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Abstract

Granular materials segregate spontaneously due to differences in particle size, shape, density and flow

behaviour. In this paper we experimentally investigate density-difference-driven segregation for a range of

density ratios and a range of heavy particle concentrations. The experiments are conducted in an annular

shear cell with rotating bumpy bottom that yields an exponential shear profile. The cell is initially filled with

a layer of light particles and an upper layer of heavier grains and, on top, a load provides confinement. The

segregation process is filmed through the transparent side-wall with a camera, and the evolution of particle

concentration in space and time is evaluated by means of post-processing image analysis. We also propose a

continuum-approach to model density-driven segregation. We use a segregation-diffusion transport equation,

constitutive relations for effective viscosity and friction coefficient, and a segregation velocity analogous to

the Stokes’ law. The model, which is validated by comparison with experimental findings, can successfully

predict density-driven segregation at different density ratios and volumetric fraction.

Keywords: Density-driven segregation, Annular shear cell, Granular media, Stokes’ law, Shear band

1. Introduction

Segregation of cohesionless particulate materials is one of the major problems that plagues all industries

involved with the handling and processing of bulk solids [1, 2]. Because of segregation, mixture quality

deteriorates, and production costs and wastes rise.
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Segregation occurs when particles differ in size, shape, density, flowability, surface roughness or resilience

[1, 3, 4]. Despite particle size is known to be the most relevant factor determining segregation, the effect of

large density differences may also be of importance for some industries [1]. Because of density differences,

the lighter particles may drift towards the top of the sheared layer, whereas the denser particles sink to the

bottom [5, 6].

Even if the majority of the published studies deals with size segregation, a number of studies have

been conducted with a view to understand density-driven segregation in dense granular flows using both

experiments [7, 6, 8, 9, 10, 11, 12] and discrete element (DEM) simulations [13, 14, 15, 16, 17]. Furthermore,

numerous theoretical models have been reported in the literature [14, 15, 18, 12, 17]. In the development

of such theories two different approaches have been used. The first one is based on the Kinetic Theory of

Granular Flow (KTGF), whereas the second one is based on a hydrodynamic balance of forces. In the former

case each species is characterized by its own granular temperature. The granular temperature is a kinetic

energy associated with velocity variances, and it drives segregation [16, 19]. Despite it has been shown that

the kinetic theory predicts well segregation in the case of low or moderate solids fractions, it breaks down

quantitatively in the case of densely packed flows, which are characterized not only by collisions but also by

multi-body long-lasting contacts with neighbouring particles [20, 21, 16]. On the other hand, models based

on hydrodynamic forces (drag and buoyancy) are able to successfully reproduce gravity-driven segregation

[22, 14] although they have phenomenological bases.

Density-driven segregation has been studied in a variety of systems, among which there are fluidized beds

[23], vertically vibrated cylinders [24], rotating cylinders [25, 26, 11], inclined chutes [13, 15, 18], split-bottom

cells [10] and shear cells [27, 28, 29, 30].

Here, experiments are performed in an annular shear cell with a rotating bumpy bottom and an over-

loaded top bumpy wall. The geometry is similar to that used in Savage and Sayed [27], and Wildman et al.

[28]; furthermore it has been used by May et al. [29] to study shear-driven size segregation and by Artoni et

al. [30] to asses stresses, shear localization and wall friction of confined dense granular flows. This geometry

has many advantages: it allows the generation of a continuous granular flow and the assessment of well-
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defined initial and final states. Moreover, in this type of systems, the velocity profile decays exponentially

with depth (from the rotating shearing bottom to the top lid) and hence, the shear rate is not uniform. To

the author’s knowledge, nobody has studied density-driven segregation in such a system before.

The cell is filled with a binary mixture of spherical particles, all having approximately the same size

(6 mm diameter) but different densities. The particle bed is initially stratified: a layer of heavier spheres

is poured on a layer of less denser grains. A top bumpy wall free to move vertically, with some masses

loaded on it, sits above them. The percolation process is recorded at the side-wall through a camera and

the concentration profiles is evaluated with post-processing image analysis. The experiments are conducted

for a range of density ratios and heavy particle concentrations.

In this paper, we also propose a mathematical model for describing density-driven segregation of dense

granular flows. The model is similar to the segregation model previously proposed by Tripathi and Khakhar

[14]: as they did, we derived a relation for the segregation velocity based on a modified version of the Stokes’

law. However, partly because of the relatively simple flow configuration, our formulation is characterized

by a significant reduction in complexity: we introduced neither the effective temperature nor a coupling

with a rheological model for describing the flow field. The latter is made possible by assuming a velocity

profile known a priori. The aim was to reduce the uncertainties related to a rheological model and to focus

mainly on definition and validation of the segregation law. The velocity profile is expected to depend on the

local pressure profile. This segregation velocity is implemented within a transport equation for the species

concentration, namely a segregation-diffusion equation. The system is closed with constitutive relations for

both granular viscosity and friction coefficient taken from literature [31]. The one-dimensional model is

numerically solved for the same density ratios and initial particle concentrations that has been investigated

experimentally.

To assess the validity and the accuracy of the model, the numerical results are compared with the

experimental findings. In particular, the root-mean-square deviation (RMSD) between the measured and

predicted evolution of the heavy particle concentration, which evolves in space and time, has been estimated

and used to obtain the optimal model parameters, which are correlated to particle and contact properties. It
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is shown that the model is able to predict density-driven segregation of dense granular flow, also when grains

are subjected to exponential shear rate profiles, provided that, the degree of exponential decay appearing

in the velocity profile is correctly estimated. We then found that density segregation is very sensitive to

the shear localization features and that, at low load, a transverse friction coefficient may induce a three

dimensional flow pattern.

The paper is organized as follows. Next section (§2) presents the experimental set-up and the measure-

ments method; whereas section §3 deals with the mathematical model. The experimental and numerical

results are presented in sections §4 and §5, respectively. We will discuss in detail the effect of the exponential

decay in section §6. The conclusions of the work are presented in section §7.

2. Experimental method

2.1. Experimental set-up and operative conditions

Experiments were conducted with ≈ 6 mm (Dp) diameter spherical particles confined in an annular

geometry made of two coaxial cylindrical poly-methyl-meth-acrylate (PMMA) walls. The smallest cylinder

had outer diameter, Din, equal to 90 mm, whereas the largest cylinder had inner diameter, Dout, of 190

mm. The annular region was therefore 50 mm thick.

The horizontal top and bottom boundaries were made of poly-lactic acid (PLA) and printed with a 3D

printer. To increase friction between walls and grains and to reduce sliding, these horizontal walls were

designed with hemispheres of diameter dem = Dp placed on a continuous random triangulation with a mean

distance of s = 2Dp between their edges. The bottom surface was fixed on a rotating plate, whereas the

top surface was free to move vertically, but could not rotate. On the top surface, some masses could also

be loaded in order to vary the compressive force applied on the particle bed. A sketch of the experimental

apparatus is reported in Figure 1. For a more detailed description of the set-up, see Artoni et al. [30].

All the experiments that are reported in this paper were performed with the bottom plate rotating at

a constant rotational speed of Ω = 23.44 rpm; furthermore a weight Mw of 1.093 kg (top bumpy wall plus

steel masses) was always applied on the grains.
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Figure 1: Sketch of the annular shear cell and the coordinate system. Particles are filled in the annular region with thickness

equal to ∆R in between the two horizontal bumpy walls. The bottom wall rotates at a rotational speed Ω; whereas on the top

lid additional load is applied.

At the start of each experiment, the cell was filled with two layers of spherical particles: a lower layer of

lighter particles and an upper layer of more massive particles. The position of the interface between the two

layers therefore depended on the initial overall volumetric fractions (or concentrations) of the two species,

which we denote, in reference to the heavy particles, as ch,0 (the dual concentration of the light particles is

cl,0 = 1−ch,0). The total bed height, H, was equal to 90 mm, namely 15 particle diameters. To increase the

number of possible combinations of density ratio, five different-density spherical particles were employed.

They were made of Stainless Steel, Ceramic, Glass, filled Polyoxymethylene and Polypropylene (see Fig. 2).

All the combinations of density ratio, which is defined as δR ≡ ρh
ρl

, and volume fraction for which segregation

has been evaluated, are listed in Table 1. For the tested combinations, the amount of grains filled in the

cell, Mg, is reported in kg. We will see later that mass differences (the mass varied in the range [1.62, 8.64]

kg) have a huge impact on the localization of the shear band, and by implication on segregation.

Preliminary experiments highlighted that the tests were fairly repeatable. In the framework of a quali-

tative comparison with a segregation model, we present in the following only one repetition for each tested

condition.
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Figure 2: Photographs of the materials and their corresponding densities. From the left to the right: Steel, Ceramic, Glass,

filled Polyoxymethylene and Polypropylene. Their particle diameters are: 6.0 ± 0.025 mm for steel, 6.0 ± 1.0 mm for ceramic

(however we measured d10 = 5.6 mm and d90 = 6.3 mm), 6.0± 0.3 mm for glass, 5.9± 0.1 mm for filled Polyoxymethylene and

6.0 ± 0.05 mm for Polypropylene.

Mg [kg]

ID Heavy p. Light p. δR 10% 25% 50% 75% 90%

S-PP Steel Polypropylene 8.25 –––– –––– 5.25 7.30 8.54

S-POM Steel Filled POM 4.46 2.83 3.92 5.73 7.55 8.64

C-PP Ceramic Polypropylene 3.70 –––– –––– 2.67 3.43 3.89

G-PP Glass Polypropylene 2.59 –––– –––– 2.04 2.49 2.76

POM-PP Filled POM Polypropylene 1.85 –––– –––– 1.62 –––– ––––

G-POM Glass Filled POM 1.40 –––– –––– 2.52 –––– ––––

Table 1: Details of the experimental conditions. The columns report, from left to right, the combination ID, the heavy

component, the light component, their density ratio δR and ch,0. For the tested combinations, the total mass of grains Mg

filled in the cell is reported in kg.

2.2. Concentration measurements at the wall

The segregation process was filmed through the transparent outer cylindrical wall by a commercial

camera (GoPro Hero 4 black) placed besides the cell. The camera was running at 0.5 or 1.5 fps, depending

on the investigated density ratio. In the case of δR = 1.40, δR = 1.85 and δR = 2.59, the segregation process

was such slow that 0.5 fps was small enough to capture the main features of segregation. At the two sides of

the camera, two homogeneous light emitting diode (LED) lamps were placed for lighting the system. Once

taken, the images were transferred from the camera to the computer.

We measured the concentration profile at the sidewall by post-processing image analysis. The images,
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which were slightly distorted because taken with a wide-angle lens, were firstly undistorted, cropped, and

successively converted from the RGB colour space to Grey. The particles were detected thanks to the

HoughCircles tool [32] that gave as output the coordinates of the centres and the diameters of the particles.

To discern heavy and light particles, the cropped RGB images were also converted in the HSV or LAB

colour-space and subjected to threshold segmentation. These images were used as mask for discriminating

between the two material types. After post-processing, we ended up with knowing position and type of each

particle in time. An example of processed image is shown Fig. 3. On the left, the frame is reported after

distortion correction, whereas on the right the detected particles, differentiated by type, are drawn.

The window for the investigation spanned the entire height of the particle bed (H = 15Dp) and was 9 Dp

wide (small enough to reduce the effect of the wall curvature). To estimate how the concentration evolves

in space and time, the investigation window was subdivided into 15 discrete horizontal layers, each of which

was one particle diameter high. The concentration of heavy particles in a given layer was calculated as the

number of heavy particles over the total number of particles having their centre within that layer. To reduce

the noise in the concentration profiles, the moving average technique was applied over time.

To summarize, we first determined the type and position of each particle by means of post-processing

image analysis. Then, the temporal evolution of the heavy particle concentration through the depth of the

cell was reconstructed.

3. Density segregation model

As it was shown, in the annular shear cell the flow can be approximated as unidirectional in the azimuthal

direction θ, whereas it varies only in the vertical z-direction: v = (0, vθ(z), 0). In this section, a continuum

model for describing density-driven segregation is developed.

3.1. Conservation laws

For describing the change in local constituent concentration due to segregation, each species has to

satisfy a transport equation. Here it is assumed a diffusive-segregating transport mechanism, so the volume
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Figure 3: On the left: example of a cropped and undistorted picture. On the right: draw of the detected particles distinguished

for density.

concentration ci, which is defined as the ratio between the local volume fraction of specie i and the total

solid volume fraction (ci = φi/φs), is given by:

∂ci
∂t

=
∂wici
∂z

− ∂

∂z

(
D
∂ci
∂z

)
, (1)

where the subscript i can be h or l for heavy and light components respectively; wi is the segregation

velocity (see §3.2); and D is the diffusion coefficient. Note that, because the bulk velocity is negligible in

the z-direction, advection was neglected.

For what concerns diffusion, it is due to random particle collisions and it depends on local shear rate

and on particle diameter [33, 14]. The scaling expression we used for D reads:

D = bγ̇Dp
2, (2)

where b is a constant and it is assumed to be equal to 0.041 [33]. It is worthwhile underlining that the

dependences of D on the overburden pressure was proven to be negligible in the case of both size and
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density bi-dispersed flow [34].

To characterize the shear rate, the velocity profile of the particles as a function of the flow depth is

required. In an annular shear cell, for a monocomponent material, the velocity profile decays exponentially

with the bed height [29, 30] so that it is well described by an exponential profile of the type:

v(z) = v1 + (v0 − v1) exp
(
−z
δ

)
, (3)

where v is the particles horizontal velocity, v0 and v1 correspond respectively to the velocity of the bottom

wall and the slip velocity at the top boundary; δ is the coefficient of the exponential decay which depends

linearly on particle size. [30]. Here we assume that the velocity profile remains exponential also for density

bidisperse mixtures.

Owing to the non-uniformity of the velocity gradient, the shear stress is obviously not constant throughout

the domain. To obtain the shear rate, the velocity profile is differentiated as:

γ̇(z) =
dv

dz
=

d

dz

[
v1 + (v0 − v1) exp

(
−z
δ

)]
. (4)

Since the velocity profile is approximately time-independent, except for an initial transient [29], we do not

consider the shear rate profile varying with time in segregation development.

At top and bottom walls, the no-flux boundary condition was imposed:

D
∂ci
∂z
− wi = 0. (5)

The initial condition must correspond to the initial experimental configuration, so the heavy particle con-

centration in space, at time t = 0, is represented with the following step function:

ch(z, 0) =


0 0 ≤ z ≤ z̄

1 z̄ ≤ z ≤ H.

(6)

where z̄ is the location of the interface between light and heavy components. For practical purposes, the

concentration jump across the interface was smoothed with a second-order continuous smoothing function.

This guarantees the continuity of the first and second order derivatives and hence, avoids discontinuous

solution.
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3.2. Segregation velocity

Let’s consider a heavy spherical particle of size Dp and solid density ρh in a medium composed of lighter

particles. At steady state, the force of gravity is balanced by the buoyancy and the drag forces:

Fg = Fb + Fd, (7)

If in Eq. 7, the drag term is modelled as a viscous one, we obtain:

π

6
D3
pρhg =

π

6
D3
pρm,sg + 6πη

Dp

2
wh, (8)

where g is the gravitational acceleration that acts in the direction of fall and it is equal to 9.81 m/s2, and

ρm,s is the local density of the solid mixture. For a binary mixture of different density particles, ρm,s is

obtained weighting the solid density of each component by its local volumetric fraction as:

ρm,s = ρhch + ρlcl. (9)

After substituting Eq. 9 in Eq. 8, solving Eq. 8 for the velocity gives:

wh =
D2
pg

18η
[(1− ch) (ρh − ρl)] , (10)

which is analogous to the terminal velocity of a sphere that falls under gravity in a viscous medium as

predicted by the Stokes’ law [35]. Thus, the segregation velocities of heavy and light particles under shear

in a dense bi-dispersed granular flow are respectively equal to:

wh =
D2
pg

18η

[
ρh (1− ch)

(
1− 1

δR

)]
, (11)

wl =
D2
pg

18η
[ρl (1− cl) (1− δR)] . (12)

It should be noted that the higher the density difference, the higher the driving force leading to segregation.

Moreover, segregation is faster when a particle is surrounded by a larger amount of grains of the other

component. The dependence of the segregation velocity on shear rate and pressure gradient is discussed

below (see § 3.3).
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3.3. Constitutive relations

To provide a closure for the transport equation, a constitutive relation for the effective viscosity, η, has

to be introduced in the model.

The effective viscosity, η, is commonly modelled with the law proposed by Jop et al. [31] that reads:

η(|γ̇|, P ) =
µ(I)P

|γ̇|
. (13)

This effective viscosity depends on both shear rate and local pressure [31]. The latter evolves in time and

varies with depth according to:

P (z, t) = Pload + g

∫ H

h

ρb(z, t)dz. (14)

The definition of granular viscosity (Eq. 13) requires also a closure relation for the friction coefficient µ(I).

The friction coefficient increases with the inertial number, I, from a minimum value, µmin, at zero shear

rate, and saturated to µ2 at higher values of I. This because, granular matter shares similarities with

viscous-plastic fluid, such as Bingham fluids [31]. As friction law, we used the one proposed by Jop et al.

[31] that reads:

µ(I) = µmin +
µ2 − µmin
I0/I + 1

(15)

where µmin = tan(20.90o) ≈ 0.38, µ2 = tan(32.76o) ≈ 0.64 and I0 = 0.279 for glass spheres. The inertial

number I is defined as:

I ≡ |γ̇|Dp

√
ρm,sφs
P

. (16)

The solids volume fraction, φs, was assumed constant and approximately equal to 60%. The value 60% is

obtained from experimental evidences at the beginning of the tests. Instead, the assumption of being constant

is reasonable since the bed is confined by an overload and, unlike size segregation, the local porosity does

not change accordingly to the local concentration of each specie.

We want to highlight that the scaling law in Eq. 15 has been empirically determined by Jop et al. [31]

with experiments carried out using glass beads having 0.53 mm diameters. However, in our experiments

we employed particles with larger size, made of different materials and thus, with likely different frictional

properties. Furthermore, our fully confined flow configuration surely influences the macroscopic rheology.
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To account for these effects in the rheological model, the friction coefficient was simply corrected with a

constant factor, k. The corrected friction coefficient becomes:

µ∗(I) = k · µ(I). (17)

By replacing µ(I) with µ(I)∗ in Eq. 13, we obtained the expression for the viscosity η:

η(I) =
µ∗(I)P

|γ̇|
(18)

The optimal value of k is the one that leads to the best match between experimental and simulated profiles.

Notice that the use of the rheological model regarded only the definition of the segregation law, which

contains the solid viscosity, but did not enter in the calculation of the flow field, which was assumed to be

known.

4. Experimental results

As a first macroscopic assessment of the evolution of segregation, we analysed the concentration profiles

of the heavy component in the bottom part of the cell. The assessment was done for six different density

ratios and 50% volumetric fraction. The resulting profiles are displayed in Fig. 4. When the granular

material flows, all particles start diffusing and segregating: heavy grains percolate downward, whereas light

particles rise through the bed due to the buoyant force. The heavy particle concentration grows from 0,

passes through 50% concentration, and then reaches the steady state. Such a system has moved from the

initially segregated configuration to a well-mixed state, until re-segregating again. In the case of higher

density ratios, the driving force leading to segregation is higher and dominates over diffusion. For smaller

density ratios, diffusion gains always more importance over segregation. For this reason, the lower the

δR, the lower the final ch reached (e.g. ch,b settles at around 73% for δR = 1.40). In order to extract

some parameters describing the process dynamics, the experimental profiles were fitted by solving the Least

Squares Minimization problem with the following hyperbolic tangent function:

f(t) =
A

2
·
[
1− tanh

(
− t− t0
τ − t0

)]
. (19)
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Figure 4: Evolution of the concentration profiles of the heavy grains at the bottom. The profiles are shown for different density

ratio δR. In all cases the experiments were started by filling the bottom-half of the cell with the lighter material, and the

top-half of the cell with the denser material (50% initial overall concentration). In the inset, the 8.25 and 4.46 density ratio

curves are represented on a larger scale. Note that all solid lines represent the experimental results, whereas the dashed lines

are fitted with Eq. 19.

where t0 and τ are respectively the time required to reach the 50% and the 88% of the final heavy particle

concentration, named A. The fitting curves are represented as dashed lines in Fig. 4 together with the raw

data.

In Fig. 5, the parameters A and τ and their fitting curves are reported as a function of density ratio. A

can be estimated with good accuracy (Mean Squared Error equal to 7.3 · 10−4) with the following function:

A = 1− 1

2 · δβR
δR > 1, (20)

where β = 2.27 is an exponent characterizing the sensitivity of the final segregation state on the density

ratio. For what concerns τ , it follows an exponential decay but, as the MSE reveals, its fitting is not so

accurate. In the limit of δR = 1 (i.e. when the two species have the same density), the system is always

perfectly mixed (ch = 50%) and segregation never occurs (diffusional mixing prevents separation). On the

other hand, when δR becomes very large, the time required to reach the re-segregated state tends to 0, and
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Figure 5: Plot of the fitting parameters A and τ as a function of the density ratio for ch = 50%. The first parameter refers to

the left yaxis, whereas the latter refers to the right yaxis. The Mean Squared Errors (MSE) are also reported.

segregation happens almost instantaneously.

To see in more detail how heavy particle concentration evolves in the entire flow depth, we have re-

constructed the temporal evolution of the heavy particle concentration through the depth of the cell. The

resulting contour maps are reported in Fig. 6 to Fig. 9, respectively for increasing volume fractions. The

contour maps are characterised by 100 contour regions and, to reduce the noise, concentrations have been

smoothed over time by applying the moving average. Independently of δR and ch,0, the time required by

the heavy particles to reach the bottom is always smaller than the time required by the smaller particles to

reach the top. Furthermore, the final fully segregated state is reached faster in the case of higher δR and for

ch,0 = 50%. It is interesting to see that, the time required to reach the steady state is higher for δR = 1.85

than for δR = 1.40, despite the higher density ratio, being ch,0 = 50% equal. This is because the total mass

of grains was Mg = 1.62 kg and Mg = 2.52 kg for δR = 1.85 and δR = 1.40 respectively. As we will see, the

lower the mass under the same load, the thinner the shear band.

At the interface particles partially mix due to diffusion. This indicates that diffusive remixing due to

the random collisions between the grains as they are sheared competes against density-driven segregation.
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This competition is relevant especially for small δR, whereas for higher δR the interface is sharper.

Figure 6: Experimental measurements of the heavy particle concentration distributions in time and as a function of the

dimensionless cell height, H∗ for ch,0 = 10% (on the left) and ch,0 = 25% (on the right). In both cases, δR = 4.46. The colour

bar refers to ch. At the left of each contour plot, the initial concentration profile is also displayed.

5. Numerical results

Rather than deforming uniformly, granular materials under shear stresses develop shear bands, zones of

intense shear close to essentially rigid regions [36]. The formation of shear bands is often explained by the

existence of a yield shear stress [30]. Very little is known about shear band and about how the microstructure

of individual grains affects movement in densely packed material [36]. Mueth et al. [36] found that at high

packing density and slow shear rate, the key characteristics of the granular microstructure determine the

shape of the velocity profile. Artoni et. al [30] demonstrated that the exponential decay appearing in the

velocity profile (δ) is strictly related to the ratio between the mass loaded on the system and the mass of

the grains: M̃ ≡Mw/Mg.

For this reason, we gave verification of the segregation model proposed in § 3 for three cases having a

similar M̃ , as reported in Tab. 2.

The model was implemented in a finite element commercial code (COMSOL®). For each test, sim-

ulations were run for different values of the parameter k and different values of the exponential decay δ.

The test were planned as per full factorial design. Following [30], the value of δ/H should be close to 0.20
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Figure 7: Experimental measurements of the heavy particle concentration distributions in time for ch,0 = 50% at decreasing

density ratio. At the left of each contour plot, the initial concentration profile is also displayed.

and hence, we chose to test δ/H = 0.18, 0.20 and 0.22. Furthermore, preliminary test showed that a value

k = 0.60 is reasonable to capture experimental results. Thus, we performed simulations with k = 0.5, 0.6

and 0.7. We used as key performance indicator, KPI, the root-mean-square deviation between experimen-

tal and simulated contour maps. The evaluation of the RMSD between contour plots (i.e. matrices) was

calculated as:

RMSD =

√∑m
i=1

∑n
j=1(cij,exp − cij,num)2

m · n
, (21)
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Figure 8: Experimental measurements of the heavy particle concentration distributions in time for ch,0 = 75% at decreasing

density ratio. At the left of each contour plot, the initial concentration profile is also displayed.

where m and n are the matrices dimensions. The optimal combination of values k and δ is the one that

minimize the RMSD.

Tab. 3 lists, for each combination of the factors, the resulting RMSD in the case of 50:50 mixtures of

1) Ceramic and Polypropylene, 2) Glass and Polypropylene and 3) Glass and filled-POM. It is clear that,

the combination of values that minimize the RMSD is k = 0.7 and δ/H = 0.18.

In Figs. 10, 11 and 12 the comparison between experimental findings and numerical results, computed

with the optimal combination of k and δ, are reported for 50%, 75% and 90% volumetric fraction of the heavy

component, respectively. As expected, the experimental results are much noiser than the numerical ones due

to the discrete nature of our system and the continuous approach used in the simulations. However, since

the RMSD between experimental and numerical outcomes is always smaller than 18%, we can conclude that

they agree both qualitatively and quantitatively. The proposed model is therefore able to captures the main
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Figure 9: Experimental measurements of the heavy particle concentration distributions in time for ch,0 = 90% at decreasing

density ratio. At the left of each contour plot, the initial concentration profile is also displayed.

features of density-driven segregation in the case of densely packed flow, also for non homogeneous shear

rates. However, it should be noted that δ is a function of M̃ therefore, δ = 0.18 works for the cases reported

in Tab. 2. We will prove that the dynamics of the granular flow, and hence the features of segregation, is

strictly connected to δ in section §6.

During the mixing stage, we experimentally saw (see Fig. 10) more heavy particles (red) on the external

side-wall than numerically. This effect becomes also more remarkable for higher M̃ , suggesting that the

applied load influences not only the shear features, but also the transverse wall friction coefficient [30]. For

lower M̃ , the shear band is larger, the transverse wall friction coefficient is definitely lower than its streamwise

counterpart and hence, the horizontal flow of grains dominates over radial motion. On the other hand, for

higher values of M̃ , the shear band is thinner, the radial forces becomes always more important and particles

starts moving significantly also in the radial coordinate. This may lead to a three-dimensional recirculation
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ch,0 Mg Mw/Mg Mw+Mg

C-PP 50% 2.67 0.41 3.77

G-PP 50% 2.04 0.54 3.14

G-POM 50% 2.52 0.44 3.62

Table 2: The segregation model has been tested for these three cases that are characterized by a similar M̃ = Mw/Mg [-]. Mg

and Mw are expressed in kg.

Factors RMSD

ID k δ/H C-PP G-PP G-POM

1 0.50 0.18 0.206 0.217 0.149

2 0.50 0.20 0.254 0.252 0.162

3 0.50 0.22 0.283 0.277 0.170

4 0.60 0.18 0.182 0.194 0.130

5 0.60 0.20 0.231 0.227 0.142

6 0.60 0.22 0.262 0.252 0.150

7 0.70 0.18 0.169 0.182 0.119

8 0.70 0.20 0.213 0.209 0.130

9 0.70 0.22 0.246 0.233 0.138

Table 3: The results obtained from the full factorial design of experiment for: 1) C-PP, 2) G-PP and 3) G-POM.

pattern: while rising, small particles moved away from the outer wall for reappearing once reached the top.

Since our model is one-dimensional, it cannot capture this feature and so, we always see the small particles

at the outer surface. It should be noted that, the presence of this three dimensional recirculation pattern

in geometries similar to our, has always been neglected or minimized in the existing literature, also in the

case of size-driven segregation. Let’s see for instance at Fig. 2 of L. May et al. (2010) [29]: while rising, not

all the large particles appears at the window in the outer wall, indicating that something is hidden in the

third dimension. A detailed study on the relative influence of the effective streamwise and transverse wall

friction coefficients on granular flow is required and it will be the subject of a future contribution.
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Figure 10: Comparison between experimental finding (first column) and numerical results (second column) for ch,0 = 50%.

The numerical contour maps have been obtained with the optimal combination of k and δ. The RMSD are: 0.169, 0.182 and

0.119 for δR equal to 3.70 − 2.59 − 1.40 respectively.

6. Shear localization and velocity profile

Artoni et al. [30] show that the velocity profile is not universal but depends on the flow parameters.

Furthermore, the exponential decay, δ, is affected by the joint effect of normalized applied load, M̃ , and

flow depth. In the limit of small M̃ , the pressure at the bottom is low with respect to that induced by the

grains, and the shear localizes in a wider band. Also a decrease in the flow depth acts in the same way. In
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Figure 11: Comparison between experimental finding (first column) and numerical results (second column) for ch,0 = 75%.

The numerical contour maps have been obtained with the optimal combination of k and δ. The RMSD are: 0.166 and 0.176

for δR equal to 3.70 and 2.59 respectively.

our cases, the flow was always 15 particle diameters depth, therefore it can be assumed that the normalized

applied weight, M̃ , is the only factor influencing δ.

To prove that the dynamics of granular flow is strictly related to the height of the shear band, which

in turn is linked to the normalized applied weight, we performed velocity profile measurements. The cell

was completely filled with one material at a time, except for the steel because too heavy to be supported

by the motor. The operating conditions were the same as for the segregation experiments: the bottom wall

was rotating at 23.44 rpm and 1.093 kg was loaded on the top. Differently from before, the process was

recorded with a high-speed camera (Phantom Miro 320S). For each material, three movies were recorded at

24, 100 and 1000 frames per second, respectively. Working with different frame-rates is indeed required to

obtain meaningful profiles for all the flow depth. The videos were processed with the free software ImageJ.
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Figure 12: Comparison between experimental finding (first column) and numerical results (second column) for ch,0 = 90%.

The numerical contour maps have been obtained with the optimal combination of k and δ. The RMSD are: 0.175 and 0.091

for δR equal to 3.70 and 1.40 respectively.

The displacement of particles between consecutive frames was manually tracked and the velocity profile

reconstructed by connecting the segments obtained at different frame rates.

We also carried out discrete element method (DEM) simulations to obtain the velocity profiles of glass

and steel, whose simulation details are reported in appendix. Since the velocity profile of glass is in agreement

with the experimental one, our simulation is quantitatively valid and the simulated profile of steel, which

was impossible to determine experimentally, can be considered trustworthy.

Fig. 13 shows the velocity profile thus obtained. The decay is steeper for Polypropylene, whereas the

degree of decay is lower for steel. The difference in the decay of the velocity profile is in agreement with what

is reported in [30] and is due to the different masses of the grains. In the inset of Fig. 13, the dimensionless

coefficient of exponential decay is reported as a function of Mw/Mg. As expected, this shows that steel
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Figure 13: Velocity profile for the pure components. The profile for PP, POM, G and C were obtained from experiments,

whereas the one of steel by DEM simulation.

is characterized by a wider shear band than lighter material under the same load, at least for 15 particle

diameters flow depth.

Fig. 14 reports the values of the parameters A and τ that we achieved numerically for a range of density

ratios and considering k = 0.70 and δ = 0.18. The fitting of A is done with Eq. 20 and β = 2.32. Since the

experimental β was 2.27, there is good agreement between experiments and simulation. Nevertherless, τ is

overestimated for δR = 8.25 and δR = 4.46, and underestimated for δR = 1.85. The cases with δR = 8.25

and δR = 4.46 are characterized by a greater M̃ and, the exponential decay must be higher than 0.18. In

contrast δR = 1.85 is the case with the smallest M̃ , the shear band is the thinnest, and δ must smaller than

0.18 in order to have reliable results. It is now evident that, consistently with our main assumption, δ is

sensitive to M̃ .

7. Conclusions

The objective of the present investigation was to observe and model density-driven segregation in the

case of dense granular flow where long-lasting contacts between neighbourhood particles are dominant.
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Figure 14: Plot of the fitting parameters A and τ that we obtained numerically with k = 0.70 and δ = 0.18 as a function of

the density ratio for ch = 50%. The first parameter refers to the left yaxis, whereas the latter refers to the right yaxis. The

Mean Squared Errors (MSE) are also reported. For comparison, we have drawn also the fitting of the experimental parameters

(dashed lines).

Firstly, we have performed quantitative experiments. The segregating system was characterized by a

shear-rate gradient that lead to segregation of particles according to their density. The assessment was done

for binary mixtures initially segregated, differing in density ratio and volumetric fraction. To the authors’s

knowledge, this is the first time that density driven segregation is experimentally studied in an annular

shear cell where the flow is uninterrupted and where there is no need to feed material. The experimental

results show that it is not always true that the higher the density ratio, the faster the segregation process:

the segregation process is indeed strictly related to the flow features of the system such as the degree of the

exponential decay of the velocity profile. We also show that, the higher the density ratio, the sharper the

interface reached at the final steady state.

A mathematical model has successively been developed. The proposed segregation velocity is analogous

to the settling velocity predicted by the Stokes’ law. It should be noted that a similar model has been

found in a previous work of Tripathi and Khakhar [14]. However, unlike them, we do not described granular
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segregation in terms of effective temperature and we do not combined the segregation model with a rheo-

logical model. In our analysis, which aimed to develop an expression for density-driven segregation velocity,

the flow field was modelled using an exponential velocity profile. The optimal values of the two model

unknowns where obtained by a full factorial design of experiment aimed at minimizing the RMSD between

experimental finding and numerical outcomes. Overall, the results of the mathematical model match the

results determined from experiments for different density ratios.

We found that, understanding the shear band localization is crucial to describe and predict granular flow

onset and rheology [30]. We also shows that, in the limit of high normalized loaded mass, a three-dimensional

flow pattern takes place within the granular bed, influencing what we see at the sidewall. In the view of the

above, the segregation model gives quantitatively and qualitatively good results.

The main advantage of our continuum model is that it permits analytical and fast numerical solutions for

a range of density ratios and different volumetric fractions. The model can therefore be applied broadly for

investigating and designing binary powder systems. The only drawback is that it requires the knowledge of

the velocity profile since the shear localization features influence the segregation time. This problem could

be solved by coupling the density-segregation velocity to a non-local rheology.

Further studies are required in order to better understand the evolution in time of the velocity profile,

the shear localization patterns and the effect of the wall friction coefficient on different mixture of grains

since, all of these effects can affect segregation.
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Appendix: Simulation method

We implemented our 3D soft-sphere simulation with LIGGGHTS®-PUBLIC [37, 38], an open source

DEM particle simulation software. In DEM simulations, the trajectory of each particle is calculated consider-

ing all the forces acting on it and integrating Newton’s second law of motion and the kinematic equations for

position and orientation [39]. The translational and rotational motions are given by the following equations

[40]:

dvi
dt

=

∑
Fij
mi

+ gi (22)

dωi
dt

=

∑
F TijRi + τij

I
(23)

where vi and ωi are the linear velocity and the angular velocity, I is the moment of inertia and gi is the

acceleration due to gravity of particle i. The force Fij is the contact force between the grain i and the grain

j, whereas F Tij is its tangential component. By Netwon’s third law, the force experienced by particle j is:

Fji = −Fij [41]. If one wants to account for the effect of rolling friction during contact, the torque term τij

should also be included [42].

As contact force model, we employed the linear spring-dashpot model based on a Hooke-type relation. In

the linear spring-dashpot model, if the two spherical particles (i and j) are in contact, namely their distance

r is less than their contact distance, d, (d ≡ Ri +Rj), the normal and tangential contact forces acting on i

are calculated respectively as [43]:

FNij = knδijnij − γnmeffvnij
, (24)

F Tij = ktδijtij − γtmeffvtij . (25)

In Eq. 24 and 25, kn and kt are the normal and tangential elastic constants, γn and γt are viscous damping

constants, meff is the effective mass defined as meff =
mi·mj

mi+mj
. Being µ the sliding friction coefficient,

particle sliding occurs when the Coulomb criterion, namely |Ft,ij | < µ|Fn,ij |, is not satisfied. As rolling
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friction model we used the Constant Directional Torque, CDT, in which the rolling friction is represented

by a constant torque [38, 42].

The parameters we used in the simulations were evaluated as follow. We firstly estimated a suitable

value for the normal elastic constant, kn, and then we assumed that:

kt =
2

7
kn , γt = 0. (26)

The normal viscous dumping coefficient, γn, was set such that the restitution coefficient, en, which is defined

as:

en = exp

 −γnπ√
4kn
meff

− γ2n

 (27)

satisfy the desired value [40, 41, 43]. Finally, the time step was imposed smaller than the duration of collision

[44], whose estimation reads:

tn = π

[
kn
meff

−
(
γ2n
2

)]−1/2

. (28)

The simulation parameters are summarized in Table 4 together with some system information. The simulated

annular shear cell had the same dimension of the real one (see Fig. 1) and finite boundary conditions in all

directions. The top and bottom bumpy walls were represented with the same mesh used for the 3D printing

of the real ones. On the top wall, 10.72 N of loading acting on the negative z direction was applied and

the bottom wall was rotated at a constant rotational speed of 23.44 rpm. The sliding friction coefficient

between particle and wall was set equal to 0.33.

DEM simulations allowed the velocity profile of frictional and cohesionless particles made of steel and

glass to be investigated.
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Variable Symbol Value

Particle diamater [m] Dp 0.006

Intrinsic density of steel [kg/m3] ρS 7800

Intrinsic density of glass [kg/m3] ρG 2450

Normal elastic constant [N/m] kn 8.00e05

Tangential elastic constant [N/m] kt 2.29e05

Normal visco-elastic damping constant of steel [N/m] γn,S 9.61e03

Normal visco-elastic damping constant of glass [N/m] γn,G 1.71e04

Tangential visco-elastic damping constant [N/m] γt 0

Restitution coefficient en 0.70

Inter-particle friction µ 0.20

Rolling friction coefficient µr 0.005

Time step ∆t 1e− 6

Wall-particle friction µwp 0.33

Rotational speed [rpm] Ω 23.44

Loading [N] Fload -10.72

Gravity [m/s2] g -9.81

Boundary conditions − f f f

Table 4: A summary of the DEM simulation parameters.
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