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ABSTRACT

The acoustic behaviour of thermo-viscous gas mixtures,
both in proximity of walls and far from them, differs sig-
nificantly from those of gases that are assumed to have ho-
mogeneous combination of constituents. Indeed, an acous-
tic field propagating in a gas mixture composed of mul-
tiple molecular species having different physical proper-
ties, involves several diffusive fields, namely momentum
by shear, entropic and concentration variation fields. Uni-
fied analytical solutions to the fundamental equations of
acoustics in thermo-viscous binary gas mixtures, subjected
to non-slip, isothermal and vanishing concentration flux
boundary conditions, have already been proposed in an in-
finite, semi-infinite and finite medium, throughout and be-
yond the boundary layers. These solutions highlight the
strong coupling between the acoustic propagation and the
heat and concentration diffusive fields in the boundary lay-
ers, while their effects appear to be simple additive pro-
cesses in the bulk of the medium. However, relevant exper-
imental validations for these analytical solutions are still
missing.

A finite element solution for the acoustic behaviour of
the gas mixture is computed in using a coupled formula-
tion based on particle velocity, temperature and concen-
tration variations. Because of the strong variations of all
of these variables inside the boundary layers, anisotropic
meshing technique with an adaptive process is required to
interpolate the solution.

This numerical modelling procedure is applied here to
describe a 1D acoustic propagation and the acoustic field in
a 2D axisymmetrical enclosure, both considering a helium-
argon gas mixture. The results then obtained are compared
to analytical solutions in order to check their validity.

1. INTRODUCTION

When dealing with acoustic propagation in a gas mixture,
one has to take into account not only the specific physi-
cal properties of the mixture (that are not all reduced to
the simple weight mean of the properties of each compo-
nent), but also specific and complex physical phenomena
strongly coupled to the acoustic movement, including vis-
cous, thermal, and molecular diffusion effects.

Basically, in a binary gas mixture submitted to a dy-
namic movement and/or a heat flow, the molecular species

constituting the mixture react in a different way depending
almost on their respective molar masses and interatomic
potentials. As a consequence, there is a mutual diffusion
of one specie into the other one, involving a molecular
flow (called concentration flow in the following) and lo-
cal variations of each component of the mixture. Then, as
described by Landau and Lifshitz [1], three different kinds
of diffusive effects occur, related respectively to a gradient
of concentration, a gradient of temperature (thermodiffu-
sion) and a gradient of pressure (barodiffusion). Since an
acoustic motion involves local variations of pressure, tem-
perature and concentration, they are thus coupled to these
three molecular diffusion phenomena.

Actually, molecular diffusion effects on sound absorp-
tion in air are negligible and have usually not to be consid-
ered in airborne acoustic applications [2]. However these
effects become significant almost in disparate gas mix-
tures, such as He-Ar or He-Xe mixtures that are commonly
used in thermoacoustic engines for their interesting Prandlt
number [3, 4], and they have already been experimentally
evidenced in such mixtures used for other purposes [5].

A unified analytical modelling procedure has previously
been suggested for acoustic fields in thermoviscous bi-
nary gas mixtures, taking into account viscous, thermal,
and molecular diffusion effects throughout and beyond the
boundary layers [6, 7]. A numerical method is presented
here to describe the acoustic behaviour of thermoviscous
binary gas mixtures at rest, relying on this coupled formu-
lation involving particle velocity, temperature and concen-
tration variations. The use of adaptative and anisotropic
meshing techniques is required to efficiently interpolate the
solution [8, 9]. The numerical solutions computed here for
describing acoustic fields in 1-D and 2-D axisymmetrical
geometries can be used to check the validity of the analyt-
ical solutions previously suggested [6, 7].

2. EQUATIONS OF ACOUSTICS IN
THERMO-VISCOUS BINARY GAS MIXTURES AT

REST

2.1 Formulation for linear, harmonic acoustics

The mixture considered here is composed of two gases de-
noted 1 and 2, of molar masses M1 and M2 and molar
concentrations x and (1− x) respectively.

The set of equations describing the acoustic behaviour
of the binary gas mixture are derived from the fundamen-
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tal equations of hydrodynamics and thermodynamics avail-
able in references [1, 6, 7]:

(a) the Navier-Stokes equation remains unchanged in a
gas mixture respect to a pure gas;

(b) the mass conservation equation is written for the mix-
ture and for each component;

(c) the molecular (or mutual) diffusion equation of com-
ponent 1 in component 2 is related to the pressure
variations of the mixture (barodiffusion) and to the
heat flows (thermodiffusion) in the mixture during an
acoustic cycle;

(d) the heat diffusion equation involves the concentration
flows of components 1 and 2 related to the heat flows
in the mixture;

(e) the equation of state is written assuming the gas mix-
ture to be an ideal gas.

For the sake of modelling acoustics in thermo-viscous
binary gas mixture, we only need to keep the variables as-
sociated to the particle velocity v, the temperature variation
τ and the mass concentration variation of component 1 c.
Considering an harmonic movement of angular frequency
ω, the acoustic behaviour of the gas mixture at rest is then
fully described by a set of linear equations as follows (at
the first order of small perturbations):

ω2v +B∇(∇ ·v) + C∇ ∧∇ ∧ v = D∇τ + E∇c ,
(1)

Nc+M∇ · (∇c) = U∇ · (∇τ) + V∇ ·v , (2)

Sτ +Q∇ · (∇τ) = Pc+R∇v , (3)

all the coefficients of these equations being expressed as
functions of ω and of the gas mixture’s physical proper-
ties, namely static pressure, temperature, and density, mo-
lar masses of mixture and each component, molar fraction
of each component, heat capacity ratio and transport prop-
erties of the mixture, mutual diffusion coefficient, barodif-
fusion and thermodiffusion ratios [1, 10].

If considering a propagation domain limited by a rigid
wall, the boundary conditions for the particle velocity v
are usual Dirichlet conditions.

The previous equations are also subjected to homoge-
neous Dirichlet conditions for the temperature variation
(isothermal condition) and for the concentration flow in the
direction normal to the wall (denoted u). Finally, the van-
ishing mass flow for each species allows us to write a linear
relation linking the normal derivatives for variables τ and
c and the normal velocity at boundaries.

2.2 Finite element implementation

The operators of linear equations (1-3) are easily imple-
mented in using the Finite Element Method, with 4 dofs per
node in 2D or axisymmetrical models (for the two compo-
nents of particle velocity v and the two scalar fields τ and
c). Homogeneous Dirichlet boundary conditions for the

normal component of v and τ are easily implemented, and
the remaining linear condition linking the normal deriva-
tives for variables τ and c to the normal velocity at the
boundary is taken into account in using the Lagrange mul-
tiplier technique. The numerical results presented are ob-
tained with the FreeFEM code, including the anisotropic
adaptive meshing procedure that allows to catch both prop-
agative acoustic waves at large scale in the bulk of the
fluid, and confined diffusive processes in the viscous, ther-
mal and concentration inside the boundary layers, at much
smaller scale [9].

3. APPLICATIONS

The problem presented in § 2.1 is solved here by the FEM
suggested in § 2.2 for a couple of simple cases (1-D and 2-
D axisymmetric acoustic fields). The results are compared
to exact or simplified analytical solutions of the problem in
order to highlight the validity of the approach.

The calculations are computed at 1 kHz considering
a He-Ar mixture, with a helium molar concentration of
0.9, at a static pressure of 100 kPa and static tempera-
ture of 273 K. The physical properties of this mixture
are calculated using the procedures and data from refer-
ences [10–17]

3.1 Reflexion of a plane wave on a rigid wall

The case considered here is the 1-D propagation of an
acoustic wave in the direction normal (u coordinate) to a
rigid wall located at u = 0. In such a simple case, exact
analytical solutions of the formulation described in § 2.1
can be written for variables v, τ and c. The results then
obtained are in perfect agreement with the numerical ones,
allowing us to check the validity of the numerical imple-
mentation for solving equations (1-3). The numerical re-
sults obtained for an excitation velocity of 1 m/s at 20 cm
of the rigid wall are plotted on Figure 1 close to the bound-
ary layers for variables v, τ and c.

These results illustrate for the first time the gradient of
concentration variations close to the wall.

3.2 Acoustic field in a cylindrical duct

We consider here the acoustic field in a closed cylindrical
duct of 1 cm radius and 5 cm length. The duct is closed
with rigid walls, one end generating a vibration normal vi-
bration velocity (cosinus shaped) of maximum amplitude
1 m/s.

The problem is solved by the Finite Element Method
described in § 2.2 in the 2-D axisymmetric domain and
the results obtained close to the rigid end of the duct are
illustrated on Figure 2 for the particle velocity, tempera-
ture variation and concentration variation fields, highlight-
ing the viscous, thermal and molecular diffusive effects in
the boundary layers.
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4. CONCLUSION

The formulation suggested here offers analytical and nu-
merical tools for solving practical problems involving
acoustics in binary gas mixtures as described in Refer-
ences [6]. The analytical and numerical results obtained
from this formulation in a couple of simple cases highlight
the coupled viscous, thermal and molecular diffusive ef-
fects in the boundary layers. Such a tool will also allow us
to check the validity of simplifying assumptions done until
now in order to solve more complex problems.

A next step will be to integrate in the formulation
boundary conditions that take into account the effects of
liquid film coating the wall and resulting concentration
flows that can occur during an acoustic cycle when one
of the mixture’s component is a saturated vapour [7].
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Figure 1. Particle velocity, temperature and concentration
variations associated to a 1-D acoustic wave propagating
in a He-Ar mixture, in a direction normal to a rigid wall
located at u = 0.

Figure 2. Amplitudes of the particle velocity, tempera-
ture variation and concentration variation fields in a He-Ar
mixture in a corner of a cylindrical duct with rigid walls
(3 mm from lateral wall and 2.5 mm from top wall).
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