
HAL Id: hal-03214459
https://hal.science/hal-03214459

Submitted on 1 May 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Prediction and analysis of quasi-periodic solution for
friction-induced vibration of an industrial brake system

with the Generalized Modal Amplitude Stability
Analysis

Enora Denimal, Jean-Jacques Sinou, S. Nacivet

To cite this version:
Enora Denimal, Jean-Jacques Sinou, S. Nacivet. Prediction and analysis of quasi-periodic solution
for friction-induced vibration of an industrial brake system with the Generalized Modal Amplitude
Stability Analysis. Journal of Sound and Vibration, 2021, pp.116164. �10.1016/j.jsv.2021.116164�.
�hal-03214459�

https://hal.science/hal-03214459
https://hal.archives-ouvertes.fr


Prediction and analysis of quasi-periodic solution for friction-induced

vibration of an industrial brake system with the Generalized Modal

Amplitude Stability Analysis

Enora Denimal1,2,*, Jean-Jacques Sinou2,3, and Samuel Nacivet2

1Laboratoire de Tribologie et Dynamique des Systèmes, UMR CNRS 5513, École Centrale de Lyon,
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Abstract

Brake squeal is a major issue for car manufacturers as it is the reason for the return of many vehicles
to customer services, representing high costs for the companies. To meet customer’s expectations, squeal
must be accurately predicted during the design process. In the context of the automotive industry, squeal
usually refers to friction-induced vibrations that generate noise. The main methodology employed nowadays
for friction-induced vibrations prediction of industrial systems is the well-known complex eigenvalue analysis
(CEA) despite its limitations. The latter suffers from an under- or over-predictive aspect and the vibration
amplitudes cannot be estimated. A recent approach, called the generalised modal amplitude stability analysis
(GMASA), has been developed as a complementary approach of the CEA to identify the modes involved in
the nonlinear dynamic response of systems subjected to friction-induced vibrations and to approximate the
quasi-periodic oscillations. The objective of this paper is to predict the nonlinear dynamic response of a full
industrial automotive brake system. The GMASA is employed to predict its nonlinear dynamic response.
It is demonstrated that when the CEA predicts a single unstable mode, two are actually involved in the
nonlinear dynamic response. The quasi-periodic oscillations are analysed, as well as the evolution of the
contact conditions at the pad/disc interface and exhibits the presence of micro-impacts.

Keywords Friction-induced vibrations, squeal, finite element model, generalised modal amplitude stability
analysis, contact, friction, multi-instabilities, quasi-periodic

1 Introduction

Car manufacturers are leading research and development to meet environmental and quality customers’ ex-
pectations. Customer satisfaction surveys show that a large part of warranty claims is due to friction-induced
vibration and squeal noise. Even if the main function of a brake system is of safety order and if squeal has
no impact on the braking quality, this friction noise is nasty as it can reach high sound levels up to 110 dB
and is often associated to a brake system failure in the collective imagination. In consequence, squeal noise
is at the origin of a large part of warranty claims representing high costs for the automotive industry. There-
fore, friction-induced vibration and noise have become a priority topic over the last decades for the automotive
industry, where more and more constraints on friction noise must be meet. This justifies the need to predict
friction-induced vibrations early in the design stage.

Friction-induced vibrations have been extensively studied over the last decades by academics and industrials
from two complementary points of view, a purely tribological one [1–6] and from a structural dynamic one [7–18].
The prediction of the friction-induced vibrations is made complex by its fugitive aspect and its sensitivity to
many parameters [19, 20] as the environment [21], the wear [22], the material [23], internal contact conditions [24]
or the friction contact law [25, 26]. These observations have pushed researchers to even consider this sensitivity
as an intrinsic part of the appearances of unstable modes and friction-induced vibrations [25, 26] and to consider
this phenomenon with its variable aspect to improve prediction of unstable modes and friction-induced vibration
and noise [27–31].
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Despite the numerous studies on the topic, the emergence and the phenomenon at the origin friction-induced
vibrations are still not well understood. If some unstable modes are at the origin of the initial vibrations, other
modes can be present in the final steady-state response [8, 32], and even if the system is vibrating, noise is not
necessarily present. In [33], Oberst and Lai observed some chaotic behaviours during friction-induced vibrations,
however (quasi)-periodic motions were present in majority. In [32, 34], Wernitz and Hoffmann observed chaotic
nature of the dynamic before the appearance of unstable behaviour and the associated friction-induced vibration
and state that the observed phenomena was not the result of a system loosing its stability to a quasi-periodic
solution, but the result of a chaotic attractor approaching a regular attractor [35, 36]. In spite of these analysis,
once the phenomena of friction-induced vibration is present, (quasi)-periodic solutions are most of the time
observed [17, 29, 33].

The numerical prediction of squeal can be split into two different parts, first the prediction of the friction-
induced vibrations, and second the computation of the transmitted acoustic noise. For the second aspect, the
reader is invited to refer to [37–40] for more details as it is not in the scope of the present study. Considering
the prediction of friction-induced vibrations, the most employed method in the industry remains the Complex
Eigenvalue Analysis (CEA) [8, 9, 37]. It consist in the computation of the complex modes of the brake system
around its nonlinear static equilibrium. If this method is robust and easy to implement even for large Finite
Element Models (FEM) of brake systems, it is well-known that is has an over- or under-predictive aspects [8, 9].
In other words, the mode predicted as unstable by the CEA are not necessarily responsible for the friction-
induced vibrations, and on the opposite, modes that can be responsible for friction-induced vibrations are not
predicted as unstable by the CEA. Several reasons explain this limitation, the first one being that the CEA is a
linear approach that doesn’t account for the nonlinear contributions responsible for friction-induced vibrations,
and the second being modelling errors and/or uncertainties, more especially related to the contact [25, 26, 29, 37].

To counterbalance the prediction limitations of the CEA, different numerical strategies have been investigated
to predict friction-induced vibrations. First of all, time integration has been considered to get the transient
regime and the stationary response without any hypothesis on the form of the nonlinear response [11, 12, 32,
41, 42]. Through this approach, the history of the system and the different modal interactions of the transient
part can be analysed. Yet, temporal integration represents an extremely prohibitive numerical cost which
makes this approach unusable in an industrial context. Some works have focused on the computation of the
stationary response directly to reduce the computational cost. Hence, in [43] Coudeyras et al. proposed the
constrained harmonic balance method (CHBM). The vibrations frequencies of the system (that are unknown)
are added in the HBM formulation through an additional constraint. If interesting results were obtained, the
initialisation and the convergence of the method remains tedious and limit the interest of the approach. In [44],
Charroyer et al. proposed an adaptation of the shooting method where an energetic criterion is developed
to initialise the method. Nevertheless, no extension to the multi-instability case have been developed so far.
More recent strategies intend to complete the CEA by considering additional criterion. In [45], Brunetti et al.
defined a Modal Absorption Index (MAI) that characterizes the capacity of each mode to absorb energy and
to become unstable. In [46], Nacivet and Sinou developed the Modal Amplitude Stability Analysis (MASA) to
predict unstable vibration mode when only one is present. The dynamic response is approximated based on a
linearisation of the initial dynamic response around a nonlinear sliding equilibrium position for a given modal
amplitude. In [47], the authors extended this method to the multi-instability case, called Generalised Modal
Amplitude Stability Analysis (GMASA), and demonstrated the validity of the approach on a phenomenological
model.

The objective of the present study is to demonstrate that the GMASA method is able to compensate the
under-predictive limitation of the CEA by predicting the quasi-periodic solution of an industrial FEM of a
brake system and by capturing the emergence of a second unstable mode in the nonlinear dynamic response.
For the first time, the GMASA is applied on a full FEM of an industrial brake for the treatment of multi-
instability. The GMASA is based on successive linearisations of the nonlinear dynamic response where nonlinear
contributions are integrated as contributions in the brake structural matrices. The possible coupling between
the different unstable modes is possible and done through the computation of the nonlinear forces with an AFT
approach. Numerically speaking, successive stability analysis are performed where the nonlinear contribution
are accounted for, which make it robust and efficient for the study of industrial brake systems, and compensate
the first limitation of the CEA. As explained previously, experimental studies indicate that when the steady-
state regime is reached, (quasi)-periodic solutions are observed, which justifies the choice of an approach as the
GMASA to predict the unstable vibration modes. Results show that when a Coulomb’s friction law is used as
a tangential friction law, the appearance of impacts at the pad/disc interface can be enough to stabilise the
amplitude of the oscillations. Moreover, if only one mode was unstable initially, the growth of amplitude and the
coupling between the different modes due to the nonlinear forces may be responsible for the emergence of another
fundamental contribution (i.e. a new unstable mode) in the nonlinear dynamic response. The appearance of
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Figure 1: Finite Element Model of the brake system: assembled (left) and exploded (right) views

this second unstable mode and its coexistence with the first unstable mode may lead to more complex solutions
corresponding to torus motion and quasi-periodic oscillations, and consequently different vibrational behaviours
depending on the contact point.

The paper follows the following structure, first the FEM of the automotive brake system is presented.
Second, the stability analysis is briefly recalled. Third, the GMASA approach is explained in details and finally
in the fifth section it is applied on the FEM of the brake system to predict its dynamic response and results are
analysed.

2 System presentation

The model under study is a FEM of an automotive brake system, shown in Figure 1. The latter is composed
of a disc, two pads, a bracket, a caliper, a piston, a knuckle and a wheel. It is a floating caliper technology.
During a braking action, the hydraulic pressure pushes the piston against the inner pad. The reaction forces
pull the caliper back, dragging the outer pad with it, which finally enters in contact with the disc. This action
creates friction between the disc and the pads, dissipating energy. Sometimes, this is also accompanied by
squeal noise. If the latter has no effect on braking efficiency, it is often associated with a brake failure in the
collective imagination, justifying the return of many vehicles to the customer service. To avoid this cost, the
prediction of friction-induced vibrations and noise is of prior importance in the automotive industry.

The squeal noise originates from vibrations of the brake system due to instability and mode coupling between
the different components of the brake system. Traditionally, the friction coefficient at the pad/disc interface is
considered as the most influential parameter on the automotive brake system stability and usually the propensity
of unstable modes of a brake system is studied for different values of this friction coefficient during the design
process. It has been shown recently that the contact between the different components, and more specifically
the contact between the pads and the other components, have a strong influence on the brake stability [24].

The FEM is implemented in Abaqus, and a volume mesh of 103,444 elements and 182,337 nodes is created
with 10-node quadratic tetrahedron elements. The FEM has been validated with a convergence study with
regards to the eigenvalues and mode shapes [48]. The different material properties of the different components
are presented in Table 1. The brake lining is an orthotropic material, each line corresponds to the material
properties in one dimension. The braking pressure as well as the disc rotation velocity are constant. The
hydraulic pressure action is modelled by an effort to the back of the piston.

To reduce the computational cost associated to the stability analysis, an implicit reduction technique that
is based on a nodal reduction at the frictional interface and a substructure generation at the nonlinear static
equilibrium is employed, as detailed in [48]. With this approach, the pad/disc interface is reduced to a small
number of contact points used for a node-to-node contact formulation. Moreover, a classical Craig-Bampton
reduction is also applied, where the reduced number of nodes at the pad/disc interface are used as reduction
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Element Material Young Modulus (GPa) Poisson’s coefficient Density (kg/m3)

Disc Grey cast iron 113 0.275 7075
Caliper Ductile cast iron 175 0.275 7200
Bracket Ductile cast iron 175 0.275 7200
Pad (support) Steel 210 0.29 7800
Brake lining GA7504 10.66 0.09 4870

10.66 0.14
2.61 0.56

Table 1: Material properties of the brake components

nodes. The full process for the generation of each substructure and of the brake assembly as well as the validity
of the reduced FEM versus the mesh quality and the number of interface nodes have been previously explained
in [48].

The resulting dynamic equation of the reduced brake system is given by:

MÜ + CU̇ + KnlU + Fnl(U) = Fext (1)

where M and C are the mass and damping matrices respectively. Fext is the vector of the exterior forces
applied on the brake, here the braking pressure. Fnl is the vector of the nonlinear contact and frictional forces
at the pad/disc contact interfaces. Based on experimental data [43], the normal contact force FN is modelled
with a linear and a cubic terms when there is contact. The formulation is:

FN (δn) =

{
klδn + knlδ

3
n if δn ≥ 0

0 otherwise
(2)

with δn the relative displacement at the contact point n, kl the linear contact stiffness and knl the nonlinear
contact stiffness. This node-to-node formulation is possible thanks to the nodal reduction technique proposed
in [48]. The classical Coulomb’s law is used for the friction law. Knl is the stiffness matrix constructed from
the structural stiffness matrix of the different components and from the contribution of the different contact
interfaces between the pads and the piston, the pads and the bracket and the pads and the caliper. These
internal contacts have a strong influence on the propensity of unstable modes [24]. This matrix is defined as:

KnlU = KU + Fpad/piston(U) + Fpad/bracket(U) + Fpad/caliper(U) (3)

where K is the structural stiffness matrix, and the Fi/j are the equivalent stiffness contributions of the interfaces
between the components i and j [24]. Two contact status are possible for each of these interfaces: contact or
non-contact.

3 Preamble: Stability analysis of the brake system

First, a stability analysis for different values of the friction coefficient µ between the pads and the disc is
performed to investigate the stability of the nonlinear static equilibrium position of the brake system, and to
identify the modes of the system that might be unstable and so might be at the origin of the friction-induced
vibrations. As a reminder, the stability analysis, based on the CEA, is reminded here. As it is the starting
point of the GMASA method, the CEA is fully described.

3.1 Complex Eigenvalue Analysis

The nonlinear static equilibrium position US of the system is determined by solving the equation KnlUS +
Fnl(US) = Fext. The stability of this equilibrium position is then determined by considering a small per-
turbation ∆U around this position, in other words the displacements field is written as U = US + ∆U. The
nonlinear forces can then be linearised around the equilibrium position, and from the Taylor expansion it comes:

Fnl(U) = Fnl(US) + Jnl∆U +O(∆U2) (4)

where Jnl is the Jacobian matrix of the nonlinear efforts around the equilibrium position US. It is worth
noticing that this Jacobian matrix depends on the system configuration, and so on the status of the internal
contacts and on the friction coefficient µ. By injecting Equation 4 in Equation 1, it comes:

M∆Ü + C∆U̇ + (Knl + Jnl) ∆U = 0 (5)
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µ 0.01 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95

Ins. no1 - 3878.3 Hz 3869.9 Hz 3861.9 Hz 3856.6 Hz 3850.4 Hz 1987.8 Hz 1979.6 Hz 1971.7 Hz 1968.2 Hz
Ins. no2 - - 4728.3 Hz 4725.3 Hz 4721.1 Hz 4714.4 Hz 3851.4 Hz 3854.7 Hz 3854.1 Hz 3661.4 Hz
Ins. no3 - - - - - 4930.5 Hz 4742.5 Hz 4785.7 Hz 4753.9 Hz 3856.8 Hz
Ins. no4 - - - - - - 4919.3 Hz 5384.8 Hz 5359.7 Hz 4750.3 Hz
Ins. no5 - - - - - - 4944.1 Hz - 5963.9 Hz 5340.2 Hz
Ins. no6 - - - - - - - - - 5962.8 Hz

Table 2: Unstable frequencies identified with the CEA for a configuration of the brake system for different
values of the friction coefficient µ at the pad/disc interface

The associated eigenvalues problem is defined by:(
λ2M + λC + (Knl + Jnl)

)
Ψ = 0 (6)

where λ and Ψ is a pair of complex eigenvalue and eigenvector (i.e. mode shape) of the system. They are
determined by solving:

det
(
λ2M + λC + Knl + Jnl

)
= 0 (7)

The non-symmetric aspect of the term (Knl + Jnl) makes the eigenvalues complex. The asymptotic stability of
the system is determined based on the Lyapunov theory by analysing the sign of the eigenvalues real parts. If
all of them are negative, then the system is considered as stable, whereas if at least one of them is positive, then
the system is considered as unstable. The real part of the eigenvalue corresponds to the growth ratio of the
vibrations associated to the corresponding mode, and the imaginary part corresponds to the angular frequency
of the vibrations.

3.2 Stability of the brake system

The CEA is performed on the full FEM of the brake system for different values of the friction coefficient µ at the
pad/disc interface from 0.01 to 0.95. The unstable frequencies obtained are given Table 2. The system has up
to six instabilities between 1960 Hz and 5960 Hz. The first instability appears between µ = 0.01 and µ = 0.15
at about 3870 Hz, and the second between µ = 0.15 and µ = 0.25 at about 4725 Hz. Further simulations
demonstrate that it emerges at µ = 0.23. In the following, the GMASA method will be applied at µ = 0.22
where only one instability is present originally. This test case is chosen at it will be demonstrated through the
GMASA that a second one emerges when the modal amplitude of the first mode increases.

4 Presentation of the GMASA method

In the following section, the GMASA approach is explained. The general strategy is first described to give the
reader a general overview of the approach.

4.1 General process, main assumptions and workflow

The GMASA approach has been introduced and validated in detail in [47]. The two main assumptions of this
nonlinear approach are:

� the mode shapes and the imaginary part of the eigenvalues remain almost constant when the vibration
amplitude is increasing, and so are equal to those computed with the CEA.

� the contribution of a mode on the global non-linear dynamic behaviour (i.e. increasing, decreasing or
constant vibration levels) is given by the contribution of the first harmonic of this mode (i.e. contributions
of higher harmonics related to a mode are neglected).

From these assumptions, the displacements can be written as:

∆U(t) =

Nf∑
k=1

(
pk(t)Ψ0

ke
iω0

kt + pk(t)Ψ0
ke
−iω0

kt
)

(8)

where Nf is the number of modes involved in the nonlinear dynamic response, pk(t) is the modal amplitude of
the mode k at the instant t, Ψ0

k is the mode shape of the mode k at pk(0) (i.e. obtained from the CEA) and
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Perform CEA

Total number of mode: Nmodes

Mode shapes: Ψ0
k

Eigenvalues: λ0k = a0k + ıω0
k

Select the Ni modes with a0k > 0

Nf = Ni

Create set of Bvib =
(
Ψ0

1, . . . ,Ψ
0
Nf

)
iter = 0

and

p0 = ∆p

iter=iter+1

For each mode in Bvib,

compute the displacements ∆U
(iter)
k

For each mode in Bvib,
compute ∆UC,iter

k and ∆US,iter
k

and then ∆Uiter
k (t) with IFT

Compute the nonlinear efforts Ω
(iter)
1

For each mode in Bvib,
compute Kiter

k , Citer
k and then Aiter

k

For each Aiter
k ,

extract the eigenvalue λiterk

Is a ”stable” mode excited?

Compute piter+1

Add the mode to Bvib
Nf = Nf + 1

add Ψ0
Nf+1 to Bvib

Stop ?
No

No

Yes

Yes

Figure 2: General workflow of the GMASA
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ω0
k is the angular frequency of the mode k at pk(0) (i.e. the imaginary part of the eigenvalue of the mode k

computed with the CEA).
From this formulation, the GMASA proposes to identify the Nf modes that contribute to the nonlinear

dynamic response as well as their modal amplitude pk. As a scanning of all the possible pk would represent a
too high numerical cost, an iterative process is adopted, where the modal amplitudes are updated at each time
step based on the stability behaviour of the system at the previous step. Knowing the modal amplitudes, the
displacements are known and the nonlinear efforts are deduced. The system stability can then be studied based
on an eigenvalue analysis of the state matrices related to each mode of the system. The main interest of this
approach consists in its robustness and its practical implementation that allow its application on large FEM.
The general workflow of the GMASA is illustrated in Figure 2, and each step will be detailed in the following.

4.2 Starting point: the stability analysis - Initialisation of the GMASA

The first step of the GMASA is the CEA, presented in details in Section 3.1. From this analysis, the mode
shapes (Ψ0

k) and the eigenvalues λ0k of the structure are computed. The Ni unstable modes (i.e. with an
eigenvalue with a positive real part) are retained, and without loss of generality are re-numbered from 1 to
Ni. An initial set Bvib with this Ni modes is created. It corresponds to the modes that will be taken into
consideration in the GMASA method and more precisely in the equation 8. It means that at the initialisation of
the method, the assumption is made that only the unstable modes identified from the CEA have a contribution
in the global non-linear dynamic response. Thus, Nf = Ni. New modes might be added to the set Bvib (and
Nf increases), this case will be explained in the following. An initial perturbation p0 of the modal amplitudes
is considered [47].

A periodic solution is sought so ∆U can be expanded on a generalised Fourier series composed of the angular
frequencies of the Nf modes, their harmonics and their composition. In the GMASA approach, only the first
harmonic of each angular frequency is kept. To mark the difference, the displacements are denoted ∆U1H and
are written:

∆U1H =

Nf∑
k=1

∆Uk =

Nf∑
k=1

∆UC
k cos(ω0

kt) +

Nf∑
k=1

∆US
k sin(ω0

kt) (9)

where ∆UC
k and ∆US

k are the cosine and sine Fourier coefficients related to the angular frequency ω0
k respec-

tively.

4.3 Determination of the displacements field

Given the modal amplitudes (piterk )k={1,...,Nf} of the modes at iteration iter and Equation 8, the displacement
field at the iteration iter can be written as:

∆Uiter
1H (t) =

Nf∑
k=1

∆Uiter
k (t) =

Nf∑
k=1

(
piterk Ψ0

ke
iω0

kt + piterk Ψ0
ke
−iω0

kt
)

(10)

The computation of the modal amplitudes at iteration iter is explained later on. The coefficients ∆UC,iter
k

and ∆US,iter
k are deduced from: piterk Ψ0

k = 1
2

(
∆UC,iter

k − i∆US,iter
k

)
. From the Fourier coefficients, the total

displacement field ∆Uiter
1H (t) is deduced.

4.4 Computation of the nonlinear efforts

In the GMASA approach, at each iteration, the modal amplitudes are updated as well as the displacements.
From these, the nonlinear efforts related to the contact and friction forces are evaluated. As a first linearisation
of the nonlinear forces is done during the CEA, their additional contribution is taken into consideration by
considering an additional term Ω in Equation 5:

M∆Ü + C∆U̇ + (K + Jnl)∆U + Ω = 0 (11)

which is equivalent to:
Fnl(US + ∆U) = Fnl(US) + Jnl∆U + Ω (12)

This additional term Ω corresponds to the error made on the first order Taylor’s development. Considering the
truncation to the first harmonic and the search for a periodic solution, Ω is expanded on a generalised Fourier
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series where only first harmonics related to each angular frequency are kept:

Ω1H =

Nf∑
k=1

Ωk =

Nf∑
k=1

ΩC
k cos(ω0

kt) +

Nf∑
k=1

ΩS
k sin(ω0

kt) (13)

Ωiter
1H is deduced from the displacements field ∆Uiter

1H and from Equation 12 with:

Ωiter
1H =

Nf∑
k=1

Ωiter
k = Fnl

(
US + ∆Uiter

1

)
− Fnl(US)− Jnl∆Uiter

1 (14)

4.5 Linearisation of the nonlinear efforts

The non-linear efforts Ω1H are then linearised with the following approach. Considering the truncation at the
first harmonic of Ω and ∆U, the Equation 11 is equivalent to:

M

Nf∑
k=1

∆Ük + C

Nf∑
k=1

∆U̇k + (K + Jnl)

Nf∑
k=1

∆Uk +

Nf∑
k=1

Ωk = 0 (15)

From the orthogonality of the Fourier series, it comes:

∀k ∈ [1, Nf ], M∆Ük + C∆U̇k + (K + Jnl) ∆Uk + Ωk = 0 (16)

The originality of the GMASA method relies in the following linearisation of the nonlinear efforts for each
angular frequency k and at each iteration:

Ωiter
k = Kiter

k ∆Uiter
k + Citer

k ∆U̇
iter

k (17)

where the matrices Kiter
k and Citer

k are the equivalent stiffness and damping matrices of the nonlinear efforts on
the angular frequency ω0

k at the iteration iter, respectively. These matrices can be obtained analytically. Let
δnk be the normal displacement of the contact point n projected on the kth angular frequency. For the sake of
clarity, the mention to the iteration number is removed here. Because only the first harmonic is considered, it
can be written as:

δnk (t) = δc cos(ω0
kt) + δs sin(ω0

kt) (18)

On the other side, the nonlinear forces at the same contact point n in the direction d (normal or tangential)
can be written as:

Ωn,d
k (t) = αc cos(ω0

kt) + αs sin(ω0
kt) (19)

due to the fact that only the first harmonic is kept. But from Equation 17, it is also equal to:

Ωn,d
k (t) = Kn,d

k δnk (t) + Cn,d
k δ̇nk (t) (20)

By arranging Equation 18 and Equation 19, it comes: Kn,d
k =

αcδc + αsδs
δ2c + δ2s

and Cn,d
k =

αcδs − αsδc
ω0
k(δ2c + δ2s)

if δc 6= 0 or δs 6= 0

Kn,d
k = 0 and Cn,d

k = 0 otherwise
(21)

It is worth emphasizing here that the (δc) and the (δs) are known from Equation 10, and the (αc) and the (αs)
from Equation 14 (and by applying a Fourier transform).

4.6 Contribution of each mode in the nonlinear dynamic response

Coupling the Equation 15 and the Equation 17, it comes for each angular frequency ω0
k and at each iteration

iter:
∀k ∈ [1, Nf ], M∆Ü

iter

k + (C + Citer
k )∆U̇

iter

k +
(
K + Jnl + Kiter

k

)
∆Uiter

k = 0 (22)

Written in the state-space form, it is equivalent to:

∀k ∈ [1, Nf ], Ẏ
iter

k = Aiter
k Yiter

k (23)
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where Yiter
k = [∆Uiter

k ∆U̇
iter

k ]T , and where each matrix Aiter
k is equal to:

Aiter
k =

[
0 I

−M−1 (K + Jnl + Kiter
k

)
−M−1 (C + Citer

k

) ] (24)

Hence, each mode k considered in the GMASA method is characterised by its own subset of equation, called
sub-system in the following, and its dynamic matrix Aiter

k at the iteration iter.
From this formulation, one can analyse the temporal evolution of the dynamic solution linearised around

an equilibrium position for a given modal amplitude, in other words it is possible to know if the vibrations
amplitude of the mechanical system are increasing, decreasing or remain constant. This analysis is done by
analysing the eigenvalue related to the mode k of the matrix Ak for each mode k. Indeed, each Yk is only related
to ωk and there is no other contribution from other angular frequencies, this comes from the orthogonality of
the Fourier series. Thus, the contribution of the mode k in the dynamic response is directly assessed through
the sign of the real part of its eigenvalue λk from the matrix Ak. As the contribution of the mode k in the
solution ∆U1H is given by:

∆Uk(t) = piterk

(
Ψ0
ke
λiter
k t + Ψ0

ke
λiter
k t

)
(25)

if the real part of λiterk is positive, then the associated vibration amplitudes increase, if the real part is negative,
then the associated vibration amplitudes decrease and if the real part is null then the vibration amplitudes
remain constant.

If in a sub-system k, a mode j with j 6= k has a positive real part, then it is necessary to consider the
sub-system associated to the mode j to know if this divergence is effectively translated by a divergence in the
dynamic solution. If this mode j is identified as stable by the CEA (i.e. Real(λiter=0

j ) = 0), then it is necessary
to add this mode in the GMASA modal basis Bvib.

4.7 Determination of the modal amplitude

At each iteration, the vector of modal amplitude piter is updated. This is done by coming back to a physical and
temporal description of the vibratory response. If a mode k is characterised by a modal amplitude piterk (titer)
at the iteration iter (that can be seen as an instant titer), and by an eigenvalue λiterk = aiterk + ıωiterk , then the
modal amplitude at the instant titer+1 = titer + δt is linked to piterk (titer) and λiterk by

piter+1
k = piterk exp(aiterk δt) (26)

Two parameters must be chosen carefully in the GMASA method as shown in detail in [47], namely the
initialisation ∆p and the time step δt. The initialisation is a perturbation and should not be ”too large”, but a
too small perturbation would lead to a larger number of iteration to reach the stationary response. Considering
the choice of δt, it must be chosen so that the approximation given by Equation 26 remains valid.

The method is stopped when a stop criterion is reached. Depending on the choice of the user, it can be a
maximum of iteration, a maximum time or when the modal amplitudes are not evolving anymore.

5 Nonlinear analysis of an industrial automotive brake system with the GMASA

5.1 Mono-instability case

In this section, the GMASA is used to predict the nonlinear dynamic behaviour of the brake system. As a
reminder, the friction coefficient at the pad/disc interface is fixed at µ = 0.22, where one unstable mode is
identified with the CEA at 3870 Hz with a real part equal to 87. This mode is denoted mode A in the following
and its mode shape is represented in Figure 4(a,b). This mode is the combination of a disc mode and of a bracket
mode. The maximum of vibrations is located at one side of the caliper. As there is a unique unstable mode
identified by the CEA, the MASA method is applied [46]. It consists in the GMASA with a unique unstable
mode, so a scanning on the modal amplitude can be performed directly. The evolution of the real parts and of
the frequencies from the successive Aiter

modeA are given in Figure 3. The eigenvalues are followed by tracking the
associated mode shapes with a MAC criterion. For the sake of clarity in Figure 3(b), only the frequencies of
modes where the real part of their eigenvalues is non-zero at some value of the modal amplitude are displayed.
It is worth reminding here that the eigenvalues are the eigenvalues obtained in the subsystem associated to the
mode A for each level of its modal amplitude.

In Figure 3(a), the real part of the eigenvalues for different modal amplitudes of the mode A are given.
Depending on the modal amplitude of the mode A, five different stages are observed:
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Figure 3: Evolution of the real parts (left) and of the frequency (right) for different level of modal amplitude of
the unstable mode at 3870 Hz

� Stage I: the mode A has an eigenvalue with a positive real part which decreases when increasing the modal
amplitude. So, the levels of vibrations of the brake system increase, but less and less quickly as the real
part decreases, and the system dynamic is driven by a unique mode.

� Stage II: the mode A has still a positive real part, but a new mode at 4750 Hz, denoted mode B, also
exhibits an eigenvalue with a positive real part. This mode B is a new potential instability, and to conclude
on its impact on the global dynamic behaviour of the brake system, a multi-instability GMASA analysis
must be carried on. This new potential instability comes from a mode coupling between two modes with
frequencies equal to 4725 Hz and 4732 Hz. This mode coupling comes from the increase in the modal
amplitude of mode A.

� Stage III: the real part of the mode A is equal to 0, which means the contribution of the mode A in the
system dynamic is constant. Only the mode B has a positive real part, and to conclude on its consequence
on the system stability a multi-instability GMASA analysis is required.

� Stage IV: all the real parts are null; the system experiences self-sustained vibrations and its dynamic is
characterized by a limit cycle.

� Stage V: a new potential unstable mode appears at 5200 Hz, denoted mode C, with a positive real part.
This potential instability comes from a mode coupling between two modes at 5002 Hz and 5183 Hz. To
get its influence in the system dynamic, a multi-instability GMASA analysis must be performed.

Considering a small perturbation of the nonlinear static equilibrium position, the modal amplitude of the
mode A would be very low, and the levels of vibration would increase as the real part of the eigenvalue of the
mode A is positive (see stage I). These vibration levels would increase, but less and less quickly as the real part
decreases for increasing modal amplitude. However, before the system reaches a steady-state solution (i.e. a
null real part), the mode B has an eigenvalue with a positive real part. This mode is a potential instability, and
according to the GMASA approach, to get its contribution on the increase or on the decrease of the vibratory
levels, it must be added in a multi-instability GMASA analysis. The mode C is not considered here as it appears
for high level of modal amplitude for the mode A, after a stage where the latter has stabilized (i.e. a null real
part in stage IV). Hence, the system would reach this stage IV where the vibratory levels remain constant and
so higher modal amplitude would never be reached. For this reason, in the following part, a multi-instability
GMASA analysis is performed where two modes are considered: the mode A at 3870 Hz and the mode B at
4750 Hz. The mode shapes of these two modes are given Figure 4. The mode A at 3870 Hz is the combination
of a disc mode and of a bracket mode, where the maximum of vibration is observed at one side of the caliper.
The mode B at 4750 Hz involves mostly the outer pad as well as the back of the bracket, and the maximum of
vibrations is observed on the back of the bracket.
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(a) Mode A - 3870 Hz - View 1 (b) Mode A - 3870 Hz - View 2

(c) Mode B - 4750 Hz - View 1 (d) Mode B - 4750 Hz - View 2

Figure 4: Mode shapes of the modes considered in the GMASA analysis

5.2 Multi-instability case

A second analysis is then carried out with the GMASA method to take into consideration this second mode.
The method is initialised with two modes: the unstable mode identifies by the CEA at 3870 Hz, and the mode
potentially unstable identified by the MASA at 4750 Hz. Low modal amplitudes are assigned to both modes for
the initialisation, namely p01 = p02 = 2. The evolution of the modal amplitudes, of the real part of the eigenvalues
and of the frequencies of each considered mode are given in Figure 5. They correspond to the evolution of the
parameters that characterise each considered mode (i.e. the real part of the eigenvalue and the frequency of the
mode A (resp. mode B) in the subsystem A (resp. B)). In Figure 6, the evolution of the eigenvalues in each
subsystem are given.

From Figure 5, one can observe that initially only the mode A is unstable with an eigenvalue with a real part
equal to 87 and with a frequency of 3871 Hz. Until tMASA = 0.045 s, its real part remains almost constant and
its modal amplitude increases, and so the total dynamic response is divergent. Then, from tMASA = 0.045 s,
the mode B has the real part of its eigenvalue that starts to increase and becomes positive, whereas the mode A
has the real part of its eigenvalue that decreases quickly and becomes null. From tMASA = 0.05 s, the mode A
has an eigenvalue with a zero-real part and is stabilised with a modal amplitude equal to about 65. The mode
B has a real part that remains constant and equal to 21 from tMASA = 0.05 s to tMASA = 0.17 s, and its modal
amplitude increases. From tMASA = 0.17 s, the real part of the eigenvalue of the mode B increases again and
more strongly from tMASA = 0.21 s. The modal amplitude of this mode increases quickly during this period.
Finally, at tMASA = 0.22 s, the real part of the eigenvalue of the mode B decreases quickly and becomes null
at tMASA = 0.23 s. Its modal amplitude is then stabilised at p = 195.

The evolution of the eigenvalues of the two sub-systems given in Figure 6 demonstrates that no other
potential instability emerges in one of the sub-system, and so it is not necessary to consider more modes in the
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Figure 5: Evolution of the modal parameters of mode A (blue) and mode B (orange): real parts of the eigenvalue
(a), frequencies (b) and modal amplitudes (c)

GMASA method. To summarize, the GMASA method indicates the following contributions:

� tMASA < 0.045 s: a unique mode with a frequency of 3870 Hz brings an amplitude divergence in the
vibratory response of the brake system,

� 0.045 s < tMASA < 0.05 s: two modes of frequencies 3870 Hz and 4730 Hz bring a divergence in amplitude
of the solution,

� 0.05 s < tMASA < 0.23 s: one mode with a frequency of 3870 Hz brings a constant contribution to the
vibratory response, a second mode at 4730 Hz brings a divergence in the dynamic solution,

� tMASA > 0.23 s: two modes at 3870 Hz and 4730 Hz with a constant contribution to the vibratory
response characterise an approximated quasi-periodic steady-state solution.

As a conclusion, the structure has a dynamic response driven by two modes at 3870 Hz and 4730 Hz with
modal amplitudes equal to 65 and 195, respectively. The mode shapes of these two modes are given in Figure 4.
This result demonstrates the interest of using the GMASA method as a complement of the CEA. Indeed, only
one unstable mode was predicted by the CEA computation, whereas two are present in the dynamic response
of the brake system, and the modal amplitude of this second mode is much higher than the contribution of
the mode identifies by the CEA. Even if this mode was identified as unstable by the CEA for higher friction
coefficients (see Table 2), the GMASA allows for a more precise identification of the stability limit of each mode.
It is worth highlighting here that the emergence of the second is due to the coupling created by the nonlinear
forces between the two modes due to Equation 14.
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Figure 6: Evolution of the frequencies (a,b) and the real parts (c,d) in the sub-system of the mode A (a,c) and
of the mode B (b,d)

5.3 Analysis of the quasi-periodic solution

Moreover, one of the main interest of the GMASA method compared to the CEA is that the vibration levels
are approximated. Indeed, the quasi-periodic steady-state dynamic response of the system is approximated by:

∆U1(t) = US + p1Ψ
0
1e
iω0

1t + p1Ψ
0
1e
−iω0

1t + p2Ψ
0
2e
iω0

2t + p2Ψ
0
2e
−iω0

2t (27)

with p1 = 65 and p2 = 195, ω0
1 = 2.43 104 rad/s and ω0

2 = 2.97 104 rad/s, and where Ψ0
1 and Ψ0

2 are the mode
shapes of the two modes obtained from the CEA computation.

The contact status at the pad/disc interfaces for the steady-state response are given in Figure 7. As a
reminder, the contact interfaces are reduced to 212 points in total. The left pad corresponds to the outer pad,
and the right pad to the inner pad. One can notice that the contact status distribution is different from one
pad to another. Indeed, the inner pad has more points that are always in contact (see the different number of
red points), and also have more points that experience contact and separation (see the green points). For both
pads, the points which are furthest from the rotation center are always in contact.

For a deeper insight in the brake dynamic, the evolution of these contact conditions at the pad/disc interfaces
over the GMASA time is given in Figure 7 for each pad. At the beginning, the contacts are either always in
contact or always separated. Then, when the modal amplitudes increase, more and more contact points start
to experience impact. These micro-impacts during the vibrations are at the origin of the stabilisation of the
modal response. One can also observe that the evolution of the contact conditions for the inner pad (top figure)
are much more complex than for the outer pad, where only a limited number of contact points experience a
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Figure 7: Contact status at the steady-state response at the pads/disc interfaces: always separated (blue),
always in contact (red), contact and separation (green)

modification of their contact conditions when the modal amplitudes vary. For the outer pad (bottom figure),
the changing in the contact conditions start later (after 0.18 s of the GMASA time), when the modal amplitude
of the second mode increases drastically. For the inner pad (top figure), impact starts much earlier from about
0.02 s. Around about 0.07 s, the contact statuses remain constant, as well as the modal amplitude of the mode
at 3870 Hz, until about 0.14 s, when the contribution of the mode at 4730 Hz becomes relatively important.
Finally, when the modal amplitude of the mode at 4730 Hz increases, more and more contact points experience
impact until a stabilisation of the modal amplitude of this second mode is reached. Finally, impacts coming
from the vibration of the mode at 3870 Hz are not enough to stabilise the vibrations, so the vibration amplitude
keeps increasing until the modal amplitude of the mode at 4730 Hz reaches high enough levels so more points
experience also impact leading to a stabilisation of the dynamic response to a torus motion. A torus motion can
be seen as an extension of the limit cycle notion, as a quasi-periodic motion is composed of incommensurate
frequencies and is described in dimension 2. To be noted that the stabilisation of the final torus motion is
more exactly due to the nonlinear interactions of both the contact/no-contact states and the cubic non-linear
contribution at the frictional contact interface.

Additionally, the quasi-periodic orbits obtained for some contact points are given in Figure 9 for the inner
pad, and Figure 10 for the outer pad. The quasi-periodic orbits are given for the points A to F displayed in
Figure 7, in the three directions, the normal of the contact being the y-axis. The orbits of the disc (resp. pads)
points are in blue (resp. orange). The quasi-periodic orbits differ from one point to another and have more or
less complex shape, and the following observations can be done:

� separation case - points A and F: the orbits amplitude in the normal direction (i.e. y direction) of the pad
is larger than the one on the disc (see the orange orbits larger than the blue one). Larger displacements
are observed for the outer pad than for the inner one (about 1.8E-3 m versus 4E-5 m) for the pad,
but displacements are of the same order of magnitude for the disc in this direction (around 1e-5 m).
Tangential behaviours are however different as for the outer pad (point F) disc displacements are larger
in the x direction (tangent to the rotational speed) whereas for the point A, pad displacements are much
larger in the x direction. In the z direction, for both cases, the displacements are larger for the pad than
for the disc.

� contact case - points B, D and E: in the y direction (normal of the contact) the displacement amplitude
of the disc is always larger than the amplitude of the pad. For the two other directions, in the contact
plane, the displacements of the pad and the disc are of similar amplitude for the outer pad (points D
and E), whereas for the inner pad (point B), the pad displacement amplitude is much larger than for the
disc in the x direction. For B and D, the largest vibration amplitudes are observed in the y direction
(normal direction), whereas for the point E, the largest displacement are observed in the z direction (radial
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Figure 8: Evolution of the contact status for the inner pad (top) and the outer pad (bottom): blue = always
separate, red = always contact, green = contact/sep

direction).

� impact case - point C: the pad vibration amplitudes are always smaller in all direction and the largest
amplitudes are observed in the z direction (radial direction).

Finally, the evolution of the quasi-periodic orbits over the GMASA time are given in Figure 11 for the
points C and G and for the points D and F in Figure 12. The first figure corresponds to points that experience
impact, whereas in Figure 12 the point is always in contact and F is always open. The quasi-periodic orbits are
displayed every 0.03 s for the sake of readability. As a reminder, the direction normal to the contact is the y
axis. At 0 s, all the quasi-periodic orbits have a small amplitude, which corresponds to the initial perturbation.
Then, the different amplitudes are growing up over the GMASA time. From a global point of view, the growing
of the quasi-periodic orbits has similar behaviour where a plateau is observed between 0.06 s and 0.18 s before
the amplitudes start growing exponentially. This has to be compared to the Figure 5(c) where during this
time interval, the modal amplitude of the first mode remains constant, and the modal amplitude of the second
mode increases slowly, which is translated by a slow evolution of the quasi-periodic orbits. After 0.18 s, the
modal amplitude of the second mode increases exponentially and the quasi-periodic orbits are also following
this evolution. To go into the details:

� in the normal direction (i.e. y axis), the behaviour between the four points is clearly different. Indeed, at
the beginning, the amplitudes of the disc and the pad are similar for the four points. For the point C, the
vibration amplitude of the pad remains somewhat constant whereas the vibration amplitudes of the disc
are increasing. The opposite behaviour is observed for the point G, i.e. an increase of the vibration for
the pad and less increase for the disc. For the point F a drastic increase of the pad vibration is observed
and the disc vibrations remain negligible at this point. For the point D, they remain somewhat similar
during all the time evolution. Considering the shape of the orbits, in all cases they are circle at the
beginning, illustrating the presence of only one fundamental frequency, and have complex shape at the
end, illustrating the presence of the second mode in the dynamic response.

� in the x direction, for the points C, D and F, the disc vibration amplitude is much larger than the pad
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Figure 9: Disc torus motions (blue) and pad torus motions (orange) of the points A, B and C of the inner pad

vibration amplitude. On the opposite, for the point G, only the pad vibrations are increasing. At the
beginning, the orbits are circle and at the end they present a complex shape, showing again the presence
of the second mode in the dynamic response. The quasi-periodic orbits shape of the disc is more complex
than the pad ones for the points C, D and F, whereas a more complex orbit is observed for the pad at the
point G. This result is only the consequence of the distribution of the contributions of the two unstable
modes on the nodes of observation.

� in the z direction, very different behaviours are observed. Indeed, for the point C the amplitude of the
disc and the pad are of similar amplitude at the beginning, whereas for points G and F larger amplitudes
are observed on the disc and for the point D the largest amplitudes are observed on the pad. For the
point D, the pad keeps a larger vibration amplitude over the GMASA time and the quasi-periodic orbits
of both the pad and the disc are becoming more and more complex. Whereas for the points G and F, the
vibration amplitudes of the pad are becoming larger and larger and finally represent the largest amplitude
at the end. For the point C, the disc vibration amplitudes become larger than the pad ones over the
GMASA time and separation between the two becomes more important after the appearance of impact,
which starts at 0.21 s.
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Figure 10: Disc torus motions (blue) and pad torus motions (orange) of the points D, E and F of the outer pad

As a conclusion, the evolution of the quasi-periodic orbits is complex and different behaviours are observed
depending on the considered point and the considered direction. The orbits start from a simple shape, due to
the presence of a unique unstable mode in the dynamic response, but the final orbits present complex behaviours
due to the presence of a second unstable mode in the nonlinear dynamic response and the potential coexistence
between these two unstable modes.

6 Conclusions

In the present work, the nonlinear dynamic behaviour of a full finite element model of an automotive brake
system has been computed with the Generalised Modal Amplitude Stability Analysis. For a given friction
coefficient, the GMASA was able to counterbalance the under-predictive aspect of the CEA. Indeed, the latter
predicted only one unstable mode, when the GMASA captures the emergence of a second mode in the nonlinear
dynamic response. The emergence of this second mode is due to the coupling between the two modes due to
the nonlinear forces. The analysis of the evolution of the contact conditions at the pad/disc interface show that
the amplitude of the oscillations is stabilised by the appearance of micro-impacts. The analysis of the evolution
of the torus motions over time show that complex behaviours appear at the pad/disc interface. The study

17



demonstrates the capacity of the GMASA approach to predict the unstable vibration modes for large industrial
FEM, and more particularly to counterbalance the under-predictive aspect of the CEA.

For future work, a comparison with experiments is expected to ensure the good capacity of the approach to
validate experimentally the numerical approach. Moreover, an extensive study about the influence of the the
friction contact law, of the braking pressure and of structural modifications on the nonlinear dynamic behaviour
of the brake is also planned to account for the uncertainties present in the modelling. Finally, the GMASA is
only able to predict periodic or quasi-periodic solutions (i.e. the estimation of more than quasi-periodic motion
are not feasible with the actual development). However, its computational efficiency makes it usable for future
optimisation campaigns of industrial brakes for the prediction of instability and friction-indcued vibrations and
noise.
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(a) Point C - x axis (b) Point G - x axis

(c) Point C - y axis (d) Point G - y axis

(e) Point C - z axis (f) Point G - z axis

Figure 11: Evolution of the disc torus motions (blue) and pad torus motions (orange) over the GMASA time
of the points C (left) and G (right)
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(a) Point D - x axis (b) Point F - x axis

(c) Point D - y axis (d) Point F - y axis

(e) Point D - z axis (f) Point F - z axis

Figure 12: Evolution of the disc torus motions (blue) and pad torus motions (orange) over the GMASA time
of the points D (left) and F (right)
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