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Abstract

We study an optimal control problem consisting in minimizing the L norm of a Borel
measurable cost function, in finite time, and over all trajectories associated with a controlled
dynamics which is reflected in a compact prox-regular set. The first part of the paper provides
the viscosity characterization of the value function for uniformly continuous costs. The second
part is concerned with linear programming formulations of the problem and the ensued by-
products as e.g. dynamic programming principle for merely measurable costs.

1 Introduction

This paper focuses on the min-max control problem

(1) Minimize [[h(-, (), u(:) |

over the absolutely continuous solutions of differential variational inequalities of the type

i) 2'(s) € f(s,x(s),u(s)) — Nk (z(s)) for almost all s > ¢

(2)

ii) x(s) € K for all s > t,x(t) = .

Here, the set K is a nonempty closed subset of RN and N () is the normal cone to K at € K (see
Definition 2 below). The set U is a compact subset of a finite-dimensional space. The dynamics f
is a regular function from [0, 7] x RY x U into R" and the control u(-) : [0,7] — U is a measurable
function. The precise assumptions will be made available at a latter time. The reader is invited to
note that (2) includes the classical case without reflection because for K = R¥, the normal cone
Ng (x) reduces to the set {0}. Moreover the function h is defined on [0, 7] x K x U and takes values
into R.

Existence results for (2) are established in [17] for a convex set. The convexity assumption
on the set K has been relaxed in [10] whose author merely requires the tangential regularity. We
also refer to [30] for the case of a closed set K for an existence result of viable solution, when the
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reflection is obtained via the Clarke normal cone. Note that in [30] the set K may depend on the
time parameter ¢.

This kind of dynamics is of particular relevance to mechanics as it is used to study he concept of
inelastic shocks (as introduced in [20]). For this concept see also [19]. Moreover, numerical methods
are developed in [9] for the study of systems composed of interacting rigid bodies. One of the
methods relies on Moreau’s sweeping process which is similar to a reflected problem. Furthermore,
the controlled system (2) features properties ensuring the existence of solutions belonging to the
fixed set K, while the controlled dynamics remains as close as possible to the original one. For
the case of normal directions, the reader is referred to [22, 25] and references therein. For control
problems with usual costs (integral and/or final) and reflected dynamics, the associated Hamilton-
Jacobi equation becomes a Hamilton-Jacobi Partial Differential Inclusion relying on the normal cone
to the reflection set. Necessary and sufficient conditions of optimality for this kind of problems with
standard costs, their asymptotic behavior, linearisation techniques and the regularity of their value
functions are studied in [23, 24, 27].

In the present paper, we focus on value functions given by a supremum cost of type
(3) Ve(t,e)=  inf  ||h(z (Lt ulc),ult))) L, for all (¢,x) € [0,T] x K.

u(-)eU(t,T)
The set of admissible controls is denoted by U(t,T) = {u(-) : [t,T] — U, u measurable}. Here and
throughout the paper, unless explicitly needed, we will drop the dependency U(t,T') and just write
U. We consider that z (-, ¢, z,u(-)) is a solution of (2) associated with the control u(-) € U and
starting from (¢,z) € [0,T] x K.

The value function V'*° is to be characterized as a unique, continuous viscosity solution of the
following quasi-variational inequality

(4)
max {Vf’"(u 2) + H(t, 2, Vot @), V£, 7)) — (Nic(2), Vb, 7))

mi(fjl|h(t,:p,u)| — Voo(t,x)} >0, (t,x) € [O,T) x K;
ue

VAT, x) = in(f]\h(T,x,u)\, z e K.
ue

Here the Hamiltonian is a function from [0, 7] x RY x (0,00) RY to R, defined by
H(t,x,r,q) == min{{(q, f(t,z,u)) :u € U(t,x,r)},
where U(t,z,r) is given by
Ult,z,r)={uecU: |h(t,z,u)| <1},
for every (t,z,7) € [0,T] x RN x R.

Notice that in the previous inequality some difficulties are introduced by the lower obstacle
given by milI]1|h(t7 x,u)| and by the constraints on the control u i.e. the set U(t,z,V>°). Moreover,
ue

the value of the Hamiltonian is minimized over a set which depends on the solution and that is
why we refer to the inequality (4) as a quasi-variational inequality.
We adopt the LP-approach which already known in the literature for usual non-reflected dy-
namics, see e.g. [5]). Therefore, we rely on the approximating value functions defined by
T
VP(t,x) :== inf (/ |h(7’,az(7),u(7’)|pd7’)1/p,
u()eU Jy
for all (t,z) € [0,7] x K and p > 1. Their associated Hamilton Jacobi Bellman inequalities are
given by
VPt @) + H(t,x, VP(t,x), Vi (t,2)) — (Nk(2), VI (t,2)) 20

(5) if (t,z) € [0,T) x K;

with the final condition VP(T,z) =0 if z € K.



Here, the Hamiltonian H? : [0, 7] x RY x [1,00] x RY — R is defined by
3 h Yy p
H(t,,r,q) = min{{g, f(t,z,u)) + } P20,

We observe that, the value functions VP, p > 1 are only continuous and therefore, for their charac-
terization, we employ the notion of the viscosity solution introduced by Crandall and Lions in [11].
Furthermore, another difficulty is due to the presence of time and space dependence in U(t,z, 7).
Consequently, the Hamiltonian function H is not continuous and the extension of viscosity theory
to discontinuous Hamiltonian is needed (see for instance Barles and Perthame [4]). For different
definitions of continuous and discontinuous viscosity solutions see also Ishii solutions (discussed
in [3]) based on semi-continuous envelopes of functions, semi-continuous solutions introduced by
Frankowska in [13] and by Barron and Jensen in [6] for convex Hamiltonians, and the envelope
solutions [2] which are related to Subbotin minimax solutions [29], called bilateral solutions in [2].

The approach developed in the first part of the paper is similar to the one in [5] and adapted to
respond to the difficulty introduced by the reflection via Nk (-). To this purpose, Section 3 gathers
the viscosity arguments for the penalized problems with IL” costs and their asymptotic behavior.
More precisely, we identify of the limit value with the function V*>°. Section 4 is dedicated to
further analysis of the regularity of the value function illustrated by Proposition 12. The viscosity
solution aspects presented in Theorem 16 constitute the core of this first part. The behavior of V'*°
is deepened in Theorem 17 and complemented by a uniqueness result in Proposition 19.

The second part of the paper (Section 5) focuses on linearization techniques for control problems
with reflected dynamics. Roughly speaking, instead of looking at the controlled solution, the linear
programming formulations embed the triplet (time, solution, control) into an (occupation) proba-
bility measure on the naturally associated space [0,7] x RY x U x RY (the first three components
used for running costs and the last for the terminal cost). Of course, this is a relaxation technique
and one must ensure that the associated value function is the same. For usual (non-reflected)
dynamics, this makes the object of [14] (see also [8, 7, 28, 15]). The constraints appearing in the
linear formulation deal with the differential formula for regular test functions and they can also
capture state-constraints for the dynamics.

Keeping in mind that our aim here is to study reflected dynamics, we rely on inf-convoluted
approximations of these dynamics (and their associated control problems) in Section 5.1. For these
problems, we recall the convergence arguments in Proposition 20 and the classical linearization
results in (20) and (21). The subtlety is that, in our present framework, the occupation measures
need to include a further component in order to cope with the presence of the reflection term.
For approximating dynamics, this is achieved by adding a further Dirac mass at the gradient of
the penalization for the occupation measures and their convex hull in (23). The ensuing sets of
constraints are subsets of a reference probability space that is (weakly *) compact. Then, the initial
reflected problem can roughly be seen as a minimization one over the lower limit of such sets. A
further subtle point in the definition of the limit set O (cf. (25)) is the necessity to comply with
convexity and closedness. For this set of constraints O (cf. (25)), support conditions compatible
with the reflection and the state constraints on the dynamics respectively a differential-type formula
are provided in the first main result Lemma 22.

In order to mimic dynamics issued from general measures (cf. (26), (27)) we extend the set
of constraints by identifying the initial condition € RN with the Dirac mass d,. We prove an
abstract semigroup behavior for the sets of constraints, result constituting the second main result
of this part, cf. Theorem 26. The semigroup property relies on measures being concatenated in a
natural way inspired by flow property for the solutions. Second, we emphasize that the subtlety
on convex combinations mentioned for the definition of ©., crucially intervenes in the proof of
Theorem 26. As a by-product of this result, we obtain dynamic programming principles for L*°
problems with Borel measurable cost functions h. This provides an extension of the results of [5]
on dynamic programming to a possibly discontinuous framework.



Note that the proofs are mostly relegated to the last Section 6.

2 Preliminaries

2.1 Some Notations

For our reader’s sake, we gather here some of the classical notations employed throughout the paper

The fixed time horizon is T > 0.

The state space will be some standard Euclidean space RY (with N € N* = {n € Z: n > 1})
endowed with the usual norm denoted by ||-||.

For a subset K C R, we denote by intK its interior and by 0K the frontier.
The set of controls, U, will stand for a compact subset of some Euclidean space RY.
For notation purposes, we let

— B(0,r) stands for the 0-centered, r-radius closed ball of RV (for some r > 0);

— For 6 > 0 and an initial time/space datum (t,z) € Ry x RV, we let Bs(t,z) be the open
S-radius ball of RN+ with center (¢, 2). The associated closed ball will be denoted by Bs(t, ).

We will consider the following Banach-type spaces:

— C' the class of real-valued continuously differentiable functions. Depending on the context,
they can be set on [0, 7] x RY or restricted on [0, 7] x K (where K C RY). In the last part of
the paper, we consider C! test functions according to the weak convergence of measures. In
this setting, such functions will be defined on Ry x RN x U or Ry x R?N x U;

— BUC ([t, s] x K) will stand for the family of real-valued bounded uniformly continuous func-
tions defined on [t,s] x K C R*,

— L? will stand for 1 < p < oo - power integrable real-valued functions. If the measure is not
specified, it will implicitly be the Lebesgue measure (Leb). Otherwise, we will specify it (e.g.,
in the last part L (v (ds, dy, dz,du)) stands for LP (]R+ x R2N x U,'y;]R) where the support
R, x R?N x U is endowed with the Borel sets.

— Since the costs will be taken with respect to E := L? (1 < p < o0), we denote by ||-||; the
usual norms on these Banach spaces.

For a function ¢ € C! (RN H), ¢, and ¢, denote the time partial derivative, respectively the
space gradient.

For a Polish space X we denote by P(X) the set of probability measures on X.

2.2 Definitions, Assumptions and Further Notations

We assume that f :[0,7] x K x U — R is continuous and satisfies the following conditions.

1£(s,2,u) = F(t o wll < M (Is — t] + | — yll) for all .5 € [0,T], 2,y € K, u € U.

!
The set f(t,z,U) is convex for all t € [0,T], x € K.

Here, M > 0 is a given real constant. Throughout the paper we assume the following.

The function A is bounded, uniformly continuous with space continuity modulus py, :

(Hr)  sup |h(t,z,u) — hit,y,0)| < pn (Jo —yl) s Yo,y € RY.

t>0;uelU



Remark 1 Due to the qualitative aspects of our problem (set in a compact time/space framework),
we can assume, without loss of generality that h is strictly positive and bounded away from 0 i.e.

inf h(t,z,u) >0 > 0.
t>0; zeRN; ucU

We continue with recalling the definitions of the tangent and normal cones [1].

Definition 2 For x € K, we denote by'

Tk(z) = {z c RN . liminfw = 0} ,

e—0t 15

the tangent cone to K at x and by
Ng(z) =Tk(z)" ={p€ RY: (p,2) <0, forallze Tx(z)},
the normal cone to K at x.

Recall that T (x) is a closed cone and Nk (x) is a closed convex cone. Throughout the paper,
we assume a particular feature of the set K, namely that it is a proximal retract. More precisely,

Definition 3 A closed set K C R" is called a proximal retract or proz-regular if there exists a
neighborhood N of K such that the projection g : RN — K is single-valued on N.

We recall that, for all z € RY, the projection is defined by

II = c K : — = inf — .
wle)i= {z e Ko o5l = i ol

The properties of such sets are the key for the proof of the existence and uniqueness results con-
cerning (2) and (4). The class of proximal retracts includes closed, convex sets and C1! sets. A
complete characterization of proximal retract sets is made in [21] (Theorem 4.1, p. 5245). In par-
ticular, such sets have the property that there exists p > 0 such that every nonzero normal “can
be realized” by a ball with a radius equal to p. This characterization says specifically that only
“exterior” corners are allowed. Moreover, if K is a proximal retract, then the normal cone has a
hypo-monotonicity property cf. [21, Theorem 4.1] as well as cf. Lemma 4.2 and Theorem 2.2 in [10].
That is, there exist 7, ¢ > 0 such that the application x — Ng(x) N B(0,r) + cx is monotone? on
K.

We now proceed with recalling some results from [22, 25]. Consider (t,z) € [0,7] x K and
denote by S¢(t,x) the set of absolutely continuous solutions of

(6)

i) 2'(s) € f(s,x(s),u(s)) — Nk (z(s)), for almost all s > t.
i1) x(s) € K for all s > t,z(t) = x.

and by Sp(t,z) the set of absolutly continuous solutions of
o { i) 2'(s) € F(s,z(s)) — Ng(x(s)), for almost all s > t.

i1) x(s) € K for all s > t,z(t) = x.

As usual, the set-valued function F' is defined by F(s,z) := {f (s,z,u) : u € U} .We will also make
use of the following standard result (cf. [1])

"Here dx (-) is the distance function to the set K.
2Recall that a set valued map G : K — R is monotone if (y1 — y2,21 — x2) > 0,Vy; € G(xy), ¢ € {1,2}



Proposition 4 Let us suppose that K is compact and sleek® and f(-,-,U) is a Marchaud* map.
Then the map (t,z) — Sp(t,x) defined on [0,T] x K with values in W1 ([0,T] x K) is u.s.c.
(upper semicontinuous) with non-empty compact images.

Moreover we have the following identity.

Proposition 5 Suppose that K is a compact sleek set and (Hy) holds true.

(1) If x(-) is a solution to (7) starting from (t,z) € [0,T] x K, then there exists u(-) € U[t, T
such that x(-) is equal to z(-;t,z,u(-)), the solution of (6).

(it) As a direct consequence of (i) we have that Sp = Sy.

Finally, we recall the following continuity result with respect to the initial data.

Lemma 6 Assume that (Hy) holds true and K is a bounded proximal retract. Then for x(-) €
St(t,x) and y(-) € S¢(s,y) controlled by u(-) € U(t) and for T > s >t > 0, there exist C > 0, a
constant depending on T such that

(8) [ (rst 2, () = y(73 8,9, uC)| < Oz =yl + [t = s|) for all 7 € [t,T].

2.3 Viscosity solutions

We start by introducing the following definition in order to describe the value function as a unique
solution of (4). For different notions of viscosity solutions see for instance [2] [4], [11].

Definition 7 A viscosity supersolution of (4) is a l.s.c function v : [0, +oco[x K — R such that
for every ¢ € C' and (t,z) € argmin(tp — ¢),

win { (64(0,0) + . 10000, 6000} {wtt.0) — miglhit e} 2 0,7 € ot i

and if x € OK, there exists y € Nk (x) such that

min {{6u(t, 2)(t,) + He (8,2, 6(2,0), 6o (b, 2)) — (g, Vad(t, 2)}} {{wa, - ggg|h<t,x,u>\}} >0,
A wiscosity subsolution of (4) is an w.s.c function ¢ : [0, +oo[x K — R such that

for any ¢ € C* and (t,r) € argmax(p — ¢),

max {{qﬁt(t,x) + H* (t,x, p(x,t), o (x, 1))} ; {gleilrjﬂh(t,x, u)| — p(t, x)}} <0, ifreintK,

and if x € OK there exists z € Nk (z) such that

s {{u(t2) 4 H (8., 0(0,0,02(0,2) — (T2 {miplh(t, 0| = (e, )} | <0

For our readers’ sake, we recall that the Hamiltonian H has been defined in the introduction and
H., respectively H* are the relazed Hamiltonians defined, for (t,z,q,r) € [0,T] x RN x (0,00) x RV
as
H(t, z, 7, q) := limsup{H (s, y, p,m) : [t = s| + |l —yl[ + [p = r[ + [|[g —m[| <€},

e—0

3The set K is sleek if the map = — Tk (x) is lower semicontinuous (L.s.c.).
4A set valued map F from RY onto RY is called Marchaud map if F is upper semicontinuous (u.s.c.) with
non-empty compact convex values and has a linear growth.



and
H*(taxar> Q) = hIEILISIf{H(S,y,p,m) : ’t - 8’ + H:U - yH + ‘10 - T’ + Hq - m” < 6}'

For further properties of H* and H, see Section 4. A wviscosity solution of (4) is a function which
18 both subsolution and supersolution.
Note that a viscosity solution is a continuous function because it is simultaneously w.s.c and [.s.c.

In what follows, we focus our attention on the study of LP-control problems and we formulate
intermediate results wich will allow us to describe their behavior when p — oco.

3 [L? Control Problems and Asymptotic Behavior

3.1 Viscosity Arguments for the Penalization

Recall that the value functions associated to ILP control problems are defined by
1

VP(t,x) == u(uglefu (ftT |h(T, x(T), U(T)|pd7') v,

for all (¢t,x) € [0,T]x K and p > 1. Moreover, their associated Hamilton-Jacobi-Bellman inequalities
are given by
‘/tp(t7 JZ‘) + Hp(t’ Zz, Vp(t’ ﬂj‘), vvf(tv LU)) - <NK(:E)7 V‘/Ip(t7 $)> > 0,
(9) if (t,z) € [0,T) x K;
with the final condition V?(T,z) =0 if z € K.

Here, (Nk(z), VVE(t,x)) is the set {{q, VVE(t,x)) : ¢ € Ng(x)} and the Hamiltonian H? : [0,T] x
[1,00] x RNV x RN — R is defined by

' 1|h(t, z,u)P
D — 4+ -
HP(t,x,r q) := Iunellrfl {<q7 [tz u)) p 1 :

We begin the study of the P control problem with the following auxiliary result.

Proposition 8 Suppose that K is a compact prox reqular set and the assumptions (Hy) and (Hp)
hold true. Then, the value function W defined by

T
(10) Wt z):= inf /t]h(s,x(s;t,x,u(-)),u(s))]pds,

for all (t,x) € [0,T] x K is BUC([0,T] x K) and satisfies the final condition W (T, x) = 0, for all
zeK.
The proof is rather classical but we provide it in the first subsection of Section 6 for our readers’
sake.

Using the previous result we characterize the value function V? as follows.

Proposition 9 Suppose that K is a compact prox reqular set and the hypotheses (Hy) and (Hp)

hold. Then, for each 1 < p < oo, VP € BUC([0,T] x K) and it is the unique continuous viscosity

solution of the following Hamilton Jacobi Bellman inequality
0€L,(VP)

11 1/ |h(t P

W e+ w2, S + L (B vy (v, vt

ift €[0,T), z € K satisfying the final condition VP(T,xz) =0 on K.

The proof is postponed to Section 6. Moreover, for determining the equation satisfied by W we
employ a version of Proposition 11 from [22]. Then we use the transformation y — y” and the
definition of viscosity solutions in order to find the inequality (11) characterizing V.



3.2 Asymptotic behavior

The aim of this subsection is to prove the existence of the limit lgn VP and its link with V. To
pP—00

this purpose, we begin with the following result.

Proposition 10 Let us assume that K is prox reqular set and that both (Hy) and (Hy) hold true.
Then, the following assertions hold true simultaneously and for all0 <t < T and all x € K.

(i) VP(t,x) < M(T —t)"/P.
(ii) If p < p/ then VP(t,z) < V¥ (t,z)(T — t)®'—P)/v0",
(iii) The limit plLIgOVp(t,x) exists.
(iv) The function v :[0,T] x K — R given by
v(t,z) := lim VP(t,z) = lim VP(t,z)(T —t)" P if t < T, and

p—00 p—00

T,2) := min |h(T
V(T 2) »= min [A(T’ z, u)|

(12)

is globally lower semicontinuous and continuous at (T, x) for all x € K.

The proof is similar with the original one which is given in [5] for the case without reflected
dynamics. However, we provide some elements for our readers’ sake in Subsection 6.1. We proceed
with a result stating that the value function V°° coincides with the candidate function 7(-) given
by (12).

Proposition 11 We assume that K is a compact prozx reqular set and that (Hy) and (Hy) hold
true. Then the identity vy(t,z) = V°(t,xz) holds for all (t,x) € [0,T] x K.

The proof which is postponed to Subsection 6.1 is based on convenient estimates given in Lemma
29.

4 The L* optimal control problem

4.1 Regularity of V*°

We begin with some regularity aspects concerning the value function V°°.

Proposition 12 Let us assume that K is a compact prox regular set and that (Hy) and (Hy) hold
true. Then the value function V° € BUC([0,T] x K) and V>°(T,x) = Héi[t]l“l(T, x,u)l.

The proof is presented in Subsection 6.2. It consists in showing the space (uniform) continuity,
followed by the time continuity on [t,T) and, finally, analyzing the behavior at 7. Note that we
use the help of time-shifted control policies.

Remark 13 We emphasize that VP converges uniformly to V° on compact subsets of [0,T) x K.

1
Indeed, in this case the sequence of functions (t,x) — VP(t,x) (T —t)» which is indexed by p
satisfies the monotonicity assumption in Dini’s (first) theorem. Consequently, the convergence of
VP to the continuous function V°° is uniform.



4.2 Some Tools

This section gathers some results from [5, Section 2], as for example

1. the penalty result in mathematical programming (cf. [5, Proposition 2.1]),
2. basic properties of the Hamiltonian which is discontinuous in our case,

3. the proprieties of the set U(t,z,r), (t,z,7) € [0,T] x RY x R which is used in the definition of
the Hamiltonian (cf. [5, Propositions 2.4, 2.5 and 2.3]).

The previous facts allow to formally infer the viscosity behavior of V°°. Moreover, they are impor-
tant for several proofs contained in the next subsection.

Proposition 14 [5, Proposition 2.1] Let o, be two real-valued continuous functions on U,
where U C R? is a compact set and let p and v € (0,+00). Then

1
p
where U(r) = {u e U : |f(u)| < r} forr > 0.

lim min {a(u) +
p—o0 uelU

[’ﬂ(“”ru} = min {a(u);u € U(v)},

v

We continue by recalling some properties of the discontinuous Hamiltonian and of the set U(t, z,r),
(t,z,7) € [0,T] x RN x R. Note that, the precise definition appears in the introduction, but we
recall it here, for reading purposes: U(t,z,r) ={u € U : |h(t,z,u)| < r}.

Lemma 15 (i) ([5, Proposition 2.3 (i)]). Ifr <7/, then U(t,x,r) < U(t,z,1").

(ii) ([5, Proposition 2.3 (ii)]). Ifr <7, z € K and 0 <t < T, then there exists 6 = §(r,r’) > 0
such that

(iii) ([5, Lemma 2.4 (i)]). If r <71/ then, H(t,z,r,q) > H(t,x,r', q).

(iv) ([5, Lemma 2.4 (ii)]). If r <7/, z € K, and 0 < t < T, then there exists some 6 = d(r,r") > 0
such that

H(s,y,r,q) > H(t,,7",q) for all (s,y) € Bs(t,x).
Moreover, let us consider the relaxed Hamiltonians
H*(t, 2,7, q) :==limsup{H(s,y,p,m) : [t = s| + ||z = yl| + [p = r| + [lg — m[| <€},

(13) o
H*(t,:c,r,q) = hgl}glf{H(say7p7m) : |t - S| + ||.I' _yH =+ ]p—?”| + ||q_m|‘ < 6}'

(v) ([5, Proposition 2.5]). We have that H*(t,z,r,q) = H(t,x,7—,q) and H.(t,z,7r,q) = H(t,x,7+,q)°.

4.3 Viscosity Results for V>

In this subsection we gather the main results stating the connection between the value function V>
and the naturally associated Hamilton-Jacobi-Bellman differential (or quasi-variational) inclusion.

SHere the notations 7— and r+ stand for left-hand or right-hand limits.



Theorem 16 Suppose that K is a compact prox reqular set and the hypotheses (Hy) and (Hy) hold
true. Then V*° is a viscosity solution of

{VE(t,x) + H(t,z, V=(t,x), VoV (t,x)) — (Nr (), Vo, V=(t, z))};

(14) max >0,
{mig|h(t,x, u)| — Vut, x)}
ue

ift € (0,T) and x € K, with the final condition V(T ,z) = mi[1]1|h(T7:c,u)| on K.
ue

Again, the proof is postponed to Subsection 6.2. One considers admissible test functions for V>
and employs the viscosity properties of the approximating functions V? in order to conclude.

4.4 Equivalent Formulation and Uniqueness

A somewhat different formulation is given by the following.

Theorem 17 Let us assume that K is a compact prox regular set and that (Hy) and (Hy) hold
true. Then, the value function V°

(i) is a viscosity solution of the following differential inequality

(15) V(t,x) + H (t,z, V=(t,x), V1 (t,z)) — (N (x), V. (t,x)) 20, (¢, z) € (0,T) x K;

(ii) and satisfies V°(T,z) = Hli[I]1|h(T, x,u)| on K.
ue

Recall that U(t,z,r) ={u € U : h(t,z,u) <r}, r >0, and the Hamiltonian is given by
(16) H(t,x,r,q) = min{(g, f(t,z,w) : weU(t,z,r)}, qeR".

Conversely, every bounded, uniformly continuous viscosity solution of (15) satisfies (14) in the
ViScosity sense.

For the proof, please reefer to Subsection 6.2.

Remark 18 A direct proof of Theorem 17 in the spirit of [5, Proposition 2.2] and based on Lemma
15 can also be given. There are no particular difficulties except the need to reprove stability schemes
from [18] in the framework of differential inclusions.

We end the section with a comparison result implying, in particular, the uniqueness of our viscosity
solution.

Proposition 19 Let U and V' be two real-valued functions on [0,T] x K satisfying the following
condilions

1. U and V are bounded uniformly continuous (the common bound is denoted by k);

2. U is a viscosity subsolution of (14);

3. V is a viscosity supersolution of (14);

4. U(T,2) =V (T,z) =mingey |h (T, z,u)|, z € K.

Then U(t,x) < V(t,z), V(t,z) € [0,T] x K.

The proof (given in detail in Subsection 6.2) relies on usual contradiction arguments and makes use

of the monotonicity of z + Ny (x) N B(0, 1) where Lispchitz-property is usually employed.
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5 Linearization and Abstract Dynamic Programming

The aim of this section is to provide arguments allowing to extend the Bellman dynamic program-
ming principle from the regular framework with uniformly continuous costs h to merely Borel-
regular costs. The dynamics is seen as occupation measures satisfying convenient constraints given
by the state restrictions K and the differential formula. First, the main difficulty and novelty with
respect to the abundant existing literature (see for instance [8, 7, 28, 15]) is the presence of of the re-
flection elements z € N (z). Therefore, a further component is added to the occupation measures.
This new component is given by the gradient of the Yosida-Moreau penalization or equivalently
inf-convolution at the initial level. Moreover, it satisfies convenient restrictions, such as : support
conditions compatible with the reflection and the state constraints, respectively a differential-type
formula, cf. Lemma 22. Note that Lemma 22 provides the first main result. Second, the limit
set of measures O, defined by (25) needs to comply with convexity and closedness. In the second
main result of this part Theorem 26, we prove an abstract semigroup behavior by extending the set
of constraints to mimic dynamics issued from measures (cf. (26), (27)). As a by-product, we ob-
tain dynamic programming principles for IL°° problems with mere Borel measurable cost functions h.

The results presented here are constructing on some of the authors’ previous results and the
Moreau-Yosida approximations of the reflected dynamics (e.g. [14]) and are considerably more chal-
lenging than our previous ones. The need for such extensions is equally justified by the optimality
conditions through methods developed in [16].

5.1 Moreau-Yosida Approximations and Their Linearization.

When K is a proximal retract, the differential inclusion (6) can be approximated using a Moreau-
Yosida or equivalently inf-convolution argument for the distance function dg. Let n > 1 and
consider

o o2 N
gnlw) = it {dicly) + 5 lly =]}, ve €RY,

as well as the associated dynamics
(17) zh () = f (8, 20(5),u(s)) — Vgn (zn(s)), for a.e. s €[0,T).

As before, we let x,, (-;t,2,u(-)) designate the unique solution to the equation (17) starting from
z € RN at time t € [0,T]. Moreover, we consider the approximating value function

T
(18) Wi(t,x) := inf )/t \h (3,20 (s;t, 2, u(), u(s)Pds, (t,z) € [0,T] x RV.

Proposition 20 Let us assume that K is a prozimal retract and that (Hy), (Hp) hold true. Then,
the following assertions hold true.

(i) ([26, Proposition 4.5]) There ezists some constant C, only depending on the coefficient f, such
that®

C
19 S n 7t7 n ) atv ) : S — + C n - 3
(19) tgggTHx (sit,@n, u(-)) — @ (s;t, @, ul-))| NG [@n — ]

fort€[0,T] and n > 1.

(ii) The function W, is bounded and uniformly continuous for n > 1.

®Note that C' does not depend on t € [0, 7], (zn,z,u(-)) € (K + <) x K xU(t,T) and n > 1.
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(iii) ([26, Proposition 4.7]) W,, converges to W uniformly on [0,T] x K as n — oco. Recall that
W is defined by (10).

Assertion (i) can actually be found on the last-but-one line in the proof of [26, Proposition 4.5].
Assertion (ii) is quite classical i.e. Lipschitz dynamics and bounded, uniformly continuous costs.
Assertion (iii) appears under the pointwise form in [26, Proposition 4.7]. The uniformity follows
from (i).

We continue by recalling the following linearization procedure for the value function W, with
fixed n > 1. For doing this we have to introduce several notions.

1. Occupation measures
To every initial couple (¢,z), every terminal datum 7' € (¢,7] and every admissible control
u(-) € U (t,T), we associate a measure

At Tau) = (fyi’T’x’“('),yé’f’m’u(')) eP ([t, T} x RY x U) x P (RY),

by setting”

t,T,x,u(~)
07 (da,dy, dv) := =
(20) ! T —t

t,T,xu(-) L
Y2 (dy) = 1(x7l(’1~“;t,x,u(~))€dy)’

7
/t L (@ (sit.e,u(-)) uls))€(dady,dv)) A5

where da, dy, dv stand for Borel subsets of [t, T }, RY, respectively U. Note that, this definition

can be extended to T = t by setting ’yi’t’m’u(') = Ot z,u(t)» Where d stands for the Dirac mass. The

family of all occupation measures is denoted by T', (¢, T,z). Let K, := K + B (0, %) for n > 1.
In view of [26, Proposition 4.4] and of Proposition 20 (i), whenever v = (y1,72) € Tn(t, T, z),

we have that
7€P<[t,T~} xKnxU) < P (Kp).

2. Convex hull
We introduce the set

o (t.7,2)
(21) v = (71,7%) eP([t,T} x Ky, X U) <P (Kn): Vo e,

= /RN 10) <T, y) Yo(dy) — é(t, ) = (T — t) /{th]XRNXU L d(s,y)v1(ds, dy, dv)

The generator of this set is given by

EZW(S;?J) = £U¢(Say) - <v9n(y)7¢w(s7y)> = ¢t(s7y) + <f(37y77)) - Vgn(y)7¢x(87y)> :

where,
£U¢(87 y) = ¢t(sa y) + <f(37 Y, U)v ¢x(87 y)> )
By known results (see, e.g. [14, Corollary 2.5]) we have that

(22) 62 (t,T,x) = ¢o <Fn (t, T, x)) .

Here co stands for the closed convex hull. Note that, by definition, the family 09 (t, T,x) is

non-empty, convex and compact.

"For a set S, 15 denotes is characteristic function defined by 15(s) = 1if s € S and 15(s) = 1 if s € S.
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Observe that, by adding a further component z = Vg, (y), the set OV (t, T, x) can be seen as

(23)

O, (t,T,x)
v=(y1,7) €P ([t,ﬂ x K, x B(0,7) x U) x P(K,) :
z = Vgn(y),'yl(ds,dy,dz,du) —a.s., v¢ € Cla

Lo (Tow) i) = ott.2) = (7 1) /meNXB(O’T)XU L7 (§(5,); 2) m(ds, dy, dz, dv)

Here, the infinitesimal generator is defined by
(24) L6 (5,)32) := duels,y) + ([ (5,9,0) = 2,9a(s5,9)) , Y (5,9,2,0) € [0,T] x RY x RV x U.

Remark 21 In particular,

P
VP(La) = inf ((T—1) / (s, g, v) [P yi(ds, dy, dv) |, Yt @) € [0,T] x K.
YEOR(t,T,7) [t,TIxRN xU

Whenever n > 1 changes, we will explicitly specify it in the occupation measure fyt’T’x’“(');".

5.2 The Limit Set of Measures
We define the lower limit set by
veP([t,T] x R*N x U) x P (RY) : Iny, 1+ 00, my, €N,

af,xf) C0,1] x Kp,, 7F € O, (t,T, xf) s.t.
1<i<my

(25) Ou (t,2) 1= ’ (

mp mg
k21, Y ab =1, Y afdy = 4, Zowz
=1 =1

for every (t,x) € [0, T]x K. The convergence of the probability measures 4™ is in a weak sense. How-
ever, by noting that the support of such measures belongs to the compact set [0, 7] x (K + B(0,1)) x
U x (K + B(0, 1)), the convergence can be taken with respect to the Wasserstein metrics. We get
the following properties

Lemma 22 Let (t,z) € [0,T] x K be fized. We have the following assertions

(i) The set Ou (t,x) is a non-empty, conves, compact subset of P ([t,T] x K x B(0,r) x U) x
P(K).

(i1) If v € O (t,x), then
Supp (1) C {(s,y,2z,u) € [t,T) x K x B(0,7) x U : z € Ng(y) N B(0,7)} .

(iii) Let v € Ou (t,2) and ¢ be of class C* on [0,T] x RN. Then,

/K & (T, ) v2(dy) = Blt,z) + / (T — 1) x £ (6 (s,9) : 2) 1 (ds, dy, dz, dv).

[tj‘] x KxB(0,r)xU
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(iv) We have the linearized formulations

1
T—t) »VP(t,x) = inf R\ o1 (gs W) s V1< p < oo;
( ) (t,z) (172) 200 (£ ” ILe (41 (ds,dy RN du)) p
Voo(t7x) = inf ||h||]L°° 1(ds,dy,RN ,du))

('Yl 772)6800 (

whenever 0 <t < T.
Remark 23 1. Condition (i) presents the state constraints i.e. the solution should remain in K,
while (ii) gives a compatibility condition with the reflection via N . The condition (iii) simulates

the differential formula. The last condition (iv) links the linearization with the standard value
functions VP (1 <p <o0).

2. We emphasize that a similar method (and identical results!) can be employed to define © (t, T, m)
for arbitrary t < T < T. In this case, Oug (t,T,z) = O (t, ).

5.3 Abstract Dynamic Programming Principles

We recall that for ¢ > 0 small enough, the projection of any y € K + B(0 g) on K is unique.
By identifying x with J,, we can extend the above definitions to p € P (K + B(0 5)) by formally
setting

,

(71,72) €P ([tvf} x K, x B(0,r) x U) x P (Ky) :
Supp (11) C {(s,y, Vgn(y),u) e R*NFT1 x U}, V¢ € C*,

@) Ou(nT) =4 [ o (Tt~ [ ottt

= (T — t) / i . LY (6(s,y); 2) 11(ds, dy,dz, dv)
[t,T] xRN x B(0,r)xU

\ Vg

and, respectively,
(v eP ({t,ﬂ x R2V x U) x P (RN) : 3ny, 1 00, my, €N,

k .k
3 (a“azl

k k
)1<i<mk € [0’ ]-] X Knk’ Vi S enk <t7T, $2) s.t.

mg
VE > 1, Za =1, Za e M,Za%fk:oo*y
=1

We provide the following consistency properties for the sets we just defined.

Proposition 24 The set O, (s, T, 72) s non-empty, conver and compact for everyt < s <T < T,
1<n<oo0,z€K, andy € O, (t,s,z).
Let t<s<T<T,ve€O,(tsz)and v € O, (S,T,’yg). Following [14, Definition 2.8|, we define

the concatenated measure ' @&~y € P ([t,T] x (K 4 B(0,¢)) x B(0,r) x U) x P (K + B(0,¢)) by
setting

(28) i
¢ T — ~
(’Y’ & ’y)l (dl,dy,dz,du) := ; - t’yl (dlNt,s],dy,dz,du) + o j’yi (dl N [S,T} ,dy, dz, du) :
(Y @), =%
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Remark 25 When v = A5T240m s an occupation measure, one merely writes

1 T s—t 1 s
=a— 1 (20 (rit 2,0 () u(r)) E(da,d dv))dr - / 1(7’ (zn(rit,z,u(-)),u(r))e(da,d dv))dr
T—tt (ry(zn (rit,z,u(-)),u(r)) €(da,dy, T_ts_tt W\ Tn (T30,2, s AY,
T—s 1 T
= = L (e (rit 2 u()) u(r a ) drs
T . t T . S/S ( 7( 7’/( 7t7 ) ())7 ( ))e(d 7dy7d )) r
to see that

,Yt,T,:L“,u(-);n — ,Ys,T,xn(s;t,x,u(-)),u(-);n @ ,yt,s,z,u(-);n'
Moreover, we set
(29) O, (s,f, ) @O, (t s x):= {7’ Dy: YyEO,(t,s,7), v €0, (s,f,vg)} ,

forevery t < s <T <T,1<n<ooand z € K,. We get the following semigroup behavior of the
sets of constraints which constitutes the main result of the section.

Theorem 26 ForalltﬁsSTST, 1 <n<oo and x € K,, we have

1. ©, (S,T, ) ® 0, (t,s,z) DO, (t,T,x) .

2. Moreover, we have the following partial converse: if v &~ € O, (S,T, > @ O, (t,s,z), then
Y By (~, RN ) is the marginal of some measure in O (t,T, m)

As a direct consequence of the semigroup property, we get the following dynamic programming
principle

Corollary 27 (Dyna{nic Programming Principle) Let h be a Borel-measurable bounded cost
function, 0 <t <s<T <T,ze€ K and p € P(K). We denote by

Ve (S,T7 ) = inf oo (o (ar .
g V€O (5,T,11) 17l (71 (dr,dy,RN ,du))
Th@n} we have
(30) Ve (t, T, x) = 7eegl(ft’w) max { 120 (o iy 2 ) - V™ (S’ 7, 72)} |

Remark 28 We emphasize, that Lemma (22) (iv) states that V° (t,T,x) = V> (t,x) with the
previous definition and with V*° (t,z) defined in the previous sections, for 0 <t <T, z € K.

6 Proofs of the Results

6.1 Proofs for Section 3
We begin with the proof of the regularity for the function W = (V).

Proof of Proposition 8. Boundedness follows from the assumptions on h.

To prove the continuity, we let (t,, z,)nen be a sequence in [0, 7] x K which converges to (t,z).
Let ¢ > 0 be fixed. We consider Z,,(:) := Zp(+;tn, Tn,un(-)) an e-optimal solution starting from
(tn, zp) for all n € N. By the estimates (8),

120 (7) =& (75, 2,0 ()| < C ([l2n = 2| + [tn — t]), V7 € [max {t,,, t},T],
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(where we have extended u,, from u,, if t <1 <, by setting u,(7) = 4y, (t,)) such that

T
LiminfW(t,, x,) +¢ > liminf/ h(s, Tn(s;tn, Tn, Un(-)), Un(s))|Pds
o W (.2,) + < > it [ (s, (). 1))
= lim inf ftT |h(s, (z(s;t, z,un(:))), un(s))Pds > W(t,x).

n—oo

It remains to show the inverse inequality i.e W (t,z)+¢ > lim W(t,, z,). To this end, we consider
n—oo

u(-) an e-optimal trajectory for W at (¢,z). We know that z(-;¢,z,u(-)) is the limit along some
sub-sequence of (x"(+;ty, Tn, ()))neny when n — oco. Indeed, this follows from Proposition 4 and
from the uniqueness properties of (2). Hence,

T
W(t,x)+52/t (s, 2(s: £, 3, 4(-)), a(s))[Pds

T
= lim |h(s, 2" (8;tn, Tn,u(-)), u(s))Pds > lim W(ty,x,)

n—o0 t n—00
n

Recall that € > 0 is arbitrary, therefore we conclude that W is continuous. m
We now turn our attention to the viscosity equation satisfied by VP.

Proof of Proposition 9. Note that (11) is a detailed version of (9).

e We have seen that the function W given by (10) is uniformly continuous and bounded. Moreover,
it has null final condition at ¢t = T.

e We adapt the proof of Proposition 11 from [22]. The main difference is that now we are dealing
with a running cost. Consequently, one easily checks that W is the unique bounded uniformly
continuous viscosity solution of the following inequality

(32)
{Wt(t,x) + Eéig((Wx(t,w),f(t,x,u» + |h(t,z,u)P) — (Nk(z), Wy(t,z)) 20, 0<t <T,z € K,
W(T,z) =0, z € K.

o Let VP := (W)% We claim that VP satisfies (11) in the viscosity sense. We only prove the
subsolution condition. Note that the remaining supersolution condition is quite similar and we
omit it. To this end, we consider a C'!- test function ¢ and (¢, z) € (0,7) x K to be a maximizing
argument for VP — ¢ i.e.

0=VP(t,x) — ¢(t,x) > VP(s,9) — d(s,y), ¥(s,y) € (0,T) x R,

Recalling that W is lower-bounded by 6 > 0 (see Remark 1), it follows that the function ¢ := ¢
is a convenient (bounded, Cl-regular) test function for W and (¢, ) realizes a maximum for
W — 1. We argue following two cases:

1. x € int K. In this case, the subsolution condition for W at (¢,x) using the test function
gives (see [22, Definition 3])

i(t, x) + min ((¢o(t, 2), £(t, 2, u)) + |h(t, 2, u)") 2 0.

Recall that ¢ = ¢P and the fact that ¢(t,x) > §. Therefore, we can divide the previous
inequality by p¢?~! and get that

ontt.0) + min (@0ste.), s ) + 5 (PEL o0,) 2 0
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2. z € OK. In this case, the subsolution condition for W at (¢, z) using the test function v (see
[22, Definition 3]) guarantees the existence of some z € Ng(x) such that

he(t, @) + min ((Ya(t, 2), f(8, 2, 0)) + [h(E, 2, w)7) = (2,9 (t,2)) 2 0.
Recall that ¢ = ¢P and the fact that ¢(t,z) > §. Therefore we can divide the previous
inequality by p#P~! and get that

|h(t, =, u)|

. 1
qbt(t,zl?) + Iunelll]l <<¢x(tv$)v f(t’ $7u)> + ;9 ( gb(t,$)

)pw,x)) (s () > 0.

It follows that VP is a viscosity subsolution of (11). As indicated, the supersolution part is quite
similar.

Let us now sketch the proof of the uniqueness part. Let V'’ be another uniformly continuous,
bounded away from 0 viscosity solution to (11). Then, the function W’ := (V’)? is bounded,
uniformly continuous. By using the same argument as the previous step, one easily shows that W’
satisfies (32) in the viscosity sense. Note that we can easily adapt [22, Theorem 12] to running
instead of final costs. Consequently, by uniqueness of the solution of (32), W/ = W which implies
the uniqueness of VP. =m

We continue with the result gathering the monotonicity for VP and the existence of the limit
as p — 0o.

Proof of Proposition10. The proof is similar with the original one which is given in [5] for the
case without reflected dynamics. However, we provide some elements for our readers’ sake.

(i) The first inequality follows easily from (H) by recalling that M has been chosen no lower than
the maximum of h.

(ii) The second inequality follows from Holder’s inequality for the integral cost.

(iii) We focus on the case when t < T and = € K is fixed. For ¢ = T, the boundary conditions
for VP imply that the expected limit is 0. Due to (ii) we have that VP(t,z)(T — )~/ <

VP (t,x)(T —t)~/7" if p < p/. Moreover, (i) implies that V?(t,z)(T — t)fi < M forp>1. As
a consequence lim VP(T —t)~'/P exists. We infer that the limit
p—00

lim VP(¢,z) = lim VP(t,2)(T — t)~YP(T — ¢)'/?

p—0o0 p—0o0
exists for all 0 < ¢t < T.

(iv) The function ~y is consistent and at least lower semi continuous on [0,7") x K as the supremum
of a family of continuous functions i.e. (t,x) — y(t,z) = sup (VP(t,z)(T — t)_l/p) . Similar to
p>1

[5, Page 1071], we only have to prove the continuity at 7" i.e.

(33) lim VP(t,z) (T — £)"» = min |W(T, z, )|, Yz € K.
t—T uelU

To this purpose, we make use of the trajectory estimates in (8). For u € U, we consider the
constant control (still designated by u) and note that

|h(s,z (s;t,x,u),u)| < |h(T,z,u)| + pp(C(T —t)), Vt <s<T.
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Recall that the generic constant C' > 0 is time and space-independent. It follows that

1

v :
<T—t/t |h(5,x(s;t,x,u),u)’pd.§> < |h(T,z,u)| + pun(C(T —t)).

1
By taking the infimum over u € U, one gets tlin%Vp(t,x) (T'—t) » < Hli[I]l |h(T,x,u)|. For the
> ue
converse, one writes,

‘h (S’x (S;tvxvu ()) 7“(3))| = Igél(l} ‘h (va (3; tw,u ()) 7U)| )

for u (-) € U(t,T). The conclusion follows from estimates on ||z (s;¢,z,u(-)) — x|. Our proof is
now complete.

]
Before giving the proof of Proposition 11, we will need to make some additional notation and
prove an intermediate result.

For u(-) € U[t,T] and a > 0, we define the set oLt by setting
620 := {7 € [t.T) : |h(r 2 (rs 8,2, u(-)), u(r)] > a} .
We have the following result.

Lemma 29 We assume K to be a compact prox regular set (Hy) and (Hs) to hold true. If, for

some admissible control u € U ([t,T]) and some n € (0,T —t|, the (Lebesque) measure of L"),
satisfies

Leb (93<'>> <,
then there exists a control @ € U[t,T] such that
|h (T, (T3t z,a(-)),a(T))| < a+pp(Cy/n) for t <1 <T.
Furthermore, C' can be chosen independently of 7, x,u and 7.

Proof of Lemma 29. For simplicity we consider that ¢ = 0. We consider a partition of the
interval [0, 7] as follows:

O=to<ti <...<tp =T, ’I’]St]’—t]’_1§2’l’], V1l <j<k.
Since Leb (93”) < 1, it follows that [tj_l,tj)\ﬁg(') #(for 1 <j <k Wepicks; € [tj_l,tj)\Qg(')

for each j and we define @(-) by setting

ur) = u(T)lTe[O,T]\GZf(') T Z u<sj)1Te[tj_1,tj)m0§f(')'
1<j<k

To simplify notations, we let z(-) := x (;0,2z,u(-)) and () := z(;0,z,4(-)). Recall that z
Nk (z) N B(0,7) + cz is monotone. Consequently,

la(r) — 2|2
< U (s.2(s)uls) — F (5. 2(s), i(s)) x(s) — F(s)) ds + ¢ / "lz(s) — 3(s) |2 ds

<2 /O "(s) — ()| (M |[z(s) — E(5)| + 20Ty page) ds

wo [Mlats) —sPas < ¢ (([Tate) - aPds ).
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for every 0 < 7 < T'. In the previous inequality we have a term 2C1,,,)5(s) and the constant C
comes from an upper-bound for the coefficient f on the compact set [0,7] x K x U. Note that the
generic constant C' is independent of z,u, 4,7 € [0,7] and 7 and it will be allowed to change from
one line to another. Gronwall’s inequality yields

lz(r) — &(n)|I* < Cn.
Consequently, we have
|(r, 2(7), a(r)] < [A(7, 2(7), w(T)| + pa(ll2(T) = Z(T)]]) < @+ pn (C (1 + z]]) v/n),
for 7 ¢ 05 ), Moreover, due to estimates (8), we have

|h(7,2(T), a(T)|
<|h(sj,z(s5), ul(sj)| + pn (lz(s5) — & (s5)[| + 1T (s5) = Z(T)|| + |7 = s5)
<a+pn (Cyn),

for 7 € [tj_1,t;) N 0%"). The proof is now complete. m
We can now provide the proof for Proposition 11.

Proof of Proposition 11.
1. Let us prove the following inequality
(34) v(t,x) < V(t, ) for all (t,2) € [0,T) x K.

For every fixed u(-) € U[t,T] and for every p > 1 we have that

_1
(T =077 |, 2l u). u() oy < I0C2 (5t 2,0, 00) e

because of Holder’s inequality. The inequality (34) follows by taking the infimum over U[t, T
on both sides and taking the limit when p — oo on the left side.

2. We aim to proving the converse of (34) and reason by contradiction. We assume that, for
some (t,z) € [0,7) x K and some € > 0, y(t,z) < V*=(t,x) —e. As a consequence, for some
subsequence p — oo (still denoted by (p)p>1), we have that VP(t,z) < V°(t,z) — e. Therefore,
there exists a control u,(-) € U (t,T) such that

3

/tT |h(s,2 (sit, 2,0y (+) ,up (5)) P ds < (Voo(t,a:) B i)p.

Using the notation from Lemma 29, it follows that
wp (- 00 €
ceb (63250, < ) = £eb ({In (5,2 (s, () (5] > (VE(t,2) = £) })
- Vet z) — 5\
TA\Ve(tr) - §
Applying Lemma 29, one constructs a family of controls (aP(-)),>; C U (¢, T) such that

V() < sup [h (s (st 0()), Bp(s))| < VE(t2) - % + <c <m> ) :

oM (o] m

Letting ¢ — 0 leads to a contradiction and, thus, completes our proof.
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6.2 Proofs for Section 4

The first proof concerns the regularity of V*°.
Proof of Proposition 12. Observe that the assumption (Hy) implies that V°° is bounded.

i) We will first establish that V> is (uniformly) continuous with respect to the state variable z.
To this end, we fix 0 <t < T, x1,29 € K and u(-) € U(t,T). To simplify the notation, we let
x; (+) be the trajectories corresponding to wu(-) with the initial position z;;¢ = 1,2. [22, Lemma
3] yields the existence of some generic constant C' (independent of z;, u(+), s) such that

|x1(s) — z2(s)|| < C'||z1 — z2||, for all s € [¢,T].
Consequently, we have that

IACs 21 () ul Do iz = 1R G 220) () o oy = U 1A(s, 21(5), uls)) = s, w2(s), uls))]

< pun (Cllz1 = 22)) -

For £ > 0, one picks an e-optimal control u(-) € U(¢,T) at (t,x2) and, due to the previous
inequality,

V() =V (t22) < e+ pn (Cller — 2]
Since € > 0 is arbitrary, one deduces V= (t,z1) — V™ (t,22) < pp (C ||x1 — 22||). By changing

the roles of x;, one establishes uniform continuity.

ii) Secondly, to establish that V°° is continuous in ¢, we fix z € K, 0 < t; < to < T and u(-) €
U, T). Let x;(-) := x(-;t;, z,u(-)) be the trajectories corresponding to u(-) with the initial time
t;, © = 1,2. Standard estimates yield

1 (b2) = l| = [ (25 t1, 2, () — zf| < C (L + |lz]]) (b2 — 1) -
Due to (8), it follows that

(35) sup |[z1(s) — za(s)|| < C(ta — 1)

to<s<T

Consequently, we have
’h<37 .%'1(3), U,(S)) - h’(87 x2(8)7 U(S))‘ < Wh (05) ’

with 0 := [to — t1] and s € [t2,T]. Therefore,

(36) [ACs 21 (ot 2 u()) Lo,y 2> 1G5 21 (5t @5 u()) Lo 1,17
> [[h(-5 22 (s ta, @, u(:) lLee g,y — 6 (C6) -

We let n(-) := z (;t2, 2, u (- — §)) and write the differential formula for 3 ||21(s — &) — n(s)|?.
Using the fact that the map y — Ng(y) N B(0,7) + cy is monotone, and the assumption (Hy),
we get

lz1(r = 8) = ()|
< | If (s =6, 1(s = 0),u(s = 8)) — f (s,1(s),ul(s = 6))[ [z1(s — 6) — n(s)| ds

to
-

tef llzi(s —6) —n(s)|*ds
to

<C (52 +

a1 (s — 0) —n<s>r\2ds) b <r<T

t2
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Gronwall’s inequality yields sup ||z1(7 —3d) —n(7)|| < Cd. As a consequence,
to<7t<T

|h(s,21(s),u(s)) —h(s+0,n(s+0),u(s))| < up(CH), Vt1 <s<T -39,
which implies
(37) 1P Gy (5,2, () s wl ) ooy p-g) < V' (f2, ) + pn(C6).

On the other hand, using (35) and the uniform continuity of V'*° (t2, -) whose continuity modulus
is denoted by w, one gets

(38) [h (2 (5t 2, u()) 7u('))||]L°°[t2,T] = [[h (2 (5t2, 21 (t2) s u(’)) 7u('))||]L°°[t2,T]
SV (b2, 71 (t2)) S V™ (t2,2) +w (C(1 4 []))d) .

Putting together (37) and (38) yields

1 (s Gt 2, u() s w() Lo, 7y <V (t2, 2) 4+ w (C8) + pa(C9),

provided that 7" > to + 0. Together with (36) this inequality guarantees the desired continuity
of V> on [0,T).

iii) It remains to show that

39 lim V°°(t, z) = min|h(T .
(39) lim V*°(t, ) = min|h(T, , u)|
We consider v € U and the constant control u(-) = u. For notation purposes, we set z(-) :=

z (;t,z,u). We have

V(t,2) < max [h(s, 2(s), ul <y (C(T 1)) + |h(T, 2, u)].
t<s<T

We conclude that tlin%Voo(t,x) < mi(rjl[h(T ,x,u)|. For the reverse inequality, we have that, for
" ue
every u(-) € U[t,T] and every s € [t,T],
(s, (s £ (), u(s)] > minfh(s, 2(s. 2, u()),w)| > minfh(T,,0)| — u, (C(T ~1)).
ue uc

Consequently, limV*°(¢,2) > min|h(T, z,u)|. This completes the proof.
t—T uelU

]
Now we turn our attention to the main theorem of Section 4 connecting V*° and the associated
quasi-variational inequality.

Proof of Theorem 16. Let us consider ¢ € C1([0,T] x K) be such that V> — ¢ has a strict
minimum at the point (¢,z) € (0,7) x K. We assume, without loss of generality, that the value
of this minimum is 0. Recall that lim, oo VP = V' uniform on B, (t,z) C [0,T] x K, for some
n > 0. Consequently, one has
inf  (V(s,y) —¢(s,y)) > 0.
(s,4)€0By (t,x)

Then, for every large enough p, there exist a point (t,,x,) € By (t,z) such that V? — ¢ has a
minimum at (¢, zp), @(ty, xp) > 0% and (t,,x,) — (t,z) as p — oo. The viscosity supersolution
condition written for V? at (t,,x,) with the test function ¢ yields the existence of some z, €
Nk (zp) N B(0,r) such that

(40)
: 1 ‘h’(tp’mp?u)’ b
pi(tp, 7p) + nun {<90w (tp xp) , f (tp, Tp, ) + P (cp(tp,xp) @ (tp, Tp) ¢ — (2, Pa(lp, zp)) < 0.
8consequence of the fact that k can be seen as bounded away from 0 and VP(t,z) — V°°(t,z) = ¢(t,x).

p—00
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3.

. We point out that

ei(tp, Tp) + runelll} oz (tpsp) s [ ((tps p, u)) } — (2ps P (tps p))

<|h (tp, p, w)|

o (tp. 7p) )p“’(tm%)} — (2, P (tpy Tp))

. 1
§80t(75pa xp) =+ min {<90$ (tpa J?p) ) f (tpv Tp, u)) + =
uelU p

<0.

As a consequence, we get the existence of some constant K > 0 (independent of p and determined
by the bounds of f and ¢ on B, (¢, x)) such that

min1 (W%’w>pgp(tp,xp) <K.
wel p \ @(tp, xp)
Moreover we have that
1 Z”Lei{]z]h(tp,xp,u] P ) K
Z; o(tp, Tp) N (P(tpvxp).

We let p — oo to conclude that o(t,z) > mi[r]l]h(t, x,u)l.
ue

. We fix, for the time being, ¢ > 0. The reader is invited to recall that the map « — Nk (-)NB(0,)

has closed graph i.e. if (xp,2,)pen converges to (z,z) with 2z, € Ng(zp) N B(0,r), then z €
Nk (y) N B(0,7). Using the continuity of h, ¢, ., we get the existence of some great enough
pe such that, for some subsequence p > pe,

o {toc ) £ Gt 45 (PN 0,00 o 1)
>min{< (t, ) f(t:cu)>—|—1(|h(t’x’u)|_€)p (t x)}—(z (t,2)) — ¢
= ep | Pe b AL P o (t,z)+e v » P it

Then, using (40), Proposition 14 and letting p — oo in the previous estimation we obtain that

oi(t, ) + min pa(t, ), f(t,z,u)) — (2, 02(¢,2)) } <,
el (t,@,0(s,y)+2¢)

Ve > 0 for some z € Ng(y). Consequently,

pi(t, x) + H (t, 2, o(t, 2)+, 0a(t, 1)) — (2, 04(t, 7)) < 0.

Recalling that e > 0 is arbitrary, we conclude that V' is a viscosity supersolution of (14).

The subsolution argument is quasi-identical and therefore, it will be omitted.

Let us provide the proof for the equivalent formulation of the differential system whose solution

is Ve,

Proof of Theorem 17.

1.

Observe that the result is, of course, valid for every bounded, uniformly continuous solution of
(14) denoted by V. Indeed, let us consider (t,z) € (0,7) x K and a C'-test function such that
(t,x) attains a local maximum of (V' — ¢). One gets the existence of some z € Ng () N B(0,7)
such that

max {gpt(t, x)+ H (t,z, p(t,x)+, (t, x)) — (2, p:(t, z)) ,131613 |h(t, z,u)| — cp(t,a:)} > 0.
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If pi(t,x) + H (t,z, 0(t,x)—, pz(t, z)) — (2, ¢:(t,x)) <0, then, for some ¢ > 0, one has
Qat(tv x) +H (tv €, (p(t, li) - & cpx(t, l‘)) - <Zv Qot(t’ x)> < —&.
By picking u € U (t,x,¢(t,z) — ) one has |h(t,z,u)| < ¢(t,z) —e. As a consequence,

i htav < tv S
min [h(t, z,v)| < @(t, 2) — ¢

which leads to a contradiction. This shows that V' is indeed a subsolution of (15). The superso-
lution part is immediate.

. To prove the converse, we focus on the supersolution assertion. To this purpose, we let V be a

bounded, uniformly continuous viscosity supersolution to (15). We consider (¢,z) € (0,7) x K
and a C'-test function such that (¢, ) attains a local minimum of (V' — ). Moreover, we assume
that V(t,x2) = ¢(t,z). Then, the supersolution condition for (15) written at (¢,2) with the test
function ¢ yields the existence of some 2z € N (x) N B(0,r) such that

or(t,x) + H (t,x, o(t, )+, pz(t, ) — (2, (¢, z)) <O0.
In particular, it follows that U (¢, x, ¢(¢,z)) is nonempty. As a consequence,

in |h (t < ot
gg!b%w_wbw

which shows that V' is equally a supersolution for (14). The subsolution condition is immediate.

To end the subsection, we provide the proof of the comparison result for sub and supersolutions.

Proof of Proposition 19. We reason by contradiction and assume that, for some (tg,zg) €

(0,

1.

T)x K,
U(to,.ﬁto) - V(toax()) >n> 0.

One easily checks that, for every «, § > 0, the modified function
(0.7) % K 5 (s,9) = Wos,) = V(s,y) + 2 > V(s,y), 0<s<T,

is a viscosity supersolution of

B

Wit x) + H (t, 2, W (t, 2), Wa(t,2)) = (Nic(2), Wa(t, 2)) + 5 3 0.

. We fix # > 0 small enough such that

U (to,:Eo) — Wﬁ (to,xo) > .

For notation purposes, we drop the superscript in W5,

. We consider ¢ > 0. Let ®.(s,z,y) := U(s,z) —W(s,y) — o ||z — y||* for all s € (0,T), z,y € K.

We note that |U(s,z) — W(s,y)| < 2k — ? <0, forall t < %

Let (t-, zc, y-) be a maximum of ®. on (0, 7] x K? (or, equivalently on the compact [%, T] x K?).
Then, on some subsequence, we have the following facts:

o 2k > &, (taa$57ya) > ¢, (t073707370) >

o lim.ote =t € [F,T] x K% lime o ze = 2% limeope =y
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o " =y’
o n < U(th,z*) — V (t*,2*) and, consequently, t* # T'. As a by-product, one assumes, without
loss of generality, that t. = T

e As usual, lim._, i |ze — ys”2 =

The supersolution condition for W at (t,y.) yields the existence of some 2. € Ny (y:) N B(0,r)
such that

(42) H <t€7y6>W (tsaxs) e %;%) - <ZE> xa;ys> + t% <0.
£

Here, we used the usual test function constructed from ®..
Similarly, the subsolution condition for U at (t.,z.) yields the existence of some z. € Ng (z:) N
B(0,r) such that

(43) H tsaxsaU(tsays)"i”xE_ya - Zlaxs_yg > 0.
€ N €

We have proven that U (t.,z:) — V (ts,y:) > n. Consequently, we can separate them i.e. there
exist p1 and po such that
U (tavxe) > p1 > p2 > V (t€7y5) .

Let € be small enough such that y. € Bs (z-). Using Lemma 15 (iv), (42), (43) and the mono-
tonicity of x — N (x) N B(0,r)) we obtain that

Te — Te — Te —
tg SH (tsyxqu(téfaya) +7 £ c y€> - H <t£7y87W(t851“8) B £ c yE) + <ZE - Zév £ c y€>
€

<H (te,xa,m, e _yf> —H (te,ye,pz, e _y5> + <za — 2, = _y€>
& g g
1 Te — Ye ||xa _yaH2
S0+ Zg - ZE’ -~ C—.
g g

Letting € — 0 leads to a contradiction and completes our proof.

6.3 Proofs for Section 5

We begin with the proof of the support characterizations of ©, (state and differential formula),
the associated linearized formulation and their compatibility with V? (1 <p < o0).

Proof of Lemma 22.

(i) Observe that the measures v* € O, (t,T,x) C P ([t,T} x K, X U) x P (K,) are defined on
a compact space. Therefore, there exists a subsequence converging weakly to some . Conse-
quently, the definition of O (¢, z) is consistent.

In order to verify the convexity, let us consider B € (0,1) and 1,42 € Oy (t,z). There exist

k gk ik
nkToo mkEN(] ,:1:] ) [0, 1]><KJ, €@n£<t,T,xg )s.t.
my, mj,
Vk > 1, g al =1, E o xj,k — 596, g o/ ] kjoo'y
i=1 i=1 '
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for j € {1,2}. Since © , (t T mjk> is the closed convex hull of occupation measures, there
ex1st families of convex parameters respectllvely controls in U(t,T) denoted by (p, ) such that

7,k
'yi can be replaced with le]k tTal wllink for j € {1,2}.% In other words, there exists
nl 1 oo, m] €N, ( jk,x”) [0,1] x K u u* e U, T) st

My my, my,
=gk _ ~Jks ~J,k tT:eruik,nj 7
\ﬂchZ% _1,2% Ogn = o Yty by
i=1 i=1 =1
Observe that we can take the elements nk, mdependent of j. Indeed, if n} < n?, we add

21,
to the representation of 42, the element EZ 11 542 k’yt 737 w7 1 The errors of these measures

are of type n% (for k = 1) and go to 0 as k — oo. Finally, by takmg 0 coefficients, we can put
k .

together z7* (hence, also my, for j € {1,2}).

To summarize: there exist ng 1 oo, my € N, (@g’k,jjf) € [0,1] x Ky, , ufk ceU(t,T) st

VE > 1, Z alt =1, Jim Zo/’ Ogt = bz, Zoﬂ’“ LTkl i o A, je{1,2}.
k—o00 —00

Then, observe that of := Boﬂ’k +(1- 5)@2’k

(A 1
1 2,k
%k; 7(5O‘1k LT g nk+(1 B)a QkVth u nk) € O, (t7T7'f§)7
'L

whenever af # 0 because of the convexity of O, (t,T, i‘f) Finally, note that the triplet
(af, zt, fy}c) provides the desired representation for Sy + (1 — 8)7? which implies that O (¢, )
is convex. Verifying that © (¢, ) is closed follows from a similar argument.

We continue with verifying the support claim. Recall that, by definition, the measures *yf are
supported by [t,T] x Ky, x B(0,7) x U x Ky, , it follows that

mp C
d ofyk ) (ds,dy, dz, du +/ oAk (dy) < —, Vk > 1.
J— (z; v>1< y.dz, du) Z i) =

Passing to the limit yields the K-support claim.

(ii) We recall that, for £ > 0 small enough, the projection of any y € K + B(0,¢) on K is unique
and we have that Vg, (y) € Ni (II(y)). In other words, we can apply the previous argument by
considering the distance to the closed set K @ N :={(y,2) : y € K,z € Nk} to see that

C
/dK®NK(y7 2)y1* (ds, dy, dz, du) < n—k

where 3™ =" o ’yk . The conclusion follows, as before, by passing to the limit & — oo.

(iii) This assertion follows from the continuity of the generator and from passing to the limit k¥ — oo

in the similar formula written for ’yf, and the starting points mf

9The last index specifies that the occupation measure is computed from the solution associated with the Moreau-
Yosida penalization Vg, ;.
k
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(iv) Let us consider z,, € K,, a sequence (x,) converging to x € K. Proposition 20 (i) guarantees

that
T - T -
([ 1 st ) ds) = ([ oo () ulo)P as)
¢ ¢
(44) T v
< ([ 1t it () o) = s (s uCs) s
¢
C
< — — .
<pin (= + e — )
As we have already hinted before,
P
VP (t, z,) = inf (T — t)/ |h(s,y,v)|P y1(ds, dy, dz, dv)
YEOR(t,T\n) [t,T]xR2N x U

Due to the compactness of O, (¢,T, x,), there exists an optimal 4" € O,, (¢, T, x,) such that

P
VP (t, ) = ((T—t) / (s, 4,0 77 (ds, dy, dz, dv>> .
[t,TIxR2N xU

Then, along to some subsequence, 4" converges to a v* € O (t,x). Using Proposition 20 (iii)
and (44) we obtain that

P
VP(t,z) = liminfVP (¢, x,) = <(T - t)/ |h(s,y,v)P ﬂ‘(ds,dy,sz,dv)) .
[t,T]xRN xU

n—o0

This proves that the right-hand member cannot exceed the left-hand member. To prove the
converse, we fix v € O (t, ). By definition, we find ny T oo, my € N, (af,xf) € [0,1] x Ky, 7{“ €
O, (t,T, xf) s.t.

mp mp mp

VE>1, ) af =1, Y afde = G Yy afyf — .
— — t k—oo — k—o0
i= = i=

For each k> 1 and 1 <1 < my,
(T 1) / sy, ul? (28 (ds, dy, dz,du) > (V) (t.at).
[t,T]xR2N xU 1

Multiplying by af and summing up implies that

my
-0 [ s, (Yo alalt ) (as,dy.dzdw > |
[LT] XRQN xU i=1

1 R

mg
(VB (ty)d (Z Oé?%;c) (dy)-
i=1
Using the uniform convergence of Vkp to VP when k — oo one obtains that
-0 [ (s, 1, ul? 1 (ds, dy, dz, du) > (VP (¢, 2)) .
[t,TIxR2N xU

This completes our proof. The result for L>° follows from the monotone convergence of L
norms.
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We now turn to the proof of the properties of ©,, issued from measures.

Proof of Proposition 24.
1. Let n < co. We can conclude by using [14, Proposition 2.7].

2. Let n = oco. We only need to check that O (s,T ,72) is non-empty. The convexity and

the closeness follow from the same arguments as Lemma 22 (i) for the case 7o = ;. If v €
O (t, s,2), then there exist ng 1 oo, my € N, (af,xf) € [0,1] x Ky,, uf € U(t,s) s.t.

vk > 1, Za =1, Zak(Sk : 696,20/“ 8, k_—;oo'y

For every k > 1 and every 1 < i < my, we set 921- = Ip, (s; t,x; ,uf()) and note that

mi mp

k t,s,z2% uk:ng _ k
E Q; (’7 v 5 § aiéxi?'
i=1 =1

We consider u € U (s,T). Then, any limit point of > "% affysﬁif?’“?”k is an element of

O (3,T,72). Moreover, observe that such limit points exist due to the compactness of the

underlying space of probability. This completes our proof.

|
We end this section with the proof of the abstract semigroup principle.

Proof of Theorem 26. Let n < co. We can conclude by using [14, Proposition 2.9 (i)].
We begin with showing that O, (t,T, ac) is contained O (s T, > @ O (t,8,2). Indeed, if n €

O (t,T,w), there exist ny 1 oo, my € N, (ak xt ) [0,1] x Ky, uF el (t T)

Vk > 1, Zoz =1, Zak5k - 550,2:0/€ 6T i R

The reader is invited to note (see Remark 25) that
fyt’T’x?’“f;”’“ = fys’T:i“?’“?;”’“ @ vt’s’xf’“§;”k, where Ef = T, (s t, m Uy ( )) vk > 1.

By taking the convex combination, we obtain that

Zak tTrZ ,uz,nk - <Zak sTm u Mk > (Z ak,yt,s,zz ,ul,n > _. (’}/)k@')/k-

The first marginals of the two measures v* and (v/ ) have disjoint time sets for all k¥ > 1. Indeed,
we observe that they have the corresponding uniform time-marginal which makes the common
point s irrelevant. Moreover, their support is included in a compact set and therefore along some

subsequence v*¥ — 4, (7’)k — 4. Due to our initial construction, v € O (t,s,2), n=7"®~.
k—o0 k—o00

Moreover, the second marginal satisfies
my m
k , k
k _ k t,s,xi ug ing
> 0‘1’5@?—5:0%72 N -2
i=1 i=1

which shows that 7/ € O (s, T,yg)
We now proceed with showing the converse inclusion.
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1. To this purpose, we let v € O (¢, s, 2) and 7/ € O <s, T, 72). We are going to use the definition

of both sets ©,. With the same procedure as in Lemma 22 (i), the subsequence ny, the length
of the convex combinations my, and the actual points zj, can be taken common to v and /. This

is also valid for the control processes u% because they are given on [t, s] and [s, T} respectively!°

With this in mind, there exist ny 1 oo, my € N, (af,ﬁf,xf) €1[0,12 x K, uf ceu (t,T) s.t

m
Z;a Zﬁk—l vk > 1, Zakdk j Oz, Zak b8, ug k:oo%

mp mg
k(s N k S,T,wk,uk;nk N /
Bi 0k V2, Biymt ot v
‘ k—o0 ‘ k—oco
i=1 i=1

. For every 1 < i < my = m/, we denote by ¥ =z, (s;t,ajf,uf(')) , Vk > 1. We have that

> /\f,j‘

W o O, sz%.) — inf J TSRS

1<i<my I<j<my

=k kil .
mi_xjH.

E k _ gk ko ok
We choose Aj'; such that >y, AT = B8]y Doi<jom, Aij = @ and

(46) DY )-—xH<k +W1<Za5k,25fx>.

10, <y

Consider (for A; ; as above) the distance

Wil Y AT (d, dy, RN dudy'), Y Myt TE G (ds, dy, RN, du, dy)

1<i,j<my, 19 J<my,

As we have already seen, this distance is related to the estimates of
’xnk (r;s,i‘f,uf) — Xy, (r s, a: s U >H

Recall that, the constant C' is generic and independent of r € [s, T} From (46) it follows that

, Vk > 1.

W, Z )\ sT:v uking (-,~,RN,-,-), Z 5§VS’T’I?7H§;RI€ (.7.7RN7.’.)

1<i,j<my 1<j<my

(47) =W Z /\ sTmz,u],nk ('7 7 Z )\ stJ,uJ,nk (-,~,RN,',')

1<i,j<m \<igEm
mp my
<c > b |er-at] <c <k—1 + W <Za§5$k, Zﬁf%)) .
1<i,j<my, -1 =t

) : o ) y
YTndeed, if u}, and v}, are given, we construct wy" = up s + Vi 1, 7 and rename the index.
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Finally, we note that
(48)

Z ak tsx u N — Z )\ tsa: u R — Z )\k 5k: Z Oz,lf(sff

1<i<my 9 1<i,j<my 9  1Sijsmy 1<i<my

We set uf = uf Ly ) + ul 1[ 7]’ VEk > 1. To summarize, we have exhibited )\k €[0,1], Vk > 1
such that 7o i, Af; = 1and Yo o i, )\fjéxk =Y aks, = 0z Moreover,
—"J = 2 — " = _>m

7 ko k.
2 : )\f,; th u”7 E — E )\Ej,ys,T,xi,uj,nk @ 2 : )\ tsx u Nk N

1<i,j<my, 1<i,j<my 1<, j<my

on some subsequence. It follows that ¥ € Oy (t, T, ac) by definition. Using (45), (47), (48) and
recalling that W (Z;’;’“l ok (yt’svxf’uf;”k)2 DI ﬁ]kéx?) i~ 0 we conclude that

F(aRY, ) = (Y eq) (- RY, ).

Our proof is now complete.
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