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Abstract 

This study reports a structural optimization work of a piezoelectric 

meta-structure with nonlinear electrical switched Bi-link electronic 

networks for adaptive wave propagation manipulation and vibration 

control applications. The investigated meta-structure consists in a 

periodic arrangement of elementary cells shaping the beam substructure, 

each of these comprising two piezoelectric elements with connected 

electrical terminals through semi-passive nonlinear electrical interface, 

which therefore forms the so-called Bi-link electrical connection. In order 

to optimize the investigated structure for wave propagation control, the 

effects of adjusting the geometric/material parameters and locations of 

the two piezoelectric elements in one periodic cell are analyzed and 

summarized in detail. Four kinds of structural optimization methods 

including eighteen structural optimization sub-methods for the open 
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circuit condition and the SSDI Bi-link condition are concluded and 

discussed in this research. Results show that the performance of these 

new resonant-type band gaps can be manipulated to meet the targeted aim 

in terms of wave propagation characteristics in different frequency 

domains by proper tuning of the investigated parameters.  

 

Keywords: elastic wave propagation; meta-structure; phononic; 

synchronized switching damping; piezoelectric.  

1. Introduction 

In recent years, piezoelectric meta-structures, also called piezoelectric 

metamaterials [1-5], have attracted a great deal of attention for elastic 

wave propagation manipulation due to important electromechanical 

coupling effects [6] on the local resonant bandgap mechanism of 

mechanical metamaterials [7]. Every periodic cell of piezoelectric 

meta-structures includes one or several piezoelectric elements for 

electromechanical energy conversion. Since the effective properties of 

piezoelectric metamaterials can be precisely customized and tailored 

through the design of unit electromechanical cells, such meta-structures 

provide a new way for controlling mechanical waves/vibrations at 

subwavelength scales in various practical applications such as noise 
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treatment [8] and structural vibration reduction [9]. For elastic wave 

propagation investigations, different from purely mechanical 

metamaterials [10-13] which may be cumbersome to fabricate and 

integrate physically, smart metamaterials based on smart materials such 

piezoelectric materials or soft electric materials have the benefit of light 

add-on mass and easy implementation [14-16]. Furthermore, parameters 

of smart materials can be tuned through an external electric field without 

structural modification [17]. For the piezoelectric metamaterials, 

piezoelectric elements shunted with different kinds of resonant circuits 

into a unit electromechanical cell can exhibit tunable equivalent damping 

and/or dynamic stiffness. 

In the past few decades, there has been numerous investigations on 

piezoelectric metamaterials in which piezoelectric elements are shunted 

with linear resonant circuits [18-21] for manipulating wave propagation. 

Kherraz et al. [22] demonstrated numerically and experimentally the 

opening of a locally resonant bandgap in a piezoelectric meta-structure 

made of a homogeneous piezoelectric plate covered by a 1D periodic 

array of thin electrodes connected to linear inductive shunts. Lee et al. 

[23] studied the effects of the magnitude and phase angle of the resonant 

shunt impedance on the attenuation constant of a beam with periodic 

piezoelectric patch arrays so as to determine the optimal shunt that 

produces the widest and most effective band gaps. Xu et al. [24] devised 
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a piezoelectric metamaterial with linear LC shunt circuits, showing that 

the bandgap width and depth are significantly enhanced through 

piezoelectric transducer dimension optimization under a given volume 

and height of piezoelectric transducers. However, the resonant-type 

bandgaps of piezoelectric metamaterials with linear resonant shunts are 

usually narrow in nature, which significantly limits their practical 

applications under broadband dynamic loads. In order to achieve 

broadband and controllable resonant-type bandgaps, piezoelectric 

metamaterials with negative capacitance shunts [25-29] or other active 

circuit shunts have been developed [30-34].  

For the negative capacitance shunts applied to mechanical metamaterials 

with the plate and beam models, there are many recent researches which 

demonstrated that the negative capacitance circuit can effectively controll 

different band gap behaviors in mechanical metamaterials. Chen et al. [35] 

proposed a class of adaptive hybrid metamaterials by integrating negative 

capacitance shunted piezoelectric patches into a passive locally resonant 

metamaterial. Results showed that the hybrid metamaterial can be used to 

“enhance” or “eliminate” (switch ON/OFF) the wave attenuation 

properties while also allowing the control of the double negative material 

properties over an extremely broad frequency range. Yu et al. [36] 

investigated the design of piezoelectric metamaterials for broadband 

vibration control. By shunting identical negative capacitances to the 
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periodically distributed piezoelectric patches, a wide and continuous band 

gap is created so as to cover the frequency range of interest. 

For the other active circuit shunts applied to mechanical metamaterials, 

Yi et al. [37] proposed a kind of piezoelectric metamaterials with 

broadband controllable stiffness based on direct active feedback control. 

The appropriate feedback control law is used for changing the bending 

stiffness of the active unit, yielding broadened band gaps through the 

softening or stiffening of the waveguide. 

However, these semi-active or active shunts require the use of active 

electronic circuits that may consume a large amount of energy for the 

targeted application, and sometimes feature stability issues. In order to 

overcome these drawbacks, nonlinear electrical circuit techniques have 

been introduced into piezoelectric metamaterials for wave propagation 

and vibration control in recent years [38, 39]. Actually, nonlinear 

electrical circuits have the potential to be designed to realize many 

different functionalities that have been achieved using nonlinear 

mechanical metamaterials, such as acoustic rectifier [40], phononic 

metasurface [41] and phononic transistor [42]. Lallart et al. [43] proposed 

a piezoelectric beam metamaterial with nonlinear electrical networks 

using independent SSDI (Synchronized Switching Damping on Inductor) 

shunts. In the investigated periodic cell, each SSDI shunt, which has 

self-powered versions for implementation [44], is separately connected to 
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each PZT. Results showed that broadly resonant-type band gaps can be 

generated by the proposed meta-structure, which are especially suitable 

for low-frequency multimodal vibration control applications. Zheng et al. 

[45] explored a piezoelectric meta-structure shunted with nonlinear 

bistable circuits [46] to realize adaptive nonreciprocal wave transmission. 

However, the factors affecting wave propagation performance of 

piezoelectric metamaterials with nonlinear electrical networks is not 

totally comprehensively investigated. Most of the previous studies have 

focused on investigating the influence of different nonlinear electrical 

shunts/networks on elastic wave propagation when the investigated 

piezoelectric meta-structures are already fabricated. Ways of optimizing 

the structure itself at design stage (structural / material parameters and 

locations of the piezoelectric elements for instance) to achieve desired 

wave propagation performance of piezoelectric metamaterials with 

nonlinear electrical networks are less studied.  

In order to release all the potentials of a piezoelectric meta-structure with 

electrical switched Bi-link electronic networks, a structural optimization 

research work on the investigated meta-structure is developed for 

adaptive wave propagation manipulation in this study. The piezoelectric 

meta-structure with electrical switched Bi-link electronic networks also 

corresponds to piezoelectric meta-structure with electrical switched 

2-order Dual-connected electrical networks which was investigated only 
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from the electrical aspect [47]. In the periodic cell of the considered 

architecture, two piezoelectric elements are bonded on the surface of the 

beam element. The two piezoelectric elements are connected through a 

SSDI shunt, hence shaping the Bi-link electrical connection. Various 

factors affecting wave propagation control of the proposed metamaterial 

are comprehensively analyzed and summarized, including geometric and 

material parameters as well as the locations of the two piezoelectric 

elements in one investigated Bi-link periodic cell. Wave propagation 

performance can be manipulated by parameter adjustment to meet the 

requirements in terms of wave attenuation performance in different 

frequency domains before manufacturing. 

The article is organized as follows. Section 2 introduces the investigated 

piezoelectric meta-structure. In Section 3, the wave and finite element 

modeling approaches for predicting propagative wave performance 

within the investigated metamaterial is presented. Section 4 aims at 

analyzing various factors affecting wave propagation control of the 

investigated metamaterial. Conclusions on the presented work are 

eventually given in Section 5.  
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2. Overview of the investigated metamaterial   

The investigated metamaterial with electrical switched Bi-link topologies 

is shown in Figure 1(a). In the Bi-link periodic cell of the investigated 

metamaterial, two piezoelectric elements are connected by a SSDI shunt. 

Herein, PZT is used to refer to the piezoelectric element. All the PZTs 

attached on the beam substructure are assumed identical and equidistant 

in the standard version of the investigated piezoelectric metamaterial. In 

order to investigate and compare different effects of PZT parameters and 

locations on wave propagation properties, the standard version of the 

investigated piezoelectric metamaterial is considered as a reference 

structure for performance comparison at the following sections. 

Accordingly, the reference Bi-link periodic cell is as shown in Figure 1(b). 

According to different adjustment methods of PZT parameters and 

locations on wave propagation properties, the Bi-link periodic cell can be 

divided into four kinds: (1) Bi-link periodic cell with adjustable spacing 

between two PZTs as shown in Figure 1(b1); (2) Bi-link periodic cell 

with adjustable lengths of two PZTs as shown in Figure 1(b2); (3) Bi-link 

periodic cell with adjustable thicknesses of two PZTs as shown in Figure 

1(b3); (4) Bi-link periodic cell with adjustable charge coefficients of two 

PZTs as shown in Figure 1(b4). 
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The electrical interface of the investigated piezoelectric meta-structure 

consists in the nonlinear SSDI techniques, where the piezoelectric voltage 

or voltage difference is quickly inverted at each occurrence of 

displacement or displacement difference extremum of the structure, 

yielding a voltage magnification through a cumulative process as well as 

a decrease of the time shift between voltage and velocity, both of these 

effects denoting an increase of the mechanical energy irreversibly 

converted into electrical energy (which in turns significantly reduces the 

mechanical energy implying damping effect).  

 

Beam substructure
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Figure 1 (a) Piezoelectric metamaterial with electrical switched Bi-link 

topologies; (b) one reference Bi-link periodic cell with detailed 

descriptions; (b1) one Bi-link periodic cell with changeable PZT 
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locations; (b2) one Bi-link periodic cell with adjustable PZT lengths; (b3) 

one Bi-link periodic cell with adjustable PZT thicknesses; (b4) Bi-link 

periodic cell with different PZT charge coefficients. 

 

A SSDI control shunt consisting of an electronic switch in series with an 

inductor is applied between two PZTs bonded on the piezoelectric 

structure, as shown in Figure 2. When the PZT is in the open circuit 

condition, the piezoelectric voltage varies with the piezoelectric strain in 

a linear fashion. When an extremal voltage difference between two PZTs 

appears, the switch is closed, and then an oscillator is formed. The 

oscillator is made of the inductance L and the equivalent capacitance Ce 

of the two PZTs. The switching time period is equal to half of the 

pseudo-period of this oscillator. For most of the time in one mechanical 

vibration period, the switch is open. The technique is besides adaptive to 

frequency shifts due to the extremum detection principles.  

During the closed time of the switch, the voltage between both ends of 

the switch interface is inverted imperfectly, since the switching network 

(electronic switch + inductance) dissipates a portion of the energy stored 

on the inherent capacitance of the piezoelectric element. Such energy 

losses can be characterized by an electrical quality factor Qe, as follows: 

 
1

e

e

L
Q

r C
=   (1) 
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Where r denotes the total equivalent resistance of the switching network. 

The relationship between the equivalent factor Qe and the voltage 

difference of two PZTs before (VMd) and after (Vmd) the inversion process 

can also be given by: 

 
2 eQmd

diff

Md

V
e

V

π

γ
−

= =   (2) 

where γdiff denotes the inversion coefficient of the voltage difference 

between two PZTs. 

According to the literatures [9, 48, 49], the SSDI equivalent (linearized) 

impedance Ze between two PZTs can be estimated by using first harmonic 

approximation in the frequency domain, yielding： 

 
( )

( )
2

1 2

1
1

4

1
,

1

diff

e

dif ef

e

e

C C
j CZ

C C CC

π γ
ω γ ω

−
= + =

++
  (3) 

Where C1 and C2 respectively refer to the clamped capacitance of two 

PZTs in the Bi-link connection. ω is the angular frequency. 

As described by the above equation, the imaginary part of the nonlinear 

SSDI impedances matches the optimized imaginary part of the electronic 

load in linear Bi-link approach, denoting the SSDI capability of automatic 

impedance adaptation. Through the calculation of the equivalent damping 

ratio, it can be found that the resonant SSDI control system is stable and 

underdamped, and will always resonate when driven by an external 

oscillation. Therefore, high system stability can be achieved for 

modifying the physical properties of a smart vibration control system 
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through the use of electrical SSDI impedance connected across the 

electrodes of PZTs. 

 

Figure 2 schematic diagram of a SSDI control shunt connected between 

two identical PZTs in which the switch signal is generated by the 

switching control module for a SSDI control shunt to switch the 

piezoelectric voltage difference between two PZTs.  

3. Modeling of the investigated piezoelectric meta-structure 

According to the finite element modeling (FEM) method of a 

Euler-Bernoulli piezoelectric beam and considering that the Bi-link 

periodic cell in the investigated piezoelectric meta-structure can be 

divided into n finite elements in the frequency domain[47] as shown in 



13 

 

Figure 3, the fundamental electromechanical relationships within the cell 

i (i∈[1,m], m being the total number of cells) can be given by: 

 
{ } [ ]{ } [ ]{ } { } { }

{ } { } { }
2

1

2 3

i i i e i

unit unit unit p

ei i e i

p p

i
M d j C d K d B V P

I j B d j B V
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   − + + + =   


   = +    

  (4) 

 [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]1 2
0 0

, ,
T T

unit unit unit unit it

l l

unM H A H dx K H EI H dx C M Kρ β β′′ ′′= = = +∫ ∫   

where the mass matrices, Rayleigh damping matrices and short-circuit 

stiffness matrices are respectively denoted as Munit, Cunit, Kunit. The length 

of finite beam element is denoted as l. The matrix of Hermitian shape 

function and the second order derivative of Hermitian shape functions are 

respectively denoted as H and H″. The mass density of the material is 

denoted as ρ, The cross-sectional area of the beam is denoted as A, The 

elastic modulus of the beam is denoted as E, and the second moment of 

the cross-sectional area of the beam is denoted as I. The damping 

coefficient constants following Rayleigh damping assumption are β1 and 

β2. the generalized nodal displacement vectors (displacement and slope 

vectors in the frequency domain) and the generalized nodal force vectors 

(force and moment vectors in the frequency domain) are respectively 

represented as di and Pi (2(n+1) by 1 matrices). The piezoelectric voltages 

and output currents of identical piezoelectric elements in the investigated 

periodic cell are respectively denoted as {Vp
i} and {Ip

i}, and their matrix 

size is determined by the number of piezoelectric elements in the unit 

investigated periodic cell. The electromechanical matrix B1
e (2(n+1) by 2) 
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and the electromechanical matrix B2
e (2 by 2(n+1)) can be given as: 

 [ ]
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  (6) 

where the signs of piezoelectric constant p1, p2 depend on the polarization 

direction of the PZTs (1, 2): when the direction is positive, it is assumed 

equal to 1, and when negative, it is assumed equal to -1. 

The matrix B3
e
 is a 2 by 2 electrical (capacitance) matrix whose 

expression yields: 
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  (7)  

Denoting the dynamical stiffness matrix of the short-circuited system [Ae], 

that is equal to: 

 [ ] [ ]2e

unit unit unitA M j C Kω ω   = − + +      (8) 

The Bi-link periodic cell in different cases as shown in Figure 1(b, b1, b2, 

b3, b4) holds the same relationships: 

 1

i e i e i

p
P A d B V= +   (9) 
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Therefore, the voltages Vp1, Vp2 , Vp
i can be obtained as: 
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The relationships of the reference Bi-link periodic cell as shown in Figure 

1(b) yield: 
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For simplification, the voltages Vp
i can be simplified as: 
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Finally, the dynamical relationships of the SSDI Bi-link periodic cell can 

be given by:  

 { } ( )i-link 1 6

i e i e e e i

BP A d A B B d= ⋅ = + ⋅   (21) 

In order to clearly present the electro-mechanical coupling of the 

proposed structure, the equations (13) and (18) are introduced in detail in 

the equation (19), Therefore, the dynamical relationships of the SSDI 

Bi-link periodic cell can also be given by:
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(22) 

As shown in the equation (22), the dynamical relationships of the SSDI 

periodic cell can be greatly affected by the electrical parameters of the 

nonlinear SSDI circuits such as the voltage inversion coefficient γdiff and 

the equivalent capacitance Ce of the two PZTs. The influences of the 

SSDI electrical parameters on such structure was discussed in detail in 

the literature [47]. While this research focuses on the structural design 

and optimization of such structure with nonlinear electrical networks. 
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Figure 3 (a) the investigated Bi-link periodic cell; (b) the piezoelectric 

metamaterial composed of the investigated Bi-link periodic cells； (c) the 

finite element decomposition of the Bi-link periodic cell. 

4. Numerical result analysis 

4.1 Wave propagation performance of the initial reference 

metamaterial with identical PZTs and spacing  

Wave attenuation characteristics of the investigated piezoelectric 

meta-structure are theoretically compared and discussed in this section 

based on a sample whose parameters are listed in Table 1 and Table 2. 

The reference Bi-link periodic cell includes two identical PZTs bonded 

symmetrically on the beam substructure, as shown in Figure 1(b). Wave 
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attenuation performance of the metamaterial composed of reference 

Bi-link periodic cells is considered as a reference object or an initial 

metamaterial for investigating and comparing the effects of different 

structural parameters on wave attenuation performance of the investigated 

metamaterial. “Reference SSDI Bi-link” in all the following figures 

denotes wave attenuation performance of the investigated metamaterial 

composed of reference Bi-link periodic cells. Specifically, the dimension 

of a reference Bi-link periodic cell is 44 mm. Each PZT is 10 mm long. 

The detailed geometric parameters of the Bi-link periodic cell are given 

as: 
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  (23) 

 

Table 1 Dimensional and material properties of the beam substructure 

Young 

modulus 

Yb=190×10

9Pa 

Poisson 

ratio 
vb=0.21 

Beam 

density 

ρb=7875 

kg/m3 

Beam 

length 
Lb=176mm 

Beam 

width 
wb=35mm 

Beam 

thickness 
tb=1.5mm 
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Table 2 Dimensional and material properties of the PZT 

Short-circuit 

Compliance  

s11
E=10.7×10-12m2/N PZT 

length 
lp=10mm 

s12
E=－3.3×10-12m2/N 

Charge 

coefficient 
d31=－108×10-12m/V 

PZT 

thickness 
tp=0.5mm 

Relative  

dielectric 

constant 

εT/ε0=1150 
PZT 

density 
ρp=7650 kg/m3 

 

The investigated Bi-link periodic cell is decomposed into several finite 

beam elements according to Finite Element Modeling analysis as shown 

in Figure 3. Propagation coefficients representing wave attenuation 

properties of mechanical metamaterials include attenuation coefficient 

and phase coefficient. Herein, we mainly focus on attenuation coefficient 

in the framework of vibration reduction purposes. Attenuation coefficient 

denotes the logarithmic decay of the vibration amplitude of an elastic 

wave propagating from one periodic cell to the next one. In order to 

obtain attenuation coefficient under different electrical boundary 

conditions, transfer matrix for the whole cell is derived using transfer 

matrix method [9]. Herein, only positive direction is taken into account in 

the following analysis and no structural damping ([Cunit]= [0]) is 

considered. 
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According to the vibration propagation direction as shown in Figure 3, 

the following relationships exist: 

 

1 1

0

1 1

0

1

0

1

0

;

;

;

i i i

n

i i i

n

i i i

n

i i i

n

d d d

P P P

d d d

P P P

− −

− −

+

+

 = =
 = = −
 = =
 = = −

  (24) 

The form of Eq.(21) can be rearranged by separation of extreme vectors 

from internal vectors of one Bi-link periodic cell: 

 
0 0 00 0 0 0

0

0

i i i

j n

i e i i

j Bi link j j jj jn j

i i i

n n n nj nn n

P d a a a d

P A d a a a d

P d a a a d

−

      
      

 = ⋅ = ⋅       
      

      

  (25) 

According to Guyan’s reduction, expressions of the dynamic response of 

one electromechanical periodic cell without external load can be 

simplified as: 

 12

21 22
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1 1
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0

0 0

0
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i i
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α α
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 − −
    
 = ⋅   
 − −   
 
 

1442443 1442443

1442443 1442443

  (26) 

Therefore, the transfer matrix T of the Bi-link periodic cell can be written 

as, 

 
1 1

0 012 11 12

1 1

0 021 22 12 11 22 12

i i i

n

i i i

n

d d d
T

P P P

α α α
α α α α α α

− −

− −

      −
= ⋅ = ⋅      − + −      

  (27) 

And then, the propagation coefficients are obtained with the calculation 

of eigenvalues ( ) ( )1,2,3,4
i

eig T i =  of the transfer matrix T: 

 ( ) ijk L j

i
eig T e e eµ α φ+= = =   (28) 



21 

 

Where i
k  is the complex wavenumber, L is the length of a periodic cell, 

µ  is a complex number, α  denotes the logarithmic decay of the 

vibration amplitude of a wave propagating from one cell to the next one, 

namely the attenuation coefficient, and φ  represents the phase 

difference between the wave in two adjacent cells, called ‘phase 

coefficient’. 

Figure 4(a) shows wave attenuation performance of the reference 

metamaterial including reference Bi-link periodic cells with identical 

PZTs and spacing in the open circuit condition. It can be seen that two 

generated Bragg-type band gaps respectively appear in the frequency 

ranges [7.2 kHz, 8.1 kHz]∪[29 kHz, 32 kHz]. Figure 4(b) shows wave 

attenuation performance of the  metamaterial including reference SSDI 

Bi-link periodic cells when the voltage inversion coefficient γdiff is equal 

to 0.6. Compared to the open circuit condition, the SSDI Bi-link case 

exhibits better attenuation performance in the frequency ranges [0 kHz, 

29 kHz] ∪[32 kHz, 35 kHz]. It should be noted that the rationality and 

correctness of wave attenuation performance of the initial metamaterial 

including reference Bi-link periodic cells with identical PZTs were 

previously demonstrated in the literature [47]. The main work of this 

research is the structural design for the piezoelectric meta-structure with 

electrical switched Bi-link electronic networks for adaptive wave 

propagation manipulation. 
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(a) 

 

(b) 

Figure 4 (a) Wave attenuation performance of the  metamaterial 

including reference Bi-link periodic cells with identical PZTs and spacing 

in the open circuit condition; (b) wave attenuation performance of the 

initial metamaterial including reference SSDI Bi-link periodic cells. The 

frequency step in the figures is 34 Hz. 
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4.2 Effects of spacing 

In order to investigate the effects of locations of two PZTs in one Bi-link 

cell on wave propagation properties of the investigated metamaterial, 

spacing between two PZTs in one Bi-link cell is considered as a variable 

ls in this section. There are four different sub-methods for the PZT 

position adjustment as shown in Figure 5. In the reference SSDI Bi-link 

periodic cell, two identical PZTs are symmetrically bonded on the beam 

element. The initial value of the variable ls is equal to 2lm as shown in 

Figure 1. When two identical PZTs symmetrically approach each other, 

the spacing ls between two PZTs (0≤ls≤2lm) is reduced from 2lm to 

4lm/3 and then to 2lm/3 as shown in Figure 5(a). Figure 6(a-1) shows the 

corresponding wave attenuation performance of the investigated 

metamaterial in the open circuit condition. Figure 6(b-1) shows the 

corresponding wave attenuation performance of the investigated 

metamaterial in the SSDI Bi-link condition. In the reference SSDI Bi-link 

periodic cell, when one PZT moves unilaterally toward the other, the 

spacing between two PZTs (0≤ls≤2lm) is reduced from 2lm to 4lm/3 

and then to 2lm/3 as shown in Figure 5(c). Figure 6 (a-2) shows that the 

corresponding wave attenuation performance of the investigated 

metamaterial when the Bi-link periodic cell is in the open circuit 
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condition. Figure 6 (b-2) shows that the corresponding wave attenuation 

performance of the investigated metamaterial in the SSDI Bi-link 

condition.  

By comparison, it can be seen that the curves in Figure 6 (a) and (b) 

corresponding to two cases as shown in Figure 5 (a) and (c) change in the 

same way. The possible reason for this is that the spacing between two 

piezoelectric patches in each Bi-link periodic cell greatly affects the band 

gap characteristics of such piezoelectric meta-structure. Changing the 

spacing between two piezoelectric patches in each Bi-link periodic cell 

may alter the degree of electromechanical coupling within one Bi-link 

periodic cell. Whether two identical PZTs symmetrically approaching 

each other or one PZT moving unilaterally toward the other, the specific 

positions of two piezoelectric patches in one Bi-link periodic cell does 

not affect the bandgap locations and amplitudes on the condition that the 

spacing between two PZTs is constant. 

Specifically, in the open circuit condition, the two generated Bragg-type 

band gaps in the frequency ranges [7.2 kHz, 8.1 kHz]∪[29 kHz, 32 kHz] 

begin to move towards the low frequency range and their maximum 

amplitude goes down gradually with the decrease of the spacing between 

two PZTs. In the SSDI Bi-link condition, the resonant-type band gap 

performance using the SSDI Bi-link method become obviously better in 

the frequency range [17 kHz, 30 kHz], but get worse in the other 
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frequency ranges with the decrease of the spacing between two PZTs. 

This may denote that the SSDI resonant-type band gap exhibits good 

coupling effects with the second Bragg-type band gap since the second 

Bragg-type band gap gradually moves into the lower frequency range [17 

kHz, 30 kHz] and the maximum amplitude of second Bragg-type band 

gap is just slowly reduced with the decrease of the spacing between two 

PZTs. 

When two identical PZTs symmetrically move away from each other in 

one periodic cell, the spacing ls between two PZTs (2lm≤ls≤4lm) is 

increased from 2lm to 7lm/3 or 8lm/3 as shown in Figure 5(b). Figure 6 

(c-1) shows that the corresponding wave attenuation performance of the 

investigated meta-structure in the open circuit condition. Figure 6 (d-1) 

shows that the corresponding wave attenuation performance of the 

investigated metamaterial in the SSDI-Bi-link condition. In the reference 

SSDI Bi-link periodic cell, when one PZT moves unilaterally toward the 

other (2lm≤ls≤3lm), the spacing between two PZTs is reduced from 2lm 

to 4lm/3 and then to 2lm/3 as shown in Figure 5(d). Figure 6 (c-2) shows 

that the corresponding wave attenuation performance of the investigated 

meta-structure in the open circuit condition. Figure 6 (d-2) shows that the 

corresponding wave attenuation performance of the investigated 

metamaterial in the SSDI-Bi-link condition. 
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By comparison, similar with Figure 6(a) and Figure 6 (b), it can be seen 

that the curves in Figure 6 (c) and Figure 6 (d) corresponding to two cases 

as shown in Figure 5(b) and Figure 5(d) change in the same way. The 

possible reason for this is also similar with the above case when 

decreasing the spacing between two piezoelectric patches. Specifically, in 

the open circuit condition, two Bragg-type band gaps move forward to the 

relative higher frequency range as shown in Figure 6 (c). Therefore, 

increasing the spacing between two PZTs can move the Bragg-type band 

gaps towards higher frequency domain. Furthermore, as shown in Figure 

6(d), the resonant-type band gap performance using the SSDI Bi-link 

method become better in the frequency ranges [0 kHz, 7 kHz] and [16.5 

kHz, 17.7 kHz], but get worse in the other frequency ranges with the 

increase of the spacing between two PZTs. It is interesting that the trough 

in the frequency range [16.5 kHz, 17.7 kHz] for the resonant-type band 

gap performance using the SSDI Bi-link method becomes a peak with the 

increase of the spacing between two PZTs. This phenomenon may be 

explained that there is no coupling effects between the SSDI 

resonant-type band gap and the Bragg-type band gap in the relatively 

high frequency range of the investigated frequency domain [0 Hz, 35kHz] 

since the second Bragg-type band gap moves towards the higher 

frequency range with the increase of the spacing between two PZTs as 

shown in Figure 6(c).    
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Overall, for the effects of PZT spacing adjustment on the open circuit 

condition, compared with Bragg-type bandgaps of the initial metamaterial 

including reference Bi-link periodic cells, decreasing the spacing between 

two piezoelectric patches within every Bi-link periodic cell can move 

Bragg-type bandgaps towards the lower frequency range and attenuates 

the maximal attenuation coefficient amplitude of Bragg-type bandgaps, 

while increasing the PZT spacing can move Bragg-type bandgaps 

towards the higher frequency range and improves the maximal amplitude 

of Bragg-type bandgaps.  

For the effects of PZT spacing adjustment on the SSDI Bi-link condition, 

compared with SSDI resonant-type bandgaps of the initial metamaterial 

including reference Bi-link periodic cells, decreasing the spacing between 

two PZT patches attenuates the attenuation coefficient amplitude of SSDI 

resonant-type bandgaps in the low broadband frequency range [0 kHz, 7.2 

kHz], and improve the attenuation coefficient amplitude of SSDI 

resonant-type bandgaps in the high broadband frequency range [16.5 kHz, 

29 kHz]. While increasing the spacing between two PZT patches is the 

opposite of decreasing it in the low broadband frequency range [0 kHz, 

7.2 kHz] and the high broadband frequency range [16.5 kHz, 29 kHz]. In 

addition, wave attenuation performance in the intermediate frequency 

band [7.2 kHz, 16.5 kHz] is weakened no matter the PZT spacing is 

decreased or increased.  
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It can also be considered that the change of the spacing between two 

PZTs induces one kind of an aperiodicity in each Bi-link periodic cell of 

the global structure. Such aperiodicity by affecting the Bragg-type band 

gap characteristics helps to selectively increase or decrease the 

effectiveness of the SSDI Bi-link band gap [50].  

 

Figure 5 (a) Two identical PZTs symmetrically approach each other; (b) 

two identical PZTs symmetrically move away from each other; (c) one 

PZT moves unilaterally toward the other one; (d) one PZT moves 

unilaterally away from the other one. 
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(a-1) (a-2)
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=

(b-1) (b-2)  
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(c-1) (c-2)
 

(c) 
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=

(d-1) (d-2)  

(d) 

Figure 6 (a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition in the both-sides-approaching 

methods and the unilateral-approaching methods; (b) wave attenuation 

performance of the investigated metamaterial in the open circuit 

condition in the both-sides-moving away methods and the 

unilateral-moving away methods; (c) wave attenuation performance of 

the investigated metamaterial in the both-sides-approaching methods and 

the unilateral-approaching methods; (d) wave attenuation performance of 

the investigated metamaterial in the both-sides-moving away methods 

and the unilateral-moving away methods. The frequency step in the 

figures is 34 Hz. 

 

 



31 

 

4.3 Effects of the PZT lengths 

The length of two PZTs in one Bi-link cell is considered as a variable lp1 

or lp2 in this section. There are five sub-methods for investigating the 

effects of the PZT length change as shown in Figure 7. In the reference 

SSDI Bi-link periodic cell, the PZTs have the same length lp: 

 1 2p p p
l l l= =   (29) 

The PZT length increase/decrease denotes that the increase/decrease of 

the involved active electromechanical materials and the stiffness of the 

structure. The effects of the PZT length increase/decrease on wave 

attenuation performance of the investigated metamaterial are shown in 

Figure 8. For the open circuit condition, as shown in Figure 8 (a), two 

generated Bragg-type band gaps begin to move towards the higher 

frequency band with the increase of the length of one PZT (lp1=lp; lp≤

lp2<3lm+lp) corresponding to Figure 7(a). A small band gap appears 

between two original Bragg-type band gaps. In such case, the maximum 

amplitude of first Bragg-type band gap becomes larger, while that of 

second Bragg-type band gap is gradually reduced. With the decrease of 

the length of one PZT  (lp1=lp; 0≤lp2<lp) corresponding to Figure 7(b), 

two generated Bragg-type band gaps begin to move towards the lower 

frequency range as shown in Figure 8 (c). In addition, there is a small 

new Bragg-type band gap generated around 15 kHz. For the SSDI Bi-link 
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method, the increase of the length of one PZT can enhance the overall 

wave attenuation performance of the investigated meta-structure in the 

frequency range [0 Hz, 30 kHz] as shown in Figure 8(b), while such 

performance can be weakened by the decrease of the PZT length in the 

same frequency range [0 Hz, 30 kHz] as shown in Figure 8(d).  

The possible reason for such phenomenon is that increasing the length of 

one PZT can not only enhance the first Bragg-type band gap in the 

frequency range [0 Hz, 30 kHz], but also enhance the coupling effects 

between the SSDI resonant-type band gap and the Bragg-type band gap. 

While the second Bragg-type band gap moves towards the higher 

frequency range which is out of the investigated frequency domain [0 Hz, 

35 kHz] with the increase of one PZT length, and thus there is no band 

gap coupling effects within the frequency range [30 kHz, 35 kHz]. 

Therefore, wave attenuation performance of the metamaterial in the SSDI 

Bi-link condition are weakened in the frequency range [30 kHz, 35 kHz] 

with the increase of one PZT length. In addition, decreasing the length of 

one PZT length denotes the reduction of the stiffness of the structure and 

piezoelectric material, which leads that the electromechanical coupling 

between the PZTs and the substructure is weakened. And thus, wave 

attenuation performance of the structure in the SSDI Bi-link condition is 

reduced with the decrease of the length of one PZT.  
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Figure 7 (a) Increasing the length of one of two PZTs (lp1=lp; lp≤

lp2<3lm+lp); (b) decreasing the length of one of two PZTs (lp1=lp; 0≤

lp2<lp); (c) increasing the length of two PZTs which have the same length 

(lp1=lp2; lp≤lp2<2lm+lp); (d) decreasing the length of two PZTs which 

have the same length (lp1=lp2; 0<lp2≤lp) ; (e) On the condition that the 

sum of the length of two PZTs are equal to 2lp, decreasing one PZT length 

and increasing the other one PZT length (lp1=xlp; lp2=(2-x)lp; 0<x≤1).  
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(c) 

 

(d) 

Figure 8 (a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of the length 

of one PZT corresponding to the sub-method as shown in Figure 7(a); (b) 

wave attenuation performance of the investigated metamaterial with the 

A
tt

e
n

u
a

ti
o

n
 c

o
e

ff
ic

ie
n

t



36 

 

increase of the length of one PZT corresponding to the sub-method as 

shown in Figure 7(a); (c) wave attenuation performance of the 

investigated metamaterial in the open circuit condition with the decrease 

of the length of one PZT corresponding to the sub-method as shown in 

Figure 7(b); (d) wave attenuation performance of the investigated 

metamaterial with the decrease of the length of one PZT corresponding to 

the sub-method as shown in Figure 7(b). The frequency step in the figures 

is 34 Hz, while the frequency step in the zoom areas of the figures is 4.2 

Hz. 

 

Increasing the lengths of both PZTs (lp1=lp2; lp ≤ lp2<2lm+lp) 

corresponding to Figure 7(c) yields a shift of the two generated 

Bragg-type band gaps towards the higher frequency range (Figure 9 (a)), 

while their decrease  (lp1=lp2; 0<lp2≤lp) corresponding to Figure 7(d) 

moves these band gaps towards the lower frequency range (Figure 9 (c)).  

Compared with the cases of increasing/decreasing the length of two PZTs, 

the cases of increasing/decreasing one PZT length can more greatly 

change the positions of the Bragg-type band gaps as shown in Figure 8(a) 

and (c). For the SSDI Bi-link method, the wave attenuation performance 

of the investigated metamaterial in the frequency range [0 Hz, 7 kHz] can 

be enhanced by increasing these lengths as shown in Figure 9 (b). 

However, the increase of the lengths of two identical PZTs does not yield 
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an improvement of wave attenuation performance of the investigated 

metamaterial in the whole frequency range. The wave attenuation 

performance when the lengths of two identical PZTs are equal to 1.4lp is 

better than that when the lengths of two identical PZTs are equal to 1.8lp 

in the frequency range [7 kHz, 30 kHz] as shown in Figure 9 (b). In 

addition, Figure 9 (d) shows that wave attenuation performance of the 

investigated metamaterial is weakened by the decrease of the lengths of 

two identical PZTs in the frequency range [0 Hz, 30 kHz]. These 

trade-offs may be explained by the existence of an optimal length that 

maximizes the structural electromechanical coupling coefficient of the 

cell. 
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Figure 9 (a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of both PZT 

lengths corresponding to the sub-method as shown in Figure 7(c); (b) 

wave attenuation performance of the investigated metamaterial with the 

increase of both PZT lengths corresponding to the sub-method as shown 

in Figure 7(c); (c) wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the decrease of both PZT 

lengths corresponding to the sub-method as shown in Figure 7(c); (d) 

wave attenuation performance of the investigated metamaterial with the 

decrease of both PZT lengths corresponding to the sub-method as shown 

in Figure 7(c). The frequency step in the figures is 34 Hz. 

 

When the length of one PZT decreases smaller than lp and the length of 

the other one PZT in one periodic cell increases larger than lp on the 

condition that the sum of the lengths of two PZTs is equal to 2lp as shown 

in Figure 7(e), wave attenuation performance of the investigated 

metamaterial in the open circuit and SSDI Bi-link conditions is obtained 

as shown in Figure 10. With the length decrease of the PZT1 and the 

length decrease of the PZT2, the electromechanical coupling between the 

PZT1 and the beam substructure is attenuated and that between the PZT2 

and the beam substructure is enhanced compared to the investigated 

metamaterial in the reference case. Specifically, the maximum amplitudes 
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of two generated Bragg-type band gaps are reduced, and the locations of 

two Bragg-type band gaps move towards the higher frequency band in the 

open circuit condition as shown in Figure 10(a). In the SSDI Bi-link 

condition as shown in Figure 10(b), wave attenuation performance in the 

global frequency domain except the frequency range [1.8 kHz, 2 kHz] is 

gradually reduced with the length decrease of the PZT1 and the length 

decrease of the PZT2. The trough gradually changes to a peak in the 

frequency range [1.8 kHz, 2 kHz]. Therefore, such sub-method for the 

SSDI Bi-link method cannot help to improve wave attenuation 

performance of the structure in the investigated frequency domain. The 

possible reason for this is that the band gap hybridization effects are 

greatly weakened in the investigated frequency domain due to the 

reduction of the Bragg-type band gaps and the locations of Bragg-type 

band gaps shifting to the higher frequency range.  
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0 10 kHz 20 kHz 30 kHz 40 kHz 50 kHz

Frequency 

0

0.1

0.2

0.3
Open Circuit
lp1=0.8*lp,lp2=1.2*lp
lp1=0.6*lp,lp2=1.4*lp
lp1=0.4*lp,lp2=1.6*lp
lp1=0.2*lp,lp2=1.8*lp

 

(a) 
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(b) 

Figure 10 (a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of one PZT 

length and the decrease of the other one PZT length corresponding to 

Figure 7(e): x=0.8,0.6,0.4,0.2; (b) wave attenuation performance of the 

investigated metamaterial with the increase of one PZT length and the 

decrease of the other one PZT length corresponding to Figure 7(e): 

x=0.8,0.6,0.4,0.2. The frequency step in the figures is 34 Hz, while the 

frequency step in the zoom areas of the figures is 4.2 Hz. 
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4.4 Effects of the PZT thicknesses 

In order to investigate the effects of the thicknesses of two PZTs in one 

Bi-link cell on wave propagation properties of the investigated 

meta-structure, the thickness of two PZTs in one Bi-link cell is considered 

as a variable tp1 or tp2 in this section. There are five sub-methods for 

investigating the effects of the PZT thickness change as shown in Figure 

11. In the reference Bi-link periodic cell, two identical PZTs have the 

same thickness tp: 

 1 2p p p
t t t= =   (30) 

  

Figure 11 (a) Increasing the thickness of one of two PZTs in one Bi-link 

periodic cell (tp1=tp; tp≤tp2<2tp); (b) decreasing the thickness of one of 
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two PZTs in one Bi-link periodic cell (tp1=tp; 0<tp2≤tp); (c) increasing the 

thickness of both PZTs which have the same thickness (tp1=tp2; tp≤tp2<2tp); 

(d) decreasing the thickness of both PZTs which have the same 

thickness(tp1=tp2; 0<tp2≤tp); (e) On the condition that the sum of the 

thickness of two PZTs are equal to 2tp, decreasing the thickness of one 

PZT and increasing the thickness of the other one PZT (tp1=xtp; 

tp2=(2-x)tp; 0<x≤1).  

 

Increasing or decreasing the PZT thickness in one periodic cell denotes 

that more or less piezoelectric materials are introduced in one periodic 

cell, which greatly affects the electromechanical coupling coefficient of 

the structure (and not necessarily increasing it). Due to the change of PZT 

thickness, the neutral axis position and the local strain/stress of one 

periodic cell will be altered. When the thickness of one of two PZTs is 

larger/smaller than tp as shown in Figure 11(a) and (b), the effects of the 

PZT thickness increase/decrease are shown in Figure 12. In open circuit 

condition, the first Bragg-type band gap [7.2 kHz, 8.1 kHz] is enhanced 

by increasing the PZT thickness, and the second Bragg-type band gap [29 

kHz, 32 kHz] is weakened due to the increase of the thickness as shown 

in Figure 12 (a). In addition, two additional small Bragg-type band gaps 

are generated around 1.8 kHz and 17 kHz. Such trade-off performance 

may be explained by the existence of an optimal PZT thickness that 
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maximizes the structural electromechanical coupling coefficient of the 

periodic cell. With the decrease of the thickness of one PZT, the two 

original Bragg-type band gaps are weakened and a new small Bragg-type 

band gap is generated around 17 kHz as shown in Figure 12(c). For the 

investigated SSDI Bi-link method, the wave attenuation performance of 

the investigated metamaterial improves in the whole investigated 

frequency range as the one PZT thickness increases as shown in Figure 

12 (b), while they are reduced by the decrease of the thickness (Figure 12 

(d)). 

0 7 kHz 14 kHz 21 kHz 28 kHz 35 kHz

Frequency

0

0.1

0.2

0.3
Open Circuit
tp1=tp<tp2=1.4*tp
tp1=tp<tp2=1.8*tp
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(b) 
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Figure 12 (a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of one PZT 

thickness; (b) wave attenuation performance of the investigated 

metamaterial with the increase of one PZT thickness; (c) wave 

attenuation performance of the investigated metamaterial in the open 

circuit condition with the decrease of one PZT thickness; (d) wave 

attenuation performance of the investigated metamaterial with the 

decrease of one PZT thickness. The frequency step in the figures is 34 Hz, 

while the frequency step in the zoom areas of the figures is 4.2 Hz. 

 

When both thicknesses are changed (Figure 11(c) and (d)), the effects of 

their increase/decrease are shown in Figure 13. In the open circuit 

condition, the two original Bragg-type band gaps [7.2 kHz, 8.1 kHz]∪

[29 kHz, 32 kHz] are enlarged by increasing the thicknesses (Figure 13 

(a)), while Figure 13 (c) shows that the thicknesses decrease reduces the 

two original Bragg-type band gaps. For the SSDI Bi-link method, Figure 

13 (b) shows that increasing the thickness both of two PZTs is beneficial 

for improving wave attenuation performance in the whole investigated 

frequency range, while Figure 13 (d) shows that decreasing the thickness 

has negative effects on these performance.  
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(d) 

Figure 13 (a) Wave attenuation performance of the investigated 

metamaterial in open circuit condition with the increase of both PZT 

thicknesses; (b) wave attenuation performance of the investigated 

metamaterial with the increase of both PZT thicknesses; (c) wave 

attenuation performance of the investigated metamaterial in open circuit 

condition with the decrease of both PZT thicknesses; (d) wave attenuation 

performance of the investigated metamaterial with the decrease of both 

PZT thicknesses. The frequency step in the figures is 34 Hz. 

  

When the thickness of one PZT decreases smaller than tp and the 

thickness of the other one PZT in one periodic cell increases larger than tp 

on the condition that the sum of the thicknesses of two PZTs is equal to 

2tp as shown in Figure 11(e)，wave attenuation performance of the 

investigated metamaterial under different electrical boundary conditions 

is shown in Figure 14. In the open circuit condition as shown in Figure 
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14(a), the maximal attenuation coefficients of two original Bragg-type 

band gaps are gradually reduced with the thickness decrease of the PZT1 

and the thickness increase of the PZT2 in one periodic cell. The higher 

edge of the first original Bragg-type band gap [7.2 kHz, 8.1 kHz] is 

reduced from 8.1 kHz to 7.6 kHz. The location of the second original 

Bragg-type band gap [29 kHz, 32 kHz] globally moves to the left. 

Additional Bragg-type band gaps are generated in the frequency ranges 

[1.75 kHz, 1.95 kHz]∪[16.1 kHz, 17.1 kHz] ∪[45 kHz, 50 kHz]. With 

the thickness decrease of the PZT1 and the thickness increase of the 

PZT2 in one periodic cell, these new Bragg-type band gaps are greatly 

enhanced. 

For the SSDI Bi-link case as shown in Figure 14(b), wave attenuation 

performance of the investigated metamaterial are gradually reduced in the 

frequency ranges [0 kHz, 1.8 kHz]∪[2.0 kHz, 16.5 kHz]. While in the 

frequency domains [1.8 kHz, 2.0 kHz] ∪[16.5 kHz, 29 kHz]∪[32 kHz, 

35 kHz], wave attenuation performance of the investigated metamaterial 

are gradually enhanced with the thickness decrease of the PZT1 and the 

thickness increase of the PZT2 in one periodic cell. The possible reason 

for this is that there exists good band gap hybridization coupling effects 

between the SSDI resonant-type band gap and two new Bragg-type band 

gaps in the frequency domains [1.75 kHz, 1.95 kHz]∪[16.1 kHz, 17.1 

kHz].  
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In addition, different from the above frequency ranges, wave attenuation 

performance of the investigated metamaterial in the second original 

Bragg-type band gap [29 kHz, 32 kHz] is weakened before it is enhanced. 

The possible reason for this is that the second Bragg-type band gap is 

weakened using this sub-method, and the band gap hybridization 

coupling effects between the SSDI resonant band gap and the second 

original Bragg-type band gap are attenuated. However, with the decrease 

of one PZT thickness and the increase of the other one PZT thickness, the 

third new generated Bragg-type band gap in the frequency domain [45 

kHz, 50 kHz] gradually shifts to the left and approaches to the second 

original Bragg-type band gap as shown in Figure 14(a). The band gap 

coupling effects between the SSDI resonant-type band gap and the third 

new generated Bragg-type band gap become enhanced, which improves 

the wave attenuation performance in the second original Bragg-type band 

gap.  
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(b) 

Figure 14(a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of one PZT 

thickness and the decrease of the other one PZT thickness corresponding 

to Figure 11(e): x=0.8,0.6,0.4,0.2; (b) wave attenuation performance of 

the investigated metamaterial with the increase of one PZT thickness and 

the decrease of the other one PZT thickness corresponding to Figure 11(e): 

x=0.8,0.6,0.4,0.2. The frequency step in the figures is 34 Hz, while the 

frequency step in the zoom areas of the figures is 4.2 Hz. 

 

4.5 The effects of the charge coefficient of PZT 

In order to investigate the effects of the charge coefficient of two PZTs in 

one Bi-link cell on wave propagation properties of the investigated 

metamaterial, the charge coefficient d31 of the two PZTs in one Bi-link 

cell is considered as a variable in this section. There are four sub-methods 

for investigating the effects of the charge coefficient of PZT as shown in 

Figure 15. In the reference Bi-link periodic cell, two identical PZTs have 

the same charge coefficient: 

 1 2

31 31 31

p p
d d d= =   (31) 
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Figure 15 (a) Increasing the charge coefficient of one PZT; (b) decreasing 

the charge coefficient of one PZT; (c) increasing the charge coefficient of 

two PZTs which have the same charge coefficient; (d) decreasing the 

charge coefficient of two PZTs which have the same charge coefficient. 

 

Overall, as shown in Figure 16(a), two original Bragg-type band gaps are 

enhanced by increasing the charge coefficient of one PZT in open circuit 

condition. In addition, two new small Bragg-type band gaps are generated 

around 1.9 kHz and 17 kHz with the increase of the charge coefficient of 

one PZT. However, there is a special case that the wave attenuation 

performance of the second original Bragg-type band gap [29 kHz, 32 kHz] 

is reduced when the charge coefficient of one PZT is equal to 1.3d31. The 
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possible reason for this is that the aperiodicity or the defect induced by 

the increase of the charge coefficient of one PZT is only beneficial to the 

first Bragg-type band gap enhancement. But it has an offsetting effect on 

the second Bragg-type band gap. Therefore, electromechanical coupling 

performance of the investigated structure is generally improved with the 

increase of the charge coefficient d31 of the PZT, but when the increase of 

the charge coefficient d31 of the PZT is relatively small, such increase 

may not enhance all the Bragg-type band gaps. For the SSDI Bi-link 

method, as shown in Figure 16(b), increasing the charge coefficient of 

one PZT can also improve global wave attenuation performance of the 

investigated structure. Herein, it should be noted that the charge 

coefficient of the PZT is limited by development of piezoelectric material 

technology, which cannot be infinitely improved. Accordingly, the effects 

of the charge coefficient of the PZT on wave attenuation performance are 

also limited. While Figure 16 (c) and (d) shows that the decrease of the 

charge coefficient of one PZT attenuates the two original Bragg-type 

band gaps in open circuit condition, and also reduces the performance in 

the most of investigated frequency ranges. 
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(c) 

 

(d) 

Figure 16(a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of the charge 

coefficient of one PZT corresponding to Figure 15(a); (b) wave 

attenuation performance of the investigated metamaterial with the 
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increase of the charge coefficient of one PZT corresponding to Figure 

15(a); (c) wave attenuation performance of the investigated metamaterial 

in the open circuit condition with the decrease of the charge coefficient of 

one PZT corresponding to Figure 15(b); (d) wave attenuation 

performance of the investigated metamaterial with the decrease of the 

charge coefficient of one PZT corresponding to Figure 15(b). The 

frequency step in the figures is 34 Hz, while the frequency step in the 

zoom areas of the figures is 4.2 Hz. 

 

In the open circuit condition, the two original Bragg-type band gaps are 

enlarged by increasing both of charge coefficients as shown in Figure 17 

(a), while being reduced with the decrease of the charge coefficients 

(Figure 17 (c)). For the SSDI Bi-link method, Figure 17 (b) shows that 

increasing both charge coefficients can improve wave attenuation 

performance in the whole investigated frequency range and their decrease 

yield reduced performance as depicted in Figure 17 (d). In addition, 

similar with the case when increasing the charge coefficient of one PZT, 

additional new Bragg-type band gaps also appear around 1.9 kHz and 17 

kHz with the increase of the charge coefficients of both PZTs in the open 

circuit condition. Thanks to these new generated Bragg-type band gaps as 

shown in Figure 16(a) and Figure 17(a), the band gap hybridization 

coupling effects between two new generated Bragg-type band gaps and 
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the SSDI resonant-type band gap greatly enhance the wave attenuation 

performance of the investigated structure as shown in Figure 16(b) and 

Figure 17(b). 

 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 17(a) Wave attenuation performance of the investigated 

metamaterial in the open circuit condition with the increase of both 

charge coefficients corresponding to Figure 15(c); (b) wave attenuation 

performance of the investigated metamaterial with the increase of both 

charge coefficients corresponding to Figure 15(c); (c) wave attenuation 

performance of the investigated metamaterial in the open circuit 

condition with the decrease of both charge coefficients corresponding to 
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Figure 15(d); (d) wave attenuation performance of the investigated 

metamaterial with the decrease of both charge coefficients corresponding 

to Figure 15(d). The frequency step in the figures is 34 Hz. 

 

4.6 Performance summary for different structural optimization 

methods  

Table 3 and Table 4 respectively summarize wave attenuation 

performance of the investigated metamaterial in the open circuit 

condition and the SSDI Bi-link condition using the above-mentioned 

structural optimization methods. Four kinds of structural optimization 

methods including eighteen structural optimization sub-methods can be 

chosen according to different elastic wave manipulation requirements. 

Overall, for the open circuit condition as shown in Table 3, the locations 

of two original Bragg-type band gaps can be greatly affected by changing 

PZT spacing (Figure 1(b1)) and PZT lengths(Figure 1(b2)). The number 

of original Bragg-type band gaps within the investigated frequency 

domain [0 kHz, 35 kHz] can also be controlled by shifting bang gap 

locations (Table 3 (b1)-(b) and (d)) and sharply attenuating band 

gaps(Table 3(b2)-(a) and (e)). The bandwidths of the original Bragg-type 

band gaps can be greatly affected by changing PZT thicknesses (Figure 

1(b3)) and the charge coefficients of the PZT (Figure 1(b4)). In addition, 
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new band gaps can also be generated by changing PZT thicknesses and 

the charge coefficients of the PZT. For the SSDI Bi-link method as shown 

in Table 4, changing the piezoelectric parameters or PZT locations in one 

periodic cell will globally weaken or enhance wave attenuation 

performance in the investigated frequency domain for most of the 

structural optimization methods such as (b3)-(c) and (b4)-(c). There are 

only a few ways to can be used to enhance specific frequency bands. For 

instance, wave attenuation performance in the low frequency range [0 

kHz, 7.2 kHz] can be improved by the structural optimization method 

(b1)-(b); wave attenuation performance in the high frequency range [16.5 

kHz, 35 kHz] can be improved by the structural optimization method 

(b3)-(e). 

 

Open circuit  

1st Bragg-type band gap 

 [7.2 kHz, 8.1 kHz] 

2nd Bragg-type band gap 

[29 kHz, 32 kHz] 

New band gaps 

Attenuation 

coefficient 

Location 

/band width 

Attenuation 

coefficient 

Location 

/band width 

Number 

(b1)-(a) ↓ ← ↓ ← 0 

(b1)-(b) ↑ → ↑ → 0 

(b1)-(c) ↓ ← ↓ ← 0 

(b1)-(d) ↑ → ↑ → 0 

(b2)-(a) ↑ → ↓ → 0 
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(b2)-(b) ↓ ← ↓ ← 1 

(b2)-(c) ↑ → ↑ → 0 

(b2)-(d) ↓ ← ↓ ← 0 

(b2)-(e) ↓ → ↓ → 0 

(b3)-(a) ↑ ◁▷ ↓ NS 2 

(b3)-(b) ↓ ▷◁ ↓ ▷◁ 1 

(b3)-(c) ↑ ◁▷ ↑ ◁▷ 0 

(b3)-(d) ↓ ▷◁ ↓ ▷◁ 0 

(b3)-(e) ↓ ▷◁ ↓ ▷◁ 2 

(b4)-(a) ↑ ◁▷ ↑ ◁▷ 
2 

(b4)-(b) ↓ ▷◁ ↓ ▷◁ 1 

(b4)-(c) ↑ ◁▷ ↑ ◁▷ 0 

(b4)-(d) ↓ ▷◁ ↓ ▷◁ 0 

Table 3 Summary of wave attenuation performance of the investigated 

metamaterial in the open circuit condition using different structural 

optimization methods (In the table, (b1), (b2), (b3) and (b4) respectively 

denote different structural optimization methods as shown in Figure 1; (a), 

(b), (c), (d) and (e) respectively denote the sub-methods of different 

optimization methods as shown in Figure 5, Figure 7, Figure 11, Figure 

15. “↓” denotes that the maximal attenuation coefficient within a 

frequency range are gradually reduced compared with the reference case; 
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“↑” denotes that the maximal attenuation coefficient within a frequency 

range gradually goes up compared with the reference case; “↓↑” denotes 

that the maximal attenuation coefficient within a frequency range are 

firstly gradually reduced and then goes up compared with the reference 

case, and thus an optimal maximal attenuation coefficient exists within 

the frequency range; “NS” denotes that the band width of a band gap is 

firstly gradually reduced and then increases compared with the reference 

case, and thus an optimal band width exists; “→” denotes that the 

location of the band gap shifts to right(the higher frequency range); “←” 

denotes that the location of the band gap shifts to left(the lower frequency 

range); “◁▷” denotes that the band gap is enlarged; “▷◁” denotes that the 

band gap is narrowed; “---” denotes that the band gap not appears in the 

investigated frequency domain). 

 

SSDI  

Bi-link 

1st 

segment:  

[0 kHz,  

1.8kHz] 

2nd 

segment: 

[1.8kHz, 

2 kHz] 

3rd 

segment: 

[2 kHz,  

7.2kHz] 

4th 

segment: 

[7.2kHz,  

8.1 kHz] 

5th 

segment: 

[8.1 kHz,  

16.5kHz] 

6th 

segment: 

[16.5kHz,  

29 kHz] 

7th 

segment: 

[29kHz,  

32kHz] 

8th 

segment: 

[32kHz,  

35kHz] 

(b1)-(a) ↓ ↓ ↓ ↓ ↓ ↑ ↓ ↑ 

(b1)-(b) ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↑ 

(b1)-(c) ↓ ↓ ↓ ↓ ↓ ↑ ↓ ↑ 

(b1)-(d) ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↑ 
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(b2)-(a) ↑ ↑ ↑ ↑ ↑ ↑ ↓ ↑ 

(b2)-(b) ↓ ↓ ↓ ↓ ↓ ↓ ↓ = 

(b2)-(c) ↑ ↑ ↑ ↑ ↑ NS ↓ ↑ 

(b2)-(d) ↓ ↓ ↓ ↓ ↓ ↓ ↓ = 

(b2)-(e) ↓ ↑ ↓ ↓ ↓ ↓ ↓ ↑ 

(b3)-(a) ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ 

(b3)-(b) ↓ ↓ ↓ ↓ ↓ NS ↓ ↑ 

(b3)-(c) ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ 

(b3)-(d) ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↑ 

(b3)-(e) ↓ ↑ ↓ ↓ ↓ ↑ ↑ ↑ 

(b4)-(a) ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ 

(b4)-(b) ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↑ 

(b4)-(c) ↑ ↑ ↑ ↑ ↑ ↑ ↑ ↑ 

(b4)-(d) ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↑ 

Table 4 Summary of wave attenuation performance of the investigated 

metamaterial in the SSDI Bi-link condition using different structural 

optimization methods (In the table, (b1), (b2), (b3) and (b4) respectively 

denote different structural optimization methods as shown in Figure 1; (a), 

(b), (c), (d) and (e) respectively denote the sub-methods of different 

optimization methods as shown in Figure 5, Figure 7, Figure 11, Figure 

15. “↓” denotes that wave attenuation performance within a frequency 
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range are worse than that of the reference case; “↑” denotes that wave 

attenuation performance within a frequency range are better than that of 

the reference case; “NS” denotes that wave attenuation performance is 

firstly gradually weakened and then enhanced compared with the 

reference case, and thus optimal attenuation coefficient within the 

frequency range exists; “=” denotes that wave attenuation performance 

within a frequency range are same with the reference case). 

 

5. Conclusion 

A structural optimization work on the piezoelectric metamaterial with 

electrical switched Bi-link topologies based on nonlinear SSDI 

techniques is investigated in this article. Wave attenuation performance of 

the investigated structure is demonstrated theoretically based on finite 

element modeling method and wave propagation theory that has 

previously shown its ability to relate experimental investigations. From 

the structural optimization aspect, various factors affecting wave 

propagation control of the investigated metamaterial are comprehensively 

investigated and summarized including spacing between two PZTs in one 

Bi-link cell, and length / thickness / charge coefficient of two PZTs in one 

Bi-link cell. Results show that wave propagation characteristics of the 
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investigated metamaterial can be adjusted by four structural optimizing 

approaches including eighteen structural optimization sub-methods for 

meeting practical requirements as shown in Table 3 and Table 4. By 

virtue of the influence rules of these structural adjustments and 

optimizations, the investigated piezoelectric meta-structure composed of 

Bi-link periodic cells shows great potentials to achieve better wave 

attenuation manipulation performance in the desired frequency domain 

before fabrication.  
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