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1. Introduction 

Many interesting physical phenomena, such as 

atmosphere in weather prediction and climate 

modeling, as well as astrophysics in solar 

climate or supernova explosions, are modeled 

by Euler equations governing the conservation 

of mass, momentum, and energy. In one 

dimension, the system can be written as a 

balance law 

 U F(U) S(U)
x xt

z  
  

  
 , (1.1) 

where the conservative vector , ,U=( )u E  • , 

flux vector 2, , ( )F(U)=( )u u p u E p    • , 

and source term vector 0, ,S(U)=( )u  • .  

P1 : The admissible state vectors form a convex 

invariant set  

3{ R | 0, 0}U p   U . 

One often faces the flow near vacuum, for 

example in the computation of blast waves and 

high Mach number astrophysical jets. If either 

density or pressure becomes negative due to 

numerical oscillations, the calculation will 
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ABSTRACT 
We design a scheme for the Euler equations under gravitational fields 

based on our subcell hydrostatic reconstruction framework. 

To give a proper definition of the nonconservative product terms due to 

the gravitational potential, we first separate the singularity to be an 

infinitely thin layer, on where  the potential is smoothed  by defining an 

intermediate potential without disturbing its monotonicity ; then the 

physical variables are extended and controlled to be consistent with the 

Rayleigh-Taylor stability, which contribute the positivity-preserving 

property to keep the nonnegativity of both gas density and pressure even 

with vacuum states. By using the hydrostatic equilibrium state variables 

the well-balanced property is obtained to maintain the steady state even 

with vacuum fronts.  In addition, we proved the full discrete discrete 

entropy inequality, which preserve the convergence of the solution to the 

physical solution, with an error term which tends to zero as the mesh size 

approaches to zero if the potential is Lipschitz continuous. The new 

scheme is very natural to understand and easy to implement. 

The numerical experiments demonstrate the scheme's robustness to 

resolve the nonlinear waves and vacuum fronts. 

Keywords : 
Balance law, Singularity, Geophysics, 

Biology, Subcell hydrostatic 

reconstruction method, Well-

balancing, Positivity. 
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simply break down. Replacing these negative 

values with small positive ones violates the 

mass conservation property and may results in a 

wrong shock position.  

P2 : Another important issue is about the steady 

states for balance laws, which means that the 

source term is exactly balanced by the flux 

gradient, 

R(U) := F(U) S(U) 0
z

x x

 
  
 

 , 

where R is called the residuum. A special steady 

state, called hydrostatic equilibrium, is when 

0u   and 

x x
p z    , 

which can be solved for polytropic equilibrium 

ln , 1

, 1
1

- =

=

K p const

con

z

z

st

T

T







  

 
  






 
 





 





：

：  

where 1   is for the isothermal case where 

K T ;   stands for isentropic case where 

K s  is the specific entropy.  

In many applications, quasi-steady solutions of 

the balance laws need to be captured on a 

(practically affordable) coarse grid compared 

with the deviation from the steady solutions. In 

such a situation, small physical perturbations of 

steady states may be submerged by the 

numerical truncation error which is proportional 

to the grid size. To prevent such phenomenon, 

one has to develop a well-balanced scheme 

which is capable of exactly balancing the flux 

and source terms to maintain the steady states.  

P3 : It is well known that, the system (1.1) 

admits shock waves solutions. After the work, 

the system must be supplemented by a entropy 

inequality 

0(U)+ (U)G
t x


 


 
 , 

 

where the entropy is defined by  

( )(U) (U)= f s    , 

and its corresponding entropy flux 

( )(U) (U)= UG G u    , 

where ( )f   is a smooth non-decreasing 

function. To make a scheme stable, one needs a 

discrete version of the entropy inequality.  

For the above three properties, the most 

frequently discussed is P2, i.e. the well-

balancing property. This property was pioneerly 

introduced by Greenberg and Leroux [14] for 

shallow water equations with topography. The 

extension to Euler equations under gravitational 

fields has attracted much attention recently 

[3,7,8,9,10].  Property P1 is seldom discussed 

for (1.1). Zhang and Shu extended their positive 

preserving framework for homogeneous Euler 

[12] to the inhomogeneous system (1.1) [11]. 

But their method cannot be applied to preserve 

the equilibrium. The relaxation Suliciu-type 

model given by Desveaux et.al. [5] is the only 

published method preserving P1 and P2 at the 

same time. But this scheme is not easy to follow. 

For P3, i.e. entropy inequality, Audusse, et.al. 

proved the semi-discrete entropy inequalities 

for shallow water equations [2,13] for their 

hydrostatic reconstruction (HR) method. We 

also proved for our recent subcell HR method. 

In another paper of Audusse et.al. [17], it was 

proved that when the classical kinetic solver is 

used, the HR scheme satisfies a fully discrete 

entropy inequality, but with an error term which 

is necessary and tends to zero strongly when the 

mesh size approaches to zero.  

We design the subcell HR method [1] to the 

system (1.1). We will theorically and 

numerically prove that our new scheme have the 

above three properties P1,P2 and P3. 

 

2. Experimental details 

We use the finite volume scheme to solve (1.1) 

which updates the approximate cell average 
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， , with mesh size ∆x, 
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n
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1U U Rn n
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where the cell residual is approximated by 

1 1 1 1
(U , , U , ) (U , , U , )-=R R R

i i i i i i i i i
x z z z z

   


 

with the interface residuals R   contributing to 

the left and right sides of the interface. They are 

defnied as the limit values  
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  (2.1) 

where U , zò ò are smoothed data of the following 

Riemann initial data 

 

0
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U
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U
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Algorithm (Subcell HR) 

Step 1. Split the cell interfaces into subcells : 

                    {0} [ ,0] [0, ] ò ò  ;      

Step 2. Reconstruct the potential on subcells : 

Given intermediate potential,  

max

max

,

,

, 1

ˆ ˆmax(min( , ,, ), ) 1

z
z

z z z   
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   


 

，
å      
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Step 3. Reconstruct the state variables on 

subcells :  

K is approximated as a jump function 

 
0,

( )
0.

,

,
=

K x
K x

K x




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



ò       

For isothermal case 1  ,  is approximated 

as a jump function 
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,
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with , : z z     å å . 

3. Results and discussion 

Results:  Using the above reconstruction, we 

get intermediate physical variables 

    
,

u p u p  
 ， ，， ，

å
 ,          

and the sub-layer average density 
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where the parameters   

 

,
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Then we get the interface residuals defined in 

(2.1) to be 
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(

0

( 1) z )R F U zF

u

   



 
 
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 






å å  

where , ,( , )= U UF F  å å å  is the numerical flux. 

Here we use the HLL flux. 

Discussions: We directly give the results 

without giving the proofs. The final results are 

based on three lemmas at the cell interfaces 

Lemma 1(well-balancing). Assume that the 

original interface , , , }{U Uz z    is a 

hydrostatic equilibrium, then 0.R   

Lemma 2(Positivity). Assume that the initial 

data 0{U } U { . Then, Upon the CFL 

restriction 

max(| | ) 14 u a    , 

the updated solution   

{ˆ 0}U =U + R   ： U , 

Lemma 3(Entropy inequality). Assume that 

0{U } U { . Then, upon the CFL restriction 

max(| | ) 14 u a    , 

The entropy production is upper bounded  

ˆ | z |( ( (G( ) )U U ) U c z   
      ) - å åG

with  

2,

.
2

,
1

=

z

z










 








，å

å
 

Thus we conclude in the following 

Theorem. Assume that 0{U }
i
U { . Then, 

upon the CFL restriction 

8 max(| | ) 1
i i

t
u a

x
  


 


, 

we have 

(1).The updated solution 1U =Un

i i

  if both the 

two interfaces are hydrostatic equilibrium; 

(2).The updated solution 1 0}U {n

i

 U { ; 

(3).The numerical entropy is upper bounded 
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4. Numerical Experiments 

Example 1. steady state over complex potential. 

We consider a complex potential 

 
sin(4 0.5

( )
sin(4

)

) 2, .50 .

x
x

x

x
z

x



 


 



，，
ò        

For isothermal case with 1  ,  the initial data 

are such that 0, 1, 0.u T     The results are 

displayed in the table which shows that our 

scheme can preserve the steady state. 

 
Table 1. The L1 errors of the numerical 

solutions of isothermal equilibrium problem. 

For polytropic case with 5 / 3  . The initial 

data are such that 0, 1u K  , 

 
max(0, ( )) 0.5

( )
max( ,1.5, ( ) .5) 0

z x x
x

z x x


 

 
 .      

The results are represented in the Figure 1. 

which shows that our scheme can preserve the 

steady state even there are vacuum fronts. 
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Figure 1. The numerical result of the 

polytropic  equilibrium problem. 

Example 2. Perturbation of an steady state. 

---Isothermal case. We consider a linear 

potential ( )z x x over the domain [0,1]x . 

The perturbation 

 2( ) exp( 100( 0.5) )
p

x x      

is added to the pressure from the steady state 

with 0, 1, 0.u T     The results are shown 

in Figure 2.   We also check the convergence of 

the numerical solution  to the steady state after 

long time in Figure 3..  

 
Figure 2. The numerical solution at 0.25 on 

200 points of the perturbation from isothermal 

equilibrium with 0.01=  and 0.0001= . 

 
      Figure 3. The convergence after lone time. 

---Polytropic case. The potential is again a 

linear function ( )z x x  on the domain [0,3] . 

The perturbation 

 (0, t) sin(4 )u A t   

with 1.0 1A e   and 1.0 6A e   imposed on 

the velocity at the left boundary of the equilibria

0, 1, max(1/ 2, ( )).u K z x     The results 

are shown in Figures 4,5.  

 
Figure 4. The numerical solution at 1.5 and 

3.5 on 900 points of the perturbation from 

polytropic equilibrium with A=1.0e-1. 

 
Figure 5. Cont. of Figure 4 with A=1.0e-6. 

 

We also check the convergence to the steady 

state after long time in Fiugre 6,7. 

 
Figure 6. The convergence to the steady 

state of the numerical solution of perturbation 

from polytropic equilibrium : A=1.0e-1.

   
       Figure 7. Cont. of Figure 6 with A=1.0e-6. 
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The results show that the scheme can capture 

the small perturbations and also that the 

numerical solution converges to the steady 

solution after long time simulations. 

Example 3. The Riemann problems and entropy 

production. 

We again consider a linear potential on the 

domain [0,1] . The potential, initial data and 

output time of four tests are shown in the table 

2. 

 
Table 2. Four Riemann problems 

The numerical results are shown in Figure 8. 

They prove that the numerical solutions are 

resolved, and the numerical results produce  

entropy error which will decrease as the mesh is 

refined. 

 

 

 

 
Figure 8. Riemann problems. The densities 

and entropy productions on 200 points and 

12800 points are compared. 

5. Conclusion 

We designed the subcell HR method to solve the 

Euler equations under gravitational potential. 

We proved that our scheme is positive 

preserving, well-balancing and satisfies the full 

discrete entropy inequality. 

It is done by separating the singularity to be an 

infinitely thin layer; then smoothing the 

potential, and extending the physical variables 

on the layer.  

To maintain the steady state numerically, the 

standard subcell reconstruction is applied on the 

hydrostatic state variables. To preserve the 

nonnegativity of both density and pressure, the 

conservative vectors after extension on the 

singular layer are controlled. The first step is 

choosing the local maximum potential for 

preserving the equilibrium at the interface 

interfaces.  

The well-balaning property is proved.  Different 

from the discussion in the literatures, We 

consider preserving the general polytropic 

equilbrium with 1  . We want to mention 

that the isothermal equilibrium( 1= ) cannot be 

connected with the vacuum state, while the 

polytropic equilibrium with 1   can be 

connected with the vacuum front.  

The positivity-preserving property is proved. 

The invariant domain is chosen different from 

the literatures. The vacuum state is included, i.e. 

{ }0U  instead of U is selected for the 

invariant domain.  

We also proved the full discrete entropy 

inequality with an error term which tends to 

zero when the mesh size approaches zero if the 

potential is Lipschitz continuous. It means that 

the numerical solution will converge to a 

entropy solution.  

The derivation of the new scheme is very 

natural and easy to implement. The numerical 

experiments demonstrate that 1) the scheme is 

robust to resolve the nonlinear waves and 

vacuum fronts ; 2) the scheme can maintain the 

general polytropic steady state even with 

vacuum front ; 3) the entropy error is bounded 

and will decrease rapidly when the mesh is 
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refined ; 4) the numerical solution converges to 

equilibrium after long time.  

6. Perspectives of future 

collaborations with the host 

laboratory 

In the future, we can work together on: (1) 

designing the scheme for general steady state; 

(2) the high resolution extension; (3) the 

applications to high dimensional problems; (4) 

the applications to other singular problems 

including the chemotaxis [15] and geophysical 

flows [16]. 
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