N

N
N

HAL

open science

Spine for interacting populations and sampling

Vincent Bansaye

» To cite this version:

‘ Vincent Bansaye. Spine for interacting populations and sampling. 2021. hal-03219097v1

HAL Id: hal-03219097
https://hal.science/hal-03219097v1

Preprint submitted on 6 May 2021 (v1), last revised 2 Feb 2024 (v4)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03219097v1
https://hal.archives-ouvertes.fr

SPINE FOR INTERACTING POPULATIONS AND SAMPLING

VINCENT BANSAYE

ABSTRACT. We consider Markov jump processes describing structured populations with
interactions via density dependance. We propose a Markov construction with a distin-
guished individual which allows to describe the random tree and random sample at a
given time via a change of probability. This spine construction involves the extension of
type space of individuals to include the state of the population. The jump rates outside
the spine are also modified. We apply this approach to some issues concerning evolution
of populations and competition. For single type populations, we derive the diagram phase
of a growth fragmentation model with competition and the growth of the size of birth
and death processes with multiple births. We also describe the ancestral lineages of a
uniform sample in multitype populations.

Key words: Jump Markov process, random tree, spine, interactions, positive semigroup, martin-
gales, population models.

1. INTRODUCTION

Spine techniques and size biased trees have a long and fruitful story in branching pro-

cesses. They have played a deep role in the analysis of branching brownian motion and
branching random walk from the works of Chauvin and Rouault [13] and Lyons [38]. More
generally, spine construction provides a relevant point of view to tackle many issues re-
lated to the genealogy and long time behavior of branching processes. Lyons, Peres and
Pemantle [39] have given a conceptual approach of the famous Llog L criterion involved
in the asymptotic analysis of branching processes. Their construction provides an illumi-
nating proof of the non degenerescence of limiting martingale using branching processes
with immigration. This Markov construction has been extended to multitype branching
process [32] and infinite dimension and we refer e.g. to [2, 20, 19]. It involves then either
an eigenfunction or an exponential additive functional of trajectories corresponding to a
Feynman Kac semigroup, both being linked by a change of probability. This construction
is also involved in the fine estimate of the front of branching random walks, see Hu and
Shi [26] and Roberts [41], thanks to a family of exponential eigenfunctions and Biggins
martingale.
Spine construction gives a trajectorial and markovian sense to a typical individual alive
at a given time. This allows to prove ergodic properties of type distribution among the
population and shed light on sampling [37]. More generally, we refer to the description of
reduced tree and backbone [17, 18] and multispine construction [25]. It has finally proved
to be a powerful way to analyse the first moment semigroup of branching processes, and
more generally non-conservative semigroups or linear PDEs, see e.g. [9, 4] and references
therein. The examples considered in this work will involve different scalings.

These constructions rely on the branching property and independence of individuals.

The aim of this paper is to propose a spine construction for dynamics taking into account
1
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interactions, through density dependance of individual behaviors and associated branching
events. Individuals may die or reproduce or move and the individual rates and outcome
of transition events may depend on the state of the population. Such models are involved
in population dynamics or genetics or epidemiology, see e.g. [31, 3, 22] and forthcoming
examples. Indeed, for various models of competition, mutualism, contamination, sexual
reproduction or predation, the individual rate of transition depends on the size of some
species at a given location. Death or successive reproduction of asexual population may
indeed depend on local competition and ressources available, reproduction of females may
depend on density of males, contaminations by infected individuals depends on the local
number of susceptibles... Let us also mention that density dependent models appear in
various other contexts, including chemistry, queueing systems or networks.

Our first motivation here is the study of population models with competition. The evolu-
tion of the distribution of traits among such a population is related to the distribution of a
sample. They can be both tackled via a spine construction. Addario-Berry and Penington
[1] have considered a competitive effect in a branching random walk. The authors obtain
fine results on the front of propagation. They focus on a peculiar form of competition
which enables them to link their model to branching brownian motion. In a large popula-
tion approximation where a branching property can be recovered, Calvez, Henry, Méléard
and Tran [12] describe the ancestral lineage of a sample in a context of competition and
adaptation to a gradual environmental change.

In recent decades, lots of attention has been paid to the study of genealogical structures
of population. For branching processes, the contour (or exploration) process provides a
full description of the genealogy. From the work of Aldous and convergence to the con-
tinuum random tree, it has been generalized and used for instance for the description of
mutations of splitting trees [35]. The effect of competition as a pruning of trees has been
introduced and studied in [36, 6]. Spine construction offers a complementary insight in
the structure by focusing on typical individual in various senses. It allows for extension
to structured population and varying environment. An other point of view enlightens
genealogical structure of population models, the look-down construction introduced by
Kurtz and Donnelly. In this construction, a level is added to individual. The Poisson
representation of this enlarged process allows in particular to build the genealogy of large
population approximations and describe the longest branch in the tree. We refer to [33] for
the look-down construction of branching processes and to [22] for extension to interacting
populations. This latter allows for a description of genealogy and samples by a tracing
which follows the evolution of the levels back in time. We consider in this paper simpler
models and propose a forward Markov consistent construction for samples.

We consider a structured population : each individual has a type x € X, where X is
finite or countable here. The type can represent a size, a location, or any phenotypic or
genotypic trait of the individual. The population is described by a vector z = (z, : € X)
where z, is the number of individuals with type . We write ||z||; = >___y 2. the ¢; norm
of z and work with the associated normed and countable space

Z={zeNy |z < oo}

Informally, each individual of a population composed by z branches independently and
each individual with type z is replaced by an offspring k € Z with rate 7 (z,z). In other

zeX



words, an individual with type x branches at total rate

T(x,2) = ZTk(lL‘,Z) < 00

keZ

and is replaced by k with probability py(x,z) = 7« (x,2z)/7(z,2z). The new composition of
the population is then z — e(z) + k, where e(x) stands for one single individual with trait
z, ie. e(x) = (ey(x), y € X) and e,(z) = 1 and e, (z) = 0 for y # x. For a reference on
density dependent Markov process, let us mention [23, 31].

The spine construction consists in a new process with a distinguished individual and
rates are modified using a positive function ¢ on X x Z. The distinguished individual
branches with rate

k,¥(.,z —e(x) +k))

U(z,2)
when its type is x and the composition of the population is z. This rate is biased by
the size and type of offsprings as for branching structures. It is also corrected by the

variation of the population composition seen through the transform . The jump rates of
individuals outside the spine are also modified and they branch at rate

U(z,z —e(y) + k)
Y(,2)

when their type is y and the type of the spine is . We observe that in the case when 1 is
not dependent on the state z of the population, we recover the construction for branching
structures proposed in [39, 32].

In the applications considered here, the couple formed by the typical (or spine) individual
and the composition of the population is involved. We pay attention to the associated
semigroup and martingale. It corresponds to some h-transform of this couple and provides
a Feynman Kac representation of the semigroup. For further investigations, more informa-
tion on the underlying genealogy structure is needed. In particular, the tree associated to
a sample is needed when tracing an infected individual in epidemiology or when looking at
the subpopulation carrying a common mutation in population genetics. Our main result
allows to describe the full tree around the spine. Among stimulating open questions is
the way multisampling could be obtained, which is just briefly evoked here in simple cases.

7/:1(*(1‘, Z) - Tk(l’, Z)

?k(ya z, Z) = Tk<y7 Z)

We focus in this paper on the continuous time setting. The spine construction achieved
has a counterpart in discrete time, for non-overlapping generations. As far as we see,
the fact that in continuous time branching events are not simultaneous is actually more
convenient for construction and analysis. Besides, models which motivate this work may
be more classical or relevant in continuous time.

The paper is organized as follows. In the next section, we explain the spine construction
associated to a positive function 1, called ¢-spine construction. The main result provides
a Girsanov type result (change of probability) to transform the original random tree with
a randomly chosen individual at a give time into a new random tree with a distinguished
individual, the spine. We complement this section by considering the associated semigroup
and martingale, and the many-to-one formula, which focuses on the ancestral lineage of
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a typical individual. Then we give some applications and illustrate the results. In Sec-
tion 3, we consider the single type case, which consists in birth and death processes, with
potential multiple offsprings. In that case, computations can be achieved. It allows us
to describe explicitly the uniform sampling at a given time. We then derive the behavior
of some neutral structured population models with competition. It is illustrated with a
simple growth fragmentation process with competition and we determine the criterion of
regulation of growth by competition and fragmentation. We also provide in this section a
Llog L criterion for the non-degenerescence of the natural positive martingale associated
with the growth of the process, thus extending the criterion of Kesten Stigum and the
approach of [39]. In Section 4, we consider a population structured by a finite number of
types. We describe the ancestral lineage of a uniform sample when the state space of the
population is finite and the sampling in large population approximation when the limiting
process is a differential equation.

In the paper, we write N = {1,2,...}, Ny = {0,1,2,...} = NU{0}. For two vectors
u = (Uy)pex and v = (Vy)pex, we write (u,v) = > . u,v, the inner product.

2. SPINE CONSTRUCTION

2.1. Definition of the original process. We construct the tree of individuals with
their types, until the potential explosion time, as follows. We use the Ulam Harris Neveu
notation to label individuals of the population and each label has a type and life lenght.
We introduce

U = Uy NF
where u = (uq,...,u;) € N¥ means that v is an individual of the generation k = |u| and
the u,-th child of (uq,...,u,_1). We consider now a random process Z and the associated

random tree 7T tree defined by iteration. We start with a population labeled by a finite
deterministic subset g of N and their types are (z,, u € g). We write

x = {(u,24), u € g}
the initial condition. We denote by v € Z the vector counting the number of individuals
of each type: v, = #{u € g:z, = z}.
The population alive at time ¢ is a random subset of U, denoted by G(t), and the types
of individuals are (Z,, u € G(t)). The vector counting the number of individuals of each
type is Z(t) = (Z,(t), x € X), where Z,(t) = #{u € G(t) : Z, = z}. In particular,
Z(0) =v.
The construction by iteration is classical. Each individual u has a random life length
L(u) € (0,+00] and a type Z, during all its life. Each individual with type x is replaced
by an offspring whose types are counted by k € Z at rate 7i(z,z) when the population
composition is z. When an individual v € U is replaced by k, the new individuals are
labeled par (u, 1),..., (u, ||k||1). The types among these labels can be affected arbitrarily
and order will play no role. But we need to fix a type Z,; to each label (u,i), for
1 <i < ||k||1, and do it in coherent way later in the spine construction. Thus, we consider
a probability law Q) on

Xk:{XGX”kul Ve e X, #{i:x; =2} =k,}

and (Z) 0 1 <1 < ||k||1) is distributed as Qx. This affectation is achieved independently
for each event and its law only depends on k. A generic natural law is an exchangeable
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one, choosing successively the types of individuals uniformly at random among available
choices, but models may suggest another one.

The process is constructed iteratively and constant between two jumps 7, and 7)1,
where Ty = 0 and T,,,; = +o0 if no event occurs after T,,. We may say jump or event
or branching event, indifferently. Note that for any event, only one individual disappears
here. It may be replaced by a single individual with a same type (but a different label).
The process is thus well defined until the limiting time of successive branching events
(T)n>1:

Thsp = nh_}ngo T, € RU{+o0}.

This latter is finite if the sequence of branching events accumulate and we speak of ez-
plosion. We write T the random tree obtained with this construction and 7T (¢) the tree
truncated at time ¢ > 0. Formally 7 = {(u, Ly, Z,) : v € U, It > 0s.t.u € G(¢)} and
Tt) = {(u,L,(t),Z,) : uw € U, Ts < tst.u € G(s)} with L,(t) the life length of u
truncated at time ¢ .

2.2. The -spine construction. We construct a new process and tree with a distin-
guished individual with label E(t) at time ¢, following the point of view of [39, 32] for
Galton-Watson processes. We write now V(¢) the random set of individuals alive at time
t and the types of individuals are given by (Z,, u € V(¢)). The associated random tree is
denoted by A and the counting of types is achieved by E. Thus E(t) € V(t) C U for any
t > 0 and the type of the spine at time ¢ is Y (t) = Zg ).

We start with the same population x = {(u,x,), u € g} as the original process. In
words, initial individuals are labeled by g and have types (x, : u € g) counted by v. The
distribution of the initial label of the spine E(0) is

Y(@e, v)
(v, (. v))
Then the distribution of the initial type of the spineis P(Y (0) = r) = v,¢(r, v) /(v,¥(., V)).

P(E(0) =e) = (e €g).

We introduce the state space of types
Z={(r,2) EX X Z 2, >1}
and consider a positive function 1 : Z — (0, 00) such that for any (z,z) € Z,
(1) D e, 2) (I 0(, 7+ k — e(2))) < oo
keZ

Among population whose types are counted by z, the spine E with type x branches and
is replaced by offsprings of types k at rate

(k,¢(.,z — e(x) + k))

U(x,2) '
The total branching rate of the spine individual is then 7*(x,2) = >, .- T (2, 2) < o0.
Labels of offsprings are (E(t—),1),...,(E(t—),|/k|1) and their types are chosen using

probability law )y as above. Among these offsprings, each individual with type y is
chosen to be the spine with probability

qy(kv Z) =

To(z,z) = 1¢(z, 2)

Uy, z —e(x) + k)
(k,9(.,z —e(z) + k))




6 VINCENT BANSAYE

and provides the new label E(t) of the distinguished individual.

Outside the spine, i.e. for individuals u € V(t) — {E(t)} at time ¢, rates of jumps are
modified as follows. Inside a population z with spine of type z, the individuals (but the
spine) with type y branch and yield offsprings k at rate

w(ﬂ% zZ— e(y) + k)
¥(z,2)
This process with a distinguished particle is constant between successive jumps fn and

Th+1, where Ty = 0 and T),41 = +o0 if no event occurs after T n. It thus also defined by
induction until explosion time

?k(ya z, Z) = Tk<y7 Z)

fEXp = lim 7, € R, U {+o0},
n—oQ

which may be finite or not.

The Markovian construction achieved here provides a random tree A with a distinguished
individual E. It is associated to the original random process through the rates (7 (z,z) :
r € X,k € Z,z € Z) and the initial type composition v. It then depends only on the
choice of the transform v, which will play a key role.

2.3. General result. We introduce the generator of the population process Z which is
given for bounded functions g : Z — R by

Lg(z)= Y zn(,2) (9(z+k—e(y) —g(z)).

We call ®, the set of functions where this operator £ is well defined for any z € Z by
summability, i.e. functions g such that for any z € Z and y € X,

> 2y 2)|9(z + k —e(y)) — g(z)| < oo.

We consider also the linear operator G distinguishing an individual and set for functions
f:AXxZ=>R:

Gf(x,z) = Y mlr,z)(k—e(x), f(,z+k—e(x)) + Lf(z)

where f, : z € Z — f(x,z). The domain ©¢g where this operator is defined contains the
bounded functions on X x Z. More generally it contains all functions f such that for any
re X, f, € O, and for any z € Z,

> 7z, z)|(k —e(x), f(..z + k — e()))] < o

kez

We consider by now ¢ € ®g which is positive on Z and satisfies (1). Observe that
f— G f) /v yields the generator of (Y (), E(t)):>0 and this Doob (or h = 1) transform
will play a role later. We define A : Z — R by

)\:%p on Z.

For any ¢ > 0, we consider a variable U(t) choosing an individual alive at time ¢ on the
original population process. Its law is specified by the conditional probability

PU(t) = e| T(t)) = pe(T (1)),



7

where for any e € U and for any tree t = {(u, £, z,) : Is <, s.t. u € g(s)} corresponding
tosets g(t) C U of individuals alive at time ¢, pc(t) > Oand 3, ) pu(t) = 1. We introduce

the following random process associated with the spine construction (A, E)

w1 (fg A(Y (s), E(s))ds) |
t) =1+ p— PE+ t)).

Tow=t ™ (Y (1), B(1)) "
We can now state the result and link the random choice of an individual among our
interacting population to the Markovian spine construction. Let T be the space of finite
trees where each nodd has a life lenght and an X" valued type. Elements of T are identified

to a finite collection of elements of U x (R; U {+00}) x X endowed with the product
o-algebra.

Theorem 1. For any t > 0 and any measurable non-negative function F': T xU — R :
Ex (Lt >t 6020y F(T(1),U(1))) = (v, ¥(., v)) Ex (W(t) F(A(t), E(1))).
In particular, if U(t) is a uniform choice among individuals G(t) alive at time ¢,
Ex ({7, 51,6020y F(T(t),U(t)))
oo MY (5),3(s))ds

= <Va w(a V>> EX <1TExp>t w(y(t)’ -:(t)) HE(t)H1F<A(t)’ E(t))> :

e

The proof is a consequence of the following lemma, which encodes the successive tran-
sitions. Recall that the successive branching times of the original process Z and of the
spine process = are respectively denoted by (Tz,l < i < N), with N € NU {400} and
(T“ 1<i< N) with N € NU {400} and Tj = Ty = 0 a.s. The variable N € NU {+o0}
yields the total number of branching events an/(\i N =1 < oo means that the process does
not branch after time T;. The same holds for V.

For 1 <i < N, we write U; (resp. K;) the random variable in & (resp. in Z) which gives
the label of the individual which realizes the ith branching events in the original process
(resp. the types of its offsprings at this event). We also denote by (X;;,7 < || K;||1) the
types of the offsprings of U;. In other words, at time T}, the individual U; is replaced by
individuals (¢, 7), for 1 < j < ||K;||1, whose types are (X;;,1 < j < |K;|1).
We write similarly U;, K; and ()A(m,j < ||KZ||1) the variables involved in the ith branching
event of the spine construction for 1 <¢ < N. Besides, we write E; the label of the distin-
guished individual when the 7th brgnching event occurs. Thus, if E; = [7}, then F;, 1 # F;
and Ei 1 = (Fy, j) with 1 < j < ||K;||1; otherwise E;;; = FE;. For convenience we write
A = (U Kiy (Xigh<jemin) . A= (UiaKm (Xz',j)lgjgnﬁiul)
the discrete variables describing these successive branching events.
Let A7 be the subset of non-extincted discrete trees with types in X and n internal nodds
(i.e. n branching events) and initial population x. Each element of 2} is a finite sequence
a = (ai)1<i<n, Where a; = (u;, Ki, (i) 1<j<|kij) €U X 2 X Ur>0oN* means that individual
u; has offsprings whose types are counted by k; and given by (; ;)1<j<|k,|,- We denote by
gr(a) C U the labels of individuals alive juste after the kth event (and before the k + 1th)
and zx(a) € Z the corresponding vectors giving the successive type compositions of the
population, for 0 < k < n. The fact that the tree a is non-extincted means that gi(a) # @
for k <n.
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Lemma 1. Let G be a measurable non-negative function from R? to R. For anyn > 0
and a € Ar and any e € g,(a),

IEx (l{NZn}G(Th s aTn) 1{Ai=ai: 1§i§n})
::<V’¢("V>>IEX (1{ﬁ27%5h+118})®é?£)(;(jaﬂ'"77%)1{Ai:a51§i§n}>7

where writing yx(e) the type of the ancestor of e at the kth branching event,

n—1/m T
e _ 2 (ZiS0 @i — ToMunle) m(a))
" U(yn(e), za(a))
Proof. The initial population x is fixed and notation is omitted in this proof. For conve-
nience, we also write z, = z,(a) the composition of the population between the nth and

n + 1th branching event and g,, = g,(a) the set of labels alive at this time.
We proceed by induction and start with n = 0. For any e € g,

(VB iy W) = B (101 )

Let us now consider n > 1 and assume that the identity holds for n — 1. We consider
Gn(ti:1<i<n)=G(t;:1<i<n-—1)H(t, —t,—1), where G and H are measurable
and non-negative and bounded respectively on R and R,. We fix also a € 2} and first
observe that

E (1{N2n} Go(Ti, 1 <0 <) Lia,—q,: 1<i<n} ‘ an,l)
(2) = 1{N2n71} G(Tia I<i<n-— 1) 1{Ai=ai:1§i§n71} B,

where

Bn =E (1{N2n} H(Tn - Tn—l) ]-{An:an} | an,l)
and Fr, , = o(T;, A; - i < n—1) is the filtration generated until time 7,,_;. Conditionally
on Fr, ,, on the event {4; = a; : 1 < i < n — 1} the random variable T,, — T}, is
exponentially distributed with parameter
Tpn = Z T(Ty, Zn—1)-
UCPn—1

Consider a,, = (un, Ky, (25,5)1<j<|jkn|, ), Which means that u, is the label of the individual
which makes the new branching event and this latter is replaced by individual with types
(%n,j)1<j<|kn|, and composition k,. For convenience, we also write

Qn = Qi (75,1 < J < [[kn1),
and on the event {N >n — 1} N{A;=a;: 1 <i<n—1}, we get
(3) Bn = ]_{Tn;,go} H(t) BiTntdt Tk,, (l’un, anl) Qn .
Ry

Similarly for e € g,,, with ancestor ¢’ € g,,_1 at the previous branching event,

E (1{]/\7277,, E,+1=¢} Wr’(l(aiiifn)ﬁ) Gn(j—zw 1 S ( S n)]‘{gi:aizlgign} ‘ FTn—l)

(4)

w(ylu Zn71> B\n’
(Y, 2n)

a;:i<n—1),e/ - .
= Lfon-1,B=e Wv(z(—l : )G(Th l<i<n—11G . 1cicn1



where
B = B (L O B = T 1y [ ).

We write y (resp. y') the type of the spinal individual e (resp. €’) after (resp. before) the
nth branching event and respectively

=Y Fwtm), A= 2a00),
u€gn_1—{e’'}
the total branching rates of the population oustide the spine and of the spine. Recalling
that z, = z,_1 — e(z,,) + k,, we also write

U(y, 2n)
¢(ylvzn—1)
the rate at which an individual outside the spine is replaced by k,. If the branching

indeed occurs outside the spine, ¥ = y and this rate 7, x, coincides with Ty, (Zy,, V', Zn—1).
Besides,

?n,kn = Tk, (‘runa Zn—l)

¢(y,7zn—1) 7
yields the branching rates for the spine. If the branching event indeed concerns the spine,
y' = x,, # y. Similarly, the probability to choose a spine with type y is

_ _ ¢(y7zn)
0=ty 20) = ey

We distinguish two cases, corresponding to the fact that the nth branching event concerns
the spine or not, i.e. either u, = ¢ or (u, # ¢ and y = y/). On the event {N >
n—1 E, 1 =¢€¢}nN {EZ =a; : 1 <i < n—1}, the time fn — fn_l is exponentially
distributed with parameter 7,, + 7, and we get

ﬁ:kn =Ty, ' Zn-1) = T, (v, Zn—1)

~

By = L inpsounzery | H(@)e OV om0 BAmN 4 Q, dt

R
+ 1{?n+?n*750un=e’} / H(t)6t(>\<g,7zn71)_(?n-i_ﬁ:))?y:kn QnQn dt
R4
V(Y, Zn)

Tien (Tuns Zn1) Qn | H(t)e" AW 20 =d700) gy,
(y/azn—l) ( ) R, ( )

Adding that by definition of A,

= 1, 455200 ”

'/7_\n + 7/:; - A(ylvzn—l) = Tn,

we obtain from (4)
E (1{ﬁ2n, En+1:e} Wfl(alzgn)ﬁ) Gn(j_zﬁ ]‘ S Z S n)l{A\Z:CLZlSlSTL} “FTn71>

— ((a;:i<n—1),¢e) = .
= 1{ﬁ2n—1,En:e'} Who1 G(Ti,1<i<n-— 1)1{,&-:&1-:lgign—l,?n—i-?;;éO}

X Ht)e ™ dt 1, (24, , Zn_1) Qn.
R

Using (2) and (3), the induction hypothesis ensures
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E (1{N2n} Gn(T;, 1 <i<n) l{Ai:aizlgiSn})
— (v, (., V))E (1 o WS G (T 1 < < 1, gl_:aizlgi@})

by conditioning both sides with respect to their filtration until the n+ 1th branching event.
It ends the proof by a monotone class argument. O

Proof of Theorem 1. The result is a consequence of the previous lemma. On the event
{N < oo}, we set T, = 400 for n > N. For each t > 0 and n > 0, we introduce a
measurable non-negative function G%, from R” x 2 x U such that for any e € U, on the
event {e € G(t), T,, <t < T,+1, N > n} we have
F(T@),e)p.(T(t)) = GE(Ty, ..., T, A1,..., A,)  as.
Then
B (11,5t 6020y F(T(t),U(t)))

= Z Ex (F(T<t)7 e)pe<T(t))1Ai:ai:1§i§n, eGG(t),Tn§t<Tn+1,N2n)
n>0,
aem;,zegn(a)

- Y

n>0,
acAr, e€gn(a)

where

Fh¢(a) =Ey (fo(Tl, oy Thyar, .o an) fil(Th,aq, ... 7an)]-{Ai:ai:lgign,TnSt,NZn})
and
fi(Th,aq, ... a,) =P(Thaq > T, Ay = ap,y ..., Al = aq).
To end the proof, we apply Lemma 1 to express F*¢(a) in terms of the spine construction
and use that

1{En+1:e}ft(j—\‘n7 agy ... ,Cln) = 1{En_H:e}e(t_fn)A(e7z")P(fn+1 > t|j—\1n, A\n = Ap, ... 71/4\1 = al).
This latter identity is proved following the last lines of the proof of Lemma 1. 0
2.4. Positive semigroup and martingale. For each (r,v) € Z, we associate an initial
labeling x = z(v) = ((u,x,) : v € g), where x,, is the type of u € g and v, = #{u € g :
x,}. We also associate a label u, € g such that x,, = r . For any ¢ > 0 and f function
from Z to Ry U {400}, we define for any (r,v) € Z,

Mf(r,v) =Eop) | Lgposn Y. F(Zu(),Z(1)) |,

ueG(t), uzu,

where Z and Z are defined in Section 2.1 with initial condition z(v). We observe that in
this definition, M, f(r,v) does not depend on the choice of the labels of z(v) and u,. We
can also write

Mtf(ra V) = IE:a:(v) (1{TEXp>t} <Z(ur)(t)7 f(? Z(t)») )

where Z" (t) = #{v € G(t) : v = u, Z,(t) = x} is the number of individuals with type x
at time ¢ who are descendant of u.
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Consider a function 1 € Dg be positive on Z and satisfying (1) and recall that \ is
defined by
A=Gy/p on Z.
Recall also that = is the process counting types in the 1-spine construction and Y (t) =
Egw)(t) is the type of the spine at time ¢. Observe that (Y, Z) is a jump Markov process

whose jump rates are determined by 7 and 7 for k € Z. It starts from (Y (0),Z(0)) =
(r,v). For u € G(t), we write Z,(s) the type of the (unique) ancestor of u at time s < t.

Proposition 1. (M) is a positive semigroup on the set of functions from Z to R, U
{+o0}. Besides, for any t > 0, for any non-negative function f on Z and (r,v) € Z,

oJa MY (5),(s))ds
Maf (%) = 000,V B | g0 5y my T 02O )

Furthermore, for any G measurable function from D([0,t], X x Z) to — R,

Erwv) | LiTpp>t) Z V(Zu(t), (1)) G((Zu(5), Z(5))s<t)

ueG(t)
- <V7 77/}(, V)>E(r7v) <1{TExp>t} efo MY (5),E(s))ds G((Y(S), E(S))sgt)> .

This result provides a Feynman Kac representation of the semigroup and so called many-
to-one formula for the population. We refer to [15] for a general reference on Feynman Kac
formulae and Biggins and Kyprianou [11] for related works on multiplicative martingales.
For such representations in the context of structured branching processes and in particular
for fragmentations or growth fragmentations, we mention the works of Bertoin [10, 9, §]

and Cloez [14] and Marguet [37]. We note that the event {fEXp > t} is measurable with
respect to the process E since this event is characterized by the absence of accumulation
of jumps for E before time ¢.

Proof. We omit initial condition in notation. To prove that M is a semigroup, we condition
by the filtration F; generated by the original process until time ¢. For any u € U,

E (Lizp,,>ts uco@}(Z™ (L +5), F(L D+ 9)) | Fe) = Lz, st uccoy Mo f (Za(t), Z(1)).
We get
Mt+sf(r> V)
— ]E(]‘{TExp>t} Z ]E (1{TExp>t+8,uEG(t)}<Z(U) (t + S), f(, Z(t + 8))) | ft) )

ueG(t), uzur

- E (1{TExp>t}<Z(ur)(t)7 Msf('a Z(t))>) = Mt(Msf)(r7 V)'

To prove the Feynmac Kac representation of the semigroup M and get the ancestral lineage
of a typical individual, we prove that for ¢ > 0,

E(Lirpgon Do V(2. ZO)G(Zuls), 2(5))exr))

ueG(t), urzur

(5) = (VB ) (L ey 82O G((Y (5),B(5))ozr))
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Indeed, we can apply Theorem 1 to

Fltu) = #{veglt): vrutv(z(t), 2(t) G((zu(s), 2(s))s<t),
1u€g(t),u>ur
) = e vr l

where g(t) is the set of labels of t alive at time ¢, z(¢) is the type composition at time
t of the population and z,(t) the type of individual u at time t. We observe that
E (113,51, 6020 F(T(t),U(t))) gives the left hand side of (5) by exploiting the law p(7T (t))
of U(t) conditionally on 7T (¢), while E (W(t) F(A(t), E(t))) yields the right hand side of
(5) by conditioning by E(0) = u,. We can also remark that (5) amounts to a spine
construction with initial condition E(0) = e, Y(0) = r, which focuses on the lineages of
individuals whose initial ancestor is u,.. This would provide an alternative proof. Identity
(5) proofs the first expected expression of semigroup M by considering marginal functions
at time ¢. It also yields the second one by summation over initial individuals, which ends
the proof. O

Proposition 2. If Tgy, = +00 p.s. and fExp = +00 p.s., then
MU(t) = D e INAODEN (7, (1), 2(1)
ueG(t)
is a non-negative martingale with respect to the filtration (F;)i>0 generated by the original

process Z. Furthermore, it converges a.s. to W € [0, 00).

The proof of the martingale property uses hat fEXp = +o0. Indeed, otherwise mass
decays and in the case of jump process, we do not have a direct compensation via a killing
rate. Besides, the limit W may degenerate to 0. In the case of branching processes, the
criterion for non-degenerescence is the L log L condition for reproduction law, coming from
Kesten and Stigum theorem. In Section 3.2, we deal with a counterpart with interactions
in the single type case, following the spinal approach of [39] for Galton Watson processes.

Proof. The initial condition x is fixed and omitted in notation. The fact Txy, = +00 p.s
and Proposition 1 applied to

G((Zu(3), Z(5))sct) = € o NZIZN Dy (7 (1) 7(t))

ensure that

(6) <V, ¢(7 V)>]P> (fExp > t) =K Z e~ fot )\(Zu(S)’Z(S))dS@Z)(Zu(t), Z(t))

ueG(t)

for any ¢t > 0. This identity guarantees the integrability of M. Similarly Markov property
and (5) allow to write for u,t fixed, on the event u € G(t),

E Z - fre A(Zu(T),Z(T))dT¢(Zv<t + 5), Z(t + 3)) ‘ Fi |l = 77/)(Zu(t), Z(t))

veG(t+s), v=u
since Ty = 00 a.s. We get

B(M(t+ 8)|F) = Y e bNAOZONry (7, (1), Z(t)) = M(1),
ueG(t)
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which proves the lemma. O

Observe from (6) that under the condition Tgy, = 400 p.s, the fact that M is a mar-
tingale (and not only a local martingale) is equivalent to Tjy, = +00 a.s.

The case when the semigroup M has a positive eigenfunction (harmonic function) allows
to simplify A and is of particular interest. Assume that Ty, = +00 a.s. and there exist
A € R and ¢ € D¢ such that

gy = X\ on Z.
Then
M¥(t) = e M (Z(t), (., Z(1)))

is a non-negative martingale. General statements ensure the existence and/or uniqueness
of positive eigenfunction . The Perron Frobenius theorem can been extended to infinite
dimension using compact operator and suitable perturbations, see e.g. [40] and references
therein. Besides several probabilistic approaches exploiting a typical particle via a (poten-
tially non homogenous) Markov process provide useful conditions via stability techniques
for Markov processes. They can also provide exponential convergence and quantitative

estimate and are actually linked to a spine approach. We refer e.g. to [4] and references
therein and to Section 4.1.

The case ¢ = 1 is also relevant and A simplifies. Indeed, A\(z,z) = >, 7(z,2z)|k||; —
7(x,z) and

B | D0 Fl(Zu(5))sst) | = (v, V) By (el X0 OSOE F((v(5)) 1))

ueG(t)

Letting ' = 1 allows to provide a Feynman Kac expression of (E(#G(t)));>0. We observe
that if the occupation measure of the Markov process (Y, E) satisfies a large deviation
principle, Varadhan lemma allows for a characterization of the growth rate of E(#G(t))
via a variational principle. Furthermore, this principle provides the occupation measure
of ancestral lineages. We refer to [16] for the variational principal and [5] for the case of
branching processes. The case ¢ = 1 will be exploited in Section 3.2 to extend the L log L
criterion to a class of one dimensional branching processes with interactions.

3. SINGLE TYPE DENSITY DEPENDENT MARKOV PROCESS AND NEUTRAL EVOLUTION

In this section, we consider single type populations and some issues which have originally
motivated this work. In that case, when the size of the population is z € N, each individual
branches and is replaced by k individuals with rate 74(z), for k& € Ny. We consider
1 : Ny — (0,00) and the 1-spine construction is as follows. The distinguished individual
is replaced by k € {1,2,3,...} individuals at rate

Y(z—1+k) B
e F21).

Among this offsprings, each individual is chosen to be the new label of the spine with
probability 1/k.

7 (2) = k7i(2)
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The individuals but the spine branch and are replaced by k € Ny individuals at rate

R N v(z—1+k) B
A =BT (2

We observe that the size = of the population in the -spine construction is a density
dependent Markov process with transition rate from z to z + k£ — 1 equal to

W(z—1+k)

P(z)
Thus, = is a population process with individual branching rates 7;.(2)¢(z — 1 + k) /¢(2),
plus additional size depend immigration, where k immigrants arrive in the population of

size z at rate (k — 1) 7(2) ¥(z — 1 + k) /¢(2).
Generator G and function A\ write for z > 1 as

Gf(z) =D m()z+k=1)fz+k—1)—27(2)f(2)

(k+2z—1)1(2)

and
_9vl) _ E 7(2) (2 - —¢<Z+k_1)—z7'z

keNg
The choice ¢ =1 is natural and will exploited in the Llog L criterion. Then

Az) = (k= 1)7(2).

k#£1

is a the size dependent growth rate of the population. Another choice of v is inspired by
exchangeability in the single type case and we choose the inverse function : ¥(z) = 1/z
for z > 0. We get A\(z) =0 if z > 2 and A(1) = —7¢(1). In particular the inverse function
is an eigenelement associated with the eigenvalue A = 0 when the process cannot reach
(and be absorbed) in 0, i.e. in the case 79(1) = 0. Let us then consider a uniform choice
U(t) among individuals G(t) alive at time ¢. Conditionally on G(t), we assume that this
variable is independent of 7(¢). Since here A\ = 0, W(t) = 1g,_>¢ a.s. for a uniform
choice. We apply Theorem 1 and get

Proposition 3. Assume 79(1) = 0. Then, for anyt >0, 1g, (T (t),U(t)) is distributed

as 1FfExp>t(A(t), E(t)), where (A, E) is the v-spine construction and
1
- > 0).
(k) max(1, z) (220)

The 1/k-spine construction above consists in a single type density dependent Markov
process with a distinguished individual and individual jump rates

z - z
—z—1+k’ Tk(z)—Tk(z)—Z_1+k

for z > 1,k > 0. We recover the fact that the process = counting the size of the pop-
ulation in the 1/z-spine construction is distributed as the original process Z. We give a
consequence about ancestral lineage of samples, which will be useful. We consider the
case when the size of the population of the spine construction #V(t) converges in law
to a stationary distribution m = (7,),>;. Then, the number of branching events with k

7y (2) = k7i(2)
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offsprings along the ancestral lineage of a uniform sample in 7 (¢) grows linearly with rate
z

A=k Y mri(z) ——

= z—1+k

To end with part, we mention that in the case when 75(1) # 0, an analogous result
can be stated conditionally on the survival of the process. The eigenfunction v is then
non-explicit in general, but can be written as h(z)/z for z > 1, where h is the harmonic
function of the killed process. It allows in particular to describe sampling in the quasis-
tionnary regime, i.e. when the process conditioned to survive at a given time converges in
law. In that case the process = survives a.s. but the original process dies out.

3.1. Markov process indexed by a birth and death process. We restrict here to
birth and death process which do not become extincted and do not explode. Our mo-
tivation is the evolution of traits among a population whose growth decreases due to
competition. In this part, the model is neutral, meaning that traits of individuals do not
affect the birth and death, which are only sensitive to the whole number of individuals. It
enables to take into account the lack of ressources when the population increases.

We are in particular interested in cell division. A logistic growth is observed with limited
ressources and we refer to the historical works of Malthus, Monod or Verhulst. Density
dependance effects and mecanisms of death of cells can be very various, including senes-
cence, contact inhibition, cytokines regulation, apoptosis and necrosis. We consider here
a neutral toy model and hope that more advanced studies could be lead.

The trait can then be the size, the mass or the load of pathogens of the cell. The
trait tend to grow during the life of the cell and is split at division. Such a dynamic is
often called growth fragmentation. Looking at the traits of individuals, growth and frag-
mentation have antagonist effects. Without interactions, for branching structures, such
processes have received lots of attention, including deterministic, random and structured
frameworks, let us refer e.g. to [4, 7, 9, 8, 37| and references therein.

We thus consider the birth and death process with individual birth and death rates
b, =1m(z), d,=m(z), for z > 1.

We assume that d; = 0, so that the process survives a.s. We also assume non-explosion
of the birth and death process and refer e.g. to [28] (or Theorem 2.2 in [3]) for explicit
criterion in terms of the birth and deaths rates. Recalling Section 2, we write 7 the
associated random tree and the generator £ of the birth and death process is

Lg(2) = 2b-(9(2 + 1) = g(2)) + 2d=(9(z = 1) = ¢(2)).

We consider now a cadlag Markov process on a polish space E, whose generator is £, with
domain ®. This process describes the evolution of the trait of individuals alive. When a
birth occurs, the transition kernel P : E — Ppg2 provides the law of transmission of the
trait to the two offsprings, where Pp2 is the set of probability measures on £?. We write
P : E — Pp the marginal kernel. It is defined by

W@M:%@@EXM+P@AXE»
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for any A measurable. For cell division, this provides the fragmentation kernel of the
mass or the load of infection. Let us denote by ((u(t))i>0ucc@) the process giving the
trait of each individual alive at time ¢. Thus, (,(t) is the trait of individual u at time ¢,
constructed inductively using a family of independent Markov processes with generator £.
This process describes the evolution of traits along the the genealogy 7. More precisely,
between two birth events the trait evolve (independently) along the branch of each label
u following the Markov process (,(t) with generator £.
We introduce (=, ¢*) the Markov process on N x E associated with the generator

1) LsfC) = 20+ 2 = [ (G L) = ) Bl d)

-1
Y (et 1,9)  Few) + ez (FG — 1)~ f(20)
for z > 1 and y € E. The Markov process = is the size of the population of cells in the
1/z-spine construction. The process (* yields the value of the trait along this spine. Using
Proposition 3 and the fact that the original process is non explosive, the spine construction
is non explosive either : Thy, = +00 and Tgy, = 400 a.s. Recall that U(t) is a uniform
random variable among individuals G(t) alive at time ¢. Proposition 3 yields

Proposition 4. For any t > 0, (y«)(t) is distributed as ¢*(t).

z

We apply this result to describe the phase transition in a growth fragmentation process
with interactions. We consider exponential growth with rate r for the growth of the cells
and at division, the trait is splitted randomly between the two daughter cells. A random
variable F' € (0, 1) yields the fraction for one daughter and without loss of generality we
assume that I is distributed as 1 — F', i.e. a symmetric law with respect to one half. Then

W =), PuAxB) = [ PEed) e e
0,1
for any A, B measurable sets of X'. We focus on the case when competition regulates cell
population and the number of cells converges in law. The criterion for the regulation of

the growth of the trait (size, pathogen load) of cells is stated below. It involves the mean
rate of branching along the spine 7.

Corollary 1. Assume that the Markov process Z is irreducible and positive recurrent on
N. Then Z(t) converges in law to the unique stationary distribution m = (7,),>1 as t tends

to infinity. Setting,
z
T=2)Y mb——,
; z+1

we get the following classification.
i) If r < E(log(1/F)) 7, then (*(t) tends a.s. to 0 ast — oo and

tlgglo max{(,(t) : we G(t)} =0 in probability.
it) If r > E(log(1/F)) 7, then (*(t) tends a.s. to infinity as t — oo and

tliglo min{(,(t) : u € G(t)} = oo in probability.
iir) If r = E(log(1/F)) 7, then * oscillates a.s. between 0 and 400 and for any e > 0,
lim sup P(max{(,(t) : v € G(t)} <e) =1, li?l}i;lpIP’(min{Cu(t) rueGE))>1/e) =1

t—o00
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Proof. Since we consider the 1/z-spine construction, we first recall that Z and = are
Markov processes with the same law. Their jump rate from z to z + 1 is zb, and their
jump rate from z to z — 1 is zd, for z > 1. Let us use a trajectorial representation of the
evolution ¢* of the trait along the spine, which has been characterized in (7). It satisfies

C*(t)zé*(0)+/o rC*(s)ds—/O/R (01)(1—f)C*(S)1ug2bz<s_)z<s—)/<Z<s7>+1>N(dsvdu,df)

where N (ds, du, df ) is a Poisson point measure on R? x (0, 1) with intensity dsduP(F € df).
Then

t
log(¢*(t)) = log(¢*(0)) + rt + /0 /R o log(f)Lu<a, ., z(s—)/(z(s—)+1) N (ds, du, df ).

The classification and asymptotic behavior of (* is then inherited from ergodic averaging
of Birkhoff theorem and the critical case is captured by central limit theorem for ergodic
Markov process. We conclude on the original process by using Proposition 4. Indeed, let
e>0and A >0,

P (max{(,(t) : ue G(t)} > ¢, #G(t) < A) < AP ((u(t) =€) = AP (C*(t) > ¢)

and the right hand tends to 0 if » < E(log(1/F))w. We conclude for the case i) by letting
A go to infinity and £ go to 0 and by using that #G(t) = Z(¢) is stochastically bounded.
The two other cases are treated similarly. 0

We illustrate this result with a classical logistic competition model and the criterion
becomes explicit. The individual birth rate is fixed and equals to b > 0 and competition
coefficient with other cells is ¢ > 0:

b, = b, d,=c(z—1) (z>1).

The stationary probability 7 of the population size is

1 bzl
WZ:d#c-l(E) RG]

The criterion for the regulation of the growth can be given in terms of the parameters b
(birth) and ¢ (competition) and 7 (growth) and F' (random repartition at division) :

r < 2b (1 - g + ﬁ) E(log(1/F)).

Letting ¢ tend to 0 allows to recover the expected criterion for branching process, with
classical accelerated rate of branching 2b along a typical lineage, see e.g. [3]. Both division
(by splitting) and competition (by killing) participate to the regulation of the growth of
the cellular trait. The threshold above (and the growth rate of the trait, see the proof)
makes appear the function f(b,b/c), where f(b,y) =b(1 —1/y+ 1/(e¥ — 1)) is increasing
with respect to b and y. The value of b/c is linked to a carrying capacity, i.e. a value
above which the population size tend to decrease. Competition destructs cells and could
help for regulation but its also make the carrying capacity decrease and at end it plays
against the regulation of the trait.
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3.2. Llog L criterion for branching processes with interactions. For branching pro-
cesses, spine construction yields a conceptual approach for the Kesten Stigum criterion
of non-degenerescence of the limiting martingale [39]. For a Galton-Watson process Z
with reproduction r.v. L, W = lim,_, Z,/E(L)" is a.s. positive on the survival event
iff E(Llog(L)) < co. We are interested in the counterpart of this criterion and approach
when reproduction is density dependent. We work in the case when the original process
and the spine construction do not explode.
We follow the ideas of [39]. We assume that for any z > 1,

(8) T(z) = ZTk(Z) < 0, Zka(Z) < 0

and achieve the spine construction with ¢ = 1 and set for z > 1,

Az) = (k= 1)7(2).

k>0

We first get from Proposition 2 or could directly check that

t
M(t) = exp (— / /\(Z(s))ds) 2()
0
is a non-negative martingale which converges a.s. to a finite non-negative r.v.
W = lim M(t).
t—o00
Similarly, we write
t
N(t) = exp (— / A(E(s))ds) =(1),
0

where = is the size of the population in the 1-spine construction. Theorem 1 yields the
following expression of E(IW) and a way to know when W is degenerate :

Lemma 2. Assume (8) and that Tgy, = +00 and T\Exp = 400 a.s. Then, for any z > 1,
E.(W)=2zP,| sup N(t) <oo].
te[0,00)

Besides, = — 1 is a Markov jump process on Ny whose transition rate from z to z +k — 1
is equal to ktp(z + 1) + z7(2 + 1) for 2> 0,k > 0.

The process = — 1 can thus be seen as the original density dependent Markov process
plus a density dependent immigration of k — 1 individuals with rate k 7,(z). This extends
the result for branching processes when A and 7 are constant and M (t) = exp(—At)Z(t).

Proof. We let t > 0 and K > 0 and apply Theorem 1 with ¢» = 1 to function

t
Fte) = F(O) = a()e BP0 e 300000 <1}

or can apply (6) as well and get

u€l0,t]

E <1{Supu6[0,t] M(u) < K} M(t)) =P ( sup N(u) < K) .
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Bounded and monotone limit as ¢t — oo ensure

]E (1{Supu6[0,oo) M(’“)SK} W> = IP) ( Sup N(u) S K) .

u€[0,00)

We conclude the proof of the first part of the proposition by monotone limit letting K go
to infinity. For the second part, we observe that = jumps from z to z + k — 1 with rate
T (2) 4+ (2 = D7T(2) = k1e(2) + (2 — D) 7i(2). O

Let us derive moment conditions which guarantee that the limiting martingale is non
degenerated. These issues have already been considered, at least in the discrete framework,
motivated by controlled Galton-Watson processes [34, 30]. In these works, a monotonicity
assumption or regularity and convexity assumptions are required. Such assumptions seem
to be partially relaxed here. Besides, the method can be extended to multitype setting.
The case where the process becomes critical asymptotically has received lots of attention
and is often called near or almost critical. We focus in the application here on the case
where the process grows exponentially but density depend affects the growth rate. Com-
petition can make it decrease and cooperation may make it increase, while non monotone
behavior appear in particular with Allee effect.

Proposition 5. Assume that

inf A\(z) > 0, Z E(log(k) + 1) sup m(z) < oc.

= E>1 221

Then Tgy, = +00 and fExp = +o0 a.s. and for any for z > 1,
E.(W) =z

The uniformity assumptions can be partially relaxed. For instance, with some irre-
ducibility condition one can only assume that A is lower bounded by a positive constant
for z large enough. The L log L moment condition is necessary for positivity of E(W) in
some cases including branching processes or pertubation of them.

Proof. We first notice that the fact >, k sup,-, 7%(2) is finite provides an upperbound
of the growth rate of the size of the population of the original process Z. It guarantees
that Tgyxp, = 00 a.s. Let us deal with the 1-spine construction and localize the process by
considering the stopping times T™ = inf{t > 0 : Z; > m} for m > 1. We separate the
component coming from immigration and give a trajectorial representation of = — 1. Let
us consider V== — 1. For ¢t < T™, it is defined as the unique strong solution of the
following SDE

t
V(t) =V(0) +/ / Liu<v(so)m(v(s—)+1)} (K — 1) N(ds, du, dk)
0 JRyxN

t
+// Lushn(v(s—)+1y (k — 1) Ni(ds, du, dk),
0 R+><N

where we use two independent Poisson point measures, N and N, with intensity ds du n(dk)
on R? x N, where n = > ke, Ok is the counting measure, see e.g. [3]. Defining

Ni(t) = V(t)e JAEs = N() — e s AEE)ds,
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we get for t < T,
t
Ni(t) = Ny(0) —/ (Z2(s))V(s)ds
/ /R ]-{u<V ) (E(s—))} (k? 1) f (B )dUN(dS du dk‘)
+ X

+/ / Lushn(zts-yy (k = 1) e Jo SO N (ds, du, dF)
R+ xN a

t o~
= N1(0)+/ / Lju<s(s—)m(zs—)y (K —1)e” Jo XE@) NF (ds, du, dk)
0 R+XN
t
+/ / Ljuskr, (2s-))) (B — 1) e Jo AECDDNS (ds, du, dE),
RyxN

where A is the compensated measure of A". Thus, conditionally on N7, Ni(. A T,,) is a
submartingale. Besides, writing ¢ = inf A > 0 and p;, = sup,>; 7(2) < 0o, we get for any
m>1and ¢t >0

t
E.(Ni(tAT™)|Np) <z-—1 +/ Lu<kp, (B — 1) e” Ny(ds, du, dk).
0

Let us show that the L log L assumption ensures that the right hand side is a.s. bounded
with respect to ¢t. Indeed

9) / Lucip, (k — 1) e Ny (ds, du, dk) ZLe
0

>0

is a compound Poisson process, where (Tj,; — T; : ¢ > 0) are i.i.d. exponential random
variables with parameters p = Y, ,kpy € [0,00) and (Zl : 4 > 0) are i.i.d random
variables with the size bias distribution P(L = k — 1) = kpy/u for k > 2. By Borel
Cantelli lemma, the fact that 37, ., log(k)kp, < oo ensures that limsup,, . log(L,)/n = 0
p.s. Adding that ¢ > 0 and that T} grows linearly a.s. to infinity as ¢ tends to infinity, the
series in (9) are a.s. finite.

We get then that = is not explosive by using that A is upper bounded and letting m — co.
By Fatou’s lemma, we obtain that sup,~,E.(N1(t) | N;) < oo a.s. Thus, the quenched
submatingale (N;(t))s>o converges to a finite random variable a.s. as t — oo. So does
N(t), towards the same limit, since inf A > 0. Lemma 2 allows then to conclude. O]

In particular, we can describe the growth of the process Z. When 7(z) tends to b as
z — oo fast enough, the robustness of exponential growth of Galton Watson process is
expected. It has already been studied in the discrete setting and needs in general some
technical conditions, see the works mentioned above and also Klebaner [29].

Corollary 2. Under the assumption of the previous proposition, assume further that
lim, oo A(2) =b> 0. Then

tlim log(Z;)/t =0 with positive probability.
—00
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Assuming further that there exists a > 1 such that |A\(z) — b < C'log(z + 1)~* for any
z >0, then
Zlggo e " Z(t) =W € (0,00) with positive probability.

A natural question now is to know if the limiting martingale is a.s. positive on the
survival event. It is well known for branching processes and a direct consequence of the
branching property. We expect extensions to similar processes with interactions. The pa-
pers mentioned above in discrete time contain interesting results in this direction. Finding
relevant general conditions seems a delicate and interesting problem. Extension to multi-
ple dimension is also natural. In infinite dimension, for the case of branching processes,
we refer to [2] for a similar point of view and sufficient conditions of non-degenerescence.

Proof. Using monotonicity of Z or the previous proposition, we first observe that Z; goes
to infinity a.s. as t — oco. Then A\(Z;) tends to b a.s. and the previous proposition ensures
lim;_,, log(Z;)/t = b with positive probability.

Besides writing r(z) = M(2) — b, [} [r(Z,)]dt < oo a.s. since [r(Z;)] < Clog(exp(bt/2) +
1)~ for ¢ large enough. It ensures that exp(fot A(Zs)ds) is a.s. equivalent to exp(bt), which
ends the proof. O

4. APPLICATIONS TO MULTITYPE PROCESSES

Let us turn to structured populations with a finite number of types, i.e. #X < oc.
Explicit computations of eigenelements seem to be more delicate in general than in the
single type considered above. We consider two simple relevant regimes for population
models. First, random but bounded population size, where conditions for existence and
uniqueness of positive eigenelement are well known from Perron Frobenius theory. Second,
we consider sampling in the large population approximation of dynamical systems.

4.1. Finite irreducible case. We consider a simple case relevant for applications : the
number of types is finite and the size of the population is bounded. More explicitly, we
assume that #X < oo and that there exists z > 0 such that

For all (z,2,k) € Z x X x Z such that ||z+k —e(x)|y > Z, m(z,z)=0.

In words, the total size of the population can not go beyond z. This quantity may cor-
respond to a carrying (or biological) capacity of the environment where population lives.
The corresponding state space is denoted by S. This subspace of Z is defined by

S={(rv)e X xN": v, >1,|v|: <z}

We assume that the initial condition Z(0) is a random vector such that ||Z(0)||; < z. We
observe that boundedness ensures that the process a.s. does not explode. We recall that
x(v) is the finite initial population whose types are counted by v and u, a label of the
population with type r. Besides, the positive semigroup M is defined by

My f(a) = M f(r,v) = Eo) (Z Zy (1) f (y, Z@)))

yeX
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for f positive and a = (r,v) € S. Similarly, the operator G is restricted to S and defined
for (z,z) € S and f bounded by

Gfwz)= )  nlez)(k—e(2), f(.z+k—e(2)))

keZz
lz+k—e(z)[1<z

+ Y znya) (fzrk—ely) - f(2)).

yeX kEZ
lz4+k—e(y)ll1<z

Under irreducibility conditions, Perron Frobenius theorem ensures the existence (and
uniqueness up to a positive constant) of a positive eigenfunction v for the semigroup M
and its generator G. Using the corresponding v-spine construction, we obtain a character-
ization of the ancestral lineage (or pedigree) of a typical individual, and in particular the
ancestral types. We refer to [27, 24] and references therein for similar issues for multitype
branching processes and the description of ancestral lineage using the eigenelements of
the first moment semigroup. In this description, the stationary law of the Markov process
(Y(t), E(t))s>0 is involved. Recall that the generator of this latter is the ) Doob-transform
of G. More explicitly, the generator of (Y, E) takes the matrix form (Q,/%(a))apes, where
@ is defined for (z,z) € S and y # x and k € Z such that ||z +k — e(z)||; < Z by

Q(:v,z),(y,z#»kfe(:r)) = 7—k(xa Z)ky¢(y7 zZ — e(x) + k)
Q(z,2),(z.2+k—e(y) = Zka<y7 z)Y(r,z — e(y) + k)

and if furthemore k # e(z),
Q(x,z),(x,z-‘,—k—e(:c)) = (Tk(xa Z)kz + (Zl‘ - ]-)Tk(‘ra Z)) w(% zZ — e(x) + k)

Finally, as usual, Q. = — Zbes_{a} (Qap- We can now turn to the result. Let us consider
again a uniform sampling U(t) in G(¢). We set for t > 0,a € S and k € Z,

t
P,(t) = / L(Zy ) (9).2)=a 45, Nox(t) =#{u =g U{1): (Z,,Z2") = (a,2), K, =k},
0

where Z,(s) is the type of the unique ancestor of u at time s, Z* (resp. K,) is the type
composition of the population (resp. of offsprings of individual «) when u branches.

Proposition 6. Assume that for any a,b € S, M11,(a) > 0. Then,
i) there exists a positive vector v on S and a unique A € (—oo, 0] which satisfy
Gy=XM onS,

i1) Markov process (Y (t),E(t))i>o0 of the corresponding 1-spine construction converges in
law to ™ = (T4)aes as t — oo, where T is the unique probability solution of

Q) = 0;
i11) for any a = (v,2z) € S and k € Z such that ||z +k —e(z)|; < Z,

(0 = (romenn Bl

as t — 0o, where the convergence of the couple holds in law (and in probability) condition-
ally on the event G(t) # @.
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Assumption M;1,(a) > 0 amounts to an irreducibility property of the population pro-
cess Z, with a distinguished particle, out of the extinction state. Let us illustrate this
condition on the following spatial model with competition. Consider a finite number of
sites with finite carrying capacities. On each site, each individual gives birth to one off-
springs with a positive rate, when it has not reached the carrying capacity, and dies with
a positive rate. These individual rates may be dependent of the local and global density
of individuals. Besides, each individual may move from one site to another. This model
satisfies the assumptions of the previous statement as soon as the motion of individuals
(including their offsprings) is irreducible, i.e. when the graph of nodds whose oriented
edges correspond to positive probability of transition at branching event is strongly con-
nected.

Proof. Point i) is a direct consequence of Perron Frobenius theorem. The fact that the
eigenvalue A is not positive is due to the fact that the process is bounded.
The Markov process (Y, E) takes values in a finite state space and the assumption and the
positivity of ) ensures that it is irreducible. This ensures the convergence in law of (Y, E)
in ).
Furthermore, we write for a = (z,2z) € S and k € Z,

o) =#{u < E(t) : (24, B") = a, Kj =k},

where IA{; is the type composition of the offsprings of the spine u when it branches and
E" the state of the population when it branches. Then Birkhoff theorem ensures the a.s.
convergence:
NF(t k, (., k—e

(10) T B T CE Rl C2))

AT 0@
The result is then a consequence of Theorem 1. Indeed for any ¢ > 0 and F measurable
and positive, we know that

E (tcayseF(ux(0) = (00 (s, PO

= Tla k-

and

At 1
E (Lere) = € (v, 0(,, v))E (1/1(Y(t),5(t)) IIE(t)lll)

The conclusion follows by considering F'(n) = 1j,/i—%, > for € > 0. Using that that ¢
and E are bounded and taking the ratio of the two expectations, (10) ensures that

P (|Nox(t)/t — Fuxe| > €|G(t) # @) =5 0.
The proof is analogous for the limit of P,(t)/t when t — oo. 0

To get finer results on ancestral lineages with a spinal approach, on may be inspired
from e.g. [24, 12, 41]. In particular, see [24] for a control of deviation of ancestral type
frequency using large deviation theory for multitype branching processes. Such existence
and uniqueness result can be extended to infinite type space X. In particular, Krein Rut-
man theorem extends this setting with a compactness assumption. This result can itself
be extended with pertubation of dissipative operator [40]. Irreducibility assumption can
also be coupled with Lyapounov control to obtain uniqueness of eigenelement, see [4] for a
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statement useful in our context. That may be the object of futur interesting investigations.

To end this part on the finite case, let us consider a classical epidemiological model,
SIR model. In this case irreducibility fails since Recovered is an absorbing state. Positive
eigenfunction exist but uniqueness does not hold. More precisely, consider X = {i,r} and
the Markov process Z = (Z;, Z,) taking values in {0,..., N}2. The processes Z;(t) and
Z.(t) count respectively the number of infected and susceptible individuals at time ¢ in a
fixed population N. The branching rates are

T2,0)(4,2) = B(N — (2 + 2,)), T-1,0(i,2) =7,

where [ is the infection rate and 7 the remission rate. The other rates are 0. For such an
exemple, not only the ancestral lineage of the random sample and the associated population
size may be relevant for applications. When considering tracing of infected individuals, the
tree of infection associated with the sample is involved. For this point, the 1)-construction
should help. It is left for a future work. We could also see a counterpart in the large
population approximation in the next section.

4.2. Large population approximation. We consider in this section the deterministic
regime appearing when the initial population is large and the process renormalized. The
set of types X is still finite but the size of the population is not bounded. Our aim is to
describe uniform sampling in classical dynamical systems for some macroscopic evolution
of populations. The scaling parameter is denoted by N > 1 and corresponds to the order
of magnitude of the size of the population, see [23, 31, 3] for some general references. The
space of types X is finite and the types of the initial population is given by

INv] = ([Nv,], x € X),

for some fixed positive v € (0, 00)*. Each individual with type € X living in a population
Z € Nf is replaced by k offsprings at rate

Tic (v,2) = (2, 2/N),
where z € RY — 7y(z,2z) is a continuous function. Let us write
xy = {(u, ), u € gy}

the labels and types of the initial population with type composition [Nv].

Following the rest of the paper, we write Z" the vector counting types in the population
and TV the tree associated to this process. For sake of simplicity and regarding our
motivations from population models, we assume that

(A1) ap Y Ko z) < oo
TEXZEZ ) 2 Ikli>1
(A2) VK >0, sup  7(z,2) < 0.
zeX, |z <K

The ¢? uniform condition in (A1) will guarantee that the contribution of the spine in
the growth of the population size is vanishing as N — oco. (A1) and (A2) also ensure
uniform bound on the growth rate and guarantees non explosion of the process Z and

=N. To ensure that T, = 0o a.s., a ¢! uniform bound in (A1) would have been enough.



25

The individual death or motion rate is non bounded and may tend to infinity due to com-
petition. These assumptions also ensures that the following size dependent growth matrix

A(z) = (As(2))syer is well defined :
A,y (z) = ZTk(LU, z)k, — 7(z,2)

keZ

forz € RY and 2,y € X and 7(2,2) = Y, 5 7«(z,2).

We also assume that A is locally Lipschitz : for any K > 0, there exists M such that
(A3) V:I:‘,y - X, Vzl,ZQ € ZK7 HAx,y(Zl) — Ax,y<z2)H1 S M“Z1 — Z2H17

where Zx = {z € RY : ||z|j; < K}. Thus z — z A(z) is locally Lipschitz on RY. Using
(A1) guarantees the non explositivity of the dynamical system associated to this vector
filed. Cauchy Lipschitz theorem then ensures the existence and uniqueness of the solution
(z(t,v))i>0 of the following ordinary differential equation on R

z'(t,v) = z(t,v) A(z(t,v)), z(0,v)=v.

Under these assumptions, we know that Z" /N converges in law in D(R;,RY) to the
non-random process z(., v) and refer to Theorem 2 in Chapter 11 of [22]. We are actually
needing in the proof a counterpart for the spine construction, see below. Finally, we assume
that the limiting dynamical system does not come too close to extinction boundary in finite
time :

(A4) VT >0, inf z,(¢t,v)>0.

z€X,t€[0,T
This assumption holds for many classical population models and allows us to consider
functions ¢ which go to infinity on the boundary.

We are interested in the limiting -spine construction and consider a function v from
X x[0,00)%* to (0, 00), such that for any z € X, ¢, : z € (0,00)" — 1)(x,z) is continuously
differentiable. Besides, we assume that for any ¢ > 0, there exists L such that for any
re€Xandze (s,1/e)Y and k € Z,

(11) | e(z+ k) = Yo(z) 1< L[ Kl -

The 1-spine construction is initiated with a single individual, the root E(0) = &, whose
type Y(0) is chosen as follows:

GG
(v, v(.,v))
Let us explain informally why the spine construction is restricted in this section to one
single initial individual. Indeed, the other initial individuals behave independently in the
large population approximation, since the density dependance reduces to a deterministic
effect of the limiting population. Like for propagation of chaos, the individuals behave
independently and the (time inhomogeneous) branching property holds. We observe then
a branching time inhomogeneous structure due to the limiting type composition of the
population. When considering a limiting ODE which converges to an equilibrium, this
non-homogeneity actually vanishes, as discussed below. In this vein, let us refer to [12],
for a more complex model in infinite dimension motivated by adaptation to environmen-
tal change, which uses the branching limiting structure and also describes the backward

PY(0) =xz) = (x € X).
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process appearing in sampling.

Let us be more specific. The spine with type x branches with the following rate at time ¢

(k, ¢(,2(t,v)))
Y(w,2(t,v))

while individuals with type x but the spine branch at time ¢ with rate

To(z,t,v) = ne(x,2(t,v)))

Tk(z,t,v) = ne(x, z(t, v)).

We use as in Section 2 the Ulam Harris Neveu notation to label individuals and denote
by A,(t) the tree rooted in the spine. Observe also that (A4) ensures that ¥(.,z(t,v))
is bounded on finite time intervals. Using (A1 — A2) then ensures that this spine con-
struction is not explosive. Recall that E(t) is the label of the spine at time ¢ and set

Gf(x,z) =) milz,2) (k —e(x), f(..2)) + L]:(2)

keZ

for z € Rj‘f and z,y € X, where L is the adjoint operator associated to zA(z) :

Lot = Y mndva)k )5 (),

y,z€X keZ

where §¥ = 1 if y = x and 0 otherwise. Using (A1) and differentiability of ), ¢ in the
domain of G and we define \ as

ANz,z) = _W(x, z)

U(w,z)
for z € X and z € R} and can state the result on the subtree containing the sample.
More precisely, recall that LY is the light length of individual v in the original process
ZN, LY(t) this life length when the process is stopped at time ¢, and Z» the type of
individual v. Writing ug the ancestor of u at time 0, we set

TN = {(v, LY (), ZN) : 3s < t, (up,v) € GN(s)}.

where GV (s) is the set of labels alive in 77 at time s. The random tree 7,V (¢) is the tree
associated containing with the ancestral lineage of u and their decendants, rooted in @. We
endow the space T x X’ with a ¢; topology on the collection of labels together with their life
lengths and types, defined as follows. Recall that a finite tree t = {(v, 0y, z,) : v € U(t)}
of T is a collection U(t) C U of labels corresponding to individuals v € U(t) of the
population with time lenght ¢, and type z,. For two trees t = {(v,{,, 2z,) : v € U(t)} and
t={(v,0,z):veldt)}. Wewrite tAt' = U(t)AU(t) the set of labels of U in one tree

but not in the other and tNt = U(t) N U(Y) the set of labels in both. We consider the
following distance on trees

d(t.V) = #(AY) + > (16, — 0] + [k, — K|)
uetnt’

and endow T with this distance and T x X with the product topology.
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Proposition 7. Assume that (A1-2-3-4) hold. Let t > 0 and U™ (t) be a uniform choice
among individuals of T™(t) alive at time t. Then for any F continuous and positive from
T x X to R+,

exp (fot MY (s),2(s,v)) ds)

]\}EI})OEXN <F(7;]]\{V(t)<t)7UN(t))> =E ¢(Y(t),Z(t,V)) ||Z(t,V)||1 F(A*(t)vE(t))

This result can be extended to finite multiple sampling at time ¢ with independent con-
struction started at initial time. Indeed, in this large population approximation and finite
time horizon, the different samples at time ¢ come from different original individuals and
behave independently. We can more generally consider a finite number of initial particles
in the description but considering a infinite number may require to change the topology
for convergence. Besides, relaxing the ¢? uniform bound of (A1) should be interesting.
Keeping the ¢* uniform bound would give a continuous limiting ODE with infinite rate
of branching along the spine (and the uniform sampling). Considering even larger jumps
would give stochastic limit and more complex spinal constructions. It is another interest-
ing direction.

Let us prepare the proof of Proposition 7. Following Section 2, we write (AY, EV) the
Y n-spine construction associated to TV, with

¢N(x7 Z) = w(% Z/N)
for z € X and z € (0,00)" and initial condition xy. It is extended to the space X x R
by 1. We introduce
GV (z,2)
Mz, z) = d
( ) ¢N(x’ Z)
on X x RY, where
LVg(z)= > zn(y,2/N) (9(z + k —e(y)) — g(2))
yeX kez
and
GV f(x,2) = ) ml(w,z/N)(k—e(x) f(.,z+k—e(2))) + LN fo(2).
keZ

Theorem 1 yields

Exy (Ligv 2oy F(TN (), UM (1)) =
(12) (INV]/N, 9 (., [NV]/N)) Ex, (Gn(AY(2), V(1))

where
Jo AN (YN (), 8N (s))ds
elo
Gn (AN (1), BN (1)) = = = F(AY(t), B (1))
PYN(E), BN () /N) [EN ()]
Roughly speaking, all the quantities involved converge as N — co. The process 2" which
counts the types of individuals in the 1 y-spine construction converges to the same limit
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as Z". This comes from the fact in this scaling there is a no large jumps and for fixed
z, k,
L (V) K+ 1)/N)
N—00 'lb(l‘, [NZ]/N)
Thus the contribution of the spine vanishes in the large population limit, despite the biased

rate. Besides, macroscopically the other individuals behave as in the original process. We
can now turn now to the proof.

=1.

Proof of Proposition 7. First, following the proof of Theorem 2 in Chapter 11 of [22], we
obtain that the sequence of (E})i>o converges in law in D(Ry,RY) to (z(t,v))is0 as N
tends to infinity. To adapt the proof, we note that ZN alone is not a Markov process. One
has to consider the couple (Y, EN)y but the influence of the type of the spine YV is
vanishing in computations using #2 bound (A1) and the fact the population is renormal-
ized by N. Assumptions (A1,A2,A3) thus allow us to get the counterpart of conditions
(2.6),(2.7),(2.8) of Theorem 2 in Chapter 11 of [22], while the initial condition converges

in law by definition of the model.

Now, we check that (z,z) — Ay(x, Nz) converges uniformly on compacts sets of X’ X
(0,00)* and use a localization procedure to get the convergence in (12). Indeed,

LYWn)e(Nz) =N Y zynily, 2) (W(w, 2+ (k - e(y))/N) = (7).

yeX keZ

Since 1, is continuously differentiable on (0,00)* and using (A1) — (A2),

k—égf /—e 81,
(a:,z—l— N )—w(x,z)—z N()ny/()

yex

N Z 2,7k (Y, 2)

yeX k|1 <V N

tend to 0 as N — oo, uniformly for z € (g,1/¢)*, where € € (0,1) is fixed. Besides, using
(11) and (A1),

N oY zndya)|d(ez+ (k- e(y)/N) - v(z,2)]

yeX,[[kl1 >V N

_ N
<e ! Z Ik 7ie(y, ) =0,
yeX,|k|1>vVN

uniformly for z € (g,1/¢)*. Recalling the definition of A and controlling the terms for
|k|[; > /N as above with (A1) ensures that for any £ > 0,

sup INV(z, Nz) — \(z,2)| 2,
r€X,z€(e,1/)¥

Then, using the convergence of Z¥ to z(.,v) and (A4),

i (B (Les ko) F(T (0. U (1)
— (INVI/N, (., [NVI/N)) By (HAY (), BY(2))) | =0,
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for F positive and bounded, where

HOAY(), B (@) = —— o O e, (e
’ DY N (), 2(t,v)) [lz(t V)l
and AY is the tree AY where only keep the tree rooted in the initial spine individual.
The conclusion can be achieved by a coupling argument, since the first time when one
individual of AY has an offsprings of size greater that VN tends to infinity. Thus the
individuals branching rates of AY converge uniformly to the rates of A,, using the same
localization as above to keep the process 2 in compact sets excluding boundaries. 0

In general and as in the previous subsection, one may expect to solve the limit eigen-
problem :

> 7w, z) (k —e(x),9(.,2))

kez

Y mndak - 56 ~ A2

y,xe€X keZ

for any x € X and z € Rf such that z, > 0. And that uniqueness of positive normalized
solution holds under irreducibility conditions. We only illustrate the result with two
simple and more explicit examples. In one dimension X' = {z}, taking ¢(z) = 1/z is
reminiscent from the previous section for single type models. It yields A = 0 and as
N — oo, (7;%) (t), UN(t) initiated in x,y converges in law to (A(t), E(t))) as N — oc.

Second, when the population process is at equilibrium, we can also be more explicit.
More precisely, assume that there exists z, € Rf such that

z,A(z,) = 0.

Then Lf,(z,) =0 for any f and x € X. The spectral problem Gy = 0 simplifies since the
influence of the influence of the population on the spinal tree is constant. The solution of
the problem is then given by ¥(z,z) = p(x) where ¢ : X — (0, 00) is solution of

VoeX, Y m.(z)(k—e(z),4) =0,

kezZ
and

(k, ¢(.,2.))
V(w,2.)

T () = Tk(, 24)

It means that
VeeX, Y ¢(y)Ay.(z.) =0.
yeX
Existence and uniqueness of positive 1) under irreducibility assumption is then again a
consequence of Perron Frobenius theorem and we recover in that case the spine construc-
tion for critical multitype Galton Watson process proposed in [32, 24].
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