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Abstract. The correct calibration of the interaction matiixdeeply affects the performance of an adaptive
optics system. In the case of high-order systems, when timbeuof mirror modes is worth a few thousands, the
actuation strategy is critical. This is a very first draft dugure paper, so feel free to contact the corresponding
author for more accurate and up to date information.

1 Introduction

First, we propose a tractable interaction matrix qualityecion. Second, we derive its value in a
calibration scheme context, and compare it to other intemaenatrix calibration strategies(such as
[1]) Last, we show simulation results in a SAXO-SPHERE case.

2 Interaction matrix quality criterion

Let Miys be the influence function matrix — giving the modal decompasiof the shape of the mirror
for a unitary displacement of each actuator — &figs the wave front sensor (WFS) matrix — giving
the WFS measurements for each phase mode. We suppose, viéttkraf generality, that the phase
modal basis size is very high, so the under-representaues remain negligible.

The interaction matriP gives the WFS measurements for a unitary displacement bfasuoator:

D = Mwss - Mins. (1)

LetD be the estimated interaction matrix. The true and estimatattol matrices are given by:
A ~ 4 A
Mcom = DT, |Vlcom = DT (2)

with X' the pseudo-inverse . )

The first issue we address is to defing guality criterion, in order to compare various calibration
strategies. To do so, we compute the residual phase anteisiodapart due to miscalibration.

In a first step, we do not consider any dynamic(the impact efatntrol law will be discussed
later): we put a known phase scregygy in front of the AO system, we compute the correction the
system would applycor, and we callpesthe difgference. Itis a “one-shot” use of the AO system.

@res(t) = @rur(t) — ©corlt) = @rur(t) = Mint - D' - [Muss - @rur(t) + noise]
This expression splits in the following terms:

@redt) = @tur(t) = Mins - D" Muwis - @tur(t) = Ming - D' - noise+ Mint - [DT - ij] - [Mwis - @rur(t) + noise]

fitting,aliasing WFSnoise miscalibration
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The miscalibration term contains a noise term and a turbbtdem. For a WFS noise much lower
than the signaMs - ¢wr(t), the miscalibration term is approximated by:

62 Mg D7 — B7] - M- (). @

This term belongs to the image My, i.e. it is in the mirror space. We assume that all the mirror
modes are seen by the WFS (or conversely that all the unsessr miodes are filtered). Therefore, all
of g% is seen by the WFS. In other words, the projectiop§ onto the phase subspace observable
by the WFS iy itself. Mathematically, we definBrobs = M;,fs - Mwss, which is the projector onto
the WFS observable subspace, and wfié = ProbS¢al With egs. (1,4), it comes:

2= M D - [D' = D] - Muts - grur(t) (5)

wfs

We haveD - [D* - f)*] = [f) - D] . D' at the first ordér,so

Qotr:gsl = M\jvfs [Ij - D] D"+ Mugs - wr(t) (6)

An AO system is classically designed by optimizing the StRdtio, or conversely by minimizing the
temporal mean of the residual phase variance. Followirsg &tionale, we define the interaction matrix

quality byQ(D) 2 (Var {gofgs'}>t. We defineD 2 D — D andCiope = Mus - (rur(®) - gotu,(t)T>t M
With the norm defined on a vector or matrix

IMIP? = > I = TracgM - MT| = Trace[M" - M|
]

and equation 6, we obtain:
2

(7

Of course, it is difficult to link this metric to the final coitiution of theD error in a closed loop
configuration: the miscalibration error will result in anditibnnal delay which depends on the selected
control law. However, the tendancy will remain the same: éstimates of the calibration matrix with
the same level of "static calibration erra@{4D) will yield an equal delay in close loop (provided that
the control law is linear). Therefore, the way to compare sivategies is the following: we compare
the number of photons needed to reach the same level of steticfor two calibration strategies. The
best strategy is the less photon-consuming one.

Q(4D) = ”M;ﬁs -AD- D' csmp%

3 Interaction matrix calibration strategy

In a calibration context, a set of actuation patternis applied to the system. L¥tbe the matrix which
rows are theV;. A classical way to proceed is to operate one actuator ate, tihich corresponds to
a diagonal matri¥. In what follows, we derive an optimized choice\bf

The set of measurementsds= DV + N,N being the noise matrity; j is the noise on the ith slope
measurement for the jth pattern.. The estimated interaatiatrix isD = CV'. We gather

AD = —NVT

Therefore, with equation 7 we get:

2

QW) = '

Mi . NVT.D. CS.OA

wfs

(8)

! D-|D'-Df|=[6-D|-B'~[b6-D| D',
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We assume that all thsl j; components are decorrelated, and that for a given subghbpilpoise
variance should not change from one pattern to the other:

<Nij Nk,l> = §ikdj 102

With this assumption, we can show that, in average,

2
’VT . Df . w’CslopEJ

with 2y = Diag{c}. The optimum set of actuation patterns with respect to thielval phase variance
is the one minimizing@Q(V)), or conversely, minimizing

Vf . DT . "Cslop4

The minimization has to be done under some constraints:

@) = ||M7 - 2 ©)

2
QW) = ’

(10)

Rank V must be of full rank, otherwisé™ has no meaning;
DMsat |Vi| < Vimax Vmax being the saturation level of the DM;
WFSsat|[D - V]; | £ Smax Smax being the limit of the linearity domain of the WFS.

4 Optimization methods

In the general case, this optimization problem is not easy,vee have not found a full optimization
method. However, under some asumptions, the solutionagystforward.

Voltage Oriented Hadamard Actuation For instance, we consider the approximation
DT . C’s|0pe2 Id, (11)

and restrain the choice &f to invertible matricesi(e. a set ofNyindependant patterns), so that
VT = v-1), Taking into account only the constraints Rank and DMt aptimization problem reads:

Vopt = arg min”VTH2 = argmax ||V|}? (12)
|Vi ‘Svmax |Vi ‘Svmax, dEt(V)¢O

Let Nact be the number of actuators. $fp: containsN2,, components lower thaWmax in absolute

value. Therﬂvoptu2 < Ngctvmax. The Hadamard matricds,, are invertible (and orthogonal) matrices

containing+1l components. The matri¥max - Hn,, has a norm oNgcthaX and is invertible. It is
therefore a solution to the optimization problem 12:

Vopt = Vmax . HNac, (13)

This solution has been proposed and qualified by [[1]], algioit was obtained with a different
approach.

Slope Oriented Hadamard Actuation First, the approximation 11 is questionable: it impliegtha
statistically, all actuators displacements are decardland have the same energy. Simulation on a
SAXO case (with ag of 18 cm at 0.7 microns) show that it is not the case (see figddyvever, the

approximation
\[Cslope ~|d (14)
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Fig. 1. Actuator voltages covariance matrix

Fig. 2. Slopes covariance matrix

is valid at the first ordér(see fig. 2).

Second, the constraint we have to keep is WFSsat, and notDtfisdM is designed to compen-
sate for the turbulence whereas the WFS is designed to nesthenesidual turbulence. In a calibration
scheme, the saturation limit of the WFS will be met much sodimen the DM saturation limit. The
optimization problem then reads:

Vopt = arg min ||VTDT||2 (15)
I[DVI]il<Smax

Although this optimization problem is not straightforwaalsolve, there exists a degraded solution
directly computable. Let us suppose that bbthndV are invertible. Then the optimization problem

2 if we neglect the cross correlation of x/y slopes and thessomsrelation between sub-pertures distant of less
thanr, tipically

07009-p.4
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reads:
Vopt = argmax  ||DV|? (16)
I[DV]i|<Smax det®V)#0
which has the same shape as 12 in the slope space. The olstalngdn then verifie®Vopt = Smax -
HNsIupe’ SO

Vopt = Smax " DfHNact (17)

Here, the idea is to find the actuation pattern such that@aNkS slopes are at the saturation limit. It
will yield the best SNR possible.
There are two drawbacks for this solution:

— it requires the knowledge dd' to be computed. In practice, a first rough estimat®dfvith a
high noise, or a synthetic matrix) can be used to compuie This Vop: is then used in a second
step to perform a fine calibration;

— itis not an exact solution. Therefore, it might saturate\WieS : nothing ensures thét - Vop =
Smax- D - DHy,, has components lower th8t,a« in absolute value. However, the saturation level
of a WFS is seldom a hard limit. Anyway, a tuning 8f.ax so that the WFS is not saturated is
required. Actually, the voltage oriented Hadamard Actuatilso requires some tuning to avoid
WEFS saturation, as proposed by [[1]], so this argument clpmased to select one method or the
other.

5 Simulation results

The total error on the interaction matrix contains a noisereand a linearity error: for high voltages,
the SNR is better and the noise propagation is low, but the ¥&&&ation error is higher. To compare
calibration strategies, one must tune the overall voltage gp that the saturation erra the calibra-
tion error with no noise) is the same. Then, the strategyesponding to the lowest noise propagation
is the winner. We have performed a diffractive simulatiorthe# calibration proceedure in a SAXO
case (40x40 subpupils, 6x6 pixels per sub pupil, pinholengiar worth a 5% of the full pupil). We
have assumed a uniform slope noise over all the subpupilfide considered three strategies:

IF the influence function method, corresponding to seqaeméeasurement for each actuator;
HA the Hadamard Actuation method[1];
SOHA the Slope Oriented Hadamard Actuation method, wich regipusly described.

Overall voltage gains have been tuned so that all three thieldame saturation error.
We have previously shown that the approximation 14 is vaMith this, the interaction matrix
error metric of eq. 7 becomes

QD) = ||M},, - 4D - DI

. As previously mentionned, this quality criterion has ng@hbte meaning in a close loop operation.
To give it more meaning, we normalize it @YD), which is the error obtained with a null estimation
(D=0):
~ 4 Q(4D)
~ Q(D)

Itis equal to 100% if the error is 100% of the matrix itself.igIs the metric used in fig 3. The rough
estimate oD used for the SOHA method had a relative error slightly bel@8Fdotted line).

The way to use these results is to compare the time (or photatessary for each method to
reach one given quality dd estimation:

— the gain from IF to HA method is a 100 factor gain in calibrattome in photon noise regime (or
6.3 magnitudes);

— the gain from HA to SOHA method is a 10 factor gain in calitmattime in photon noise regime
(or 2.1 magnitudes).
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Fig. 3. Interaction matrix quality@ in function of the slope measurement error (in radians ¢dgelge).
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