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1 Introduction

During the last decades, the cable-based structures have been widely used
in many fields and especially for civil engineering purposes (cable stayed
bridges [AAG95], [ZC14], [FS11], rockfall protections [DBYK11], [GGM+12],
[MGB+16], tensegrity structures [BB04], cable yarning operations [DBB16]).
The modelling of such structure is always a challenge because of the signif-
icant geometrical nonlinear behaviour that can develop in particular when
dynamic loadings are considered. Moreover, the sliding between structural
components (cable/beam, cable/cable, etc.) is of first importance for appli-
cation problems such as tensegrity structures or cable anchored protection
structures. For instance, in order to describe correctly the evolution of the
shape of a rockfall protection during an impact, the sliding of each cable on
the other ones should be accounted for to get a good assessment of the force
distribution within the structure ([Alb16], [CCLN17], [DCB+19]). Because
they are very deformable, the force distribution is very sensitive to the shape
these structures will take during the impact interaction.

Cable finite element formulations are generally mathematically cumber-
some and rarely universal. Many continuous models of cable have been pro-
posed ([Irv81], [DV99], [TK11]). Most of the approaches are based on either
analytical resolution (catenary theory) or numerical simulation, often carried
out with the finite element method. In the latter case, the formulation of
the cable finite elements (inter alias the derivation of the stiffness matrix)
are not straightforward and can expose to difficulties from a mathematical
point of view. For instance, [WC89] proposed a cable finite element formu-
lation in dynamic conditions accounting for large deflection and based on
elastic material. A moving mass is considered but the latter is treated as
an external load with no reciprocal interaction between the cable and the
moving object. Within this paper, the macro finite element formulation is
much simpler (no stiffness matrix derivation) and the moving load (the slid-
ing mass) is considered as a system by itself. [Auf93] proposed also a cable
finite element, which is able to pass through a pulley, but based on restric-
tive assumptions. Indeed, the pulley cannot reach the extremities of the
cable and the pulley stays between the nodes of the cable element (no possi-
ble passage between cable elements). From an algorithmic point of view, the
update of the mass matrix should be performed at each timestep and [Auf93]
related problems of convergence of Newton-Raphson algorithm because of
the finite element singularity of the stiffness matrix. [TIWYM94] proposed
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to model cable interaction with “riding” accelerating mass based on Fourier
series decomposition with the superimposition of the dynamic solution over
the static solution ([AQNO03] proposed the same kind of approach based
on Fourier series and wavelet formulations without friction). They suppose
that the cable is inextensible and they account for the friction between the
sliding mass and the cable. Although relevant, [TIWYM94]’s method is less
flexible/adaptable compared to classical FEM and DEM approaches. [JC05]
formulated in static conditions, a super element (accounting for multiple
pulleys) which can describe material and geometrical nonlinearity and also
friction effects. The main limitation is that only static case can be considered.

Alternatively to the finite element method, cable systems have been
modelled within the framework of the discrete element method ([NCM01],
[BTLS12]). This method is particularly well adapted to account easily for
the potential nonlinearity onset (geometrical and material) under static or
dynamic conditions. The main interest to use DEM alternatively to FEM for
cable modeling, is an easy resolution process, without any constraining as-
sumptions about the kinematics of the rope and the sliding mass(es). Thus,
the case of moving load/object along the cable can also be considered in
a simple way. [CCLN17] proposed within the DEM framework to model
cable based structures where dynamic, material and geometrical nonlinear-
ities are accounted for. They also describe the relative movement of cables
linked by pulleys. This advanced cable modeling is very efficient but within
the framework of DEM, can lead to prohibitive computational costs. In ad-
dition, describing continuous structures (such as beam, plate, etc.) is not
straightforward within the DEM framework.

To solve such problems involving cable based elements, the proposed
macro finite element formulation is particularly interesting. The main ad-
vantage of the proposed approach is to take advantage of the both DEM and
FEM in terms of flexibility and easiness of implementation. From a practical
point of view, once the macro finite element is formulated, it can be used
as a new finite element in any sort of finite element codes. The complexity
related to the mechanical system is integrated within the macro finite ele-
ment (specific internal kinematics) and the overall finite element resolution
process is not modified.

In this paper, the macro finite element proposed embeds the dynamic
response of a sliding mass and a cable. The discrete element method (DEM)
is chosen to model the cable and the sliding mass kinematics with the help
of an explicit integration scheme. The communication between the macro
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finite element and the rest of the finite elements is performed via the nodal
displacements and nodal forces, without the need to compute anything else
from the macro finite element (no tangent matrix computation). A particu-
lar attention should be paid to consider the same integration scheme at the
overall code scale and within the macro finite element ([CG02]). Thus, the
motion equations are solved with an explicit integration scheme in the finite
element code (explicit central differences based on predictor-corrector inte-
gration rule). Complex mechanical systems composed of drastically different
parts (such as cables and rigid posts) that involves antagonist assumptions
(small/large strains/displacements, impact interaction, different numerical
methods, etc.) can be mixed easily.

In the next sections, the discrete element models used to simulate the
dynamic sliding of an object onto a cable are described. Then, their imple-
mentation within a macro finite element is presented. Next, two examples
are discussed which concern the simulation of a cable yarning system and a
cable-stayed bridge.

2 Material and Methods

2.1 Discrete modelling of an elastic cable

The cable discrete model is based on [Wil06]’s approach. It is assumed
that the cable is perfectly flexible (no bending moment, only pure traction
can appear within the cable). For the sake of simplicity, the mechanical
behaviour of the cable is supposed linear elastic but its behaviour can be
easily extended to non linear constitutive laws. The model is discretized into
elements (Figure 1a) delimited by nodes which are evenly spaced along the
cable curvilinear abscissa. Each node carries a mass calculated from the total
mass of the cable.

The inputs parameters are the cable initial length (Lini
c ), the diameter of

the cable cross section (dc = 2rc), the cable Young’s modulus (Ec) and the
cable density (ρc). The total mass of the cable (mc) is distributed over each
cable node and thus a node (i) has a mass of mi = mc/(nCE +1) where nCE is
the number of cable elements. The cable elements (resp. nodes) are labelled
from 1 to nCE (resp. from 1 to nCE + 1). The first node (i = 1) and the
last node (i = nCE + 1) are the ends of the cable. The cable discretization is
uniform and the initial length of a cable element is lini = Lini

c /(nCE + 1).
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Figure 1: Discrete model of the cable and numbering of the cable nodes
(black dots) and cable elements (black lines). Cable meshing (without slid-
ing mass) into cable elements (black lines) and nodes (black dots) (a), tension

forces ( ~T1

(i)
and ~T2

(i)
) applied on the ith cable’s node (i) due to the neigh-

bouring nodes (i − 1 and i + 1)(b). Accounting for a sliding mass (in red),
here belonging to the cable element, between nodes i and i + 1 (c).

6



In addition to external loadings (such as gravity), each node interacts
with its neighbouring nodes (Figure 1b). For a node i, the tension forces

(T
(i)
1 and T

(i)
2 ) are calculated from

~
T

(i)
1 = EcAcǫ

(i−1) ~n1 with ~n1 =
− ~V1

‖ ~V1‖
(1)

~
T

(i)
2 = EcAcǫ

(i) ~n2 with ~n2 =
~V2

‖ ~V2‖
(2)

where ~V1 (resp. ~V2) is the branch vector from nodes i − 1 to i (resp. i to
i+1) when no sliding mass is considered (Figure 1b). Ac is the cable effective
cross section area. Axial strains of the cable elements (ǫ(i−1) and ǫ(i)) can be

expressed from the initial (l
(i−1)
ini and l

(i)
ini) and current (l(i−1) and l(i)) lengths

as

ǫ(i) =
l(i) − l

(i)
ini

l
(i)
ini

(3)

For each node (i), the second Newton’s law leads to

mi
~̈u(i) = mi~g + ~T1

(i)
+ ~T2

(i)
(4)

where ~̈u(i) is the second time derivative of the node displacement (~u(i))
and ~g is the gravity acceleration.

The dynamic problem is solved through time with an explicit numeri-
cal integration scheme based on central finite difference where a predictor-
correction step is used.

2.2 Sliding object onto an elastic cable

Accounting for a sliding object (so-called the sliding mass (SM) in the fol-
lowing) onto a cable does not change the preceding resolution process. The
main point is to assess the forces coming from the sliding object to the cable
during the motion of the mass (and vice et versa). First, the mechanical
balance is carried out on a single cable element. The action of the sliding
mass onto the cable element is exposed without friction and then accounting
for friction. Then, the generalisation to multiple cable elements is described.
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Inputs :
Geometry, Material Properties,

Mesh, Loadings, etc.

Initialisation : ui = u0 and u̇i = u̇0

t = t + ∆t

ui+1 = ui + u̇i+1/2 ∆t

F tot
i+1 computation

üi+1 = M
−1
c (F tot

i+1)

u̇i+3/2 = u̇i+1/2 + ∆tüi+1

Swap test

t > TmaxNO

STOP

Figure 2: Resolution algorithm of a cable interacting with a sliding mass
based on explicit integration scheme. The simulation time is Tmax. The
following notation is adopted: ti = i∆t and xi = x(ti) where x can be either
displacements, velocity or accelerations of the cable nodes. Mc is the mass
matrix of the cable elements composing the cable, F tot

i+1 is the force balance
applied on each cable node computed form the cable node displacements ui+1.
The swap test is only active when a sliding mass is considered and interacts
with the cable (Figure 3).
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2.2.1 Case of a single cable element

At given time t, the sliding mass is supposed in between the two cable nodes
i and i + 1 (Figure 1c). The center of mass of the sliding object can be
considered as a moving node that belongs to the cable, interacting with the
other cable nodes. The problem consists in solving the dynamic equation for
the sliding mass onto a single cable element. If the friction is neglected, the
equation of motion of the sliding mass can be written as

mSM
~̈uSM = mSM~g + ~F N

s (5)

where mSM is the mass of the sliding object and ~uSM its displacement,
~F N
s is the cable force acting on the sliding mass. In order to compute those

forces, a Cartesian coordinate system is defined, composed of unit vectors (~n,
~t and ~kn). ~kn is the orthogonal vector to the plane defined by the two nodes
(i and i+1) and the sliding mass (Figure 1c). ~n belongs to the previous plan

and is along the bisector of vectors ~V1 and ~V2. Note that the definition of
~V1 and ~V2 is modified due to the presence of the sliding object on the cable
element i. ~t is the vector completing the direct triad. Their expressions are



































~kn =
~V1 ∧ ~V2

‖~V1 ∧ ~V2‖

~n =
1

2
(

~V1 ∧ ~kn

‖~V1 ∧ ~kn‖
+

~V2 ∧ ~kn

‖~V2 ∧ ~kn‖
)

~t = ~kn ∧ ~n

(6)

Because no friction is accounted for, and due to the Capstan equation,
cable tensions (‖ ~T1‖ and ‖ ~T2‖) on each sides of the sliding mass are equal in
terms of magnitude. It involves that the direction of the resultant force of
the cable applied on the sliding mass is along ~n.

~F N
s = (~T1 · ~n + ~T2 · ~n)~n (7)

Moreover, ~T1 and ~T2 can be expressed such as

~T1 = −T
~V1

‖~V1‖
and ~T2 = T

~V2

‖~V2‖
(8)
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Because the cable is supposed elastic and only one cable element is con-
sidered (i.e. Lini

c = lini), the tension reads

T = ‖~T1‖ = ‖~T2‖ =
EcAc

lini

(‖~V1‖ + ‖~V2‖ − lini) (9)

The extension to the case with friction leads to suppose that an additional
force appears along ~t. The latter is assessed based on the Coulomb’s friction
theory. Within the equation of motion of the sliding mass, a tangential force
( ~F f

s ) is now considered. The equation of motion takes the form

mSM
~̈uSM = mSM~g + ~F N

s +
~

F f
s (10)

The sum of the external forces ~Fext (here only mSM~g) acting on the sliding
mass are computed. Coulomb’s law implies that the maximum friction force
is limited to F f

max = µ‖ ~F N
s ‖ where µ is the Coulomb’s friction coefficient.

Thus, the friction force is defined as

~F f
s =

{

−sign( ~VR · ~t) F f
max

~t if | ~Fext · ~t| ≥ F f
max

−sign( ~VR · ~t)| ~Fext · ~t|~t if | ~Fext · ~t| < F f
max

(11)

where ~VR · ~t is the relative velocity along ~t of the sliding mass with re-
spect to the cable. The relative velocity is defined as ~VR = ~̇uSM − ~̇uinterp

where ~̇uinterp is the linear interpolation of the cable velocity such as ~̇uinterp =
1

‖ ~V1‖+‖ ~V2‖
(‖ ~V2‖~̇ui +‖ ~V1‖~̇ui+1). When the frictional force is taken into account,

the effect of friction forces needs to be transferred to the adjacent nodes (i
and i + 1) of the cable element (i). These forces modify the tension forces
by adding the following terms on node (i) and (i + 1)

~F f
i = −

‖ ~V2‖ ~F f
s

‖ ~V1‖ + ‖ ~V2‖
and ~F f

i+1 = −
‖ ~V1‖ ~F f

s

‖ ~V1‖ + ‖ ~V2‖
(12)

Note that [Wil06]’s cable model may have modelling limitations related
to the way the friction forces are calculated. When the cable angle is close to
90o and when the cable discretization is not finer enough, unrealistic bending
forces on the cable can exist. It is linked to the assumption that the pulley is
a point and not a finite cylinder. To overcome this problem, several studies
have been proposed (see for instance [LCJ03], [JC05]).
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Figure 3: Swap procedure and passage condition of the sliding mass from a
cable element to another one. No swap (a) : Passage condition not activated
from the current cable element to the next one. Swap occurrence (b): Pas-
sage condition activated from the current cable element to the next one and
associated remeshing.
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2.2.2 Case of multiple cable elements

In order to get a fine description of the cable kinematics through time, the
cable spatial discretization should involve several cable elements. Figure 2
depicts the flow chart for the resolution of the multi cable element system.
First, at each time t, the cable element interacting with the sliding object
should be identified as a function of its location along the cable curvilinear
axis. Second, cable tensions on both sides of the sliding mass should be
updated to account for its effect on the cable. A specific procedure has
been developed to move the sliding mass from one cable element to another
one, the so-called "swap procedure" in the following. The swap procedure
algorithm is presented in figure 3. From a given time t, the criterion for
swapping is based on bisector planes allowing to know if the swap should
be activated or not as a function of the sliding mass position. It is also
supposed that, if the sliding mass is on the first or the last cable element,
the sliding mass cannot leave the cable. That being said, it is possible to let
the sliding object go out the cable if wanted. At each timestep, vectors ~Vi

(for i ∈ {1, 2, 3, 4}) are updated and the activation of the passing condition
from a cable element to another one is written as

1. If sliding mass not on the first cable element (i 6= 1) and if −~V3 · ~V1 > 0
→ sliding mass is swapped onto previous cable element (i − 1)

2. If sliding mass not on the last cable element (i 6= nEC + 1) and if

−~V4 · ~V2 > 0 → sliding mass is swapped onto the next element (i + 1)

2.3 Macro finite element implementation

The preceding cable and sliding mass model is implemented within a finite
element code. The previous model is seen by the code as a finite element
but having specific embedded features that describes the cable-sliding mass
mechanical behaviour. The nodes of the macro finite element are the ends
of the cable (cable nodes i = 1 and i = nCE + 1). Thus, the macro finite ele-
ment has only two nodes. Only the ends of the cable interact with the finite
element code. Obviously, the presented case can be extended for instance
by considering the sliding mass as a node too and allowing to extend the
potential application fields. For a given time t, knowing the nodal displace-
ments imposed at the cable ends (UMacroF E

i+1 ), coming from the surrounding
finite elements (here truss and Timoshenko beams, see next sections), it is
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possible to proceed to the internal computation of the dynamic response of
the cable-sliding mass system over a timestep (explicit integration scheme
used within the macro finite element) where geometrical nonlinearities (large
displacements) are treated. Then, for the next timestep, the nodal forces of
the macro finite element (F MacroF E

i+1 ) are returned to the nodes and applied
on the surrounding finite elements. In order to be consistent with the cal-
culation of the cable motion performed within the macro finite element, the
same numerical integration scheme has to be used in the finite element code.
Thus, the same explicit integration scheme (central finite differences based on
predictor-corrector integration rule), and obviously the same timestep (dt),
are used to calculate the kinematics variables (displacement Ui, velocity U̇i

and acceleration Üi) for each timestep. The general resolution process used
is summarized in figure 4.

This approach takes advantages of both methods (FEM and DEM). Fi-
nite element simulations are particularly well suited to model continuous
mechanical systems (for instance posts, beams, plates) where material can
be treated with the help of nonlinear approaches. On the other hand, dis-
crete element simulations are more adapted for simulation of discrete systems
(cohesive or non cohesive granular matter, soil erosion, etc.) where contacts,
cracks or large displacements can be treated in an easier way. In the present
approach, the large displacements of the cable and the sliding mass are easily
implemented. Furthermore, the extension to material nonlinearity is partic-
ularly straightforward within the DEM framework. The main limitation is
the mandatory use of explicit integration schemes which are conditionally
stable.

3 Validation under dynamic conditions

First, the validation of the cable-sliding mass model is performed by com-
paring the solution to a simple case taken from the literature for which an
analytical solution of the problem has been proposed by [ZAL04]. Second,
the macro finite element formulation and its implementation into a finite ele-
ment code are validated considering the interaction between the macro finite
element with a truss finite element. In order to explore both configurations,
a validation model is considered which allows testing either the cable-sliding
mass alone or the implementation of the macro finite element within a finite
element code. The previous problem can be solved with alternative resolu-
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Inputs :
Geometry, Material Properties,

Mesh, Loadings, etc.

Initialization : Ui = U0 and U̇i = U̇0

t = t + ∆t

Ui+1 = Ui + U̇i+1/2 ∆t

UMacroF E
i+1

Macro Finite Element
Cable-Sliding mass system
Geometrical NonelinearitiesÜi+1 = M−1(Fi+1 − CU̇i+1 − KUi+1)

F MacroF E
i+1U̇i+3/2 = U̇i+1/2 + ∆tÜi+1

t > TmaxNO

STOP

Figure 4: General resolution algorithm for a simulation time Tmax. The
following notations are adopted: ti = i∆t and Xi = X(ti) where X can be
either displacements, velocities or accelerations.
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Figure 5: (a) Scheme of the validation model. A macro finite element (cable
and sliding mass) connected to a truss element assimilated to a mass-spring
system. (b) Finite element mesh. LR

ini corresponds to the initial length of the
spring when the spring is at rest (xr = 0). The yellow circles correspond to
the nodes of the mesh and the two finite elements of the mesh are symbolized
by rectangles.

tion process based on Runge-Kutta solver (so-called in the following the RK4

approach) which can serve to produce reference solutions.

3.1 Validation model

An elastic cable is considered where a sliding mass can move onto it. Gravity
is active. The right end of the cable cannot move and the other end is fixed to
a truss element which can be assimilated to a mass-spring system (so-called
hereafter MS). The stiffness of the spring is kr and its mass mr. The mass
of the MS can only develop a motion along the x axis. All the inputs of the
problem are depicted within figure 5a. Because the cable is supposed elastic,
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its total length (Lc) can vary through time. For a given time t, the cable
tension (T ), which is constant along the curvilinear axis of the cable when
friction is neglected, is related to the cable elongation (∆Lc = Lc − Lini

c )
through

T = kc ∆Lc (13)

where kc = EcAc/Lini
c is the cable axial stiffness. The geometrical con-

straints (Figure 5) lead to the following equations

l1(t)
2 = (x − xr)

2 + y2 (14)

l2(t)
2 = (2d − x)2 + y2 (15)

Lc(t) = l1(t) + l2(t) (16)

cos α1 =
x − xr

l1
(17)

cos α2 =
2d − x

l2
(18)

sin α1 =
y

l1
(19)

sin α2 =
y

l2
(20)

The overall deformation of the system is controlled by three parameters
and the purpose is to find the time evolution of x, y and xr, which are
respectively the position of the sliding mass and the displacement of the
mass connected to the spring. When friction is considered, an additional
force ( ~F f

s ) is computed such as presented in the previous section.
The mechanical balance of the sliding mass is described in figure 6b and

leads to the following equations

T cos α2 − T cos α1 + ~F f
s .~x = mSM ẍ (21)

mSM g − T sin α2 − T sin α1 + ~F f
s .~y = mSM ÿ (22)

where T = kc ∆Lc is a function of x, y and xr. It can be rewritten as

∆Lc = ∆l1 + ∆l2 with (23)

∆l1 = l1 − lini
1 (24)

∆l2 = l2 − lini
2 (25)
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Figure 6: Mechanical force balance onto the mass-spring system (a) and
onto the sliding mass (b).

lini
1 =

√

(xini − xini
r )2 + (yini)2 and lini

2 =
√

(2d − xini)2 + (yini)2 where ini

refers to the initial values of each variables.
The mechanical balance of the mass connected to the spring is described

in figure 6a and leads to the following equations

T cos α1 + R′ −
‖ ~V2‖

‖ ~V1‖ + ‖ ~V2‖
~F f

s .~x = mr ẍr (26)

mr g + T sin α1 − R −
‖ ~V2‖

‖ ~V1‖ + ‖ ~V2‖
~F f

s .~y = mr ÿr (27)

where R′ = −kr xr. In order to be solved , the previous differential system
can be expressed as
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

































ẍ = 1
mSM

(

kc(∆l1 + ∆l2)(cos α2 − cos α1) + ~F f
s .~x

)

ÿ = 1
mSM

(

mSM g − kc(∆l1 + ∆l2)(sin α1 + sin α2) + ~F f
s .~y

)

ẍr = 1
mr

(

kc(∆l1 + ∆l2) cos α1 − kr xr −
‖ ~V2‖

‖ ~V1‖ + ‖ ~V2‖
~F f

s .~x
)

(28)

where the second member of the previous system only depends on the
kinematic unknowns X and Ẋ where X = [x, y, xr].

3.2 Comparison between finite elements and RK4 so-
lutions

Thus, the unknown displacements (x, y and xr) are obtained through time
by solving the equation of motion. The latter can be either solved by RK4 ap-
proach or using finite element method. The results obtained by RK4 method
serve as reference and the solution coming from the finite element are com-
pared to RK4 solution. Within the framework of the finite element method,
the validation model is simulated using the proposed macro finite element
connected to a truss finite element. Only two finite elements are part of the
finite element mesh. The initial mesh of the FE model in presented in figure
5b. The cable and the sliding mass kinematics are described within the macro
finite element. The truss element, so-called the mass-spring MS system, sim-
ulates the elastic spring stiffness (kr) and the concentrated mass (mr). The
integration scheme is explicit and the critical timestep is computed as

dtc < min{dtCable
c , dtSM

c , dtMS} (29)

where dtCable
c = 1

10
2π

√

mi/ki (resp. dtSM

c = 1
10

2π
√

mSM/ki and dtMS

c =
1
10

2π
√

mr/kr) is related to the cable (resp. the sliding mass and the mass-

spring system). ki = EcAc/lini is the cable element stiffness of the iieme cable
element. The timestep is chosen as dt < dtc.

3.2.1 [ZAL04]’s case study

In the case presented in [ZAL04], an inextensible cable is used and no mass-
spring system is considered (fixed cable ends). The sliding mass interacts
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Inputs Description Value Units
Gravity g 3.05 m/s2

Geometry d 0.3 m
Init. Position SM x_ini 0.15 m
Init. Position SM y_ini 0.15 m
Init. Velocity SM xpt_ini 0 m/s
Init. Velocity SM ypt_ini 0 m/s
Init. Position MS xr_ini 0 m
Init. Velocity MS xrpt_ini 0 m/s

MS mass mr 15×108 kg
SM mass mSM 100 kg

MS Stiffness kr 108 N/m
Cable Stiffness kc 4.58×108 N/m

Cable Young’s Modulus Ec 1000×109 Pa
Cable cross-section Ac 3.14×10−4 m2

Cable radius rc 0.01 m
Init. Cable length Lini

c = lini
1 + lini

2 0.6865 m
Friction µ 0 (-)

Timestep dt = Tmax

Ntps
1.25×10−4 (6.6×10−5) s

Table 1: Inputs of [ZAL04]’s study case (inextensible cable, no friction and
fixed cable ends). Black (resp. blue) values are related to RK4 (resp. FE)
approach. SM for sliding mass and MS for mass-spring.
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Figure 7: Case of [ZAL04] (inextensible cable, no friction, fixed cable ends).
Comparison between FE model and the RK4 displacements.
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Figure 8: Case of [ZAL04] (inextensible cable, with a friction coefficient of
0.1, fixed cable ends). Comparison between FE model and the RK4 displace-
ments.
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Figure 9: Case of [ZAL04] (inextensible cable, no friction, fixed cable ends)
in the case of a discretized cable (8 segments in the DEM model) within the
macro finite element. Comparison between FE model and the RK4 displace-
ments.
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Inputs Description Value Units
MS mass mr 1500 kg
SM mass mSM 1000 kg

MS Stiffness kr 105 N/m
Cable Stiffness kc 4.58e6 N/m

Cable Young’s Modulus Ec 10e109 Pa

Table 2: Inputs of the RK4 approach (in black) and of the macro finite
element when considering the effect of the MS system.

with the cable without friction. A very high cable longitudinal stiffness and
a very high mass for the mass-spring system have been considered in order
to fit with the inextensible conditions of the cable and the cable boundary
conditions. In order to be as close as possible of the conditions of [ZAL04], a
single cable element has been considered for the discretization of the cable.
The table 1 summarizes the inputs used for the case proposed in the paper
of [ZAL04].

In the figure 7, a perfect agreement is shown, on the one hand between
both resolutions process (FE and RK4 methods), and on the other hand
results are in complete adequacy with the solution presented by [ZAL04].

The effect of friction has been explored. A friction coefficient of 0.1 has
been considered and the same simulation has been performed. Figure 8 shows
a very good agreement between the results coming form the FE model and
the RK4 resolution.

Finally, the effect of the cable discretization has been underlined (Figure
9). The cable density has been set at ρc = 8000 kg/m3 and the cable has been
meshed with 8 cable elements (8 segments in the DEM model). The solution
of the FE model is very close to the RK4 solution. The small observed
variations are related to the mass of the cable which is not accounted for in
the case of [ZAL04] thus within the RK4 formulation of the problem.

3.2.2 Cross validation: FE and RK4 resolutions

The effect of the MS system is now investigated. The validation of the macro
element implementation is performed by considering the potential displace-
ment of the mass mr. The table 2 summarizes the inputs which have been
changed from the [ZAL04]’s case. The parameters are chosen such as to allow
the development of significant displacements of the MS system.
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Figure 10: MS system effect in the case of no friction and a single cable
element used to mesh the cable. Comparison between FE model and the
RK4 displacements.
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Figure 11: MS system effect in the case of a friction coefficient of 0.1 and a
single cable element used to mesh the cable. Comparison between FE model
and the RK4 displacements.
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First, two simulations (with and without friction) have been preformed
considering a single cable element (Figures 10 and 11). In both cases (friction
and no friction), a very good agreement is observed even if the trajectory of
the slider is in some extent rather complex.

Then, the same simulations have been carried out using 8 cable elements
to discretize the cable considering a mass density of ρc = 8000 kg/m3. Once
again, without friction, a very good agreement is observed (Figure 12). If
friction is considered a significant discrepancy can be noticed (Figure 13).
It can be explained by the wave propagation that can now occur within
the cable. The discretization of the cable enables waves to propagate along
the longitudinal axis which is not the case when only one cable element is
accounted for. The RK4 solution cannot serve as a reference solution because
the validation model is not able to describe such physics.

4 Applications examples

4.1 Cable yarning

As an illustration of the capabilities of the proposed macro finite element,
an application to cable yarning is proposed. The interaction between usual
finite elements and a macro finite element is illustrated in figure 14a. In this
application, an elastic cable is placed between two flexible posts having a
length Hb = 5 m (Figure 14a). The two posts are separated by a horizontal
(resp. vertical) distance Xb = 20 m (resp. Yb = 4 m). A sliding object can
move onto the cable under the action of gravity. The posts are modelled
with usual Timoshenko beam finite elements. The finite element mesh is
depicted in figure 14b. The Young’s modulus of the posts is Eb = 200 GPa
(steel) and its density equals ρs = 8000 kg/m3. The cross section is supposed
rectangular with a width of b = 15 cm and a depth of h = 15 cm. Thus, the
second moment of area along z axis equals Ib = bh3/12 = 4218.7 cm4 which
corresponds to a bending stiffness of EbIb = 8.44 MN.m2. Each post is fixed
at the bottom end and is composed of four finite elements having a length of
1.25 m.

The cable and the sliding mass are modelled with the proposed macro
finite element where eight cable elements are used to mesh the cable and
the sliding object has a mass of mSM = 1000 kg. At rest, the length of the
cable is Lini

c = 1.0025 ×Lpost = 20.45 m where Lpost (20.4 m) is the distance
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Figure 12: MS system effect in the case of no friction and 8 cable ele-
ments used to mesh the cable. Comparison between FE model and the RK4
displacements.
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Figure 13: MS system effect in the case of a friction coefficient of 0.1 and 8
cable elements used to mesh the cable. Comparison between FE model and
the RK4 displacements.
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Figure 14: Application to cable yarning. A cable where a sliding mass can
move under the action of gravity linking two elastic posts (a). Finite element
mesh mixing usual finite elements (for instance Timoshenko beam) and a
macro finite element (b).
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between the post heads (top of the post), the diameter of the cable is dc =
2 cm and its apparent Young’s modulus is supposed to be equal to Ec = 5
GPa and its density ρc = 8000 kg/m3.

For a sake of simplicity, the cable is initially placed on a straight line
between the two post heads (from (0,Yb + Hb) to (Xb,Hb)). Then the sliding
object is placed on the cable at 15% of the distance Lpost along the straight
line from the head of the post no1 (upstream post). Before the release of the
sliding object, the initial static mechanical balance of the cable and of the
sliding object have to be obtained under gravity. During that preliminary
phase, the horizontal displacement of the sliding object is fixed and thus it
can move only along y axis. A damping, based on acceleration reduction
([CS79]), is used to dissipate the kinetic energy allowing to reach a static
equilibrium (sliding mass velocity lower than 0.001 m/s) in 4.5 s (simulated
time). During this preliminary phase, the damping is chosen equal to 0.75
and then set to 0 for the second phase (dynamic phase). At t = 4.5 s, the
sliding object is released which allows the motion of the sliding object along
the cable. For each simulation, the total physical time simulated is 9 s. The
effects of the post bending stiffness (EbIb) and the friction coefficient (µ)
between the cable and the sliding object are investigated.

4.1.1 Influence of post stiffness

The bending stiffness varies through the second moment of area of the beam.
b is kept constant (15 cm) and h equals respectively to (7.5, 10, 12.5, 15,
17.5) cm which corresponds to EbIb = (1.5, 2.5, 4.88, 8.44, 13.4) MN.m2.
An additional case considers the post as rigid solids (quasi infinite bending
stiffness - 2500 MN.m2). The friction is taken into account and the friction
coefficient equals µ = 0.1. Figure 15 depicts the results. The post bending
stiffness has an influence on the kinematics of the sliding mass (Figure 15a).
The maximal deflections can vary of more than 2 m and the slider trajectory is
significantly modified. Similar observations can be performed for the velocity
(Figure 15b) in particular for the vertical component which increases when
the posts have a low bending stiffness.

The flexibility of the post allows reducing the forces within the cable.
When the inclination angle of the cable with respect to the horizontal in-
creases, the cable tension changes. The higher is the angle, the lower is the
cable tension. Indeed, the slider generates mainly a vertical force into the
cable and if the cable is horizontal, the cable tension becomes infinite. Thus,
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Figure 15: Effect of post stiffness (EbIb). Time evolution of the sliding mass
position (resp. velocity) (a) (resp. (b)), sliding mass trajectory (c) and time
evolution of the cable tension (d).

the cable tension is higher for a case of rigid posts (Figure 15d). Moreover,
cable tension oscillations increase when the post flexibility is high due to the
development of vertical oscillations of the slider which are amplified by the
post elastic response.

4.1.2 Influence of friction

The friction coefficient equals respectively (µ = 0, 0.1, 0.2, 0.3) and the
bending stiffness EbIb =8.44 MN.m2. The friction coefficient has a much
more significant effect on the results (Figure 16) than the bending stiffness.
First, the kinematics of the sliding object is much more influenced (Figure
16a-c). The more the friction increases, the more the movement is reduced.
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Figure 16: Effect of the friction coefficient (µ). Time evolution of the sliding
mass position (resp. velocity) (a) (resp. (b)), sliding mass trajectory (c) and
time evolution of the cable tension (d).

The kinematics is also strongly impacted (Figure 16b). The velocity of the
sliding mass is significantly reduced when friction interaction between the
slider and the cable is accounted for. Finally, the oscillations over time of
the force applied to the post head (Figure 16d) are rather reduced when the
friction coefficient increases.

4.2 Cable-stayed bridge

Another example focuses on the modelling of cable-stayed bridges. This
example illustrates how to model under the same computational environment,
several flexible cables and rigid beams. Here, no sliding object is taken into
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Figure 17: Steel cable-stayed Bridge of Oberkassel in Germany inaugurated
in 1976 ([Sve12] (a). Seismic input applied to the structure based on the
EC8 response-spectra shape (b). Simplified cable-stayed bridge finite element
model (c). Geometry, main components, boundary conditions, and related
meshing mixing beam finite elements and macro finite elements (Guy Ropes).
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account onto the cables but cables can still describe large displacements. It
underlines the flexibility of the use of such macro finite elements. A rather
simple idealized bridge is considered and is inspired from the Oberkassel
Bridge (Germany) which has been inaugurated in 1976 ([Sve12]). As the
objective of this paper is not to assess the behaviour of this bridge, the
geometrical and material parameters are chosen as realistically as possible,
but are not the actual values. It is composed of a single pier and a deck made
of steel (Figure 17a). The cables are in harp arrangement.

From a numerical point of view, its geometry and the meshing are pre-
sented in Figure 17c. For the sake of simplicity, the model is proposed in
two dimensions but can be easily generalized to 3D problems. A pier (100
meters high) is connected to the deck by 8 guy ropes modelled as macro
finite elements. The number of cable elements for each guy rope is from GR1
to GR8 respectively [12 10 7 5 5 7 10 12]. The damping of the cable nodes
is set to zero. The diameter of the cable is Dc = 400 mm, the equivalent
Young’s modulus is Ec = 5 GPa and its density is supposed to be equal to
4660 kg/m3 assuming that the linear mass of the cable having a diameter of
40 mm equals 5.85 kg/m, so for a cable of 400 mm its linear density is 585.6
kg/m.

The cross-section area and second moment of area have been assessed
from [Sve12]. The pier (resp. the deck) is supposed to have a cross-section
area of SP = 1.6 m2 (resp. SD = 6.86 m2) and a second moment of area of
IP = 4.27 m4 (resp. ID = 14.23 m4). The deck and the pier are supposed
made of steel (Young’s modulus Eb = 200 GPa and density 7500 kg/m3).
The bridge is subjected to an earthquake characterized by a seismic input
presented in Figure 17b. Each guy rope is prestressed (100 kN).

The effect of a cable failure during the earthquake is investigated. Four
cases are considered (Figure 18)). The first one is the response of the struc-
ture without applying an earthquake which can serve as a reference. The
next case gives the response of the bridge under the earthquake considering
no guy rope failure occurrence. The third (resp. the fourth) case simulates
the failure of the guy rope 8 (resp. 8 and 4) at time equals 7.35 s (resp. 7.35
s and 7.65 s) when the peak ground acceleration has just been reached.

Figures 19a-b (cases without guy rope failure) and 19c-d (cases with guy
rope failure) depict the time evolution along the pier axis of the displacement
field and the internal efforts (Axial force, shear force and bending moment)
within the pier. It can be noted that the earthquake excitation does not
have significant effect on the response of the bridge when no guy rope fails.
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Figure 18: Guy rope failure senarii. No guy rope failure (a and b) and with
guy rope failure occurrence (c and d).

The maximal displacement stays small compared to the reference case and
the same remark can be made for the internal efforts. When one or two guy
rope failures occur, the pier exhibits a significant drop of axial force (due to
the loss of prestress) and a notable increase of bending moment especially in
the neighbourhood of the fixation point of the failed guy rope. For the same
scenario with an additional guy rope failure (GR4), an increase of the base
shear force can be noted.

Thus, these simple simulations can give very interesting insights con-
cerning the response of cable based bridges under a large amount of failure
scenarii (earthquake, impact, wind, etc.) and using very ergonomic, robust
numerical tools.
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(a) No GR Failure - No earthquake

(b) No GR Failure - EC8 earthquake

Figure 19: No guy rope failure senarii. Time evolution along the pier of
the horizontal displacements, the axial and shear forces and the bending
moment. The time evolution is depicted by the following colour code : from
green (t = 0 s) to red (t =end of simulation). The following cases are shown
for the pier response : under its own weight and without guy rope failure (a)
and under EC8 earthquake without guy rope failure (b).
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(c) GR8 Failure (Time = 7.35 s) - EC8 earthquake

(d) GR4 (Time = 7.65 s) and GR8 (Time = 7.35 s) Failure - EC8
earthquake

Figure 20: Guy rope failure senarii. Time evolution along the pier of the
horizontal displacements, the axial and shear forces and the bending moment.
The time evolution is depicted by the following colour code : from green
(t = 0 s) to red (t =end of simulation). The following cases are shown for
the pier response : Under EC8 earthquake with the failure of GR8 (c) and
under EC8 earthquake with the failure of GR4 and GR8 (d).
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5 Conclusion

A novel approach for modelling cable based structures was presented. The
resolution of the problem has been performed within a dynamic framework
using the concept of macro finite element in order to couple FEM and DEM
approaches. It allows modelling under the same computational environ-
ment several types of structures which can have very different mechanical
behaviours. In addition, DEM is particularly well suited to model cable
systems without extensive mathematics development as within a fully finite
element framework. A specific macro finite element which contents all the
cable physics (behaviour law, large displacement/strains, interaction with
sliding object, etc.) has been formulated and implemented within an usual
finite element procedure. This approach is particularly interesting because
of its simplicity to implement such DEM modelling within classical finite
element codes. Multiple comparison examples demonstrated that the FEM-
DEM coupling is validated. Finally, as an illustration of the capabilities of
the approach, a parametric study has been performed to underline the effect
of the coupling of rigid and flexible structures.

Because of the flexibility of the macro finite element formulation, its adap-
tation to a specific case can be done without major difficulty. For instance,
if it is needed to connect the sliding mass to another finite element node of
the mesh (to model pulley connection), the inputs and outputs should be
adapted leading to consider three nodes instead of two (as presented into the
paper).

For the moment, the numerical integration scheme should be the same at
the scale of the macro finite element and at the global scale (finite element
code scale), thus if the macro finite element is formulated with the help of
the DEM, the calculation must use central finite different integration scheme
at both scale. In terms of perspectives, in order to reduce the computational
cost, several types of integration schemes can be mixed with HATI (Hetero-
geneous and Asynchronous Time Integrations) approaches based one primal
coupling technics. Indeed, the macro finite element can be considered as a
sub-domain.
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