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ABSTRACT

A key question of the cloud-topped well-mixed boundary layer, consisting
of stratocumulus clouds, is when and how this system transforms into trade-
cumulus. For years, the cloud-top entrainment instability (CTEI) has been
considered as a possible mechanism for this transition. However, being based
on the local parcel analyses, the previous theoretical investigations are limited
in applications. Here, a hydrodynamic stability analysis of CTEI is presented
that derives the linear growth rate as a function of the horizontal wavenum-
ber. For facilitating analytical progress, a drastically simplified treatment of
the buoyancy perturbation is introduced, but in a manner consistent with the
basic idea of CTEI. At the same time, the formulation is presented in a gen-
eral manner that the effects of the wind shear can also be included. Under
an absence of the wind shear, a well-mixed layer can become unstable due to
the CTEI for horizontal scales larger than the order of the mixed—layer depth
(c.a., 1 km). The characteristic time scale for the growth is about one day, thus
the CTEI is a relatively slow process compared to a typical deep-convective
time scale of the order of hours. A major condition required for the instability
is a higher efficiency of the evaporative cooling against a damping due to a
mechanical mixing by cloud-top entrainment. Regardless of relative efficien-
cies of these two processes, the entrainment damping always dominates, and

the CTEI is not realized in the small scale limit.
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1. Introduction

The cloud-top entrainment instability (CTEI: Deardorff 1980) is considered a major potential
mechanism for the transition of the stratocumulus to the trade cumulus over the marine subtropics
(cf., Stevens 2005 as an overview). The basic mechanism of CTEI resides on a possibility that
an environmental air entrained into the cloud from the top can be dry enough so that its mixing
with the cloudy-air leads to evaporation of the cloud water, and induces a sufficient negative buoy-
ancy, leading to further entrainments of the environmental air from the cloud top. The process is
expected to finally lead to a transition of stratocumulus into cumuli. A critical review of this pro-
cess is provided by Mellado (2017), with the review itself even refuting CTEI as further discussed
in the end in Sec. 5. Bretherton and Wyant (1997), and Lewellen and Lewellen (2002) propose
decoupling as an alternative theoretical possibility.

However, the existing literature examines CTEI, mostly, in terms of a local condition, such as
a buoyancy anomaly at the cloud top (inversion height). Such a parcel-based analysis leads to
a criterion for instability in terms of a sign of buoyancy (e.g., Deardorff 1980, Randall 1980,
MacVean and Mason 1990, Duynkerke 1993). This type of approaches does not provide a full
dynamical picture of the instability, including a quantitative estimate of a growth rate as a function
of a horizontal scale (or a wavenumber), and a spatial structure of a preferred instability mode.

The qualitative nature of the existing criteria for CTEI makes it also difficult to test these criteria
observationally (cf., Albrecht et al. 1985, 1991, Kuo and Schubert 1988, Stevens et al. 2003,
Mathieu and Lahellec 2005, Gerber et al. 2005, 2013, 2016). Most fundamentally, a finite time
would be required for CTEI to realize. Unfortunately, bulk of existing theories does not tell how

long we have to wait to observe CTEI.
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A fundamental limitation of existing CTEI studies arises from a fact that these analyses concern
only with a sign of a local buoyancy (or vertical eddy buoyancy flux), without properly putting it
into a framework of the hydrodynamic instability (cf., Drazin and Reid 1981). Such a dynami-
cally consistent theoretical analysis of the instability couples a given local instability with a full
hydrodynamics. It is a standard approach in the midlatitude large—scale dynamics to interpret the
synoptic cyclones in this manner in terms of the baroclinic instabilities (cf., Hoskins and James
2014). In the author’s knowledge, a hydrodynamic stability analysis is still to be performed for
CTEI, probably an exception of Mellado et al. (2009: cf., Sec. 2.c). Thus is the goal of the study
so that a growth rate of CTEI is obtained as a function of the horizontal scale.

A basic premise of the present study is to treat the evolution of the cloud—top inversion height
with time explicitly so that, in principle, its evolution until an ultimate transform of stratocumulus
into trade cumulus can be evaluated. A linear analysis performed herein is a first step towards
this goal. As of any theoretical studies, the present analysis does not intend to provide a full
answer to the problem. A more important purpose of the study is to show how dynamically—
consistent instability analyses can be performed in problems of cloud—topped boundary layers,
taking CTEI as an example. The author expects that more studies will follow along this line for
better elucidating the dynamics of the cloud-topped boundary layers.

The present study considers an evolution of a resolved circulation under CTEI, which may be
contrasted with some studies. The latter deal CTEI primarily as a process of generating kinetic
energy for smaller—scale eddies, which directly contribute to vertical eddy transport at the top
of the well-mixed layer associated with entrainment (e.g., Lock and MacVean 1999, Katzwinkel
etal. 2012). An overall approach of the present study may be compared with that for the mesoscale
entrainment instability by Fiedler (1984: see also Fiedler 1985, Rand and Bretherton 1993). As

a major difference, the entrainment induces negative buoyancy by evaporative cooling of clouds
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in the present study, whereas Fielder considered an enhancement of cloudy—air positive buoyancy
by entrainment of stable upper—level air. At a more technical level, the present study considers
a change of the buoyancy jump crossing the inversion with time, but fixing the entrainment rate.
In Fiedler (1984), in contrast, the main role of the inversion jump is to constraint the entrainment
rate.

The model formulation, that couples a conventional parcel-based CTEI analysis with a full
hydrodynamics, is introduced in the next section. A perturbation problem is developed in Sec. 3,
and some simple solutions are presented in Sec. 4. The paper concludes with the discussions in
the last section.

2. Formulation

A well-mixed boundary layer is considered. We assume that the mixed layer is cloud topped.
However, the cloud physics, including the condensation, is treated only implicitly.

a. Rationales

An essence of CTEI is that a mixing of the free-troposphere air from the above with a cloudy air
within stratocumulus leads to evaporation of cloud water due to a dry and relatively high tempera-
ture of the entrained free-atmospheric air, but the evaporative cooling, in turn, makes the entrained
air colder than the surrounding stratocumulus-cloud air, leading to a convective instability that
drives the evaporated mixed air further downwards (Deardorff 1980, Randall 1980). Though less
frequently considered, a possible reverse process is an intrusion of the cloudy air from the stra-
tocumulus cloud into the free troposphere (e.g., MacVean and Mason 1990, Dyunkereke 1993).
In this case, when the detrained air is moist enough, it can be more buoyant than the environment
due to the virtual effect. Buoyancy induces a further ascent, the ascent leads to adiabatic cooling,
the cooling may lead to further condensation of water vapor, and resulting condensative heating

can drive the cloudy air further upwards.
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The present study explicitly describes the deformation of the cloud—top inversion height with
time, associated both with evaporation of cloudy air by cloud—-top entrainment as well as intrusion
of cloudy air into free troposphere. The resulting deformation may ultimately lead to transform of
stratocumulus into trade cumulus. We will consider the associated processes under a drastically
simplified mixed-layer formulation, but still taking into account of the basic CTEI processes just
described. The drastic simplification facilitates the analysis of the coupling of these processes with
a full dynamics in a form of hydrodynamic stability analysis.

Based on these rationales, a simple mixed—layer formulation for describing CTEI is introduced
in the next subsection. It is coupled with a full hydrodynamics introduced in Secs. ¢ and d.

b. A mixed-layer formulation for the buoyancy

We consider a well-mixed cloud-topped boundary layer with a depth (inversion height), z;. The
basic model configuration is shown in Fig. 1. As a key simplification, we assume that the buoy-
ancy, b, is vertically well mixed. Clearly, this is a very drastic simplification. Under standard
formulations (e.g., Deardorff 1980, Schubert ef al. 1979), the buoyancy anomaly is expressed by
a linear relationship with the two conservative quantities, which are expected to be vertically well
mixed. For these two quantities, we may take the equivalent potential temperature and the total
water, for example. However, the buoyancy is not expected to be vertically well mixed, because the
coefficients for this linear relationship are height dependent (cf., Eq. 3.15 of Schubert et al. 1979,
Eqgs. 15 and 22 of Deardorff 1976). Thus, a drastic simplification in the present formulation is,
more precisely, to neglect the height-dependence of these coefficients. However, we expect that
drawbacks with these simplifications are limited, because only a perturbation of the buoyancy field
is considered in the following. As a major consequence, a possibility of decoupling (Bretherton
and Wyant 1997, Lewellen and Lewellen 2002) is excluded, thus the study focuses exclusively on

CTEL
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Under these drastic simplifications, the buoyancy, b, in the well-mixed layer is described by

Zi(%+<u>%)<b>:W0—W—ZiQR 2.1)

by following a standard formulation for the well-mixed boundary layer (e.g., Egs. 3.1 and 3.3
of Schubert ef al. 1979, Eq. 2.1 of Stevens 2006). Here, the bracket, < >, designates a vertical
average over the well-mixed layer. Strictly speaking, a deviation from a vertical average may exist,
but we simply neglect these contributions in the formulation. A two—dimensional configuration has
been assumed for a sake of simplicity. A full three-dimensional analysis would be substantially
more involved without any practical benefits.

Here, we have introduced the variables as follows: ¢ the time, x a single horizontal coordinate
considered, u the horizontal wind velocity, w'b’ the vertical buoyancy flux with the subscripts, 0
and —, designating the values at the surface and at the level just below the inversion (i.e., z;—),
respectively; Qg is the loss of buoyancy due to the radiative cooling over the well-mixed layer.
Note that the buoyancy flux is discontinuous over the inversion associated with a discontinuity of
the buoyancy (cf., Fig. 1).

Under a standard formulation (cf., Egs. 1 and 2 of Deardorff 1980), the vertical eddy flux just
below the inversion level may be expressed in terms of the entrainment rate, w, (> 0), and a jump,
Ab = b — < b >, of the buoyancy over the inversion (with b the free troposphere value at z = z;1)

as

wb'_ = —w,Ab. (2.2)

Here, standard CTEI criteria (Deardorff 1980, Randall 1980) require w'd’_ > 0 or Ab < 0. When
this condition is satisfied, the induced negative buoyancy is expected to induce further cloud—top
entrainment, which induces further negative buoyancy: that is an essence of CTEI as described in

the last subsection. Extensive CTEI literature focuses on defining this condition carefully due to a
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subtle difference between the inversion buoyancy jump and an actual buoyancy anomaly generated
by a cloud-top mixing (cf., Duynkerke 1993). However, the present study bypasses this subtlety,
being consistent with the already—introduced simplifications concerning the buoyancy.

In the following, we only consider the perturbations by setting:

Zi=Zz+Mn,
<b>=<b>+<b>,

where a bar and a prime designate equilibrium and perturbation values, respectively. An exception
to this rule is the perturbation inversion height designated as 7. For simplicity, we assume that w,,
w'bg, and Qg do not change by perturbations. See the next subsection for the discussions on the
basic state, Z; and < b >.

A perturbation on the buoyancy jump may be given by

Ab = <d_z> n—<b>". (2.3)

Here, the first term is obtained from a geometrical consideration (Fig. 2), assuming that the
buoyancy profile above the inversion does not change by deepening of the mixed layer, thus

', = (db/dz)n, where db/dz (> 0) is a vertical gradient of the free—troposphere buoyancy. Thus,
a positive displacement, 11 > 0, of the inversion induces a positive buoyancy perturbation, Ab’ > 0.
We further extrapolate this formula downwards, thus A0’ < 0 with 7 < 0 (i.e., entraining air into
the mixed layer), as expected by evaporative cooling under the CTEI. Note that under the present
formulation, entrainment directly induces a deformation of the inversion height, as a consequence
of cloud evaporation. Both tendencies would induce further displacements of the inversion, and
this positive feedback chain would induce an instability. To see this process more explicitly, the
buoyancy equation must be coupled with a hydrodynamic system, as going to be introduced in

next two subsections.
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The second term in Eq. (2.3) simply states how a buoyancy perturbation, < b >, of the mixed
layer modifies the buoyancy jump, Ab', at the inversion. As we see immediately below, these two
terms have different consequences by entrainment.

Substitution of Eq. (2.3) into Eq. (2.2) reduces Eq. (2.1) into

0 0
[Zi(§+<u> a)+we] <b>/: an, (24)
where
db
a=we (d_Z) —Or (2.5)

measures a feedback of the inversion height anomaly, 17, on the buoyancy anomaly, < b >'. Here,
we expect o > 0. As already discussed above, the first term in Eq. (2.5) shows that displacements
of the inversion tend to enhance the buoyancy perturbation. The second term is a negative radiative
feedback, arising from the fact the total radiative cooling rate of the mixed layer changes by the
inversion—height displacement. Negative feedback of radiation on CTEI has been pointed out by
e.g., Moeng and Schumann (1991), Moeng et al. (1995).

Eq. (2.4) contains the two competitive processes arising from the cloud—top entrainment: the
first is a mechanical mixing as its direct consequence, that leads to a damping, as indicated by
the last term in the left—hand side. The second is the evaporative cooling induced as an indirect
consequence of the cloud—top entrainment, but more directly as a consequence of the inversion—
height displacement, as seen in the right-hand side. The latter may induce instability. The first
effect is independent of scales, whereas the second depends on scales, as further discussed with
Eq. (3.8) below. The scale-dependence of the latter leads to a scale dependence of the CTEI
growth rate as will be shown in Sec. 4.

c. Basic state
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To introduce a hydrodynamics, we adopt a two-layer system with constant densities (cf"., Fig. 1),
closely follozing a standard formulation for the analysis of the Kelvin—Helmholz instability as
presented e.g., in Ch. 4 of Drazin and Reid (1981). The first layer with a density, p;, represents
the well-mixed layer below, and the second with a density, p,, the free troposphere above. To
some extent, this formulation can be considered a local description of the dynamics around the
top of the well-mixed layer (the inversion height), z = z;, although the bottom (surface: z = 0)
and the top (z — +oo) boundary conditions are considered explicitly in the following. A height
dependence of the density can be introduced to this system, and so long as the density-gradient
scale is much larger than a vertical scale of the interest, the given system is still considered a good
approximation. Under this generalization, for the most parts in the following, the density values,
p1 and p,, refer to those at the inversion height, z = z;. We also assume that the horizontal winds,
given by Uj and U, are constant with height in each layer. Thus, we may re-set U; =< u > in the
formulation of the last subsection.

Here, an assumed sharp interface is a necessary simplification for treating the essential fea-
tures of the CTEI in lucid manner, although both recent observational (Lenschow et al. 2000,
Katzwinkel et al. 2012) and modeling (Moeng et al. 2005) studies show that the inversion actually
constitutes a finite—depth layer with rich morphologies. Mellado et al. (2009) consider a Rayleigh-
Taylor instability problem by inserting a positive density anomaly over this thin inversion layer.
Their study may be considered an extension to three layers of the present formulation. However,
in contrast to the present study, the fluid density is assumed a passive scalar and no possibility of

its change associated with evaporation effects is considered.

10
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We assume that the basic state is under a hydrostatic balance, thus the pressure field is given by

pi—pi1g(z—zi) 0<z<gz
p= (2.6)

pi—p28(z—z) 7>z
where p; is a constant pressure value at the inversion height.

The inversion height, z;, is described by (cf., Eq. 4 of Stevens 2002, Eq. 31 of Stevens 2006):

d 0
(5, tuj5 ) =wtwe (2.7)

for both layers with j = 1, 2. Its steady basic state, Z;, is defined by the balance:
w+w, =0. (2.8)

Here, w is a height-dependent background vertical velocity defined below. When w < 0, we iden-
tify an equilibrium state at a certain height. Especially, when w is a monotonous function of the
height, the equilibrium inversion height is unique. On the other hand, when w > 0, there is no

equilibrium height for the inversion, thus we may generalize above as
=W+ we

with the rate, 7;, of change of the basic inversion height. In the latter case, the perturbation is
applied against an unsteady state with Z; # 0. In the following, we further assume a constant
background divergence, D, thus

w = —Dz.

Finally, the basic state, < b >, for the mixed-layer buoyancy is defined from Eq. (2.1) assuming
a steady and homogeneous state. It transpires that the basic state is obtained from a balance
between three terms in the right hand side. Unfortunately, deriving the basic-state explicitly for

< b > is rather involved with a need of specifying the dependence of w'b’o and Qg on < b > (i.e.,

11
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specifications of physical processes). Here, we do not discuss this procedure, because this problem
is, for the present purpose, circumvented by simply prescribing a mean state, < b >. As it turns
out, the value of < b > does not play any direct role in the instability problem.
d. Perturbation problem

For developing a perturbation problem, we assume that the perturbations satisfy the following

boundary conditions (with the prime suggesting perturbation variables):
(i) ' —0asz— oo (2.9a)
(i1) w' = 0 at the bottom surface, z =0 (2.9b)

(iii)) The pressure is continuous by crossing the inversion, z = z;, thus

Pi—P1gN = Py —pagn (2.9¢)

at z = 7; after linearization. Furthermore, we may note that the perturbation equation for the
inversion height is given by
an an

(EJFU,-g) =-Dn+w (2.9d)

for j=1and 2.

The perturbation equations for the dynamics are given by

J o, , 1dp; |
0 J., 19
Gt T o .

for j =1 and 2. Here, the buoyancy perturbation equation for the lower layer (j = 1) is given
by setting b} = b’ in Eq. (2.4). In the upper layer (j = 2), we simply set b}, = 0. Nonvanishing
buoyancy perturbation in the upper layer (free troposphere) would contribute to the gravity-wave

dynamics (cf., Fiedler 1984). We simply neglect this contribution.

12
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We further introduce the perturbation vorticity, {’, and streamfunction, ¥/, so that

du' oW oy oy
== _— = / = — / —
= 3 " ox Ay, w 3 u 5. (2.11a, b, ¢)

and for a later purpose, it is useful to note from Egs. (2.11a, b):

af

X

The perturbation equations for the vorticity in both layers are obtained from Eqgs. (2.10a, b):

J J ob)

(5, U138 = =3 (2.122)
J J

(5, +U25-)5 =0. (2.12b)

3. Stability Analysis

The perturbation problem is solved for the dynamics and the buoyancy separately in the follow-
ing two subsections. Each leads to an eigenvalue problem.
a. Dynamics problem

The solutions for the upper layer is obtained in a relatively straightforward manner. From
Eq. (2.12b), we find an only solution satisfying the condition of the vanishing perturbation flow

towards z — o0 (2.92) is §j = 0, thus

whose solution consistent with the boundary condition (2.9a) is
% _ ézeikx—k(z—zfi)+ot.

Here, both the horizontal and the vertical scales are characterized by a single parameter, k, which

is assumed to be positive; ¢ is a growth rate. It immediately follows that we may set
le _ erikx—k(z—zi)+crt7 (3 13.)

p/2 — pf\2eikX7k(Z*Z[)+Gl, (31b)

13
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where 52, W», and p, are the constants to be determined. The same conventions for the notation
are also applied to the lower-layer solutions below.

The treatment of the lower layer is slightly more involved, because the vorticity is forced by the
buoyancy. Nevertheless, by taking into account of the bottom boundary condition (2.9b), we may

set:

¢l = i sinmze® ot (3.22)
w) = Wy sinmz e+, (3.2b)
Pl = p1cosmze™ T, (3.2¢)
b\ = by sinmze™ O, (3.2d)

Here, in the lower layer, the horizontal and the vertical scales are characterized by different
wavenumbers, k and m. Note that at this stage, a possibility that the vertical wavenumber, m,
is purely imaginary as in the upper layer is not excluded, but it is only excluded a posteori.

From Eq. (2.12a), we find

¢ — ikb,
T o +ikUy
It immediately follow from Eq. (2.11d) that
K2 .
b= b 3.3
= e md) (o 1 ikUy) ! (3.32)
or
. k> 4+m?) (o +ikU
p — Ktm )k(2 L P (3.3b)

Note that Eq. (3.3a) corresponds to Eq. (2.53) of Fiedler (1984). Substitution of Eq. (3.3b) into

Eq. (2.10a) further finds:

m . n
p1= —7(6+ku1)wl. (3.4a)



2s A similar procedure applied to the upper layer leads to:

D2 = % (0 +ikUy + kz;)Ws. (3.4b)

o Application of the height perturbation equation (2.9d) to both layers leads to:

kU, +D
oy = S D (3.5a)
sinmz;
303 Wy = (G + kU, +D)ﬁ, (35b)

304

ws and further substitution of Eqs. (3.5a) and (3.5b), respectively, into Eqgs. (3.4a) and (3.4b) results

w6 1N
. pim . . ]
307 — — 5 kU kU D E— 36
P 2 (o +ikUy) (o +ikU; + )siani’ (3.6a2)
208 P2 = %(G-I— ikUp + D) (0 + ikU, + kZ;) 7). (3.6b)

o Finally, substitution of Egs. (3.6a, b) into the pressure boundary condition (2.9c) leads to an eigen-

«

«®

i value problem to be solved:

—p1g(0'+ikU1)(6—|—ikU1 + D) cotmz; — %(G+ikU2+D)(6+ikU2+kZi) —(p1—p2)g =0.
312 (37)

s b. Buoyancy problem

@

s Another eigenvalue problem is obtained from the buoyancy equation (2.4). By substitution of

«

s the general solutions, we obtain
oe Zi(o +ikUy) +we] < sinmz > by = of.

s Here, the vertical average, < sinmz >, is evaluated by

. 1 /Zi ) 1 41 —cosmz;
a8 <sinmz >= — sinmzdz = ———cosmz| = ——.
ZiJo mz; 0 mzZ;
319 ThUS,
. 1 ) o
320 n= — [Zi(G + lkU1> —i—we](l — cosmz,-)bl. (3.8)
oomz;

15
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On the other hand, by combining Eqs. (3.3b) and (3.5a), we obtain

(k* +m?)(o +ikU,) (o +ikU; + D) A

by = .
k?sinmz;

(3.9)
By substituting Eq. (3.9) into Eq. (3.8), we obtain the second eigenvalue problem
(k> 4+m?) (0 +ikU, ) (6 4 ikU; +D)[zi(0 + ikU; ) +we] (1 — cos mz;) — oumk*Z; sinmz; = 0. (3.10)
As it turns out from the result of Sec. 4, a main balance in Eq. (3.9) that controls the system is:
(K2 +m*)f ~ by, (3.11)

thus the interface is displaced by the buoyancy more efficiently for larger horizontal scales (i.e.,
the smaller k?). A larger interface displacement, 7, leads to stronger evaporative cooling, thus the
system becomes more unstable for the larger scales as will be found in Sec. 4.
c. Eigenvalue problems

As the analysis of the last two subsections show, the stability problem reduces to that of solving
the two eigenvalue problems given by Egs. (3.7) and (3.10). Here, the problem consists of defining
two eigenvalues: the growth rate, ¢, and the vertical wavenumber, m, of the mixed layer for a given
horizontal wavenumber, k. Thus, two eigen-equations must be solved for these two eigenvalues.

In the following, we first nondimensionalize these two eigen-equations, then after general dis-
cussions, derive a general solution for the growth rate obtained from a nondimensionalized version
of Eq. (3.7). This solution has a general validity. It also constitutes a self-contained solution when
a coupling of the dynamical system considered in Secs. 2.c and 3.a with the buoyancy is turned
off by setting @ = 0 in Eq. (2.4).

We note in Eq. (3.7) that a key free parameter of the problem is:

0= %cotmzi. (3.12a)
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A key parameter in Eq. (3.10) is ¢, which is nondimensionalized into:

a = (kg’) ' a.

Nondimensional versions of Egs. (3.7) and (3.10) are given by

w(6 +ily)(6 +il, + D) +p(6+iUy +D)(6+iU, + %)+ (1 —p) =0,

(3.12b)

(3.13a)

(14m?)(6 +i0,)(6 +iU; +D)[2:(6 + i0,) + W] (1 — cosmz;) — aumz;sinmz; = 0,

where the nondimensional parameters and variables are introduced by:

o =

p

m

(kg) V2o, U;=(k/g)"?U;, D= (kg)~'/’D,

=pa/p1, L= (k/g)" %, We=(k/g)"*w,,

=m/k, Z =kZ

(3.13b)

(3.14a, b, ¢)
(3.14d, e, 1)

(3.14h, )

for j =1, 2. Note that a tilde ~ is added for designating the nondimensional variables.

A convenient general strategy for solving this set of eigen-equations would be to first solve

Eq. (3.13a) for &, and by substituting this result, solve Eq. (3.13b) for . Note that Eq. (3.13a)

is only the second order in respect to G, thus an analytical solution for the latter is readily ob-

tained. On the other hand, the resulting equation by substituting this result into Eq. (3.13b) is

transcendental in respect to /7. Thus the solution for 71 must be sought numerically in general

cases.

The general solution for the growth rate, &, obtained from Eq. (3.13a) is:

6 = —ilj

g HTPAU  (u+p)AD+PAZ 4

n+p

p+p 2(n+p)
i(uﬁ)l/zUl

{(1-AU)*(1 —Ri)Jrﬁ[AZH—
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p+p

AD)? +i(1—AU)AZ} /2.

(3.15)
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Here, for simplifying the final expression, some nondimensional parameters have been normalized
by Uy:

AU:ﬁz/[]l, Afi:fi/01, ADZD/[]] (3.16a, b, ¢)

Furthermore, a Richardson number, Ri, is introduced by:

o (u +ﬁ1><1 -p) _ () (Hp1+p2)(p1 — o) (3.16d)

C\k/ upipa(Uy —Uz)?
Note especially that the system is unstable when Ri < 1 and the shear is strong enough. However,
both the deepening, Z;(> 0), of the mixed layer and the divergence, D(> 0) tend to suppresses the
destabilization tendency.
4. Simple Solutions
a. Simplest case

The general solution (3.15) is clearly a rich source of instabilities, including a contribution of the
shear with Ri, that is clearly worthwhile for further investigations (cf., Brost et al. 1982, Kurowski
et al. 2009, Mellado et al. 2009, Katzwinkel et al. 2012, Malinowski et al. 2013). However, for
focusing on the CTEI problem, we turn off here the background winds U; = U, = 0. In this
subsection, we consider the simplest case by further setting z; = D = 0. As a result, the growth

rate obtained from Eq. (3.13a) reduces to:

62:_1—_13.
pn+p

(4.1a)
It suggests that when the system is unstable (i.e., Z(&) > 0), the mode is purely growing with no
imaginary component. These simplifications also make the structure of the solution much simpler:
we find immediately from Eq. (3.3a) that the mixed-layer vertical velocity, w/, is in phase with

the buoyancy perturbation, b/, with the same sign, i.e., w| ~ b/. Same wise, we find w| ~w}, ~ 1

from Egs. (3.5a, b), and —p} ~ p), ~ 1 from Egs. (3.6a, b).
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Remainder of this subsection provides a self—contained mathematical description of how a
closed analytic solution is derived. Readers who wish only to see the final results may proceed
directly to the last two paragraphs of this subsection.

Eq. (3.13b) reduces to:
(14m?)6%(2:6 +we) (1 — cosmz;) — &umz; sinmz; = 0. (4.1b)
We immediately notice that by substituting an explicit expression (4.1a) for 62 into Eq. (4.1b), the
latter further reduces to:

—(1+7?) L=p
p+p

(Zi6 4+ We ) (1 — cosmz;) — aumz; sinmz; = 0. (4.1c)
Here, a term with & is left unsubstituted for an ease of obtaining a final result later.

When the dynamics is not coupled with the buoyancy anomaly with & = 0, there are three
possible manners for satisfying Eq. (4.1c): setting 7> = —1, & = —W, /Z;, or cos/Z; = 1. The first
possibility leads to

U = cothZ;.
In this case, u is always positive so long as Z; > 0. Thus, the system is always stable so long as it
is stably stratified with p < 1 according to Eq. (4.1a). The second gives a damping mode with the
value of u to be defined from Eq. (4.1a) by substituting this expression for &. The last possibility
leads to 4 — +oo, thus the system becomes neutrally stable.

On the other hand, when the dynamics is coupled with the buoyancy anomaly with & # 0, the
parameter [ may turn negative, thus the solution (4.1a) may become unstable. Here, recall the
definition (3.12a) of this parameter, in which cot7Z; is a monotonously decreasing function of
mZ;, and it changes from oo to —oo as 71Z; changes from 0 to 7, passing cotmz; = 0 at mZ; = /2.

For focusing on the state with cotZ; negative enough, we take the limit towards mZ; — 7, and set:
mz; = T — Az (4.2)
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We expect that (0 <)AmZ; < 1

Note that mZ; = 7 corresponds to a solution that the perturbation vertical velocity vanishes ex-
actly at the inversion level, z = Z;, and as a result, the disturbance is strictly confined to the mixed
layer without disturbing the inversion interface. In this case, no buoyancy anomaly is induced.
Eq. (4.2) with mZz; < m suggests that the perturbation vertical velocity slightly intrudes into the
free atmosphere.

Under the approximation (4.2), we obtain

sinmz; ~ Amz;, (4.3a)
cosmz; ~ —1 (4.3b)
as well as
w~ —im(Amz;) L, 4.4)
where
m~n/7=mn/kZ; 4.5)

from the leading-order expression in Eq. (4.2). Note that from Eq. (4.4) and an assumption of
|Amz;| < 1, we also expect || > 1. As aresult, in the growth rate (4.1a), u becomes dominant in

denominator, and it reduces to:

AmZ;. (4.6)

By substituting all the approximations introduced so far into Eq. (4.1c):

1—5

m

he

2(1+mw?) (AZ) [2:6 + W] — Gmz:Amz; ~ 0.

Two major terms share a common factor, AmZ;, that can simply be dropped off, and a slight re-

arrangement gives:




« It leads to a final expression:

6 =—-D+A, 4.7)
ws  where
p=Ye_12p,, (4.82)
Zj
- o _ k265 (k)A (4.8b)
- C2(1-p) \1+m?) ° '

« with the coefficients, Dy and A, and a function, @ (k), defined by:

Do = e ~10~*km™"/2, (4.92)
8 /2Zi
T o 4y —1/2
Ap=———— ~10"*km™ /2, 4.9b
" 2(1-p)g (39
@ (k) = [1+ (kz;/m)* . (4.9¢)

444

«s Here, the order of magnitude estimates above are based on the values listed in the Appendix. By

«s further substituting the expressions (4.8a, b) into Eq. (4.7):
& ~ (=D + & (k)Ag)k™'/?, (4.10)

«s  Finally, the growth rate of the instability is given by

o = g'*(=Dy + B (k)Ao) 4.11)

« after dimensionalizing the result (4.10) by following Eq. (3.14a). Here, @ (k) is a decreasing func-
s tion of k, and asymptotically @ (k) — 1 and 0, respectively, towards kK — 0 and +oo. Thus, the
<2 growth rate is asymptotically o — g/ 2(=Dy +Ap) and o — —g'2Dy, respectively, as k — 0
ss and +oo. It is seen that the sign of the growth rate with k — 0 is defined by relative magni-
s tudes of the mechanical entrainment, Dy, and the evaporative—cooling feedback, Ao. When the
s latter dominates the system is unstable in the large—scale limit, whereas when the former dom-

s 1nates it is damping. As the horizontal scale decreases (towards k — +oo), contribution of the
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evaporative—cooling feedback gradually decreases, and the system becomes simply damping due
to the mechanical entrainment effect. These points are visually demonstrated in Fig. ?? by plotting
the growth rates for selected values of Ag/Dy. Here, the order of magnitude of the growth rate is
estimated as 6 ~ g'/2Dgy ~ g'/2Ay ~ 1075 1/s.

Recall that this solution is derived under an approximation of Eq. (4.2). Under this approxi-
mation, we seek a solution with convective plumes in the mixed layer slightly intruding into the
free troposphere (cf., Fig. ??), as inferred by examining the assumed solution forms (3.2a—d). By
combining this fact with the phase relations between the variables already identified (Egs. 3.3a, b,
3.4a, b, 3.5a, b, 3.6a, b), we can easily add spatial distributions of the other variables to Fig. ??, as
already outlined after Eq. (4.1a) in Sec. 4.a.

b. Large-scale divergence effect

The simplest case considered in the last subsection illustrates well how a dynamically consistent
CTEI arises as a natural extension of the Rayleigh-Taylor instability. However, the setting is rather
unrealistic by neglecting a contribution of the large-scale divergence rate, D, to the problem. An
existence of a positive finite divergence rate, D, defines the equilibrium height, Z;, of the inversion
under its balance with the entrainment is a crucial part of the well-mixed boundary—layer problem.
Thus, in this subsection, we consider the modification of the problem by including a contribution
of nonvanishing D.

The equation (3.13a) for the growth rate is modified to:

6(6+D)=——"—, (4.12a)

and its solution is

(4.12b)
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Note that as suggested by the first term of the growth-rate expression (4.12b), a primarily role of
the environmental descent is to damp the inversion—interface instability. However, as seen below,
the full role of the environmental descent is subtler than just seen here.

The second eigenvalue equation (3.13b) reduces to:
(1+m)&(6 4 D) (2,6 +Ww,)(1 — cosmz;) — dumz;sinmz; = 0. (4.12¢)

Note that the first two appearance of & in Eq. (4.12c) exactly constitutes the expression of the left

hand side of Eq. (4.12a). A direct substitution of this expression leads to:

%)1_’3
Zi " u+p

—(1+m?)(&+ (1 —cosmz;) — aumsinimz; = 0,

that is identical to Eq. (4.1c) obtained for the case without the background divergence, D. In other
words, the effect of the environmental descent cancel out under the inversion—interface buoyancy
condition. It immediately follows that we obtain the identical growth rate as the case without
background divergence.
c. Under steady deepening by entrainment

Alternative consistent treatment is to turn off the environmental descent, i.e., D = 0, but instead,
to assume that the well-mixed layer deepens steadily by entrainment, thus Z; # 0 (and we will set
Z; = W, at the last stage). In this case, Eq. (3.13b) still reduces to Eq. (4.1b) as in Sec. 4.a. On the

other hand, Eq. (3.13a) leads to:

6% = —%[ﬁzﬁ-&ﬂl —p)]. (4.13)

Substituting this expression for 62 into Eq. (4.1b), and only where &2 itself is found, leads to

i _ 1—0 Ve _ 1—p _ B o
_upjﬁ(l+m2)[62+< ﬁfip —l—%)c%— ﬁziz'lee](l — cosmz;) — @msinmz; = 0.

Finally, as before, we introduce approximations (4.3a, b) and (4.4) obtained under AmZ; < 1. We

retain only the terms with O(AmZ;). Thus, the term with 672 drops off in the above, because it is
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expected to be O(Amz;) by itself. After further reductions, we obtain

1-p %

6= (1+ )1 (A-D). (4.14)

The result is the same as before apart from a prefactor containing Z; # 0 to the front. The growth

rate diminishes by this prefactor. The order of this correction is:

~ o~ ~ 2
P Wezi P We

1-p % 1-pgz

~107°,

thus the contribution of the prefactor is negligible, and the same conclusion as before holds.
5. Discussions

A hydrodynamic stability analysis of the CTEI has been performed so that the growth rate of the
CTEl is evaluated as a function of the horizontal wavenumber.

The degree of the CTEI is defined under a competition between the destabilization tendency
due to the cloud-top evaporative cooling and the stabilization tendency due to the mechanical
cloud—top entrainment. An important finding from the present study is to show that the entrain-
ment effects can be separated into these two separate processes. Although the evaporative cooling
associated with an intrusion of the free-troposphere air into the cloud is ultimately induced by
the cloud top entrainment, the subsequent evolution of the inversion—interface can be described
without directly invoking the entrainment, as presented in Sec. 2.a, by another parameter, &. The
remaining role of the entrainment is a mechanical damping on the buoyancy perturbation as seen
in the last term in the left-hand side of Eq. (2.14).

Obtained growth—rate tendencies with changing horizontal scales are consistent with qualitative
arguments in Sec. 3 associated with Eq. (3.11). In the small scale limit, the damping effect due to
the cloud—top entrainment dominates over the evaporative cooling, and as a result, the perturbation
is always damping. In the large scale limit, instability may arise when the magnitude of the

evaporative cooling rate is stronger than that of the entrainment as measured by a ratio between
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the two parameters, Ag and Dy, defined by Eqs. (4.9a, b). A transition from the small-scale
damping regime to the large—scale unstable regime is defined by the scale kZ;/m ~ 1, where the
horizontal scale, 7/k, of the disturbance is comparable to the mixed-layer depth, Z; (~ 1 km),
with an exact transition scale depending on the ratio Ag/Dy. It can easily be shown that this ratio
is essentially proportional to the vertical gradient of the buoyancy in the free troposphere, and a
contribution of the entrainment rate is completely removed when a radiative feedback is set Qg =0
in Eq. (2.5). Thus, the CTEI considered under the present formulation does not strongly depend
on the entrainment rate, when only these essential effects are retained to the problem.

The CTEI identified herein is inherently a large—scale instability, and a reasonably large domain
is required to numerically realize it, as suggested by Fig. 3. This could be a reason why the
evidence for the CTEI by LES studies so far is rather inconclusive (e.g., Kuo and Schubert 1988,
Siems et al. 1990, MacVean 1993, Yamaguchi and Randall, 2008). In these simulations, relatively
small domain sizes (5 km square or less) are taken, that may prevent us from observing a full
growth of the CTEI The growth time scale for CTEI identified by the present analysis is also
very slow, about an order of a day. With typically short simulation times with LESs (about few
hours), that could be another reason for a difficulty for realizing a CTEI with these simulations.
Direct numerical simulations (DNSs) by Mellado (2010), in spite of an advantage of resolving
everything explicitly, are even in less favorable position for simulating a full CTEI due to an even
smaller modeling domain. Unfortunately, dismissal of a possibility for CTEI by Mellado (2017)
in his review is mostly based on this DNS result.

In contrast to these more recent studies, it may be worthwhile to note that an earlier study by
Moeng and Arakawa (1980) identifies a reasonably clear evidence for CTEI over a high SST (sea
surface temperature) region of their two—dimensional nonhydrostatic experiment with a 1000 km

horizontal domain, assuming a linear SST distribution. A preferred scale identified by their ex-
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periment is 30-50 km, qualitatively consistent with the present linear stability analysis, although
it is also close to the minimum resolved scale in their experiment due a crude resolution. A time
scale estimated from the present study is also consistent with a finding by Moeng and Arakawa
(1980) that their CTEI-like structure develops taking over 24 hours. However, due to limitations
of their simulations with parameterizations of eddy effects, a full LES is still required to verify
their result. From an observational point of view, an assumption of horizontal homogeneity of the
stratocumulus over such a great distance may simply be considered unrealistic in respect of ex-
tensive spatial inhomogeneity associated with the stratocumulus as realized in LESs (e.g., Chung
et al. 2012, Zhou and Bretherton 2019).

In this respect, it may be interesting to note that a recent observational study by Zhou
et al. (2015) suggests a possibility of a certain cloud—top instability, if not CTEI, leading to a
decoupling, which ultimately induces a transition to trade cumulus regime. We should realize
that a rather slow time scale for CTEI identified by the present study may be another reason for
difficulties of identifying it observationally. Previous observational diagnoses on CTEI criterions
have been based on instantaneous comparisons (e.g., Albrecht ez al. 1985, 1991, Kuo and Schubert
1988, Stevens et al. 2003, Mathieu and Lahellec 2005, Gerber et al. 2005, 2013, 2016). A finite
time lag could be a key missing element for a successful observational identification of CTEI If
that is the case, data analyses from a point of view of the dynamical system as advocated by Yano
and Plant (2012) as well as Novak et al. (2017) becomes a vital alternative approach.

In the present study, a full solution is considered only for the simplest cases with no background
wind. Nevertheless, a basic formulation is presented in fully general manner. Thus, a simple ex-
tension of the present study can consider rich possibilities of the mixed-layer inversion—interface
instabilities under a coupling with the buoyancy anomaly. Especially, the present formulation al-

lows us to explicitly examine a possibility of the Kelvin-Helmholtz instability over the mixed-layer
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observationally suggested by Brost ef al. (1982), Kurowski et al. (2009), Katzwinkel et al. (2012),
MalinowsKi et al. (2013).

A question may still remain whether the present study actually considers the CTEI. In standard
local analyses (e.g., Lilly 1968, Deardorff 1980, Randall 1980), the main quantities considered are
the signs of the mean vertical eddy buoyancy flux, (w'b’) _, just below the inversion and the mean
jump, Ab, of the buoyancy by crossing the inversion—interface. These parcel mixing analyses do
not explicitly consider a finite displacement of the air masses. By focusing on the perturbation
problem, these mean quantities do not play a role in the present analysis. Instead, the analysis is
based on the formulation (2.3) for the perturbation on the buoyancy jump, Ab’. The present for-
mulation estimates the buoyancy anomaly solely based on the inversion—interface displacement,
1, which may only loosely be translated into a standard parcel-mass displacement framework.
The mixing process remains totally implicit. Arguably, a full justification for the formulation (2.3)
may be still to be developed. Nevertheless, an introduced simplified formulation is designed to
well mimic the processes associated with the evaporative cooling associated with cloud—top en-
trainment albeit in a very crude manner.

A main problem with the present formulation could be, as pointed out in the Appendix, a rather
small evaporative cooling rate estimated from the feedback parameter, &, defined by Eq. (2.5).
However, the logic for the derivation of this definition based on the background buoyancy profile
rather suggests that a strong buoyancy anomaly estimated by conventional parcel theories can exist
only in a very transient manner. Mellado et al. (2009) examine this process by a linear stability
analysis, and Mellado (2010) its full nonlinear evolution by DNSs. The present study, in turn,
examines the subsequent possible development of a full instability after such an initial transient

adjustment is completed.
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A crucial aspect of the present formulation is to treat a deformation process of the inversion—
interface explicitly, that could ultimately lead to transform of stratocumulus into trade cumulus as
an expected consequence of CTEI. The main original contribution of the present study is, under a
crude representation of CTEI, to present its linear growth rate as a function of the horizontal scale.
More elaborated studies would certainly be anticipated, and the present study suggests that they are
actually feasible. A main next challenge is to proceed to a fully nonlinear formulation, probably,
by taking an analogy with the contour dynamics for the vortex dynamics (cf., Dritschel 1989,
Dritschel and Ambaum 1997), but by considering a full nonlinear evolution of the inversion height
as a contour. Such as extension would be able to simulate a transformation of stratocumulus into
trade cumulus in terms of a finite amplitude deformation of the inversion height. Both modeling
and observational studies are further expected to follow.
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Appendix: Typical physical values

Typical physical values (in the orders of magnitudes) of the problem are:
Acceleration of the gravity : g ~ 10 m/s?
Entrainment rate : w, ~ 1072 m/s (cf., Stevens et al. 2003, Gerber et al. 2013)

Inversion height : z; ~ 103 m (c f., Schubert et al. 1979)

Here, the values for w, and Z; may be considered upper bounds, but they provide convenient

rounded-up values. These two values further provide an estimate of a typical divergence rate:
D=w,/7i~1071/s
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(cf., Schubert et al. 1979).
The feedback rate, o, of the inversion height anomaly, 1, to the buoyancy anomaly, < b >/, is

estimated by substituting these typical values into Eq. (2.5) as:

o~ we? ~102m/s x 1071 /s ~ 10 °m/s°,
<

where

7 G -3
db 848 omystx 32X 10" K/m

~ 107415
dz" 6 dz 300K /s
and 0 is the basic state for the potential temperature. It further provides a rate of the change of

buoyancy-anomaly by:

ol <o~ 107°m/s?,
<i

which leads to a buoyancy anomaly of the order < b >'~ 1072 m/s? over a period of an hour
(~ 10*s). This value may be considered an underestimate compared with those obtained by local
analyses: 0.01 m/s?> < b < 0.2 m/s? (Fig. 3 of Stevens 2002), -2 K < b < 1 K (Fig. 2 of Duynkerke
1993). Implications are discussed in Sec. 5.

We also set 1 —p ~ 1072 assuming a jump of the temperature AT ~ 3 K crossing the inversion

in estimating the parameter values in the main text.
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FIG. 1. Schematic configuration of the model.
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