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Abstract: Resonant electromagnetic scattering with particles is a fundamental problem in
electromagnetism that has been thoroughly investigated through the excitation of localized
surface plasmon resonances (LSPR) in metallic particles or Mie resonances in high refractive
index dielectrics. The interaction strength between electromagnetic waves and scatterers is
limited by maximum and minimum physical bounds. Predicting the material composition of
a scatterer that will maximize or minimize this interaction is an important objective but its
analytical treatment is challenged by the complexity of the functions appearing in the multipolar
Mie theory. Here, we combine different kinds of expansions adapted to the different functions
appearing in Mie scattering coefficients to derive simple and accurate expressions of the scattering
electric and magnetic Mie coefficients in the form of rational functions. We demonstrate the
accuracy of these expressions for metallic and dielectric homogeneous particles before deriving
the analytical expressions of the complex eigen-frequencies (poles) for both cases. Approximate
Mie coefficients can be used to derive in a simple but accurate expressions the complex dielectric
permittivities that will yield a pole of the dipolarMie coefficient and to ideal absorption conditions.
The same expressions also predict the real dielectric permittivities that maximize (unitary limit)
or minimize (anapole) electromagnetic scattering.

© 2021 Optical Society of America

1. Introduction

Localized surface plasmon resonances (LSPRs) have received strong attention over the last
20 years and plasmonics appears now as a mature technology [1–4]. LSPRs correspond to
low order electric resonances, e.g. dipolar, quadrupolar electric resonances of the electric
polarizability [5–7]. They can be described by scattering Mie coefficients an and plasmonic
resonances yield a maximum of |an |. More recently, attention has been focused onMie resonances
on dielectric particles made of high refractive index, typically semi-conductors (Si, GaAs, Ge,...)
in the visible or near infrared [8–10], or ceramics, water and other materials inmicrowaves [11–14].
Mie resonances in dielectric particles triggered a huge interest because they intrinsically feature
both electric and magnetic resonances [15–19]. While spherical subwavelength sized metallic
particles can be described by electric scattering Mie coefficients, an, Mie resonances in dielectric
particles must be described by both electric and magnetic Mie coefficients an and bn [20]. The
interplay between electric and magnetic resonances offered novel opportunities to tailor light
properties in the framework of optical antennas or metasurfaces [15, 21–23]. LSP and Mie
resonances both correspond to a pole of a given multipolar order of a scatterer [24].

The Frölich condition corresponds to a zero of the numerator of the polarizability expression [1,
25] in the case of a quasi-static approximation. This approximation is used when the ratio between
the size of the scatterer and the wavelength tends toward zero. In this case, the pole of the electric
polarizability arises when εs = −2εb with εs and εb denoting the dielectric permittivities of the
particle and background respectively [1,3,25,26]. The quasi-static expression does not fulfill the
optical theorem and a radiative correction must be included in the polarizability expression [27].
Even if this correction slightly complicates the Frölich condition, it shows that the resonance
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results from a difference of sign between the real parts of the dielectric permittivities of the
particle and background. In the case of Mie resonances in dielectrics, Frölich conditions cannot
be applied since the real parts of εb and εs are both positive. It turns out that the quasi-static
approximation, even when associated with a radiative correction term, cannot simply predict
resonances occurring in subwavelength sized dielectric scatterers. That is the reason why Mie
resonances in dielectrics are usually identified as the maximum of the electric and magnetic
Mie coefficients calculated thanks to full numerical calculations. A major difficulty for simply
describing dielectric Mie resonances is that the Taylor expansions of the functions appearing in
the electric Mie scattering coefficients do not predict accurately the resonance even when a high
number of terms are included in the expansion [28, 29].
Here, we show how to derive simple and accurate expressions of both electric and magnetic

Mie resonances that allow for extending Frölich conditions in dielectrics. Frölich expressions are
conventionally obtained by cancelling the denominator of the Mie coefficient and we show their
accuracy for plasmonic particles but more importantly for dielectric particles. We thoroughly
analyze the different functions of the parameter sizes zs = kR and z0 = k0R that appear in the
Mie scattering coefficients, where R is the radius of the spherical scatterer, k = 2π/λ, k0 = 2π/λ0
(λ0 is the wavelength in vacuum and λ is the wavelength in the medium of relative dielectric
permittivity ε and zs = z0

√
ε). By following two different methods for electric and magnetic

coefficients, we derive simplified and accurate expressions of the electric and magnetic dipolar
and quadrupolar Mie coefficients and polarizabilities. We assess the validity of these expressions
in the case of plasmonic and dielectric scatterers. All the expressions are described by rational
functions that allow us to easily extract the poles, zeros and optimal resonances that correspond
respectively to a zero of the numerator, a zero of the denominator and a unitary Mie scattering
coefficient. We study and plot the trajectory of the poles in the complex plane with respect to the
dielectric permittivity of the scatterer. In a second step, the approximate expressions are used to
derive in a simple way the physical bounds of the resonant light scattering with both dielectric
and metallic particles, i.e. the unitary limit, the non-radiative anapole condition and the ideal
absorption.

2. Approximate expressions of the Mie coefficients

2.1. Simplified expressions of special functions

In this section, we aim at finding the best expansion for the different functions appearing in the
Mie coefficients. It is convenient to retrieve the expression of these coefficients in the framework
of the scattering T-matrix that links the scattered field with the incident field. For a given
multipolar order n, the electric (e) and magnetic (h)Mie coefficients can be straightforwardly
obtained thanks to the diagonal elements of the T (e)n and T (h)n matrix coefficients: an = −T (e)n and
bn = −T (h)n . The complete expression of the electric and magnetic Mie coefficients can be cast
under the form [20,30]:

an(z0) =
jn(z0)

h+n (z0)

εϕ1
n(z0) − ϕ

1
n(zs)

εϕ+n(z0) − ϕ
1
n(zs)

, (1a)

bn(z0) =
jn(z0)

h+n (z0)

µϕ1
n(z0) − ϕ

1
n(zs)

µϕ+n(z0) − ϕ
1
n(zs)

. (1b)

In these expressions, ε = εs/εb describes the ratio between the dielectric permittivities of the
scatterer εs and background εb. In the following and for the sake of clarity, ε will be called the
dielectric permittivity of the scatterer which requires εb = 1, but it should be noticed that it is a
more general parameter that describes the ratio between the permittivities of the scatterer and
background. µ represents the relative magnetic permeability that is considered in this study equal
to 1, µ = 1. jn(z) and h+n (z) represent respectively the spherical Bessel function and the spherical
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incoming Hankel function. ϕ1
n(z) is the spherical reduced logarithmic derivative Ricatti-Bessel

function and is equal to ϕ1
n(z) =

(z jn(z))
′

jn(z)
. ϕ+n(z) is the spherical reduced logarithmic derivative

Ricatti-Hankel and ϕ+n(z) =
(zh+n(z))

′

h+n(z)
. The electric (e) and magnetic (h) polarizabilities α(e,h)n of

order n can be simply obtained from the electric and magnetic Mie coefficients of the same order
n [19]:

αe
1 = a1

i6επ
k3 , αe

2 = a2
i130επ

k5 , (2a)

αh
1 = b1

i6π
k3 , αh

2 = b2
i40π

k5 . (2b)

Deriving analytic poles and zeros from the Mie coefficients requires rational functions from
which it will be easy to determine the zero of the denominator or numerator. For that purpose, we
derive analytical expressions of the Ricatti-Bessel functions of the first kind ϕ1

n(z0), ϕ1
n(zs), and

the Ricatti-Hankel function ϕ+n(z0). The Taylor expansion of ϕ1
n(z0) can be used for subwavelength

sized scatterers for which z0 < 1 to get [31]:

ϕ1
n(z0) = n + 1 −

z2
0

2n + 3
, (3)

The Taylor expansion of ϕ1
n(zs) must be studied with care since zs in dielectrics is significantly

larger than z0. In particular, for the electric resonance, it has been shown a Taylor expansion
of ϕ1

n(zs) does not converge even at the 6th order [29]. This weak convergence for an comes
from the fact that the spectral resonances for bn and an tend respectively toward the first roots
zs = rn−1 and zs = rn of Bessel functions jn−1(zs) and jn(zs) respectively when |ε | → ∞,
i.e. from the fact that the electric resonance occurs near a pole of the Ricatti-Bessel function
ϕ1
n(zs) =

(z jn(zs ))
′

jn(zs )
[31]. The different expressions of the ϕ1

n(zs) function are plotted in Fig. 1
for n = 1 and n = 2. The zeros rn of jn(zn) are tabulated datas, e.g. r0 = 3.14, r1 = 4.49 and
r2 = 5.76. They correspond to the poles of ϕ1

n(zs) that are clearly observable at zs = r1 = 4.49,
and zs = r2 = 5.76 in Fig. 1 where ϕ1

n(zs) is plotted for n = 1 and n = 2. The challenge is
to expand the ϕ1

n(z) function around the poles r1 and r2. This can be done by using a modal
expansion of ϕ1

n(zs) for the electric coefficients [24, 28, 31, 32]:

ϕ1
n(zs) = n + 1 +

∞∑
l=1

2z2
s

z2
s − (rn,l)2

(4)

with rn,1 = π + nπ
2 . In the following we will consider only the first term, l = 1, of this expansion

so that rn,1 will be noted rn. This expansion takes intrinsically into account the pole of the ϕ1
n(z)

function at zs = rn. The convergence of this expansion is therefore much faster and very suitable
to model resonances since only one term is enough to get a Lorentzian function. In this work, the
objective is to reduce first order Mie coefficients to simple rational functions. That is the reason
why we consider the first term of this expansion, even if the remaining terms l = [2;+∞] can
be approximated by a corrective term 2ρ(e)n z2

0 with ρ(e)n = 1
r2
n
− 1

2(2n+3) [31]. Eq. 4 reduces to a
rational function when the first term of the sum is taken into account:

ϕ1
n(zs) ≈ n + 1 + 2z2

s

z2
s−r

2
n
≈
(n+3)z2

s−(n+1)r2
n

z2
s−r

2
n

(5)

ϕ1
n(zs) ≈ (n + 1)

(1− z2
s

q2
n
)

(1− z2
s

r2
n
)

, (6)
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Fig. 1. Comparison between the different expansions of the function ϕ1
n(zs) for the

dipolar n = 1 (a,b) and quadrupolar n = 2 (c,d) cases. The calculations are displayed
for a positive (a,c) and negative (b,d) dielectric permittivity. Complete calculations of
ϕ1
n (blue). In (a) and (c): Taylor approximation (Approx T, yellow) calculated with

Eq. 8 for n = 1 and with Eq. 9 for n = 2; Pole expansion (Approx W, red) calculated
with Eq. 6 for n = 1 with q1 = 3.14 (a), n = 2 with q2 = 4.49 (b), n = 1 with q1 = 2.55
and q1 = 3.14 (b) and n = 2 with q2 = 3.52 and q2 = 4.49 (d).

with qn = rn/
√

n+3
n+1 (q1 = r1/

√
2 ≈ 3.17 ≈ r0 and q2 = r2/

√
5/3 ≈ r1). We plotted in

Fig. 1(a-d) the function ϕ1
n(zs) calculated with Eq. 6. The real part of the dielectric permittivity

being negative for metals and positive for dielectrics respectively, we plot in Fig. 1 the function
ϕ1
n(zs) with respect to zs = 2π

√
εR/λ0 for dielectrics and to Im(zs) for metals. This means that

we plot the function ϕ1
n(zs) for metals and dielectrics separately but with a continuous transition

between these two regimes since we can observe the continuity of the ϕ1
n(zs) function at zs = 0.

We first consider the values q1 = r0 = π and q2 = r1 to plot the function ϕ1
n(zs) with Eq. 6 and

it can be observed that these values permit to match the complete function for dielectrics in
Fig. 1(a,c), while they fail to retrieve the feature of the complete function ϕ1

n(zs) for metals in
Fig. 1(b,d). This result shows that the terms that are not taken into account in expansion Eq. 4
(l ≥ 2) have a larger contribution for metals than for dielectrics. Let us emphasize that this value
of qn is obtained when considering the first term only in the infinite sum of Eq. 4. A modification
of this initial value qn = rn/

√
n+3
n+1 can be considered to partially take into account the higher

order terms in Eq. 4. A tuning of the qn parameter is therefore performed to improve the match
between the approximate and rigorous expressions of ϕ1

n(zs) and we found that q1 = 2.55 and
q2 = 3.52 offer much better results in the case of metallic scatterers as it can be observed in
Fig. 1(b,d)).
Magnetic resonances are located near zs = rn−1 when ε � 1 [31]. They are therefore far

from the pole of ϕ1
n(z) located at zs = rn. Taylor expansions can thereby be safely used for the
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magnetic coefficients bn. However, while Taylor expansion is classically expanded near zs = 0 in
the case of subwavelength scatterers, it is judicious to perform this Taylor expansion at the first
order at the position of the resonance, zs = rn−1, to improve the convergence [31]:

ϕ1
n(zs) = −n − rn−1(zs − rn−1). (7)

This expression gives for the first two multipoles n = 1 and n = 2:

ϕ1
1(zs) = −1 − r0(zs − r0), (8)

ϕ1
2(zs) = −2 − r1(zs − r1). (9)

We followed different expansions, i.e. modal and Taylor expansions, to retrieve fractional
functions of the electric and magnetic coefficients. These two different expansions of function
ϕ1
n(zs) are compared in Fig. 1 for the dipolar (top) and for the quadrupolar (bottom) cases.
We now derive the analytic expression of the second special function that appears in the

expressions of an and bn (Eqs. 1a,1b), the spherical Ricatti-Hankel incoming (+) and outgoing
(-) function: ϕ±n =

(zh±n(z))
′

h±n(z)
with h±n (z) = jn(z) ± iyn(z), the Hankel function. ϕ±1 (z) has a

meromorphic expression [28]:

ϕ±1 (z0) = ±iz0 −
1

1 ∓ iz0
, (10)

we have to derive the meromorphic form of ϕ+2 (z0). For that purpose, we use the recurrence
relation:

ϕ+n(z0) = −n + z
h+
n−1(z0)

h+n (z0)
(11)

The h+2 function that appears in this recurrence expression of ϕ+2 (z0) can be obtained thanks to a
recursive form of the Hankel spherical function [32] :

h±n+1(z0) = −h±n−1(z0) +
2n
z0

h±n (z0). (12)

This recurrence relation expanded for h+2 (z0) requires the expressions of h+0 (z0) and h+1 (z0) [28,33]:

h+0 (z0) =
1
3
−

i
z0
, h+1 (z0) = −eiz0

z0 + i
z2
0

. (13)

The use of these two expressions in the recurrence relation, Eq. 12, leads to h+2 (z0) =
i
z0

eiz0 (1 +
3i
z0
− 3

z2
0
). The two meromorphic forms of h+1 (z0) and h+2 (z0) allow us to find the expression of

ϕ+2 (z0):

ϕ+2 (z0) = −2 +
−z0 − i

i(1 + 3i
z0
− 3

z2
0
)

(14)

The last function appearing in the Mie coefficient expression is the Bessel function jn(z0). An
interesting expansion to approximate jn(z0) is the Pade expansion that consists of expressing a
function in its rational form. We consider this expansion to expand the spherical Bessel function
jn(z0). For the first two orders, n = 1 and n = 2, we obtain [18, 34, 35]:

j1(z0) =
z0

3(1 + z2
0

10 )
, (15)
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j2(z0) =
z2
0

15(1 + z2
0

14 )
, (16)

The analytic expressions of the special functions derived in the previous section can now be
used to expand for n = 1 and n = 2 the Mie coefficients an and bn provided in Eqs. (1a,1b).

2.2. Magnetic dipolar and quadrupolar Mie coefficients

Let us start with the dipolar and quadrupolar magnetic Mie coefficients for which the convergence
of the Taylor expansions of the special functions around the spectral positions of the resonances
zs = rn−1 is fast. The use of expressions in Eq. 8,9,10,14 of the special functions in Eq. 1b allow
us to get b1(z0) and b2(z0):

b1(z0) =
−z3

0

3(z0 + i)eiz0 (1 + z2
0

10 )

3 − z2
0
5 + r0(zs − r0)

(iz0 −
1

1−iz0
) + 1 + r0(zs − r0)

, (17)

b2(z0) =
z3
0e−iz0

15i(1 + z2
0

14 )(1 +
3i
z0
− 3

z2
0
)

5 − z2
0
7 + r1(zs − r1)

−z0−i

i(1+ 3i
z0
− 3

z2
0
)
+ r1(zs − r1)

. (18)

These expressions have the form of rational functions from which it will be easy to extract the
poles and physical bounds.

2.3. Electric dipolar and quadrupolar Mie coefficients

The electric dipolar and quadrupolar Mie coefficients a1 and a2 are obtained thanks to the modal
expansion in its approximated form in Eq. 6:

a1(z0) =
−z3

0

3(z0 + i)eiz0 (1 + z2
0

10 )

ε(2 − z2
0
5 ) − 2

1−( zsq1
)2

1−( zsr1
)2

ε(iz0 −
1

1−iz0
) − 2

1−( zsq1
)2

1−( zsr1
)2

(19)

a2(z0) =
z3
0e−iz0

15i(1 + 3i
z0
− 3

z2
0
)(1 + z2

0
14 )

ε(3 − z2
0
7 ) − 3

1−( zsq2
)2

1−( zsr2
)2

ε(−2 + −z0−i

i(1+ 3i
z0
− 3

z2
0
)
) − 3

1−( zsq2
)2

1−( zsr2
)2

(20)

We assess the accuracy of such expressions for both plasmonic and dielectric Mie scatterers
by calculating Mie coefficients with approximated (Eqs. 17-20) and complete (Eqs. 1a,1b)
expressions. Mie coefficients can be calculated in the whole range of frequencies. That is the
reason why we consider scatterers composed of a dielectric permittivity of ε = 78.4 (distilled
water in the GHz spectrum), ε = 16 (semi-conductor in the visible and NIR) and a silver particle
in the visible spectrum with a dielectric permittivity taken from Johnson [36]. In the case of
spherical scatterers made of silver (Fig. 2(c)), we only plot the dipolar and quadrupolar electric
coefficient since magnetic coefficients are negligible. The qn parameter used in the expressions of
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Fig. 2. Spectrum of the electric and magnetic Mie coefficients a1 (red), a2 (orange), b1
(green), b2 (blue) with respect to the parameter size z0 = kR obtained with approximate
expressions in Eqs. 17-20. Calculations performed with scatterers in air (or vacuum)
of dielectric permittivity ε = 78.4 (a), ε = 16 (b), and silver (dielectric permittivity
taken from Johnson [36]) (c). Full calculations : dashed lines for n = 1 and dotted lines
for n = 2; approximate calculations: solid line. Coefficients a1 and a2 are calculated
with Eqs. 19-20 with q1 = 3.14 and q2 = 4.49 for dielectrics (in (a) and (b)) and with
q1 = 2.55 and q2 = 3.52 for metals (c). Coefficients b1 and b2 (in (a) and (b)) are
calculated with Eqs. 17-18.

the electric Mie coefficients is taken equal to q1 = r0 and q2 = r1 for dielectrics and q1 = 2.55 and
q2 = 3.52 for metals. We compare in Fig. 2 the dipolar and quadrupolar Mie coefficients obtained
by using the rigorous (Eqs. 1a,1b) and approximated (Eqs. 17-20) expressions. We observe for
the 4 cases that the simplified expressions permit to fully retrieve both plasmonic and dielectric
Mie resonances. This high accuracy is verified for dipolar and quadrupolar approximations.

3. Poles and physical bounds

We now aim at benefiting from these rational formulations of dielectric polarizabilities (or
equivalently first order Mie coefficients) to derive the analytical expressions of the anapoles, poles
and resonances. Anapoles correspond to lower physical bounds for which distributions of currents
do not yield electromagnetic scattering [37–42]. Under the assumption of subwavelength particles
for which multipolar contributions are well separated spectrally, anapoles can be predicted by the
zeros of the corresponding Mie coefficient. Resonances must be distinguished from the poles
that correspond to a solution of Maxwell equations in absence of source, while a resonance
corresponds to a maximum coupling between the excitation field and the eigen-modes and also
corresponds to a maximum of the electromagnetic scattering yielded by the scatterer. This
condition corresponds to the so-called unitary limit for which the norm of a multipolar Mie
coefficient is equal to 1 [29]. To summarize, this section will aim at determining the zeros
(anapoles), poles and optimal resonances, i.e. unitary limit of the first order Mie coefficients of
subwavelength sized scatterers.

3.1. Poles

Poles correspond to a zero of the denominator of the rational functions describing the po-
larizabilities of the scatterer. They correspond to solutions in the complex ω or z0 plane
(zs =

√
ε z0 =

√
εRω/c) of equations εϕ+1 (z0) − ϕ

1
1(zs) = 0 and ϕ+1 (z0) − ϕ

1
1(zs) = 0 for the

electric and magnetic dipolar cases respectively. These equations can be solved by using the
complete and full numerical expressions of ϕ+1 (z0) and ϕ1

1(zs) and finding the minimum in the
complex ω plane by using a Newton-Raphson iteration method.
Here, we show how to retrieve the poles analytically by cancelling the denominators of the

rational approximate expressions of the electric and magnetic polarizability in Eqs. 19,17:
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ε(iz0 −
1

1 − iz0
) = 2

1 − ( zsr0
)2

1 − ( zsr1
)2
, (21)

iz0 −
1

1 − iz0
= −1 − r0(zs − r0). (22)

that correspond to solve a 4th and a 2nd order differential equation:

z4
0,e(−

ε2

r2
1
) + z3

0,e(−
iε2

r2
1
−

2iε
r2
0
) + z2

0,e(ε +
ε2

r2
1
+

2ε
r2
0
)

+ z0,e(2i + iε) + (−ε − 2) = 0,
(23)

z2
0,h(1 − ir0

√
ε) + z0,h(r0

√
ε + ir2

0 ) − r2
0 = 0. (24)

In the electric case (Eq. 23), the 4th order polynomial equation leads to 4 solutions. Two
solutions feature a positive imaginary frequency. Causality imposes negative imaginary parts
of the eigen-frequencies and these 2 solutions can be safely removed [43–49]. The only two
solutions with negative imaginary parts satisfy the causality principle and correspond to the first
and second electric poles. These solutions can be calculated for any scatterer and material and
we plot the complex eigen-frequencies with respect to the dielectric permittivity (see Fig. 3).

Fig. 3. Trajectory of the complex electric and magnetic poles in the complex z0 plane
when spanning the dielectric permittivity of the scatterer, ε , from 0+ to ∞. (a,b):
fundamental pole; (c,d): first pole, (a,c): magnetic poles; (c,d) electric poles. Com-
plete calculations (Newton-Raphson iteration method): red dashed line; approximate
expressions taken from Eq. 23 (a,b) and Eq. 24 (c,d): blue full line.

The fundamental dipolar electric mode has a large negative imaginary part while the first
mode has a much lower imaginary value. One can observe that the real parts decrease when the
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dielectric permittivity increases with a much larger decrease for the second mode. The decrease
of the real part with ε is associated with a decrease of the negative part. The validity of these
expressions is assessed by comparing the eigen-frequencies found by the analytic expressions
and by the full numerical calculations associated with the Newton-Rhapson iteration method (see
Fig. 3(a,b,c,d)). The agreement is excellent for the fundamental (see Fig. 3(a)) and 1st modes (see
Fig. 3(b)) for the electric case. The method can also be applied to find the poles in the case of
metals for which for q1 = 2.55. In the case of a dielectric permittivity of ε = −2.4, the the electric
poles obtained from the full and approximate expressions are respectively zo,p = 0.3719− i0.059
and zo,p = 0.3710 − i0.058. The relative error is of 0.2% and 1.69% for the real and imaginary
parts. For the magnetic case (Eq. 24), the 2nd order polynomial equation is solved analytically
and the 2 roots are found from the expression of the discriminant:

∆ = (r0
√
ε + ir2

0 )
2 + 4(1 − ir0

√
ε)r2

0 (25)

Each root corresponds to a pole. The 2 poles can be calculated with respect to the dielectric
permittivity. We can see that the two poles feature a very different dependence with respect
to the dielectric permittivity. The fundamental pole stays along the real axis with a real part
≈ 0 while the imaginary part stays far under the real axis and at a value around −1. The full
calculations show that this pole has a real part equal to zero. Both real and imaginary parts are
weakly sensitive to the dielectric permittivity. The trajectory of the second pole in the complex
z0 plane is very different: it is located just underneath the imaginary axis, the real part is strictly
positive. When the dielectric permittivity increases, the real part increases while the imaginary
part tends toward zero. The comparison between the approximated and full calculations shows a
remarkable agreement for the first pole (see Fig. 3(a)), that drives the resonant response of the
scatterer. The agreement is less favorable for the fundamental pole (see Fig. 3(c)) located on the
imaginary axis but this error has less influence since this pole, far below the real axis, has less
influence on the electromagnetic response of the scatterer.
A very convenient way of finding poles is to solve the roots of the denominators of the

polarizability expressions with respect to the dielectric permittivity [50]. For the magnetic dipolar
polarizability, one obtains a single complex solution, εp,h , that is simply obtained with respect to
the parameter size z0 and r0 = π.

εp,h =

(
−z2

0 + r2
0 − ir2

0 z0

r0z0 − ir0z2
0

)2

(26)

In the case of the electric dipole, one obtains a 2nd order polynomial equation:

ε2
p,e(−i

z3
0

r2
1
−

z4
0

r2
1
+

z2
0

r2
1
)+

εp,e(iz0 + z2
0 − 1 +

2z2
0

r2
0
− 2i

z3
0

r2
0
) + (2iz0 − 2) = 0

(27)

The two solutions have positive imaginary parts but real parts of opposite ± signs. In other
words, these single expressions in Eqs. 19,20 catch the poles of both localized surface plasmons
in metals and Mie modes in dielectrics. In this sense, they extend the so-called Frölich conditions
to dielectric scatterers.
The real and imaginary parts of εp,e and εp,h, solutions of the electric and magnetic dipolar

poles, are plotted in Fig. 6 in the Re(ε) and Im(ε) plane. In the case of negative Re(ε) in Fig. 6
(b), we retrieve in the limit z0 → 0 the quasi-static solution Re(ε) → −2, Im(ε) → 0. When z0
increases, the real part decreases down to a minimum of Re(ε) ≈ −2.8 before increasing back to
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≈ −2 for large parameter size z0 ≈ 1. In the case of dielectric scatterers, Re(ε)p,(e,h) → 0 and
Im(ε)p,(e,h) → 0 when z0 → 0. We observe that losses associated with electric poles εp,e are
generally much smaller than for magnetic poles εp,h .

3.2. Lower bounds: zeros and anapoles

In this section, we aim at finding the roots z0,z of the numerator of the Mie coefficient expressions
of a1 and b1. We focus on the electric anapole since they are found at much smaller parameter
sizes than magnetic anapoles [42]. We benefit from the expressions of the previous section to
find the roots that cancel the electric dipolar polarizability of a sub-wavelength sized scatterer.
Cancelling the numerator of Eq. 19 leads to a 4th order polynomial equation:

z4
0,z(

ε2

5r2
1
) + z2

0,z(
−ε

5
−

2ε2

r2
1
+

2ε
r2
0
) + (2ε − 2) = 0 (28)

This equation provides four roots:

z0,z = ±

√√√√√−(−ε5 − 2ε2

r2
1
+ 2ε

r2
0
) ±
√
∆

2 ε2

5r2
1

∆ = (
−ε

5
−

2ε2

r2
1
+

2ε
r2
0
)2 − 4(2ε − 2)(

ε2

5r2
1
).

(29)

All the roots are real for ε ' 6.96, which corresponds to most of the cases considered when
studying Mie resonances. The finding of real solutions means that complete zeros must be
observed in the spectrum of a1 as soon as ε ' 6.96. We study only the two roots that provide a
positive z0,z value. One of this solution has large values, typically z0,z ≈ 3, i.e. for scatterers
much larger than the wavelength and we focus our attention on the other solution that provides
solutions for subwavelength sized scatterers (see Fig. 4). It is insightful to recast Eq. 28 to get ε
with respect to the parameter size. This expression will tell us the composition of the scatterer
that cancels a scattering channel for each parameter size. Let us focus for example on the first
root that provides the smallest value permittivity leading to an anapole :

εz0 =

−(2 − z2
0
5 +

z2
0
r2

0
) +

√
∆z

2(−2z2
0

r2
1
+

z4
0
r2

1
)

∆z = (2 −
z2
0
5
+

z2
0

r2
0
)2 + 8(

−2z2
0

r2
1
+

z4
0

r2
1
).

(30)

In the case of subwavelength sized scatterers, one finds a positive and purely real dielectric
permittivity, whose value strongly increases when the parameter size decreases. This means that
anapoles can be found for any parameter size and for any dielectric permittivity (see Fig. 4).

3.3. Upper Bound: Unitary Limit

The resonant interaction between an electromagnetic wave and a scatterer is limited by physical
bounds [29, 51–53]. Physical bounds can be described by the maximum of the electromagnetic
radiation that can be absorbed by a scatterer in a homogeneous or complex environment [28, 44,
54–59]. Physical bounds can also be described by the maximum of electromagnetic scattering. In
the framework of the multipolar theory, this limit corresponds to the maximum of electromagnetic
scattering in a single channel corresponding to a given multipolar order [29, 51–53, 60], i.e.
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Fig. 4. Anapoles in dielectric scatterers. Dielectric permittivity, εz0 that cancels
the electric dipolar coefficient a1, calculated with Eq. 30, plotted with respect to the
parameter size z0.

when the norm of this multipolar order is equal to 1, |an | = 1 and |bn | = 1. Our objective here is
to show that the rational polarizability expressions in Eqs. 17-20 allow for straightforward and
simple analytical predictions of the unitary limit of the electric and magnetic dipoles.

The analysis of the unitary limit is simplified by the use of the so-called K-matrix [29, 61, 62].
The reactance K-matrix is linked to the T-matrix by K = iT

(
I + T−1) which allows for casting

the K (e,h)n elements with respect to the scattering Mie coefficients:

(an)−1 = −i(Ke
n)
−1 + 1, (31a)

(bn)−1 = −i(Kh
n )
−1 + 1. (31b)

The unitary limit conditions, |an | = 1, |bn | = 1 lead to (Ke
n)
−1 = 0 and (Kh

n )
−1 = 0 respectively.

We now have to derive the expressions of the K-matrix elements to get the unitary limit. The
coefficients can be obtained thanks to the expressions of the Mie coefficients in Eqs. 1a,1b and
Eqs. 31a,31b:

Ke
n =

jn(z0)

h+n (z0)

εϕ1
n(z0) − ϕ

1
n(zs)

εϕ2
n(z0) − ϕ

1
n(zs)

, (32)

Kh
n =

jn(z0)

h+n (z0)

ϕ1
n(z0) − ϕ

1
n(zs)

ϕ2
n(z0) − ϕ

1
n(zs)

. (33)

The unitary limit condition corresponds to the cancellation of the denominators in Eqs. 32,33 for
the electric and magnetic cases respectively:

εϕ2
n(z0) − ϕ

1
n(zs) = 0, (34)

ϕ2
n(z0) − ϕ

1
n(zs) = 0. (35)

We must now find the analytical solutions of these conditions. This objective requires the
analytical expressions of functions ϕ2

n(z0) and ϕ1
n(zs). Function ϕ1

n(zs) can be accurately obtained
with expressions in Eq. 6 and Eq. 7 for the electric and magnetic case respectively. Regarding
function ϕ2

n(z0), for n = 1, it could be approximated thanks to a Taylor expansion near 0:

ϕ2
1(z0) ≈ −1 + z2

0 − z4
0 (36)
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However, the accuracy of this expansion rapidly decreases as z0 increases. This weak convergence
is due to the presence of poles in ϕ2

1(z0). This issue can be overcome by expanding the function
through a pole form:

ϕ2
n(z) = −n +

∞∑
m=1

2z2

z2 − b2
n,m

, (37)

where poles bn,m of ϕ2
n(z) are complex, one pole is real and the other one is imaginary. In the

dipolar order, we can use a pole expansion with a corrective term to improve the accuracy of this
pole expansion:

ϕ2
1(z0) ≈ −1 +

2z2
0

z2
0 − b2

1,1
+

2z2
0

z2
0 − b2

1,2
+

2z2
0

z2
0 − ∆

2
L

(38)

with b1,1 = i1.199678, b1,2 = 2.79839 and ∆L = 3.85993.
Expansions of ϕ1

1(zs) provided in Eq. 6 and Eq. 7 for the electric andmagnetic cases respectively
can be used in Eqs. 34,35 to get the expression of the dielectric permittivities, εa1

UL and εb1
UL, that

maximize the electromagnetic scattering in the electric and magnetic dipolar channels:

εa1
UL ≈

−(ϕ2
1(z0) +

2z2
0

r2
0
) ±
√
∆UL

−
2ϕ2

1 (z0)z
2
0

r2
1

, (39)

εb1
UL = (

r2
0 − ϕ

2
1(z0) − 1

r0z0
)2. (40)

In Eq.39 the expression of ϕ2
1(z0) is taken from Eq. 38 with ∆UL = (ϕ

2
1(z0) +

2z2
0

r2
0
)2 − 8ϕ

2
1 (z0)z

2
0

r2
1

.
A fundamental difference between these two expressions is that the unitary limit of the electric
dipole leads to a second order polynomial equation while the magnetic dipole leads to a 1st order
differential equation.
One plots the two solutions of the electric dipole with respect to the parameter size in Fig.5. One
observes in Fig.5 the two dielectric permittivities, solutions of the unitary limit for the electric
dipole. The two solutions are purely real, with a positive Fig.5(b) and a negative real part Fig.5(a).
Finding two solutions for the electric dipole resonances, one positive and one negative, shows
that the sole expression in Eq. 39 catches the LSPR and Mie resonances. This expression is much
more accurate than the quasi-static expression of small metallic particles but it can be used in a
similar way to predict easily the resonance conditions. For small scatterers with parameter sizes
ranging between 0 and 1, Fig. 5 clearly shows that the LSPR can be obtained for metals with
dielectric permittivities ranging between ε = [−4.5;−2] while Mie resonances span almost all the
dielectric permittivities ranging between ε = [20;+∞]. For metals, the quasi-static permittivity
εm → −2 deduced from the Frölich conditions is retrieved for z0 → 0. One observes in Fig.5(b)
the unique solution for the magnetic dipole, which confirms that high refractive index materials
are the only material that can satisfy this unitary limit condition.

3.4. Upper bound: Ideal Absorption

Ideal absorption describes the limit of absorption of the electromagnetic field by a givenmultipolar
order [28]. It is convenient to study the ideal absorption in the framework of the scattering
S-matrix that links, for each multipolar electric or magnetic component, the outgoing field to
the incoming field. Ideal absorption is maximal in this given multipolar channel when the



Research Article 13

Fig. 5. Dielectric permittivity that satisfies the unitary limit dipolar condition for
metals (a) and dielectrics (b). Full lines: complete calculations; electric dipole (yellow)
calculated with Eq. 34, magnetic dipole (blue) calculated with Eq. 35. Dotted lines:
approximate expressions calculated with Eq. 39 for the electric dipole in (a) and (b)
and with Eq. 40 for the magnetic dipole in (b).

electromagnetic field is fully absorbed by the scatterer resulting in the cancellation of the scattered
field, requiring S(e,h)n = 0. The S-matrix is linked with the T matrix, S = I + 2T , which allows
for expanding the S-matrix elements with respect to the multipolar Mie coefficients:

Se
n =

h−n (z0)

h+n (z0)

εϕ−n(z0) − ϕ
1
n(zs)

εϕ+n(z0) − ϕ
1
n(zs)

, (41a)

Sh
n =

h−n (z0)

h+n (z0)

ϕ−n(z0) − ϕ
1
n(zs)

ϕ+n(z0) − ϕ
1
n(zs)

(41b)

The question is now to determine for a given parameter size z0 the composition of the scatterer
that leads to this ideal absorption condition. For that purpose, we need to solve equations
S(e)n = 0 = εϕ−n(z0) − ϕ

1
n(zs) and S(h)n = 0 = ϕ−n(z0) − ϕ

1
n(zs). Expression of ϕ−1 (z0) is derived

in Eq. 10 while expressions of ϕ1
1(zs) are derived in Eq. 6 (electric case) and Eq. 8 (magnetic

case). Their use leads to second and first order equations for the electric and magnetic cases
respectively whose solutions ε (e,h)

I A
are:

εeI A =
−(−iz0 + z2

0 − 1 + 2z2
0

r2
0
+

2iz3
0

r2
0
) ±
√
∆I A

2( iz
3
0

r2
1
−

z4
0
r2

1
+

z2
0
r2

1
)

,

∆I A = (−iz0 + z2
0 − 1 +

2z2
0

r2
0
+

2iz3
0

r2
0
)2 − 4(−2 − 2iz0)(

iz3
0

r2
1
−

z4
0

r2
1
+

z2
0

r2
1
)

(42)
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Fig. 6. Trajectory of the dielectric permittivity, ε (e,h)
I A

, that satisfies the ideal absorption
condition (full solid lines) and the pole (dashed lines) for the electric (e) and magnetic
(h) dipolar cases in the Re(ε) and Im(ε) plane for z0 =]0; 1]. (a) Dielectric scatterers,
(b) metallic scatterers.

εhI A =
(−r2

0 + z2
0 − ir2

0 z0)
2

(r0z0 + ir0z2
0)

2
. (43)

We plot in Fig. 6 the trajectory of the solutions, ε (e,h)
I A

, in the Re(ε) and Im(ε) plane while the
parameter size spans the range ]0; 1]. For the sake of comparison, the poles obtained in Eq. 26
and 27 are superimposed on this figure. We first remark that the trajectories of the solutions of
ideal absorption and poles are perfectly symmetric with respect to the real axis Re(ε): dielectric
permittivities solutions of poles and ideal absorption are complex conjugates. This result can
be simply predicted by comparing equations εϕ+1 (z0) − ϕ

1
1(zs) = 0 and εϕ−1 (z0) − ϕ

1
1(zs) = 0

that need to be solved for the ideal absorption and poles respectively: they differ only from the
sign of the imaginary terms in ϕ±1 (z0) = ±iz0 −

1
1∓iz0

. This result highlights the link between
coherent perfect absorption (CPA) and time-reversed lasers [63] since taking Im(ε) → −Im(ε)
corresponds to t → −t. Ideal absorption, or coherent perfect absorption, can be retrieved by the
poles of the scatterers and taking the complex conjugate.
A second remark when observing Fig. 6 is that the imaginary parts for morphological and

plasmonics cases are very similar in the case of the electric dipole. A third remark is that losses
required to achieve ideal absorption are significantly smaller for electric dipoles than for magnetic
dipoles for dielectric permittivities higher than 40. The asymptotic limits of functions Im

(
ε
(e)
I A

)
and Im

(
ε
(h)
I A

)
(Eqs. 41a,41b) when z0 → 0 are very different. It turns out that electric dipoles

can achieve ideal absorption in subwavelength sized scatterers composed of high dielectric
permittivity (ε>40) with extremely weak losses, while magnetic dipoles require lower losses for
achieving ideal absorption for smaller dielectric permittivities.

3.5. Summary of the approximate expressions

We summarize the different expressions obtained in Tables 1 and 2. In these expressions,
r0 = 3.14 and r1 = 4.49, q1 = 3.14 for dielectrics and q1 = 2.55 for metals. For the expression
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of the Unitary Limit, we remind that ∆UL = (ϕ
2
1(z0) +

2z2
0

r2
0
)2 − 8ϕ

2
1 (z0)z

2
0

r2
1

and that function ϕ2
1(z0)

can be approximated with:

ϕ2
1(z0) ≈ −1 +

2z2
0

z2
0 − b2

1,1
+

2z2
0

z2
0 − b2

1,2
+

2z2
0

z2
0 − ∆

2
L

, (44)

with b1,1 = i1.199678, b1,2 = 2.79839 and ∆L = 3.85993. For the ideal absorption, ∆I A =
(−iz0 + z2

0 − 1 + 2z2
0

r2
0
+

2iz3
0

r2
0
)2 − 4(−2 − 2iz0)(

iz3
0

r2
1
−

z4
0
r2

1
+

z2
0
r2

1
) and in the case of the anapole,

∆z = (
−ε
5 −

2ε2

r2
1
+ 2ε

r2
0
)2 − 4(2ε − 2)( ε2

5r2
1
).

Table 1. Electric dipolar mode

Dipolar Mie coefficient a1(z0) =
−z3

0

3(z0+i)e
iz0 (1+

z2
0

10 )

ε (2−
z2
0
5 )−2

1−( zsq1
)2

1−( zsr1
)2

ε (iz0−
1

1−iz0
)−2

1−( zsq1
)2

1−( zsr1
)2

Poles ε2
p,e(−i

z3
0
r2

1
−

z4
0
r2

1
+

z2
0
r2

1
) + εp,e(iz0 + z2

0 − 1

+
2z2

0
r2

0
− 2i

z3
0
r2

0
) + (2iz0 − 2) = 0

Zero (anapole) εz0 =
−(2−

z2
0
5 +

z2
0

r2
0
)+
√
∆z

2(
−2z2

0
r2
1
+

z4
0

r2
1
)

Unitary limit εa1
UL ≈

−(ϕ2
1 (z0)+

2z2
0

r2
0
)±
√
∆UL

−
2ϕ2

1 (z0)z
2
0

r2
1

Ideal absorption εe
I A
=
−(−iz0+z

2
0−1+

2z2
0

r2
0
+

2iz3
0

r2
0
)±
√
∆I A

2(
iz3

0
r2
1
−

z4
0

r2
1
+

z2
0

r2
1
)

Table 2. Magnetic dipolar mode

Mie coefficients b1(z0) =
−z3

0

3(z0+i)e
iz0 (1+

z2
0

10 )

3−
z2
0
5 +r0(zs−r0)

(iz0−
1

1−iz0
)+1+r0(zs−r0)

Poles εp,h =
(
−z2

0+r
2
0−ir

2
0 z0

r0z0−ir0z
2
0

)2

Unitary limit εb1
UL = (

r2
0−ϕ

2
1 (z0)−1
r0z0

)2

Ideal absorption εh
I A
=
(−r2

0+z
2
0−ir

2
0 z0)

2

(r0z0+ir0z
2
0 )

2

4. Conclusion

To conclude, we used approximate expressions of Mie coefficients to get the analytical expressions
of eigen-values and physical bounds of dipolar LSPR and Mie resonances of subwavelength
sized scatterers. The same expressions of Mie coefficients are used successively to retrieve
the dipolar and quadrupolar resonances of scatterers and to find the analytical expressions of
the poles, anapoles, unitary limit and ideal absorption. The results obtained with approximate
expressions are always compared with full numerical results provided by the complete Mie theory.
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Approximate expressions allow the finding of the first two electric and magnetic eigen-frequencies,
a fundamental mode characterized by a low quality factor associated with a weak dependence
on the dielectric permittivity and a first mode characterized by a much better quality factor and
a much stronger dependence on the dielectric permittivity. The eigen-modes of the scatterer
can also be expanded in term of the complex dielectric permittivity. The analytical expressions
provide one solution for the magnetic dipolar case, with a positive real part of the dielectric
permittivity, and two solutions for the electric dipolar case, with a positive and a negative real
part of the dielectric permittivity. Finding two solutions with the same approximate expression of
the electric Mie coefficient extends the so-called Frölich conditions to both metallic and dielectric
scatterers. Solutions of the ideal absorption condition are complex conjugates of dielectric
permittivities found for the pole solutions. This result nicely illustrates the fact that the ideal
absorption condition, also called coherent perfect absorption, corresponds to a time-reversed
laser. We also showed that for small parameter sizes (typically smaller than 0.5), ideal absorption
can be achieved through electric dipoles with real dielectric permittivities typically higher than
40 with extremely small losses.

These approximate expressions also provide real solutions for achieving the physical bounds,
minimum and maximum. The minimum of light scattering is studied in the electric case (electric
anapole) and we find a real solution for dielectric permittivities higher typically than 6.96,
meaning that a complete cancellation of the electric dipolar coefficient can be observed in the
spectrum for any scatterer with a dielectric permittivity higher than this value (in air or vacuum).
On the other side, the maximum of light scattering is obtained for both positive and negative
real dielectric permittivities in the electric case and for positive dielectric permittivities for
the magnetic case. Finally, this work shows how simple and accurate expressions of the Mie
coefficients can be used to accurately and simply predict some of the most interesting features of
electromagnetic resonators, including the calculation of complex eigen-frequencies, coherent
perfect absorption, minimum and maximum scattering bounds.
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