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Abstract
These notes are dedicated to the analysis of the one-dimensional free-congested Navier-

Stokes equations. After a brief synthesis of the results obtained in [4] related to the existence
and the asymptotic stability of partially congested profiles associated to the soft congestion
Navier-Stokes system, we present a first local well-posedness result for the one-dimensional
free-congested Navier-Stokes equations.

Keywords: Navier-Stokes equations, free boundary problem, traveling waves, nonlinear stability.
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1 Introduction
In these notes, we are interested in the following one-dimensional Navier-Stokes system written in
Lagrangian coordinates 

∂tv − ∂xu = 0, (1a)

∂tu+ ∂xp− µ∂x
(

1

v
∂xu

)
= 0, (1b)

complemented with the unilateral constraint

v ≥ 1, (v − 1)p = 0, p ≥ 0. (2)

The variable v denotes the specific volume of the fluid and is forced to be greater than 1, u rep-
resents the velocity and p is the pressure associated to the specific volume constraint. Eventually,
the constant µ > 0 represents the viscosity of the fluid.

The analysis of system (1)-(2) is motivated by the modeling of partially congested (or saturated)
flows like crowd motions or traffic flows [1, 5, 9] or mixtures [3] where the constraint v ≥ 1 can be
assimilated to a maximal packing or volume fraction constraint. A similar formulation to (1)-(2)
was also recently derived for the modeling of partially pressurized free surface flows [6, 8].
As developed in previous studies (see for instance [10], [2]), equations (1)-(2) can be approximated
by the compressible Navier-Stokes equations

∂tvε − ∂xuε = 0, (3a)

∂tuε + ∂xpε(vε)− µ∂x
(

1

vε
∂xuε

)
= 0, (3b)

pε(v) →
v→1+

+∞. (3c)
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with a singular pressure law pε representing repulsive forces that prevent the development of
congested phases. In the previously cited papers, the rigorous justification of the limit ε→ 0 yields
the existence of global weak finite energy solutions to (1)-(2) (we do not detail the precise setting
of these results and refer to [10]-[2]). The analysis reveals the multi-scale nature of problem (3):
given a pressure law, e.g. pε(v) = ε(v − 1)−γ , one observes that small variations in the specific
volume variable (of order ε1/γ here) lead to large variations of the pressure in the highly dense
regions where v close to 1. Besides, one shows that ∂xu = 0 (or div u = 0 in the multi-dimensional
case) where {v = 1} on the limit system (1)-(2). Therefore system (1)-(2) can be interpreted as
a compressible-incompressible free boundary problem with an interface depending on the solution
itself. This interface is moreover not closed, i.e. matter passes through the boundary. Up to
our knowledge, few results are known in the literature regarding the existence of more regular
solutions to (1)-(2) and the dynamics of the congested domain as time evolves.

In these notes we shall focus on particular partially congested solutions that have a stationary
profile for both systems (1)-(2) and (3): (v, u)(t, x) = (v, u)(ξ) with ξ = x − st and s is the
constant speed at which the profile travels. We show below that these profiles, denoted in the
following (v̄, ū) and (v̄ε, ūε) respectively, give us precious information about the transition from a
congested state to a free state. Next, we are interested in the existence of regular solutions to (3)
and (1)-(2) for perturbations of the profiles (v̄ε, ūε) and (v̄, ū) respectively. In the approximate
case, with ε > 0 fixed, we present a global existence and stability result for small (quantified in
terms of ε) regular perturbations of (v̄ε, ūε). This result was initially proved in [4]. Concerning
the limit system (1)-(2), we announce a first local well-posedness result for “compatible” initial
perturbations (not necessarily small) of the limit profile (v̄, ū), whose complete proof will be given
in a forthcoming paper.
These two results both rely on high order energy estimates satisfied by regular solutions of the
two systems. In both cases, the derivation of such estimates is facilitated by a change of velocity
variable. Introducing the effective velocity w := u− µ∂x ln v, the mass equation rewrites as

∂tv − ∂xw − µ∂2
x ln v = 0,

with an additional (nonlinear) diffusion term compared to (1a) which let us expect regularization
effects on the specific volume variable v (see also [11]). Nonetheless, the geometries of the two
settings strongly differ from one another. In the approximate case (ε > 0) the system (3) is set
on R. On the limit system (1)-(2), we shall restrict ourselves to initial perturbations localized on
R+, i.e. in the free domain of (v̄, ū). Looking for solutions that remain partially congested, the
system (1)-(2) is then studied only on the half-line [x̃(t),+∞[ where x̃(t) denotes the position of
the interface between the free and the congested domain at time t. Therefore additional difficulties
in that case are expected due the free boundary x = x̃(t) which is an unknown of the system.

The notes are organized as follows. First, in Section 2, we prove the existence and give
qualitative properties of partially congested propagation fronts for both systems (1)-(2) and (3).
Then, we present in Section 3 a result concerning the asymptotic stability of the approximate
profiles (v̄ε, ūε). Finally, in Section 4, we announce a local well-posedness result on the limit
system (1).

2 Partially congested propagation fronts and their soft con-
gestion approximation

In this section we construct traveling wave profiles for both limit and approximated problems. For
that purpose, we complement system (1)-(2) with the conditions

(v, u)(t, x)→ (v±, u±) as x→ ±∞, (4)

and we assume that
v− = 1 < v+, u− > u+, (5)
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in other words we assume that the left end state is congested while the right end state is free. The
condition u+ < u− is an entropy condition on the shock (we shall only consider positive speed
shocks).

2.1 Explicit free-congested front for the limit system
Lemma 2.1. Assume that u− > u+, v+ > 1, and let

s :=
u− − u+

v+ − 1
. (6)

Then there exists a unique (up to a shift) travelling wave solution of (1). This travelling wave
propagates at speed s and is of the form (ū, v̄)(x− st). Furthermore,

v̄(x) =

 1 if x ≤ 0,
v+

1 + (v+ − 1) exp(−sv+x/µ)
if x > 0,

.

ū = u+ + sv+ − sv̄ = u− + sv− − sv̄.

In the zone x < 0, the pressure is constant and equal to p− = s2(v+ − 1).

The profile is represented in Figure 1.

Figure 1: Let v+ = 2, u− = 1, u+ = 0. On the left: the profiles v̄ and p̄, on the right: the profiles
ū and w̄ = ū− µ∂x ln v̄.

Sketch of proof. Let s be the speed of propagation of the profile (v̄, ū). System (1) becomes
−sv̄′ − ū′ = 0,

−sū′ + p̄′ − µ
(
ū′

v̄

)′
= 0.

(7)

We look for a profile which is congested on ] −∞, 0] and free on ]0,+∞[1. In the free zone, it is
easy to show that the dynamics reduces to a logistic equation for both variables:

v̄′ =
s

µ
v̄(v+ − v̄),

ū′ = −sv̄′ =
1

µ
(u+ − ū)(sv+ + u+ − ū),

1It can be proved that the analysis can always be reduced to this case, see [4].

3



while in the congested zone we have v̄ = 1, ū = u−. Next, the two dynamics are connected at the
point x∗ = 0 by imposing the continuity of v̄, ū and the flux p̄−µ ū

′

v̄ . We recover then the value of
the shock speed (6) be integrating (7) between 0 and +∞. Eventually, the value of the pressure
in the congested domain x < 0 is given by: p̄(x) = −µ limx→0+ ū′(x) = µs limx→0+ v̄′(x) =
s2(v+ − 1).

2.2 Approximation through the soft congestion approach
We are now interested in travelling wave profiles (v̄ε, ūε) associated to the soft congestion problem.
To fix the ideas and make the analysis more explicit, we specify the singular pressure law and set

pε(v) =
ε

(v − 1)γ
for v > 1, with γ ≥ 1. (8)

As the reader may check, the results presented in the rest of the notes can be generalized to other
pressure laws that are strictly decreasing, convex on ]1,+∞[ and singular close to 1. Let sε be the
speed of propagation of the profile, we have the following system of ODEs

sεv̄
′
ε + ū′ε = 0,

−sεū′ε + (pε(v̄ε))
′ −
(
ū′ε
v̄ε

)′
= 0.

supplemented with the far field conditions

vε(t, x)→ vε± uε(t, x)→ u± as x→ ±∞,
1 < vε− < v+, u− > u+.

(9)

Note that the left limit condition on the specific volume has to be modified in view of the pressure
law (8) so that pε(vε−) remains bounded as ε → 0. We then set vε− := 1 + ε1/γ , and we take
vε+ = v+ independent of ε.

Lemma 2.2. Assume that u− > u+, v+ > vε− and let

sε :=

√
−pε(v+)− 1

v+ − 1
.

Then there exists a unique (up to a shift) traveling wave solution (v̄ε, ūε) solution of (3) with end
states (vε−, u−) (resp. (v+, u+)) at −∞ (resp. +∞).
Moreover, fixing the shift by setting v̄ε(0) = 1 + ε1/(γ+1) and taking vε− := 1 + ε1/γ , we have , up
to a subsequence,

v̄ε → v̄ in C(−R,R) ∀R > 0 and weakly-* in W 1,∞(R).

Sketch of proof. It can be shown that

v̄′ε =
v̄ε
µsε

(
s2
ε(v+ − v̄ε) + pε(v+)− pε(v̄ε)

)
, (10)

so that existence and uniqueness (up to a shift) of a monotone (increasing) profile v̄ε follows easily
from ODEs arguments and the convexity of the pressure law pε. Observing that pε(v̄ε) ≤ pε(vε−) =
1, we control v̄′ε uniformly with respect to ε and infer the uniform convergence of v̄ε towards v̄.

We can actually be more precise on the behavior of v̄ε. We distinguish between three zones:
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• Congested zone: this corresponds to a zone ]−∞, xmin] in which v̄ε = 1 +O(ε1/γ), so that
the pressure remains bounded. In this zone, the analysis of the linearized version of (10)
around vε− shows that the profile v̄ε converges exponentially towards vε−.
Computations show that xmin = O(ε1/(γ+1)).

• Free zone: this corresponds to the region where pε(v̄ε)� 1, p′ε(v̄ε) = O(1). With the choice
of the shift above, this corresponds to the interval [0,+∞[. In this zone, one proves that
‖v̄ε − v̄‖L∞ . ε

1
γ+1 .

• Transition zone [−xmin, 0]: in this small region, we have the following error estimate.

Lemma 2.3. Assume the conditions of the previous lemma. Let ṽ be the solution of the
ODE

ṽ′ =
1

µs

(
1− 1

ṽγ

)
, ṽ(0) = 2,

and let x∗ < 0 be a suitable parameter such that x∗ = O(ε1/(γ+1)). Then∣∣∣v̄ε(x)− v̄(x)− ε
1
γ ṽ

(
x− x∗

ε1/γ

) ∣∣∣ ≤ Cε 1
γ+1 |x| ∀ x ∈ [−xmin, 0],

with xmin = O(ε1/(γ+1)).

3 Perturbations of the approximate profiles (v̄ε, ūε)

As said in the introduction, it will be convenient to rewrite Eq (3) in the variables (v, w), that is{
∂tv − ∂xw − µ∂2

x ln v = 0

∂tw + ∂xpε(v) = 0
for t > 0, x ∈ R,

with
(v, w)→ (vε±, u±) as x→ ±∞,

and initial data
(v, w)t=0 = (v0, u0 − µ∂x ln v0).

We recall that vε+ := v+ and u± are independent of ε, and that vε− = 1 + ε1/γ . Now, assuming
that (v, w)|t=0 ∈ (v̄ε, w̄ε) + L1

0 ∩ L∞(R) where L1
0(R) is the set of L1 functions of zero mass, we

look at the system ∂tV − ∂xW − µ∂x ln

(
1 +

∂xV

v̄ε(x− sεt)

)
= 0 (11a)

∂tW + pε(v̄ε(x− sεt) + ∂xV )− pε(v̄ε(x− sεt)) = 0 (11b)

satisfied by the integrated variables

V (t, x) :=

∫ x

−∞
(v(t, z)− v̄ε(z − sεt)) dz, W (t, x) :=

∫ x

−∞
(w(t, z)− w̄ε(z − sεt)) dz.

Our strategy is the following: first we prove by a fixed point argument the existence and uniqueness
a global regular solution (V,W ) under smallness assumptions on (V,W )|t=0; then we come back
to the original variables and deduce the existence and uniqueness of a couple (v, u) solution to (3).
The regularity of (v− v̄ε(· − sεt), u− ūε(· − sεt)) will eventually ensure the asymptotic stability of
(v̄ε, ūε), i.e. the convergence of (v − v̄ε(· − sεt), u− ūε(· − sεt)) to 0 as t→ +∞.

In the whole subsection, we fix

pε(v) :=
ε

(v − 1)γ
for v > 1, ε > 0, γ ≥ 1.

Here is the first result guaranteeing the existence of a global strong solution (V,W ).
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Proposition 3.1. Assume that (V0,W0) ∈ (H2(R))2 with
2∑
k=0

ε
2k
γ

∫
R

[
|∂kxW0|2

−p′ε(v̄ε)
+ |∂kxV0|2

]
dx ≤ δ2

0ε
5
γ (12)

for some δ0 small enough, depending only on v+, γ and µ. Then there exists a unique global
solution (V,W ) to (11) satisfying

V ∈ C([0; +∞);H2(R)) ∩ L2(R+;H3(R)),

W ∈ C([0; +∞);H2(R)).

Idea of the proof. As announced previously, this result is achieved thanks to a fixed point argument
which relies on energy estimates satisfied by (V,W ) and its derivatives (∂kxV, ∂

k
xW ), k = 1, 2. Since

we are working close to the reference profile (v̄ε(· − sεt), w̄ε(· − sεt)), it is natural to rewrite the
system (11) as follows

∂t

(
V
W

)
+ Lε

(
V
W

)
=

(
Fε
Gε

)
, (13)

with a linear left-hand side

Lε
(
V
W

)
:=

−∂xW − µ∂x( ∂xV

v̄ε(· − sεt)

)
p′ε(v̄ε(· − sεt))∂xV


that yields the main order part of the energy and dissipation terms; and a right-hand side

Fε = Fε(∂xV ) := µ∂x

[
ln

(
1 +

∂xV

v̄ε(· − sεt)

)
− ∂xV

v̄ε(· − sεt)

]
,

Gε = Gε(∂xV ) := − [pε(v̄ε(· − sεt) + ∂xV )− pε(v̄ε(· − sεt))− p′ε(v̄ε(· − sεt))∂xV ] ,

which is quadratic in ∂xV and will be treated as a perturbation. Hence, taking the scalar product
of (13) with (V, W

−p′ε(v̄ε(·−sεt))
), we get the energy estimate∫

R

[
− 1

p′ε(v̄ε)
|W |2 + |V |2

]
+ sε

∫
R+

∫
R

p′′ε (v̄ε)

(p′ε(v̄ε))
2
∂xv̄ε|W |2 + 2µ

∫
R+

∫
R

(∂xV )2

v̄ε

≤
∫
R

[(
−1

p′ε(v̄ε)
|W |2

)
|t=0

+ |V|t=0|2
]

+ 2

∣∣∣∣∣
∫
R+

∫
R

[
Gε

W

−p′ε(v̄ε)
+ FεV

]∣∣∣∣∣ , (14)

where we have abusively written v̄ε as a short-hand for v̄ε(·−sεt) and where the integrals involving
Fε and Gε are controlled by assuming that the distance between (v, w) and the profile (v̄ε, w̄ε)
remains small enough. Regarding the diffusion term on W , note that

p′′ε (v̄ε)

p′ε(v̄ε)
2

=
(γ + 1)(vε − 1)γ

γε
=

γ + 1

γpε(v̄ε)
≥ γ + 1

γ
.

To derive higher order estimates, we differentiate the system with respect to x and perform the
same calculations. Nevertheless, we need to take into account additional terms coming from the
commutator of Lε and ∂kx , k = 1, 2. For k = 1, we have∫

R

[
− 1

p′ε(v̄ε)
|∂xW |2 + |∂xV |2

]
+ sε

∫
R+

∫
R

p′′ε (v̄ε)

(p′ε(v̄ε))
2
∂xv̄ε|∂xW |2 + 2µ

∫
R+

∫
R

(∂2
xV )2

v̄ε

≤
∫
R

[(
−1

p′ε(v̄ε)
|∂xW |2

)
|t=0

+ |∂xV|t=0|2
]

+ 2

∣∣∣∣∣
∫
R+

∫
R

[
∂xGε

∂xW

−p′ε(v̄ε)
+ ∂xFε∂xV

]∣∣∣∣∣ (15)

+

∣∣∣∣∣∣
∫
R+

∫
R

[Lε, ∂x]

(
V
W

)
·

−∂xWp′ε(v̄ε)
∂xW

∣∣∣∣∣∣
6



with ∣∣∣∣∣∣
∫
R+

∫
R

[Lε, ∂x]

(
V
W

)
·

−∂xWp′ε(v̄ε)
∂xW

∣∣∣∣∣∣ ≤ η
∫
R+

∫
R
∂xv̄ε|∂xW |2 +

C1

η
ε−2/γ

∫
R+

∫
R
|∂xV |2.

The first integral can be absorbed in the left-hand side for small η. For the second integral, we
could apply a Gronwall inequality to close the estimate but we would then obtain a bound on the
energy that exponentially grows with time. Another way to proceed is to multiply inequality (15)
by ε2/γ (eliminating the singularity as ε→ 0), and to combine the result with the estimate on the
integrated variables (14):∫

R

[
− 1

p′ε(v̄ε)
|W |2 + |V |2

]
+ ε2/γ

∫
R

[
− 1

p′ε(v̄ε)
|∂xW |2 + |∂xV |2

]
+

∫
R+

∫
R
∂xv̄ε

[
|W |2 + ε2/γ |∂xW |2

]
+

∫
R+

∫
R

(∂xV )2 + ε2/γ(∂2
xV )2

v̄ε

≤ C
∫
R

[(
−1

p′ε(v̄ε)
|W |2

)
|t=0

+ |V|t=0|2 + ε2/γ

((
−1

p′ε(v̄ε)
|∂xW |2

)
|t=0

+ |∂xV|t=0|2
)]

(16)

+ C

∣∣∣∣∣
∫
R+

∫
R

[
Gε

W

−p′ε(v̄ε)
+ Fε V

]∣∣∣∣∣+ Cε2/γ

∣∣∣∣∣
∫
R+

∫
R

[
∂xGε

∂xW

−p′ε(v̄ε)
+ ∂xFε ∂xV

]∣∣∣∣∣ .
The passage to the integrated variables (V,W ) is therefore essential for the derivation of global-
in-time estimates.
In the same manner, for k = 2, the reader can check that by multiplying by ε4/γ the energy
inequality satisfied by (∂2

xV, ∂
2
xW ) and combining it with (16), we can close a weighted energy

estimate (recall that the nonlinear terms in Fε, Gε are considered as small perturbations).
This explains the structure of the energy in assumption (12). Hence, we define

Ek(t;V,W ) :=

∫
R

[
−1

p′ε(v̄ε(· − sεt)
|∂kxW (t)|2 + |∂kxV (t)|2

]
dx,

Dk(t;V,W ) :=

∫
R
∂xv̄ε(· − sεt)|∂kxW |2dx+

∫
R

(∂k+1
x V )2dx.

The goal is to prove, by a fixed point argument, existence and uniqueness of global smooth solutions
(V,W ), under the assumption that Ek(0) is small enough for k = 0, 1, 2. Given the couple (V1,W1),
we introduce the following system

∂t

(
V2

W2

)
+ Lε

(
V2

W2

)
=

(
Fε(∂xV1)
Gε(∂xV1)

)
(V2,W2)|t=0 = (V0,W0)

and the application
Aε : (V1,W1) ∈ X 7→ (V2,W2) ∈ X ,

where
X := {(V,W ) ∈ L∞(R+;H2(R))2; Dk(t;W,V ) ∈ L1(R+) for k = 0, 1, 2}.

We endow X with the norm

‖(V,W )‖2X := sup
t∈[0,+∞[

[
2∑
k=0

ckε2k/γ

[
Ek(t, V (t),W (t)) +

∫ t

0

Dk(s, V (s),W (s)) ds

]]
, (17)

where c will be taken small but independent of ε. For δ > 0, we denote by Bδ the ball

Bδ = {(V,W ) ∈ X , ‖(V,W )‖X < δε
5
2γ }. (18)

7



Under the assumptions of Proposition 3.1, there exists δ = δ(δ0, v+, µ, γ) such that the ball Bδ
is stable by Aε and such that furthermore Aε is a contraction on Bδ. See details of the proof
in [4].

Let us now return to the original variables (v = v̄ε(· − sεt) + ∂xV, u). In the rest of this paper,
we will write (v̄ε, ūε) for (v̄ε, ūε)(· − sεt) in order to lighten the notation.

Lemma 3.2. Assume that initially (U0, V0) ∈ H2(R) × H3(R) is such that (12) is satisfied by
the couple (W0, V0) and consider the solution (W,V ) ∈ Bδ ⊂ X of (11) given by the previous
proposition. Then there exists a unique regular solution u to

∂t(u− ūε)− µ∂x
(

1

v
∂x(u− ūε)

)
= −∂x(pε(v)− pε(v̄ε)) + µ∂x

((
1

v
− 1

v̄ε

)
∂xūε

)
, (19)

which is such that

u− ūε ∈ C([0,+∞);H1(R)) ∩ L2([0,+∞), H2(R)), ∂t(u− ūε) ∈ L2([0,+∞)× R). (20)

Let us note that, until now, we did not justify properly the passage to the integrated sys-
tem (11). The equivalence between the original system (3) and (11) is established by proving L1

bounds on v − v̄ε, u− ūε, w − w̄ε.

Lemma 3.3. Assume that the initial data (u0, v0) is such that

u0 − ūε ∈W 1,1
0 (R) ∩H1(R), v0 − v̄ε ∈W 2,1

0 (R) ∩H2(R).

Then for all times t ≥ 0, (v − v̄ε)(t, ·) and (u− ūε)(t, ·) belong to L1
0(R).

Idea of the proof. We first derive L1 bounds on u−ūε and w−w̄ε, which follow from ideas from [7].
We consider a sequence (jn)n∈N of C2, convex functions, converging as n → +∞ towards | · | in
W 1,∞. We multiply the equation on u − ūε (resp. on w − w̄ε) by j′n(u − ūε) (resp. j′n(w − w̄ε))
and perform integrations by part. Using the convexity of jn, we observe that the diffusion term
has a positive sign. We obtain eventually

d

dt

∫
R

(jn(u− ūε) + jn(w − w̄ε)) ≤ Cε (1 + ‖u− ūε‖L1 + ‖w − w̄ε‖L1) .

The constant Cε involves bounds on ūε, v̄ε in various Sobolev spaces (W 2,1, W 1,∞), on ‖w −
w̄ε‖L∞(R+,W 1,∞(R)) and on ‖u− ūε‖L∞(R+,W 1,∞(R)). Integrating in time, letting n→∞ and using
a Gronwall lemma, we obtain

‖(u− uε)(t)‖L1
x

+ ‖(w − wε)(t)‖L1
x
≤ Cε

[
‖u0 − uε(0)‖L1

x
+ ‖w0 − wε(0)‖L1

x

]
eCεt. (21)

We then derive similar estimates on v − v̄ε.
The obtained estimate is local in time and depends on ε but we are just interested in the

fact that (v − v̄ε)(t, ·), (u − ūε)(t, ·) belong to L1(R) to legitimate the study of the integrated
system (11).

Finally, we have the following result.

Theorem 3.4 (Nonlinear asymptotic stability of partially congested profiles). Assume that the
initial data (u0, v0) is such that

u0 − ūε ∈W 1,1
0 (R) ∩H1(R), v0 − v̄ε ∈W 2,1

0 (R) ∩H2(R),
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and the associated couple (W0, V0) ∈ H2 ×H3(R) satisfies (12). Then there exists a unique global
solution (u, v) to (3) which satisfies

u− ūε ∈ C([0; +∞);H1(R) ∩ L1
0(R)),

v − v̄ε ∈ C([0; +∞);H1(R) ∩ L1
0(R)) ∩ L2(R+;H2(R)),

and
v(t, x) > 1 for all t, x. (22)

Finally
sup
x∈R

∣∣∣((v, u)(t, x)− (v̄ε, ūε)(x− sεt)
)∣∣∣ −→

t→+∞
0. (23)

Idea of the proof. It basically remains us to justify the minimal constraint (22) and the long-time
behavior.
For the first point, we write that for (W,V ) ∈ Bδ = {(W,V ) ∈ X , ‖(W,V )‖X ≤ δε

5
2γ }

‖v − v̄ε‖L∞
t,x

= ‖∂xV ‖L∞
t,x
≤ C‖∂xV ‖1/2L∞

t L
2
x
‖∂2
xV ‖

1/2
L∞
t L

2
x

≤ Cε−
3
2γ ‖(W,V )‖X

≤ Cδε
1
γ ,

so that for δ small enough
‖v − v̄ε‖L∞

t,x
< ε

1
γ .

Recalling that v̄ε ≥ vε− = 1 + ε1/γ , we deduce that v(t, x) > 1 for all t > 0, x ∈ R.
The asymptotic stability of (v̄ε, ūε) easily derives from the regularity of (v − v̄ε, u − ūε). Indeed,
we have on the v variable

v − vε = ∂xV ∈ L2([0,+∞);H2(R)), ∂t(v − vε) = ∂x(u− uε) in L2([0,+∞);H1(R)),

and we infer that
‖(v − v̄ε)(t)‖H1

x
−→
t→+∞

0.

As a consequence, we have

|(v − v̄ε)(t, x)| ≤ C‖(v − v̄ε)(t)‖1/2L2
x
‖∂x(v − v̄ε)(t)‖1/2L2

x
−→
t→+∞

0.

Similar arguments show the uniform convergence of u− ūε to 0 as t→ +∞.

4 Local well-posedness result for the free-congested Navier-
Stokes equations

In this section, we consider the system (1)-(2) endowed with an initial data (u0, v0). To the best of
our knowledge, the study of the Cauchy problem for this system has not been tackled before. Our
purpose is similar to the one of the previous section. We consider the travelling wave (v̄, ū)(x−st)
constructed in Section 2. We start from an initial data which is a perturbation of this profile, and
we construct strong local solutions of the system.

However, due to the nature of the system (1)-(2), we will not consider arbitrary perturbations.
We restrict our study to initial data which are perturbations of the profile (v̄, ū) in the non-
congested zone only. As time evolves, this will allow us to have a more simple description of
the non-congested zone, which will simply be a half-line ]x̃(t),+∞[. Let us now explicit our
assumptions on the initial data (u0, v0):

(H1) Partially congested initial data: (u0, v0) ∈ (ū, v̄) +L1(R), and such that u0(x) = ū(x) = u−,
v0(x) = v̄(x) = 1 if x < 0;
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(H2) Regularity: 1x>0(u0 − ū, v0 − ū) ∈ H3(R+);

(H3) Compatibility: u0(0+) = u−, v0(0+) = 1, and[
− (∂xu

0)2

∂xv0
− µ∂xv0∂xu

0 + µ∂2
xv

0

]
|x=0+

= 0; (24)

(H4) Non-degeneracy: ∂xv0(0+) > 0, ∂xu0(0+) > 0 and v0(x) > 1 for x > 0;

Under these assumptions, the solution of (1)-(2) associated with (u0, v0), if it exists, will not
be a travelling wave. However, it is reasonable to expect such a solution to be congested in a zone
x < x̃(t), and non-congested in a zone x > x̃(t), where the free boundary x = x̃(t) is an unknown
of the problem. We actually announce the following result:

Theorem 4.1 (Local in time existence and uniqueness). Let (u0, v0) satisfying the assumptions
(H1)-(H4). Then there exists T > 0 and x̃ ∈ H2

loc([0, T [), with x̃(0) = 0, x̃′(0) = −[∂xu
0

∂xv0
]x=0+ ,

such that (1) has a unique maximal solution (u, v) of the form (u, v)(t, x) = (us, vs)(t, x − x̃(t))
on the interval [0, T [, where us(t, x) = u−, vs(t, x) = 1 and ps(t, x) = −µ(∂xus)|x=0+ for x < 0.
Furthermore,

vs(t, x) > 1 for all t ∈ [0, T [, x > 0, (25)

and the solution (us, vs) has the following regularity in the free domain:

vs − v̄, us − ū ∈ L∞([0, T [;H3(R+)), (26)

∂t(vs − v̄), ∂t(us − ū) ∈ L∞([0, T [;H1(R+)) ∩ L2(]0, T [;H2(R+)). (27)

Eventually, the pressure in the congested domain satisfies

ps ∈ H1(0, T ). (28)

The strategy of proof is the following. We work in the shifted variable x− x̃(t). Since (u, v) is
expected to be constant in x − x̃(t) < 0, we only consider the system satisfied by (us, vs) in the
positive half-line, which reads

∂tvs − x̃′(t)∂xvs − ∂xus = 0, t > 0, x > 0 (29a)

∂tus − x̃′(t)∂xus − µ∂x
(

1

vs
∂xus

)
= 0, t > 0, x > 0 (29b)

(vs, us)|x=0 = (1, u−), lim
x→∞

(vs(t, x), us(t, x)) = (v+, u+) ∀ t > 0. (29c)

Of course, the dynamics of x̃ is coupled with the dynamics of (vs, us). In order to construct a
solution of (29), it will be more convenient to modify the equation on vs in order to make the
regularizing effects of the diffusion more explicit. Indeed, setting ws = us−µ∂x ln vs, we find that
equation (29a) can be written as

∂tvs − x̃′(t)∂xvs − µ∂2
x ln vs = ∂xws, t > 0, x > 0.

Moreover,
∂tws − x̃′(t)∂xws = 0, t > 0, x > 0, (30)

therefore ws(t, x) = w0(x+ x̃(t)) for all t > 0, x > 0 provided x̃′(t) > 0 for all t > 0. In particular,
letting x→ 0+, we obtain

u− − µ∂xvs|x=0+ = w0(x̃(t)). (31)

Now, taking the trace of (29a) on x = 0+, we have

x̃′(t)∂xvs|x=0+ = −∂xus|x=0+ . (32)
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Gathering (31) and (32) leads to

x̃′(t) = −
∂xus|x=0+

∂xvs|x=0+

= −µ
∂xus|x=0+

u− − w0(x̃(t))
, (33)

which links the dynamics of the interface to (vs, us).
Since w(t) = w0(·+ x̃(t)), the equation on vs rewrites

∂tvs − x̃′(t)∂xvs − µ∂xx ln vs = ∂xw
0(x+ x̃(t)), t > 0, x > 0,

vs|x=0 = 1, lim
x→∞

vs(t, x) = v+,

vs|t=0 = v0.

(34)

Thus we will build a solution (x̃, vs, us) of (33)-(34)-(29b) thanks to the following fixed point
argument:

1. For any given ỹ ∈ H2
loc(R+), such that ỹ(0) = 0 and ỹ′(0) = −

∂xu
0
|x=0+

∂xv0|x=0+
, we consider the

solution v of the equation

∂tv − ỹ′(t)∂xv − µ∂xx ln v = ∂xw
0(x+ ỹ(t)), t > 0, x > 0,

v|x=0 = 1, lim
x→∞

v(t, x) = v+,

v|t=0 = v0.

(35)

We prove that under suitable conditions on the initial data, there exists a unique solution
v ∈ v̄ + L∞loc(R+, H

1(R+)), and we derive higher regularity estimates (cf the regularities
announced in (26)-(27)).

2. We then consider the unique solution u ∈ ū+ L∞loc(R+, H
1(R+)) of

∂tu− ỹ′(t)∂xu− µ∂x
(

1

v
∂xu

)
= 0 t > 0, x > 0,

u|x=0 = u−, lim
x→∞

u(t, x) = u+,

u|t=0 = u0,

(36)

where v is the solution of (35). Once again, we derive regularity estimates on u (cf (26)-(27)).

3. Eventually, we define

z̃(t) := −µ
∫ t

0

∂xu(τ, 0)

u− − w0(ỹ(τ))
dτ,

and we consider the application A : ỹ ∈ H2
loc(R+) 7→ z̃ ∈ H2

loc(R+).

We prove that for T > 0 small enough the application A is a contraction, and therefore has
a unique fixed point.

We then need to check that the solution (x̃, vs, us) of (33)-(34)-(29b) provided by the fixed
point of A is indeed a solution of the original problem. Since system (29) has been modified, this
is not completely obvious. In fact, we need to check that the function ws = us − µ ln vs is indeed
equal to w0(x+ x̃(t)). To that end, let us compute the equation satisfied by ws if vs is the solution
of (34) and if us is the solution of (29b). Combining (34) and (29b), we have

∂tws − x̃′(t)∂xws − µ∂x
(

1

vs
∂xws

)
= −µ∂x

(
1

vs
∂xw

0(x+ x̃(t))

)
. (37)

Furthermore, the condition us|x=0+ = u− ensure that

ws|x=0+ = u− − µ∂xvs|x=0+ ,
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and using the equation (34) together with (33)

∂xws|x=0+ = ∂xus|x=0+ − µ∂xx ln vs|x=0+

=
w0(x̃(t))− u−

µ
x̃′(t) + x̃′(t)∂xvs|x=0+ + ∂xw

0(x̃(t)).

Taking a linear combination of these two equations leads to

µ∂xws|x=0+ + x̃′(t)ws|x=0+ = x̃′(t)w0(x̃(t)) + µ∂xw
0(x̃(t)). (38)

It can be easily proved that the solution of (37)-(38) endowed with the initial data w0 is the
function w0(x+ x̃(t)). Thus the function (vs, us) constructed as the solution of (34)-(29b), where
x̃ is the solution of (33), is in fact a solution of (29). We extend this solution in x < 0 by setting
vs(t, x) = 1, us(t, x) = u−, and we set

ps(t, x) = −µ∂xus|x=0+ = x̃′(t)(u− − w0(x̃(t))) ∀x < 0.

Eventually, we come back to the original variables and set (v, u, p)(t, x) = (vs, us, ps)(t, x− x̃(t)).
Then it is easily checked that (v, u, p) is a solution of the original system (1).

Remark 4.2 (About the regularity of x̃). In the above discussion, we have claimed that we will
prove the existence of a fixed point x̃ in H2

loc(R+). Let us discuss why this regularity is required
on x̃. First, we need a control of x̃′ in L∞(R+) in order to control the transport equation (30)
satisfied by ws. Next, we see in (33) that the control in L∞ of x̃ requires a bound on ∂xus in
L∞(R+×R+), while this latter bound would a priori rely on a control of x̃′′ in L2

loc(R+) . Therefore
the regularity x̃ ∈ H2

loc(R+) is the minimal regularity which allows us to formally close the fixed
point argument with the regularity (26)-(27) on u− ū.
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