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Abstract

This paper investigates the dynamic behavior of a simplified single reed instrument model subject to a stochastic forcing
of white noise type when one of its bifurcation parameters (the dimensionless blowing pressure) increases linearly over time
and crosses the Hopf bifurcation point of its trivial equilibrium position. The stochastic slow dynamics of the model is
first obtained by means of the stochastic averaging method. The resulting averaged system reduces to a non-autonomous
one-dimensional [td stochastic differential equation governing the time evolution of the mouthpiece pressure amplitude.
Under relevant approximations the latter is solved analytically treating separately cases where noise can be ignored and
cases where it cannot. From that, two analytical expressions of the bifurcation parameter value for which the mouthpiece
pressure amplitude gets its initial value back are deduced. These special values of the bifurcation parameter characterize
the effective appearance of sound in the instrument and are called deterministic dynamic bifurcation point if the noise
can be neglected and stochastic dynamic bifurcation point otherwise. Finally, for illustration and validation purposes,
the analytical results are compared with direct numerical integration of the model in both deterministic and stochastic
situations. In each considered case, a good agreement is observed between theoretical results and numerical simulations,

which validates the proposed analysis.

List of main symbols

The next list is not exhaustive, it describes only the main
symbols that will be later used within the body of the doc-
ument.

Pn, P, u  Physical unknowns in the reed instrument model
(n*™® modal component, pressure and volume flow
at the input of the instrument respectively)

T, Ty Amplitude of p in the amplitude/phase represen-
tation (different subscript is used to stress the
dependance)

A(y) Intermediate quantity used throughout the pa-

per and defined by Eq. (34).

Y, Ve Dimensionless blowing pressure (the subscript
()¢ indicates that v varies with time)

*Corresponding author: baptiste.bergeot@insa-cvl.fr

~dyn
Ydet

Yo

~dyn
ystoch,a

~dyn
ystoch,b

Value of v corresponding to a static Hopf bifur-
cation

Time-varying dimensionless blowing overpres-
sure with respect to the static Hopf bifurcation
(=7 -4

Analytical prediction of the value of y at which
the systems undergoes a dynamic Hopf bifurca-
tion in the deterministic case

Value of y; at t =0

Analytical prediction of the value of y at which
the systems undergoes a dynamic Hopf bifur-
cation in the stochastic case (the subscript ().
means first level of approximation)

Analytical prediction of the value of y at which
the systems undergoes a dynamic Hopf bifur-
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cation in the stochastic case (the subscript (),
means second level of approximation, less accu-

rate than ft}g(l;h,a)
v, o Magnitude of the stochastic forcing (o = v/v/2)
€ Linear rate of increasing of the bifurcation pa-
rameter

a;,w;, F; Modal parameters of the i*” mode (damping,
eigenfrequency, modal factor respectively)

¢ Embouchure parameter (physical model of clar-
inet)

1 Introduction

Musical instruments are non-linear dynamical systems. An
important specificity is that sound production in a musi-
cal context corresponds to a time-varying control. Indeed,
control parameters are modified continuously by the instru-
ment player. To give just one example, wind instruments
players control air pressure in their mouth with variations
over time finely tuned to produce the desired sound ef-
fect. On the other hand, when studying the corresponding
mathematical models of sound production by musical in-
struments, the control parameters are considered constant
over time most of the time. In this respect, the instruments
are modeled by autonomous nonlinear systems of differen-
tial equations (ODEs) having, among other solutions, at
least one trivial equilibrium position (corresponding to si-
lence) and periodic solutions (corresponding to the musical
notes). The mouth pressure is then a bifurcation parameter
of this ODEs system: when it is small the trivial solution
is stable and, beyond a precise value called static bifurca-
tion point (“static” because the bifurcation parameter is
constant over time), the trivial solution loses its stability
through a Hopf bifurcation giving rise to a periodic solu-
tion. In musical acoustics literature, the static bifurcation
point of the trivial solution is often called oscillation thresh-
old [15]. In this “static” context, periodic solutions and
their stability can be also determined using for example
the harmonic balance method [19, 14] or orthogonal collo-
cation [36, 20]. Control parameters are changed over time
only in the very special context of time simulations, e.g.
when the objective is sound synthesis, not model behavior
analysis.

The purpose of this paper is not to question these meth-
ods (with constant control parameters) which have shown
their relevance (experimentally and numerically) when con-
sidering steady-state oscillation regimes (i.e. excluding all
forms of transients). On the contrary, it is more a ques-
tion of shedding light on the appearance of a sound when

a time-varying control parameter crosses the static (Hopf)
bifurcation point. Indeed, experiments with a blowing ma-
chine and a clarinet-like instrument have shown in this case
the existence of a delay at the bifurcation [7]: when the
pressure in the musician’s mouth is increased linearly, the
start of oscillations is observed for a pressure value greater
than the static bifurcation point. This particular value of
the mouth pressure for which the oscillations actually ap-
pear is called dynamic bifurcation point.

An analytical study to explain this observation has al-
ready been carried out on a discrete-time model of the
clarinet! [5, 6]. Considering a blowing pressure linearly
increasing over time, the following results have been ob-
tained in these works, which are typical of what is known
in the field of dynamical bifurcation of discrete-time sys-
tems. In fact, the behavior of the bifurcation delay depends
on the possibility of ignoring or not the presence of noise
in the model. We are referring here only to the presence
of an additive white noise. Sometimes even a noise with
a very low amplitude coming from the rounding errors of
the computer in numerical simulations must be taken into
account. If the noise can be ignored the bifurcation delay
depends only on the initial value of the linearly increas-
ing mouth pressure, the farthest it starts below the static
bifurcation point, the larger the delay. If the noise is no
longer negligible, then the bifurcation delay loses the de-
pendence on the initial condition and logically becomes de-
pendent on the noise level but also on the increase rate of
the mouth pressure. In this case, the bifurcation delay de-
creases with the noise level and increases with the increase
rate of the mouth pressure. These properties of the bifur-
cation delay shown in these works are also found in other
works in applied mathematics and physics whether for dis-
crete or continuous-time systems with an additive white
noise [3, 2, 22, 9]

The discrete-time clarinet model considered in our pre-
vious cited works is known for its simplicity and its abil-
ity to explain some phenomena observed experimentally.
However, the simple formulation of this model is achieved
under very strict simplifying hypotheses. The most impor-
tant ones are frequency independent losses, a cylindrical
geometry, idealized radiation ...

Another approach, based on continuous-time models in-
cluding ODE’s, allows an easier consideration of refine-
ments in the equations, leading to models with different
levels of complexity [31]. The simplest model consists in
retaining only one acoustic mode of the air-column in the
instrument while assuming that the cane reed is driven in-
stantaneously by the pressure difference between the mouth

n this case the instrument is modeled by a difference equation
similar to the logistic map. This model has been thoroughly studied
in musical acoustics for control parameters constant over time [35, 34].
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of the player and the input of the instrument [12]. The work
presented in this paper is based on this model which is here
considered with a blowing pressure linearly increasing over
time and a stochastic forcing of white noise type.

The questions addressed in this paper are: How does the
continuous-time clarinet model behave when the blowing
pressure increases linearly, compared to the classical case of
a blowing pressure constant over time? How do the results
change when random fluctuations in the source term of the
model are added (which may represent an idealized version
of the turbulent noise due to the airflow)? More precisely,
through relevant approximations, the objective is to solve
the studied model analytically by considering the general
framework of the stochastic differential equations in order
to predict the dynamic bifurcation points of the model.

The paper is organized as follows. The single reed instru-
ment model is presented in Section 2. Section 2.1 gives the
equations of motion of the classical deterministic one-mode
model of single reed instruments and recalls the expres-
sion of its static bifurcation point. Section 2.2 presents the
model with, in addition, a stochastic forcing of white noise
type, a linearly increasing blowing pressure and pertinent
rescaling. In Section 3, the stochastic averaging method is
used to derive the slow dynamics of the model. Through
simplifying assumptions, the slow dynamics is solved in
Section 4. The method is based on treating separately
cases where noise can be ignored and cases where it can-
not. An analytical expression of the dynamic bifurcation
point is obtained in each case. In Section 5, for illustration
and validation purposes, these analytical results are com-
pared with direct numerical integration of the model. Fi-
nally, concluding remarks and some perspectives are given
in Section 6.

The main steps of the proposed approach are summa-
rized in Fig. 1.

2 Single reed instrument model with a white noise
forcing

2.1 Deterministic model of single reed instrument and its
static bifurcation point

In this section the single reed instrument model is recalled
as it is generally discussed in the literature, i.e. it is de-
terministic and the control parameters are constant over
time.

Sound production by single reed instruments is classi-
cally modeled through the nonlinear coupling of two lin-
ear sub-systems [4, 18, 18, 11]: the cane reed and the air-
column inside the instrument. While blowing air through
the reed channel into the instrument, the musician provides
a quasi-static source of energy. The instrument and the

Physical problem

Y

Dimensionless equa-
tions, Eq. (11)

\

Amplitude-Phase
representation, Eq. (18)

A\

Stochastic slow dy-
namic, Eq. (29)

\
Analysis of the dynamic
Pitchfork bifurcation,
Sect. 4: 3 regimes identified

RN

Regime I Regime I1 Regime IIT
Deterministic || Weakly noisy Strongly
case, Sect. 4.2 || case, Sect. 4.3 noisy case,

not treated

Figure 1. Main steps of the proposed approach as a block

diagram.

player constitute an autonomous dynamical system. When
the trivial equilibrium solution of this system becomes un-
stable, a sound is produced [37, 17, 29].

Since the lowest resonance frequency of the reed is one
order of magnitude higher than the sound frequency for
many notes, the reed is often modeled as a lossless stiff-
ness spring [1, 27]. Therefore its position relative to rest
is proportional to the pressure drop across the reed, i.e.
the pressure difference between the mouth and the mouth-
piece of the instrument. The linear pressure response of
the air column P to the volume flow U through the reed
channel is given in the frequency domain through the input
impedance of the air column Z:

Pw) = Z(w)U(w), (1)

where w is the angular frequency. The contribution at the
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input of the instrument of the (infinite) series of modes of
the air column is taken into account in Z(w). For compu-
tational reasons, the series is truncated to N modes, where
N is an integer:

Zw) =Y F Jw (2)

n 2 . 27
Wy + Jwoapw, —w

n=1

with F},, w, and a,, the modal parameters, respectively the
modal factor, the resonance angular frequency and the in-
verse of the quality factor of the n*® peak of the impedance
(corresponding to the n'" mode of the air column). Eq. (2)
can be written in the time domain:

P + Qnwnpn + wip, = Fuu, Yn e [l,N], (3)
with u the inverse Fourier transform of U and p,, is such
that p = Zfil Pn, Where p is the inverse Fourier trans-
form of P [29] and corresponds to the time evolution of the
mouthpiece pressure.

The volume flow through the reed channel is related non-
linearly to the reed channel opening and the pressure dif-
ference between the mouth and the mouthpiece [21, 16].
A polynomial expansion of this relation is often written in
the neighborhood of the equilibrium solution (i.e. the mean
flow) [23]:

U(t) = Ueq + Clp(t) + CQp(t)Q + C3p(t)3, (4)
with e, the mean volume flow, ¢; = 3 ey = —¢3HEL
272 87?2
and c3 = —( 1?'15 , where ~y is the dimensionless pressure in
72

the mouth of the musician and ¢ a dimensionless parameter
accounting for many embouchure parameters. By Eq. (4),
Eq. (3) can be written using only the pressure p as follows

Dn + Qpwnpr + W?;pn + anf(pa 7) =0, Vne [17 N]> (5)

where f(p,7) = _%Z'

A minimal model of a reed instrument including a single
mode of the air-column is obtained by stating NV = 1. In
this case (5) becomes

P+ orwip + wip + Fipf(p.y) =0 (6)

In this case (N = 1), since p; = p, p1 is replaced by p
in Eq. (6). Note that p and u are dimensionless and Fy
unit is s~!. This is clearly a minimal yet useful model of
sound production in reed instruments. Indeed, it takes into
account the two main control parameters adjusted by the
musician and describes the physical mechanism through
which sound emerges from equilibrium (i.e. silence) when
a resonance of the air column is excited by an incoming
flow.

In this paper the bifurcation parameter under consider-
ation is . The stability of the trivial equilibrium solution
p = 0 with respect to v is classically analyzed by looking at
the sign of the eigenvalues real parts of the Jacobian ma-
trix of Eq. (6) written in the state-space form. This leads
to the following expression for the static Hopf bifurcation
point

1 201w (a1w1 +/adw? + 3(2F12)

ast
=3t 9C2F?

(7)

corresponding to the value of + for which the two com-
plex conjugate eigenvalues become with positive real parts.
Note that in the lossless case (i.e. a3 = 0) the static bi-
furcation parameter is ¢ = % Static bifurcation point
is known in the literature of acoustics of musical instru-
ments as the "oscillation threshold” of the instrument. Ex-
pressions equivalent to Eq. (7) are given for example by
Kergomard et al. [24] and Silva et al. [30].

Compared to the model given by (6), this article studies
the case of a linearly increasing blowing pressure ~y, with
additional stochastic excitation as detailed in Sect. 2.2.

2.2 One-mode stochastic single-reed instrument model
with a linearly increasing blowing pressure

Hereafter, the formalism of stochastic differential equations
is used in the framework of the It6 stochastic calculus. A
good description of these concepts can found for example
in [26].

The one-mode model described by Eq. (6) is now con-
sidered with a linearly increasing blowing pressure v =
ét + 9. The variation of the blowing pressure is assumed
to be small during a period T} = Z—’I which is ensured by
0 < € < 1 so that v is considered as a constant in the
time derivative of the mean flow (4). Moreover, the model
is now forced by a stochastic excitation 7§ where © is the
noise level and &; is assumed to be a unitary idealized white

noise process with zero mean, i.e.

E[&]=0 and E[§&+-] =d(7) (8)

where § is the Dirac delta function and E [{.}] denotes the
ensemble average? of {.}. Finally, the one-mode stochastic
model is written as follows

Pr + cqrwipr + wipe + Fipef (pe, 1) = 0 9)

where the subscript ¢ is used to show the stochastic nature
of the differential equation. This is the classical notation
in the framework of stochastic differential equations.

2We recall that the ensemble average consists in repeating the
same measurement many times, and in calculating the average over
them.
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From the physical point of view, Eq. (9) can be inter-
preted as a simple model of sound production in reed in-
struments with turbulent noise contribution taken into ac-
count as an additive stochastic noise in the source term.

To facilitate the mathematical developments of the
following sections, transformations are performed within
Eq. (9). First, a new bifurcation parameter y; = v, — 4%
is considered to obtain a system whose trivial solution be-
comes unstable at y = 0 (i.e. §** = 0). Then the time
rescaling t — t' = witis introduced. Recalling that a nor-
malized white noise &; is defined as the time derivative of
the normalized Wiener process W, and using the scaling
property of Wiener process (see [26], Chap. 2) which states

that W_ and \/%Wt are equivalent, we have
w1

d 7
dw, W AWy
= ~vw—t o~ Vo = Ve, (10)

Therefore, by using also {} for the derivation with respect
to t" and denoting ¢’ by ¢ for the sake of conciseness, Eq. (9)
takes the form of the following stochastically forced self-
excited oscillator

D + b (pesDe, ye) + 0r = V& (11)

where
. . Fl . ~st
h (pe, Pe,ye) = cape + lef (pesye +5°) (12)
and v = % The time evolution of y; is given by
Wy

Yyt = €t + Yo (13)
where yg = v — 4" and € = wil with 0 < ¢ < 1 (because
one assumes without loss a generality that w; > 1). That
means that if y; is a slow variable for the time scale ¢ it is
also slow for the faster time scale wit.

3 Equations governing the stochastic slow dynam-
ics

Following Roberts and Spanos [28] the stochastic averag-
ing method [33], whose general formulation is recalled in
Appendix B, is used to obtain the stochastic slow dynam-
ics of Eq. (11). To apply the method, the response pro-
cess (pt,pt) needs to be transformed into a pair of slowly
varying processes. To achieve that, as in classical averag-
ing methods of deterministic systems, an amplitude-phase
representation is used imposing

(14a)
(14b)

Pt = Ty cos (t + o)
pr = —xsin (t + @y)

The desired form of Eq. (14b) requires that
T4 cos Py — TPy sin ¢y = 0, (15)

with ¢, =t + ¢ which yields

. Tt COS Oy . . sin ¢y
=200 ond iy = . 16
e Ty sin ¢y anc Te = Tip COS ¢y (16)
Then differentiation of Eq. (14b) leads to
Py = —T4 COS ¢y — Ty SIN Py — TP COS Py (17)

Finally, the substitution of (14) and (17) into (11) and the
use of (16) yields

&y = h (x4 cOS ¢, —T4 SIN Py, Y ) sin Py — V€ sindy  (18a)

. ) cos coS

Or = h (x4 cos ¢r, —x¢ Sin ¢g, yi ) . i — v - i (18b)
t t

which has a similar form as (64) in Appendix B with

Xy = (ft,SOt)T’ m = (ft;ft)Ta

h (x4 cos ¢y, —2¢ SIn Py, Yy ) sin @y

f(Xt7 t) = L o . 5
xt h (¢ cos ¢, —xy sin ¢y, yi) cos ¢y (19)
—vsin ¢y 0
g(xy, t) = 0 _ %08 o
Tt

with ()7 the transpose operator.

Following the approach described in Appendix B, the
drift vector m (see Eq. (66)) is first computed. The first
term T {£} = (F(z¢, 1), G(ze, 1)), with

(P 3+ -1 ag
F(mt,yt) = <UJ1 W D) Tt

Ro3G+y+)
e THT 20
o S 128 (35 + yg) 572"t (20)
G(xe,yt) =0, (21)

corresponds to the classical (deterministic) Bogoliubov-
Krylov averaging of the vector function f, i.e. the time
average is performed assuming that z; and ¢; are slow
variables with respect to the unitary eigenfrequency of
the considered dimensionless simplified reed instrument
model (11) which therefore corresponds to a period equal
to 2m.

Then, the second part of the drift vector m (see again
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) is determined as

) (%) o]
;ﬂ/ﬂ/2 K )t(gn)t+f]d7dt
SN

v? cos ¢t COS Pryr

6(7_) (—1/2 sin ¢ cos d),,f.t,- 4-cos ¢y sin ¢y~ ) dtdr
3

_ (0) (22)

in which the symbol E][] disappeared due to defini-
tions (8) and one used the fact that ffoo 0(7) cos(r)dr =

z fj;j §(7) cos(t)dr = %. The final expression of the drift
vector is therefore

2

v
m — F(x,y:) + 1z, |- (23)
0

Now the expression of the diffusion matrix o is deter-
mined from (67) starting by computing

™ { / i [(gn):(gn){,] dT}

— 0o

27 +oo
=— / [(gm)e(gn)fy,] drdt

v28(7) cos(T) v? (T) sin (1)
(’T) cos(T) dr

+o0 5
/—oo v26(7) sin(7)

2z 21
2
% 0
= . 22 - (24)
227

in which again definitions (8) have been used. From (24) a
possible solution of (67) is

v

0
2
2o (25)
Tt \/§
Therefore, according to (65) the equations governing the
stochastic slow dynamics of (11) are

g =

V2 v
de; = | F — | dt + —=d 2
Ty ( (w4, ye) + 4$t> + NG Wi (26a)
doy = = _aw, (26b)
Qot - xt \/5 t-

in which the time evolution of the amplitude x; is uncou-
pled from that of the phase ;.

Assuming a weak noise level (i.e. v < 1) and therefore
neglecting the term 5)‘ in (26a) and denoting o = % we
obtain the following It stochastic differential equation for

the amplitude of the mouth pressure p;
dact = F(J?t, yt)dt + O'th. (27)

The scaling and time shift properties of Wiener process

(see [26], Chaps. 7) allow us to write that
Tz Wetiyy = Wy,) ~ J=Wer ~ W, and therefore

1
Finally, from (27) and (28) we obtain the final form of
the slow dynamics as

o

—dW,,. 29

N (29)
where x; and y; are now denoted x,, et y respectively to em-
phasize that Eq. (29) is a non-autonomous one-dimensional
It6 stochastic differential equation with respect to z, de-
pending on y which acts as the time variable.

1
dzy = —F(zy, y)dy +

4 Analytical expression of the dynamic pitchfork
bifurcation points of the averaged system

The supercritical Hopf bifurcation at y = 0 for the initial
(non averaged) system (11) becomes a supercritical pitch-
fork bifurcation for Eq. (27). Therefore, if the averaged
system (27) is a good approximation of (11), the dynamic
Hopf bifurcation point of Eq. (11) is very close to the dy-
namic pitchfork bifurcation point of (27). The analytical
expression of the latter is obtained in this section in both
deterministic and stochastic cases.

Below the classical definitions of the deterministic and
stochastic dynamic bifurcation points are recalled (see
e.g. [10]). For the stochastic situations, other definitions
exist (see again [10] but also [2] and [6] for a clarinet-like
system).

Definition 4.1 (Dynamic pitchfork bifurcation point). In
the case of a pitchfork bifurcation and in a deterministic
framework, the dynamic bifurcation point® is defined as the
value of y for which x, exceeds its initial value x,, (in ab-
solute value). In a stochastic framework, as in this work,
the expected value of the squared amplitude is considered
and the bifurcation point, denoted §", is defined as the

value of yi for which /E [xzﬂ exceeds the initial value x, .

3Sometimes called exit value in the literature.
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The dynamic bifurcation point is different from the static
bifurcation and the difference between them is called bifur-
cation delay.

Consequently, the first step is to compute E [xf}], this is
performed in the next section.

4.1 Expected value of the squared amplitude

The linearized version of (29) with respect to x, around 0
is considered

1 o
dry = Ea(y)xydy + \dey (30)

where, from Eq. (20), one has

oF
= 7(0ay) 4(y+'3/5t)1/2 2

In order to solve (30), the deterministic differential equa-
tion associated to the latter is first considered as

dx, 1
T; = Ea(y)x (32)
whose solution, denoted chet, is
xget - myoe%(A(y)—A(yo)) (33)

where

Aly) = /Oy a(y)dy

B +y-DVA'+y o
= -y (34
o 5y (34)

Following a well-known method for solving stochas-
tic differential equations, we apply the Itd formula (see
Eq. (63) in Appendix A) to the function f(z,,y) =
xye*%(A(y)*A(y")) which is constant for the deterministic
Eq. (32) (indeed through Eq. (33) one has f(xi“, Y) = Ty, )-
Using the differential of the product rule, and noting that
in the It6 formula the term g—f] + %a(y)xy% vanishes, we

obtain
g

Af (@) y) = Jzem=AO7ADaw, - (35)

and integrating (35) from yo to y yields the following the
solution of Eq. (30)

2, = gdet 1 T LAW) ye—%A(y'mW, (36)
TV, .

Note that the first and second terms of the right-hand side
of (36) are the deterministic and stochastic parts of z,

respectively. The integral in the second term is called an
It6 integral and, for a given function g, has the following
property E [ f gdWy] = 0 assuming some properties for the
function g (see [26], Chap. 3) that are respected by e~ 4®),
Therefore we have

Y 1
E { / eeA(y)dWy} =0. (37)
Yo

That means that the expected value of x, is the solution

of the associated deterministic equation (32), i.e. E[z,] =
xdet.

y

Now E [xi] is computed from (36), that yields

E [xz] -F [(xdet)2]

2 y 2
I 2AW) </ e_iA(y)dWy)
€ Yo

g v 1

+E {2 adet — e_eA(y)dW} . (38)
Y \/E Yo !

Using again the property of the It6 integral which states

that E [ [ gdW,] = 0, the third term in the right-hand side

of (38) is equal to zero. The second term is simplified

using the Ité isometry (see Corollary 3.1.7 in [26], Chap. 3)

which states that E [(f gdWy)Q] = E [[ g*dy| assuming

again some properties for the function g that are resected
1

by e~ AW Therefore we obtain the final expression of the

expected value of the squared amplitude

£ [42] = Dly) + S() (39)
where
D(y) = () (402)
S(y) = U;e%A@) /y e~ 2AW) gy (40b)

are respectively the deterministic and the stochastic parts
of the expected value of the squared amplitude.

From (39) and according to [8], three regimes can be dis-
tinguished for a system such as (29) undergoing a dynamic
pitchfork bifurcation:

o Regime I: S(y) < D(y). In this case the noise level is
so small that it can be neglected and the problem is
identical to the deterministic case (32) which under-
goes the greatest possible bifurcation delay.

o Regime II: S(y) > D(y) with a noise level not too high.
The noise can no longer be neglected but it remains
small enough for linearized model (30) to remain valid.
A bifurcation delay still exists but it is reduced com-
pared to Regime L.
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e Regime III: S(y) > D(y) with a high noise level. In
this situation the behavior of the system is dominated
by noise and the trajectory of x, leaves the neighbor-
hood of zero before the static bifurcation point y = 0
is reached. In such a case the linear approximation
is therefore not valid anymore and, as highlighted by
Berglung and Gentz [8], the notion of bifurcation delay
becomes meaningless.

The domains of existence of each regime are given ex-
plicitly in Sect. 4.4.

In the two following parts, we concentrate on Regimes I
and II, giving the analytical expression of the dynamic bi-
furcation considering each regime separately.

4.2 Dynamic bifurcation point in the deterministic case

In this section we assume that the system is in Regime I
and therefore E [22] = D(y) = («4°*)? (with z{°" given by
Eq. (33)). Consequently, from Definition 4.1, the determin-

Y1 is a solution

istic dynamic bifurcation point, denoted Q(diet ,

of z,, = xyoe%(A(y)‘A(yO)) and therefore of

Aly) = A(yo)- (41)

From (34), Eq. (41) is solved (details are given in Ap-
pendix C). It is shown that, in addition to the trivial so-
lution y = yo, Eq. (41) has two other solutions. The one
that corresponds to the deterministic dynamic bifurcation
point is

.d N
Dot = X3 =4, (42)
where X is given by Eq. (72). We will see in Fig. 2 that
the maximum of gjjgt“ is obtained for yy = —4°* and in this

case Eq. (42) reduces to

dyn (alwl + aiw? + 4§2F12> 2

ydet - 4C2F12

o (43)

It is important to be aware that even if ﬁggtn has a finite
value for yg = —4*, the function F(z,y) in Eq. (29) diverge
at y = —4°*. Therefore, Eq. (43) must be understood as a
limit value yo very close to —4°* (from above). However,
for values of y very close to 4°¢, the linearization of Eq. (29)
with respect to x (leading to Eq. (30)) is valid if x is very
close to zero. In other words, Eq. (43) is valid to predict the
deterministic bifurcation point of a numerical simulation
of Eq. (29) only if yo and z,, are very close to —4** and 0
respectively. This corresponds to the situation where the
musician begins to blow gently into the instrument.

In the lossless case, i.e. a; = 0 and 4%* = %, Eq. (42)
becomes

a1
= (l-w—VitwE—3w) (@

0.8
06/ N
g +
FE 04N
>
02 4 IR Nl
0.0 ~st ‘ ‘ ‘
-4 -0.3 -0.2 -0.1 0.0
Yo

Figure 2. Deterministic dynamic bifurcation point ng’tn , given
by Eq. (42), as a function of the initial condition yo. The op-
posite of the static bifurcation point 4, given by Eq. (7), is
depicted by a vertical dashed line. The red points correspond
to the initials conditions used in Fig. 3. The set of parameters
(45) is used.

which depends only on the initial value yg. Note first that
Eq. (44) yields ngg‘ =2/3if yo = -4 = —1.

This is the largest value of the dynamic bifurcation point.
From a physical point of view this means that the oscilla-
tions emerge when the blowing pressure v = 45 +@§Ztn =1.
However this value is known to be the limit of validity of the
clarinet model since the reed channel becomes completely
closed (an effect not taken into account in the model consid-
ered in the work). Therefore, in the lossless case a linear
increase of the blowing pressure from an arbitrary small
value gives a scenario where the clarinet never plays. This
remark can be extended to lossy situations.

Then, in both lossy and lossless cases, gjggtn does not
depend on the slope € which may seem counterintuitive.

The deterministic dynamic bifurcation point gjgztn , given
by Eq. (42), is plotted in Fig. 2 as a function of the initial
condition yg with the following set of parameters:

wy = 1000 rad - s71,
and ¢ =0.2.

e = 0.002,
F, =1200s7 !

] = 002,
(45)

The figure shows that g)gg’tn is a decreasing function with
respect to yp and, as previously mentioned, the maximum
is obtained for yy = —4%*. Moreover, the red points corre-
spond to the initials conditions used in Fig. 3. In the latter,
numerical simulations of the deterministic differential equa-
tion (32) are shown with a logarithmic scale for the vertical
axis. The same parameters are as in Fig. 2 and the initial
values are: z(yp) = 0.01 and yo = —0.36, —0.32,...,—0.16.
The dynamic bifurcation point is defined for a given ini-
tial condition by the value of y for which |z(y)| = |z(yo)|,
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Figure 3. Numerical simulations of the deterministic differ-
ential equation (32) using a logarithm scale for the vertical
axis. The set of parameters (45) is used with, in addition,
z(yo) = 0.01 (the latter is depicted by a horizontal dashed line)

and yo = —0.36,—0.32,...,—0.16. The static bifurcation point
%% = 0 is depicted by a vertical gray dashed line. The dynamic
~dyn

bifurcation point g, is defined for a given initial condition
by the value of y for which |z(y)| = |x(yo)|, which corresponds
graphically to the intersection between the blue curves and the
horizontal dashed line. The green and red points are used re-
spectively to highlight the considered initial conditions and the
corresponding dynamic bifurcation points predicted by Eq. (42).

which corresponds graphically to the intersection between
the blue curves and the horizontal dashed line. The min-
imum is reached at the static bifurcation point §** = 0
(depicted by a vertical dashed gray line). One can see that
the smaller yg, the smaller the minimum of the trajectory
z(y) too and consequently the longer the path to travel
before reaching x(yo) leading to larger values of the deter-
ministic dynamic bifurcation point gjng . The green and red
points are used respectively to highlight the considered ini-
tial conditions and the corresponding dynamic bifurcation
points predicted by Eq. (42). This shows that the theo-
retical results presented in Fig. 2 predict the deterministic
bifurcation points measured on numerical simulations.

In the lossless case the expression of the deterministic dy-
namic bifurcation point Qggtn is given by (44) which depends
only on the initial value yo. The deterministic bifurcation
point gjgt“ given by Eq. (42) is plotted as a function of the
initial condition yy for five values of the damping coeffi-
cient in Fig. 4 and as a function of the parameter ¢ for four
values of the damping coefficient oy and for three values
of the initial condition yo in Fig. 5. The figures show that
in the weakly lossy case, the initial value yy remains the
most influential parameter except for the smallest values
of the control parameter ¢ and the for initial conditions yg

LOp ¢ R T
o =0.075; 1 : :
N | a=005" | 3
08t \N N\ | =002 [ [
N\A L om0
=06 NN\
g3 oo I\ : :

) | ! : | |
PN\
o2 b NG
0.0 : L : : :

-0.5 -0.4 -0.3 -0.2 -0.1 0.0

Yo

Figure 4. The deterministic bifurcation point sztn given by
Eq. (42) as a function of the initial condition yo for five values
of the damping coefficient, i.e. a1 = 0,0.025...,0.1 with w1 =
1000 rad-s™*, Fy = 1200 s™! and ¢ = 0.2. Red dashed lines
indicate the value of f’y“ for each value of «a,.

close to the opposite of the static bifurcation point 4** (see
Fig. 5). In general one has 0.1 < ¢ < 0.4 for a clarinet,
0.25 < ¢ < 1 for a saxophone and more for double-reed
instruments.

As said previously, the deterministic dynamic bifurcation
point corresponds to the largest possible bifurcation delay
which holds when the noise can be neglected. The influence
of noise is studied in the next section.

4.8  Dynamic bifurcation point in the stochastic case

Now the system is assumed to evolve according to Regime
II, ie. E [xz] = S(y). In this case, again through Defini-
tion 4.1 and using Eq. (40b), the equation to solve in order
to find the dynamic bifurcation point is

22 = L AW /y e AW gy, (46)
€ Yo

The first step is to obtain the approximate expression of
the integral

y 2
I(yo,y) = / AWy, (47)
Yo

For that A(y) (given by Eq. (34)) is expanded in a second
order Taylor series around 0 (the static bifurcation point),
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0.0
0.0

10
¢

Figure 5. The deterministic bifurcation point gjgzt" given by
Eq. (42) as a function of the parameter ¢ for four of the damping
coeflicient (o = 0,0.01,0.02 and 0.05), for three value of the
initial condition (yo = —4°", —34""/4 and —4°/2) with w; =
1000 rad-s~* and Fy = 1200 s~ .

0.5 2.0

that leads to

2 2
A) = A0)+ o5 0+ 5550 (s
= A(0) + ya(0) + y;a'(O) (48D)

where the second term in the right-hand side of (48b) van-
ishes by definition* and a’(0) = Z—Z(O). The approximate
expression of I(yg,y) is therefore given at order 2 by

/y ot (A<o>+%a'<o>) "

I(yo,y) = (49a)
_ 1 jme 240
2\ a/(0)
X (erf (y a’iO)) —erf (yo a’i()))) (49b)

where erf is the error function.
Since we consider 0 < e < 1 and because a’(0) has a
finite value, one has for an initial value chosen smaller than

4Indeed, at the bifurcation one has a(0) = %—5(0, 0) =0.

10

the static bifurcation point, i.e. for yg < 0
(0

o/ >> ~-1 (50
€

and for y > 0 (we are interested in the dynamic bifurcation
point which is by definition larger than the static bifurca-
tion point)

@ >1 = erf (y a’i())) ~ 1. (51)

Therefore, from Egs. (50) and (51), Eq. (49b) reduces to

a'(0)

€

Yo < -1 = erf (yo

e

a'(0)

67%"4(0) .

I(yo,y) = (52)

Eq. (52) highlights that I(yo,y) is now independent of y
and denoted I. Therefore Eq. (46) becomes

Aly) = K, (53)

with

I
K:—elna—%lnz—f—elnmyo (54)

and the function A(y) given by (34).
Eq. (53) can be expressed as a third order polynomial
equation with respect to y as

a1y’ + agy® + agy +as =0 (55)
with
2F2
a; = C 21 P
4wy
1 /(3345 —2)(2F?
agz((’Y 2)< 1_0(%)7
4 wi (56)
Ast_l 3Ast_1 2F2
0= O )(72 R K
4w
Ast_l 225t 2F2
g = (% ) ;Y C°F; _ K2
4w

and 4% given by Eq. (7) (details are given in Appendix D).
Eq. (55) is solved analytically using Cardano’s formula
(see again Appendix D for details). One obtains

|

where 79 and 79 are given by Eq. (79), as depicted in
Fig. 12. The expression of oy, 02 and o3 are given re-
spectively by Egs. (76) to (78).

(57a)
(57b)

dyn ro if o < o3,

stoch,a

ro if 03 <o < oo
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A second approximate expression of the stochastic dy-
namic bifurcation point is obtained using (48b) in Eq. (53)
which becomes a second order polynomial equation with
respect to y. Solving the latter leads to the following less
accurate approximate, but easier to interpret, expression

B (,3/5'5)3/2“)1e
CF(33% + 1)

31In(45Y) 87w
i VAT PO (Sl S
X( NIRRT

1/2
+41n(0)41n(:cy0))] .

~dyn _
ystoch,b =2

(58)

Note that both in Egs. (57) and (58) the dependence on
the initial value yq is lost. However, contrary to the de-
terministic case, the stochastic dynamic bifurcation point
depends on the slope e.

Deterministic and stochastic dynamic bifurcation points,
given by Egs. (42), (57) and (58) respectively, are plotted
in Fig. 6 as functions of the noise level o. The deterministic
bifurcation point ngt“ is plotted for two values of the initial
condition yg, i.e. yo = —4** and —34°*/4. The stochastic
bifurcation points are plotted for two values of the param-
eter ¢, i.e. € = 0.002 and 0.01. The other parameters
are given by (45) with in addition z,, = 0.01. First, we
can see that the higher the noise level the closer the two
approximate expressions of the stochastic dynamic bifurca-
tion points. This is because the higher the noise level the
more the bifurcation delay is reduced, hence the more the
Taylor series (48Db) is valid. Secondly, Fig. 6 shows graphi-
cally the domains of existence of the regimes listed at the
end of the Sect. 4.1.

The following definitions are chosen for the boundary
values (with respect to the noise level o) between the differ-
ent regimes previously mentioned: the boundary value be-

tween Regime I and Regime II, denoted oy, corresponds

~dyn

~dyn
and ystoch,a .

Ydet
in Fig. 6 that if 0 < o7/7; (Regime I), ngtn is the actual
dynamic bifurcation point. On the contrary, if o > o7/1;

to the intersection between This means

(Regime II), g;‘t{)‘;hva or gjstfihb (depending on the approx-
imation retained) is the actual dynamic bifurcation point.
The boundary value between Regime II and Regime 111, de-
noted o777, is the value at which gjgt};th’a (and Qsdtféh,b)
no longer exists. The expressions of o7, and o7 77 are

given in next section.

4.4 Domains of existence of the regimes

The boundary value between Regime I and Regime II, with
respect to the noise level o and denoted o7y, is obtained

11

— ndyn
Ydet

g
=)

~dyn
Jstoch,a

~dyn
ystoch,b

—
ot

=
o

<
o

Dynamic bifurcation points g™

Yo = —37°/4

0.001 1

1079 1076

Noise level o

0.0 ‘
10—15 10—12

Figure 6. Deterministic and stochastic dynamic bifurcation
points, given by Egs. (42), (57) and (58) respectively, as func-
tions of the noise level o. The deterministic bifurcation point
ngtn is plotted for two values of the initial condition yo, i.e.
yo = —4°" and —34°°/4. The stochastic bifurcation points are
plotted for two values of the parameter €, i.e. € = 0.002 and
0.01. The other parameters are given by (45) with in addition

Zyo = 0.01.

solving

D(y) = S(y)- (59)
with respect to o. Therefore, from (40) and (52), we find

1/4
a/(())e> o 2(A0)~A(yo)) (60)
7r

O1/11 = Zyq (

The second boundary value between Regime II and
Regime III, again with respect to the noise level o denoted

L ad
orr/1rr, corresponds to the value of o for which ystfih@

and gjty;;mb do not exist anymore® (see Fig. 6). The ex-
~dyn

ystoch,a and

pression of oyy/rrr is obtained by noting that
gjjtyoréh p, vanish at o = or7/777. Therefore, one may solve

0 that, from (58), leads to

1 )3/8 (eCFl(?WSt + 1))1/4 (61)

’/}\/St 871'0.)1

~dyn _
ystoch,b -

Or1/111 = %o (

with 4% given by Eq. (7).

Using Egs. (60) and (61) respectively the values of oy
and o77/r77 corresponding to situations plotted in Fig. 6
are given in Tab. 1.

5This corresponds to the fact that the solutions of Eq. (53) for both
cubic and quadratic approximations become complex for o > ory/177-
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Figure 7. Regions of existence of the Regimes I, IT and III (a) in the (yo, €, 0)-space, (b) in the (yo, o)-plane for € = 0.002 and (c)
in the plane (e, o)-plane for yo = —0.34. The expressions of o;,;; and ;7,77 are given by Egs. (60) and (61) respectively.

By means of Egs. (60) and (61) one can also depict the
regions of existence of each of the three regimes in the
(Yo, €, 0)-space (see Fig. 7(a)). A representation of these
regions is also given in the (yo,o)-plane for e = 0.002 and
in the plane (¢, o)-plane for yo = —0.34 in Figs. 7(b) and
7(c) respectively. One can see that the boundary between

12

Regime II and Regime III mainly depends on o. On the
contrary, the boundary between Regime I and Regime II
depends simultaneously on o, y9 and e. That means that
the use of Eq. (42) (the deterministic bifurcation point) or
Eq. (58) (the stochastic bifurcation point) as a theoretical
prediction of the actual dynamic bifurcation point observed
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Table 1. Values oy, and o77/r77, computed through Egs. (60)
and (61) respectively, corresponding to situations plotted in
Fig. 6.

Yo =—A"  yo=—37"/4
e=0.002 | 1.88-10"1 4.39.10°"
LT | e —0.01 | 1.20-107°  3.59-10~4
e=0.002 | 1.16-107° 1.16- 1073
LI | — 001 | 1.17-1073 1.17-1073

on numerical simulations does not depend only on the noise
level. Fig. 7 shows that the dependence on € is the most
important. Indeed, the above value o7,;; = 3.15- 10719 has
been obtained for e = 0.002. The value becomes o;/;; =
7.21-107'7 for e = 1073 and oryrr = 1.44 - 10799 for € =
2-107*. In other words, if € = 2- 1074, to simulate the
deterministic case, the number of digits of precision used
by the computer must be at least equal to 69.

The latter observation shows that, in some instances,
even with an extremely low level, the noise can influence
the bifurcation delay. That means for exemple that a deter-
ministic approach can fail to predict the bifurcation delay
observed on numerical integration of the model in which
the round-off errors act as an additive noise with a very
low level [6].

5 Numerical results

Because all results presented in previous sections are ob-
tained from the analysis of the averaged system (29), we
first verify in Sect. 5.1 if its numerical integration is co-
herent with numerical integration of the non averaged sys-
tem (11). Then, in Sect. 5.2, for validation purposes, theo-
retical results obtained in Sect. 4 are compared with direct
numerical integrations of the averaged system (29).

Numerical simulations of the Itd stochastic differential
equations are performed using Wolfram Mathematica soft-
ware.

5.1 Validation of the stochastic averaging procedure

To validate the stochastic averaging procedure, the non
averaged system (11) is compared to Eq. (29). To achieve
that, after getting the time series of p; from the numerical
integration of (11), the corresponding amplitude (denoted
A,) is computed as a function of y. To that end, the time
series of p; and y; are divided into N intervals and on each
of them the maximum of p; (max(p); with ¢ = 1,..., N)
and the mean of y; (mean(y); with ¢ =1,...,N) are com-
puted. Then A, is defined as max(p); as a function of
mean(y); for ¢ from 1 to N. The procedure is repeated 50
times and the expected value E [A,] is computed over the
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50 realizations. Simultaneously, the expected value E [z,]
of z, is computed over 50 realizations of the numerical in-
tegration of the averaged equation (29).

The comparison between E[A,] and E [z,] is shown in
Fig. 8 in which the numerical integrations are obtained
using the set of parameters (45) and, from left to right,
0 =10"% 0 =107% and 0 = 107!, In each case, a good
agreement is observed.

The position in the (yo,o)-plane of the three situations
depicted in Fig. 8 is shown in Fig. 9 and superimposed to
the regions of existence of the Regimes I, IT and III.

The agreement through numerical integration of E [A,]
and E [z,] for different situations corresponding to Regimes
I and IT is considered as a successful assessment of the
stochastic averaging procedure.

5.2 Validation of the theoretical results

In this section, the analytical predictions ggg’: of the de-
terministic dynamic bifurcation point given by Eq. (42)
and those of the stochastic bifurcation points, ng&;ﬁh ., and

ﬁstféh 1» given by Egs. (57) and (58) respectively are com-

pared to direct numerical integration of the averaged equa-
tion (29). The result of this comparison is shown in Fig. 10
wich represents: (on the left) a plot with the expected
value of z, (blue line) obtained using 10 realizations of
the numerical integration of (29), the stable branches of
the static bifurcation diagram (red line) computed in Ap-
pendix E and gjggtn, Qgt%r;h’a and gjgtf;h’b depicted by vertical
black line, vertical green line and vertical magenta dashed
line respectively; (on the right) same as on the left with-
out the static bifurcation diagram, with an horizontal black
dashed at E [z,] = z,, and using a logarithm scale for the
E [z,]-axis.

Again the set of parameters (45) is used and, from top
to bottom, ¢ = 1074, ¢ = 107% and ¢ = 107!, The initial
conditions are again chosen to be yg = —0.34 and z,, =
0.01 corresponding to cases 1 to 3 depicted in previous
section (see Fig. 9).

In Fig. 10(a) and 10(b) the system is in Regime II. There-
fore, the noise cannot be ignored and the dynamic bifurca-
tion must be determined by @St}g;h@ or gjgt};ﬁhb. The figure
shows that the latter provides a good approximation of
the dynamic bifurcation point. Indeed, through the Defi-
nition 4.1, the dynamic bifurcation point is the abscissa of
the point of intersection between E [z,]| and the horizon-
tal at E[z,] = x,,. The logarithmic scale used in Fig. 10
(right column) allows us to locate this intersection and to
see that the vertical green line, corresponding to @Styoléh@,
passes also through this intersection and the vertical ma-
genta dashed line, corresponding to gjgj;hb, passes a little
on the left (all the more so ¢ decreases). Of course the
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Figure 8. Comparison between the expected values E [zy] (solid blue line) and E[A,] (dashed green line) computed over 50
realizations of the numerical integration (11) and (29) respectively. The set of parameters (45) is used and, from left to right,
0 =10"% 0 =10"% and ¢ = 107''. Moreover the initial conditions are yo = —0.34 and z,, = 0.01.
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Figure 9. The regions of existence of the Regimes I, II and III
in the (yo,o)-plane in which the red points show the position
of the three cases depicted in Fig. 8. The initial conditions are
yo = —0.34 and z,, = 0.01 and three values of the noise level
are used: 0 = 1074, 0 = 107°% and o = 10! which correspond
to cases 1 to 3 respectively.

expression gjgt}géh’a is more accurate than ?QSt};réh,b because it
corresponds to a lesser degree of approximation.

In Fig. 10(c) the system is in Regime I, consequently, the
noise can be neglected and the dynamic bifurcation point is
determined by ngtn . A good agreement between theoretical
prediction and numerical simulations can still be observed
on the right column. Indeed, the vertical black line passes
through the point of intersection between E [z,] and the

horizontal line at E [z,] = xy,.
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6 Discussion and conclusion

This article is inspired by work initially done in the applied
mathematics community. The approach adopted is general
and can be adapted to other systems undergoing a dynamic
Hopf bifurcation.

For the clarinet model studied, it is remarkable that the
stochastic averaging procedure preserves the properties of
the dynamic behavior of the original system. Thus, the
same bifurcation delay is observed in the original and the
averaged system. The different behaviors observed accord-
ing to the amplitude of the random forcing, the initial con-
dition or the rate of change of the bifurcation parameter
are in line with those found in other fields of physics or in
applied mathematics. In particular, the conclusions are the
same as for another simple clarinet model already studied
a few years ago. The latter model is a discrete-time model
and is based on very different simplifying assumptions: it
results from the discretization of a delay model which there-
fore retains an infinite number of acoustic modes. In con-
trast, the model studied in this article retains only a single
acoustic mode.

Studying the dynamic bifurcations of ODE-based mod-
els is nevertheless necessary. Firstly, because these are the
models used by researchers in the context of instrument
making. Secondly, because recent works underline the im-
portance of taking into account the temporal dynamics of
the bifurcation parameters (in particular those controlled
by the musician [13]). The study carried out in this arti-
cle already allows to obtain analytically the dynamic os-
cillation thresholds according to the main parameters con-
trolled by the musician. This information could be linked
to important notions for the musician and the instrument
manufacturer such as the ease of playing. This opens inter-
esting perspectives such as the study of dynamic bifurca-
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Figure 10. On the left: a plot with the expected value of z, (blue line) obtained using 10 realizations of the numerical integration
of (29), the stable branches of the static bifurcation diagram (SBD, red line) computed in Appendix E and szt“, gj:tyor;ha and gj:tyoréh’b
depicted by vertical black line, vertical green line and vertical magenta dashed line respectively. On the right: Same as on the
left without the static bifurcation diagram, with an horizontal black dashed at E [z,] = xy, and using a logarithm scale for the
E [x,]-axis. The set of parameters (45) is used and, from (a) to (c), o0 = 107*, 0 = 107% and ¢ = 10™'*. The initial conditions are

chosen to be: yo = —0.34 and z,, = 0.01.

tions of a more realistic model than the one studied in this already known in the static case [12].
article. The first improvement is undoubtedly to complete
this model with other acoustic modes whose importance is

15
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A The 1-dimensional It6’s formula

Let the following It differential equation

dzy = m(xy, t)dt + o (e, t)dWe, (62)

where m and o are real functions and W; is the so-called
Wiener process.

Let f(z,t) € C3(R,R*) (ie. f is twice continuously
differentiable on (R, R™)). Then f(z,t) is also Itd process,
and

) o) 107
df (x4,t) = a—{dt + 8—£dxt + ia—éa(l«t, t)2dt  (63a)
_(of of , olat)? 0°f
B (875 +m(xt’t)8$ T e dt
o)
+ O'(zt, t)% th (63b)

Eq. (63) is the 1-dimensional It&’s formula (for more de-
tails and proof see [26], Chap. 4).

B General formulation of the stochastic averaging
method

In this appendix the stochastic averaging method [33, 25] is
briefly described. For that we consider the following system
of differential equations in standard form

).(t = f(Xt, t) + g(Xt7 t)m (64)

where x; € R". If the deterministic vector function
f(x¢,t) € R™ and matrix function g(x¢,t) € R™ x R"™ satisfy
certain requirements [25] and the elements of the vector 7
are broadband processes, with zero means, then the slow
(or averaged) dynamics of Eq. (64) may be approximated

by the following Itd equations
dxy = m(xy)dt + o (x4, t)dWy, (65)

where W; € R" is a vector of n Wiener processes. The vec-
tor m and the matrix o are called drift vector and diffusion
matriz respectively and defined by

mer{es [ 528 e ]ar). oo

where 3(5:) is the Jacobian matrix of gn, and

—+o0
ool =T {/
— 00

where {.}7 and E [{.}] denotes respectively the transpose
and the expected value of {.}. TV is an averaging operator

defined as follows
1 /t0+T
T—+oco T to

E [(gn):(gn)i.] dT} (67)

T {} = lim () dt. (68)

16

It should be noted that in the case of a periodic variables
with period Ty (which is the case in this paper), the oper-
ator T® becomes a classical Krylov—Bogolyubov time av-
eraging over one period Ty, i.e.

1 to+To
— ddt
RS

and the result is independent of tg.

T {} = (69)

C Derivation of the expression of the determinis-
tic dynamic bifurcation point

In this appendix we give the details of the résolution of
Eq. (41). First we state y +4°" = X2 and then it can be
shown that Eq. (41) takes the following form

(X — X()) (CF1X2 + (CFIXO - alwl)X
_(F 4+ CRX2 - a1X0w1> -0 (70)

where Xg = yg + 4%, Obviously X = X, and therefore
y = yo is a solution of (70). The second term of the product
in the left-hand side of (70) is a second order polynomial
equations whose roots X; and X5 are

1
X = 2C7F1 <041w1 - CF1Xo
- \/ogw% + 20, CFy Xowy + C2F2 (4 — 3X3)> (71)
and
1
X2 = ﬁ <a1w1 — CFlXO

+ \/a%wf +20¢1<F1XOLd1 +C2F12 (4—3X§)> (72)

The initial value yq is always chosen to be larger than
—45% (because the mouth pressure v must be larger than
zero). Therefore, X must be larger than zero and, for a
realistic set of parameters, only X5 is positive. Conse-
quently, the expression of the deterministic dynamic bi-
furcation point is given by

~dyn __ X2 _ ;5/5‘5
= X; .

Ydet (73)

D Derivation of the expression of the stochastic
dynamic bifurcation point

Using Eq. (34), Eq. (53) takes the following explicit form

CFivA* +y (y—

QW1

K = 1+4%) - 2 (g
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To obtain a solvable cubic form (i.e.
root), Eq. (74) is transformed into

without square

2 2102 (Ast
(4 5) =S P 1) )
which yields Eq. (55).

In the remaining of this appendix the Cardano’s method
(see e.g. [32]) is used to solve the latter, i.e. a;y® + azy® +
a3y +ag = 0.

First, the following parameters are introduced

2 2
ag | Cs az (2a5 Yas ay
—_ % 8 d g= 22 778 -
3a? * ai anc ¢ 27a1 ( a? al > * ai
The discriminant A is defined as A = — (4p® 4 27¢?) .

Then:

1. If A < 0, one root is real and two are complex conju-
gate.

2. If A =0, all roots are real and at least two are equal.

3. If A > 0, all roots are real and unequal.

A typical example of the discriminant A, plotted as a
function of the noise level o, is depicted in Fig. 11 for a
typical set of parameters. It can be shown that A can
be expressed as a fourth order polynomial equation with
respect to In o which has two distinct roots

203w — 270145 2 FRwy

1 =
n(o1) 54¢2F2wie
2 (a2w? + 3¢2F2)*? — 901 C2F 2w,
54¢2Fwye
G =) V55t R
11 2\/%’3’“3/4&)16_%
——In
2 VB + 1) (Fiwie
+ In (xyo) (76)
and
_ axst 2(&?w?+(a?w§+3C2F{")3/2)
In (09) = fon (1 —37") + CFlw
54e
Gt -DV5sr
1 IS e S
2 V(B33 + 1) Fwse
+1n (2y,) (77)

0.3

~60 -50 -40 -30 -20 -10 0
In(o)
Figure 11. Discriminant A of (55) as a function the natural

logarithm of the noise level Ino. The set of parameters (45) is
used.

1.5

1.0

0.5

0.0

Solutions of Eq. (55)

-0.5

~dyn
Tg ==—- ystoch,a

-1.0 : : : :
~60 50 ~40 30 -20 -10 0

In(o)
Figure 12. The roots r; (k = 0,1,2) of Eq. (55) and the
the stochastic dynamic bifurcation g}gtfzh@ as functions of the

natural logarithm of the noise level 0. The parameters (45) are
used and z,, = 0.01.

and a double root

(3 - 1)
1 =
n(s) 2¢
Gt =1 V55F
VB 1) Frwre
2
+1In (zy,) . (78)
In the example shown in Fig. 11 one has: In(0;) = —53.1,

In (02) = —6.8 and In (03) = —26.6.
If 01 < 0 < 02 we have A > 0 except at o = o3 for
which A = 0. In general, when A > 0 the three real roots
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are written using trigonometric functions as follows
9,/ ZP 1 3qg |3 n 2km as
rE = —— cos | zarccos | —/ — —_— ) - —
ST 3 2\ —p 3 3a1

with k£ =0,1,2. (79)
Fig. 12 shows the roots 7, (k = 0,1,2) as functions of the
noise level o using again the parameters (45) and z,, =
0.01. The stochastic dynamic bifurcation point, denoted
@Sdg;th s 18 equal to 7o if 0 < o3 and to 7y if 03 < 0 < 0a.
This choice is justified by means of a numerical resolution
which shows that this is the unique positive solution of

Eq. (74).

E Static bifurcation diagram

The static bifurcation diagram is the result of the bifur-
cation analysis of a deterministic dynamical system with
constant bifurcation parameter, here Eq. (6) with a con-
stant value of y. It plots, as a function of the considered
bifurcation parameter (here y), the possible steady-state
regimes (fixed points and periodic motions) indicating their
stability.

We use here the averaging procedure to obtain the ap-
proximated analytical bifurcation diagram of the one-mode
model. For that Eq. (27) is considered without noise et
with a constant bifurcation parameter y, i.e.

= Flen) (50)
where the function F'(z,y;) is given by Eq. (20).

The fixed points z¢ of (80) are obtained by solving
F(z,y) = 0. We obtain three solutions: the trivial solution
z§ = 0 and two non trivial solutions, one is negative and
one is positive. Only the the positive non trivial solution

is retained and denoted z$§, its expression is

20 (395 43y—1) _ 4oy

3wq /.’yst er 3

e _
Lo = 4 CFy (At 4y+1) (81)
w1 (45t +y)5/2
where the expression of §°' is given by Eq. (7). In the

lossless case with a; = 0 and 45 %, Eq. (81) reduces to

r5 =423y + 1), EmsvE

The trivial solution corresponds to zero equilibrium po-
sition of (6) whereas the non trivial solution characterizes
its periodic steady-state regimes.

As we know, the trivial fixed point z{ is stable if y < 0
and unstable if y > 0. One can be shown that the non
trivial fixed point x§ exists only for y > 0 and is stable.

18

References

1]

[10]

[11]

[12]

[13]

[14]

Backus, J.: Small-vibration theory of the clarinet. J.
Acoust. Soc. Am. 35(3), 305-313 (1963). DOI 10.1121/
1.1918458

Baesens, C.: Noise effect on dynamic bifurcations: The
case of a period-doubling cascade. In: Dynamic Bifurca-
tions, Lecture Notes in Mathematics, vol. 1493, pp. 107—
130. Springer Berlin Heidelberg (1991)

Baesens, C.: Slow sweep through a period-doubling cas-
cade: Delayed bifurcations and renormalisation. Physica
D 53, 319-375 (1991)

Benade, A.H.: Fundamentals of musical acoustics. Oxford
University Press (1976)

Bergeot, B., Almeida, A., Vergez, C., Gazengel, B.: Pre-
diction of the dynamic oscillation threshold in a clarinet
model with a linearly increasing blowing pressure. Non-
linear Dynam. 73(1-2), 521-534 (2013). DOI 10.1007/
s11071-013-0806-y

Bergeot, B., Almeida, A., Vergez, C., Gazengel, B.: Pre-
diction of the dynamic oscillation threshold in a clarinet
model with a linearly increasing blowing pressure: Influ-
ence of noise. Nonlinear Dynam. 74(3), 591-605 (2013).
DOI 10.1007/s11071-013-0991-8

Bergeot, B., Almeida, A., Vergez, C., Gazengel, B., Fer-
rand, D.: Response of an artificially blown clarinet to
different blowing pressure profiles. J. Acoust. Soc. Am.
135(1), 479490 (2014)

Berglund, N., Gentz, B.: Pathwise description of dynamic
pitchfork bifurcations with additive noise. Probability The-
ory and Related Fields 122(3), 341-388 (2002). DOI
10.1007/s004400100174

Berglund, N., Gentz, B.: Noise-induced phenomena in
slow-fast dynamical systems. Probability and its Appli-
cations (New York). Springer-Verlag London Ltd., London
(2006). A sample-paths approach

Van den Broeck, C., Mandel, P.: Delayed bifurcations in
the presence of noise. Physics Letters A 122(1), 36-38
(1987). DOI 10.1016/0375-9601(87)90771-7

Chaigne, A., Kergomard, J.: Instruments & anche.
Acoustique des instruments de musique, chap. 9, pp. 400—
468. Belin (2008)

Chaigne, A., Kergomard, J.: Acoustics of Musical Instru-
ments. Modern Acoustics and Signal Processing. Springer-
Verlag New York (2016). DOI 10.1007/978-1-4939-3679-3

Colinot, T.: Numerical simulation of woodwind dynam-
ics: investigating nonlinear sound production behavior in
saxophone-like instruments. Ph.D. thesis, Aix-Marseille
Université (2020)

Colinot, T., Guillemain, P., Vergez, C., Doc, J.B., Sanchez,
P.: Multiple two-step oscillation regimes produced by the
alto saxophone. The Journal of the Acoustical Society
of America 147(4), 2406-2413 (2020). DOI 10.1121/10.
0001109

In:



B. BERGEOT AND C. VERGEZ

[15]

[17]

[18]

[19]

[21]

[24]

[25]

[26]

[27]

Dalmont, J.P.,; Gilbert, J., Kergomard, J., Ollivier, S.:
An analytical prediction of the oscillation and extinction
thresholds of a clarinet. J. Acoust. Soc. Am. 118(5), 3294~
3305 (2005)

Dalmont, J.P.; Gilbert, J., Ollivier, S.: Nonlinear char-
acteristics of single-reed instruments: Quasistatic volume
flow and reed opening measurements. J. Acoust. Soc. Am.
114(4), 2253-2262 (2003). DOI 10.1121/1.1603235

Fletcher, N.: Nonlinear theory of musical wind instru-
ments. Applied Acoustics 30(2-3), 85 — 115 (1990). DOI
10.1016,/0003-682X(90)90040-2

Fletcher, N.H., Rossing, T.D.: The physics of musical in-
struments. Springer-Verlag (New York, 1991)

Fréour, V., Guillot, L., Masuda, H., Usa, S., Tominaga,
E., Tohgi, Y., Vergez, C., Cochelin, B.: Numerical contin-
uation of a physical model of brass instruments: Applica-
tion to trumpet comparisons. The Journal of the Acous-
tical Society of America 148(2), 748-758 (2020). DOI
10.1121,/10.0001603

Gilbert, J., Maugeais, S., Vergez, C..: Minimal blowing
pressure allowing periodic oscillations in a simplified reed
musical instrument model: Bouasse-Benade prescription
assessed through numerical continuation. Acta Acustica
4(27), 12 (2020). DOI 10.1051 /aacus/2020026

Hirschberg, A.: Aero-acoustics of wind instruments. In:
Mechanics of musical instruments by A. Hirschberg/ J.
Kergomard/ G. Weinreich, vol. 335 of CISM Courses and

lectures, chap. 7, pp. 291-361. Springer-Verlag (1995)

Jansons, K.M., Lythe, G.D.: Stochastic calculus: Applica-
tion to dynamic bifurcations and threshold crossings. Jour-
nal of Statistical Physics 90(1), 227-251 (1998). DOI
10.1023/A:1023207919293

Kergomard, J.: Elementary considerations on reed-
instrument oscillations. In: Mechanics of musical instru-
ments by A. Hirschberg/ J. Kergomard/ G. Weinreich, vol.
335 of CISM Courses and lectures, chap. 6, pp. 229-290.
Springer-Verlag (1995)

Kergomard, J., Ollivier, S., Gilbert, J.: Calculation of
the spectrum of self-sustained oscillators using a variable
truncation method: Application to cylindrical reed instru-
ments. Acustica 86(4), 685-703 (2000)

Khas’minskii, R.Z.: A Limit Theorem for the Solutions
of Differential Equations with Random Right-Hand Sides.
Theory of Probability & Its Applications 11(3), 390-406
(1966). DOI 10.1137/1111038

Oksendal, B.: Stochastic Differential Equations: An Intro-
duction with Applications, 6 edn. Universitext. Springer-

Verlag Berlin Heidelberg Springer-Verlag Berlin Heidelberg
(2003)

Ollivier, S., Dalmont, J.P., Kergomard, J.: Idealized mod-
els of reed woodwinds. part 1 : Analogy with bowed string.
Acta. Acust. Acust. 90, 1192-1203 (2004)

19

28]

[29]

[30]

31]

32]

[33]

[34]

[35]

[36]

[37]

Roberts, J.B., Spanos, P.D.: Stochastic averaging: An ap-
proximate method of solving random vibration problems.
International Journal of Non-Linear Mechanics 21(2), 111-
134 (1986). DOI 10.1016,/0020-7462(86)90025-9

Silva, F., Kergomard, J., Vergez, C., Gilbert, J.: Interac-
tion of reed and acoustic resonator in clarinet-like systems.
J. Acoust. Soc. Am. 124(5), 3284-3295 (2008)

Silva, F., Kergomard, J., Vergez, C., Gilbert, J.: Interac-
tion of reed and acoustic resonator in clarinetlike systems.
The Journal of the Acoustical Society of America 124(5),
3284-3295 (2008). DOI 10.1121,/1.2988280

Silva, F., Vergez, C., Guillemain, P., Kergomard, J., De-
but, V.: MoReeSC: A framework for the simulation and
analysis of sound production in reed and brass instru-
ments. Acta Acustica united with Acustica 100(1), 126—
138 (2014). DOI 10.3813/AAA.918693

Spiegel, M., Lipschutz, S., Liu, J.: Mathematical Hand-
book of Formulas and Tables (page 13), 4" edn. McGraw-
Hill (2012). DOI 10.1036/9780071795388

Stratonovich, R.L.: Topics In the Theory of Random Noise,
vol. 1, chap. 4. Taylor & Francis (1963)

Taillard, P.A., Kergomard, J.: An Analytical Prediction of
the Bifurcation Scheme of a Clarinet-Like Instrument: Ef-

fects of Resonator Losses. Acta Acustica united with Acus-
tica 101(2), 279-291 (2015). DOI 10.3813/AAA.918826

Taillard, P.A., Kergomard, J., Laloé, F.:. Iterated maps
for clarinet-like systems. Nonlinear Dynam. 62, 253-271
(2010)

Terrien, S., Vergez, C., Fabre, B.: Flute-like musical in-
struments: A toy model investigated through numerical
continuation. Journal of Sound and Vibration 332(15),
3833-3848 (2013). DOI 10.1016/j.jsv.2013.01.041

Wilson, T.A., Beavers, G.S.: Operating modes of the clar-
inet. J. Acoust. Soc. Am. 56(2), 653-658 (1974)



	Introduction
	Single reed instrument model with a white noise forcing
	Deterministic model of single reed instrument and its static bifurcation point
	One-mode stochastic single-reed instrument model with a linearly increasing blowing pressure

	Equations governing the stochastic slow dynamics
	Analytical expression of the dynamic pitchfork bifurcation points of the averaged system
	Expected value of the squared amplitude
	Dynamic bifurcation point in the deterministic case
	Dynamic bifurcation point in the stochastic case
	Domains of existence of the regimes

	Numerical results
	Validation of the stochastic averaging procedure
	Validation of the theoretical results

	Discussion and conclusion
	The 1-dimensional Itô’s formula
	General formulation of the stochastic averaging method
	Derivation of the expression of the deterministic dynamic bifurcation point
	Derivation of the expression of the stochastic dynamic bifurcation point
	Static bifurcation diagram

