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Abstract
One of themost pertinent problems in the debate on non-trivial quantum effects in biology concerns
natural photosynthesis. Since sunlight is composed of thermal photons, it was argued to be unable to
induce quantum coherence inmatter, and that quantummechanics is therefore irrelevant for the
dynamical processes following photoabsorption. Our present analysis of a toy ‘molecular aggregate’—
composed of two dipole–dipole interacting two-level atoms treated as an open quantum system—

however shows that incoherent excitations indeed can trigger persistent, coherent dynamics in both
the site and the exciton bases: we demonstrate that collective decay processes induced by the dipole–
dipole interactions create coherent intermolecular transport—regardless of the coherence properties
of the incoming radiation. Our analysis shows that the steady state coherence ismediated by the
population imbalance between themolecules and, therefore, increaseswith the energy difference
between the two-level atoms.Our results establish the importance of collective decay processes in the
study of ultrafast photophysics, and especially their potential role to generate stationary coherence in
incoherently driven quantum transport.

1. Introduction

Adetailed understanding of themicroscopic processes which underlie natural photosynthesis represents an
important and intriguing source of inspiration for technologies which seek to efficiently capture, transform, and
store solar energy [1, 2]. One of themost important open questions in this research area is whether quantum
interference effects play a role in solar light harvesting, and possibly could be used for highly efficient solar
energy conversion [3, 4]. That transient quantum coherence can prevail in such complex structures, at ambient
temperatures, has been suggested based on experimental data [3, 5, 6], and has also been reported for the charge
separation process in organic solar cells [7, 8].

It however is argued [9] that the evidence provided by the above experiments is inconclusive, because the
conditions under which quantum effects were experimentally observed in certain light harvesting complexes
(LHC) differ from conditions in vivo. Indeed, laboratory experiments rely on photon echo spectroscopy [10],
where the energy transfer is induced by a series of ultrashort coherent laser pulses. In contrast, sunlight (driving
the natural process) can be described as continuouswave (or stationary) thermal (incoherent) radiation [11].
Thus, it is a priori crucial to distinguish the coherence observed in photon echoes [12] from coherence which
may arise in non-equilibriumopen systemquantumdynamics—as wewill outline below.

Moreover, somemodels [9, 13, 14] suggest that the couplingof a quantumsystem to a thermal radiationbath
rapidly leads to the formationof a stationary state that doesnot exhibit any coherences.This apparently contradicts
the point of view that coherentnon-equilibrium transport processes—leading to the observed efficiencyof the
excitation transfer [15–17]—canbe triggeredby anyphotoabsorption event [18], regardless of the sourceof photons.

Here we develop amicroscopic quantumoptical theory to resolve this longstanding controversy.
Specifically, we establish that steady state coherence can indeed emerge in an incoherently drivenmolecular
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complex, under realistic assumptions on the incident wave lengths andmolecular separations. To beginwith, we
recall that the primary process of photosynthesis is the absorption of a single photon by a chlorophyllmolecule,
whereby themolecule undergoes a transition from the ground to the excited electronic state [2]. The
photoabsorption initiates energy transfer towards the reaction center, where a charge separation cascadewith
almost unit efficiency is triggered [19]. This transfer process from the initial absorption event to the charge
separation has a finite duration, of the order of 10–100 ps [20], and it is during this process that transient
electronic coherences have been observed [5, 6, 20, 21]. Afterwards, themolecule resets in its ground electronic
state and is able to absorb the next photon.Wewill show that, when averaging overmany such single photon
absorption and transfer cycles, one ends upwith amaster equation-type ensemble descriptionwhich exhibits
non-vanishing coherence in the non-equilibrium steady state.

Inspired by light-harvesting systems, we consider a ‘molecular aggregate’which consists of two effective two-
level atoms [22]—whichwe shall refer to asmolecules in the following—that are embedded into a common
electromagnetic bath. Thereby, we abstract ourselves from the details of the structure and energy spectra of a real
photosynthetic complex [2]. Nonetheless, our dimermodel is able to describe two absorption bands associated
with thewidths of the electronic excited states, as well as the dipole–dipole interaction between themolecules.
We study the interaction of this systemwith an external incoherent fieldwhich represents the sunlight, and show
that coherent evolution survives even in the non-equilibrium steady state of the incoherently driven system, as a
reflection of the transient coherences induced on the level of single photon absorption and transport processes.

2.Model

Ourmodel is presented infigure 1. It consists of twomolecules embedded, at a distance r12, into a common
radiation bath and interacting with an external incoherent radiationfield in the optical frequency range.We
assume that themolecules have allowed dipole transitions between their electronic ground and excited states ñ∣gk

and ñ =∣e k, 1, 2k , respectively, and that their optical transition frequenciesω1 andω2 are detunedwith
Δ=ω1−ω2=ω1,ω2. Furthermore, we can ignore the ambient thermal photons at optical frequencies and
therefore assume the relevantmodes of the radiation reservoir in the vacuum state. This bath induces

Figure 1.Twomolecules at a distance r12 andwith transition frequenciesω1 andω2, detuned byΔ=ω1−ω2, are embedded into a
common electromagnetic bath. The bath induces radiative decay of themolecules (γk is the decay rate ofmolecule k), as well as a
dipole–dipole interactionwith complex coupling constantT12 (see (2)). An external, incoherent thermal source stimulates absorption
and emission processes.
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spontaneous decay of the individualmolecules with rates gk , as well as their dipole–dipole interactionwith
complex coupling strengthT12. Additionally, the coupling to other, e.g. vibrational, degrees of freedommay
cause further dissipation [15, 23], which is not considered in this work. As for the external incoherent field, we
assume that its energy density is a slowly varying function around the transition frequency. The external field
generates absorption and stimulated emission processes at the rate g w( )Nk k [24], whereN(ωk) is the average
number of the (incoherent) source photons at the transition frequency, which is defined by the source
temperature. The linearity of the light-matter coupling ensures that, as long as optical nonlinearities areweak
(this is the case, since themean number of the incident photons≈0.01, see below), the dipolar interaction
between the two atoms is not affected by the presence of an external lightfield.

Using standard quantumopticalmethods [25, 26], one can trace out the bath degrees of freedom, to arrive at
themaster equation governing the evolution of the ‘aggregate’ densitymatrix ρ, in the (site) basis of the
uncoupled individualmolecules’ energy eigenstates ñ ñ ñ ñ{∣ ∣ ∣ ∣ }g g e g g e e e, , , , , , ,1 2 1 2 1 2 1 2 . In the frame rotating at
the average frequencyω0=(ω1+ω2)/2wherein rapidly oscillating terms are eliminated sinceω1≈ω2, the
master equation reads

    
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In this equation, the atomic (de-)excitation operators are given as s s= ñá = ñá- +∣ ∣ ∣ ∣g e e g,k
k k

k
k k , the atomic

decay rates read  g w p= d c6k k k
2 3

0
3, and w wG º G W º W( ) ( )r c r c,0 12 0 12 are the real and imaginary parts,

respectively, of the retarded dipole–dipole interaction strengthT12=Γ+iΩ, which in particular generates
collective effects such as super-radiance [26–28]5. The physicalmeaning of the real and imaginary parts ofT12
can be unambiguously identified from the structure of themaster equation (1): terms proportional to iΩ
describe oscillatory, reversible, non-radiative excitation exchange between bothmolecules, and lead to the
formation of delocalized excitonic states. Terms proportional toΓ represent (collective) radiative decay
processes, following a non-radiative excitation exchange between themolecules. Accordingly,Γ andΩ are
associatedwith the life time and the energy shift of the (entangled, Dicke) eigenstates y yñ ñ+ -∣ ∣, (see appendix A)
of the dipole-coupledmolecular dimer, respectively [26, 30, 31]. Explicitly,Γ andΩ are given as [26, 27, 32],
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where x wº r c0 12 is the effective intermolecular distance6, and d̂k and r̂12 are unit vectors directed along the
kthmolecular dipole and along the vector connecting themolecules, respectively. Note that the far-field terms in
(2a), (2b) (i.e. the terms decreasing as ξ−1 for ξ?1) describe retardation effects proper that are associatedwith
the exchange of real photons [27]. These effects start playing a role at r1210 nm [29], though they are deemed
unimportant at inter-molecular distances of less than 10nm (i.e. ξ0.1).

One of the key processes in the theory of photosynthesis is resonance energy transfer [22]. This transfer is
effective betweenmolecules whose transition frequencies are close to each other (hence, the name of the process)
and is characterized by a rate proportional to G + W∣ ∣i 2 [27]. In the non-retarded limit ξ=1,Γ (ξ) ismuch
smaller thanΩ(ξ). It is therefore commonpractice to neglectΓ(ξ), and to retain only the non-retarded
contributions ofΩ(ξ) [22, 34, 35]. In this limit, xW ( ) Vdd , withVdd the static dipole–dipole interaction
energy [26, 28]:

p
=

-· ( · ˆ )( · ˆ ) ( )V
r

d d d r d r3

4
. 3dd

1 2 1 12 2 12

0 12
3

5
In the chemical physics literature [27–29], the complex retarded dipole–dipole interaction strength is defined as W + Gi , which up to a

phase factor coincides with the one adopted in this work.
6
For optical wave lengths of 400–900 nm, and for typical distances r12 between the chlorophyllmolecules in different LHCs varying from1

to 10 nm [2, 33], effective distances lie in the range x ~ –0.01 0.1.
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Thiswide-spread approximation however neglects that alsoΓ(ξ) does remain finite as r12→0, with
x g gG ( ) ˆ · ˆd d1 2 1 2, and (3) is thus imprecise at small distances. Aswe showbelow, a consequence of using the

approximate expression (3) is that a collective coherent effect—the stationary excitation current in the dipole-
interacting system—is erroneously predicted to vanish.

Let us inspect the time-dependent expectation value
 s s y yá ñ º á ñ º W á ñ+ - + -{ ( ) ( ) } { ∣ ( )∣ } ( ) { ∣ ( )∣ }t t e g t g e tIm Im , , sign Im2 1

1 2 1 2 (see appendix A) as the
quantifier of, respectively, the inter-site and excitonic coherence of our ‘molecular aggregate’under incoherent
driving. It should be stressed that themagnitude of the current is the same in the site and the exciton bases—the
two natural physical bases for the dimer. In this respect, ourmeasure of coherence can be regarded as basis
independent. However,motivated by excitation transport, we prefer to study coherence in the site basis. Upon
multiplication by 2Ωthis yields the excitation current, which is proportional to the probability per unit time for
an excitation transfer frommolecule 1 tomolecule 2 (see appendix B). For simplicity andwithout loss of
essential physics, we study the temporal behavior of this coherence-induced current under the assumptions that
the thermal source is characterized byN(ω0)=0.01 (which is consistent with themean photon number of the
sunlight at the optical frequencies), both dipoles point in the same direction, and that the excited states of
molecules 1 and 2 have equal linewidths γ1=γ2=γ7 .Furthermore, we assume thatΔ>0, by noting that in a
fully symmetric system, where γ1=γ2 andΔ=0, the expectation value of the excitation current trivially
vanishes for all times, i.e. s sá ñ º+ -{ ( ) ( ) }t tIm 02 1 , while the treatment of the caseΔ<0 amounts to
relabelingmolecules 1 and 2.

Our results on the temporal evolution of s sW á ñ+ -{ ( ) ( ) }t t2 Im 2 1 are plotted infigures 2(a)–(c), wherewe
vary the detuningΔ, the orientation = ( ˆ · ˆ )d rf 1 12 , or the effective distance ξ, respectively, while keeping the two
remaining parameters fixed. It is evident that a non-vanishing current is a generic feature of the intramolecular
excitation transfer that follows the photo-absorption process by themolecular aggregate prepared in its ground
(reset) state at t=0. The non-equilibrium coherence emerges on time scales  g- -t 10 3 1, when radiative
relaxation processes come into play. At t?γ−1, the excitation current tends to its steady state valuemono-
exponentially

s s
w w g

W á ñ =
WG + D

- -+ -{ ( ) ( ) } ( ) [ ( )] { ( )} ( )t t
N N

R
Ct2 Im

4 1 2
1 exp , 42 1 0 0

2

where x g wº D ~( ) ( )C C N, f, 0 andR is given in (B.14). This contrasts the dynamics of aV-type three-level
systemdriven by incoherent light, where long-lived coherences exhibit damped oscillations or slow exponential
decay [36].

Equation (4) shows that the stationary excitation current only emerges for a non-vanishing collective decay
rateΓ, giving rise to the irreversibility of the excitation exchange process8. As a result, the stationary populations
of the excited levels of the twomolecules become unequal, which is crucial for the emergence of the stationary
current. It is also evident from (4) that the population imbalance and, hence, the current in the steady state

Figure 2.The inter-molecular electronic-coherence-induced excitation current s sW á ñ+ -{ ( ) ( ) }t t2 Im 2 1 , as generated by (1) (on a
semi-log scale), withN(ω1)=N(ω2)=N(ω0)=0.01 (corresponding to a source temperature »T 6000 K), for realistic choices of
the characteristic parameters (see legends)which define themolecular dimer’s dynamics: (a) variation of themolecular detuningΔ, at
ξ=0.02 (or r12=1.5 nm), f=0. (b)Variable dipole orientation f, at ξ=0.02,Δ=100γ. (c)Variable distance ξ (the values 0.01,
0.03, 0.05, 0.07, 0.09 correspond to r12=0.73, 2.2, 3.7, 5.1, 6.6 nm, respectively) of the dimer’s constituentmolecules, at f=0,
Δ=50γ.

7
This can be justified by using a standard expression for the spontaneous decay rate γk (see its definition following (1)). If we assume that

both dipoles have equalmatrix elements and their transition frequencies lie in the optical domain, then forω1=2π×1015Hz,
ω2=ω1−Δ andΔ=10 GHz (which corresponds to;100 natural linewidths), we obtain, g g w» - D =1 3 0.999972 1 1 .
8
Finite steady state electronic coherencemay arise for vanishingΓ if one allows for the coupling of the electronic excitations to additional

degrees of freedom, as discussed in [35].

4

New J. Phys. 20 (2018) 113040 VNShatokhin et al



increasewithΔ. On the other hand, the current decreases asΩ increases (that is, as ξ decreases, seefigure 2(c)). A
qualitatively similar dependence of stationary coherence onΩwas predicted in amore realistic photosynthetic
dimermodel including incoherent pumping, phonon-induced relaxation, dephasing, and trapping even in the
absence of collective decay processes [37].More explicitly, the stationary coherence and the population
imbalance are in fact proportional to one another (see appendix B):

s s
k

s s s sW á ñ = á ñ- á ñ+ - + - + -{ } { } ( )2 Im
2

. 52 1 2 2 1 1

Here, k g= +( )N2 1 2 and s sá ñ = á ñ+ - ∣ ∣e ek k
k

k
k , with  = ( )Trk

l ( = ¹k l k l, 1, 2, ) the reduced density
matrix ofmolecule k. This result can be interpreted as an energy balance relation for our dipole–dipole coupled
system: the left-hand side of (5) yields the number of photons that is transferred per unit time frommolecule 1 to
molecule 2; the right-hand side yields the difference between the total number of photons that are emitted, or
absorbed, per unit time, bymolecule 2 and 1, due to spontaneous and stimulated emission.

Equation (5) is reminiscent of relationswell known in single atom resonance fluorescence [38, 39]: there,
quantum coherence between the atomic ground and excited states arises due to the presence of the laser field,
characterized by the Rabi frequency. The quantity describing the atomic coherence, sá ñ+{ }Im , is coupled to
the atomic excited state population, such that single atom energy balance relations similar to (5) hold. In our
present case of twomolecules, quantum coherence between themolecular dipoles arises due to the dipole–
dipole interaction, playing the role of the Rabi frequency. The directed excitation current leads to an imbalance
of themolecular excited state populations: themolecule with larger transition frequencyω1>ω2 has smaller
excited state population because part of it is coherently transferred to themolecule with smaller transition
frequencyω2. Themagnitude of the current is highly sensitive to the dimer’s parameters and is typically
 –10 102 4 excitation transfer events per second (see figure 2), or about 0.01%–1%of the incoherent pumping
rate γN(ω0);106 s−1, assuming γ;108 s−1.

The above scenario of the downhill excitation current is apparently violated for the orientations f for which
Ω is negative (see, e.g. the dashed–dotted and long dashed lines infigure 2(b)). Yet, in the dimer’s eigenbasis the
stationary current always flows towards the state with smaller energy (see appendix A).

3.Unraveled dynamics

Atfirst glance, themonotonic build-up of the stationary current infigure 2may seem inconsistent with the
transient character of the observed quantum coherences [5, 6]. However, the typical behavior of the current can
be viewed as a result of an average over an ensemble of ‘quantum trajectories’ [40, 41] (see figure 3(a))
corresponding to individual incidents of an excitation process in our ‘molecular aggregate’ (see appendix C):
Initially (re-)set in their ground state,molecule 1 or 2 absorbs a photon (undergoes a ‘quantum jump’mediated
by the operator s+

1 or s+
2 ), with relative probability one half, at a randommoment in time t0>0. The

photoabsorption prepares the dimer in either the state ñ∣e g,1 2 or ñ∣g e,1 2 and launches coherent evolutionwithin
the single excitation subspace governed by theHamiltonianHD (see appendix A). The coherent exchange of the
excitation between themolecules generated by the latterHamiltonian translates into a transient oscillation of the

excitation current at frequency W + D4 2 2 , see figure 3(c). If a photon is emitted by the dimer at a random time
t1 such that g- < -t t1 0

1, then this happens primarily as a result of a quantum jumpdescribed by the collective
operator s s+- -( )1 2 (see appendix C). The dimer is then reset to its ground state, until the next photon
absorption occurs. For some incidents of the excitation process, the photoemission does not occur at times

g- < -t t1 0
1 and the envelope of the current exponentially decreases on a time scale∼10γ−1 (figure 3(b)) to a

finite value (see appendix C). This corresponds to the continuous evolution of the dimer into a conditioned state
that is close to the (long-lived) subradiant state y - ñ µ ñ - ñ∣ ( ) (∣ ∣ )t t e g g e, ,0 1 2 1 2 . From the latter state, the

dimer can undergo a quantum jump into the ground state described by the collective operator s s-- -( )1 2 and
emit a photon or, with a smaller probability, into the doubly excited state ñ∣e e,1 2 by absorbing the next photon.
The dimer in the state ñ∣e e,1 2 rapidly (on a timescale<γ−1) decays into the state ñ∣g g,1 2 via two subsequent

quantum jumpsmediated by the collective operator s s+- -
1 2 and accompanied by the emission of two photons:

thefirst jump brings the dimer in the superradiant stateµ ñ + ñ(∣ ∣ )g e e g, ,1 2 1 2 while the second one, after a short
delay, into the ground state.

Summing overmany such ‘quantum trajectories’ of the random excitation current leads to the time
evolution depicted infigure 3(d), finally settling in the non-equilibrium steady state. The latter state can also be
obtained as the time average over a single quantum trajectory (see appendix C). It is therefore not surprising that
averaging the oscillatory current over time yields a steady state value that is eight orders ofmagnitude smaller
(compare figures 3(a)–(c) and (d)). However, only in an asymmetric dimer system (D ¹ 0) this value is strictly
distinct from zero, resulting in a directed excitationflow.
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4. Conclusion

Wehave studied the dynamics of the electronic coherence of a toy ‘molecular aggregate’ composed of two closely
located two-level atoms coupled to a vacuum reservoir and excited by an incoherent field. Thismodel accounts
of the single-photon excitation process which is crucial [42–44] for understanding the dynamics of the energy
transfer in light-harvesting systems.We have shown that, following the photoabsorption by either of the
molecules, the transient behavior of this quantity exhibits coherent oscillations which are indicative of the
excitation exchange between the dimer’s constituents. The amplitude, frequency and decay rate of these
oscillations are defined by the inter-molecular dipole–dipole interaction strength and by the local relaxation
rates of the individualmolecular sites’ excitations. Furthermore, we have established the emergence of stationary
coherence in the non-equilibrium steady state of the aggregate, giving rise to a stationary current, as a
consequence of dipole interaction-induced collective decay processes which prevail at small inter-molecular
distances, despite being usually associatedwith the retarded limit.When neglected in a non-retarded theoretical
description of the system [22], the incoherent excitation instantaneously creates an incoherentmixture of
eigenstates, and steady state coherence is absent. Thus, in contrast to the results of [9], our results establish a
realistic scenario where intermolecular electronic steady state coherence can be triggered by the absorption of
photons coming from an incoherent source,mediating transient population oscillations which relax into a
coherent and directed flux of excitations in the steady state. In the future, it will be interesting to look at the
interplay between light-mediated coherence and the vibrational degrees of freedom,which could give rise to
unexpected effects.

Finally, the emergence of the excitation current studied here is somewhat akin to the directed flowof
electrons [45], phonons [46] or atoms [47] in presence of relaxation, but, unlike the latter examples, features a
coherent transfer process driven by collective decay. Thus, the predicted effect defines a hitherto ignored
potential resource for generating quantum transport.

Figure 3.The intermolecular excitation current at ξ=0.05, f=0, andΔ=50γ obtained as (a)–(c) quantummechanical expectation
valuewith respect to the ‘quantum trajectory’ y ñ∣ ( )t , where (a) displays thefirst six coherent transients of the current initiated
(interrupted) by photon absorption (emission) events, (b) zooms in thefirst coherent transient which tends to a finite value
(indiscernible in the plot) at g g- -( )t t 100

1 before the next jumpoccurs, and (c) zooms in a sequence of coherent oscillations of
the current following the first thermal photon absorption. The initially (right after photon absorption) positive current indicates that
the photon has been absorbed bymolecule 2. (d)Ensemble average over random realizations of y ñ∣ ( )t yields the intermolecular
excitation current s s gW á ñ+ -{ }2 Im 2 1 . Note the different scale of the -y axis in (d) as compared to (a)–(c).
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AppendixA. Eigensystemof the dimer

Thefirst two terms of themaster equation (1) correspond to theHamiltonian of the dimer

 s s s s= å - + W¹ =
D -

+ - + -( )( )H 1D k l
k k k k l

1
2

2
1 , where the dipole–dipole interaction couples the states ñ∣e g,1 2

and ñ∣g e,1 2 of the non-interactingmolecules. The diagonalization ofHD in the latter subspace yields theDicke

eigensystem,with the eigenvalues  l =  W + D º  W¢ ( )4 2 22 2 1 2 and the corresponding
eigenvectors,

y q qñ = ñ + ñ+∣ ( ∣ ∣ ) ( )e g g e acos , sin , , A.11 2 1 2

y q qñ = - ñ + ñ-∣ ( ∣ ∣ ) ( )e g g e bsin , cos , , A.11 2 1 2

forΩ>0, and

y q qñ = - ñ + ñ+∣ ( ∣ ∣ ) ( )e g g e acos , sin , , A.21 2 1 2

y q qñ = ñ + ñ-∣ ( ∣ ∣ ) ( )e g g e bsin , cos , , A.21 2 1 2

forΩ<0, where q = W D( ∣ ∣ )arctan 2 2 andwe assumeΔ>0. It is easy to check the two equalities that hold
for the states in (A.1) and (A.2):

y y y y
s s s s
s s s s

ñá - ñá =
- W >

- W <
- + + -

+ - + -

+ - + -

⎧⎨⎩∣ ∣ ∣ ∣ ( )
for 0,

for 0.
A.32 1 1 2

1 2 2 1

By performing the quantummechanical average andmultiplying both sides of equation (A.3) by W∣ ∣2 , we obtain

y y
s s
s s

W á ñá ñ = W
á ñ W >

á ñ W <
- +

+ -

+ -⎪

⎧⎨
⎩∣ ∣ { ∣ ∣ } ∣ ∣

{ }
{ }

( )2 Im 2
Im for 0,

Im for 0.
A.42 1

1 2

Thefirst case (Ω>0) implies that if the current is downhill in the uncoupled basis (i.e. from ñ∣e g,1 2 to ñ∣g e,1 2 ) it
is also downhill in the eigenbasis (i.e. from y ñ+∣ to y ñ-∣ ), whereas the second casemeans that the uphill current
(from ñ∣g e,1 2 to ñ∣e g,1 2 ) in the uncoupled basis nevertheless corresponds to the downhill current in the
eigenbasis. In either scenario, the absolute value of the current in the local basis and in the eigenbasis coincide.

Appendix B. Solution of themaster equation (1)

Themaster equation (1) is equivalent to a closed linear systemof 15 equations ofmotion for the expectation
values of the (individual and collective)molecular operators. It is convenient to represent these values as
elements of a vector á ñ


Q :

s s s s s s s s

s s s s s s s s s s

s s s s s s

á ñ = á ñ á ñ á ñ á ñ á ñ á ñ á ñ

á ñ á ñ á ñ á ñ á ñ

á ñ á ñ á ñ

- + - + - -

- + - + - + + +

- +


(

) ( )

Q , , , , , , ,

, , , , ,

, , , B.1

z z

z z

z z z z
T

1 1 1 2 2 2 1 2

1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

where s = ñá - ñá∣ ∣ ∣ ∣e e g gz
k

k k k k , and for anarbitraryoperator á ñ = ( )O O O, Tr . There is aunique relationbetween
the expectationvalues in (B.1) and thedensitymatrix elements. For instance,  sá ñ = ñá = á ñ- (∣ ∣ ) ∣ ∣e g g eTr1

1 1 1
1

1 ,
where  = ( )Tr1

2 is the reduceddensitymatrix ofmolecule 1,which is obtainedupon tracingover the states of
molecule 2. The resulting systemof equations splits into fouruncoupled subsystems. For reference, all entries of the
vector á ñ


Q are listedbelowaccording to these subsystems:

7

New J. Phys. 20 (2018) 113040 VNShatokhin et al



s s s s

s s s s s s

s s s s s s

s s s s s s s s

á ñ á ñ

á ñ á ñ á ñ á ñ

á ñ á ñ á ñ á ñ

á ñ á ñ á ñ á ñ á ñ

- - + +

- - - -

+ + + +

+ - + -

( )
( )

( )
( ) ( )

i , ,

ii , , , ,

iii , , , ,

iv , , , , . B.2

z z

z z

z z z z

1 2 1 2

1 2 1 2 1 2

1 2 1 2 1 2

1 2 2 1 1 2 1 2

The variables that are here relevant for us are contained in group (iv). Indeed, the excitation current can be
expressed as a difference between the number of excitations transferred per unit time frommolecule 1 to
molecule 2,minus the number of excitations that are transferred in the opposite direction, i.e. it is proportional
to the two-molecule coherence function

s s s s s sá ñ - á ñ = á ñ+ - + - + -( ) { } ( )1

2i
Im . B.32 1 1 2 2 1

The latter quantity can be inferred from solutions of the following equation ofmotion:

= +
  ˙ ( )x Ax L , B.4

with s s s s s s s s= á ñ á ñ á ñ á ñ á ñ+ - + -
 ( )x , , , ,z z z z

T1 2 2 1 1 2 1 2 ,

*
*

*

*

k
k

g g k k

=

- - -
- - -

- - D G

- + D G

- - G G - -

k k

k k

+

+

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

( )A

T T

T T

0 2 2 0

0 2 2 0

i 0

0 i

2 2 4 4

, B.5
T T

T T

1

2

2 2 2

2 2 2

2 1 1 2

1 2

1 2

g g= - -


( ) ( )L 2 , 2 , 0,0,0 , B.6T
1 2

where k g w= +{ ( )}N2 1 2i i 0 , andT=Γ+iΩ, with x xG º G W º W( ) ( ), givenby (2a) and (2b), respectively.
Weassume that at time t=0 bothmolecules are in their ground states, hence the vector of initial conditions is

= - -
 ( ) ( ) ( )x 0 1, 1,0, 0,1 . B.7T

The formal time dependent solution of (B.4) reads

= + - -  
( ) ( ) ( ) ( )x t e x e A L0 . B.8At At 1

For arbitrary times, the temporal behavior of
 ( )x t can be studied numerically and infigure 2we present

exemplary evolutions of the excitation current 2Ω Im{x3(t)}. This quantity exhibitsmonotonic behavior,
wherein the current exponentially tends to its stationary value.

Let us now address this limit, where analytical solutions ¥ = - - 
( )x A L1 are readily available.

First, let us consider the steady state solutions forΓ=0. In this case, the entries of the vector ¥
 ( )x read:

s sá ñ = á ñ = -
+

( )
N

1

1 2
, B.9z z

1 2

s s s sá ñ = á ñ =+ - + - ( )0, B.102 1 1 2

s s s sá ñ = á ñá ñ ( ), B.11z z z z
1 2 1 2

whereN≡N(ω0). The above solutions indicate equal population distributions of bothmolecules and the
absence of intermolecular electronic coherence.

In contrast, for G ¹ 0, we obtain s sá ñ ¹ á ñz z
1 2 , and a non-trivial two-molecule coherence in the two-level

system. Belowwe present the explicit expressions for two quantities: the excitation current, s sá ñ+ -{ }Im 2 1 , and
the difference between the excited state populations of the twomolecules,
s s s s s sá ñ- á ñ = á ñ- á ñ+ - + - ( ) 2z z

2 2 1 1 2 1 :

s s
g g g g

á ñ =
G + D+ - GW

- +{ } [( ) ( ) ] ( )N N

R
Im

2 1 2
, B.121 2 1 2 2 1

s s s s
g g g g

á ñ - á ñ=
G + DW+ - + G

+ - + -
( )[ ( )( ) ] ( )N N

R

2 1 2
, B.132 2 1 1 1 2 1 2

with

g g
g g g g

g g g g
g g

= + - DGW+G +
´ - - + - W
+ + + + +D
+ + W

( )( ) [( )
{ ( ) ( ) } ]
( ) [ {( ) ( ) }
( ) ] ( )

R N N

N

N N

2 1 2 1 2

2 4

1 2 1 2

. B.14

2 1
2 2

1 2
2

1 2
2 2

3
1 2

2
1 2

2 2

1 2
2 2

Direct inspection of (B.12) and (B.13), for γ=γ1=γ2, yields the energy balance relation (5).
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AppendixC.Monte-Carlo simulation of the stochastic current

As shown in [40, 48], a density operator  ( )t obeying aMarkovmaster equationwith a relaxation in Lindblad
form can be unraveled into an ensemble of stochastic wavefunctions (quantum trajectories) y ñ∣ ( )t , such that
averaging over possible outcomes at time t yields the density operator, i.e.

y yñá =∣ ( ) ( )∣ ( ) ( )t t t . C.1

Quantum trajectories corresponding tomaster equationswith a unique steady state possess the property of
ergodicity [49]. Therefore, when one deals with a steady state densitymatrix, it ismore convenient to use the
time average over a single trajectory instead of the ensemble average [50].

Themaster equation (1) is not given in Lindblad form, but can be brought into it by a unitary transformation
applied to the second line of (1). Thenwe obtain

L   = - +˙ ( )[ ] ( ) ( )Hi , , C.2D

whereHD is given in appendix A. Thereby, equation (1) turns into the Lindblad equation and

L   å= -⎜ ⎟⎛
⎝

⎞
⎠( ) { } ( )† †A A A A

1

2
, , C.3

k
k k k k

4

with g s g s g s s g s s= = = + - G - = + + G ++ + - - - -( ) ( ) ( ) ( )A N A N A N A N2 , 2 , 1 , 11
1

2
2

3
2 1

4
2 1 .

Wenote that the contributionsdue to theLindblad operatorsA1,A2, areA3 aremuch smaller than theonedue toA4

(sinceN=0.01 andwe consider the intermolecular distances such thatΓ≈γ).
First, we define the effective non-HermitianHamiltonian

 å= - ( ) ( )†H H A Ai 2 . C.4D
k

k keff

Using (C.2), (C.4), we perform a stochastic unraveling as described in [41].We assume that themolecular
aggregate is initially in its ground state, that is, y ñ = ñ∣ ( ) ∣g g0 ,1 2 , and divide the time axis into infinitesimal
intervals δtwhich should bemuch shorter than the shortest characteristic system time scale defined byΩ. To
generate the exemplary trajectory of the stochastic current infigure 3, wefix d g= ´ - -t 2.0 10 5 1 and

gW » ´- - -8.4 101 5 1. At each time step, we calculate the probability

d d y y= á - ñ( )∣ ∣ ( ) ( )†p t t H H ti , C.5eff eff

that the system evolves continuously, and update the quantum state as follows: we compared δpwith a random
number ò uniformly distributed on the interval [0,1]. If δp<ò, then y d+ ñ∣ ( )t t is given by

y d d y d+ ñ = - ñ -∣ ( ) ( ( ) )∣ ( ) ( ) ( )t t H t t p1 i 1 . C.6eff
1 2

At this stage, the state continuously evolves, undergoing coherent oscillations at the frequency W¢ given by the
eigenvalues ofHD (see above). If δp�ò, then a ‘quantum jump’ occurs, whereby the state changes according to

y d y d d+ ñ = ñ = ¼∣ ( ) ∣ ( ) ( ) ( ) ( )t t A t p t m, 1, , 4 C.7m m
1 2

with

åd d y y d d= á ñ =( )∣ ∣ ( ) ( )†p t t A A t p p, . C.8m m m
m

m

It follows from the definitions of the jumpoperatorsAm that if the aggregate is in its ground state, a
photoabsorption can bemediated by eitherA1 orA2, with the equal probability of 1/2.Once a photon is
absorbed at a random time t0>0, the probability p4 of the photoemission associatedwith the operatorA4 is
much larger than p3, associatedwithA3 (see above). Furthermore, becauseN=1, the probability of double
excitation is very low.However, if the next quantum jumpdoes not occur until times  g- -t t 100

1, the dimer
is effectively driven into the antisymmetric stateµ ñ - ñ∣ ∣e g g e, ,1 2 1 2 , wherefrom it can undergo a jump either
into the ground statemediated by the operatorA3, with the probability of≈1/2, or into the doubly excited state
mediated by the operatorsA1 orA2 (each eventwith approximately equal probability of≈1/4).

To showwhy the dimer’s state conditioned by the absence of a quantum jump following a photoabsorption
becomes, at long times, the antisymmetic state, we turn to the non-unitary evolution operator generated byHeff.
This operator reads (in the basis ñ ñ ñ ñ{∣ ∣ ∣ ∣ }g g e g g e e e, , , , , , ,1 2 1 2 1 2 1 2 ):
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 =
- -

- +

g

g

- - +

W D

W

G + W

W

G + W

W
W D

W

W W

W W

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟

( )
( )

( ) ( )

( ) ( )
)

)
( )( )

( )

( )
e e

e 0 0 0

0 cosh 0

0 cosh 0

0 0 0 1

, C.9N t

t

t

t

1 2 2

i sinh 2 i sinh

2 i sinh

2

i sinh

H t

t t

t t

i eff

2 2

2 2

where W = G - D - W + GW4 4 8i2 2 2 is a complex frequencywith W » W¢Im (see appendix A) and
g< W <0 Re 2 . Let us assume that at t0>0 the dimer jumps into state ñ∣e g,1 2 via photoabsorption by

molecule 1. At short times  g- - - » - --( ) ( ( ) ) ( ( ) )t t H t t H t t, exp i exp i D0
1

eff 0 0 , such thatHeff

generates oscillations at the frequency W¢ of the probability amplitudes associatedwith the states ñ∣e g,1 2 and
ñ∣g e,1 2 (coherent excitation exchange between themolecules). At long times  g- -( )t t 100

1, the dominant

contribution to the relaxation part ofHeff is given by the operator  s s s s- µ + ++ + - -( ) ( )( )†A Ai 2 4 4
1 2 1 2 .

Consequently, the symmetric superpositions ñ + ñ∣ ∣e g g e, ,1 2 1 2 , also known as superradiant states [11, 31], decay
faster than the antisymmetric (subradiant) states ñ - ñ∣ ∣e g g e, ,1 2 1 2 and the conditioned state is given by

y g- ñ = W - + - ñ + ñ∣ ( ) [{ ( ) }( )]( ∣ ∣ ) ( )t t N t t a e g b g eexp 2 1 2 , , , C.10c0 0 1 2 1 2

where = - D W( )a 1 2 i 2 and = - G + W W » -( )b ai . Hence, y - ñ µ ñ - ñ∣ ( ) ∣ ∣t t e g g e, ,c0 1 2 1 2 .
Given a normalized state y ñ∣ ( )t , we determine the stochastic excitation current by

y s s y= W á ñ+ -( ) { ( )∣ ∣ ( ) } ( )I t t t2 Im . C.11stoch
2 1

In particular, normalizing the state (C.10), we obtain that the corresponding conditioned excitation current is
time-independent:

*
=

W
+

( )
∣ ∣ ∣ ∣

( )I
ab

a b

2 Im
, C.12c 2 2

and, for the parameters chosen infigure 3, Ic≈0.0021γ−1.
By virtue of (C.1), the average over the ensemble of random realizations of y ñ∣ ( )t in (C.11) yields the average

excitation current as given by (4). On the other hand, the average steady state current can be obtained by the time
average over a single quantum trajectory

ò¥ =
¥

¯ ( ) ( ) ( )I
T

t I tlim
1

d . C.13
T

T

stoch
0

stoch
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