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The formula to be proved [START_REF] Elliott | Relativity and electricity[END_REF]2] 

f = f + γ f ⊥ + u × -γ v × f c 2 (1) 
is mathematically equivalent to the Lorentz transformation of force

f = 1 1 -u • v/c 2 f - ( u • f ) v c 2 + f ⊥ γ , (2) 
where f ( f ) is the force measured in the inertial reference frame K (K ), v is the velocity of K relative to K and γ = 1 -v 2 /c 2 -1 , u ( u ) is the K-frame (K -frame) velocity of the object acted by the force, c is the speed of light, and f ( f ⊥ ) is the parallel (vertical) component of f with respect to v.

If we attempt to derive (1) from (2), the Lorentz transformation of u must be involved and the calculation will be quite cumbersome. On the other hand, noticing the similarity between

(1) and the Lorentz force formula f = q( E+ u× B), we can prove (1) neatly via a simple analogue from electrodynamics. SI units and metric signature (+, -, -, -) will be used throughout this note.

First we write down the contravariant four-force F of the three-force f ,

F = γ u c f • u, γ u f , (3) 
and its matrix form

F α = γ u c     0 -f x -f y -f z f x 0 0 0 f y 0 0 0 f z 0 0 0         c -u x -u y -u z     = 1 c     0 -f x -f y -f z f x 0 0 0 f y 0 0 0 f z 0 0 0     U β , (4) 
where γ u = 1 -u 2 /c 2 -1 and U β = γ u (c, -u x , -u y , -u z ) T is the covariant four-velocity of the three-velocity u.

Then we assume there is an electromagnetic eld ( E, B) in frame K, and an object with charge q and velocity u is acted by this eld. The corresponding four-dimensional Lorentz force takes the form * Electronic mail: yehleehwa@gmail.com 1

F a = qF ab U b = qγ u     0 -E x /c -E y /c -E z /c E x /c 0 -B z B y E y /c B z 0 -B x E z /c -B y B x 0         c -u x -u y -u z     ,
(5) from which the Lorentz force formula f = q( E + u × B) can be extracted easily. The fact that the electromagnetic tensor F ab is a rank two tensor guarantees (5) is covariant and its counterpart in frame K holds the same form

F a = qF ab U b = qγ u     0 -E x /c -E y /c -E z /c E x /c 0 -B z B y E y /c B z 0 -B x E z /c -B y B x 0         c -u x -u y -u z     . (6)
The electromagnetic eld in frame K can be expressed in terms of those in frame K [3],

E = E + γ E ⊥ + v × B ; B = B + γ B ⊥ - v × E c 2 , (7) 
which is nothing but the three-dimensional version of Lorentz transformation of F ab . When q = 1 and B = 0, (5) becomes something formally isomorphic to (4),

F a = γ u c     0 -E x -E y -E z E x 0 0 0 E y 0 0 0 E z 0 0 0         c -u x -u y -u z     , (8) 
and the Lorentz force degenerates to the Coulomb force f = E. For this special case, the electromagnetic eld in frame K reduces to

E = E + γ E ⊥ ; B = -γ v × E c 2 , (9) 
which generates the Lorentz force

f = E + γ E ⊥ + u × -γ v × E c 2 .