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HOMOTOPY THEORY OF MOORE FLOWS (II)
PHILIPPE GAUCHER

ABSTRACT. This paper proves that the g-model structures of Moore flows and of mul-
tipointed d-spaces are Quillen equivalent. The main step is the proof that the counit
and unit maps of the Quillen adjunction are isomorphisms on the g-cofibrant objects
(all objects are g-fibrant). As an application, we provide a new proof of the fact that
the categorization functor from multipointed d-spaces to flows has a total left derived
functor which induces a category equivalence between the homotopy categories. The
new proof sheds light on the internal structure of the categorization functor which is
neither a left adjoint nor a right adjoint. It is even possible to write an inverse up to
homotopy of this functor using Moore flows.
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1. INTRODUCTION

Presentation. This paper is the companion paper of [14]. The purpose of these two
papers is to exhibit, by means of the g-model category of Moore flows (cf. Definition A0,
a zig-zag of Quillen equivalences between the g-model structure of multipointed d-spaces
introduced in [11] and the g-model structure of flows introduced in [7]. The only known
functor which was a good candidate for a Quillen equivalence from multipointed d-spaces
to flows (Definition [8.7) has indeed a total left derived functor in the sense of [4] which
induces an equivalence of categories between the homotopy categories ( [T, Theorem 7.5]).
However, this functor is neither a left adjoint nor a right adjoint by Theorem [8.8|

2020 Mathematics Subject Classification. 18C35,18D20,55U35,68Q85.
Key words and phrases. enriched semicategory, semimonoidal structure, combinatorial model category,
Quillen equivalence, locally presentable category, topologically enriched category.
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Multipointed d-spaces and flows can be used to model concurrent processes. For ex-
ample, the paper [10] shows how to model all process algebras for any synchronization
algebra using flows. There are many geometric models of concurrency available in the
literature [17H20,28] (the list does not pretend to be exhaustive). Most of them are used
to study the fundamental category of a concurrent process or any derived concept. It is
something which can be also carried out with the formalisms of flows and multipointed
d-spaces. The fundamental category functor is easily calculable indeed, at least for flows
since it is a left adjoint, and for cellular multipointed d-spaces by using Corollary 8.12]
and it interacts very well with the underlying simplicial structures.

The Quillen equivalence between flows and Moore flows is proved in [I4, Theorem 10.9].
The Quillen equivalence between multipointed d-spaces and Moore flows is proved in
Theorem [R.Il The latter theorem is a consequence of the structural properties of the
adjunction between multipointed d-spaces and Moore flows which can be summarized as
follows:

1.1. Theorem. (Theorem[7.6, Corollary[7.9 and Theorem[8.1]) The adjunction
M{ 4 MY : GFlow = GdTop

between Moore flows and multipointed d-spaces is a Quillen equivalence. The counit map
and the unit map of this Quillen adjunction are isomorphisms on q-cofibrant objects (recall
that all objects are g-fibrant).

Another standard example of the situation of Theorem [L.T] is the Quillen equivalence
between the g-model structures of A-generated spaces and of k-spaces (cf. Appendix [C)).

This paper is the first use in a real practical situation of the closed semimonoidal
category of G-spaces (Definition [£1] and Theorem [L.3)). It illustrates the interest of
this structure already for calculating spaces of execution paths of cellular multipointed d-
spaces. The interest of this structure is beyond directed homotopy theory, as remarked in
the introduction of [I4] where possible connections with type theory are briefly discussed.
The potential of this semimonoidal structure is visible in the proofs of Proposition [6.3],
Theorem [(.2] Theorem and Corollary [T.4]

The Moore flows enable us to write explicitly an “inverse up to homotopy” of the cate-
gorization functor of Definition 8.7 in Definition R.13] Two applications of the existence
of this inverse up to homotopy are given. The first one is a new proof of [I1, Theo-
rem 7.5] provided in Theorem T4 which is totally independent from [8/[I1]. The second
one is a concise and very natural definition of the underlying homotopy type of a flow in
Proposition

As a curiosity, it is also proved in passing a kind of second Dini theorem for spaces of
execution paths of finite cellular multipointed d-spaces without loops in Corollary [6.121

This paper is written in the setting of A-Hausdorff or not A-generated spaces. The
setting of weakly Hausdorff or not k-spaces is of very little interest for the study of
multipointed d-spaces and flows not only because all concrete examples coming from
computer science are cellular objects of the g-model structures, and also because it is not
known how to left Bousfield localize because of the cofibration identifying two states. The
locally presentable setting has many other advantages like the existence of adjoints [15,

Theorem 5.10], the smallness conditions of [25, Definition 2.1.3] always satisfied and
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the existence of left-determined model categories in the tractable cases [22]. Tt might be
interesting anyway to make some comments about k-spaces to emphasize some topological
arguments of this paper. These comments are postponed to Appendix

Outline of the paper.

e Section 2is a reminder about multipointed d-spaces and about their g-model structure.
It also contains new results about the topology of the space of execution paths. The
section starts with a short reminder about A-generated spaces. The notion of A-
inclusion is introduced to clarify some topological arguments: they are for A-generated
spaces what k-inclusions are for k-spaces.

e The functor 2 which forgets the set of execution paths of a multipointed d-space is
topological. Section B gives an explicit description of the Q-final structure in term
of Moore composition. It culminates with Theorem 3.9, The calculations are a bit
laborious but some of them are used further in the paper.

e Section [, after a reminder about Moore flows and their g-model structure, describes
the adjunctions between multipointed d-spaces and Moore flows. The right adjoint
from multipointed d-spaces to Moore flows is quite easy to define. The existence of the
left adjoint is straightforward. Appendix [Bl provides an explicit construction of this
left adjoint MY : GFlow — GdTop. It uses results dating back to [7] obtained for
flows, i.e. small semicategories enriched over topological spaces, and adapted to Moore
flows, i.e. small semicategories enriched over G-spaces. This explicit construction is
not necessary to establish the results of the main part of the paper. It is the reason
why it is postponed to an appendix.

e Section [B] gathers some geometric properties of cellular multipointed d-spaces concern-
ing their underlying topologies, the topologies of their spaces of execution paths and
some of their structural properties like Theorem 5. 1§ which has important consequences.
The main tools are the notion of carrier of an execution path (Definition [5.10) and the
notion of achronal slice of a globular cell (Definition 5.15]) studied in Proposition
and Proposition 517 It also contains Theorem which provides a kind of normal
form for the execution paths of a cellular multipointed d-space obtained as a pushout
along a generating qg-cofibration.

e Section [0 studies chains of globes. It is an important geometric object for the proofs of
this paper. It enables us to understand what happens locally in the space of execution
paths of a cellular multipointed d-space. The main theorem is Theorem which
can be viewed as a workaround of the fact that the space G(1,1) of nondecreasing
homeomorphisms from [0, 1] to itself equipped with the compact-open topology is not
sequentially compact. As a byproduct, it is also proved in Corollary [6.12] a second Dini
theorem for finite cellular multipointed d-spaces without loops.

e Section [1is the core of the paper. It proves that the unit and the counit of the adjunc-
tion are isomorphisms on g-cofibrant objects in Theorem and in Corollary [[.9 The
main tool of this part is Corollary [[.4] which proves that the right adjoint constructed
in Section Ml preserves pushouts of cellular multipointed d-spaces along g-cofibrations.
It relies on Theorem whose proof performs an analysis of the execution paths in
a pushout along a g-cofibration and on Theorem [7.3] whose proof carries out a careful

analysis of the underlying topology of the spaces of execution paths involved.
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Section [§ is the concluding section. It establishes that the adjunction between mul-
tipointed d-spaces and Moore flows yields a Quillen equivalence between the g-model
structures. It provides, as an application, a more conceptual proof of the fact that the
categorization functor cat from multipointed d-spaces to flows has a total left derived
functor which induces a category equivalence between the homotopy categories of the
g-model structures of multipointed d-spaces and flows. And finally, it is shown how to
recover the underlying homotopy type of a flow in a very intuitive way.

Prerequisites. We refer to [I] for locally presentable categories, to [33] for combinatorial

model categories. We refer to [24,25] for more general model categories. We refer to [27]

and to [2, Chapter 6] for enriched categories. All enriched categories are topologically

enriched categories: the word topologically is therefore omitted. What follows is some

notations and conventions.

A := B means that B is the definition of A.

= denotes an isomorphism, ~ denotes a weak equivalence.

f I a denotes the restriction of f to A.

Set is the category of sets.

TOP is the category of general topological spaces together with the continuous maps.
KCP denotes the opposite category of K.

Obj(K) is the class of objects of .

Mor(K) is the category of morphisms of K with the commutative squares for the mor-
phisms.

K! is the category of functors and natural transformations from a small category I to
IC.

Aj(Z) is the constant diagram over the small category I with unique value Z.

& is the initial object, 1 is the final object, Idx is the identity of X.

K(X,Y) is the set of maps in a set-enriched, i.e. locally small, category K.

K(X,Y) is the space of maps in an enriched category K. The underlying set of maps
may be denoted by ICo(X,Y) if it is necessary to specify that we are considering the
underlying set.

The composition of two maps f: A — B and g : B — (' is denoted by gf or, if it is
helpful for the reader, by g.f; the composition of two functors is denoted in the same

way.
The notations ¢, ', ¢;, L, ... mean a strictly positive real number unless specified some-
thing else.

[(,0] denotes a segment. Unless specified, it is always understood that ¢ < (.

A cellular object of a combinatorial model category is an object X such that the canon-
ical map @ — X is a transfinite composition of pushouts of generating cofibrations.
The notation (—)“/ denotes a cofibrant replacement functor of a combinatorial model
structure; note that all model categories of this paper contain only fibrant objects.

A compact space is a quasicompact Hausdorff space.

A sequentially compact space is a space such that each sequence has a limit point.
The set of rational numbers is denoted by Q, the set of real numbers by R.

The complement of A C B is denoted by A€ if there is no ambiguity.
4



e Let n > 1. Denote by D" = {b € R",|b|] < 1} the n-dimensional disk, and by
S"~1 = {b e R", |b| = 1} the (n — 1)-dimensional sphere. By convention, let D = {0}
and S7! = &.

Acknowledgment. I am indebted to Tyrone Cutler for drawing my attention to the
paper [3]. T thank the anonymous referee for reading this very technical paper.

2. MULTIPOINTED d-SPACES

Throughout the paper, we work with the category, denoted by Top, either of A-
generated spaces or of A-Hausdorff A-generated spaces (cf. [I5, Section 2 and Appen-
dix B]) equipped with its g-model structure (we use the terminology of [30]). We sum-
marize some basic properties of Top for the convenience of the reader:

e Top is locally presentable.

e All objects of Top are sequential topological spaces.

e A closed subset of a A-generated space equipped with the relative topology is not
necessarily A-generated (e.g. the Cantor set), but it is always sequential.

e All locally path-connected first-countable topological spaces are A-generated by [3,
Proposition 3.11], in particular all locally path-connected metrizable topological spaces
are A-generated.

e The inclusion functor from the full subcategory of A-generated spaces to the category
of general topological spaces together with the continuous maps has a right adjoint
called the A-kelleyfication functor. The latter functor does not change the underlying
set.

e Let A C B be asubset of a space B of Top. Then A equipped with the A-kelleyfication
of the relative topology belongs to Top.

e The colimit in Top is given by the final topology in the following situations:

— A transfinite compositions of one-to-one maps.

— A pushout along a closed inclusion.

— A quotient by a closed subset or by an equivalence relation having a closed graph.
In these cases, the underlying set of the colimit is therefore the colimit of the underly-
ing sets. In particular, the CW-complexes, and more generally all cellular spaces are
equipped with the final topology.

e Cellular spaces are weakly Hausdorff. It implies that the image by any continuous
application of any compact is closed and compact, i.e. closed, quasicompact and Haus-
dorff. Cellular spaces are also A-Hausdorff and therefore has unique sequential limits
by [15, Proposition B.17].

e Top is cartesian closed. The internal hom TOP(X,Y) is given by taking the A-
kelleyfication of the compact-open topology on the set TOP(X,Y) of all continuous
maps from X to Y.

2.1. Definition. A one-to-one map of A-generated spaces i : A — B is a A-inclusion
if for all A-generated spaces Z, the set map Z — A is continuous if and only if the
composite set map Z — A — B is continuous.

2.2. Proposition. Leti: A — B be a one-to-one continuous map. The following asser-

tions are equivalent:
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(1) i is a A-inclusion.

(2) A is homeomorphic to i(A) equipped with the A-kelleyfication of the relative topol-
0gy.

(3) A set map [0,1] — A is continuous if and only if the composite set map [0, 1] —
A — B is continuous.

Proof. The proof is similar to the same statement for k-inclusions of k-spaces. O
2.3. Corollary. A continuous bijection f : U — V of Top is a homeomorphism if and
only if it is a A-inclusion.

2.4. Notation. The notation [0,¢1] =1 [0, ls] for two real numbers €1,y > 0 means a
nondecreasing homeomorphism from [0, ¢1] to [0, ls]. It takes 0 to 0 and ¢y to ls.

The enriched small category G is defined as follows:

e The set of objects is the open interval ]0, co].

e The space G(l1,(;) is the set {[0,¢;] =t [0,45]} for all 41,5 > 0 equipped with
the A-kelleyfication of the relative topology induced by the set inclusion G(¢1,¥fs) C
TOP([0,¢1],]0,¢5]). In other terms, a set map [0,1] — G(¢1,¥s) is continuous if and
only if the composite set map [0, 1] — G(¢1,¢2) C TOP([0, ¢4], [0, ¢5]) is continuous.

e For every (1,05, (3 > 0, the composition map

9(51,52) X g(£27£3) — g(£17€3)

is induced by the composition of continuous maps. It induces a continuous map since
the composite set map

G(l1,05) X G(la,l3) — G(l1,¢5) C TOP([0, 4], 1[0, ¢5])
corresponds by the adjunction to the continuous map
[0, 1] x G(€1,03) X G(La,03) — [0, £3]
which takes (t,x,y) to y(x(t)).
The enriched category G is an example of a reparametrization category in the sense

of [I4, Definition 4.3] which is different from the terminal category. It is introduced
in [14, Proposition 4.9]. Another example is given in [14, Proposition 4.11].

2.5. Proposition. The topology of G({1,05) is the compact-open topology. In particular,
it is metrizable. A sequence (¢n)ns0 of G(£1,Lls) converges to ¢ € G(€1,¥s) if and only if
1t converges pointwise.

It means that the topology of the pointwise convergence of G(¢1,¢5) is A-generated.
Proposition has an interesting generalization in Corollary [6.12]

Proof. The compact-open topology on G(¢1,f3) is metrizable by [21], Proposition A.13].
The metric is given by the distance of the uniform convergence. Consider a ball B(¢.e)
for this metric. Let ¢ € B(¢.€). Then for all h € [0, 1],

(o) + (1= W)(8)) — B(1)] = [h((t) — ()] < he < e.
Thus, the compact-open topology is locally path-connected. The compact-open topology

is therefore equal to its A-kelleyfication. The last assertion is then a consequence of the

second Dini theorem. O
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A multipointed space is a pair (| X|, X°) where

e |X]| is a topological space called the underlying space of X.
e XU is a subset of | X]| called the set of states of X.

A morphism of multipointed spaces f : X = (|X|, X°) = Y = (|Y|,Y?) is a commutative
square

f()
X0 —— Y0

|,

| X| ——[Y].
The corresponding category is denoted by MTop.

2.6. Notation. The maps f° and |f| will be often denoted by f if there is no possible
confusion.

We have the well-known proposition:
2.7. Proposition. (The Moore composition) Let U be a topological space. Let

n continuous maps with 1 < 1 < n withn > 1. Suppose that v;(¢;) = v41(0) for1 <i < n.
Then there exists a unique continuous map

N D

such that

(w7 (8) =%t =Y ) for Y 4 <t< Y s

i<t i<t 1<t
In particular, there is the equality (71 * ) * 7y3 = Y1 * (72 * 7y3).

2.8. Notation. Let ¢ > 0. Let pu, : [0,¢] — [0,1] be the homeomorphism defined by
we(t) =t/¢.
2.9. Definition. The map v, * 7o is called the Moore composition of v; and vo. The

composite

(p2)~t

AN Y21 [0,1] ——— [0,2] —

—U
15 called the normalized composition. One has
w2t —1) if3

The normalized composition being not associative, a notation like 1%y - - -*nY, will mean,

(718 72)(t) = {

by convention, that xy is applied from the left to the right.

A multipointed d-space X is a triple (| X|, X° PYX) where

e The pair (|X], X°) is a multipointed space. The space | X| is called the underlying space
of X and the set X the set of states of X.

e The set PY9X is a set of continous maps from [0, 1] to | X| called the execution paths,

satisfying the following axioms:
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— For any execution path ~y, one has 7(0),v(1) € X°.

— Let v be an execution path of X. Then any composite v¢ with ¢ € G(1,1) is an
execution path of X.

— Let 7 and 7, be two composable execution paths of X; then the normalized
composition vy %y Y2 is an execution path of X.

A map f: X — Y of multipointed d-spaces is a map of multipointed spaces from (] X, X°)
to (|Y],Y?) such that for any execution path « of X, the map

Pf: vy fy

is an execution path of Y.
2.10. Notation. The mapping PY f will be often denoted by f if there is no ambiguity.

The following examples play an important role in the sequel.

(1) Any set E will be identified with the multipointed d-space (F, E, &).
(2) The topological globe of Z of length ¢ > 0, which is denoted by Globy(Z), is the
multipointed d-space defined as follows
e the underlying topological space is the quotient spaceEI

{01}y U (Z x [0, 4])
(2,0) = (,0) =0,(2,1) = (¢/,1) =1
e the set of states is {0,1}
e the set of execution paths is the set of continuous maps

{6.0| 6 €G(1,0),2€ Z}

with 0,(t) = (2,t). It is equal to the underlying set of G(1,¢) x Z.
In particular, Globy (@) is the multipointed d-space {0,1} = ({0,1},{0,1},@). For
(=1, we set

Glob?(Z) = Glob{ (Z).
(3) The directed segment is the multipointed d-space 79 = Glob?({0}).

The category of multipointed d-spaces is denoted by GdTop. The subset of execution
paths from « to 3 is the set of v € PY9X such that v(0) = «a and (1) = S; it is
denoted by ]P’gﬂX .« is called the initial state and [ the final state of such a ~. An
execution path having the same initial and final state is called a loop. The set IP’ZBX
is equipped with the A-kelleyfication of the relative topology induced by the inclusion
]P’gﬁX C TOP([0,1],|X]). In other terms, a set map U — IP’ZBX is continuous if and
only if the composite set map U — Pg,ﬁX C TOP([0, 1], |X]) is continuous. The category
GdTop is locally presentable by [11, Theorem 3.5].

2.11. Proposition. ( [16, Proposition 6.5]) The mapping Q : X — (| X], X°) induces a
functor from GdTop to MTop which is topological and fibre-small.

The €-final structure is generated by the finite normalized composition of execution
paths. We will come back on this point in Theorem [3.9. Note that Proposition 2.11] holds
both by working with A-generated spaces and with A-Hausdorff A-generated spaces.

1t is the suspension of Z.



The following proposition is implicitly assumed (for £ = 1) in all the previous papers
about multipointed d-spaces:

2.12. Proposition. Let Z be a topological space. Then there is the homeomorphism
P§ ,Glob{ (Z) = G(1,0) x Z.

Proof. The set map

(¢,2) = 0.0
is continuous because the mapping (¢,¢,z) — (z,¢(t)) from [0,1] x G(1,¢) x Z to
|Globy (Z)| is continuous. It is a bijection since, by definition of Glob{ (Z), the underlying
set of Pg,lGlobg(Z) is equal to the underlying set of G(1,¢) x Z. The composite set map

{ U G(1,6) x Z — PY,Globf(Z)

v pry(v(3))

where (IP’glGlobg(Z ))co 1s the set IP’glGlobg(Z ) equipped with the compact-open topology
is continuous. The continuous map Z — {0} induces a continuous map

{ P§ ,Globd (Z) — S, Glob{ ({0}) = G(1,¢)

{ P§,Glob{(Z) — (P§,Globd(2))e — Zx]0,1[2% Z

V=P,
where p : |Globy (Z)| — [0, 1] is the projection map. Therefore the set map
UL PE Globf(Z) — G(1,0) x Z
{ v (0, pri(v(3)))

is continuous and ¥ is a homeomorphism. O

2.13. Definition. Let X be a multipointed d-space X. Denote again by PYX the topolog-
ical space
Gy _— G
PPx = || PI,X

(,8)EX0 % X0
A straightforward consequence of the definition of the topology of PYX is:

2.14. Proposition. Let X be a multipointed d-space. Let f :[0,1] — PYX be a continuous
map. Then [ factors as composite of continuous maps f : [0,1] — PgﬁX — PYX for
some (a, B) € X° x X,

Proof. 1t is due to the fact that [0, 1] is connected. O

2.15. Proposition. Let X be a multipointed d-space such that X° is a totally disconnected
subset of | X|. Then the topology of P9X is the A-kelleyfication of the relative topology
induced by the inclusion P9 X C TOP([0,1],|X]).

Proof. Call for this proof (PYX), the set PYX equipped with the A-kelleyfication of
the relative topology induced by the inclusion PYX, C TOP([0,1],|X|). There is a
continuous bijection PYX — (PYX),. Using Corollary 23, the proof is complete since

X0 a totally disconnected subset of | X| and since [0, 1] is connected. O
9



2.16. Theorem. The functor PY : MdTop — Top is a right adjoint. In particular, it is
limat preserving and accessible.

Proof. The left adjoint is constructed in [IT, Proposition 4.9] in the case of A-generated
spaces. The proof still holds for A-Hausdorff A-generated spaces. It relies on the fact
that Top is cartesian closed and that every A-generated space is homeomorphic to the
disjoint sum of its path-connected components which are also its connected components.
The construction is similar to the construction of the left adjoint of the path P-space
functor for P-flows [14, Theorem 6.13] and to the construction of the left adjoint of the
path functor for flows [15, Theorem 5.9]. O

The g-model structure of multipointed d-spaces is the unique combinatorial model
structure such that

{Glob¥(S" 1) c Glob?(D") | n > 0}U{C: @ — {0}, R: {0,1} = {0}}

is the set of generating cofibrations, the maps between globes being induced by the closed
inclusion S"~! ¢ D", and such that

{Glob?(D" x {0}) C Glob?( D" | n > 0}

is the set of generating trivial cofibrations, the maps between globes being induced by
the closed inclusion (z1,...,z,) — (z1,...,2,,0) (e.g. [I6l Theorem 6.16]). The weak
equivalences are the maps of multipointed d-spaces f : X — Y inducing a bijection
f0: X% 2> Y0and a weak homotopy equivalence P9 f : P9 X — PYY and the fibrations are
the maps of multipointed d-spaces f : X — Y inducing a q-fibration PYf : PYX — PY9Y
of topological spaces.

3. MOORE COMPOSITION AND {2-FINAL STRUCTURE

3.1. Notation. Let ¢; : [0,4;] = [0,4] forn > 1 and 1 <i < n. Then the map
@@y [0, L]=T[0,> 4]

denotes the homeomorphism defined by

(1(t) if 0
ot — 01) + 0] if 04

®...Q¢n)(t) =4
(6251 ¢ )() gbl(t Z]<Z ) E]<z ' if Ej<l-£j <t Zj@'fj

\(bn(t Z]<n ) + Z]<n J Zf Zj<n gj g t < Zjén gj'

3.2. Proposition. Let ¢ : [0,¢] =% [0,]. Let n > 1. Consider y,...,l, >0 withn > 1
such that Y ._ {; = . Then there exists a unique decomposition of ¢ of the form
P=01Q...® ¢p

such that ¢; : [0,6;]) =1 [0,¢] for 1 <i< n.
10



Proof. By definition of ¢; ® ... ® ¢,,, we necessarily have
S ) =D 6= )+ =il +> =1
I<i VRS 1<t 1< 1<t I<i

The real numbers ¢, are therefore defined by induction on ¢ > 1 by the formula

(D )= =1

J<i j<i
In other terms, we have
VI<i<n,o() 4) =) 0.
j<i j<i
Let
~uir Y-S
i<t i<t

for all t € [0,¢;]. Then, by definition of ¢; ® ... ® ¢,, we obtain

(1 ®...0¢n)(t cbzt—ZE +Z€’ jfZ£j<t<Zgj

i<t i<t 7<i 1<t

=o(t= ) LAY L) =D >0 Y <t
1<t i<t 1<t 7<t 1<t 1<t

= (1) ity <<y
i<t J<i

the first equality by definition of ¢; ®...® ¢,,, the second equality by definition of ¢; and
the third equality by algebraic simplification. Consider a second decomposition

p=91®...09¢,
such that ¢} : [0, 4] =7 [0, 4] for 1 <4 <n. Then for 37 ; <t < Y5, ¢;, we have
Git =D L)+ U=0(t) =t => L)+ )0
7<t 7<t 7<t 7<t
by definition of ¢; ® ... ® ¢, and of ¢} ® ... ® ¢/,. We deduce that ¢; = ¢ for all
1<1<n. U

3.3. Corollary. Let ¢ € G(1,1). Let n > 1. Assume that

S-S
i=1 i=1

and that
VI<i<no() 4) =) 0.
j<i j<i
Then there exist (unique) ¢; : [0,€;] =T [0,€] for 1 <i < n such that = ¢p1 @ ... ® ¢,,.

3.4. Proposition Let U be a topological space. Let ; : [0,1] — U be n continuous maps
with 1 <i<nandn > 1. Let ¢; : [0,4;] =1 [0,¢)] for 1 <i<n. Then we have

((vapaer) 5 -+ % (Yaper,)) (01 ® ... @ b)) = (Vi d1) * - -+ % (Vhter, On)-
11



Proof. For » . _;6; <t <), l;, we have

((71#15’1) *oee ek (%W;))(Gbl ® ... Pn)(t) = (%M@;)((th ®...Q ¢n)(t Zgl

= () (@it = D)+ _6) =D 6)
j<i i<i j<i
’7@”5’ ZE
7<t

= ((71/%%) *oeek <%W’n¢">)<t)’

the first and the fourth equality by definition of the Moore composition, the second
equality by definition of ¢; ®. .. ¢,,, and the third equality by algebraic simplification. [

3.5. Proposition Let U be a topological space Let ~; - [0,1] — U be n continuous maps
withl <i<nandn > 1. Let £; > 0 with 1 < i < n nonzero real numbers with y_, ¢; = 1.
Then for all ¢ >0, we have

((71/%) *oeee X (’Vn/izn))/iz = (Viktere) * -+ * (Vnftene)-

Proof. For all 1 < j < n, we have by definition of the Moore composition

((viee,) * -+ % (npte,)) pe(t) = (— (— - Ze ))

if 2,06 <t/0 <32, ;¢ and still by definition of the Moore composition, we have

00
((pese) -+ (mten) ) (8) =75 (%)

i Y0, Gl <t < X, il 0

3.6. Proposition. Let U be a topological space. Let v; : [0,1] — U be n continuous maps
withmn > 2 and 1 < i < n such that v xx -+ - xx v, exists. Then there is the equality

1) * (72# ) x (i) x ok (i)

on—1

71*N"'*N%:(

In particular, for n = 2, we have vy, *y Yo = (yllu%) * (72;1%).

Proof. The proof is by induction on n > 2. The map p; : [0,2] =% [0,1] which takes
t to 2t gives rise to a homeomorphism 11 ® 1 : [0,1] =% [0,2] which is equal to ;"
0,1] =7 [0,2]. We then write

Y kN e = (1 % Y2) 5" by definition of
= (71 * ’72)(11% ® u%) because ;' = p®p
= (’71,“%) * (72,“%) by Proposition [3.41

12



The statement is therefore proved for n = 2. Assume that the statement is proved for
some n > 2 and for n = 2. Then we obtain

Y1 XN AN Y4l

= ((nppiy) * (apiy) « (apsy) <% (i) #n Y
~ (s L) s (ran i)+ ( 1_2)- # (rpg))pg) * (Gusasey)
= ((nn, ) (v, ) * (ysm_ 1) o (Ytey ) * (i)
=(%u2¢n)*(vw2%) (i) %k (ig) * (Yriy),

the first equality by induction hypothesis, the second equality by the case n = 2, the
third equality by Proposition 3.5, and the last equality by associativity of the Moore
composition. We have proved the statement for n + 1. O

3.7. Proposition. Let U be a topological space. Let ;- [0,1] — U be n continuous maps
withn > 1 and 1 < 1 < n such that 1 *y - *N Yo exists. Let ¢ € G(1,1). Then there
exist ¢1 : [0, (1] ’i+ [ o), @2 0 (0,6 =F [ 5], @3 0 [0,05] =T [0, 555], ete... until
Gn 1 [0,0,) =T [0, 5] such that ¢ = ¢ ® ... @ ¢, (which implies >, ; = 1) and there is
the equality

(71 AN XN %)¢ (

) *( 2) * (

Proof. Let (y,...,¢, > 0 such that >, ¢; = 1 and such that

gb(gl) - 2n1—1
O+ ) = 2%1‘1‘2%1
P(li+lo+03) = 35 + 555 + 5

) %ok (uiiy6).

(dbh b+l ) =gt mrtme oty =1

By Proposition B2, there exist ¢ : [0,6] =" [0, 5], ¢2 : [0,65] = [0, 5], ¢3 :
[0, £5] =T 0, WL%Q], ete... until ¢, : [0, £,] =1 [0, ;] such that ¢ = ¢ ®...® ¢,. We obtain

(71 AN AN %+1)¢
= ((wu) x (g ) * (ap_sy) %o (wu) % (Tns1pg)) 0

= ( ) * (ape_s d2) * ( ) %k (nhtidn),
the first equality by Prop081t10n and the second equahty by Proposition [3.4] O

3.8. Proposition. Let U be a topological space. Let v; : [0,1] — U be n continuous maps

withn > 2 and 1 <1 < n such that v1 *n - - - *xn YV exists. Let {1,..., ¢, > 0 be nonzero
real numbers such that Yol =1. Let gbl [0, 5] =P {0,644, ¢ 1 [0, 5] =T [0, 4],

¢ 1 [0, 53] =1 [0,05], ete... until ¢y, 2 [0,3] =T [0,4,] and let ¢ = ¢1 @ ... ® ¢,,. Then
¢ € G(1,1) and there is the equality
(i) % (varies) * (vaptes) %+ - % (npte,) )6 =
(71M£1¢1M;+1) *N (Wﬁm;;_l) *N (%%%u%) sy (b, Sty ).

13



Proof. We have
((vipe) * (v2hie,) = (vaties) * =+ * (Yntie, ))&
= (Vipe, 1) * (Vottes @) * (Vapes®3) * - * (Vnhte, dn)
= (’71/% Ll) * (’Y2/~ng ngl)

* (’73M153¢3/~L;+2/~L2n%2) ) ("Ynﬂén¢n/i;u%)

= (’71/1@1(?1/1;%1) N (’72/162(?2#;11171) N (’Vsumgu%) #n kN (nften by,

where the first equality is due to Proposition 3.4 the second equality is due to the fact
that u;l (e is the identity of [0, ¢] for all nonzero real numbers ¢ > 0, and the last equality
is a consequence of Proposition 3.6 O

3.9. Theorem. Consider a cocone (2(X;)) — (|X], X°) of MTop. Let X be the Q-final
lift. Let f; : X; — X be the canonical maps. Then the set of execution paths of X is the
set of finite Moore compositions of the form (fiyije,) * -+ * (fuYntte,) such that ~; is an
execution path of X; for all1 <1< n with ) {; = 1.

Proof. Let P(X) be the set of execution paths of X of the form (fiyipue, ) * -« * (fryntte,)
such that 7; is an execution path of X; for all 1 < ¢ < n with ) .¢; = 1. The final
structure is generated by the finite normalized composition of execution paths (f171) *x

-+ *n (foyn) (with the convention that the *y are calculated from the left to the right)
and all reparametrizations by ¢ running over G(1,1). By Proposition B.7, there exist
¢1 2 [0,64] =T [0, 1), o ¢ 0,6 =T [0, 5], @3 ¢ [0,05] =T [0, 5i5], ete... until
bn 2 [0, £,] =7 [0, 2] such that ¢ = ¢; ® ... ® ¢, and we have

((fin1) *n - - *n (fn%))éf)
= ( )+ (
= ( Nk (

= (fivime) * (fovapue,) * (fs%,,uzg) ok (fayhiie, ),

) * ( L 93) * -k (famptadn)

Nfz)
M&a) "k (fn/Yn,u% gbn,uz_nluﬁn)

the first equality by Proposition B.7, the second equality because u;l e is the identity of
[0, ] for all £ > 0 and the third equality because of the following notations:
(1 =m (MW;_I )

V5 = 72( _1)

73 73( Jne 2 ¢3Iu€3 )

(T = Yo (1 Gnti)).-

It implies that the set P(X) contains the final structure. Conversely, let (fiyifu, ) * - - - *
(Fuynte,) be an element of P(X). Choose ¢, : [0, 77) =T [0.4], 621 [0, 5] =T [0, 4],
¢3 1 [0, 53] = [0, 03], etc... until ¢, : [0,4] = [0,4,] and let ¢ = ¢ ® ... ® ¢,,. Using

72
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Proposition [3.8] we obtain
((FAmpe) = (feie) = (f3rsie) * - % (Fatnie,) )¢ =
(fl’hMel(bl/i;nllil) N (f272/~bz2¢2/i;171) * N (f373ﬂzg¢3ﬂi+2)
kN kN (fnfyn,uén(bnlugl)

The continuous maps l%(bl/«t ,ub(bQ,u ,,uggqﬁgu EUEREE  Jhe, dnpty " from [0, 1] to itself
= = 2

belong to G(1,1). Thus 7}, ... ,fyn defined by the equahtles

() = (e dri s )
Vo =Y (#€2¢1N2n1_ )
V5 =3 (mgsbsuﬁ)

7 =T (uznaﬁnﬂy)

are execution paths of Xy, ..., X, respectively. We obtain

((Fryape,) * (Fovames) * (favspes) % - % (fantie,) )¢ =
(fl%) *N (fﬂé) *N (fs%’»,) XN RN (fn%)-
We deduce that the set of paths P(X) is included in the Q-final structure. O

4. FROM MULTIPOINTED d-SPACES TO MOORE FLOWS

4.1. Definition and notation. The enriched category of enriched presheaves from G to
Top is denoted by [GP, Top|. The underlying set-enriched category of enriched maps of
enriched presheaves is denoted by |G, Toply. The objects of [G, Top|y are called the
G-spaces. Let

F{"U = G(—, ) x U € [G, Top]o

where U is a topological space and where £ > 0.
4.2. Proposition. [1Z, Proposition 5.3 and Proposition 5.5] The category |G, Toply is

a full reflective and coreflective subcategory of Topggp. For every G-space F' : G’ — Top,
every £ > 0 and every topological space X, we have the natural bijection of sets

(G, Top|o(F{™" X, F) = Top(X, F({)).

4.3. Theorem. ( [T], Theorem 5.14]) Let D and E be two G-spaces. Let

(€1,62)
D X FE = / Q(—,El —|—€2) X D(gl) X E<€2)

The pair ([G?, Toplo, ®) has the structure of a closed symmetric semimonoidal category,
i.e. a closed symmetric nonunital monoidal category.

4.4. Notation. Let D be a G-space. Let ¢ : £ — ' be a map of G. Let x € D({'). We
will use the notation

z.¢ := D(¢)(x).
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Intuitively, x is a path of length €' and x.¢ is a path of length ¢ which is the reparametriza-
tion by ¢ of x.

Proposition sheds light on the meaning of the tensor product of G-spaces. It is used
in the proof of Theorem It is not in [14]. The proof is given in this section and not
in Section [1 to recall [14, Corollary 5.13] which also helps to understand the geometric
contents of the tensor product of G-spaces.

4.5. Proposition. Let Dq,..., D, be n G-spaces with n > 1. Then the mapping
(1, ..y xn) = (Id, 2y, ..., 2y)
yields a surjective continuous map

Op,.n: || Dilt) x ... x Dy(ly) — (D1 & ... @ Dy)(L).

(£1ysln)

Proof. By [14, Corollary 5.13], the space (D; ® ...® D,)(L) is the quotient of the space
|| G(L.ti+ - +6.) x Di(ty) x ... Dy(Ly).

by the identifications

(’l/},l'l(bl, e 7xn¢n) = <<¢1 ® e ® (ﬁn)lp,xl, e ,l‘n)

for all £1,0),...,0,, 0 >0, ally € G(L, b1 +---+1,), all z; € D;(¢)) and all ¢; € G(¢;,10%).
Let ¢1,...,¢" > 0 defined by induction on i by the equation

T O B
1<j<i 1<j<i

Note that L = ¢{ + - -- + £;,. We obtain

V1 <i<n,¢( > eg) =>

1<j< 1<
By Proposition 3.2 there is a (unique) decomposition ) = ¥ ®...®1, with ¢; € G(¢/, ;)
for 1 <7 < n. Then
(”Lp, .’,13‘1.(]51, C 7xn¢n) = (Id, .’,171.(]51.’1/}1, C 7~rn¢nwn)

in (D1 ®...® D,)(L). Therefore the continuous map

|| Dit) x...x Du(ty) — (D1 ®...® D,,)(L).

induced by the mapping (z1,...,x,) — (Id, z1, ..., x,) is surjective. O

A semicategory, also called nonunital category in the literature, is a category without
identity maps in the structure. It is enriched over a closed symmetric semimonoidal
category (V, ®) if it satisfied all axioms of enriched category except the one involving the
identity maps, i.e. the enriched composition is associative and not necessarily unital.

4.6. Definition. [T, Definition 6.2] A Moore flow is a small semicategory enriched over

the closed semimonoidal category ([G, Toplo, ®) of Theorem [{.3.
16



A Moore flow X has therefore a set of objects denoted by X, and called states in this
context, and for each (o, ) € X° x X? a G-space P, s X: the elements of

Pg,ﬁx =P, 53X (¢)

for ¢ > 0 are called the execution paths of length (.

The category of Moore flows, denoted by GFlow, is locally presentable by [14, Theo-
rem 6.11]. A map of Moore flows f : X — Y induces a set map f°: X — Y and a map
of G-spaces Py gf : Po s X = Ppa),p(5Y for each (o, B) € X° x X, Let

PX= || PasX
(0, B)EXOx X0
PY = || PapY

(a,B)EYOx Y0

Pf= || Pasf

(a,8)EX0 x X0

4.7. Notation. The map Pf : PX — PY can be denoted by f : PX — PY is there is
no ambiguity. The set map f° : X° — Y can be denoted by f : X° — YO is there is
no ambiguity.

Every set S can be viewed as a Moore flow with an empty G-space of execution paths
denoted in the same way. Let D : G? — Top be a G-space. We denote by Glob(D) the
Moore flow defined as follows:

Glob(D)° = {0, 1}
Py,0Glob(D) = Py 1Glob(D) = Py (Glob(D) = Ag,@
Py.1Glob(D) = D.
There is no composition law. This construction yields a functor
Glob : [G?, Toply — GFlow.
There exists a unique model structure on GFlow such that
{Glob(FJ"S" ') C Glob(F"D") |n > 0,£ >0} U{C: 2 — {0},R:{0,1} — {0}}

is the set of generating cofibrations and such that all objects are fibrant. The set of
generating trivial cofibrations is

{Glob(FJ"D") C Glob(F"D"*) | n > 0,¢ > 0}

where the maps D™ C D" are induced by the mappings (z1,...,%,) = (21, ..., 2y, 0).
The weak equivalences are the map of Moore flows f : X — Y inducing a bijection
X" 2 Y and such that for all (o, 5) € X?x X, the map of G-spaces Py s X — Pa).1(5)Y
is an objectwise weak homotopy equivalence. The fibrations are the map of Moore flows
f:X — Y such that for all (o, 3) € X° x X, the map of G-spaces Po 35X — Py 55V
is an objectwise g-fibration of spaces. It is called the g-model structure and we use the
terminology of ¢-cofibration and g-fibration for naming the cofibrations and the fibrations
respectively.

17



4.8. Definition. Let X be a multipointed d-space. Let P, a,5X be the subspace of continuous
maps from [0, ] to |X| defined by

P X = {t = ype | v € PY 4 X}
Its elements are called the execution paths of length ¢ from a to 3. Let
Px= || Px
(,B)EX0x X0

A map of multipointed d-spaces f : X — Y induces for each ¢ > 0 a continuous map
P PEX — PYY by composition by f (in fact by |f]).

Note that IP’QBX = Pg’BX, that there is a homeomorphism IP’QBX = ]P’gﬁX for all
¢ > 0, and that for any topological space Z, we have the homeomorphism

P, (Glob?(2)) 2 G(£,1) x Z

for any ¢ > 0 by Proposition 2.121
The definition above of an execution path of length ¢ > 0 is not restrictive. Indeed, we
have:

4.9. Proposition. Let X be a multipointed d-space. Let ¢ : [0,4] =+ [0,4]. Let v € P*X.
Then y¢ € PYX.

Proof. By definition of PX, there exists ¥ € PYX such that v = 7u,. We obtain
Yo = Fupppy e Since ppdp,t € G(1,1), we deduce that Fuepu,' € PYX and that
vp € PEX. O

4.10. Proposition. Let X be a multipointed d-space. Let v, and s be two execution paths
of X with v1(1) = 72(0). Let £y,05, > 0. Then

(Yoee, * Yotie, ) 1 o,
1s an execution path of X.
Proof. Let ¢y : [0,3] =7 [0,4,] and ¢ : [0, 5] =% [0, £5]. Then we have
$1® Pg 2 [0,1] =7 [0, 01 + £5).
We obtain the sequence of equalities
_ -1 _
((71!%) * (72M€2))lel+z2 = ((71!%) * (72!%)) (6151 ® ¢2) (¢1 ® ¢2) lel+z2
-1 _
= ((Vipe,01) * (Vorie,02)) (61 @ P2) 11z,
_ -1 _
= ((npedrps i) * (e daiy' 12)) (61 @ 62) 1,
= ((

_ -1 _
M mel *N (72 ,uzgébw%l)) (61 ®d2) 1y

%/—/ —— ~\~
€G(1,1) €6(1,1) €g(L.1)

the first equality because ¢; ® ¢5 is invertible, the second equality by Proposition B.4], the
third equality because p 1 is invertible, and finally the last equality by Proposition B.71
The proof is complete because the set of execution paths of X is invariant by the action

of G(1,1). O
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4.11. Proposition. Let X be a multipointed d-space. Let 1,05 > 0. The Moore compo-
sition of continuous maps yields a continuous maps PAX x P2X — Patte X,

Proof. Tt is a consequence of Definition and Proposition .10l O

4.12. Theorem. Let X be a multipointed d-space. Then the following data
o The set of states X° of X
e Forall o, 8 € X° and all real numbers ¢ > 0, let
P MY (X) =P 5 X.

e For all maps [0,0) =T [0,¢], a map f :[0,¢] — |X]| of Pg,ﬁMg(X) is mapped to the

map [0,4] = [0,6] L | X| of PY, ;M9(X)
o For all o, B,y € X° and all real numbers £,¢' > 0, the composition maps

w0 P MY (X)) x P MY(X) — PEEYMY(X)
of Proposition [{.11]

assemble to a Moore flow MY (X). This mapping induces a functor
M¢ : GdTop — GFlow
which 1s a right adjoint.

Note that the left adjoint ij : GFlow — GdTop preserves the set of states as well
as the functor MY : GgdTop — GFlow.

Proof. These data give rise to a G-space P, sMY(X) for each pair (a, 3) of states of X°
and, thanks to Proposition [L.1]], to an associative composition law x* : IP’S’BMQ(X ) X
IP’gfyMg(X) — POFMY(X) which is natural with respect to (¢1,(3). By [14l Section 6],
these data assemble to a Moore flow. Since limits and colimits of G-spaces are calculated
objectwise, the functor MY : GdTop — GFlow is limit-preserving and accessible by
Theorem Therefore it is a right adjoint by [I, Theorem 1.66]. O

4.13. Proposition. Let X be a multipointed d-space. Let £ > 0 be a real number. Let Z
be a topological space. Then there is a bijection of sets
GdTop(Glob{(Z),X)= | |  Top(Z,P, ,X)
(,B)EX0 % XO

which is natural with respect to Z and X.

Proof. A map f of multipointed d-spaces from Globg(Z ) to X is determined by

e The image by f of 0 and 1 which will be denoted by « and [ respectively
e A continuous map (still denoted by f) from |Globy (Z)| to |X| such that for all 2 € Z
and all ¢ : [0,1] =T [0, /], the map t — f(x,¢(t)) from [0, 1] to | X| belongs to PgﬁX.

By definition of P!, ; X, for every = € Z, the continuous map f(x,—) from [0,] to | X|
belongs to P, ;X since f(z,—) = f(z,¢(—)).¢~" for any ¢ : [0,1] =* [0,4]. Since
f is continuous and since Top is cartesian closed, the mapping = — f(x, —) actually
yields a continuous map from Z to IP’iﬁX . Conversely, starting from a continuous map
g:Z — IP’f;ﬁX, one can define a map of multipointed d-spaces from Globg(Z) to X by

taking 0 and 1 to o and S respectively and by taking (z,t) € |Globy(Z)| to g(x)(t). O
19



We want to recall for the convenience of the reader:

4.14. Proposition. [1, Proposition 6.10] Let D : G°? — Top be a G-space. Let X be a
Moore flow. Then there is the natural bijection

GFlow(Glob(D), X)= | |  [G”, Topo(D, P, sX).
(o,B)€XOx X0

4.15. Proposition. For all topological spaces Z and all £ > 0, there are the natural
isomorphisms

MY (GlobY (Z)) = Glob(F§” (Z)),

MY (Glob(F9” (Z))) = Glob{ (Z).
Proof. By definition of MY and by Proposition 212} the only nonempty path G-space of
MY (Globy (Z)) is

Py MY (Glob{(Z)) = G(—,0) x Z
and we obtain the first isomorphism. There is the sequence of natural bijections, for any
multipointed d-space X,

GdTop (MY (Glob(F{™ (Z))), X) = GFlow (Glob(F{” (Z)),MYX)
=~ || 197 Toplo(F{"(Z),PasX)

(a,8)€X0%x X0
o |_| Top(Z, ]P’f;ﬁX)
(a,8)EXO%x X0
>~ GdTop(Glob{ (Z), X),
the first bijection by adjunction, the second bijection by Proposition [4.14] the third

bijection by Proposition and the last bijection by Proposition .13l The proof of the
second isomorphism is then complete thanks to the Yoneda lemma. O

5. CELLULAR MULTIPOINTED d-SPACES

Let A be an ordinal. In this section, we work with a colimit-preserving functor
X : X — GgdTop
such that

e The multipointed d-space Xj is a set, in other terms X, = (X° X° &) for some set
X0,
e For all v < A, there is a pushout diagram of multipointed d-spaces

Glob9(s™1) —¥ — X,

|

Glob?(D™) Myﬂ

with n, > 0.

Let Xy =1lim _ X,. Note that for all v < A, there is the equality X% = X° Denote
by
¢, = |Glob?(D™)|\|GlobY (8™~ 1)|
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the v-th cell of X. It is called a globular cell. Like in the usual setting of CW-complexes,
g, induces a homeomorphism from ¢, to g,(c,) equipped with the relative topology which
will be therefore denoted in the same way. It also means that g,(c,) equipped with the
relative topology is A-generated. The closure of ¢, in | X,]| is denoted by

& = Gu(|Glob?(D™)]).
The boundary of ¢, in | X,]| is denoted by
de, = §,(|Glob?(S™~1))).

The state g,(0) € X° (¢,(1) € X° resp.) is called the initial (final resp.) state of c,. The
integer n, + 1 is called the dimension of the globular cell ¢,. It is denoted by dim ¢,. The
states of X are also called the globular cells of dimension 0.

5.1. Definition. The cellular multipointed d-space X s finite if X is a finite ordinal and
XY is finite.
5.2. Proposition. The space | X,| is a cellular space. It contains X° as a discrete closed

subspace. The space | X | is weakly Hausdorff. For every 0 < 11 < 1o < A, the continuous
map | X,,| = |X,,| is a g-cofibration of spaces, and in particular a closed T-inclusion.

Proof. By [0, Theorem 8.2], the continuous map
|Glob?(S™~1)| — |Glob?(D™))|

is a g-cofibration of spaces for all v > 0 between cellular spaces. Since the functor
X +— | X] is colimit-preserving, the space | X,| is a cellular space. It is therefore weakly
Hausdorff. For every 0 < 14 < v < A, the continuous map |X,,| = |X,,| is a transfi-
nite composition of g-cofibrations, and hence a g-cofibration. The map X° — X, is a
transfinite composition of g-cofibrations, and therefore a g-cofibration, and in particular
a closed Ti-inclusion. Every subset of XY is closed since X is equipped with the discrete
topology. Consequently, X is a discrete closed subspace of | X,|. O

5.3. Proposition. For all 0 < vy < vy < A, there is the equality

PYX, =P9X,, N TOP([0,1],]|X,,]).
Proof. 1t is trivial for v; = vy. For vy = 14 +1, there is a pushout diagram of multipointed
d-spaces

Glob9(Sma—1) — 1 X,

|

GlobY(D™1) iy

Vo
The equality holds because the set of execution paths of X,, is obtained as a ()-final
structure. We conclude by a transfinite induction on v,. O

5.4. Proposition. For all 0 < v; < vy < A, the continuous map IP’QXV1 — IPQXV2 s a
A-inclusion.

Proof. Consider a set map [0, 1] — PY9X,, such that the composite set map

0,1] —PX,, — PYX,,
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is continuous. Then by adjunction, we obtain a continuous map

0,1] x [0,1] — | X,

3t
By hypothesis, it factors as a composite of set maps
[07 1] X [07 1] — ‘Xm‘ — ‘XVQ"

By Proposition £.2], the left-hand map is continuous since [0, 1] x [0, 1] is compact. The
proof is complete thanks to Proposition (.3 and Proposition 2.2l O

5.5. Proposition. Let K be a compact subspace of | X,|. Then K intersects finitely many
Cy.

Proof. We mimick the proof of [21, Proposition A.1] for the transfinite case. Assume
that there exists an infinite set S = {m; | j > 0} with m; € K Nc,;, where (1;);>0 is a
sequence of mutually distinct ordinals. By transfinite induction on v > 0, let us prove
that S N |X,| is a closed subset of |X,|. The assertion is trivial for » = 0. There is the
pushout diagram of spaces for all v < A

|Glob? (S —1)| — & | X, |

T

IGlob? (D™ )| — 20 | X, 4]

By induction hypothesis, g; (SN |X,|) is a closed subset of |Glob?(S™~1)| and g, (SN
| X,11]) is equal to g, (S N |X,|) union at most one point. Therefore, S N |X, 4| is a
closed subset of | X, 1| because the latter space is equipped with the final topology by
Proposition 0.2 Suppose that we have proved that for all v < v/, SN |X,| is a closed
subset of | X,| where ¢/ is a limit ordinal. Then, since the topology of |X,,| is the final
topology (it is a tower of one-to-one maps), SN |X,/| is a closed subset of | X,/|. Thus, by
transfinite induction on v > 0, we prove that S is closed in | X, | for all 0 < v < A. The
same argument proves that every subset of S is closed in |X,|. Thus S has the discrete
topology. But it is compact, being a closed subset of the compact space K, and therefore
finite. Contradiction. O

Colimits of multipointed d-spaces are calculated by taking the colimit of the underlying
spaces and of the sets of states and by taking the (2-final structure which is generated by
the free finite compositions of execution paths. Consequently, the composite functor

g
GgdTop L N Top & Set

is finitely accessible. It is unlikely that the functor PY : GdTop — Top, which is a right
adjoint by Theorem .16l is finitely accessible. However, we have:

5.6. Theorem. The composite functor
X P9
A — GdTop — Top
18 colimit-preserving. In particular the continuous bijection

lim(PY. X)) — P9 1im X
i v it



is a homeomorphism. Moreover the topology of PY ling 1s the final topology.

Note that Theorem [5.6/holds both for A-generated spaces and A-Hausdorff A-generated
spaces.

Proof. Consider the set of ordinals

{1/ < A | v limit ordinal and liﬂ(]P’QX,,/) — PYX,, not isomorphism}
V' <v

Assume this set nonempty. Let v be its smallest element. The topology of liﬂy/@ PYX,

is the final topology because the continuous maps P9X,, — PYX,,,, are one-to-one. Let

f:]0,1] = PYX, be a continuous map. Therefore the composite map

0,1 -4 P9X, ¢ TOP([0,1], | X, )

is continuous. It gives rise by adjunction to a continuous map [0, 1] x [0, 1] — | X, |. Since
the functor X : A — GdTop is colimit-preserving, there is the homeomorphism | X, | =
lim | X,/|. Since [0,1] x [0, 1] is compact, the latter continuous map then factors as a
composite [0, 1] x [0,1] — |X,/| — | X, | for some ordinal v/ < v by Proposition 5.2l Since
PYX,, =P9X, N TOP([0,1],|X,/|) by Proposition 5.3, f factors as a composite [0, 1] —
PYX,, — PYX,. Using Corollary we obtain the homeomorphism ligly,@ PX, —
PYX,: contradiction. ]

5.7. Theorem. The composite functor
A =% GdTop % GFlow
15 colimit-preserving. In particular the natural map
lim MY(X,) — MYX,

18 an isomorphism.

Proof. Theorem states that there is the homeomorphism
lim PYX, — PYX.

<A
We have, by definition of the functor MY, the equality of functors P9 = P!. M. It means
that there is the homeomorphism
lig P'M?(X,) — P'M7(X)).
<A
Since all maps the reparametrization category G are isomorphisms, we obtain for all £ > 0
the homeomorphism
lim PMY(X,) — PMY(X)).
<A
Since colimits of G-spaces are calculated objectwise, we obtain the isomorphism of G-
spaces
lig PM? X, — PMYX).
<A

The proof is complete thanks to the universal property of the colimits. O
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5.8. Definition. An execution path v of a multipointed d-space X is minimal if
10,1 N X° = 2.

For any (q-cofibrant or not) topological space Z, every execution path of the mul-
tipointed d-space Globg(Z ) is minimal. The following theorem proves that execution
paths of cellular multipointed d-spaces have a normal form.

5.9. Theorem. Let v be an execution path of X,. Then there exist minimal execution
paths y1, ...,y and by, ..., 0, > 0 with Y. ¢; =1 such that

v = (Yapey) * - * (Ynhe,)-

Moreover, if there is the equality

V= (Vipey) x -k (Yupte,) = (Vipter) * - * (Ywrpter,)

such that all ~; are also minimal and with €1,... €, > 0, then n = n' and v; = v; and
;=10 for all 1 <i < n.

Proof. The set of execution paths of X, is obtained as a (2-final structure. Using Theo-
rem 3.9 we obtain

v = () %% (e, )-
for some n > 1 with ¢; + --- + £, = 1 such that for all 1 <7 < n, there exists a globular
cell ¢,, such that

7%i(0) = 9,,(1).
Therefore there exists a finite set {to,...,t,} withtp =0<t; <---<t,=1landn >1
such that v([0,1]) N X% = {y(#;) | 0 < i < n}. We necessarily have ¢; = t; — t;,_; for
1 <i<n Let{, =0. Then we deduce that Zj<i€j = t,_; and Zj@.ﬂj = t;. The

equality 7 = (7ifte,) * - -+ % (Ynpte,) therefore implies that v(t) = (viue,)(t — t;—1) for
tio1 <t <t forall 1 < i < n by definition of the Moore composition of paths. We
deduce that we necessarily have the equalities v;(t) = y({;it 4+ t;—;) for t € [0, 1]. O

Let v be an execution path of X,. Consider the normal form

v = () * -k (Ynbte,)-
of Theorem There exists a unique sequence [c,,, ..., ¢, | of globular cells such that
for all 1 < ¢ < n, 15(]0,1]) C ¢, %(0) = §,,(0) and (1) = g,,(1). This leads to the
following notion:
5.10. Definition. With the notations above. The sequence of globular cells

Carrier(y) = [Cyyy- -+ Cu]

is called the carrier of v. The integer n is called the length of the carrier.

5.11. Proposition. An execution path of X, is minimal if and only if the length of its
carrier 18 1.

Proof. Tt is a consequence of Theorem [(E.9. O
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5.12. Proposition. An execution path v of X, is non-minimal if and only if there exist
two execution paths v and o such that v = v *x Va.

Proposition [5.12] does not hold for non g-cofibrant multipointed d-spaces. Consider e.g.
the multipointed d-space X obtained by starting from the directed segment I 9 and by
adding to the set of states {0,1} the point % Then all execution paths of X are non-
minimal and Py %X =P 1 1X = &. Note that the g-cofibrant replacement of X consists

of the disjoint sum 790 {1}.
Proof. 1t is a consequence of Theorem and Proposition [(.11] O
5.13. Proposition. All exzecution path of Xy are locally injective.

In [5], the terminology of regular paths is used.

Proof. All execution paths of globes Glob¥(Z) are one-to-one for all topological spaces Z.
Therefore all minimal execution paths are locally injective (it can be a loop). The proof
is complete thanks to Theorem [(.9. O

5.14. Proposition. Consider a minimal execution path vy of X with Carrier(y) = [cy,].
Let ¢, be a globular cell of X, with v # vy. Then the following two assertions are
equivalent:

(1)~(0,1)né, # @

(2) 7([0,1]) € Ocy.
Moreover, when the previous assertions are satisfied, there exists an execution path ~'
from the initial state of ¢, to its final state such that v = (yipe,) * -+ * (Ynpte,) with
v =1y for at least one i € {1,...,n}, 71,...,7, minimal and ), {; = 1.

Proof. Since ¢, C ¢, we deduce (2) = (1). Assume (1). Since ¥(]0, 1[) C ¢,, and v # vy,
one has v > 1. It means that there exists a point g, (z,t) of d¢c, which belongs to ¢,, with
z € S™ 7! and, since c,, N X° = @, with t €]0, 1[. Therefore the carrier of the execution
path §,0, contains the globular cell ¢,,. We deduce that there exists ¢ € G(1,1) such
that

G000 = (Yipte,) * - - % (Vntbe,,)

with v = v, for at least one ¢ € {1,...,n}, 71,...,7, minimal and ) . ¢; = 1. In particular,
we deduce that ([0, 1]) C dc,: we have proved (1) = (2). O

5.15. Definition. Let ¢, be a globular cell of X,. Let 0 < h < 1. Let
it = {1 € Gt |
It is called an achronal slice of the globular cell ¢, .

5.16. Proposition. For any globular cell ¢, of X and any minimal execution path v and
any h €]0, 1], the cardinal of the set

{rewairoeam}

15 at most one.
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(0,0) (1,0)

FIGURE 1. |X| = [0,1] x [0,1], X° = {0} x [0,1] U {(z,z) | = € [0,1]},
PG a0 X = G(1,1) for all ¢ €]0,1], P, o) o)X = {(0,0)} and P{ ;X = &
otherwise, there is no composable execution paths.

In other terms, a minimal execution path of X, intersects any achronal slice at most
one time. Remember that execution paths of X are locally injective, i.e. they do not
contain zero speed points. Proposition does not hold in general for a non-minimal
execution path because it could go back to the initial state of the globular cell after
reaching its final state, which moreover could be equal to the initial state of the globular
cell.

Proof. If the set v(]0, 1[) N ¢, [h] is nonempty, then the minimal execution path v has at
least one point of v(]0, 1[) belonging to ¢,. If [¢,] is the carrier of 7, then v = §,¢ with
z € D™\S™ ! and ¢ € G(1,1). We then have

{eepaim eam} = {om}

Otherwise, by Proposition 514 there is the inclusion ([0, 1]) C d¢, and there exists an
execution path ¢,d.¢ for some z € S™~! and ¢ € G(1,1) from the initial state of ¢, to
its final state with

Gv0:0 = (Yiher) * - % (Yntie,)
with all v; minimal and v € {71,...,7,}. Since v(]0, 1[) N &, [h] is nonempty, we have

e 030! as(;ﬂj)[

for some i € {1,...,n} and v = v; (h belongs to the interior of the interval because
7(]0,1[) N X° = &). We obtain

v(t) =g, (z p(lt+> fj))

j<i

for all ¢ € [0,1]. We deduce the equality

{reir0 ean -

{¢‘1(h) -
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5.17. Proposition. Let ¢, be a globular cell of Xy for some v < \. There exists b €]0,1]
such that
Vh €]0,b],6 RN XY = 2.

Proposition [5.17] means that, close enough to the initial state of a globular cell, an
achronal slice does not contain any state of X°. Similarly, it is possible to prove that
close enough to the final state of a globular cell, an achronal slice does not contain any
state of X either. It is due to the two following geometric facts. The first one is that
close enough to the initial state of the globular cell, there is no other states of X% than
the initial state because X° is discrete. The second one is that a non-constant execution
path cannot be deformed in a continuous way to a point in the space of execution paths
of a cellular multipointed d-space. It is possible in more general multipointed d-spaces as
the one depicted in Figure[ll Note that the g-cofibrant replacement of the latter is equal
to the disjoint sum of the g-cofibrant replacement of the terminal multipointed d-space
and of uncountably many directed segments.

Proof. One has ¢, N X° = @. Consequently, if ¢,(z,h) € X° for some h €]0, 1], then
z € S™~1. Thus, if n, = 0, then S~ = & and for any h €]0, 1, one has ¢, [h]NX° = &.
Assume now that n, > 1. Consider the set

Jv = {h €0, 1] &[] N (X\{G,(0)}) # @}

If J; is nonempty, then consider a sequence (hl),>q of J; converging to the greatest lower
bound inf J; of J;. For all n > 0, let 2! € S™~! such that

920 hy) € XO\{3(0)}-
By extracting a subsequence, we can suppose that the sequence (z!),>¢ converges to

2L € S™~1. Since the space |Glob?(D™)| is compact, the subspace & is a compact

subspace of the weakly Hausdorff space | Xy|. The set ¢, N X? is therefore finite because
X0 is discrete in | X,| by Proposition Since

(@ NXIN\{g(0)} canX’

is discrete finite as well, the sequence (g, (2}, hl)),>0, which converges to g, (z. ,inf J;)
by continuity of g,, eventually becomes constant. Thus,

Gu (25, inf J1) # G,(0).
It implies that
inf Jl > 0.

It means that whether J; is empty or not, there exists a €]0, 1] such that for all h €]0, al,
one has &,[h] N X° C {3,(0)}. Consider the set

Jo = {h €]0,a] | &[] N X° = {g,(0)}}.

If J5 is nonempty, then consider a sequence (hfl)@() of Jy converging to inf J,. For all
n > 0, there exists z2 € S™~! such that

Gu(zn, ) = .(0).

By extracting a subsequence, one can suppose that the sequence (22),s0 of S™~! con-

verges to z2, € S™~1. Consider the sequence of globular cells (c,, )= such that for all
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> 0, the globular cell ¢,, is the first globular cell appearing in Carrier(g,0d.2), i.e.
Carrier(g,0.2) = [cu,, Cp)

where ¢, is a sequence of globular cells which is necessarily nonempty because h? < 1.
Using Proposition 5.5 we have that the compact subspace ¢, intersects finitely many
globular cells of X,. Consequently, by extracting a subsequence again, we can suppose
that the sequence of globular cells (¢, )n>0 is constant and equal to the globular cell ¢,/
for some v/ < v. Write

5;52% = (@754%,&%) * (’Vnulftn)
with, for all n > 0,

0<t,<h?<l,

z, € DW\S™

on € G(1,1),

3,(0) = 3,(0) (the globular cells ¢, and ¢, have the same initial state),

v (1) = (9,0:2)(tn),

Y € IP’Q Jy.gomX with Carrier(v,) = [c,].

By extracting a subsequence, one can suppose that the sequence (z},),>0 of D" converges
to z.,. Since Carrier(g,/0.,_ ) exists (it is a sequence of globular cells intersecting ¢,), the
execution path g,/0.;, is not constant. Thus, there exists 7" €]0, 1] such that

90 (26, T) # G0 (0).
By extracting again a subsequence, one can suppose that the sequence (t,¢. ' (T)),>0 of
[0, 1] converges to t,,. We have

1,0, () = 5 (i, (16711 ) ) = @ e,
for all n > 0. We obtain by passing to the limit
gv0:2,(too) = G (206, T).
We deduce that g,0.2 (t) # §,(0) and therefore that
0 <t

From the inequalities
tap H(T) <t < h2

for all n > 0, we obtain by passing to the limit the inequalities
0 < te <inf Js.

It means that whether J; is empty or not, there exists b €]0, 1[ such that for all h €]0, b],
one has ¢,[h]N X" = 2. O

5.18. Theorem. Let v, be an execution path of Xy. Let vy < \. There exists an open
neighborhood 0 of Vs in P9X, such that for all execution paths v € Q, the number of

copies of ¢, in the carrier of v cannot exceed the length of the carrier of Voo.
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Proof. Let Carrier(vs) = [¢y,, - -, ¢y,]. Consider the decomposition of Theorem [5.9]

Voo = (Vaoltey) * =+ (Vo pie,,)

with Y, ¢; = 1 and all execution paths 4%, minimal for i = 1,...,n. For 1 <1i < n, let
v <\ ¢; € G(1,1) and z; € D™ \S™~! such that

Carrier(v.,) = [c,.],
71510, 1) C cus,

Using Proposition (.17, pick h €]0, 1] such that ¢,,[h] N X = @. For all 1 < i < n, the
set

{renanm e )

contains at most one point t; by Proposition B.16; if the set above is empty, let t; = %
For all 1 <i < n, let L; and L, be two real numbers such that

O<Li<ti<L;<1.

For 1 < i < n, consider the covering of the segment [}, _; ¢;, >, {;] in three nonover-
lapping segments of strictly positive length:

Ko= |2 6:) b+ W,.lcbﬁ(Li)],
- i<t i<t

S PIUEA N ST Al
- j<i 7<t

K= [ te ). 0]
L j<i J<i

The restriction 74, T[ZKZ 05,5 < 4] 8OES from the initial state of the globular cell ¢,, to its
final state. We have therefore
Yoo (K[") C ¢y,

We deduce
Yoo (K N X =
We have
BN = (1 6D U] 6.5 6+ i) ) Nl
J<i j<i j<i
S (RN H 305 STRTAES) ) B0
c({gyz D) St St + e w)]) )
7<t 1<t

the first equality by formal set identities, the second equality by definition of g,.(0), the
inclusion because L; < t;, and the last equality because g,.(0) € X° and by definition of
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t;. In the same way, we also have

oK) N lh] = (%o([zej e ), 3 0] U (3 6)) ) nalh

1< 7<i 1<t

:<%o([2£j+ﬂ DY G v })mé;o[h]
j<i J<i

¢ (w0t + o7 T 6D v @) Nl
1<t I<i

:g’

the first equality by formal set identities, the second equality by definition of g,.(1), the
inclusion because t; < L, and the last equality because g,.(1) € X° and by definition of
h;. Since | Xy| is weakly Hausdorff, the set ¢,,[h] is a closed subset of | X,|. Moreover, X°
is a closed subset of the space | X,| as well by Proposition 5.2l Consequently, the set

- m (o (s posneim ) mw (e ppoe ) e (K2 e ) ).

where

W(la,b],U) = {f € P9X, | f([a,b]) C U}
is an open neighborhood of v, of P9 X, for the compact-open topology, and therefore for
its A-kelleyfication which adds open subsets. For all v € €2, one has

YK NX =

and, one has
VG ) N ey [h] = y(K;7) Néy[h] = 2.
It turns out that the segments of strictly positive length K, , K, Kt for 1 <i < n are

a finite partition of [0, 1] into nonoverlapping segments because we have by deﬁnltlon of
the K, , K™, K" for 1 <i < n:

U [Ze],ze} U (Ki UKZmUK;).

= Jj<t J<t
Each ¢, appearing in Carrier(y) corresponds to a minimal execution path from g,,(0) to
Guo(1) (note that these two states can be equal) of the decomposition of  obtained using
Theorem It necessarily intersects ¢,,[h]. Thus, the number of copies of ¢,, in the
carrier of v cannot exceed the number of K", i.e. the length of the carrier of v.. O

Theorem [5.18 does not mean that the carriers of the execution paths of 2 are of length
at most the length of the carrier of v,,. Indeed, on the segments K, , K U K|, K;" U
Ky,...,K

n

an execution path v of Q can a priori intersect X" an arbitrarily large
number of times. However, it cannot intersect ¢,,[h]. Therefore these segments do not
add copies of ¢,, in the carrier of .

5.19. Theorem. Let (vyx)i=0 be a sequence of execution paths of X, which converges in
PYX,. Let ¢y, be a globular cell of X. Let iy be the number of times that c,, appears in

Carrier(yg). Then the sequence of integers (ix)k=o is bounded.
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Proof. Write v, for the limit of (74)r=0 in PYX,. By Theorem (.18, there exists an open
(2 containing 7, such that for all v € €2, the number of copies of ¢,, in the carrier of 7 does
not exceed the length of the carrier of v4,. Since the sequence (Vx)k>0 converges to Voo,
there exists N > 0 such that for all £ > N, ~; belongs to €. The proof is complete. [

5.20. Theorem. Let 0 < v < A. Then every execution path of X,1 can be written in a
unique way as a finite Moore composition

(fivipe) * - (fuynbte,)
with n > 1 such that

(1) 3o ti=1.

(2) fi = f and~y; is an execution path of X, or f; = g, and ~y; = 8,,¢; with z; € D™\S™~!
and some ¢ € G(1,1).

(8) for all 1 < i <mn, either fiy; or fiv1viv1 (or both) is (are) of the form ¢,0,¢ for some
z € D™\S™ ! and some ¢ € G(1,1): intuitively, there is no possible simplification
using the Moore composition inside X, .

Proof. We use the normal form of Theorem and we use Proposition [£.10 to compose
successive execution paths of X,. O

6. CHAINS OF GLOBES

Let Zy, ..., Z, be p nonempty topological spaces with p > 1. Consider the multipointed

d-space
X = Glob%(Z,) * - - - * Glob¥(Z,).

with p > 1 where the * means that the final state of a globe is identified with the initial
state of the next one by reading from the left to the right. Let {ap,a1,...,a,} be the
set of states such that the canonical map Glob¥(Z;) — X takes the initial state 0 of
Clob¥(Z;) to a;_; and the final state 1 of Glob%(Z;) to ay.

As a consequence of the associativity of the semimonoidal structure on G-spaces recalled
in Theorem [£.3] and of [14, Proposition 5.16], we have

6.1. Proposition. Let Uy,...,U, be p topological spaces with p > 1. Let {y,...,¢, > 0.
There is the natural isomorphism of G-spaces

FZOPUl XR...Q Fg:pUp = szl":“_’jp(Ul X ... X Up)

The case p = 1 of Proposition is treated in Proposition 2.12 and already used in

Proposition [.I5] An additional argument is required for the case p > 1. At first, we
prove a lemma which is an addition to Proposition 2.5l

6.2. Lemma. The set map (=)' : G(1,p) — G(p, 1) which takes f : [0,1] =T [0, p| to its
inverse f~1:[0,p] = [0,1] is continuous.

Proof. Since all A-generated spaces are sequential, it suffices to prove that (—)~1 :
G(1,p) = G(p, 1) is sequentially continuous. Let (f,)n.>0 be a sequence of G(1,p) which
converges to f € G(1,p). Let t € [0,p]. Then the sequence (f,'(t))ns0 of [0,1] has
at least one limit point denoted by L(t). By extracting a subsequence of the sequence
(fu(f71(t)))ns0, we obtain f(L(t)) = t, which implies L(¢) = f~'(¢). Thus every sub-

sequence of (f1(t)),>0 has a unique limit point f~!(¢). Suppose that the sequence
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(f71(t))ns0 does not converge to f~(¢). Then there exists an open neighborhood V' of
S7U(t) such that for all n > 0, f*(t) € V¢ which is compact: contradiction. Therefore
the sequence (f,1),>o pointwise converges to f~!. By Proposition 2.5, we deduce that
the sequence (f1),>0 converges to f~1. O

6.3. Proposition. With the notations of this section. There is a homeomorphism

P9 X2G(,p) X7y X...%x Z.

«Q,0p

Proof. The Moore composition of paths induced a map of G-spaces
Py MYGlob¥(Z)) @ ... @ Py 1 MYGlob? (Z,) — Py 0, MY(X).
By Proposition 415}, there is the isomorphism of G-spaces
Py MYGlob? (Z) 2 F™ Z
for all topological spaces Z. We obtain a map of G-spaces
Fi"Z ® ... @F{" Z, — Py 0,M9(X).
By Proposition 6.1}, and since P} MY9(X) = PY ,X Dby definition of the functor MY,

«Q,0p o,
we obtain a continuous map

{\1/: G(Lp) x Zyx .. x Zy — P9 X

(6, 21101 20) 1> (Br) % % (6,.6,)

where ¢; € G({;,1) with >, /; = 1 and ¢ = ¢; ® ... ® ¢, being the decomposition of
Proposition Since all executions paths of globes are one-to-one, the map ¥ above
is a continuous bijection. The continuous maps Z; — {0} for 1 < i < p induce by
functoriality a map of multipointed d-spaces X — I9 % .- ?g (p times) and then a
continuous map

{k: PG X P9 (T9%..-x 19 =G(1,p)

«Q,0p «Q,0p

(0 1) % -+ % (5zp¢p) = (So1) * -+ % (Sodp) = 01 @ ... @ By
Let i € {1,...,p}. Then we have, with v = (0;,¢1) * - - * (0., ¢p),

1K) = ) =070 5) = 00070 - 3) = ()

the first equality by definition of k : PY X = G(1,p), the second equality since i — 1 <

ap,a
71— % < ¢ and by definition of ~, and the last equality by definition of the ¢;’s. The set
map

PY, o, X — |Glob?(Z))|

varv(m)l(i -)

is continuous since k : P, X — G(1,p) and (—=)~" : G(1,p) = G(p, 1) are both continu-

o,

ous (see Lemma for the latter map). Consequently, the set map
{E: P X — Zi% ... % 7,

ag,

(0s,1) % =% (02, 0p) = (21055 2p)
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is continuous. It implies that the set map

v ! (k k) (521¢1>*"'*(5zp¢p>'_><¢1®---®¢p7217--'7zp)'

is continuous as well and that ¥ is a homeomorphism. O

Until the end of this section, we work like in Section [B] with a cellular multipointed
d-space X, with the attaching map of the globular cell ¢, for v < A denoted by

g : Glob?(D™) — X,.
Each carrier
c=[Cu,--s0]
gives rise to a map of multipointed d-spaces from a chain of globes to X
Ge : Glob%(D™1) % - - - % Glob%(D™") — X,

by “concatenating” the attaching maps of the globular cells ¢,,,...,¢,, . Let a;_1 (o
resp.) be the initial state (the final state resp.) of GlobY(D™:) for 1 < i < n in
GlobY(D™1) % - - - GlobY(D™»). Tt induces a continuous map

PYg, - X, :=P9 _ (Glob9(D"™1) % - - - Glob¥(D™")) — PYX,.

p,0n

6.4. Proposition. Let v be an execution path of X,. Consider a nondecreasing set map
¢ :[0,1] — [0, 1] preserving the extremities such that v¢ = ~. Then ¢ is the identity of
0, 1].

Proof. Note that it is not assumed that ¢ is continuous. Suppose that there exist ¢ < ¢’
such that ¢(t) = ¢(t'). Then for " € [t, '], v(t") = v(o(t")) = v(H(t)) because ¢(t) <
o(t") < ¢(t'), which contradicts the fact that « is locally injective by Proposition
Thus the set map ¢ is strictly increasing. Let Carrier(y) = [cy,,...,¢,]. Let v =
(V1fbey) * =+ % (Ynpte,) With &4 + -+ 4+ £, = 1 such that for all 1 < ¢ < n, there exist
z; € D™:\S™:~! and ¢; € G(1,1) such that for all ¢ €]0,1[, v(t) = (z;, (1)) € cu,,
7(0) = 9,,(0) and 7;(1) = g,;(1). Then
{te0,1]|vt) e X} ={0=tg<t; <---<t,=1}
with t; = >, ;¢ for 0 <i < n. We deduce that 0 = ¢(tg) < ¢(t1) < -+ < ¢(t,) =
because the set map ¢ is strictly increasing. Since y(¢(t;)) = () € XO for 0 < i < n,
one obtains ¢(t;) = t; for 0 < i < n and ¢(|t;—1,t:;[) Cltioy, ;[ for all 1 < i < n. Then,
observe that

V1< <, V€]t Gl (20, 0i(0(1))) = (i, ¢i(t))-

Since ¢; is bljectlve it means that the restriction ¢ [, , 4 is the identity of |t;_4,¢;[ for
all 1 <7< n. U

6.5. Notation. Let ¢ be a set map from a segment |a,b] to a segment [c,d]. Let
¢(z7) = sup{o(t) [ t <z},
ba™) = it {o(t) | < 1},
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(0,0)

1
k
FIGURE 2. A sequence (¢y)g>1 of G(1,1) without limit point

6.6. Theorem. Let v; and 5 be two execution paths of X, such that there exist two
nondecreasing set maps ¢1, ¢o : [0,1] — [0, 1] preserving the extremities such that

vt € 10,1],71(¢1(t)) = 72(t)
Vt € [0,1],71(t) = v2(pa(2)).
Then ¢y, ¢o € G(1,1) and ¢y = ¢7 .

Proof. Note that it is not assumed that ¢; and ¢ are continuous. For all ¢ € [0, 1], we have
Y1 (P1(d2(1))) = v2(d2(t)) = m(t). Using Proposition 6.4, we deduce that ¢1¢y = Idjo ).
In the same way, we have ¢y¢; = Id| ;). This proves that ¢, and ¢, are two bijective set
maps preserving the extremities which are inverse to each other. Suppose e.g. that there
exists ¢ € [0,1] such that ¢1(t7) < ¢1(t). Then ¢; cannot be surjective: contradiction.
By using similar arguments, we deduce that for all ¢ € [0, 1], ¢1(¢7) = ¢1(t) = ¢1(¢t7) and
Go(t7) = Pa(t) = ¢o(tT). Consequently, the set maps ¢; and ¢, are continuous. O

6.7. Proposition. Let ¢ be the carrier of some execution path of X,. FEvery execution

path of the image of PYg, is of the form
(901021 % -+ % Gy, 0an )@
with ¢ € G(1,n) and z* € D™ for 1 <i < n.

Proof. The first assertion is a consequence of the definition of g. and of Proposition
O

6.8. Notation. Let ¢ be the carrier of some execution path of Xy. Using the identification
provided by the homeomorphism of Proposition[6.3, we can use the notation

(IP’gf]\Q)(gb, 22" = (b k- Gy Oan )0

Before proving the main theorem of this section, we need the following topological
lemmas:

6.9. Lemma. Let Uy,...,U, be p first-countable A-Hausdorff A-generated spaces with
p = 1. Then the product Uy x ... x U, in the category TOP of general topological spaces

and continuous maps coincides with the product in Top.
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Proof. Consider Uy x ... x U, equipped with the product topology in the category TOP
of general topological spaces and continuous maps. This topology is first-countable as
a finite product of first-countable topologies. Each space U; is locally path-connected,
being A-generated. Thus, the finite product U; x ... x U, equipped with the product
topology in TOP is locally path-connected. We deduce that U; x ... x U, equipped with
the product topology in TOP is A-generated: the A-kelleyfication functor is not required.
Moreover since each U; is A-Hausdorff, the product in 7OP is A-Hausdorff as well. It
means that U; x ... x U, equipped with the product topology in TOP coincides with the
product in Top. O

6.10. Lemma. Let Uy,...,U, be p first-countable A-Hausdorff A-generated spaces with
p > 1. Let (u)n=0 be a sequence of U; for 1 < i < p which converges to u', € U;. Then
the sequence ((u), ..., ul)) =0 converges to (ul,,...,ub.) € Uy X ...x U, for the product

calculated in Top.

Note that the converse is obvious: if the sequence ((ul,... ,uP)),>o converges to

(uly,...,ut)) € Uy x ... x U, then the sequences (u!),>o converge to u’, € U, for
all 1 < ¢ < p because of the existence of the projection maps Uy x ... x U, = U; for all
1 < i < p. A sequence converges to some point in a A-generated space if and only if
the corresponding application from the one-point compactification N = N U {oo} of the
discrete space N to the A-generated space is continuous. The point is that the one-point
compactification of N is not A-generated: its A-kelleyfication is a discrete space. There-

fore it does not seem possible to use the universal property of the finite product in Top
to prove Lemma [6.10]

Proof. Each convergent sequence gives rise to a continuous map N — U; for 1 < i < p.
We obtain a continuous map N — U x ... x U, by using the universal property of the
finite product in TOP thanks to Lemma and the proof is complete. O

The sequence (¢ )g>1 of G(1,1) depicted in Figure 2l has no limit point because the only
possibility is the set map which takes 0 to 0 and the other points of [0, 1] to 1: it does not
belong to G(1,1). Thus, the topological space G(1,n), which is homeomorphic to G(1,1)
for all n > 1, is not sequentially compact. However, Theorem holds anyway.

6.11. Theorem. Let ¢ be the carrier of some execution path of X).

(1) Consider a sequence (x)r=o of the image of PYg, which converges pointwise to Yoo in
PYX,. Let
Yk = (]P)gg\g)((bkv zliv R ZZ)
with ¢, € G(1,n) and 2i, € D™ for 1 < i < n and k > 0. Then there exist
boo € G(1,n) and 2, € D™ for 1 <i < n such that

Yoo = (P9G0) (doos Zag - - - 5 7c)

and such that (¢uo, 2L, ..., 2%) is a limit point of the sequence ((¢x, 2}, - -, 2%))k>0-

(2) The image of P93, is closed in P9X.
Proof. (1) By a Cantor diagonalization argument, we can suppose that

e The sequence (z})>o converges to 2., € D™ for each 1 < i < n.
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e The sequence (¢x(r))r=0 converges to a real number denoted by ¢ () € [0, m] for each
re[0,1]NQ.

e The sequence (¢, '(r))r=0 converges to a real number denoted by ¢7!(r) € [0,1] for
each r € [0,n] N Q.

Since the sequence of execution paths (7x)g>o converges pointwise to .., we obtain

700<T) = (gl’\l(szcl,o *oeeok g/l/\rzéz&>(¢00(r))
for all r € [0,1] N Q and

Yoo(bog (1) = (GunGan, # - G0 02 ) ()

for all 7 € [0,n] N Q. For r; <7y € [0,1]NQ, ¢r(r1) < ¢x(r2) for all & > 0. Therefore by
passing to the limit, we obtain ¢u(r1) < ¢oo(r2). Note that ¢oo(0) = 0 and ¢o(1) = n
since 0,1 € Q. In the same way, we see that ¢! : [0,n] N Q — [0, 1] is nondecreasing
and that ¢ }(0) = 0 and ¢} (n) = 1. For t €]0, 1], let us extend the definition of ¢, as
follows:

Goo(t) = sup{oeo(r) | 7 €]0,t] N Q}.
The upper bound exists since {¢oo(r) | 7 €]0,¢] NQ} C [0,n]. For each ¢ € [0, 1]\Q, there
exists a nondecreasing sequence (7 )r>o of rational numbers converging to ¢. Then

lim ¢oo(rr) = Goo(t).
k—o0
By continuity, we deduce that

’700<t> = (gl’\l(szcl,o *oeeok g/l/\nfszgo><¢00(t))

for all t € [0,1]. Tt is easy to see that the set map ¢ : [0,1] — [0,n] is nondecreasing
and that it preserves extremities. For ¢ €]0,1[, extend the definition of ¢! as well as
follows:

P () = sup{e, (r) | r €]0,4] NQ}.
The upper bound exists since {¢'(r) | r €]0,t]NQ} C [0,1]. For each t € [0,n]\Q, there
exists a nondecreasing sequence (7 )r>o of rational numbers converging to ¢. Then

lim ¢ (ri) = ¢ (1)
k—o0
By continuity, we deduce that
Voo(boa (1) = (Gin Ozt * - * o0 ) (1)

for all t € [0,n]. It is easy to see that the set map ¢! : [0,n] — [0, 1] is nondecreasing
and that it preserves extremities. We obtain for all ¢ € [0, 1]

Voo boa b (1)) = (GorOat, * <+ % G0 ) (11 (1)),
Using Theorem [6.6, we obtain that y,¢s : [0,1] = [0,1] and ¢ tp,,t : [0,1] — [0, 1] are
homeomorphisms which are inverse to each other. We deduce that ¢, : [0, 1] — [0, n] and
¢t : [0,n] — [0,1] are homeomorphisms which are inverse to each other. Let ¢ € [0, 1]\Q.

Since the sequence (¢ (t))k=0 belongs to the sequential compact [0, n], it has at least one
limit point ¢. There exists a subsequence of (¢x(t))r>0 which converges to £. We obtain

Vr e [0,t]NQ,Vr € [t,1] N Q, doo(r) < L < Poo(r).
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Since ¢, € G(1,n) and by density of Q, we deduce that { = ¢ (t) necessarily. Now
suppose that the sequence (¢ (t))r=0 does not converge to ¢o.(t). Then there exists an
open neighborhood V' of ¢ (t) in [0,n] such that for all k& > 0, ¢r(t) ¢ V. We deduce
that the sequence (¢(t))r=0 of [0,n] has no limit point: contradiction. We have proved
that the sequence (¢ )r=0 converges pointwise to ¢. Using Proposition 25, we deduce
that (¢ )r=0 converges uniformly to ¢oo. We deduce that (du, 2L, ..., 2% ) is a limit point
of the sequence ((¢x, 2}, .., 27))ks0 in G(1,n) x D™1 x ... x D™ by Proposition 2.5 and
Lemma

(2) Let (P9G.(T,))ns0 be a sequence of (P9g,)(X,) which converges in P9 X. The limit
Yoo € PYX, of the sequence of execution paths (P9g.(T',,))n0 is also a pointwise limit. We
can suppose by extracting a subsequence that the sequence (I';),>o of X, is convergent
in X,. Thus, by continuity of PYg,, we obtain v, = (P93,)(I's) for some 'y, € X,.. We
deduce that P9g,(X.) is sequentially closed in PYX). Since PYX) is sequential, being a
A-generated space, the proof is complete. O

6.12. Corollary. Suppose that X, is a finite cellular multipointed d-space without loops.
Then the topology of P9 X is the topology of the pointwise convergence which is therefore
A-generated.

We do not know whether the “without loops” hypothesis can be removed and whether
finite can be replaced by locally finite.

Proof. Let (v,)n>0 be a sequence of execution paths of X, which pointwise converges to
Voo- Since X is finite and without loop, the set

T = {Carrier(y) | v € PYX,}

is finite. We obtain a finite covering by (closed) subsets

PIX, = | J(Pg)(X.)
ce€T
because each execution path has a carrier by Theorem 5.9 Suppose that (7,),>0 does
not converge to Y., in P9X,. Then there exists an open neighborhood V of v, in P9Xy
such that ¥n > 0,~, ¢ V. Since T is finite, one can suppose by extracting a subsequence
that
dce T,Vn 20,7, € (Pg.)(X,).

By Theorem [6.TT], the sequence (7, ),>0 has a limit point which belongs to the complement
of V' which is closed. This limit point is necessarily the pointwise limit v,,. We obtain
Yoo & Vi contradiction. O

Corollary [6.12 can be viewed as a second Dini theorem for the space of execution
paths of a finite cellular multipointed d-space without loops. Indeed, if X, = ?g (the
directed segment), then PYX, = G(1,1) and we recover the fact that the topology of

G(1,1) coincides with the pointwise convergence topology by Proposition
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MY (Glob?(S"~1)) = Glob(D)

|

MY (Glob?(D™)) = Glob(E)

FIGURE 3. Definition of X

7. THE UNIT AND THE COUNIT OF THE ADJUNCTION ON Q-COFIBRANT OBJECTS
Consider in this section the following situation: a pushout diagram of multipointed
d-spaces
g
GlobY(S" 1) ——— A

Glob? (D™) 7 Ly
with n > 0 and A cellular. Note that A° = X°. Let D = F{”S" ! and E = F{”"D".
Consider the Moore flow X defined by the pushout diagram of Figure Bl where the two
equalities
MY (Glob? (8"71)) = Glob(D)
MY (Glob?(D")) = Gloh(E)
come from Proposition and where the map v is induced by the universal property
of the pushout.
The G-space of execution paths of the Moore flow X can be calculated by introducing
a diagram of G-spaces D7 over a Reedy category P9(?):9()(A%) whose definition is recalled
in Appendix [Al Let T be the G-space defined by the pushout diagram of [G, Top],

PM9 (g)
D ———— Py0)q)M9(A)

Pf
E I N

Consider the diagram of spaces DY : P99 (A%) — [GP Top], defined as follows:

Df<<U0, €1, Ul), (ul, €9, Uz), e (un,l, €n, un)) = Zuo,u1 ® Zul,ug ® e ® Zun_hun
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with
p Py W MY(A) if e =0
I ife; =1
In the case ¢; = 1, (ui_1,u;) = (9(0),g(1)) by definition of P99 (A%). The inclusion
maps I/s are induced by the map Pf : Py0),9)MY(A) — T. The composition maps ¢;s
are induced by the compositions of paths of the Moore flow MY(A).

7.1. Theorem. [1], Theorem 9.7] We obtain a well-defined diagram of G-spaces
Df - P99 (4% 5 [GP Top),.
There is the isomorphism of G-spaces liﬂDf ~ PX.
By the universal property of the pushout, we obtain a canonical map of G-spaces
Py - ling — PMYX.

The goal of Theorem and of Theorem [7.3] is to prove that the canonical map of G-
spaces Py is an isomorphism of G-spaces. The proof is twofold: at first, it is proved that
it is an objectwise continous bijection, and then that it is an objectwise homeomorphism.

7.2. Theorem. Under the hypotheses and the notations of this section. The map of
G-spaces
Py : lim DY — PMY(X)

s an objectwive bijection.

Proof. Throughout the proof, the reader must keep in mind that for any map of multi-
pointed d-spaces
q: X1 — Xy
and for any execution path
v € PX; = P'MY(X))
of length ¢ of the multipointed d-space X1, or equivalently of the Moore flow MY (X)),
there is by Definition and Theorem the tautological equality

(PMg(q)) (v) = lal-,

the right-hand term meaning the composite of the underlying continuous map |q| : | X;| —
| X5 | between the underlying spaces of X; and X, with the execution path 7 : [0, 1] — | X}].
It will be denoted gv or q.v, as it was always done so far. In other terms, we will be using
the abuse of notation
PM?(q) = ¢

for any map of multipointed d-spaces q. The reader must also keep in mind that if
v € PX, and o/ € P X, are two composable execution paths of X; of length ¢ and ¢’
respectively, then the Moore composition of execution paths (cf. Proposition 2.7))

vy € PHYX,
is also by Theorem T2 the composition of paths in MY(X) for tautological reasons.

The proof of this theorem is divided in several parts.
e Objectwise calculation.

39



It suffices to prove that the continuous map
Py : lim DY (1) — PIMY(X) = PUX.
is a bijection to complete the proof since all objects of the reparametrization category G

are isomorphic and since colimits of G-spaces are calculated objectwise.
e The final topology. 1f we can prove that the continuous

P'y : lim D/(1) — POX

is a bijection with the colimit ling (1) equipped with the final topology, then the proof
will be complete even in the category of A-Hausdorff A-generated topological spaces
because of the following facts:

e Let i : A — B be a continuous one-to-one map between A-generated spaces such that
B is also A-Hausdorff, then A is A-Hausdorff: let f : [0,1] — A be a continuous map;
then f being one-to-one, f([0,1]) = i7*((:.£)([0, 1])) is closed.

e The space PY9X is, by definition, equipped with the A-kelleyfication of the relative
topology induced by the inclusion of set PYX c TOP([0, 1], |X]).

e If we work in the category of A-Hausdorff A-generated topological spaces, then the
space TOP([0, 1],|X|) will be A-Hausdorff, hence the space P9 X will be A-Hausdorff,
and therefore liﬂDf equipped with the final topology will be A-Hausdorff as well.

o Surjectivity of P. The map v of Figure B is induced by the universal property

of the pushout. It is bijective on states. The multipointed d-space X is equipped with
the Q-final structure because it is defined as a colimit in the category of multipointed
d-spaces. By Theorem [B.9, every execution path of X is therefore a Moore composition
of the form

(fryape) = -« % (fayntte,)
such that f; € {f, g} for all 1 <i < n with

v € P9GlobY(D™)  if f; =3
v € P9A if fi=f

with 37,4 = 1. Then for all 1 < i < n, iy, € P4EGlob?(D") = P4MY(Glob?(D™)) or
Yipte, € PAA = PEMY(A). Tt gives rise to the execution path

Pfi(vasee,) * -+ - % Plo(ynpe,)
with

fi=F iffi=f
of length 1 of the Moore flow X. By the commutativity of Figure[3], we obtain the equality

rniey) - % (Fariin,) = (P19) (Imml) M- Pﬁm%)).

{ﬁza if f, =3

It means that the map of Moore flows ¢ : X — MY(X) induces a surjective continuous
map from P'X to P'MY(X) = PYX. In other terms, the map P! is a surjection.
e The map C. Consider the diagram of topological spaces

el 7)9(0),9(1)<A0) — Top
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defined as follows:

E ((uo, €1, ), (ur, €2,u2), - (Unyy€nyn)) = || Zugan (1) X o X Zuyy i ()
(€1,...iln)
with

Z (¢;) = Pﬁii—hung(A) = Pﬁii—huiA ife; =0
o T(t;) if & =1 (= (ui—1,u) = (9(0), 9(1))).
The composition maps ¢;s are induced by the Moore composition of execution paths of A.
The inclusion maps I/s are induced by the continuous maps P¢f : ]P)g(o), g(l)Mg (A) = T(0)

for £ > 0. We obtain a well-defined diagram of topological spaces
el 739(0),9(1)(140) — Top
and, by Proposition .5 there is an objectwise continuous surjective map
k:& — D).
We deduce that lg k is surjective. We want to prove that the composite map
lirp k

C:lig &’ i N (liny D/)(1) _ " pIMO(X) = POX

is a continuous bijection. We already know that the map P4 is surjective, and therefore
that the map C: liﬂc‘/’f — PY9X is surjective as well. To prove that C: liﬂc‘/’f —PY9X is
one-to-one, we must first introduce the notion of simplified element. Let z be an element
of some vertex of the diagram of spaces £/. We say that z € £/(n) is simplified ifﬁ

d(n) = min {d(m) | Im € Obj(P*®9M(A%) and y € £/ (m),y =z € liglé'f}.
Let z be a simplified element belonging to some vertex £/(n) of the diagram &/ with
n = ((UQ, €1, Ul), (ula €9, Uz), ey (un—la €n;y un))

e (ase 1. It is impossible to have ¢; = ¢;,1 = 0 for some 1 < ¢ < n. Indeed, otherwise
z would be of the form

(' oy Yilbey Vit 1 ey gy - )
where 7; and 7,1 would be two execution paths of A. Using the equality

(o Yiltey Visrthepsrs -+ -)) = (oo Yilbey * Vit htrps - - )
the tuple z can then be identified in the colimit with the tuple
(- o \(%’/izi * %Huem)uziig%umml7 . ) € &l (n)
epPiA by Progosition 4101

with

dn)=n—14 e <d(n).

It is a contradiction because x is simplified by hypothesis.

2This point is left as an exercice; Verifying the commutativity relations is easy.
g y Y
3d is the degree function of the Reedy category, see Appendix [Al
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e (Case 2. Suppose that ¢, = 1 for some 1 <7 < n and that z is of the form

(..., Pg(d,,dipe,), - - ).
If z; € S*7 !, then using the equality

[Z(( .. ,gdzi(bl',ug“ ce )) = ( .. 7%((5%(25@'#[2.)7 e )7
the tuple z can then be identified in the colimit with the tuple

(s gbebitin, ) € E ()
with
dn) =n+ (D> &) —1<dn).
It is a contradiction because x is simplified by hypothesis. We deduce that in this case,
Zi € Dn\sn—l'
e Partial conclusion. Consequently, for all simplified elements x = (z1,...,,) of &/,
we have

Clz) = (fiz) * - * (fuwn)

with for all 1 <i < n,

fi=f and z; € P4 A
fi =Py and x; = Pg(d.,¢ipe,) with z; € D™\ S"!
and there are no two consecutive terms of the first form (i.e. f; = f;x1 = f for some 7).
It means that it is the finite Moore composition of C(z) of Theorem
o Injectivity of C. Let x and y be two elements of li%éff such that C(z) = C(y). We

can suppose that both x and y are simplified. Let z = (z1,...,2y) and y = (y1,. .., Yn)-
Then

(frz) - x (fnm) = (9191) * -+ - * (GnlYn)-
Since both members of the equality are the finite Moore composition of Theorem [5.20],
we deduce that m = n and that for all 1 < ¢ < m, we have fix; = g¢;y;. For a given
i € [1,m], there are two mutually exclusive possibilities:

(1) fi = g; = f and x; and y; are two paths of length ¢; of A. Since f is one-to-one
because S"! is a subset of D, we deduce that z; = ;.

(2) fi = 9i = Pip, & = GO, dipue, and y; = GOy, bipug,, with z;,t; € D"\S" ! and ¢;,1); €
G(1,1). We also have Pi(z;) = g0, ¢pipte, and Py(y;) = g6, ipe,. The restriction of
g to Glob?(D")\Glob?(S"!) being one-to-one, we deduce that z; = t;, ¢; = 9; and
therefore once again that x; = y;.

We conclude that x = y and that the map C: liglé'f — PY9X is one-to-one.
e Informal summary. The arrows of the small category P9(9(1( A%) and the relations

satisfied by them prove that each element of the colimit lim £/ has a simplified rewriting
and this simplified rewriting coincides with the normal form of Theorem (.20l The latter
theorem relies on the fact that all execution paths of globes are one-to-one, and more

generally that all execution paths of cellular multipointed d-spaces are locally injective.
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o Injectivity of Pl4p. At this point of the proof, we have a composite continuous map

li&k‘ le
ling £ ———— lim D/ (1) —— PIX.

\M

continuous bijection

Let a,b € liﬂDf(l) such that P'4(a) = P (b). Let @, b € liﬂc‘/’f such that (lim £)(@) = a
and (hgl k)(b) = b. Then @ = b and therefore a = b. We have proved that the continuous
map P : liﬂDf(l) — PY9X is one-to-one. O

7.3. Theorem. Under the hypotheses and the notations of this section. The map of
G-spaces
Py : lim Df — PMY(X)

s an isomorphism of G-spaces.

Proof. We already know by Theorem that the map of G-spaces

Py : lim DY — PMI(X)
is an objectwise continuous bijection. We want to prove that it is an objectwise homeo-
morphism. Since all objects of the reparametrization category G are isomorphic, it suffices
to prove that

PY : im DI (1) — P9X
is a homeomorphism. Consider a set map & : [0,1] — liﬂDf (1) such that the composite
map
z. € 9 f Pl G
§.[0,1]—>hﬂD (1) —PX
is continuous. By Corollary 2.3 it suffices to prove that the set map

§:[0.1) — iy D/ (1)

is continuous as well.
o [irst reduction. The composite continuous map £ gives rise by adjunction to a

continuous map

~

€:00,1] x [0,1] — | X|.
Since [0,1] x [0,1] is compact and since |X| is weakly Hausdorff by Proposition [(.2]
the subset E([o, 1] x [0,1]) is a compact subset of |X|. By Proposition [5.5] E([o, 1] x
[0, 1]) intersects a finite number of globular cells of the cellular multipointed d-space X.
Therefore we can suppose that the multipointed d-space X is finite by Proposition [(.4]
Write
{ejlieJ}

for its finite set of globular cells.

e Second reduction. It suffices to prove that there exists a finite covering {Fi, ..., F,}

of [0,1] by closed subsets such that each restriction ¢ |  factors through the colimit
liﬂDf (1). Let T be the set defined as follows:

T = {Carrier (&(w)) [ u e o, 1]}-
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Suppose that 7 is infinite. Since J is finite, there exist jo € J and a sequence (£(un))n>0
of execution paths of X such that the numbers 4, of times that c;, appears in the carrier
of &(uy) for n > 0 give rise to a strictly increasing sequence of integers (i, )n>o. Since
[0, 1] is sequentially compact, the sequence (u,),>o has a convergent subsequence. By
continuity, the sequence (&(uy))ns0 has therefore a convergent subsequence in PYX. This
contradicts Theorem [5.19] Consequently, the set 7T is finite. For each carrier ¢ € T, let

U, = {u € [0,1] | Carrier(&(u)) = g}.
Consider the closure (/]; of U, in [0,1]. We obtain the finite covering of [0, 1] by closed

subsets -
0,1 = J U
ceT

We replace [0, 1] by U; which is compact, metrizable and therefore sequential. The carrier
c=cj,-- ¢l

is fixed until the very end of the proof.

e Third reduction. The attaching maps
75, - Glob?(D"ik) — X

for 1 < k < m of the cells ¢;,, ..., ¢, vield a map of multipointed d-spaces

e : Glob%(D™1) % - - -  Glob¥ (D"m) — X
Let a1 (a; resp.) be the initial state (the final state resp.) of GlobY(D™:) for 1 < i < m
in Glob¥(D™1) % - - - ¥ GlobY(D"%m ). We obtain a map of G-spaces

F{"(D") @ ... @ F{" (D"") — D/ (m)

for some m belonging to P99 (A% such that

D! (m) = Zg(a0) ge(on) @ - -+ @ L (o) gelom)
Using Proposition [6.1, we obtain a continuous map

Y. : G(1,m) x D™ x ... x D% — Z,. C D/ (m)(1)

where Z. is, by definition, the image of y.. At this point, we have obtained that the
continuous map
Elu, 1 U — PYX

factors as a composite of maps
€lu,: Ue — Ze C D/ (m)(1) =5 lim D/ (1) — PIX.

Consider a sequence (uy)n>o of U, converging to u., € /U; Then for each n > 0, £(u,)
belongs to the image of PYg, which is a closed subset of the sequential space PYX by
Theorem Thus &(us) belongs to the image of PYg, as well. Since

P9, = P pp.Ye,

we have obtained that the continuous map

€z U, — P9X
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factors as a composite of maps
Elg U — Z.C D (m)(1) 25 i DY (1) 7% POX.

They are all of them continuous except maybe the left-hand one from (/]; to Z. (cf. the
remark after this proof). Since U, is sequential, it remains to prove that the map

Mg U — Ze C DH(m)(1) 5 lim DY (1)

is sequentially continuous to complete the proof.
e Sequential continuity. Consider a sequence (U, ),>o of U. which converges to uy, € UL,.

Write

§(u,) = pm(yg(¢na Zrlm cee ZrT))
for all n > 0. We obtain
g(un) = (ng\g)(gbm Zrlw SRR 221)
for all n > 0. By Theorem BTl the sequence ((¢n, 2., ...,2™))us0 has a limit point

(oo, 24, .., 2™). We deduce that the sequence (£(uy,))n>0 has a limit point because both
y. and p,, are continuous. It is necessarily equal to {(us,) because the map

Pl : lim DY (1) — P9X
is continuous bijective by Theorem and because
E=Pl.E.
The same argument shows that every subsequence of ({(uy))n>0 has a limit point which
is necessarily £(us). Suppose that the sequence (£(uy,))n>0 does not converge to & (o).
Then there exists an open neighborhood V' of {(us,) such that for all n > 0, {(u,) ¢ V.

Since V¢ is closed in ling(l), it means that &(us) cannot be a limit point of the
sequence (&(uy,))nso. Contradiction. It implies that the sequence (§(uy))n>0 converges to

E(Uso)- O

Before expounding the consequences of Theorem and of Theorem [7.3] let us add an
additional remark about the proof of Theorem[7.3l It can be proved that the inverse image
pz(y) for each v € hﬂ D’ (1) is always finite. When the multipointed d-space X does not
contain any loop, i.e. when PgaX is empty for all @ € X, the map p,, is even one-to-one
and it is then possible to prove that the set map /U; — Z, is always continuous. On
the contrary, when X contains loops, the set map /U; — Z. is not necessarily continuous
mainly because an inverse image p,'(y) may contain several points.

7.4. Corollary. Suppose that A is a cellular multipointed d-space. Consider a pushout
diagram of multipointed d-spaces

Glob?(8" 1) ———— A

Clob?(D") J X
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with n > 0. Then there is the pushout diagram of Moore flows
MY (Glob? (8" 1)) = Glob(F§”’S" 1) ———— MY(A)

MY (Glob?(D™)) = Glob(F{”D") ———— Mg

7.5. Corollary. Let X be a q-cofibrant multipointed d-space. Then MQ(X) 1S a g-cofibrant
Moore flow.

Proof. For every q-cofibrant Moore flow X, the canonical map @ — X is a retract of
a transfinite composition of the g-cofibrations C' : @ — {0}, R : {0,1} — {0} and of
the g-cofibrations Glob(IF§”S"~1) C Glob(FY”'D") for £ > 0 and n > 0. The cofibration
R :{0,1} — {0} is not necessary to reach all g-cofibrant objects. Therefore, this theorem
is a consequence of Theorem 5.7 and of Corollary [7.4l O

7.6. Theorem. Let X be a g-cofibrant Moore flow. Then the unit of the adjunction
X — MY(MY (X)) is an isomorphism.

Proof. By Proposition [4.15, the theorem holds when X is a globe. It also clearly holds
for X = {0}. For every g-cofibrant Moore flow X, the canonical map @ — X is a retract
of a transfinite composition of the g-cofibrations C' : @ — {0}, R : {0,1} — {0} and of
the g-cofibrations Glob(IFY”S"~1) C Glob(FY”'D") for £ > 0 and n > 0. The cofibration

R :{0,1} — {0} is not necessary to reach all g-cofibrant objects. Therefore, this theorem
is also a consequence of Theorem [5.7] and of Corollary [7.4 O

7.7. Corollary. Let X be a g-cofibrant Moore flow. Then there is the homeomorphism
P'X = P9(MY(X)).
Proof. Apply the functor P!(—) to the isomorphism X = MY (MY (X)). O
7.8. Theorem. Let \ be a limit ordinal. Let
X : A — GdTop

be a colimit preserving functor such that

e The multipointed d-space X is a set, in other terms X = (X%, X% @).
e For all v < A, there is a pushout diagram of multipointed d-spaces

Globd(sm 1) — . X,

—

Globd(D™) — 21, X,
with n, > 0.

Let X, = liglyd X,. For all v < A, the counit map

Ky MY(MY(X,)) — X,
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s an isomorphism.

Proof. The map kg is an isomorphism because X is a set. By Theorem [B.7] and since
M!g is a left adjoint, it suffices to prove that if , is an isomorphism, then x,.; is an
isomorphism. Assume that k, is an isomorphism. By Corollary [T.4l there is the pushout
diagram of Moore flows

M9 (Glob?(S™ 1)) = Glob(F¢”8§™ 1) — 2 M9(X,)

M9 (Glob?(D™)) = Glob(F¢”"D™) — 2L MY9(X,,1).

Apply again the left adjoint M,g to this diagram, we obtain by using the induction hy-
pothesis that x,.1 is an isomorphism. O

7.9. Corollary. For every q-cofibrant multipointed d-space X, the counit of the adjunction
MY (MY (X)) — X is an isomorphism of multipointed d-spaces.

Proof. 1t is due to the fact that every g-cofibrant multipointed d-space X is a retract of a
cellular multipointed d-space (note that the cofibration R : {0,1} — {0} is not required
to reach all cellular multipointed d-spaces) and that a retract of an isomorphism is an
isomorphism. 0

8. FROM MULTIPOINTED d-SPACES TO FLOWS

The goals of this final section are to complete the proof of the Quillen equivalence
between multipointed d-spaces and Moore flows in Theorem [B.1] which together with
the results of [14] establish that multipointed d-spaces and flows have Quillen equivalent
g-model structures, and to give a new and conceptual proof of [I1, Theorem 7.5] in
Theorem B4 independent of [8]. We also give a new presentation of the underlying
homotopy type of flow in Proposition B.16l

8.1. Theorem. The adjunction M,g 4 MY : GFlow < GdTop induces a Quillen equiv-
alence between the g-model structure of Moore flows and the ¢-model structure of multi-
pointed d-spaces.

Proof. Since the g-fibrations of Moore flows are the maps of Moore flows inducing an ob-
jectwise q-fibration on the G-spaces of execution paths, the functor MY takes g-fibrations
of multipointed d-spaces to g-fibrations of Moore flows. Since MY preserves the set of
states and since trivial g-fibrations of Moore flows are maps inducing a bijection on states
and an an objectwise trivial g-fibration on the G-spaces of execution paths, the functor
MY takes trivial g-fibrations of multipointed d-spaces to trivial q-fibrations of Moore flows.
Therefore, the functor MY : GdTop — GFlow is a right Quillen adjoint.

By Theorem [7.6], the map X — MY (MY (X)) is a weak equivalence of Moore flows for
every g-cofibrant Moore flow X. Let Y be a (g-fibrant) multipointed d-space. Then the
composite map of multipointed d-spaces

MIMI(Yor)) syl 2y
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where Y/ is a q-cofibrant replacement of Y, is a weak equivalence of multipointed
d-spaces because: 1) the left-hand map is an isomorphism by Corollary [[.9; 2) the right-
hand map is a weak equivalence by definition of a cofibrant replacement. O

Let us give now some reminders about flows and the categorization functor cat from
multipointed d-spaces to flows.

8.2. Definition. [7, Definition 4.11] A flow is a small semicategory enriched over the
closed monoidal category (Top, x). The corresponding category is denoted by Flow.

Let us expand the definition above. A flow X consists of a topological space PX of
execution paths, a discrete space X° of states, two continuous maps s and t from PX to
XY called the source and target map respectively, and a continuous and associative map

x: {(z,y) € PX x PX;t(x) = s(y)} — PX

such that s(x * y) = s(x) and t(x * y) = t(y). A morphism of flows f: X — Y consists
of a set map f%: X° — Y? together with a continuous map Pf : PX — PY such that

f(s(@)) = s(Pf(x)),
[ (t(x)) = t(Pf(x)),
Pf(zxy) =Pf(z) «Pf(y).
Let
P,sX = {x € PX | s(x) = a and t(z) = B}.

8.3. Notation. The map Pf : PX — PY can be denoted by f : PX — PY 1is there is
no ambiguity. The set map f° : X° — YO can be denoted by f : X° — YO is there is
no ambiguity.

The category Flow is locally presentable. Every set can be viewed as a flow with
an empty path space. The obvious functor Set C Flow is limit-preserving and colimit-
preserving. One another example of flow is important for the sequel:

8.4. Example. For a topological space Z, let Glob(Z) be the flow defined by
Glob(Z)? = {0, 1},
PGlob(Z) = Py 1Glob(Z) = Z,
s=0,t=1.

This flow has no composition law.

8.5. Notation.
C: o — {0},

R:{0,1} — {0},
7 = Glob({0}).
The ¢-model structure of flows is the unique combinatorial model structure such that
{Glob(S"!) € Glob(D") | n > 0} U {C, R}
is the set of generating cofibrations and such that

{Glob(D" x {0}) C Glob(D"*) | n > 0}
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is the set of generating trivial cofibrations (e.g. [16, Theorem 7.6]) where the maps D™ C
D"*1 are induced by the mappings (21, ...,2,) — (z1,...,2,,0). The weak equivalences
are the maps of flows f : X — Y inducing a bijection f°: X° = Y and a weak homotopy
equivalence Pf : PX — PY and the fibrations are the maps of flows f : X — Y inducing
a g-fibration Pf : PX — PY of topological spaces.

Let X be a multipointed d-space. Consider for every (a, 3) € X° x X the coequalizer
of spaces

P sX =lim (P7 ;X x G(1,1) = P ;X)

where the two maps are (¢, ¢) — c and (¢, @) — c.¢. Let [—]as: IP’ZBX — P, X be the
canonical map.

8.6. Theorem. [I1, Theorem 7.2] Let X be a multipointed d-space. Then there ezists
a flow cat(X) with cat(X)? = X° P, gcat(X) = P,pX and the composition law * :
PopsX X Py X — Po X is for every triple (o, 8,7) € X° x X x X the unique map
making the following diagram commutative:

g G N G
IP’a’BX X IP’ﬁ’VX - ]P’OWX
[~Ja,sX[=]8,~ [~Ja,y

PosX x Py X —— P, X

where xy is the normalized composition (cf. Definition[2.9). The mapping X +— cat(X)
induces a functor from GdTop to Flow.

8.7. Definition. The functor cat : GdTop — Flow is called the categorization functor.

The motivation for the constructions of this paper and of [14] comes from the following
theorem which is added for completeness.

8.8. Theorem. The categorization functor cat : GdTop — Flow s neither a left adjoint
nor a right adjoint. In particular, it cannot be a left or a right Quillen equivalence.

Proof. This functor is not a left adjoint by [11, Proposition 7.3]. Suppose that it is a
right adjoint. Let £ : Flow — GdTop be the left adjoint. Pick a nonempty topological
space Z. The adjunction yields the bijection of sets

GdTop(L(Glob(Z2)), ?g> = Flow(Glob(Z7), ?)

Since Z is nonempty, a map of flows from Glob(Z) to ? is determined by the choice
of a map from Z to {0}. We deduce that there is exactly one map f of multipointed d-
spaces from L£(Glob(Z)) to 79. Suppose that £(Glob(Z)) contains at least one execution
path ¢ : [0,1] — |£(Glob(Z))|. Then f.¢ is an execution path of 79, Every map
g € GdTop( g’?g) =~ {[0,1] =T [0,1]} gives rise to and execution path g.f.¢ of 7.
since g.f € ngop(L(Glob(Z)),?g), we deduce that g.f = f. Contradiction. We
deduce that the multipointed d-space L£(Glob(Z)) does not contain any execution path.
Therefore this multipointed d-space is of the form (Uz, Uy, &). We obtain the bijection

MTop((Uz,UY), ([0,1],{0,1})) = {f}. Suppose that Uz is nonempty. Then for all
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g € MTop(([0,1],{0,1}),([0,1],{0,1})), we have g.f = f. The only possibilities are that
f=0or f =1. Since f is the unique element, we deduce that Uy = &. There are also
the natural bijections of sets

GdTop(L({0}), X) = Flow ({0}, cat(X)) = cat(X)° = X° = GdTop({0}, X).

By the Yoneda lemma, we obtain £({0}) = {0}.

To summarize, if £ : Flow — GdTop is a left adjoint to the functor cat : GdTop —
Flow, then one has £({0}) = {0} and for all nonempty topological spaces Z, there is
the equalities £(Glob(Z)) = @. By [7, Theorem 6.1}, any flow is a colimit of globes and
points. Since L is colimit-preserving, we deduce that for all flows Y, the multipointed
d-space L(Y) is a set. We go back to the natural bijection given by the adjunction:

GdTop(L(Y), X) = Flow(Y, cat(X)).

Since L(Y) is a set, we obtain the natural bijection Set(L(Y), X°) = Flow (Y, cat(X)).
We obtain the natural bijection GdTop(L(Y), X°) = Flow(Y, cat(X)) and by adjunction
the natural bijection Flow(Y, X°) = Flow(Y, cat(X)) since cat(X°) = X°. By Yoneda,
we conclude that cat(X) = X° for all multipointed d-spaces X, which is a contradiction.

U

8.9. Proposition. [74, Proposition 5.17] Let U and U’ be two topological spaces. There
1s the natural isomorphism of G-spaces
AgopU (29 AgopU, = Agop(U X U/)
Let X be a flow. The Moore flow M(X) is the enriched semicategory defined as follows:

e The set of states is X°.
e The G-space P, sM(X) is the G-space Agor(Py 5X).
e The composition law is defined, using Proposition as the composite map

Agop (x)

Agop (]P)a,ﬁX) X Agop (]P)@VX) = Agop (]P)a,gX X ]P)g,,YX) _— Agop (]P) )X

ayy
The construction above yields a well-defined functor
M : Flow — GFlow.

Consider a G-flow Y. For all a, 8 € Y let Y, 5 = @PQ,BY. Let («, 3,7) be a triple of

states of Y. The composition law of the G-flow Y induces a continuous map
Yoz X Ypy Zlim(Po gy @ Pg Y) — limPo Y =V,
which is associative. We obtain the
8.10. Proposition. [1J, Proposition 10.6 and Proposition 10.7] For any G-flow Y, the
data

e The set of states is Y

o Foralla,f €YY let Yo 5= ligIP’a,gY

o Forall a, 3,7 €YY, the composition law Yo 5 X Yg, — Yo,
assemble to a flow denoted by My(Y'). It yields a well-defined functor

M, : GFlow — Flow.

There is an adjunction M, 4 M.
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8.11. Theorem. There is the isomorphism of functors

cat = M. MY .

Proof. First, let us notice that the functors cat : GdTop — Flow (Theorem B.6]), MY :
GdTop — GFlow (Theorem [£.12) and M, : GFlow — Flow (Proposition B.I0]) preserve
the set of states by definition of these functors. Therefore, for every multipointed d-
space X, the flows cat(X) and M,.M9(X) have the same set of states X°. Let G! be
the full subcategory of G generated by 1: the set of objects is the singleton {1} and
G'(1,1) = G(1,1). For (a,8) € X° x X° the inclusion functor ¢ : G!' C G induces a
continuous map

ling ( (Po,sMYX) .L) — lim Po sMYX.
gt g

It turns out that there is the natural homeomorphisms
ligl ( (Pa,sMIX) .L) = @P;,BMQX = hglpgﬁx >~ P, seat(X),
g g g

the first one by definition of ¢, the second one by definition of MY and the last one by
definition of cat. We obtain a natural map of flows cat(X) — (M;.MY)(X) which is
bijective on states. Let ¢ > 0 be an object of G. Then the comma category (¢ | ¢) is
characterized as follows:

e The set of objects is G(¢, 1) which is always nonempty for every ¢ > 0.
e The set of maps from an arrow u : ¢ — 1 to an arrow v : £ — 1 is an element of

Mor(G)(u, v).

The comma category (£]¢) is connected since in any diagram of G of the form

|
|
|k
|
+
[07 E] — [07 1]7
there exists a map k € G([0,1],]0,1]) making the square commute: take k = v.u™'.
By [29, Theorem 1 p. 213], we deduce that the natural map of flows cat(X) — (M;.M9)(X)
induces a homeomorphism between the spaces of paths. 0

8.12. Corollary. Suppose that A is a cellular multipointed d-space. Consider a pushout
diagram of multipointed d-spaces

GlobY(8" 1) ———— A

Clob?(D") J X
51



with n > 0. Then there is the pushout diagram of flows

Glob(S" ') ———— cat(A)

Glob(D") 4@@@.

Proof. 1t is a consequence of Corollary [I.4], Theorem [R.IT] and of the fact that M| :
GFlow — Flow is a left adjoint. O

8.13. Definition. We consider the composite functors

\eof
(Lcat) : GdTop o GdTop —~— Flow

_\eof M¢
(Leat)™! : Flow M . GFlow L GFlow —— GdTop

where (—)°/ is a q-cofibrant replacement functor.
We can now write down the new proof of [11, Theorem 7.5].

8.14. Theorem. The categorization functor from multipointed d-spaces to flows
cat : GdTop — Flow

takes q-cofibrant multipointed d-spaces to q-cofibrant flows. Its total left derived functor
in the sense of [{l] induces an equivalence of categories between the homotopy categories
of the g-model structures.

Proof. The functor cat = M,.MY takes q-cofibrant multipointed d-spaces to g-cofibrant
flows by Corollary and because M is a left Quillen adjoint. The rest of the proof is
divided in four parts.

e X ~Y = (Leat)(X) ~ (Leat)(Y). Let X ~ Y be two weakly equivalent multi-

pointed d-spaces in the g-model structure. Then there is the weak equivalence X/ ~

Y/ Since all multipointed d-spaces are g-fibrant, the right Quillen functor MY takes
weak equivalences of multipointed d-spaces to weak equivalences of Moore flows. Since
M, is a left Quillen functor and since MY preserves g-cofibrancy by Corollary [Z.5, we
deduce using Theorem [R.I1] the sequence of isomorphisms and weak equivalences

(Leat)(X) =2 MMY (X7) ~ MMY (V') 22 (Leat) (Y).

e X ~Y = (Leat) 1 (X) =~ (Leat) "H(Y). Let X ~ Y be two weakly equivalent flows in
the g-model structure. Since M is a right Quillen functor and since all flows are g-fibrant,
we obtain the weak equivalence of Moore flows M(X) ~ M(Y). By definition of (Lcat)™*
and since M!g is a left Quillen adjoint, we deduce the sequence of isomorphisms and weak

equivalences
(Leat) ™ (X) 2 MY (M(X))* =~ M7 (M(Y))* 2 (Leat) ™ (Y).

The functors (Leat) and (Leat)™ therefore induce functors between the homotopy cate-

gories.
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o (Leat) ' (Leat)(X) ~ X. Let X be a multipointed d-space. Then we have the se-
quence of isomorphisms and of weak equivalences

g-cofibrant

by Corollary cof
(Leat) ™ (Leat) (X) = MY (MM! M (X))

cof
~ MY <M9(wa ))

~ MyMY (XT)
~ Xcof
~ X,

the first isomorphism by definition of (Leat) and (Leat)™ and by Theorem BIT] the
first weak equivalence since the adjunction M, 4 M is a Quillen equivalence by [14],
Theorem 10.9] and since I\\/[[,g is a left Quillen adjoint, the second weak equivalence by
Corollary and again since M,g is a left Quillen adjoint, the second isomorphism by
Corollary [[.9, and the last weak equivalence by definition of a g-cofibrant replacement.
o (Lcat)(Leat) 1 (Y) ~ Y. Let Y be a flow. Then we have the sequence of isomorphisms

and of weak equivalences

cof
(Leat)(Leat) (V) =2 (M!MQ) (M!G<My)wf>

~ (MMY) (M,g (MY)*f )

=~ M, (MY)*f
~Y,

the first isomorphism by definition of (Leat) and (Lcat)™' and by Theorem BII] the
first weak equivalence because MY is a right Quillen adjoint, because M,Q(MY)COf is q-
cofibrant, because MY preserves g-cofibrancy by Corollary and finally because M] is
a left Quillen adjoint, the second isomorphism by Theorem [7.6] and finally the last weak
equivalence since the adjunction M 4 M is a Quillen equivalence by [14, Theorem 10.9].
The proof is complete. O

The underlying homotopy type of a flow is, morally speaking, the underlying space of
states of a flow after removing the execution paths. It is defined only up to homotopy,
not up to homeomorphism. We conclude the section and the paper by recovering it in a
very intuitive way by using (Lcat) ™.

It is proved in [9, Theorem 6.1] that for every cellular flow X, there exists a cellular
multipointed d-space X' such that there is an isomorphism cat(X"?) =2 X/,

8.15. Definition. [9, Section 6], The underlying homotopy type of a flow X is the
topological space
I X1] = [ X7
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where | X'"P| is the underlying topological space of the cellular multipointed d-space X'°P.
This yields a well defined functor

|| = || : Flow — Ho(Top)
from the category of flows to the homotopy category of the g-model structure of Top.
8.16. Proposition. For any flow X, there is the homotopy equivalence of topological
spaces
[1X]| 2= | (Leat) ™ (X).
Proof. One has
cat(M (M(X)*7)) = (MuM) (M (M(X)*)) = M(M(X)*),

the equality by Theorem [B.I1] and the isomorphism by Theorem Using the Quillen
equivalence M, 4 M of [14, Theorem 10.9], we obtain the weak equivalences of flows

cat(My (M(X)*°F)) ~ X ~ cat(X"P).

Thanks to Theorem 814, we obtain the weak equivalence of g-cofibrant multipointed
d-spaces

MY (M(X)F) ~ XP,
We deduce the homotopy equivalence between the underlying g-cofibrant spaces

IME (M(X))] = [ X7
because the underlying topological space functor | — | is a left Quillen functor by [I1],
Proposition 8.1].

The composite functor

MY -

1

GFlow ——— GdTop % Top
is the composite of two left Quillen functors. Therefore the mapping
X = MY (X7

induces a functor from GFlow to Ho(Top). For all G-flows X, there is the isomorphism
Xeof = MY9(MY (X)) by Theorem Consequently, the functor |M{((—)%/)| can be
regarded as the underlying homotopy type functor for G-flows.

APPENDIX A. THE REEDY CATEGORY P""(S): REMINDER

Let S be a nonempty set. Let P*“"(S) be the small category defined by generators and
relations as follows (see [15], Section 3]):

e u,v € S (uand v may be equal).
e The objects are the tuples of the form

m= <<u07€17u1)7 <U‘17€27u2)7 ) (un717€n7un>>
with n > 1, ug,...,u, €S, €1,...,€6, € {0,1} and

Vi such that 1 <i < n,e; =1= (u—1,u;) = (u,v).
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e There is an arrow

Cni1: (mv (x707y>7 (y,O,Z),ﬂ) — (mv (SL’,O,Z),Q)

for every tuple m = ((ug, €1,u1), (U1, €2,us), ..., (Up_1, €n, up)) with n > 1 and every
tuple n = ((ug, €y, uy), (W), €, uh), ..., (u, 1, €, ul,)) with n’ > 1. It is called a compo-
sitton. map.

e There is an arrow
I (m, (u,0,0),n) = (m, (u,1,v),n)
for every tuple m = ((ug, €1,u1), (U1, €2,u2), ..., (Up_1, €n, up)) with n > 1 and every
tuple n = ((ug, €], uy), (v}, €5, uh), ..., (ul,_q,€,,ul,)) with n’ > 1. It is called an
inclusion map.

e There are the relations (group A) ¢;.c; = ¢j_1.¢; if i < j (which means since ¢; and ¢;
may correspond to several maps that if ¢; and ¢; are composable, then there exist ¢;_4
and ¢; composable satisfying the equality).

e There are the relations (group B) I;.1; = I;.1; if i # j. By definition of these maps, I;
is never composable with itself.

e There are the relations (group C)

i q.c; ifj>
iy = e 12 .
I.c; if j <i—1.

By definition of these maps, ¢; and I; are never composable as well as ¢; and ;4.

By [15, Proposition 3.7], there exists a structure of Reedy category on P"“¥(S) with
the N-valued degree map defined by

d((uo, €1, u1), (U1, €2,U2), . - ., (Un—1, €n, Up)) = 1+ Z €;-

The maps raising the degree are the inclusion maps. The maps decreasing the degree are
the composition maps.

APPENDIX B. AN EXPLICIT CONSTRUCTION OF THE LEFT ADJOINT MY

The proof of Theorem [4.12] uses a well-known characterization of right adjoint functors
between locally presentable categories. It is possible to describe more explicitly the
functor M,g : GFlow — GdTop as follows.

B.1. Notation. The composite of two natural transformations p: F' = G andv : G = H
1s denoted by v ® p to make the distinction with the composition of maps and of functors.

The category D(GFlow) of all small diagrams of Moore flows over all small categories
is defined as follows. An object is a functor F' : I — GFlow from a small category [
to GFlow. A morphism from F': [} — GFlow to G : I, — GFlow is a pair (f : [; —
Lyp : F = G.f) where f is a functor and p is a natural transformation. If (g,v) is
a map from G : I, — GFlow to H : I3 — GFlow, then the composite (g,v).(f, ) is
defined by (g.f, (v.f) ® ). The identity of F' : I; — GFlow is the pair (Id;,Idg). If

(h,&) : (H : I3 — GFlow) — (I : I — GFlow) is another map of D(GFlow), then we
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have

((h,&)-(g,v)).(f, 1) = (h-g,E.9 O v).(f, 1)

= (
= (hg.f,69.f Ov.fOp)
= (h,&)-(g.f,v.f ©p)

= (h, ). ((g,v).(f 1)) -

Thus the composition law is associative and the category D(GFlow) is well-defined. It

is well-known that the colimit of small diagrams induces a functor ling D(GFlow) —
GFlow (see e.g. [15 Proposition A.2]).

B.2. Theorem. There exists a functor D : GFlow — D(GFlow) such that the composite
functor

Ii
GFlow — 2 D(GFlow) —— GFlow
is the identity functor and such that every vertex of D(X) for any Moore flow X is one
of the following kind:
(1) the Moore flow {0},
(2) the globe Glob(D) of some G-space D,
(8) the Moore flow Glob(D)* Glob(FE) for two G-spaces D and E where the final state
of Glob(D) is identified with the initial state of Glob(E) (it is the “composition”
of the two globes, hence the notation).

Moreover, each G-space D and E used by the diagram is of the form Pq X or Po s X &
Ps ., X.

Proof. This theorem is proved in [7, Theorem 6.1] for the category of flows which are
semicategories enriched over the closed (semi)monoidal bicomplete category (Top, X)
(see Definition B2). The diagram is depicted in Figure @l We refer to the proof of [7]
Theorem 6.1] for the definitions of the maps. Since a Moore flow is a semicategory
enriched over the closed semimonoidal bicomplete category ([G, Top)y, ®), the proof is
complete. O

B.3. Notation. Denote by B(GFlow) H the full subcategory of GFlow generated by {0}
and Glob(D) where D runs over the class of all G-spaces.

B.4. Theorem. Let KC be a bicomplete category. A functor
F: K — GFlow

has a left adjoint
F : GFlow — K

if and only if there exists a functor m : B(GFlow) — IKC such that there are the natural
bijections

K(m({0}),Y) = F(Y)"

K(m(D),Y) = GFlow(Glob(D), F(Y))
for all objects Y of K and all G-spaces D.

4B like “brick”: the globes and the point are the elementary bricks to build flows.
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Glob (P, , X)

pCM,B,“/

Glob (Pa s X ® Py, X)

o, B,y

-]1 7-0473,"/ j?aﬁ”‘/

Glob (P, X) * Glob (Ps,X)

2B, B,
2

h‘l By h‘l By {fy}
/ \
Glob e Glob ( Pﬁ ,

FIGURE 4. The Moore flow X as a colimit of globes and points (the defini-
tion of the maps are easily understandable, cf. the proof of [7, Theorem 6.1]
for further explanations)

Proof. The “only if” direction comes from the fact that there is a natural bijection
F(X)? = GFlow ({0}, F(X)).

Let D and E be two G-spaces. Let m(Glob(D) * Glob(E)) be the object of K defined by
the pushout diagram of

m({0})

m(0—1)

m(D)
m(0—0)

m(E) ——— m(Glob(D) x Glob(E)).

By taking the image by the functor K(—,Y") : K — Set, we obtain the pullback diagram
of sets

K(m(Glob(D) % Glob(E)),Y) — K(m(D),Y)

K(m(E),Y) K(m({0}),Y)
for all objects Y of K. We therefore obtain the natural bijection of sets
K(m(Glob(D) * Glob(E)),Y) = GFlow(Glob(D) * Glob(FE), F(Y))
for all objects Y of KC. Let
FI(X) = T m(D(X)).
This defines a functor from GFlow to K. For all objects Y of K, there is the sequence of

natural bijections (note that in the calculation below, the colimits are taken over a same
57



small category which depends only on X)
K(FR(X),Y) ™ K(hﬂ m(D

= lim GFlow (D(X),
%QFIOW(YED(X), (Y))
= GFlow (X, F(Y)),

the first one by definition of Fj, the second one and the fourth one by the universal

property of the (co)limit, the third one by hypothesis and by the calculation above, and
finally the last one by Theorem [B.2 O

After Theorem [B.4 it suffices now to find a multipointed d-space denoted by My ({0})
such that there is a natural bijection with respect to X

GdTop (M7 ({0}), X) = M“(X)"

and a multipointed d-space denoted by MY (Glob(D)) natural with respect to the G-space
D such that there is a natural bijection with respect to D and X

GdTop (MY (Glob(D)), X) = GFlow(Glob(D), M¥(X)).
We have the natural bijections
GdTop ({0}, X) = X° =~ M9(X)°,
and therefore

MY ({0}) = {0}.

We have the sequence of natural bijections

GdTop ( / Z Globg(D(e)),X) = / GdTop(Glob{ (D(¢)), X)
/ || Top(D(1), P, MO(X))

(a,3)EX0x X0

o |_| /Top 5MQ(X))

(a,3)EX0% X0

o |_| Top?” (D, Pa,ﬁMg(X))

(a,3)EX0x X0
=~ || [, Toplo(D,PasM?(X))
(a,8)EX0x X0
=~ GFlow(Glob(D), MY(X)),
the first bijection by definition of a (co)limit, the second bijection by Proposition A3,
the third bijection because the underlying diagram of this end is connected, the fourth

bijection by [29, page 219 (2)], the fifth bijection since [G?, Top]y is a full subcategory
of TopY”, and finally the last bijection by Proposition EL14l We obtain

MY (Glob(D)) = / [ Globy (D(1)).
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APPENDIX C. THE SETTING OF k-SPACES

In this appendix, the category of k-spaces is denoted by Top, and the category of
A-generated spaces by Top,. The proofs are just sketched.

We must at first prove the existence of the projective g-model structure of [G, Topy]o:
[12] is written in the locally presentable setting. We do not know whether the arguments
of [31] are valid here since they are written in the category of Hausdorff k-spaces. Anyway,
it is possible to give a much simpler argument. The inclusion Top, C Top, has a right
adjoint ka : Top, — Top,, which gives rise to a Quillen equivalence. In fact, the g-model
structure of Top,, is right-induced by ka : Top, — Top, in the sense of [623]. From
the functor ka, we obtain a right adjoint U : [G, Top,|o — [G?, Topalo. For an object
X of [G, Topyo, let Path(X) = ¢ — TOP.([0,1], X (¢)) where TOP,, is the internal
hom of Top,,. Since the composite functor ko.TOPj, is the internal hom of Top,, the
Quillen path object argument can be used to obtain that U : [G%, Top,|o — [G%, Topalo
right-induces the projective g-model structure of [G?, Top,o. This technique still works
in the cofibrantly generated non-combinatorial setting: it dates back to [32] (see also [24,
Theorem 11.3.2]).

The g-model category of multipointed d-spaces is constructed in [16, Theorem 6.14]
by right-inducing it and by using the Quillen path object argument again. The g-model
category of G-flows is constructed in [14, Theorem 8.8] by mimicking the method used
in [13, Theorem 3.11] which works for any convenient category of topological spaces.
Indeed, it uses Isaev’s work [26] about model categories of fibrant objects which does not
require to work in a locally presentable setting.

Theorem is not valid anymore. See [I5, Theorem 5.10] for a treatment of the
similar problem for flows. The reason is that a k-space is not necessarily homeomorphic
to the disjoint sum of its path-connected components (e.g. the Cantor space). It is used in
Theorem together with the local presentability of the category of A-generated spaces
to prove the existence of the left adjoint M,g : GFlow — GdTop. In the framework of
k-spaces, the existence of Mf; can be proved using Appendix Bl We have therefore a
Quillen adjunction

M{ 4 MY : GFlow(Top,) < GdTop(Top,)

between the g-model structures, where the notation (Top,) is to specify the category of
topological spaces which is used.

A k-space, unlike a A-generated space, is not necessarily sequential. It is not clear how
to adapt the proof of Theorem by replacing sequences by nets since there is a Cantor
diagonalization argument which does not seem to be adaptable at least with uncountable
nets. It is not clear either how to modify accordingly the last part of the proof of Theo-
rem [(.3]about the sequential continuity because (/]; is an arbitrary compact space now, and
not necessarily a closed subset of [0, 1] anymore. To obtain Theorem [[T] for k-spaces, an-
other method must be used. For all k-spaces Z, the canonical map ka(Z) — Z is a weak
homotopy equivalence which induces a bijection Top, ([0, 1], ka(Z)) = Topa([0,1], Z)
because [0,1] € Topy C Top,. From these observations, we obtain two left Quillen
equivalences GFlow(Top,) — GFlow(Top,,) and GdTop(Top,) — GdTop(Top,,). We
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obtain a diagram of left Quillen adjunctions

GFlow(Top,) —— GFlow(Top,)

| |

GdTop(Top,) —< GdTop(Topy,)

which is commutative because the G-flows {0} and Glob(D) of GFlow(Top,) are taken
to the same multipointed d-space of GdTop(Top,) by Appendix [Bl Using the two-out-
of-three property, we obtain that the Quillen adjunction

M{ 4 MY : GFlow(Top,) < GdTop(Top,)

is a Quillen equivalence. Let X be a g-cofibrant object of GdTop(Top,). Then X €
GdTop(Top,). By Corollary [[.9] there is the isomorphism MY (M9(X)) = X. Let X be
a g-cofibrant object of GFlow(Top,). Then X € GFlow(Top,). By Theorem [T.6] there
is the isomorphism X = MY9(MY (X)).

At this point, it is legitimate to ask whether the main results of the companion paper
[14] are valid for k-spaces. The answer is that they are. The main tool of [14] is the Quillen
equivalence lim : [G°P, Topplo S Topy : Agor proved in [12, Theorem 7.6]. There is the
commutative diagram of left Quillen adjoints

[gOpa TOpA]O — Topy

|

(G, Top,|o — Top,.

All left Quillen adjoints except maybe the bottom horizontal one are left Quillen equiva-
lences. Therefore the bottom horizontal one is a left Quillen equivalence as well.

As a conclusion, most of the results, but not all, of this paper and of the companion
paper [14] are still valid for k-spaces. However, there is no known proofs avoiding to use
A-generated spaces.
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